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Preface

During recent years, important progress has been made in understanding the physical
properties of hadrons.

The most successful approach is based on the idea that hadrons are composed of
more elementary constituents whose intrinsic properties and distributions inside
the hadrons determine the observed properties of hadronic matter. Although the
existing quark models are still at a rather preliminary qualitative stage, it is
1ikely that they are the first step in the right direction.

Among the important properties of hadrons which do and will constitute a funda-
mental test of our theoretical models are the static properties of stable hadrons
such as, for example, the electromagnetic and weak form factors. This review is,
indeed, devoted to a description of the experimental as well as the theoretical
problems which are encountered in their determination.

The derivation of proton and neutron electromagnetic form factors from elastic
electron scattering on proton and deuteron targets has already been the object of
detajled discussions in excellent reviews. We shall thus concentrate our attention
on low-energy inelastic electron-nucleon scattering and emphasize those form factors
which can be obtained from such experiments. In particular we shall deal with the
elastic form factor of the pion, the N-A transition form factors, and, via current
algebra, with the axial structure functions of the nucleon.

Our progress will of course lead us to discuss in some detail dispersion and
current algebra techniques which, although less popular today than yesterday, always
constitute an invaluable tool for handling a physical situation in which a funda-
mental dynamical scheme is still lacking.

On the other hand, a discussion of the beautiful but still preliminary attempts
which have been devised to compute the form factors from a fundamental scheme lies
outside the plan of the present book. The authors express the hope that a general
knowledge of the static properties of hadrons might be of much help in future attempts
towards a better understanding of hadronic structure.

This book contains material which was available to us before July 1977. For any
omissions of important contributions which escaped our knowledge we can only ask

for the indulgence of the reader and of those who contributed to the development of
the field.
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1. Introduction

The term "electroproduction" is currently used for indicating the inelastic collision
of a charged lepton (et or pt) against a nucleon (or a nucleus) with production of
one or several bosons. For example (single) electroproduction of pions indicates the
following reactions:

+
e+pre' +n+m (a)
~e' +p+ ° (b) (1.1)
e+n->e' +p+m (c)
>e +n4+1° (d)

the first two of which - lumped together - were studied for the first time in 1958

by Panofsky and Allton /1/ by observing only the electron scattered inelastical-

1y by protons. Similar processes in which, instead of a pion, other mesons are pro-
duced have either recently been undertaken experimentally, or will be in the near
future. In the present book devoted mainly to pions, we consider also the production
from isolated nucleons of pseudoscalar mesons belonging to the same SU(3) octet as
the pion. Vector mesons involve a different type of physics and therefore are not
considered here. For similar reasons we shall consider only the energy region extend-
ing from threshold to the first (mN) resonance included. A few review articles on the
same problems, which appeared from 1970 to 1976, are listed in /2-7/.

Processes of type (1.1) are described as due to the exchange of one, two..., any
number of (virtual) photons between the lepton and hadron currents. The higher the
number of exchanged photons, the smaller is the corresponding contribution expected
to be as a consequence of the smallness of the electromagnetic coupling constant

n

o= 13y (in h = c =1 units). (1.2)

£
3

Thus the two-photon exchange contribution amounts to a few percent correction to
the results obtained by considering only one-photon exchange, and the terms of higher
order are correspondingly smaller. Therefore the "one-photon exchange approximation"
(o.p.e.a.) is usually adopted in most discussions of the subject, particularly in



the present review. The corrections due to terms of second and higher order in o
could be computed, at least in principle, but at present they are beyond, or at most
at the 1imit of, the present experimental accuracy.

1.1 Properties of the Virtual Photon

In the o.p.e.a. the theoretical description of electroproduction becomes extremely
simple and physically enlightening: it can be treated as photoproduction by a virtual
photon, whose mass 2, energy ko’ direction E, and polarization ¢ are tagged by the
scattered electron.

If we denote by 11 and ]2 the four-momenta of the incident and scattered lepton
(Fig. 1.1), the four-momentum of the single exchanged photon is given by

ku = 11u - 12u (1.3)
(@ @
I l (@
k q///
- Fig. 1.1. Representation of electroproduction in the

; §T§\\§§ one-photon exchange approximation (o0.p.e.a.}. Notations

1 2 ¥ s .
) “" used for four-momenta are indicated

Two of the three peculiar properties of this photon are clear: 1) it is monoener-
getic; 2) it has a mass squared
2 2 2 2

k= k,% - kS = 2n®y - 2

Torloz = 11712)» (1.4)

almost always spacelike (k2 < Q). For 112, 122 >> m12, (1.4) becomes

2w w41y 1y, sin?(69/2), (1.5)

where 6, is the angle between 11 and 1,.

We see from (1.3) and (1.4) that the values of the energy kO and the mass squared

2 can be chosen at will by adopting appropriate experimental conditions. In partic-

k
ular, by a convenient choice of the kinematical conditions and an appropriate design



of the experimental setup, one can determine the desired values of ko and k2 and

the corresponding accuracies. There is even more. The values 1, and 1, determine

the third - even more important - property of the virtual photon: the virtual photon
is polarized with transversal (e) as well as longitudinal (eL) components [see (A.27)
and A.28)1.

Real monoenergetic photons can be obtained by tagging /8/ or by annihilation of
positrons in flight /9/, real polarized photons by bremsstrahlung in amorphous tar-
gets observed at an assigned angle /10/ or by means of gamma ray absorption method
/11/, or by back scattering of laser beams /13/.

Virtual photons, however, have the advantage that the polarization can be close
to 100% and accurately known, and the energy resolution can be made arbitrarily fine.
The disadvantage is that the number of virtual photons at one's disposal under reason-
able experimental conditions is of the order of 1% of the number of photons for a
typical bremsstrahlung beam. Furthermore, the determination of the photon's proper-
ties involves the observation, in coincidence with one of the produced particles,
of the inelastically scattered electron (tagging). These photons intervene only in
electroproduction and a few other related processes involving the inelastic scatter-
ing of a lepton or the production of a lepton pair of assigned energies and momenta
(Sec. 6.1).

In particular the longitudinal polarization of the virtual photon (1.3) provides
a unique tool for the investigation of the structure of hadrons. By a clever choice
of the kinematical conditions, one can even isolate the Tongitudinal photons. For
example, only longitudinal photons can produce pions moving in their direction, be-
cause they have no helicity to get rid of /14/.

From a purely phenomenological point of view, electroproduction should be seen
as a wide class of processes lying between electron-nucleon elastic scattering and
photoproduction. This remark is clarified by the following kinematical consideration.

The invariant energy W of the two hadrons present in the final state of any one
of the reactions (1.1) can be expressed in terms of k2 and k0 in the 1.f. [see
(A.13)1. This expression can be put in the form
K% =% - W ke (1.6)
which, for a given value of wz, is represented by a straight line in the (-k2, ko)
plane (Fig. 1.2). In the case of elastic scattering, the energy W reduces to the mass
of the initial nucleon, W = m, so that (1.6) becomes

2 _
-k™ = 2m1kO

and the corresponding straight 1ine passes through the origin.
The threshold of pion electroproduction corresponds finally to



W= m, +m, (1.7)

so that the straight line (1.6) becomes

2 _ 2 2
k" = 2mk - (2m2 + mﬂ) me.+mT - my.

Y
_k2
-k%2Mk,
ELASTIC SCATTERING
3 e+p
2
&)
c
- k%= 2Mkg=(2M+myy) myy

THRESHOLD FOR
ELECTROPRODUCTION

2
-K=0
PHOTOPRODUCTION

- | P

L amm
G)

ko= lo o2

Fig. 1.2. Kinematical relationship between elastic scattering, electroproduction,
and photoproduction

1.2 Currents and Hadrons /15/

Let us consider for a moment the general process of (elastic or inelastic) scatter-
ing of electrons on a nucleon target

e +N >e' + A, (1.8)

where A represents any hadronic state. In the one-photon approximation the amplitude
for this process is

2
T =GUZ)Y“uUI)E7M , (1.9)



where 6(12) e u(]l) is the exactly known (at this order in ez) form of the lepton
electromagnetic vertex, while

M, = <Al VS"‘ IN> (1.10)
is the matrix element of the electromagnetic current between hadronic physical states.
This quantity embodies all dependence on strong interactions.

The interest of lepton scattering on hadrons is that the electromagnetic and
weak currents have been understood, in the framework of current algebra, to be among
the fundamental observables of quantum field theory. As a consequence, the experi-
mental knowledge of their matrix elements is of great importance for our understand-
ing of hadron physics.

It is well known that there is a close analogy between the different kinds of
currents, electromagnetic and weak: they are all of vector or pseudovector character
and they all obey exact or approximate conservation laws. Moreover, the existence
of exact commutation laws among the corresponding charges has led to several theore-
tical predictions in good agreement with experiment. A particularly interesting
application of these ideas is that the electroproduction of a single pion near
threshold is directly connected with the matrix element of the axial current between
nucleon states.

If one looks at the different kinds of final states which can be produced in
electron-nucleon scattering, the simplest and most basic process is of course elastic
scattering, which leads directly to the study of the electromagnetic form factors
of the target particle.

The possibilities afforded by elastic scattering experiments are limited by the
fact that the only "clean" target is the proton target; neutron form factors must
be extracted from the data obtained in electron-deuteron scattering.

One of the important roles of pion electroproduction at Tow energy is to provide
information about electromagnetic form factors which cannot be obtained simply by
direct elastic scattering. These are: a) the neutron form factors, b) the pion
form factor, and c) the nucleon-A(3,3) transition form factors. As shown in Fig.
1.3, they all appear in appropriate one-particle contributions to the electropro-
duction amplitude. We shall indeed show that experimental comparison of the theo-
retical electroproduction amplitude Teads to reasonable estimates of some of these
form factors.

Another important application of Tow-energy electroproduction, to be discussed
in detail in this review, is the determination, via a current algebra low-energy
theorem, of the axial form factor of the nucleon.

Let us finally recall that inelastic electron scattering is becoming more and
more important as a probe of hadron structure. This is seen if one moves from the
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//
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¢/////5\\\\\§ p
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N
(v

Fig. 1.3. Feynman diagrams that dominate low-energy electroproduction in the o.p.e.a.:

(a-c) Born terms, (d) isobar term

Tow-energy inelastic region to deep inelastic scattering in correspondence to Targe
values of both k2 and the "mass" of the final hadronic states (W). These experiments
do indeed lead to fundamental information about the possible elementary components
of the nucleon, their electromagnetic and weak interactions, and their distribution
inside hadrons.

1.3 The Electroproduction Cross Section

In the o.p.e.a., the electroproduction cross section can conveniently be expressed
in the form /14/ (Appendix B}
do

5
__d._L—*-: Iy _¥, (1.11)
d102d§21d9TT dQ1T

where the first factor

(1.12)

is of electromagnetic origin and contains the effect of the electron-photon vertex
and the photon propagator. It can be interpreted as the number of virtual photons
per scattered electron in d]o2 and dQ1. In (1.12), kL is the energy that a real photon



must have in the 1.f. for producing the final system (wN) with the same invariant
mass W.

The second factor in {1.11} is the ¢.m. differentia) cross section for pion photo-
production by virtual monochromatic polarized photons. 1t has the general form

do
v 2 ¥ %y _ L 2% %

— (W, k% e, 8, ;) = A+ eB + eC sin"0 cos26” +
™

+Ve{l+e} D sﬁneﬁ cos¢:,

(1.13)

where A, B, C, and D are structure functions, related to <N fV [WN ><rl, |V ’N
which depend only on the variables W, k2 t (or s ) but not on e and ¢: The mean1ng
of the four terms is very simple. A is the d1fferential crass section for unpolarized
transversal virtual photons. In the 1Imit 2 + 0 it approaches the photoproduction
cross section by real photons. The term eB is the differential cross section due to
longitudinal photons; eC sinze: c052¢: is the modification of the cross section due
to transverse linear polarization, as shown by the factor e and its dependence on
¢:. Finally the term containing D originates from the interference between langitu-
dinal and transverse components. In the 1imit k2 + {1, B and D vanish and dcv/dni
goes over into the well-known photoproduction cross section for linearly polarized
photons of polarization e.

n (1.11)-(1.13) dQy, 145 T5ps @nd [ki are measured in the 1.f., dov/dﬂﬁ in the
frame of the ¢.m. of the (7N) system.

The terms A and € can also be written in the form

Azg =5 (0, +0)),

[y
N —

(1.14)

C Siﬂze* O'p = % (U” - GL)s

where g, and o) are the cross sections for transverse photons polarized parallel and
perpendicular to the production plane. The term containing D = o1 takes account of
the interference between the components g, and oy of the virtual photon pelarization.

By integrating (1.11) with respect tg the direction of emission of the pian, we
obtain /16/

d ? 2
e Telor(s K6+ e a0 )] (1.15)

where

The cos 2¢§ term also occurs in experiments with polarized bremsstrahlung beams.
* . ; . .
The cos ¢ term is unique in electroproduction.



- 2 % * _ 2 % *
op = /A (W, k7, eﬂ) dsz,”, o = /B (W, k=, ew) o, (1.16)

are the so-called longitudinal and transversal cross sections of virtual photons.

These are the quantities that are measured in single-arm experiments. By taking
measurements for different values of ¢ while W and k2 are kept constant, one can
separate o from o while the terms C and D can be obtained only from coincidence
experiments in which the experimenter takes advantage of their characteristic azi-
muthal dependence.

In conclusion, (1.11)-(1.16) summarize all our knowledge of the electroproduction
cross section based on quantum electrodynamics in the o.p.e.a. The physics in which
we are interested is completely contained in the four structure functions A, B, C, D
and the two integral cross sections (1.16).

Under the assumption that only s and p waves in the (aN) system contribute to the
cross section (1.13), the structure functions can be expanded as follows in terms

of angular coefficients:

A = Ao + Al cos ei + A, coszeﬁ >

B =B, + By cos e: + 8, coszeﬁ , (1.17)
C=2Cpo

D= D0 + D1 cosei.

If also d(f) waves are taken into account, the following angular coefficients
should be added: A3 (A4), By (84), C1 (CZ)’ D, (D3).

Whenever the measurements are taken at a single value of the scattering angle 61,
the structure functions A and B cannot be separated and the quantities that can be
derived from the analysis of the observed angular distribution are

Ao + eBo, A1 = A1 + eBl,

x>
i

(1.18)

=
il

A2 + 882, CO, Do’ Dl'

Finally, the angular coefficients appearing in (1.17) may be decomposed into multi-
pole amplitudes as shown in Appendix C.



2. Quantities of Physical Interest

The electroproduction process has a rather unique role in the sense that it offers
the possibility of correlating and measuring, in particular kinematical conditions,
some interesting parameters of the hadron world. We have in mind, in particular, the
nucleon and pion form factors. The problem is somewhat intrigued by a series of
features, such as gauge invariance and approximate chiral symmetry, which make it
interesting but complicated at the same time, since alternative, even if complement-
ary, descriptions are available.

Grossly speaking, the initial idea is to study the phenomenon for configurations
such that a particular contribution is reasonably expected to dominate. Unfortunately
this occurs in most cases for values of the kinematical variables which do not belong
to the physical region, even if they are out by small quantities; more precisely,
the parameter playing the main role in all these considerations is the pion mass,
much smaller than any other mass in the hadron worid. In particular, for the case
we are discussing, the significant ratio should be mzﬂ/mzN =~ 0.02.

Consider the structure of the singularities of the electroproduction amplitude.
The nucleon pole, whose residue is expressed in terms of the nucleon electromagnetic
form factors, is located at s = mzN, not so far from the physical region s > (mN+mw)2’
and one can expect the behavior at threshold to be strongly influenced by the nucleon
term. Since at threshold t = (kz—mzﬂ)/(l+mﬂ/mM), the pion pole (at t = mzﬁ) must also
contribute in some way. Actually the re1evantlresidues, the nucleon and the pion
electromagnetic form factors, are correlated as a consequence of electromagnetic
current conservation, which leads to a consistency relation.

It is possible, however, to devise an ad hoc phenomenological and automatically
gauge-invariant form of the electroproduction amplitude, where only the polar diagrams
are suitably included. One then expects, according to the previous considerations,
that such a "generalized Born approximation" can represent a reasonable description
of electroproduction in the threshold region, In particular, the pion pole contri-
bution dominates the longitudinal charged production. As an outcome, comparison with
experiments can allow the determination of the neutron and pion form factors which,
as we shall Tearn soon, are not unambiguously measured in elastic scattering pro-
cesses. Of course these intuitive arguments have to be supported by a careful estimate
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of the higher state contributions, to be evaluated with the techniques discussed in
detail in Sections 3.2 and 3.3.

More directly, one can consider the possibility of performing experiments in a
kinematical region where the pion exchange diagram dominates, or even selecting the
pion pole residue by means of more or less refined extrapolation techniques. All
these procedures introduce some ambiguity in the determination of Fﬁ(kz).

There is, on the other hand, another contribution to the amplitude which can be
viewed as representative of the whole class of diagrams corresponding to the ex-
change in the t-channel of states with IG =1, JPC = 1" Ithe Al(?) and so onl. As
already mentioned, this contribution, which is better summarized as the axial nucieon
form factor, is expected to dominate near threshold owing to a different mechanism,
still based, however, on the small mass of the pion.

The reason for this lies in the fact that the process we are considering can be
related to the time-ordered action of two currents - the electromagnetic and the
axial vector {as representative of the pion) ones - on the final and initial nucleon
states. The fact of starting with these off-shell quantities allows us to derive a
representation for the electroproduction amplitude, which involves, besides the elec-
tromagnetic, also the weak nucleon vertex. Thus measuring threshold electroproduction
(or related processes), one may be able, in principle, to gain independent information
on the axial nucleon form factors. Again a theoretical framework is required for a
reliable interpretation of the data.

It is clear that the fact of being equipped with different descriptions of the
same amplitude leads to consistency conditions, which allow the derivation of sum
rules where, besides form factors, a whole continuum of states, in particular the
high-energy part, play an important role. This subtle interconnection among different
aspects of the phenomenon is one of the interesting points of electroproduction at
Tow energies. For these reasons, most of the theoretical arguments of this review
will be devoted to the constraints deriving from gauge and chiral invariance, to
their relation with dynamics, and to their observable consequences.

A different situation occurs as far as the first pion-nuclieon resonance, the
A(3,3), is concerned. This is obviously due to the fact that, working around s =
MZ > (mN + mw)z, one can guite nearly select the A contribution so that measurements
in the first resonance region lead to a direct determination of interesting para-
meters describing the electromagnetic transitions between N and A. The reason we
include this topic here is that the A(3,3) is by now being considered as a natural
partner of the nucleon in the quark model and in symmetry schemes like SUG' Further-
more, the A(3,3) resonance plays an important role in the solution of dispersion
relations in the low-energy region and in the saturation of sum rules.

In the following we shall briefly recall the definition of these guantities, whose
experimental determination is in principle also available via pion electroproduction
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at low energies. Other independent, more direct, information on the same quantities
will be examined briefly.

2.1 Definitions /17, 18/

We recall that the electromagnetic form factors of a physical system are functions
of the momentum square of the virtual photon, kz, which summarize in a global, pheno-
menological way the effect of all detailed processes contributing to the photon-
target particle interaction. Physically they can be interpreted as the manifestation
of the space-time extension of the target-particle viewed as due either to the vir-
tual meson cloud, or to its parton structure, depending on the conceptual frame
adopted for the interpretation of the experimental results. This intuitive pic-

ture becomes more precise in the "nonrelativistic" , static Timit AE = kO ~ 0,
where the form factors are a direct consequence of the extended structure of the
particle and are the Fourier transforms of the charge, magnetic moment and higher
moment distributions. (Their number depends of course on the spin of the particle.)
For instance, the most frequently used dipole distribution F(-gz) (1+k2/ 2) -2
corresponds to an exponential density o{r) = (8ﬂ/u3)e_ar, and, in this particular
framework, the large dependence on k2 reflects the finite, nonvanishing slope at the
coordinate origin.

2.1.1 The Pion Electromagnetic Vertex

The pion electromagnetic form factor is defined by the relation [k2 = (p2 - pl) ]
2
<nlpy) WS 7 p)> = (py + pp) Fp (K9) (2.1)

Since the pion has spin zero, only an electric type contribution is present, while
a term mk is ruled out by the current conservat1on condition a“v = 0.

F (k ) is a Lorentz invariant function of k , which, as a consequence of the
herm1t1c1ty of the electromagnetic current, must be real in the spacelike region
k2 < 0 and below the timelike threshold k2 < 4m2W. 1t becomes complex for k2 > 4m27T
{analyticity guarantees we are dealing with the same function). Furthermore, the
normalization to the charge value <Q>/<e> = 1 gives the condition2

F(0) = 1. (2.2)

Z e adopt the invariant normalization

<plpp> = 2 (2m)?

6(P2 - pl) s

au = 2m, utu = 2E.
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2.1.2 The Nucleon Electromagnetic Vertex

The customary definition in terms of the so-called Dirac form factors F1 2(kz) is

v
ag

k
<N(py) IV NGy )> = §(py)| 1, Fy (kD) + 5 Fo(k2) | utpy),
(2.3)

g :l[ ]
uv 7 Yus Y\,

(a term in kU is again forbidden by general arguments).

In the spacelike region, Fl(kz) and Fz(kz) are real for the same reason as above
and imaginary parts appear for k™ > 4m“.

A more significant separation can be derived working in the Breit frame. The idea
is to separate in an invariant way the contribution of the charge density part of
the electromagnetic current from the current density, i.e., from the vector part.
This is done by noticing that the previous matrix element can be rewritten in the

form
2
m Gy, (k™)
em N = 2 M
<N(p2)|VU ‘N(p1)> = ‘P'z‘ u(pz) PMGE(k )+ NU _‘WN"‘ U(Pl)a (2.4)
where
PL= 2 (py + D)
p 7\ 2'u°
(2.5)
o vV A0
No=Teme P K Y g
and
2 2 2,22 2
GE(k ) = Fl(k Y + (k /4mN) Fz(k Y,
\ (2.6)
2 2 2
Gy (%) = Fy(k) + Fy(k%),
are the well-known Sachs form factors.
This separation is meaningful. In fact, take P = 0 (ko = 0)
<p V[~ p> = 2m G (k%) (electric part), (2.7)
<p |V [-p = igxk Gy (kz) {magnetic part). (2.8)

In so doing, Gy and G; are also naturally connected to transitions between states
of equal and opposite helicity (1/2 -~ 1/2 for GM’ 1/2 »~ -1/2 for GE)'
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As a conseguence the cross section for electron-nucleon scattering, the so-called
Rosenbluth formula /17, 18/ is diagonal in GM’ GE’ i.e.,

2 2,02y 02
GE - (k /4mN) Gy k2

do _ (dg) 2 1
= - g 9/2 k] (2'9)
@ " \dg), \ - k2/4m2N . M

where (do/d@)y ., is the Mott cross section for a structureless nucleon.
If the isospin structure of the electromagnetic current vem = V(s) + V(3) is taken
into account, one has for proton and neutron

F(P,N) - %_(F(S) + F(V)).

(2.10)
Then
F 0 = 7 M) =1,
FZ(S)(O) =k * ky % -0.12,
FZ(V)(O) <k, = Ky = 3.70,

n

where kp =1.,7928, kn -1.931 are the nucleon anomalous magnetic moments (in units

e/ZmN).

2.1.3 The Nucleon Axial Vertex

The nucleon axial transition is described by the matrix element
a - * 2 2
<N(py) [ASIN(Py)> = (py) = Ly, Gu(KY) + K Gp(K)T vg u (py), (2.11)

where Ai is the axial vector current, transforming as an isospin triplet.

The further independent covariant GuvkaS would be the signal for the presence
in the axial weak current of a "second class" part with opposite transformation pro-
perties under the so-called G-parity transformation.

Since evidence (from nuclear physics) of such a contribution is still being de-
bated we shall omit it /19/.

Equation (2.11) can be rewritten in the form

) o k k
AR IAINpy)> = ley) £ Ll 2y ) 5,0 + D) Ivg u (py)  (2.12)

with

D(KE) = 2my Gy(K?) + K Gp(kz). (2.13)
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The separation of (2.12) distinguishes the longitudinal from the transversal cha-
racter of the matrix element. This is better seen in the Breit frame, where

DlAg|-p> = 0, <plAni-p> = o0 D(),

(2.14)
<p|Axn|-p> = 2Eoxn GA(kz), n = k/{l_([.
Correspondingly, only the k2 channel exchange of spin-one states contributes to

GA(kz), and of spin-zero to D(kz), which takes into account also the nonconserved
nature of the axial current

(¢4
N(py) [*AXIN(py)> = Ti(py)5= v5 ulpy) D(K). (2.15)

We finally have from neutron B-decay the value at k2 =
GA(O) = 1.260 + 0.012. (2.16)

We take advantage of the formal analogy to recall the customary form of the pseud-
oscalar pion-nucleon coupling, which is

<N(py)m*IN(py)> = TU(p,)vgt u(py)g y- (2.17)
Experimentally /20/

gy = 13.5. (2.18)

N

2.1.4 The N-pA Electromagnetic Transition

An approximate description of photo- and electro-production in particular energy
regions is obtained assuming that the phenomenon proceeds through the production

and the subsequent decay of resonances. Treating these states as particles of nearly
zero width, one is naturally led to consider the transition vertex NN*Y. Now given

]+1, there are six possible tran-

a N* complex of spin j =1 + 1/2 and parity (-1)
sitions to the y-nucleon system, which can be classified, for instance, according to
character of the photon, i.e., transverse or longitudinal, and to the angular momen-
tum j. One has, for the complete process, magnetic transitions M +[L =1, parity =
(-1} Y"Ll], electric E_4, and longitudinal L]+[L = 1+1, parity = (-1) '] transitions.
Correspondingly it is convenient to use for the NNE vy vertex a form factor decompo-
sition which describes physical, i.e. helicity or multipole, transitions in a given

reference frame, thus leading to "diagonalized" expressions for the cross section.



In other words, we can look for the analogues of both the Sachs form factors GE’
GM of the nucleon and of the (simpler) Dirac ones F1 and FZ‘ This problem has been
discussed in some detail in the literature and we reproduce here only the main re-
sults concerning the case 1=1, in particular the low-energy (3,3) resonance which
is of interest to us /21/.

Its properties and quantum numbers are

M = 1232 MeV, T = 110 + 120 Mev, §¥ =3, =3, (2.19)

A A 2 2
Correspondingly there are the magnetic dipole M1+, electric, and Coulomb quadrupole
E1+, L1+ transitions.

One then defines a set of form factors which can be shown to be free of kinema-
tical singularities and constraints, thus representing a convenient framework for
the discussion of theoretical models /22/

2

% 2 2
<PV, IN(p)> = Ty Gy(K%) + Ty Gy(K%) + Ty G3(K%), (2.20)
with
- *
P = kY, = ¥kg, )vg u(p),
= *
Toy = u“(p J(kpPy = Prkog )y ulp), (2.21)
-y, X 2
Ty, = WP ) (kk, = k" g ) vg ulp).

Conversely one can introduce form factors, which are directly related to physical
transitions and therefore useful for experimental analysis. These are defined as

follows:
* A - (1) 2 (1),,2 (1),,2
<A(p )]VU]J(p)> = Mu GM (k™) + EU GE (k™) + C“ GC (k=), (2.22)
where the magnetic, electric, and Coulomb covariants Mu’ Eu’ Cu are
_ ~V, ¥ . A D
Moo= ae o U PTIPTKT ulp),
L Vph, P
Eu = Mu +b €Ap M'P "k Yg> {2.23)
Y 2, _ p.
Cu =% (u kv)(k Pu P-k ku) Yg u{p).

3 The nomenclature refers to LY = 1,2, respectively.
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The relationship between the form factors of the two sets can easily be found
and we do not reproduce it here. In these formulae uv(p*) is the Rarita-Schwinger
wave function for the 3/2 particle, k = p*-p, P = %(p*+p), and the kinematical fac-
tors a, b, introduced for convenience reasons, are

a“g‘m:w oy, b

N (mN+MA) - k (mN-MA) -k

The main advantage of this, at first sight complicated, decomposition is the direct
proportionality of the form factors G&l), Gél), Gél) to the corresponding multipoles.
The proportionality factor is, of course, energy dependent and takes into account in
particular the finite width effects [e.g., My; = G&l)(kg) (s - Mi + i MAF)_I]. We
also mention the simple, diagonal, form of the electroproduction cross section at

the resonance, s = MZ. One finds that
2
4my a]EL[

2 2]'1
opreo) T o2 [1“</(MA+“‘N>
A MA -y

[G&l) 243l 2o (Emlye M) 2].

(2.24)

The experimental determination of the N-A transition form factors will be dis-
cussed later. As an indication we anticipate the k% = 0 values obtained from photo~
production (where Gél) does not contribute)

641 (0) = 2.74 + 3.00,
(2.25)
1 .
61 (0) = 0.03 + 0.12.
For use later on we give also the form of the Nam vertex. This is
o *x * [*IR 3
<N(p)n*(q)|a(p®)> = %ﬁ u(p)q“uu(p )s (2.26)
and from the experimental width one has /20/
g*%/an ~ 15. (2.27)

2.1.5 The N-A Axial Vector Transition

The matrix elements of the axial vector current between a nucleon and its excitations
are of direct relevance for a description of the neutrino production of pions

v, ot N>y o+ N+ .
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The structure of these matrix elements is analogous to the vector transition case
(of course taking into account the opposite parity character), with the additional
contribution due to the pseudoscalar component of the axial current; its presence
is a consequence of the fact that auAu is in general not vanishing. In other words,
besides the transverse and longitudinal transitions,b421¢, éji’ and S?It’ there will
now be scalar multipoles J%ai related to <A|9“AU|N>. In particular, for the N A A
transition the meaningful quantities are=411+, & 145 5?1+, J%1+ /23/.

We are not directly concerned with the neutrino-production process. However, as
for the nucleon, the <A]AulN> vertex will be introduced in a description of mA elec-
troproduction e + N >~ e' + 7 + A, based on current algebra equal time commutator.
This topic will be touched in the final part of this book, and for that purpose we
shall use the following simple (theoretically) decomposition /24/:

<B(pM)|AIN(R)> = Ty Hy + Ty Hy + Ty Hg + T by, (2.28)
where

flp = % a\)(Piﬁ)(k\)\(u - Yk guv) u(p),

T =z 0% (P = Preg,) u(e),

- . (2.29)
Ty, = 2 (p*) (kvku/kz - guv) u(p),
- k k

T, = u’(p*) 52 ulp),
4y u ?—

and the Hi(kz)'s are a set of form factors with good analyticity properties. Notice
that the above definition is such that

<a(p*) A IN(pP = Hy(k?) T°(p*) K u(p). (2.30)

New data on the reaction vp - u_pn+ have been produced recently and we shall
summarize them in Section 2.2.3.

2.2 Possible Sources of Information 4

No evidence has been found so far of a structure of charged leptons. Therefore the
extreme assumption that they are pointiike Dirac particles 1is acceptable and

- . _2
4 e recall that. in fi=c=1 units, 1 fm = = 197.32 MeV, i.e., 1(GeV)" = 25.69 fm .

Also 1 fm_z = 2 mi. In the following there will be an (innocent) inconsistency in

our notations: masses will be measured in MeV but for momenta MeV/c (or GeV/c) are

used.
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represents the first basic hypothesis underlying present quantum electrodynamics.
The second basic assumption of this theory is that the photon propagator is k_z.

The limits of validity of these two assumptions are reexamined periodically and can
be found elsewhere /25/.

We only recall that ¢ - e and e* - e scattering experiments show that the
form factor of the electron is found equal to 1 to within 1 or 2% up to k< 1.5
(GeV/c)? and within = 5% up to about 2.5 (GeV/c)Z /26/.

The validity of the o.p.e.a. is the third underlying assumption of wide chapters
of particle physics, in particular of all the problems reviewed in the present book.

From the first basic assumption it follows that charged leptons, i.e., electrons
and muons, provide excellent (or at least very satisfactory) probes of the structure
(e.m. as well as w.) of hadrons, in particular of stable hadrons such as protons
and neutrons.

Most of the experimental work has been done with electrons which are available
in intensive, well collimated, monoenergetic beams, the energy of which can easily
be changed. So far the use of muons has been rare and mainly devoted to explore
whether some difference in their behaviour could be found with respect to electrons,
apart from the much greater value of the mass.

Many excellent review articles have appeared, also recently, on the elastic scat-
tering of electrons and muons /26/ or of neutrinos /27/ on nucleons or on the produc-
tion of hadron-antihadron pairs by ee” annihilation /28, 29/. In the present book,
devoted to the information obtained on hadron form factors from inelastic scattering
of leptons, only some of the resuits obtained from elastic scattering experiments
or from eTe” annihilation /30/ are summarized in this section. They provide the back-
ground and the frame within which the main subject of the present article should be
viewed.

The validity of o.p.e.a. has been very extensively tested by verifying the lin-
earity of the Rosenbluth plot for both ep and pp scattering as well as by Tooking
for effects determined by the two-photon amplitude, such as a possible difference
between the cross section for elastic 1+p and 1 p scattering and a possible polar-
ization of the protons recoiling from 1p elastic collisions.

From all these experiments the general conclusion can be drawn that the contri-
bution to the elastic cross section originating from two-photon exchange processes
does not exceed a few percent up to the value of (—kz) of the order of at least
5 (GeV/c)?.

It is also interesting to mention the fact that muon beams are produced by a
few high-energy machines, such as at SLAC, Brookhaven, and CERN-PS. Experiments
with these beams have been performed on muon-proton elastic and deep inelastic scat-
tering with the aim of testing muon-electron universality. A detailed discussion
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of these results can be found elsewhere. No experiment has been made yet on muon-
injtiated production of a single pion in the region of or below the first pion-

nucleon resonance.

2.2.1 Information on the Pion Form Factor and the Pion Root-Mean-Square Radius

The pion e.m. form factor Fﬂ(kz) has been investigated rather extensively in the time.
like region by measuring the cross section of the process efe” > /31 - 34/.

We refer the reader to other review articles /4, 26, 29/ for the analysis of the
experimental data which clearly show the dominance of the production of the vector
meson p. The data obtained in the region k2<1 (GeV/c)2 show the expected interference
term with the » contribution. The experimental points obtained in the region k2>1
(GeV/c)?

data /31 - 34/ are shown in Fig. 6.3 in connection with the discussion of a few

remain appreciably above the expected contribution of the p tail. All these

points obtained from inverse electroproduction for k2 2 0.

In the spacelike region k2 < 0, elastic scattering ent experiments would clearly
provide the most direct method, since, according to (2.1), the cross section of a
spin-zero particle is given by

do do 2
g0 _ /89 F (k , 2.31
da (dQ>Mott 1 m ) ( )

This type of experiment, however, is impossible because we do not dispose of free
pions in the form of targets or of beams of sufficiently high density to provide
statistically significant data when crossed by intensive electron beams. Thus, other
approaches have been explored. The most extensive results have been obtained from
electroproduction and will be discussed in Section 5.2,

Two alternative methods have been considered. Both, however, always involve very
2.1/2

low values of —k2 so that onily the root-mean-square radius <r.> of the pion can
be deduced where
2 2
<r> o= 6(dFﬂ/dk ) o (2.32)

k==0

The first method is based on the observation of knock-on electrons produced by
charged pions. Two rather old experiments ysing nuclear emulsion exposed to pion
beams /35/ allowed only the derivation of not very significant upper Timits for
<r§>1/2 (~3+4 fm) (Table 2.1). The only accurate determinations of the pion mean
radius by this method have been obtained by two groups. The first one was a Dubna-
Los Angeles collaboration /37/ in which, by means of a narrow angle magnetostrictive
spark chamber spectrometer, the scattering of negative pions of 50 GeV/c from sta-

tionary electrons was observed. The other was a Los Angeles, Notre Dame, Pittsburg,



20

Table 2.1 The pion root-mean-square radius

Authors <r2>1/2 fm. Remarks

From knock-on electrons produced by pions k2 <0

ALLAN et al. /35/ 4.5
CASSEL /36/ 3
SHEPARD et al. /36/ 0.9
ADYLOV et al. /37/ 0.740.9 P = 50 GeV/c
DALLY et al. /38/ 0.56:0.04 p,_ = 100 GeV/c
0.03 = -k% = 0.07 (GeV/c)?

From (n*+He)/(n +He) scattering comparison K <o

BLOCK et al. /41/ 0.9 Liquid He bubble chamber

CROWE et al. /42/ 2.9640.43 Counter hodoscope
Original analysis

CROWE et al. /42/ 0.80+0.40 Some data analyzed by
NICHITIU /44/

Dubna-Turin 0.80+0.17 High-pressure He:

collaboration /46/ streamer chamber +

counter hodoscope

From electroproduction (Section 4.5.3) k2 <0

AKERLOF et al. /14/ 0.80+0.10

MISTRETTA et al. /47/ 0.86+0.14

BEBECK et al. /48/ 0.70+0.007 Computed from best bit

Saclay group /156/ 0.74:0:11 single-pole distribution
From inverse electroproduction {Section 6.1} k2 20

DEVONS et al. /49/ <1.9 Tw- =0

BEREZHNEV et al. /50/ 0.75+0.14 Tﬂ_ = 275 MeV

Batavia, Dubna collaboration /38/, which, at F.N.A.L., measured with a set of propor-
tional wire chambers the knack-on electrons of negative pion of p__ = 100 GeV/c with a
four momentum transfer k2 between 0.03 and 0.07 (GeV/c)Z. "

The second method /39, 40/ is based on the comparison of the elastic scattering
of positive and negative pions by 4He.

The analysis of the experimental data requires a detailed knowledge of the inter-
action of pions with nuciei /40/, which was naot available when the first experiments
were carried out /41, 42/.

Various improvements were later introduced in the analysis /43, 44/. A valuable
review of the subject has been given by NICHITIU and SHCHERBAKOV /45/, who show that
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the main problem is that the ambiguity in phase shift analysis has a much larger
effect on the pion radius than all other Coulomb corrections. They succeeded in
finding a phase shift solution which seems to eliminate this difficulty. The most
reliable value is that obtained by the Dubna-Torino collaboration /46/. The values
obtained by previous authors are given in Table 2.1, mainly to show the development
of our knowledge on this interesting subject.

In the same table we anticipate a few values deduced from experiments on electro-
production of nt (Section 5.2) and inverse electroproduction (k2 > 0) (Section 6.1).

2.2.2 Information on the Electromagnetic Form Factors of the Nucleon
2

The electromagnetic form factors Gg(kz) and Gﬁ(k ) of the proton have been determined
with rather good accuracy in the spacelike region (k= < 0) up to k% = 25 (GeV/c)2
from electron-proton elastic scattering experiments /17, 26/.

The experimental points are interpolated roughly by the dipole formula,
)-2

6P(k%) = (1-kZ/ME) B, M, = 0.84 Gev, (2.33)

and by the scaling law

chik?) = quE(kz), by = Lt = 2.79, (2.34)
both of which, however, have no theoretical foundation yet and should be considered
essentially as convenient rules, the validity Timits of which can be found elsewhere
/26/. Similarly, a unique explanation for the rapid fall-off of the form factor for
increasing |k2| has not yet been found. Among the various proposals we mention the
recent so-called quark-counting rule /51/, based on simple quark model considera-
tions, which predicts for the electromagnetic form factor of a hadron the asymptotic
behaviour

(apart from corrections « 1In k2), where ny is the minimum number of constituent quark
fields. Thus

FE) ~ ()7 6 -6y~ (K972

Information in the timelike region k2 > 0 can be derived for

2

k™ 2 4m2

N

from production of pp pairs by ee” annihilation.
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The cross section of the process, however, is so small that with the luminosity
of present electron positron machines, only one point has been measured at k2 =
4.4 (GeV/c)2 /52/, while from the inverse process (pp ~ e+e') two values have been
obtained at threshold [p at rest: k2 = 3.52 (GeV/c)Z] /53/ and upper limits at k2 =
5.2 and 6.7 (GeV/c)? /54/.

Information on e-n elastic scattering is extracted from electron-deuteron scatter-
ing once the proton form factors and the structure of the deuteron are known. The
results are model dependent since the analysis procedure involves the wave function
of the deuteron and its relativistic corrections. For the magnetic form factor of

the neutron the scaling Taw
n, »2 2
HESVIRER ATV (2.35)

seems to hold approximately. The electric form factor of the neutron GE is still
known with considerable uncertainty. The value (dGE/dkz)kz=0 has been derived from
the scattering of low-energy (thermal) neutrons on high Z atoms. The results of
various experiments are in fair agreement with each other. Their mean value is /55/

dag dF] F2(0) ’
—_— = + = -0.0201 + 0.0005 fm". (2.36)
a0 \dkd/it=0 amg

For k2 < 0, information on GE is extracted completely from eD scattering as men-

tioned above.
Figure 2.1 shows the quantity GE derived by various authors from elastic eD scat-
tering experiments using the Feshbach-Lomon wave functions /26/. The dash dotted

line is GE = runGE corresponding to F?(kz) = 0. The dashed line is
N, 2y _ T aP2 - 1242
G (k%) = W,z GR(KT)s T = ~K"/dmy.

The solid 1ine is best fit to the data points with the curve
n, 2y _ T p,2
G(k7) = 1y Tap7 Ge(K)

where b is the free parameter, which turns out to be = 5.6.

At higher values of |k21(> 15 fm-z) the neutron form factor can be determined by
means of inelastic electron-deuteron scattering experiments but the result of the
analysis is again model dependent.

This situation justifies the attempt, although unsuccessful for the moment, to
obtain some further information on Gg(kz) from a different class of experiments
(Section 5.1).
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Fig. 2.1. The neutron electric form factor Gg(k
deuteron scattering measurement. The Feshbach-Lomon wave function was used. The
dash dotted line is GE = unTGE, which corresponds to the assumption F? = 0; the
dashed curve is GE = GE . unr/(1+4r); the solid curve is the best fit to the data
points with a curve GE = GE unr/(1+br) (b, the free parameter, turns out to be 5.6).
The figure is taken from /26/, to which we refer for the quotations of the original
experimental papers

2.2.3 Information on the Axial Vector Form Factors of the Nucleon and of the N-4
Transition /4, 27/

A) The most direct and natural way of extracting the axial vector form factors GA
(k2), Gp(kz) is from the experimental investigation of the neutrino quasi-elastic
reactions

- - +
v n - v > n.
u v P, 1_lp H

Taking into account the V-A space-time structure of the weak current Ig = Vu_Au’
its nucleon matrix element is then expressed in terms of the quantities <N2|VU]N >,
<N2{A“[N1> already discussed in Sections 2.1.2 and 2.1.3. The standard assumptions,
which are made to further simplify the problem, are:

i) The isotriplet current hypothesis (generalized C.V.C.), by which the weak currents
belong to the same isotriplet as the electromagnetic one. Then the vector form fac-
tors are the same isovector form factors measured in electron-nucleon scattering.

i1) Dominance of the divergence form factor D(kz) by the pion pole (see Section 3.4
for a more complete discussion). This then gives for the induced pseudoscalar form
factor GP(kZ) the approximate expression, for not too large Ik2|,

Gy (K2 T, (dGA) (2.37)
= = I — .
P n-K2 N gk ks
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On the other hand, in any reasonable assumptions, this term contributes at most
2-3% to the cross section at GeV energies and is therefore dropped.

Thus one axial form factor, GA(kZ), remains to be determined, which, in analogy
with the observed behaviour of the electromagnetic quantities, is parametrized by
a phenomenological dipole formula,

-2

6,(K2) = G(0) (1-KP/M5) (2.38)
where

6,(0) = 1.26,

as determined from neutron B-decay. Thus the experiment amounts to the determination
of the single parameter MA’ which can be extracted from differential and total cross
section measurement. The most recent determination of MA obtained from the data for
neutrino scattering on deuterium /56/ gives

My = 0.95 ¥ 0.09 GeV, (2.39)
and in Figure 2.2 we show the behaviour of the total cross section.

It is interesting to mention at this point the independent information on the
weak nucleon form factars one can obtain from the muon capture process in hydrogen,

wp>vn,
which occurs, for u-mesons in the 1s orbit, at k2 ~ -0.88 mi.
The experimental values for Ty /57/, the rate for muon capture from singlet u p

state, are in good agreement with the theoretical predictions based on the forms
discussed above of the vector and axial vector weak form factors. Conversely, using

the world average value of T, and dipole fits for GA(kz), GE(kz), GM(kZ), one ob-
tains a range of allowed values for GP
6m < G (k% = -0.88 md) € 14 m . (2.40)
w- P u U

[Eq. (2.37) gives Gp = 8.5 mu].

B) The available information on the N-aA axial transition form factors is derived
from mA production in neutrino reactions. The k2 dependence of H4 is again fixed
by requiring the dominance by the pion pole, while for the other form factors the
following parametrization is adopted:
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Fig. 2.2. Total cross section for vunA>u'p as measured in the Argonne deuterium ex-
periment with the best fit value for MA = 0.95 + 0.09 GeV

2 \-2 2
2 k ak 5
H. (k%) = H, (0) (1 - ﬁ§?> (1 - b-k2>’ (2.41)

with M:, Hi(O),a,b free parameters to be determined. The fit is of course performed
in the framework of a definite theoretical model, and assuming the validity of a
mode]l due to Adler, one finds the values /53/

Hi(0) = 0, Hy(0) = 0.3, Hy(0) = 1.2,

(2.42)
a = -1.21 (GeV/c)2, b =2 (GeV/c)?.
while the slope M: turns out to be
M5 = 0.96 GeV 2.43
i = 0. ) (2.43)

not very different from the one obtained for the nucleon axial form factor. Alter-
native determinations of the form factor GP(kZ) will be discussed in Sections 5.4.5
(C) and 6.1 (D).



3. Theoretical Approaches

3.1 Introduction: The Theoretical Ingredients

Electroproduction of low-energy pions involves, in an essential manner, strong in-
teractions. As a consequence, a complete set of theoretical predictions would oniy
be possible when a satisfactory theory of strong interactions would be available.
We are indeed very far from this ideal situation; however, it has been possible on
the basis of general theoretical arguments to make definite and sometimes very pre-
cise predictions, which are in good agreement with experimental findings.
A first constraint comes from the unitarity property of the scattering matrix,
which of course follows from the general requirement of probability conservation.
For semistrong processes such as electroproduction of hadrons, the relations take
the “Tinear" form

Im M(yN - Hadrons) = 25 M*(YN > h) M (h -~ Hadrons). (3.1)
h=int. hadrons

Eq. (3.1) can be exploited simply only when the initial energy is so low that the
contribution of inelastic channels 1is negligible. In this case it gives rise to the
well-known Fermi-Watson Theorem stating that for each multipole the electroproduc-
tion amplitude is a complex guantity whose phase is equal to the corresponding pion-
nucleon phase shift.

The next requirements to be discussed are those of Poincaré€ and SU2 invariance.
They allow us to express the physical amplitude in terms of a fixed number of scalar
functions Mi(v,t,kz) {in our case 24) which depend only on the invariants of the
problem (in our case the energy-like variable v, the momentum transfer t, and the
virtual mass of the photon kz).

Further, the extra requirement of gauge invariance leads to linear relations be-
tween the fundamental functions Mi’ in such a way that we are reduced to only 18
independent functions.

The next theoretical requirements are those of analyticity, whose importance has
been stressed in many review articles /59/. Our amplitudes exhibit poles in the
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kinematical variable in correspondence to single-particle intermediate states. The
diagrams corresponding to the nucleon (a and b) and pion (c) poles are shown in
Fig. 1.3. A very important property is that the residues of these poles are propor-
tional to the electromagnetic form factors of the nucleon and of the pion.

The full exploitation of analytic properties is made by taking into account, in
addition to the one-particle poles, the contributions coming from many-particle
states. The general probiem involves of course the analytic representation of a
function of several complex variables. Although many interesting steps have been
made in this direction, most work is done at fixed momentum transfer. This gives
the celebrated fixed t dispersion relations.

At this point it is important to note that the combination of gauge invariance
and analyticity is not at all trivial. Its offsprings are low-energy theorems ex-
pressing exact statements about amplitudes involving zero momentum photons. In our
case this leads to the well-known Kroil-Ruderman theorem for the simpler photopro-
duction process k2 = 0, while for electroproduction the situation is a little more
involved.

Let us go back to fixed t dispersion relations whose explicit form is

, L [tk
Mi(v,t,k ) = [Nuc]eon po]e]i R e e dv'. (3.2)

Clearly, since we are working at fixed t, and only the singularities in v have
to be selected, the pion pole does not appear explicitly. A question immediately
arises: Where has the contribution due to the exchange of a physical pion gone? The
answer is not hard to find if one considers that the only extra source of singulari-
ties in (3.2) comes from the high-energy behaviour of the dispersion integral. This
leads us to consider the high-energy behaviour of Im M(v,t,kz) which is commonly
believed to be given in terms of the Regge formula,

(t)
Im {(M(v,t,k%)} Z B (t,k2) aJ( : (3.3)

where aj(t) and Bj(t,kz) are the so-called trajectory and residue functions corre-
sponding to the exchange of the j-th Regge pole.

It is readily seen that (3.3) controls the number of subtractions needed in (3.2).
At the same time, if one computes the high-energy tail of (3.2) by inserting the
Regge pole term (3.3), one sees that poles due to all particles exchanged in the
t channel do appear. One thus sees that even if we are interested in low-energy phe-
nomena, it is very hard to exclude high-energy virtual states which give rise to
the poles in the t variable, which are important at low energy.

On the other hand, if one inserts t channel poles by brute force, one strongly

risks the serious sim of counting the same effect twice. This last point is a warning
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against too ambitious attempts. A treatment of our problems in terms of Tow energy
is necessarily incomplete and might lead us to unpleasant compromises.

We finally come to a very important point, which constitutes one of the break-
throughs of particle physies of the last decades /60/.

The pion field is closely associated with axial weak currents (PCAC). This has
led to the well-known Goldberger-Treiman relation between the pion-nucleon coupling
constant and the pion decay rate.

On the other hand, assuming commutation relations between weak charges, it has
been possible to obtain general theorems concerning low-energy pions. This has led
to a clear understanding of why the pion s-wave amplitudes are so small (through the
so-called Adler consistency relation) and also to a very good prediction about their
actual value. Also in our case, soft-pion theory works beautifully, Tleading to
precise theorems relating threshold electroproduction to the axial form factors of
the nucleon.

As a consequence of this discussion, we see that because of our incomplete under-
standing of the problem, experimental comparison of theory is not straightforward=
One is naturally led to those comparisons for which the theoretical predictive power
is stronger.

A first direction is towards an experimental test of Tow-energy theorems. There
the fundamental problem is to find a reliable manner of extrapolating to the real
world from the exact Tow-energy theorems valid for massiess pions. Combination of
Tow-energy limits with dispersion relations leads to exact sum rules which, under
appropriate approximations for the continuum, lead to useful relations between the
strength of different mulitipoles.

Another important phenomenological direction is to exploit the fact that at Tow
energy the dispersion relations can be considered as dominated by low-lying reso-
nance. If one restricts one's attention to those resonances whose inelastic decay
channels are negligible, the extra constraint due to the Watson theorem greatly
increases the predictive power of the isobaric model.

In the framework of such an elementary unitarity-analyticity bootstrap programme,
it is indeed possibie to get simple order of magnitude evaluations for the electro-
magnetic parameters of the different resonances.

In the theoretical part of this review we concentrate our attention on those
topics which are directly connected with the general structure (invariance and con-
servation laws) of the electroproduction amplitude and which are of particular re-
levance in the derivation of low-energy theorems and of the dispersion sum rules
which are one of their mathematical consequences. A brief discussion on the dynami-
cal approach toc low-energy electroproduction is given with the aim of emphasising
the main physical points. For more thorough and complete treatments of the subject
we refer to the existing excellent reviews /61/.



29

3.2 General Properties of the Electroproduction Amplitude

In this section we wish to discuss {or rather recall), in more detail, the structure
of the pion electroproduction amplitude and to illustrate briefly, in this specific
case, some of the general requirements discussed above.

We study the reaction

e (1) + N(py) » e (1,) + N(p,) + (q). (3.4)
It is convenient to introduce the Tepton and nucleon four-momentum transfers,

k = 11 - ]2, A= Py = Py = k-q, Py + k = Py + Qs (3.5)
and the quantity

P (b * By (3.6)

We shall find it useful to work in terms of the invariant variables

2 _ 2
k2= (1 - 1,)7,
_ A2 _ _ 2
t o =A (P2 Pl) s
(3.7)
v =q'P=kP,
o4
vg = -7 4k
and
2 2 2
s = (pytk)™ = (pp*q)” = my + 2(v-vg),
(3.8)

H

2 2 2
5= (Pl'q) (pz'k) = My - 2(V+VB)-
Explicit expressions of the quantities in different reference frames and their phy-
sical ranges are discussed in Appendix A.
In the one-photon exchange approximation, the matrix element can be written in
the form

L

M{eghy > epllyr) = eZi(1,)vhu(l)) 2 g [V N>, (3.9)
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and the effort has to be concentrated on the quantity
_ em

M, = <N(pp)m(a) | ¥ 7[N(py)>. (3.10)
which embodies all the interesting information on strong interactions. We thus turn
to an analysis of Mu and begin by discussing its kinematical structure.

A) Let us first dispose of the charge degrees of freedom. The isospin structure of
the electromagnetic current is given by the combination of an isoscalar and of the
third component of an isovector, i.e.,

vem - vy vy M&S) +ulv) (3.11)

Introducing isospin wave functions by, for the pion (a = 1,2,3), Va for the virtual
photon, and x for the nucleon isospinor, one can write

(3.12)

with the matrix elements in isospin space to be evaluated for each specific process:

2t = s, v
- x + 1
a< ) = ¢QX+ 7[-[0.’13])(\/3’ (3.13)
+
a(o) = ¢:X Tux.

As these formulae show, a(_), a(o) (and the relevant amplitudes) describe the ex-
change in the t channel of a my (or NN) complex of isospin 1, G-parity = -1,1, a(+)
of a complex of isospin 0, G-parity = -1.

As far as the isospin transitions in the s-channel are concerned (Mﬁl), 1=1/2,

3/2), one can easily show that

M£1/2) i, M£+) N 2Mﬁ'), M1(13/2) - M£+) - Mﬁ-), (3.14)
and for the specific observable processes the relations are given in Table 3.1.

B) We now examine the Lorentz structure of the amplitude MU' Introducing for con-
venience the analogue of a polarization vector for the virtual photon Eu (it is ac-
tually the lepton matrix element of the electromagnetic current), a very convenient

expression of the amplitude is
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Table 3.1
Reaction alt) Al 2(0) ,(1/2) ,(3/2)

vp ~ 1% 1 0 1 1/3 2/3

yn > 7°n 1 0 -1 1/3 2/3

Yp > 7r+n 0 Va enl LI_ZS- _ _/é_

Yn > T p 0 -7 V2 -/_g— /_g

O 8 -
e = ‘?‘i“(pz)oi ulpy M5, (3.15)

where the eight covariants have been chosen as follows:

1
0p = vgyes Op =5 yglyee, vekl,

o
I

YSP'E, 6 = YSY’k Peg,
(3.16)

]
I

Y5q°€s 07 = Y5Y'k g-e,

04 = Y5k'€: 08 Y5y~k k-€.

Correspondingly, eight invariant amplitudes have been introduced which depend only
on the scalar variables of the problem, i.e. Mi(v,t,kz), and all general require-
ments will be expressed through these quantities. Of course, each of the invariant
amplitudes M? is in turn endowed with jsospin exactly as the full amplitude [accor-
ding to (3.12), for a total of 24 quantities, a = +,-,01.

The above choice for the covariant expansion5 is the most natural, even if not
unique, and it is substantially based on simplicity arguments. It has been shown,
indeed that, with the choice (3.16), the relevant amplitudes have, in the variables
v {or s,5) and t, only the singularities which correspond to the propagation of phy-
sical systems in those channels, namely they are free of the so-called kinematical
singuTarities6 which do not allow such an interpretation. Such a property can also

> Note that for the physical process the amplitudes M4, M have no direct relevance
since O4 = O = 0 as a consequence of the current conservat1on on the Tepton side.
Str1ct1y speak1ng, this has been rigorously proved only for k =0 /62/.
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be confirmed by examining the analyticity properties of the amplitudes in the frame-
work of perturbation theory, and we shall check it explicitly working out the polar
contributions.

Kinematical singularities arise when one enforces the current conservation con-
dition B“Vﬁm = 0, namely k“Mu = 0. As a consequence, the eight amplitudes Mi are
not independent, but turn out to be related by two constraint conditions; elimina-
tion of two of the amplitudes in terms of the others introduces spurious singulari-
ties in the physical variables. We shall discuss this point in more detail later and
proceed with the previous choice of the (not independent) ampiitudes.

In concluding this section, we recall another general requirement: the so-called
“crossing" which entails simple symmetry properties for the various emplitudes. The
crossing constraint has the form /59/

: = % (p., -qs -
M, (Pgsqs Pysok) = -MI(Pys -5 Pys k), (3.17)

and 1t can be made plausible on the basis of quantum field theoretical considera-

tions. Intuitively, in the present example, it takes into account the behaviour of

the amplitude under the exchange of the two identical nucleons participating in the

reaction, while the change of sign of g, k is required by four-momentum conservation.
In terms of scalar variables, all this amounts to v + -v (i.e., s & s), t ~ t,

k2 - k2 and, taking into account the previous definitions, we easily find that

(3 (3)
M (-, tkE). (3.18)
+

O+t

Mo (otokf) =

The values of the ”ils are fixed by the space properties, while the accompanying
column takes into account the isospin character of the amplitude. One has

Tl‘=1, 1=2’5969
(3.19)
=1, 3,4, 7, 8.

=3
n
1]
—
M
-
|

C) We now go on to examine the analyticity properties of the amplitudes, and for
future considerations it is meaningful to select explicitly the contribution due to
the lowest singularities, which correspond to the exchange of stable particles, i.e.,
the nucleon poles at s = s = mﬁ (v = ij) and the pion pole at t = mi (vB = k2/4).
Using the standard definition of the electromagnetic vertex, one easily finds for
the nucleon singularity the result
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j Mg 0
e - gy F§V)(k2) 7 (\)BE\) : \)Biv ’
- 000 e
M - -a, (F%V)(kz) « 50 0) 7 (\)B%\) - \);w)’ (3.20)
Mét) = 9 Fév)(kz) ﬁm (\)é-\) : \)é+\)

The amplitudes (0) follow from the (+) just by inserting the isoscalar form factors.
For the one-pion exchange diagram the only nonvanishing contributions are

2 2

o) 2,y F (k5 a(-) 9 F k%) (3.21)

3 T T2 T T o '
m.o-t m. -t

Although we shall often refer to the above expressions as the Born approximation,
it is obvious that they are not simply connected with perturbation theory, owing to
the presence of the form factors.

After these preliminaries, we write the dispersion relations, embodying the ana-
lyticity properties of the scalar amplitudes in the variable v, at fixed t, k2. Their
prototype is

(£) 2y = oul)y 1 (£) g + 42 1 !
M3 s KT = M ucteon T [ IOV (G £ 0y gy (3.22)
v

In (3.22), Vo 1; the physical threshold for the reaction, Sg = (mN + mﬂ)z, i.e.,
Vo = Vg Fmmy + mﬂ/2, and the negative v contribution has been reduced, via cros-
sing, to the v > 0 range. Furthermore, the behaviour around the integration singu-
larity (v > vo) has been specified by the ie instruction.

The meaning of the symbol = is "apart from subtraction constants". The presence
of such constants is related first of all to the need of guaranteeing the convergence
of the dispersive integrals and depends therefore on the asymptotic behaviour of the
imaginary parts. Other subtractions many be introduced by the asymptotic behaviour
of the real parts; the pion pele term in (3.21) is a good example of a subtraction
constant of this type (not affecting, of course, the imaginary parts). According
to the point of view outlined in the Introduction we shall adopt the model where
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the asymptotic behaviour of the complete amplitude is only determined by exchange
of Regge trajectories in the t channel. Then only the constants dictated by con-
vergence reasons appear, and terms corresponding to the exchange in the t channel
of the pion and other particles are naturally generated by the tail of the v inte-
gral.

We defer to Appendix D a more detailed description of the asymptotic behaviour
of the electroproduction amplitudes. It is not hard to see, combining those results
with the present phenomenoiogical indication that at small spacelike t the leading
trajectories do not exceed unity (a{t) < 1), that no subtractions are, in principle,
required in the framework of the simple Regge pole model.

D) The above analysis of properties of the electroproduction amplitude has been
devoted mainly to features which, even if of a kinematical nature, like the choice
of the invariant functions, are actually deeply influenced by the dynamics of strong
interactions. In this sense such an analysis is common to electroproduction and any
other hadron process. We now turn to a discussion of the additional constraint,
peculiar to electroproduction, which follows from the conservation of the electro-
magnetic current. As will be shown, some interesting consequences can be derived
also in this case by combining that requirement with analyticity and other strong
interaction properties of the amplitude.

Current conservation B“Vim = 0 amounts to the requirement

My -
ki = 0. (3.23)

This immediately leads to the following constraint among the invariant amplitudes
(3.16):

W, + gk My + k2 M, = 0,

(3.24)

My + oM+ qek My + KoM = 0.

We see then that while the elimination of M1 is immediate, it is impossible to
express one among the amplitudes MZ’ M3, My in terms of the others without dividing
by v, q-k or k2 and introducing therefore a spurious singularity. In reducing the
expansion of the amplitude to a set of automatically gauge-invariant vectors, M1
and M3 are usually eliminated, but clearly the choice is not unique. Anyway, since
a particularly useful parametrization, mainly in the calculation of the cross sec-
tion, is obtained by introducing the six independent centre-of-mass amplitudes
described in Appendix C, we do not insist on this point. Let us rather elaborate
on the effective information one can extract from (3.24) and from the independent
analyticity of all invariant amplitudes.



35

2

We consider here the case of a real photon k™ = 0, while electroproduction is

discussed in Appendix D. For K2 - 0, (3.24) reads

WM, + gq-k M3 =0,

2
(3.25)

Ml + WM. + gk M, = 0.

6

As already mentioned, elimination of M2 or M3 through the first relation would

introduce unwanted singularities (even if harmless from a strictly practical point
g,
region). Let us thus investigate the behaviour as v - 0, g-k ~ 0. The nontrivial

of view, since v = 0 and q-k = 0, i.e., s =5 = mﬁ, t =m>, Tie outside the physical
character of these relations derives from the fact that the amplitudes involved are
singular at these points. In particular, using the explicit polar expressions, one
finds for the isospin antisymmetric7 amplitudes

~ (-). - (v) ; v
I A T S g
VB Vg B (3.26)
2
Tim gk M) = —g  F(0) + gy FOY0) Tim —Z——ZvB
v,v, > 0 3 N ol Vy,wy, >0 vy - v
*'B B B
Comparing, one has, from the first of (3.25)
FV)(0) = F_(0) (3.27)
1 ™ - :

Thus, as is obvious, current conservation guarantees the exact charge balance
for the reaction /63/. Let us also notice that the condition (3.27) ensures that the
Born terms are, in the case k2 = 0, automatically gauge invariant for any value of
v, t. It is similarly fruitful to examine the second relation, which offers the
possibility of expressing the amplitude M1 in terms of the go]ar residues. A simple

calculation shows that at the wnphysieal point v = 0, t = ms

7 For the (+, o) amplitudes the requirement is trivial by crossing.
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(v)
Fo' (0)
- 2 2
i e ) = oy iy
(3.28)

M{*+0) (v=0, tenl) = 0.
In the ideal case of a vanishing pion mass (to which we shall become accustomed

soon), the point v = 0, t = 0 corresponds to the threshold of photoproduction and

(3.28) represents a low-energy theorem, the Kroll-Ruderman theorem /64/. Indeed

in the forward direction (k-e = q-e¢ = 0) and in the gauge p-c = 0, the full ampli-

tude takes the form

M-e = GYS yee U (M1 + ﬁi M5).

Using (3.25) plus the value of WM as v>0 [use polar expressions (3.20)1, one
finally obtains the well-known expression of the Kroll-Ruderman theorem

(Feg oo 3N 5 e ue ol u(50) g o
M € ZmN Uvygyeus= ZmN gee, M -e = 0. (3.29)

3.3 Dynamical Models

A detailed discussion on the different theoretical approaches leading to estimates
of the full low-energy electroproduction amplitude lies outside the range of the
present review. In this section we shall Timit outselves to outlining the physical
ideas and the main results.

Most work on the subject relies in one way or another on the relativistic dis-
persion relations described in the previous section. One is thus led to separate
the full amplitude into a "Born term", given by the contribution of the nucleon pole
plus possible subtractions, and the "dispersion correction", whose evaluation is
the object of the different dynamical approaches.

A common assumption which is being made is that the dispersion integral is do-
minated by low-energy (g 1 GeV) contributions. The following features are thus pre-
sent:

1. In this region, single pion electroproduction is still the dominant process and
we are in a situation in which (according to the Fermi-Watson theorem) each multi-
pole has a phase equal to the final state pion-nucleon phase shift.

2. As a consequence the most important contribution to each dispersion integral
comes from the production of resonant states, in particular from the celebrated
A(3/2, 3/2) isobar which plays a fundamental role in low-energy pion physics. Its
properties have been reviewed in Section 2.1.4.
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The different investigations on low-energy electroproduction differ on how speci-
fically each theoretical ingredient is being used and do therefore exhibit a diffe-~
rent predictive power.

The most direct and elementary approach is to exploit directly the dominance of
the different resonant states and to construct an isobaric model in which one intro-
duces the diagrams due to the production of the different isobaric states /66/. Those
diagrams are given in Fig. 1.3 d, where the isobaric propagator is the well-known
Rarita-Schwinger spin-3/2 propagator. The (yNA) vertex contains the three transition
form factors, 6{1 k%), 61 (k%), 6{1)(k?), introduced in Section 2.1.4, (2.22), and
the (yNA) vertex introduces the transition coupling constant g* given in Section
2.1.4. This can lead in principle to a phenomenological determination of the electro-
magnetic transition isobaric form factors. A more refined but somewhat more cumber-
some version of the same idea is to use the isobaric model in order to evaluate the
imaginary part of the different invariant amplitudes. This avoids some of the ambi-
guities related to the propagator of an off-mass-shell isobar and can allow one to
obtain some phenomenclogical relations between nucleon and isobar form factor through
the use of the dispersion sum rules (see, e.g., Section 3.5.F). A large amount of
theoretical work has been done by applying to electroproduction the programme based
on the combination of analyticity and unitarity /61, 66/.

We have already seen that (in the elastic approximation) each electroproduction
multipole, corresponding to a well-defined «N final state, must have a phase which
is equal to the corresponding pion-nucleon phase shift. So the effective application
of this programme requires the use of a multipole decomposition of the electropro-
duction amplitude. One must thus go through the painful operation of translating
the simple dispersion relations for the invariant amplitudes of Section 3.2 into
equivalent relations for the different multipoles.

If one denotes a multipole amplitude by F}(w), one is led to a dispersion rela-
tion of the form

B 1 Im{F1(w')}
Frlw) = Fy () + 5 ol ot + o, (3.30)

where F?'(w) is the known contribution due to the nucleon pole and to possible sub-
traction constants, GF] is the contribution due to the crossed term and to inelastic
contribution, and, in the main dispersion integral, Im{F]} is related to F] through
the celebrated Fermi-Watson theorem,
-15] .
In{F (w)} = e sindy Fy(w), (3.31)

Fi(w) =e " Ry(w), (3.32)
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where 6;(w) is the 1-th. pion-nucleon phase shift and Ry(w) is a real quantity.

If one disregards (in first approximation) SF], the combination of (3.30) and
(3.31) can be exactly solved by means of the Muskhelishvili-Omnes formula.

A detailed discussion of this procedure can be found elsewhere /61/; here we
wish to outline the following points:

a) From (3.31) one sees that Im{F1} is large only if the corresponding scattering
phase shift is large. We shall thus get a large correction to the Born term only for
the multipoles leading to the resonant 3/2, 3/2 states. This property is of course
directly exhibited by any isobaric calculations.

b) Both (3.30) and (3.31) are linear in F1(w). This means that the solution of such
equations is linear in F?(w).

In other words, the only large multipoles are those corresponding to the large
Born approximation and thus contributes effectively to the A production. Again this
magnetic dipole dominance is empirically checked in the framework of isobaric models.

The main conclusion of this short discussion is that one expects that the physical
electroproduction amplitude may differ strongly from the Born approximation mainly
owing to the excitations of the A isobar. A careful discussion of the relative weight
of the various contributions (Born terms and continuum integrals) to the cross sec-
tions in the regions of interest (threshold, first resonance region) can be found
in /67/, whose results will be largely used in the following.

The nature of the physical process is thus quite simple and clear. On the other
hand, as soon as one wishes to perform an accurate analysis of all the features of
the electroproduction process, the technical details become so cumbersome that a
complete description is impossible within the size of the present review.

3.4 The Role of the Pion

A. Dynamical Aspects. 1f we look at the table of hadronic particles, we see that the
mass of the pion is abnormally small. The significant parameter mi is an order of
magnitude smaller than the corresponding square masses of other nonstrange particles.

Independently of whether such a small mass has a deep physical origin or is a
purely dynamical accident, it is clear that it gives to the pion a particularly im-
portant role in the analysis of many physical processes.

It is well known that the outer part of the nucleon cloud is completely dominated
by the one-pion contribution. In the dispersion theory language, this means that it
is possible, or at least conceivable, to isolate, at small momentum transfer t, the
single-pion exchange pole in many processes /68/, illustrated in Fig. 3.1.

This situation came to a very exciting point when it became clear that weak
currents have an axial component Au. Particular interest was devoted to a study of
the properties of the divergence of the axial vector current,
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D=3k, (3.33)
U

whose matrix elements between hadron states were found to be dominated by the pion

pole /69/. The pion pole contribution involves, on the other hand, in an essential

manner the matrix element of D between the vacuum and the one-pion state. Using the
definition of the pion decay constant

<OJA [m(q)> = if g, (3.34)

this turns out to be

<0[D|n(q)> = mifﬂ- (3.35)

.8
The dynamical fact of the pion dominance of the hadronic matrix elements of D
can be given a symbolic and more general form, by introducing the so-called PCAC
(partial conservation axial current) relation /70/

=2
D=mf ¢, (3.36)

where ¢, represents an interpolating pion field (<0l¢n]ﬂ> = 1). The meaning of (3.36)
is to express from the beginning the fact that via pole dominance and (3.35) all
matrix elements of D are proportional to mi. The first fundamental application of

PDDAC (or PCAC) was obtained by considering the matrix element of D between nucleon
states

8 Sometimes called P(ion) D(ominance) D{ivergence) A(xial) C(urrent).
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<N2IDlN1> = ;“2—_? ZgﬂN 1U2 Y5 Ul- (3-37)
ki)

The graphical interpretation of (3.37) is illustrated in Fig. 3.2. Eg. (3.37), when
taken at (pe-pl)2 = q2 = 0, leads to the famous Goldberger-Treiman relation /72/

MGA(O)
INE TF e (3.38)

]

o \7T
% ! Fig. 3.Z. Pion dominance for the
N ~ N, O N,

N, ) axial divergence form factor

which aliows us to evaluate the pion-nucleon coupling constant, a strong interaction
quantity, in terms of the weak interaction parameters f_, GA(O). The agreement be-
tween the theoretical prediction and the experimental value is quite reasonable,
within 7 % {with (/??H)exp. = (0.9442 + 0.0008) m_ /20/ one finds (g y)p 1. = 12.7,
while (gnN)exp ~ 13.5]. It is important to notice that the representation (3:37) for
<N2|5\N1> should be adeguate for small qz, when the smail denominator (= mi) compen-

sates the small numerator (» mi). In particular at q2

= 0 the pion mass factor dis-
appears, while this does not occur for higher states.
A very important application of the same point of view Teads to the so-called

Adler consistency relation /72/

fﬁm ;
- 2 mN’
ki

ig" <N (k)[R N> = <N, (k)[DIN> = (3.39)

o AN

where TwN is the pion-nucleon scattering amplitude. Eq. (3.39) tells us that in the
Timit qu -+ 0, the wN amplitude tends to zero~. If for the moment we disregard the
fact that such a 1imit can only be reached with zero mass pions, we find the impor-
tant result that the threshold pion-nucleon amplitude vanishes. Introducing the

9 Such a statement actually requires some care, since other singular terms, like
the npucleon Born diagram, can in principle contribute. This is a consequence of
considering a scattering process where more kinematical variables depend on G-
More refined considerations show that (3.40) does indeed hold for zero-mass pions.
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s-wave scattering lengths ars a5 for isospin 1/2, 3/2 states, for the symmetric
combination one gets the result

a; + 23~ 0, (3.40)

again in agreement with experiment [(m = 0.171 + 0.005, (m_a = -0.088 +

nal)exp ﬂ 3)exp -
0.004]. Formula (3.40) partially explains a Tong-standing paradox (known to old-
timers as pair suppression): why are threshold s-waves so small and why does the
isospin antisymmetric combination dominate? To use (3.39) in a more complete manner,
one must apply a similar trick to the second pion.

The final results turns out to be

1im §) o . Y

ks 0 Nom (k)[Au]N1> = —1EaBY<N2!VuIN >, (3.41)
where use has been made of the GELL-MANN /73/ recipe for the equal-time commutator
between two axial current densities

B

(A,

- o s "
(x)» AO(O)] Tepny Vu(O)d(g). (3.42)
Eg. (3.41) finally inserted in (3.39) reproduces the well~-known and successful T0-
MOZAWA-WEINBERG prediction for the isospin odd combination of pion-nucleon scattering

lengths /74/
N\

3

0.25ml. (3.43)

=

3
a1 " 3% 5y

-
= N

0f course, similar reasonings, to be treated in more detail in the following, lead
to equally interesting formulae for electro- and photoproduction of pions.

The beauty and simplicity of the previous formulae, together with the success
of the strategy based on the exploitation of the small pion mass, strongly suggest
that those results have a deep, more fundamental root.

On the other hand, we shall be faced with the practical question of obtaining
a reasonable estimate of the main corrections arising from the presence of a small
but not vanishing pion mass. Both problems will be dealt with in the next sections.
B. The Mechanism for Axial Current Conservation. In the previous section we have
seen some examples of the intimate connection between axial currents and soft pions.
Exploiting the general properties of the axial current and pion pole dominance, we
have found a few remarkable Tow-energy theorems for soft-pion interaction. Similar
theorems exist for electroproduction or neutrino production of pions, as we shall
see later, and in general for a large class of weak phenomena where pions appear
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among the decay products. Before proceeding further it is, however, important to
gain some understanding of the deep origin of those pion properties.

Let us recall some of the well-known properties of the vector and axial vector
currents we use to describe the weak and electromagnetic interactions between hadrons
and Teptons. These currents are assumed to belong to a larger set of currents V
A which, according to the fundamental GELL-MANN-CABIBBO /75/ hypothesis, transform
as octets under SU(3), with « = 1...8. If, furthermore, one considers the associated
charges

- [ ), 0, = [ (x), (3.44)

these objects are assumed to be the generators of the SU(3)}xSU(3) algebra and to

obey the following set of equal-time commutation relations [fuBY are the SU(3) struc-
ture constants]:

a,B,y = 1...8,

[QOL’ QB] = ].fOLBY v?

= it 4 (3.45)

Q. Bg) = ifyg, Q-

(q,» !

One has, similarly,

1foaBY u(x)’

[, VE(R)]

[0, A(%)] fay M), (3.46)

V(%)

(G, AC(3)] = ifq VY

This identification represents a nontrivial connection between the symmetry proper-
ties of the hadron world and the quantities used to describe the lowest order weak
and electromagnetic interaction of hadrons. Such an assumption generalizes the well-
known C.V.C. /76/ (conserved vector current) properties of the weak nonstrange vector
current, which must be identified with the isospin current.

A11 these currents exhibit more or less rigorous conservation properties and, as
a consequence, the corresponding charges are approximate constants of the motion,
reflecting in turn underlying symmetry properties of hadrons.

To simplify the discussion, we shall work in the idealized situation of exact
current conservation. In this case the charges commute with the four-momentum ope-
rator Pu

[Q,. PJ = 0. (3.47)
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As a consequence the only nonvanishing matrix elements of the charges Qa are those
between states of equal four-momentum. This means that in the case where zero-mass
particles are absent, the only one-particle matrix elements of the Qa are between
particles of the same mass. We thus see that on the basis of the commutation rela-
tions (3.45) one can infer the existence of supermultiplets of equal mass particles
with different internal quantum numbers, while (3.46) show that different matrix
elements are related by the Wigner-Eckart type relations.

For example, in the case of vector charges, the combination of (3.45) and (3.46)
forces the existence of exact SU(3) multiplets and reproduces the familiar SU(3)
relations between vertices and coupling constants.

The presence of zero-mass particles can change the whole picture. Indeed, the
possibility exists now of nonvanishing matrix elements between the vacuum state and
the one-particle state at zero four-momentum. This possibility is extremely impor-
tant for us. We believe that axial charges, at least at the nonstrange level, are,
with good approximation, constants of motion. On the other hand, there is no firm
evidence of the existence of approximate supermultiplets of particles of opposite
parity (for instance, the nearest 1/2 nucleon partner is at 1570 GeV). The most
natural way out of such a situation is to rely on the presence of a pseudoscalar
particle of small mass, the pion. We shall thus be led to the conclusion that the
pion mass vanishes in the limit of exact axial current conservation /77/ BUAZ =0,
a=1,2, 3.

Let us consider the situation in more detai]lo

. If the axial charges are exactly
conserved and no parity supermultiplet exists the only nonvanishing matrix element
of the charge is

- . 3
<0[Qu]n6> =16 fTr ETT (2m)78(xm). (3.48)
Let us then start with the matrix element of a commutator
<B|1Q, F1|A> = Cb (3.49)
3 BA 0
[where F is any operator with definite transformation properties under SU(2)xSU(2)]
and compute it by inserting a complete set of intermediate states. The only contri-

butions turn out to be those containing the matrix element (3.48) both in the direct
and in the crossed term, and we obtain

10We disregard the difficulty arising from the fact that in the exact limit m, = 0,
the axial charges does not properly exist. In practice, everything works fine if
we start with a small value of m and smoothly reach the limit m_ = 0.

™
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<B|[Q, F1]A> = <0|Q|w><nB|F|A> + <B|F|Am><n|]]0> = CEA. (3.50)

One thus sees that the knowledge of the commutator (3.49) provides a direct in-
formation on the matrix element where a soft pion is either emitted or absorbed. In
the case of electroproduction of soft pions, the relevant commutator is [Qu, Vim] =
1€a3BAﬁ which, when sandwiched between nucleon states, will lead to a direct connec-
tion between electroproduction of a soft pion and axial nucleon form factors.

In the realistic situation of non-massless pions, i.e., of not perfectly conserved
axial current, the nucleon matrix element of [Qa’ Vﬁm] can still be used to obtain
an improved form of the soft-pion theorems. Selection of the one-pion contribution
will reproduce the soft-pion results, while the other contributions will give rise
to possible corrections (vanishing as m ~+ 0) to those low-energy theorems. We turn
now to a more detailed analysis of this matter.

3.5 Low-Energy Electroproduction and Current Commutators

We devote this section to a detailed application of the above ideas to the electropro-
duction process. In particular it will be shown how to derive, from the equal-time
commutator between the axial charge and the electromagnetic current, a simple repre~
sentation for pion electroproduction amplitudes in the threshold region. For the
sake of generality (and also for physical reasons!) we shall consider from the be-
ginning the case of a partially conserved charge, i.e., of pions of physical, non-
vanishing mass. The exact low-energy theorems, a consequence of chiral invariance,
will then follow in the limit L 0; however, the procedure is quite general and
provides a recipe to evaluate the effects due to the finite pion mass, i.e., the
“corrections” arising from chiral breaking.

A) To derive our result we shall resort to the simple technique, which is based on
direct saturation of the equal-time commutator of interest taken between one-nucleon
states. Other, no doubt more elegant, techniques exist but the final outcome is
essentially equivalent. Let us therefore start from the commutator jdentity

< = em s Y
M, = <N, | Q5 vy (0)1INy> = iey3y <N21Ap}N1> (3.51)
and use completeness
_ A em ~ _ s Y
M, = Zn<V2|Qa\n><n|Vu INp> - c.t. = 1Eu3y<N2lAu|Nl>' (3.52)

The general structure of the completeness sum is not as simple as one would expect,
for instance, from the analogy with the nonrelativistic sum rules of nuclear or
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atomic physics. More complicated types of contributions can now be present and the

simple reason is the fact that the number of particles is not conserved in a rela-

tivistic theory, owing to the phenomenon of annihilation and creation of quanta.
Indeed, the completeness sum contains the part one would have naively guessed,

j.e., the so-called connected contributions11
I = em
MU = I, <N21Qa|u>c<ulvu [N - et (3.53)

whose form is illustrated in Fig. 3.3 and where the lowest intermediate state is,
of course, the nucleon.

But besides that, there are more complicated contributions and among them the
disconnected diagrams shown in Fig. 3.4,

1 _ P emn A . emn

Mu = ZY1<N2]QalN1y1>(:<y1]Vu [0> + ZY2<0]Qa[y2><y2N2]Vu ]N1>C - c.t. (3.54)

The first contribution corresponds to the creation from the vacuum of a hadron
system with the same quantum numbers as the electromagnetic current (the p,w,¢ ...)
followed by the process a1+N1 - (_2+N2 (just vector dominance). Similarly, the second
term, which is the one of interest to us, describes the creation, among other states,

of a physical pion at rest from the vacuum and explicitly introduces in the game the
physical amplitudes

o o ,,em =0 . e o
T o= Al VER N>, T = e [V N (3.55)

Because of the small pion mass, this last contribution will be the dominant one,
actually the only one surviving as m. > 0. (For instance, the next multipion states
;y2> = |3m>... should be depressed by phase space reasons.)

Mé, hﬁl or (3.53) and (3.54) do not exhaust the terms present in the completeness
sum. There are also the so-calle Z diagrams, but since they do not play an essential
role in the following considerations, we shall not discuss them.

B} The explicit selection of the disconnected pion contributions leads to an improved
version of the pion Tow-energy theorem, in a sum rule form,
1

O O
7 [Tlay = 0) + Tia

. = em
(9, = 0) :1ga3Y<N2{AZ’N1>—En<N2|Qd[n><n[Vu N> -c.t.

(3.56)

™

11We recall that, given the matrix element TA = <p2,B]Ajp1>, where Pys Py are momenta
belonging to identical particles, its connects part is defined as follows:

c _ }
TA = <p2,B]Ajp1>C = TA ~<p2‘p1><B[A[O>.
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completeness sum

The pion amplitudes are calculated for physical pions at rest, outgoing, and
ingoing, which in terms of the familiar invariant variables corresponds to

Vo=t mﬂPo, t = AZ,
(3.57)
(), = (aeq) =nl s teom,.

This shows that the precise point where Ti and Ti are evaluated still depends
on the configuration of the external nucleon. Such a "frame dependence represents
a long-standing and well-known feature of the sum rule approach to the equal-time
commutators of a relativistic theory. The reason for that is not hard to understand
and Ties in the fact that commutators at equal times are not Lorentz invariant (un-
less conserved time-independent charges are involved). As a consequence, the eval-
uation of the completeness sum, in particular the relative weight of the various
contributions, depends strongly on the external nucleon configuration. Different
choices can thus be performed according to the different aspects one wants to em-
phasize.

Since, in this book, we are mainly interested in having a representation for the
pion amplitudes, as simple as possible, we suggest to work in the Breit frame P = 0
of fairly slow nucleons /78/. This choice gives ]El‘ = {EZI, ie, A =0, t= -492,
so that
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Then TZ and Tﬁ differ only by v~-v and are related by crossing. It is also impor-

tant to note that small values of t = - 4p2

offer the advantage of an approximate
selection rule for the connected contributions, due to parit} and angular momentum
conservation. This follows from the nature of the axial charge: given a matrix ele-

ment <p[Qa|n>, for which P = Ps only s-wave excitation is allowed in the Timit p=0.
- - 17

Thus only states with the same spin as the target and opposite parity contribute,
in particular %7 baryon states for the directlgontribution. Since 1in our case Py
and Py cannot be taken simultaneously as zero s a Strict selection rule does not
hold: nowever, even if p- [the A(3,3) for example] and higher waves are in principle
allowed, their contribution will be strongly depressed working with small |t]| = 4p2.
Concluding, our prediction will concern electroproduction at the "Breit threshald"
(pion at rest produced in the Breit frame of the external nucleon) corresponding to

the following values of the invariant variables:

kz-mﬁ 1/2
(Mg, th, = MPy =mM{l - — s

i (3.58)

22
(t)B.th. =k My +

In particular, the photoproduction limit is reached with
k2 -0, t=- —m2.
kil

It is easy to check that the Breit threshold configuration corresponds, for in-
stance in C.M.S., to the pion emitted along P1» 9= "Pys i.e., oy = T with energy
wgy = M (1= /8 ).

Therefore, as Tong as we consider a not too Targe [t| ([t]| s 20 mi), we can rea-
sonably expect our predictions to hold without significant changes at the actual
thresho]d14.

C) We now come to the point concerning the behaviour of the various contributions
to the sum rule in the 1imit m_ - 0. We take advantage of the relation

dly/dt = [d*x B%(x) (3.59)
to derive the simple identity

12 A remarkable exception occurs if the target "nucleon" becomes massless (the neu-
trino!).

13 The forward configuration Py = Pps t =0, is not allowed by the electroproduction
kinematics.

1% For instance, for [t] s 20 mﬁ, w 145 MeV, [qfoy s 40 MeV.

cM S
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- <b15a|a> 3 <b|D |
@lGle = gy = ey Ty (3.60)

One can therefore conclude that matrix elements, for which the energy difference
Eb-Ea is not vanishing, are of the order of the symmetry breaking and do not con-
tribute in the symmetry 1imit D -+ 0. In our case this means that, with the exception
of the nucleon, all contributions on the r.h.s. of (3.59) are =<b|Dja>, i.e., of
order mﬁ, and will therefore piay the role of corrections to the chiral symmetry
result.

Time is ripe finally to be more explicit about the spin structure of the Breit
threshold amplitude and the form of the various contributions. We shall adopt for

Tﬁ the gauge invariant decomposition15
o ZmN o ”
% = u(pyhv [(Yu s S0 wamy ot e ) T2 i) (3.61)

[all quantities are evaluated at the values (3.58) of the scalar variables].
It is then straightforward to obtain for these amplitudes the representations
below, which follow from the explicit selection in (3.56) of the nucleon matrix ele-

ments
117 (8.th.) = Géi;) ¥ Sng 6, (0G4 (1) + oT{7), (3.62)
T
Té') (B.th.) =%(VI% + GTE"), (3.63)
Ti+0) (8.th.) = e 6, (061 %) (1) + o7{"+0) (3.64)

Egs. (3.62), (3.63), and (3.64) exhaust the information we can get from the funda-
mental charge-current commutator (3.51).

The correction terms 8T. are of course vanishing as m 0, and one can easily
ascertain that formally STIEE) ~O(m§), 6T§+’°) ~ O(mg). It is also interesting that
these quantities can be given a compact form as dispersive integrals at fixed t and

variable 4y subtracted at Qy = M» for instance,

15 1y the Breit frame
T = -(E/m)lg-n(g-n)ITy + n{g'n)Ty, n = K/ |k,
showing the transversal and Jongitudinal parts of the expansion.
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7 ol7)
61i7) = 2n? -p—‘r(g& , (3.65)
me (G 9o
with pi(qo) a well-defined spectral density which can be explicitly evaluated.

We thus see that, from this point of view, the great progress due to current al-
gebra and chiral symmetry consists of having provided for the relevant amplitudes
the subtraction constants in terms of physically meaningful quantities such as nu-
cleon form factors. The price to pay has been the complicated form of the correction
2. vz/Ps, k2 = t+q2 variable and the completeness
sum in pi(qo) must include the contributions of the type listed in Section 3.5.Al.
However, since these terms are rapidly convergent integrals, weighted by factors m§

integrals [qO variable means v, g

(and higher waves are also depressed), one expects that they can in any case provide
a reasonable indication on the size of the corrections.

As a final remark one must mention that no determination of the amplitudes T£+’0)
has been possible starting from (3.51). The knowledge of more complicated commutators
is required to achieve the goal, in particular of the quantity [6u, yem]. Such a
quantity is clearly beyond the framework of current algebra and can be evaluated
by resorting to specific models for the hadron currents and divergences. The quark

model seems to be the preferred one and, using it /79/, the outcome is the following

expression of T§+’°) 16
(r0) . (i) 2 (+,0)
177 = Am) e G0 8T -
s il -

where GT(t) is a form factor related to the nucleon matrix element of a tensor cur-
rent, reproducing the exchange of p,w,¢ ... in the t-channel, and m -~ O(mi) a para-
meter introduced by the quark model relation for the axial divergence

D, = W13 vgr,a. (3.67)

In the above expression, which is quite similar to that of purely lepton theo-
ries, "m" plays the role of the bare quark-proton mass, manifesting itself in chiral
breaking and other hadron current phenomena. Finally, 6T§+’0) ~ O(mﬂ), showing that
there is no clear-cut separation in this case between the "subtraction" term (which
is itself or order m_) and the continuum.

16 1n addition, an independent representation for T§+’0) can be derived, where con-
sistency with (3.64) Teads to a sum rule, which could in principle allow a de-
termination of the interesting quantity m. Isospin symmetry has been used to
ascribe a common mass m to the proton- and neutron-quark.
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Some activity has recently been devoted to a quantitative determination of m,
both to gain an improved understanding, at the constituent level, of the symmetry
hidden beyond the small pion mass and to have a hint about relativistic quark dy-
namics. The available theoretical determinations of m /80/ are not unanimous (m <
20 MeV and m = m have been suggested), and low-energy electroproduction could per-
haps provide, at a later stage, additional information on this point.

D) Our formulae can be considered as the extrapolation to the physical region of

the soft-pion theorems, which would be obtained putting mﬂ_=0, v =20, at fixed k2=t,
in (3.62), (3.63), and (3.64). The appropriate way to exploit these relations is to
give them the form of sum rules by using fixed-t dispersion relations. This appli~
cation, which leads to algebraic relations between weak and electromagnetic vertices
of hadrons, will be considered later. We rather turn now to a short discussion on
other formulations of the low-energy theorems as well as of the approaches used to
perform the extrapolation from the point v = 0, q2 =0, k2 = t to the physical region
(this means that threshold electroproduction experiments will be a test of the chiral
symmetry plus current algebra formulae and of the method used to continue them).

We begin by quoting the pioneer works by NAMBU and LURIE and NAMBU and SHRAUNER
/81/, who first derived low-energy theorems for the threshold electroproduction
multipoles in the 1imit of massless pions. In particular they obtained the simple
and beautiful formula, which started the interest in the connection between pion
electroproduction and the axial vector form factor GA(t), namely

7 .2 2
Ik gy [GA(k

E{e) (m =0) =\

4mﬁ ZmN 2 2 M

e(oi* ¢ Gv(kz)]- (3.68)
A 4mN-2k

The explicit form of their results actually looks a little different from the
soft-pion 1imit of ours; the reason for this can be traced back to the different
frame used to implement chiral (and gauge) invariance /82/ on the relevant ampli-
tudes. Subsequently a more refined version has also been proposed /83/, with a pre-
scription to take finite pion mass effects into account.

In general the methods of extrapolation are based either on dispersion relations
or on phenomenclogical Feynmann diagram models. The previous formulae, (3.62) and
(3.64), are indeed an example of extrapolation along a curved path in the v-qz planes

An alternative procedure is to represent the threshold amplitude by v-dispersion
relations at fixed masses and momentum transfer with the soft-pion 1imits playing
the role of subtraction constants /84/. Of course one must also take care of the
extrapolation in the pion mass, from q2 = 0 to q2==m§, and in the variable vB=—q-k/2,
from vp = 0 (i.e., t = kz) to vp = -mi/Z for the Breit thresho]d.l7 The distinctive

17 m, k2+m§+2mwa
Or to v, = - +— | ———————} for the effective threshold.
B 4 My
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feature of this approach is that the smoothness of the various extrapolations is

in some way related to the asymptotic behaviour of the relevant amplitude for v » =
at fixed t, to be described by the Regge pole model. By this argument the low-energy
Timit for Té") is not used and the form factor D(t) is not introduced in the theo-
retical formulae.

Thus the q2 and Vg extrapolations are performed directly on the dispersive inte-
grals. These involve the imaginary parts of the electroproduction multipoles in the
Tow-energy region, while the high-energy tails are expressed through the residues
and the trajectory functions of the pion and other Regge po]esl8 (for a similar
discussion see Appendix D). In so doing the pion electromagnetic form factor Fn(kz)
appears.

The approach based on the use of polar Feynmann djagrams has its starting point
in a Lagrangian which is gauge and chiral invariant. The last property requires, as
is well known, a pseudovector pion-nucleon coupling LPV = f&Nyuy5wNa“¢n. The minimal
coupling recipe au +'8u - ieau then gives rise to a (NNmy) contact term, which is
identified as the analogue of the axial nucleon vertex deriving, in our approach,
from the equal-time commutator. The model has also been extended to the first reso-
nance region by including a A-pole diagram to take into account Ml+ rescattering
/86/.

A comparison between the predictions offered by the various models is deferred
to Section 5. We can remark, however, that one of the features distinguishing other
methods from that discussed in the previous pages is the different way in which the
t-channel pion pole is introduced in the Tongitudinal amplitude. In a dispersion or
Feynmann-1ike approach its presence is uniquely accompanied by the pion electro-
magnetic form factor Fﬂ(kz), while the weak form factor D(t), which according to
(3.63) embodies the pion singularity of the commutator term, does not exhaust the
pion pole structure of the full amplitudes. In other words, higher terms will also
contain the pion pole, and the relevant residues could be considered as corresponding
to the higher moments of F_(k%) .
£) Equations (3.62), (3.63), and (3.64) are a set of predictions of chiral symmetry
extrapolated to the physical Tow-energy region, and we want to discuss here some of
their quantitative aspects.

There is the fact that our formulae actually hold for small, nonvanishing [QC.M.!
so that, strictly speaking, T1 and T, contain, besides the threshold multipoles Eo+
<qC.M. = 0) and Lo+(qC.M. = 0), all higher terms in a 9.m. expansion. However, since
we shall Timit our analysis to G.m. S 40 to 50 MeV (and also experimentally such
a kinematical situation can hardly be discriminated from the effective threshold),

18 2

These quantities are usually taken to be very slowly varying functions of g° and

Vg /85/.
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it is reasonable to expect that our fomulae can be used practically at threshold.

This statement has been quantitatively verified by deriving a generalized current
algebra representation at variable YBBreit’ i.e., by letting the pion move in the
Breit frame /87/. The point dGe.M. = 0 can then be reached choosing SS = (mﬂ/ZmN)gs-é

202yl 12 -1
= (m“/4mN)(mﬂ—k )(1+mﬂ/mN) , but a larger energy range can actually be covered.
from threshold until the beginning of the first resonance. Correspondingly, one can
obtain predictions also for higher multipoles Ml*’ Llf ...« The formulae become more
complicated, however, and the connection with chiral symmetry less transparent. For
this reason we preferred to exhibit only the simple Breit threshold formulae, al-
though for numerical evaluation the more general results have been used.

Furthermore, one must mention a sharp difference as far as the theoretical pre-
dictions for charged and neutral pions are concerned, both in photo- and electro-
production. For charged pion production the presence of the amplitude Tg_) introduces
a leading term « Gy(t), to which the (o) part and the 5T§_) terms are added as cor-
rections: although important for a correct interpretation of experiments, these do
not exceed 20 to 30 %. In the case of neutral pions, on the contrary, the continuum
contribution can become larger than the equal-time and nucleon terms, which makes
the final predictions strongly dependent on the approximations used to evaluate those
integrals. For these reasons the theory can only provide, for neutral pions, indica-

19 and the best we can say is that there is only a qualitative agree-

tive estimates,
ment between theory and experiment, both suggesting very small values for threshold
0 production.

It is useful to discuss first photoproduction (which in our formulation corres-

ponds to t = —mi). We shall directly use the relation

[k] th. m 2 2 2
(o )" -5 (7 ) el 2§ S imeen” G
b C.M.

o)

it

and in Table 3.2 we reproduce some theoretical predictions and experimental results
for the threshold cross sections.

The calculation uses, for the relevant parameter, the value GA(O)/Zf1T %~ 0.92 m;l,
and the t-dependence of the axial vector form factor has been parametrized through
a dipole fit

-2
6y (t) = 6,(0) (1 - t/M) ° (3.70)

13 Incidentally, a similar comment can be applied to dispersive calculations of low-

enery ° photoproduction, where the large Born term is known to be drastically
reduced by the s,p-wave dispersive contributions /88/.
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Table 3.2
MA 6 m 7 m. 8 m 9 m K.R. exp.

+
o(m") 15.2 156  15.8 16 13.5 15.6 + 0.5 /89/
[ub/sr]
R=9(r) 1.35  1.35  1.34  1.34 | 1 1.265 + 0.75 /90/

ofnh) 1.35
o(n%) 0.02 to 0.04 0 0.07 + 0.02 /91/
fub/sr]

but the dependence on MA is rather weak. As an indication we have also included in
Table 3.2 (sixth column) the prediction of the Kroll-Ruderman theorem (on the ampTli-
tude, not on the cross section), showing the need of 10 to 20 % correction effects
which are indeed obtained in the more general approach. A similar agreement is ob-
tained in the framework of the theoretical models of /84, 86/.

In this context it is interesting to mention that a direct theoretical evaluation
of the Breit threshold amplitudes for photoproduction has been performed in the
framework of fixed t dispersion relations /88/. These calculations provide for the
amplitudes Tl'), Téo), which determine charged pion production, results which are
consistent with ours, while there is considerable disagreement for T§+), which is
not surprising in the Tight of the previous remarks.

We finally turn to charged electroproduction near threshold which has recently
received much attention, both theoretical and experimental, in view of the possi-
bility of an independent determination of GA(t), alternative to the direct one by
neutrino scattering.

This programme, however, is not so straightforward to achieve. The point is that
the measured quantity is the threshold cross section,

o= op +eo = [Egl® - Koe (%12

and, as our previous discussion indicates,

) .
B+’ = 2 + Nucleon term + SF .,
(-) (3.71)

Lo+
o . D(t) + Nucleon term + 6L ..
K° 2fﬂmTT ot
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From the theoretical standpoint these quantities are not on the same footing.
Indeed, in Eo+ the main contribution is given by GA(t)/Zf7T and all the approaches,
which aim at extrapolating the chiral 1imit to the physical region, agree in stating
that the additional corrections do not exceed 10 to 30 %. On the contrary, the va-
rious models disagree in predicting LO+, already in the way the rapidily varying
pion pole is introduced. This means that for a more reliable determination of Gp(t)
the quantity Eo+ only should be used, which requires the experimental separation of
transversatl and longitudinal cross sections at threshold.

Since at present such information is available for a few experimental points only,
GA(t) is practically extracted from the complete threshold cross section and re-
flects, therefore, a dependence on the theory one is using. We defer to Section 5.4
a more detailed analysis of the experimental results according to the various theo-
ries.

F) We now turn to a different consequence of the fundamental commutator (3.51). His-
torically, the sum rules we shall write in the following were obtained by evaluating
the completeness sum (3.52) in a special reference frame, the so-called infinite
momentum frame.

In the present context it is more convenient to write first the soft-pion theo-

rems, which follow from (3.62) and (3.64) as mﬁ ~ 0, k2 > t. These are
k"G, (0)

- 2 1 2 A 2

{7 (=0, KB=t) = - |6, (K8) + —Erm ~ Gk )] (3.72)

m 4mN-k

(+,0) {v,s),,2

<T~L_> (G0 & K (3.73)
v v=0 fTr 4m2—k2 ’

ekl N

One then expresses these low-energy limits through unsubtracted dispersion re-
lations at fixed t = k2, q2 = 0 for the relevant amplitudes. To this aim the ampli-
tudes T1,2 must be related to the Ml...8 ones of the general expansion (3.15).
Writing for them the dispersive representation and enforcing the soft-pion con-
straints, one finds, after careful selection of the pole terms and use of the Gold-

berger-Treiman relation, the following sum rules /92/

[ IR (3.74)

Fé o gy (+,0), (+:0) .
—-———————ZmN = m T v Im [M5 (\) ,t) = mN M6 (\) at)]- (3'75)

Gp(t) O

P
5o T g,

)
et
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The relevant imaginary parts are of course evaluated at the specific soft-pion
configuration q2 =0, k2 = t, and their asymptotic behaviour guarantees the conver-
gence of the integrals.

These sum rules, a particular and well-known example of a Targe class of re-
lations derived years ago in the framework of current algebra and PCAC, offer in
principle the possibility of a direct evaluation of the interesting nucleon param-
eters GA(t)/GA(O) —Fl(v)(t) and Fz(t) in terms of dispersive integrals. Their eval-
uation, using experimental inputs for the imaginary parts, is not easy, especially
for the sum rule (3.74), and in any case is limited to the small t region. (The

required extrapolation from q2 =0 to q2 = m2

is not expected to give large errors
and, anyway, simple recipes exist for taking it into account).

Careful numerical evaluations have been performed for both sum rules /93/, using
improved theoretical and experimental knowledge of the required multipoles at dif-
ferent k2. We reproduce here the results for the sum rules (3.75) at t = 0, i.e.,

for Fév’s)(O), and for the sum rule (3.74) after differentiation at t = 0, i.e. for
| . plv)!
6,(0)/6,(0) - Fy"7 (0).

In the first case the relation has been checked with very good accuracy by several
calculations which give

Q

3.50 - 3.90,

(v)
Fa' (O)! th.

0,

&

F$)(0)
th.
to be compared with

3.70,

{v)
Fa (0)

-
—
(%
~

—

()

s

i

0.12.

The dispersion calculation of M(_) suffers from strong cancellations but it Teads,
however, to the correct order of magnitude. Using a dipole fit for GA(t) and the

measured value F{V) (0) = 0.045 m;z, one obtains for the axial vector "mass",

MA =~ 8 LN 9m
in agreement with the previous indications.

An alternative possibility for estimating the continuum integrals 1is represented
by the use of an isobaric model for the relevant imaginary parts, which corresponds
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to the saturation of the sum rules by single particle states of zero width. Although
such an evaluation of dispersive integrals may not be completely adequate, it offers,
on the other hand, the advantage of reducing the sum rules to a set of algebraic ’
relations between hadron parameters, which is useful for a first-hand estimate. In
particular, inclusion of the A-resonance only gives

ng)(o) = 4, Fés)(o) = 0,
still in the right ball park.



4. Main Features of the Experiments, Preliminary Tests
and Measurements

4.1 The Experimental Methods

Electroproduction experiments in the low-energy region are usually divided into two
classes: single-arm and double-arm or coincidence experiments. In single-arm experi-
ments only one of the three particles present in the final state is detected. This
is usually the lepton, because from the energies 101 and 102 of the incident and
scattered lepton and its angle of scattering 6, one derives - by means of (A.4),
(A.13), and (A.29) - k2, W, and e. No other information can be obtained on the dy-
namics or on the nature of the other particles. The detection of only one of the
recoiling hadrons - instead of the scattered lepton - is never used because it would
provide poorer information on the kinematical conditions of each event.

In double-arm experiments one of the two hadrons present in the final state is
observed in coincidence with the scattered lepton. Recalling that one event of a
reaction of type (1.1) is completely specified by five kinematical variable (Appen-
dix A.2), it is clear that in order to know completely the final state of the hadron
system it is sufficient to determine - besides ]01, 102 and 61 - for example, the
angles e: and ¢: (or eﬁ and ¢;) that define the direction of motion of the pion (or
of the recoiling nucleon).

Furthermore, the use of coincidences implies the choice of a detector appropriate
to the nature of the observed hadron and thus automatically allows a clear separation
of the events due to one of the specific reactions (1.1) from the others, or from
the "background" (Section 4.1.1).

For values of W not too far from theeshold (wth =yt mﬂ) it is convenient to
describe reaction {(1.1) as the production by the virtual photon of an intermediate
hadron of four-momentum Py = k + P (and mass W) which immediately decays into a
pion and a final heavy hadron. The direction of p, [(A.15)] is the axis of the cone
inside which the final heavy hadron is emitted with two possible momenta in each
direction [(A.18)]. For values of W not too far from threshold, the experimenter
can design a heavy hadron detector, which covers the whole emission cone, the semi-
aperture of which is given by (A.17).
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Above threshold the pion is always emitted in a wide solid angle which very soon
extends over 4rm. This is the main reason in favour of detecting the neutron recoiling
from reaction (1.la) instead of the pion, in spite of much lower efficiency of the
corresponding detector.

4.1.1 The Wide Angle Bremsstrahlung

The background is due to the so-called wide angle bremsstrahiung (WAB) produced in
the reaction

e+p-e +p' Y, (4.1)

the cross section of which is known with good accuracy /94/ and, therefore, can be
used as a term of reference for the determination of the electroproduction cross
section.

At the energies of interest in the present report the contribution to reaction
(4.1) originating from the proton represents always a small correction to the main
effect produced by the electron and therefore it can be neglected in the qualitative
considerations given below.

To the lowest order (u3), the photon can be emitted by the electron before as
well as after the collision (Fig. 4.1). For fixed values of 101, 102, and 6] the
photon energy kO is fully determined within an appropriate interval, by the energy
resolution A102 of the lepton arm.

v
e e‘ e el
T
Fig. 4.1. The lowest order (u3)
diagrams which contribute to the
p p' p pa

wide angle bremsstrahiung

For photons emitted before the elastic collision, one has

b _

Ko = To1 = To1°

where
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. Y02
01 = TTT57m, TT-co557)

1

is the energy that the electron should have before the ep collision in order that
after the scattering at the angle 0y its energy has the observed value 102 + %A102.
For photons emitted after the ep elastic collision the photon energy is given by

a _ '_
Ko = To2 = lo22

where

: Too

02 ~ T+ (T, /my T (I-cosey)

i

is the energy that the electron should have after the ep collision in order that
with the emission of the photon kg it reaches the observed energy 102 + %Aloz. The
photons kg, kg are emitted in a very narrow cone around the direction of 11 (12),
the aperture of which, in the so-called peaking approximation, is taken as null.
The cross section is obtained by squaring the sum of the amplitudes of these two
processes. The interference term is usually rather small so that for qualitative
considerations it can be neglected.
2 are of the bremsstrahlung type,
we recognize that the angular distribution of the protons due to reaction (4.1) shows

Since the spectra of both types of photons kg, k

two maxima close to each other and to the angle eST of the protons recoiling from
ep elastic collision. By decreasing ep starting from 8p > 631, the elastic peak

is found at 651

» the low-angle side of which is increased by the emission of photons
of type kg. A second maximum very close to the first is due to the photons of type
kg. Not far from electroproduction threshold (for example, q* ~ 60 MeV/c) the total
cross section of (4.1) for 101 = 1 GeV is typically 10 times greater than the elec~-
troproduction cross section at threshold. The corresponding counting rate observed
in a counter of fixed dimensions reaches, however, a rather low value in the angular
region where the protons (neutrons) of reactions (1.1b and ¢) or (l.la and d) are
observed. For values of 101 much greater than =~ 1 GeV, the angular region of the

WAB overlaps in part or even completely the angular region of the nucleon recoiling

from (1.1).

4.1.2 Typical Double-Arm Experimental Setups

The two main parts of all experimental setups are: a) The electron arm composed of
a magnetic spectrometer, Cerenkov and/or shower counters for the identification of
the electron, and counter hodescopes or wire chambers for the reconstruction of the
electron trajectories. The spectrometer is usually mounted on a platform that can
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be rotated around the target centre. The data provided by this setup aliow the de-
termination of k2, W, e, the single-arm cross section, and the direction k of the
virtual photon in the 1.f.

The main features of the spectrometers and electron detection systems used by
three groups working in this field are shown in Table 4.1 which illustrates the
status of the art in the seventies.

b) The hadron arm designed to detect one of the hadrons present in the final state.
The determination of this particle's emission angles 8 and ¢ is sufficient for
all purposes. The relative timing of the coincident hadron and electron is sometimes
measured and provides additional very useful information which allows a discrimina-

tion between events due to electroproduction and background events.

The detected hadron can be a charged pion, a neutron, or a proton, depending in
part on the design of the apparatus, but mainly on the goal of the experiment.

In case of reactions (l.1la) and (1l.1c), either the pion or the nucleon can be
detected. Usually the pion is detected when the main goal of the experiment is the
determination of Fﬂ(kz) (Section 5.2). Then the hadron arm consists of a magnetic
spectrometer with a counter and spark chamber arrangement very similar to that used
for the electron arm.

The detection of the heavy hadron instead of the pion has the advantage that not
too far from threshold this particle recoils only within a cone of semi-aperture
given by (A.17), around the direction (A.15). Under these conditions the nucleon
detector can be designed to cover the entire emission cone, and the whole angular
distribution in eﬁ and ¢§ can be measured at the same time with considerable advan-
tages from the point of view of both machine time and stability of the detection
system. The total electroproduction cross section is obtained by integrating the
observed counting rates with respect to e§ and ¢ﬁ.

If only the total cross section is desired, a single nucleon counter can be used,
which should be sufficiently large to cover the whole cone of the recoiling particle.

The detection of the nucleon, instead of the pion, has, however, the disadvantage
that the coincidence counting rate includes a considerable background originating
from the WAB (Section 4.1.1). Such a background can be eliminated by adding to the
experimental setup consisting of the electron- and hadron arm a third element indi-
cated as WAB telescope.

This consists of a range telescope designed and placed at such an angle to detect
a large fraction of the protons recoiling from reaction (4.1). The output of the
WAB telescope is used in active veto in the master trigger of the experiment.

The advantage of the use of the veto from a WAB telescope and of the use of elec-
tron-neutron coincidence with respect to single-arm experiments is shown in Fig. 4.2
taken from the work of a DESY group /98/ on reaction (l.la).
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Fig. 4.2, (a) single arm in-
elastic electron-proton cross
section; (b) only those elec-
trons of (a) which have no
coincident signal in the WAB
telescope are counted; (c) on-
1y those electrons of (b) which
are 1n coincidence with a neu-
tron are counted (DESY /98/)

The single-arm inelastic electron-proton cross section is shown in Fig. 4.2a as
a function of W. In Fig. 4.2b only those electrons of Fig. 4.2a which have no coin-
cident signal in the WAB telescope are counted. Finally, in Fig. 4.2¢ only those
electrons of Fig. 4.2b which are in coincidence with a neutron are taken into ac-
count. The background is compjetely eliminated so that the threshold of reaction
(1.1a) becomes evident. We shall come back to these experiments in Section 5.4.

For moderate values of k2 and W the angular region where the WAB intensity is
maximum falls well outside the cone of the nucleons recoiling from reaction (1.1)
only if 101 is rather small (101 = 1 GeV). When 101 is increased, keeping k2 and
W constant, the two angular regions tend to overlap so that the WAB telescope should
be placed between the Tiquid H, target and the nucleon detector (Sec. 5.4).
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4.1.3 The Main Corrections

The momentum caiibration of the spectrometers as well as the conversion of counting
rates into absolute cross sections are usually obtained by comparing the observed
counting rates due to the ep elastic peak with the corresponding theoretical cross
section with radiative corrections folded in.

The main corrections that should be applied to the inelastic scattering data in-
clude: 1) target wall background; 2) absorption of the detected hadron in the ma-
terials crossed along its path; 3) in the case of detected pions, losses for their
decay; 4) electron reconstruction efficiency; 5) accidental vetoing of trigger by
WAB; 6) trigger efficiency and 7) radiative corrections to inelastic scattering.

The radiative corrections are particularly important: they are different for
single-arm and double-arm experiments. For each energy interval between 102 and
102 % 02 the radiative corrections are the difference between two opposite terms:
a, an increase due to electrons scattered inelastically with an energy 102 102
?A102 which enters the interval A]OZ because of the irradiation of photons of appro-
priate energy; b) a decrease due to electrons scattered inelastically with energy
in the interval A102 which are not detected as a consequence of the emission of a
photon of sufficiently large energy.

The peaking approximation mentioned in Section 4.1.1 is often adequate for the
computation of this correction, which, for example, in the experiments of the Cor-
nell-Harvard group amounts to 30 % /95/ or even 40 % /48/.

The most frequently used papers for their computation are those of MEISTER and
YENNIE /99/, and BARTL and URBAN /100/ (by the Cornell-Harvard group), MO and TSAI
/101/ (by the Frascati group) and KOHAUPT /102/ and TSAI /103/ (by DESY and NINA
groups). The treatise by URBAN /104/ provides an excellent overall presentation of
the subject.

4.2 Test of the One-Photon Exchange Approximation

Equations (1.11 - 16) summarize all what can be derived on electroproduction cross
section from quantum electrodynamics in the o.p.e.a. The validity of such an approx-
imation can best be tested by checking the ¢ and ¢§ dependence of the cross section.
A less tringent test is provided by the dependence on e of the measured total cross
section, which according to (1.15) should be linear. Almost all the data available
today are of this second type. Since they are obtained from single-arm experiments,
they refer to the two reactions (1.la) and (1.1b) together. A few exceptions are
mentioned in Sections 5.2.1 and 5.5 in connection with the problem of the separation
of T from o1 for each of the two processes mentioned above, but the intervals of
values of the variables ¢ and ¢# and/or the accuracy of the measurements are not



64

sufficient for providing significant upper limits for the contributions of two (or
more) photon exchange amplitudes.

The linear dependence on e of the single-arm cross section is a generalization
of the Rosenbluth test used in the case of elastic scattering: the Rosenbluth formula
is obtained from (1.12) by writing /105/

e -8 2

2,2 -k
O = = — G (k) S (1,710 + —5),
T akL 4m2 M 02 01 2m2
N \!
2 2
_4e 2,2 ) -k
o Sk GE(k )8 (102 101 + ——?-),
L ZmN

and integrating over 1, _.
Figure 4.3 shows a plot of the values measured in single-arm experiments of the
total virtual-photon cross section,

1 do _
T;— aTaEaﬁ; =0 * o, (4.2)

versus €, for W = 1230 MeV and a few values of —k2. The dots represent the results
of LYNCH et al. /106/ working at CEA, the circles /107/ and crosses /108/ the re-
sults of two groups working at DESY.

The straight lines represent least square fits to (4.2). The experimental errors
are rather Targe and the points are obtained from different experiments so that the
test is not very conclusive, but it is certainly compatible with a linear behaviour
in e.

In the case of elastic scattering, extensive tests of different types have been
made, which allow the determination of an upper limit for the two-photon exchange
amplitude of about one percent of the one-photon amplitude up to four-momentum trans-
fers of at least 5 (GeV/c)z. Through various indirect arguments, it is reasonable
to expect that the one-photon approximation should hold also for electroproduction
within the same 1imits of accuracy established for elastic scattering, at least in
the region of very low energy and four-momentum transfer considered here; but more
accurate caincidence experiments are highly desirable to test directly this point,
on which are based all present theoretical approaches and, consequently, all the
analyses of the experimental data. For the time being, the one-photon exchange ap-
proximation is accepted as adequate, and the data of the type of those of Fig. 4.3
are used for separating o from o
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Fig. 4.3. Virtual photon cross section, obtained in the one-arm experiment /108/ as
a function of the polarization parameter ¢. The linear behaviour is in agreement
with o.p.e.a.

4.3 Virtual Photon Total Cross Section

The total electroproduction cross section has recently been measured in the resonance
region by various groups, two of which have collected high statistics data with hy-
drogen and deuterium targets in wide ranges of values of k2 and W /109, 110/.

In Fig. 4.4 we show the total cross section for absorption of photons by protons

Y + p > anything

for both k&

= 0 (real photons) /111/ and -k2 = 1.0 (GeV/c)2 /112/ in the energy re-
gion of interest in the present report. The figure shows, for comparison, also the

virtual photon total cross section for production of neutral pions /113, 114/
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Fig. 4.4. Photon total absorption
cross section by protons versus

W for k2 = 0 (real photons) /111/
and -k% = 1.0 /GeV/c)2 /112/. The
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photon total cross section for
production of P is given for
comparison (triangular points)

/113, 114/

deduced by integrating over the angle of emission of the pion the differential cross

section obtained from double-arm measurements at -k

2 - 1.0 (GeV/c)? (Section 5.3).

Notice the decrease undergone by the total cross section passing from real to
virtual photons, i.e., after the elimination from the observed cross section of the

trivial factor

(1.12)

at the A(3.3) resonance (Table 4.2).

appearing in (1.15). Such a trend is particularly marked

Table 4.2. Dependence on -2 of the total absorption cross section of virtual photons

against protons for W = 1232 MeV /111, 112/

3.0 4.0

0 0.5

1.0

16. 7.5

K% (Gev/c)?:

OtOt (ub)

526 370

160
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The values of the resonance mass MR obtained from seven spectra in the range —k2 =
0.09 (GeV/c)2 to k% = 1.82 (GeV/c)2 are all in the interval 1224 to 1236 MeV /110/.
The width FR is fairly constant in the covered range of kz. The highest precision
is obtained at -k% = 0.78 (GeV/c)?: Ty = 1.19 & 1.6 MeV /5/.

The ratio of peak to background decreases with increasing momentum transfer /110,
115/.

The deuterium proton total cross section ratio oD/UP at resonance is practically
constant and very close to 2 up to —k2 = 1.5 (GeV/c)z. This means that there is no
indication of an isotensor component of the exchanged photon /109/.

4.4 Separation of < and ot from Single-Arm Experiments

Various authors /116, 117/ have separated o and o1 for both reactions (1.la) and
(1.1b) together from the slopes of plots like those of Figs. 4.3. Figs. 4.5 and 4.6
show the results obtained by BATZNER et al. /117/ with a single-arm experiment. The
longitudinal cross section remains small compared with Ors which shows the well-known
L to be larger at W < 1.2 GeV than at W > 1.2 GeV
is observed at all k2 covered by the experiment. The solid curves are calculated

by VON GEHLEN and WESSEL /67/. Varying k2 at constant W (Fig. 4.6), the Tongitudinal
cross section is significantly larger than zero at W = 1.17 GeV, indicating a flat

resonance behaviour. A tendency of ¢

maximum around ~k% = 0.4 (GeV/c)z, while near W = 1.27, o, seems to be rather small
2
at all k°.

A few other single-arm experiments give the following results for the ratio R =

OL/UT:
1.11 < W< 1.90 GeV /118/, 0.5<-k% < 2.0 (Gev/c)%, R < 0.2, 4.3)
2.0<-k% < 4.0 (GeV/c)2, R < 0.35,
1.495 < W S 1.715 GeV /119/ - k% = 1 (GeV/c)?, R = 0.20 + 0.15, (4.4)
2 o2
W= 1.9 GeV /120/ - k“ = 0.8 (GeV/c)
) , | R=0.25+0.15,
W= 2.2 GeV - k% = 0.8 (GeV/c)
(4.5)
W= 2.2 GeV ke =2 (Gev/c)?
5 5 R=0.1+0.1.
W= 2.4 GeV %22 (GeV/e)
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»* and 7° photoproduction measurements



5. Hadron Form Factors from Electroproduction

5.1 The Neutron Electromagnetic Form Factors

The feasibility of deriving the charge form factor of the neutron, Gg(kz), from elec-
troproduction measurements has been considered from time to time as an alternative

to the usual method based on the elastic scattering of electrons from the deuteron.
While the three other electromagnetic form factors of the nucleons are determined
with good accuracy from elastic scattering, the results on GE(kZ) are always affected
by rather Tlarge errors, as discussed in Section 2.2. For these reasons an independent
procedure for determining GE(kZ) would be desirable.

Similar remarks can be applied to the pion form factor, and electroproduction of
charged pions has often been suggested as a possible source of additional information
on Fﬂ(kz).

The general theoretical framework usually adopted to tackle the problem of ex-
tracting such information from electroproduction measurements is represented by
fixed-t dispersion relations. Since in the comparison and interpretation of the
experimental data one has to separate the polar terms, where the form factors of
interest appear as residues of the relevant poles, from the continuum integrals, a
- more or less crucial - dependence on the theoretical models is unavoidable. This
deals with the evaluation of the dispersive integrals and in particular of the high-
energy tai]s20 as well as with the choice of the subtraction points, subtraction
constants, and so on. On the other hand, looking for suitable kinematical configu-
rations, where the polar terms are expected to represent the leading contribution,
can help in reducing the model dependence. In particular a direct determination of
Fﬂ(kz) can be tried through an extrapolation of the differential cross section to
the pion pole t = mﬁ. As we shall discuss in the next section, this requires very
accurate data.

? - } . - - .
0 Which may be partially parametrized by the pion form factor, see the discussion

of Appendix D.
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As another interesting possibility, we can consider the threshold region where
the nucleon pole and, for not too large |k2|, the pion pole very likely dominate
the electroproduction amplitude. Then combined measurements of E0+(th.), Lo+ (th.)
[i.e., of OT(th.), oL(th.)], theoretically evaluated in the Born approximation, could
in principle provide valuable information on Gg(kz) and Fn(kz). Actually there are
some theoretical subtleties since the Born approximation for electroproduction is
not automatically gauge 1nvariant21, unless Fﬂ(kz) = F{(kz), and the way the pion
pole is introduced is not unique. Thus, if one insists on having gauge invariance
automatically fulfilled at this level, an ad hoc phenomenclogical expression must
be devised for the longitudinal part, which contains the pion pole.

The usually adopted Born approximation expressions of the threshold multipoles
are, for mt production /121/

+
Eg+(th.)

1 P2y . ™ p,.2 1
2 | FE(K7) - Fo(k%)] - ——————s
B.A 2mN+mN [ 1 2my My 2 2m§+mﬂmN-k2

2y (5.1)
m_m,
2 N 2
[(mﬂ+mN) FH(K%) +-——7%ir-F2(k )} ,
L
ot 1 p 1 p,.2 1
S | I — [ F (k R )] S S
i T |2 o P2 7 3
0 B.A N Lk N 2mN+mﬂmN k
5.2)
2.2 (
m_m m_+m, k-
(1 + “ZN) F?(kz) + A N Fg(kz) + g ; Fw(kz).
k N k (ZmNm =Ty K2 )

Introducing into the expression {5.1) for E +(th.) A the well-known empirical
parametrizations of F? 2 and FZ’ F1 can be obta1ned from the experimental fit. Sub-
stituting the nucieon form factors into Lo+ (th. )l , ( ), in turn, may be ex-
tracted. B.A

Before any conciusion is reached, one must of course estimate the size of the
contribution from the continuum integrals. A careful discussion of these background
corrections to the Born approximation can be found in the work by VON GEHLEN /67/.

The dispersion integrals were evaluated by inserting the s- and p-wave multipoles
(actually their imaginary parts). The most important and best known source of cor-
rections is, in general, the magnetic dipole excitation of the A(3,3) resonance,

21 For the photoproduction process, this difficulty is not present and the dominance

of the polar terms is expressed by the approximate validity (within 10 - 20 %)
of the Kroll-Ruderman theorem.
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although the effect of the second resonance P1122 can occasionally be important.
Also the importance of the high-energy part is hard to estimate.

+It turns out that the present uncertainty in the dispersive calculation for
0¥ (th.) is larger than the effect of varying GE(kZ) within the limits derived from
electron scattering experiments. As a conclusion, measurements of n+-e1ectroproduc-
tion at threshold can hardly provide, at present, a determination of GE(kz) better
than described in Section 2.2. .

Background effects as large as 40 % also appear in of (th.), to be used for ex-
tracting Fﬁ(kz), so that such a derivation of the pion form factor appears to be
affected by large theoretical uncertainties. We devote the next section to a more
complete discussion of the FW(kZ) determination.

In connection with the discussion of the corrections to the Born terms, an ori-
ginal approach has been proposed by SUROVTSEV and TKEBUCHAVA /122/. The idea is to
find a region of the space of the variables s, t, and k2 where the cross sections
of processes like electroproduction (or photoproduction) are described only by the
Born terms.

The differential cross section for a virtual photon can be expressed as the sum
of two parts

do/dt = (do/dt), _ + &(s,t,k2),

Born
where the first is the Born term and the second takes into account the final state
interaction and its interference with the Born part of the amplitude. To establish
the conditions under which

a(s,t,k%) = 0,

the authors use the existence theorem for implicit functions.

According to this theorem if we observe at least one point So1 t kg, where the

effects of rescattering and their interference with the Born terms gompensate each
other, then, since the cross section is continuous in the physical region, there is
a surface of compensation t = f(s,kz), on which the cross section is given exactly
by the Born term only. The intersection of this surface with every plane k2 = con-
stant defines (compensation) curves in the plane s, t. These curves can easily be
constructed in the case of photoproduction k2 = 0 by comparison of the Born cross
section with the experimental data. Under the assumption that for electroproduction,

at least at small {kzl, the compensation curves are not much different from those

22 p +
J =1/2", 1 =1/2, M =~ 1434 MeV, T = 200 MeV.
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obtained for photoproduction, the authors conclude that along these curves the de-
pendence on the model of the cross section of the process should be reduced to be
minimal. In other words, the compensation curves for photoproduction should indicate
the optimal experimental conditions for deriving the form factors from electropro-
duction measurements. This method has been applied for Fﬂ and Fp in the inverse
reaction m p + e'e n by BEREZHNEV et al. /218/.

5.2 The Charged Pion Electromagnetic Form Factor

A) It was first suggested by FRAZER in 1959 /123/ that the pion form factor could
be determined from 7" electroproduction data. The dependence on Fﬂ(kz) comes in
through the one-pion exchange pole diagram and, in order to isolate this amplitude
from the others which tend to disguise its effect, FRAZER proposed to extrapolate,
a la CHEW-LOW /124/, the pion angular distribution data to the pole at t = mi, which
occurs at an unphysical pion angle. For the determination of the pion angular dis-
tribution at fixed values of W and -kz, both the electron and the W+ must be de-
tected.

The standard procedure is to multiply the pole denominator out of the experimental
cross section in such a way that the results Tie on a smooth curve, which is extra-
polated to the pole to obtain the residue. Thus

(t-nf)? dclt=m2 = Nmé) F_(K5), (5.3)

where N(t) is a known function, which for kinematical reasons 1is proportional to
"t". This means that the 1ine of extrapolation is steep in t and small deviations
in the data region can lead to large differences at the pole point t = mg. Very
accurate data, beyond the present experimental capabilities, would be required to
overcome this difficulty, so that this kind of extrapolation does not provide a
reliable determination of Fﬂ(kz). Anyway, if one assumes the parametrization

2 1
F (k) = , (5.4)
at<) 1-k2/M2

then M2 js, by this procedure, bounded to the range /125/

0.3 < M < 0.55 (GeV)Z.

The possibility of applying more sophisticated extrapolation techniques to an
analysis of electroproduction data has recently been explored /126/. The conclu-
sions are rather negative, but it is pointed out that the ambiguities inherent to



73

any extrapolation procedure can be reduced by exploiting model-independent con-
straints of the type of (C.13), even if their validity is for unphysical points. As
an application of this idea, the experimental data by PISA-ROME /127/ and DARESBURY-
PISA /128/ groups at the electroproduction threshold with [kz( < 0.23 (GeV)2 have
been extrapolated, together with the k2 = 0 photoproduction value, to the pion pole.
Since we move along the threshold line t = (kz-mﬁ)(lmw/mN)_1 this leads to the time

Tike point k2 = m2(2+m /my). The value obtained is /129/
T M TN
F (k%) = 1.19 + 0.10 (5.5)
w(ks .19 £ 0. .
2 1/2 -1
corresponding roughly to a pion charge radius <re> = 0.9...1.1 fm ~.

B) If one has an adequate theory for the complete electroproduction amplitude and
if one can find kinematical conditions where the pion pole gives a large contribu-
tion, it is possible to fit the theory directly to experimental data to determine
the pion form factor. Clearly this approach reduces the burden on the experimenter,
but any conclusion about the pion form factor becomes sensitive to the theoretical
model used in the fitting.

The models recently employed by various authors are all based on fixed-t disper-
sion relations but their conclusions about the exact shape of Fﬂ(kz) turn out to be
somewhat different, reflecting the different assumptions made in addition to those
inherent in dispersion theory. None of the theoretical models employed in these ana-
lyses can be considered to be completely satisfactory; nevertheless this approach
is at present the only practical way of deriving Fﬂ(kz) from electroproduction.
Keeping these timinations in mind, we now proceed to a closer examination of recent
and less recent attempts.

The approach was first used by the Cornell University group led by BERKELMAN /14/,
who pointed out that F“(kz) can best be determined at eﬁ = 0, i.e., when the pion
is moving in the direction of the incoming virtual photon. The argument is as fol-
Tows. The A(3,3) resonance that dominates (the imaginary part of) the amplitude is
excited mainly by the M_, multipole which contributes to the transverse cross sec-
tion, not to the longitudinal one. This preliminary remark is clearly confirmed by
the experimental results (see Fig. 5.8). -1

The pion pole amplitude contains the factor (t—mi) which, in the Timit -k2 =0,

is proportional to (l-B*cosei)-
Bi_l and therefore the corresponding amplitude should reach its largest value within

the physical region at eﬁ = 0.

. The pole occurs at the unphysical angle cose:

The transverse contributions, however, never reaches this maximum value because
it actually vanishes at 6: = 0 owing to angular momentum conservation. A transverse
photon has one unit spin angular momentum parallel or antiparallel to its motion

{z axis), while the pion moving in the same direction has jZ = ]z = 0.
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A Tongitudinal photon, on the contrary, has no helicity to get rid of, so that
the Tongitudinal pion amplitude actually does attain its largest value in the for-
ward direction e: = 0. The Cornell group concludes that the elusive pion pole ampli-
tude should stand out best above the resonance background in the longitudinal part
eB of the cross section (1.13) observed at e: = 0. At this pion angle the inter-
ference terms in the virtual photoproduction vanish and we have

do

do*®
™

*

= 0) = A(KE,K) + eB(H,KE,0). (5.6)

(6

Furthermore, the Tongitudinal contribution can be maximized relative to the trans-
verse one by choosing an electron scattering angle 6, as small as possible so that
the polarization parameter € is close to 1. Under these conditions one has the fur-
ther advantage that the electroproduction yield is maximized due to the factor
(1-&:)-1 appearing in (1.12). BERKELMAN's qualitative arguments were convincing for
the energy region around the A(3,3) resonance (W £ 1300 MeV). A few experiments were
made under these conditions /14, 17/. The dispersion theory models, in the meantime,
had an increasing success in describing both photoproduction and electroproduction
experiments. The confidence in the adequacy of their predictive capacity has in-
creased enough to rely on the conclusion that at 6: = 0 the Tongitudinal pion pole
term becomes increasingly dominant as one goes to higher -k2 and higher W. Such a
behaviour is clearly shown in Fig. 5.1 taken from /48/. It shows the behaviour versus
—k2 of the zero degree (e: = 0) single pion electroproduction cross section for the
three values of W used in the experiment of BEBEK et al. /48/, computed with a dis-
persion theoretic model by BERENDS /130/ adopting two different expressions for the
pion form factor.23The curve denoted by T gives the contribution of the transverse
term {with the dispersion theory corrections included). The rest of the cross section
is due to the one-pion exchange diagram. These curves indicate that for modest —k2,
the cross section does not decrease as W increases, as a consequence of the increas-
ing dominance of the one-pion exchange. This result suggests that the scattering of
the virtual photon by the pion will continue to be a significant part of the total
virtual photoproduction cross section even at very high energies.

23 The assumptions of this specific model, by the way, are typical of all such cal-

culations. It is assumed that a) the amplitude is real at high energies where it
is represented by the generalized Born approximation and by the dispersion inte-
gral, b) the imaginary part is thus given in terms of low-energy data and is do-
minated by the A(83,3) resonance excited mainly through the M1+ multipole. In all
these calculations the parametrizations (2.33), (2.34), and (2.35) are used while

6p(k%) is usually taken to be zero.
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Fig. 5.1. A plot showing the behaviour versus -k2 of the zero degree single pion
electroproduction cross section for three c.m. energies W. The curve denoted by Fp
and F{ give the cross section for two popular forms of the pion form factor Fﬂ(kz).
The curve denoted by T gives the total contribution to the cross section due to the
transverse term including the dispersion theory corrections. The rest of the cross

section is due to the one-pion exchange diaqram /48/

On the basis of these conclusions some experiments have been made at CEA /131/
and Cornell /48, 132/ at 6: = 0, and values of W in the range of 2.15 to 3.11 GeV
/133/.

A different approach was proposed and used by the Pisa-Rome group /127/ which
suggested taking the measurements near threshold (W = my +m = 1077 MeV) where all
pions are emitted at e: = 0 and only a few multipoles give appreciable contribution.
Near threshold, the preduction cross section (1.15) reduces to

L2 4| g* |\
- =7 =—— )3+ 0 (5.7)
T, @ t \ kL ) B :
where

2 (5.8)

2 2 L+
2= (sl + e(-k?) i_g;
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and 9 is the contribution of all other waves. By computing 9 from a conveniently
chosen model, one can deduce 3 from the cross section measured at a few values of

lg*\/mTT << 1.
, = vim 1Mk s
-0 Tt amilq®] %o2%q

The results obtained by this second procedure /127, 128/ are in agreement with
those obtained at W = MA and above, to which is devoted the rest of this section.
The azimuthal angle dependence of the cross section near threshold has been measured
by the Daresbury-Pisa group /134/.

The measurements made near threshold by the Saclay group /156/ which give the
value of <rT2r>1/2 reported in Table 2.1, are discussed in Section 5.4.4 because they
are based on a separate experimental determination of op -

C) The most important improvements introduced by the experimental groups in the course
of the years from 1968 to 1976 consist of: a) the use of better electron spectro-
meters and pion arms, b) the extension of the measurements over wider intervals of
values of the kinematic variables (in particular 9: and W), c) the collection of
better statistics, and d) the use of better theoretical medels. These are always

along the same general lines and the progress consists substantially in an improved
saturation of the dispersion integrals by taking into account resonances higher than
A(3,3). Their inclusion has been investigated and shown to have little effect /125/.

For the derivation of FW(kZ), only the data collected in the immediate vicinity
of e: =0 (e: < 30) are always used, in agreement with the original BERKELMAN sug-
gestion. The analysis of the data, in gemeral, is made according to the procedure
first used by the Cornell group /14/ which computed the theoretical cross section
for each of the experimental points, using the known nucleon form factors [with
GE z 0] and leaving the pion form factor as the only free parameter, For each data
point, the value of Fﬂ(kz) which gave agreement with the experiment was determined.

In the following we shall report only on the three most recent experiments /48,
131, 132/ in which two magnetic spectrometers (Table 4.1) were used for detecting
the scattered electron and the produced 7t. The analysis of the data is based on a
Monte Carlo calculation made assuming unit c.m. cross section and incorporating mul-
tiple scattering, detector resolution, and geometrical effects. This procedure en-
ables the authors to correct the number of events in each bin for the acceptance of
the apparatus, and hence calculate the observed cross section.

An important novelty introduced in the last work 748/ consists in measuring also

the ratio
aly,D + = pp.)
Rz i S (5.9)

U(YVD - 1r+nns)
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obtained with a D2 liquid target. The subscript s refers to the spectator nucleon.
The knowledge of R allows the separation of the isoscalar virtual photoproduction
amplitude ag from the isovector amplitude a,s which is the only one containing the
pion pole and the A contribution.

In terms of isovector and isoscalar virtual photoproduction amplitudes, R is

given by
2 2 * *
i lagl“+la ["-2Re (aja, ) Re (aca, )
T 7 % -8 el (5.10)
[aS] +[av[ +2Re (asav) las{ +1av[ +2Re (aga, )
so that one can write
do
1 \ + 2 2
5 (1+R) E—(va - n) = laVl + ]aS’ ,
(5.11)
L 1R) SV p s ') < 2Re (a%a)
5 ( ) ron YP T = aga, s

where(dav/dn)(yvp > n+n) is the photoproduction cross section by virtual photon ob-
served in hydrogen. The use of these relations implies that the ot electroproduction
should be the same with hydrogen and deuterium target. Figure 5.2 shows an example
of the comparison of T production observed with hydrogen and deuterium targets.
The two cross sections are in excellent agreement and give no indication of a sup-
pression of the deuterium cross section in the forward direction as is observed in
photoproduction.

Photoproduction data suggest that in this domain R is a universal function of
momentum transfer of the form

R=1-ATt], (5.12)

where A is a free parameter, that can be obtained by the best fit of the experimen-
tal points. Its least square determined value from electroproduction data is

A= 0.817 £ 0.058 (X% = 38.6; d.f. = 49), (5.13)

which corresponds to R values somewhat smaller than for photoproduction.

If the relative phases of the isoscalar and isovector amplitudes were known, the
authors could estimate a§ from the second (5.11) and then subtract {aS[Z from the
previous equation to obtain favlz. Since the relative phase is not known, the authors
assume that ag and a, are both real or have the same phase. Thus the error in the
calculated isovector component of the cross section for the data point with the
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Fig. 5.2. A plot of the virtual photoproduction cross section versus e: at the no-
minal values —k2 = 1.2 (GeV/c)2 W =2.15 GeV. The solid curve is the prediction of
Berends' theory with the empirical addition of the isoscalar component (Cornell-

Harvard group: /48/)

smallest value of R (R = 0.436) encountered in the analysis of these experiments is
4 %. This produces roughly a 2 % error in the pion form factor.

Table 5.1 summarizes the isovector components of the cross section and the calcu-
lated values of the pion form factor using either R = 1 or the measured value. Table
5.2 is similar to Table 5.1 but refers to previous measurements.

The errors in the pion form factor are only statistical and do not include an
estimated overall error in normalization (estimated to be less than 7 %). The cor-
rection for the isoscalar component changed the pion form factor by less than 10 %
at all points, except the highest -k2 point. At the -k2 =4 (GeV/c)2 point the cor-
rection for the isoscalar component decreases F7T by 20 %.

Figure 5.3 is obtained from the data of Tables 5.1 and 5.2. It shows a comparison
of the values deduces for Fﬂ(kz) from the experimental results of various groups.

Figure 5.3 a shows the uncorrected values, i.e., the values obtained for no iso-
scalar component. The values deduced recently from a rather accurate single-arm
experiment made by a Kharkov group /135/, although slightly higher, are in substan-
tial agreement with those shown in Fig. 5.3 a. Figure 5.3 b shows a plot of values
of Fﬁ(kz) obtained with R given by (5.12).

The curves representing Fg(kz), GE(kz) and

-1
F () = (1 - K&/ (5.14)



Table 5.1. The values of the pion form factor determined by the Cornell-Harvard group /48/ using the data for e: < 3%,
The uncorrected columns refer to the raw cross section and the pion form factor determined from it. The isovector columns
give the calculated isovector component and the pion form factor determined from it. Uncertainties are statistical only.

Uncorrected Isovector
2
W k 5 -t 2 %% [ub/sr] F R %% [ub/sr] F

[GeV] ([GeV/c] [GeV/c]

2.15 1.216 0.069 5.077 = 0.740 0.324 + 0.28 0.786 4,535 + 0.661 0.292 = 0.026
3.11 1.198 0.019 3.089 = 0.309 0.321 + 0.018 0.888 2.916 = 0.292 0.305 # 0.017
3.11 1.712 0.034 2.517 *+ 0.325 0.257 + (0.018 0.850 3.328 = 0l301 0.246 + 0.017
2.67 3.301 0.162 0.769 + 0.174 0.136 + 0.017 0.672 0.643 + 0.145 0.123 = 0.015
2.15 1.988 0.157 2.280 + 0.289 0.221 = 0.016 0.676 1.911 + 0.242 0.199 = 0.015
2.15 3.991 0.477 0.512 + 0.156 0.124 + 0.022 0.436 0.368 + 0.112 0.101 + 0.019

6L
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Fig. 5.3. The value of the pion electromagnetic form factor derived from the data
using the dispersion theory of Berends: (a) for no isoscalar component and (b) for
an isoscalar component given by R = 1 - 0.817 /Tt|. Cornell-Harvard data /48/, CEA
data /131/, Cornell '71 data /132/

are also shown for comparison. Figure 5.3 b seems to indicate that F“(kz) is very
close to FY(k?) up to -k% = 4.0 (Gev/c)’.
A single-pole expression,

-1
F(KE) = (1 - k2md) (5.15)

also gives a good fit to the data with

me = 0.47 £ 0.01 (GeV)?; (F = 20.4, d.f. = 16), (5.16)
which is somewhat lower than the square of the p-meson mass, [mg = 0.59 (GeV)Z]

(see Fig. 5.4).
The experimental data are now sufficient to see whether the procedure described
2) at data points with the same k2 and different

above gives the same values for Fﬂ(k
)2 for three different values of W (2.15,

W. The agreement at -k2 = 1.2 and 2 (GeV/c
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Fig. 5.4. The pion form factor Fﬂ(kz) multiplied by -k%. Data taken from /48, 131,
132/

2.67, 3.11 GeV) is excellent and shows that there is no dependence on the minimum
momentum transfer.

Once the pion form factor Fﬂ(kz) and R are obtained from the measurements at

Bi $ 3%, the prediction of a given model can be computed over the whole range of
variables. The solid curve of Fig. 5.2 is a typical result of such a computation
/48/ for the Berends model /130/.

As observed previously /131, 132/, the theory does not correctly predict the
longitudinal-transverse interference term D, the transverse-transverse interference
term C, or the t dependence at large t.

Another point of interest is the increase in the isoscalar component with -k2
at fixed W, since it has no explanation within the context of the present theory.
The isoscalar component observed in photoproduction is explained by the introduction
of additional t-channel contributions such as p, B, and A224 exchange. In view of
the increasing dominance of the pion exchange term at high -k2, this suggests that
the exchange of B could give an increasing contribution to the isoscalar component
of the cross section. The separation of the longitudinal and transverse cross sec-
tions would further ascertain the character of these additional diagrams.

I
~n
-
—
i
—
1
=
=
[i§

1310 MeV, Tp = 102 MeV
2

B 0 -1t 18 =1t M, = 1235 Mev, rg = 125 Mev
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5.3 Neutral Pion Electroproduction

The experimental investigation of reaction (1.1b) is of considerable interest not
only per se, but also because this process should be described by the same models
used for reaction (1.la) with the "one-pion exchange” term left out. This means that
the experimental results on reaction (1.1b) provide a unique test of the validity
of some of the theoretical assumptions on which the theoretical models are based.

In particular it follows from the absence of the one-pion exchange graph, that
the Tongitudinal cross section o ;hou]d be small. Therefore one can hope to get
some indirect information on the k™ dependence of the transverse cross section from
the comparison of photoproduction and electroproduction of neutral pions.

5.3.1 The Electroproduction of 7% Near Threshold

The experimental study of reaction (1.1b) has been made near threshold by three
groups working at Frascati /127/, DESY /136/ and NINA /137/ using the same experi-
mental setups exploited for the determination of GA(kZ) from =" electroproduction
(Section 5.4). The only difference is that, in the present case, instead of the
recoiling neutron, the recoiling proton is detected in coincidence with the inelas-
tically scattered electron.

The NINA and DESY groups measured the differential cross section as a function
of 6% and ¢Tf, which differ by 180° from el’;, ¢§, 5o that the coefficients A, defined
by (1.18) could be determined.

Near threshold, where W ~ M+ and q* = lg*l + 0, it is more convenient, how-
ever, to express the structure functions appearing in the cross section (1.13) in
terms of q* instead of W [see (A.10)] and develop them in powers of q*. Assuming
that only s- and p-wave multipoles give appreciable contributions, the electropro-
duction cross section (1.11 - 13) can be recast into the form

d50

*
d]OZdQ]dQTT

4 2 2
¥ L 2 % * * % .k % *
+ a4q sin GFCOS 2¢>TT + a5q + a6q smeTr cose1T cos¢ﬂ).

% 2
= q EIUN ¥ 2% X . % %
= Ty HFEE (ao+a1 qcos + a,q" cosTe + asq smeﬂcosquTr +

(5.17)

The coefficients a; may be expressed in terms of multipoles using the expressions
(C.7). In the o.p.e.a. they are related to the coefficients ﬁi defined by (1.18) by
the relation

q* I i
Wa1=Ai (1=O...6)
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and to the Ai used in /137/ as follows:
(i =0...6).

By integrating the cross section (5.17) with respect to cose:, we obtain

do * 2 4

i q ¥ * 1 * x 2 % X
=T b = =
a0 d¢* t ZﬂkL (aO + 09" +cq” 4 g masg cosqnTr * 38,9 c052¢ﬂ), (5.18)
0271 "
where
1
b =3 a2 + a5,
4

and the term cq* has been added to account for the d-wave contribution. By further
integrating with respect to ¢§ we obtain

do_p st kgt 5.19
3765351*'— t k| (3, q cq” ). (5.19)

It is also convenient to work in terms of the slope of the cross section, which
can be defined as
k 5 2
Boqm L 99 qin 2 +bq*) =a.
Tt % g% dl,do,do % 0 0
q*-0 @ 027 % g~ +0

(5.20)
Similar definitions applied to (5.18) and (5.19) instead of (5.17) lead to the
same value of the slope at threshold. According to (C.13), this is expressed in terms

of only two multipoles

Fot 2> (5.21)
| ) .

2
The linear behaviour in qx expected near threshold for the slope (5.20) has been
measured by the DESY group /136/ for both the pwo and nn* channel. They found that

the ratio of the pr° to the m' data increases with increasing |k2[.

. 2 2
a, = 1;m <1E0+| ~ ek

q"~+0

Figure 5.5 shows the experimental results obtained by the three groups mentioned
above, for a, and b as functions of —k2 and their comparison with theoretical pre-
dictions made by DOMBEY and READ /86/, DEVENISH and LYTH /138/ and BENFATTO et al.
/84/ from the weak PCAC model (see Seetion 5.4). The latter model gives predictions
only for s the experimental values of which are in agreement, within two standard
deviations, with all three above-mentioned models. They agree also with the results
obtained from the Born terms only with pseudovector pion-nucieon coupling (but not
with pseudoscalar coupling)/136/.
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Fig. 5.5. The coefficients ao,b
of the cross section (5.18) as
functions of -kz. Experimental
points from /127, 136, 137/
| ] 1 —— DEVENISH and LYTH /138/,
0
0 03 08 0.9 --- BENFATTO et al. /84/, --~---

— K2 (Gev/e)? DOMBEY-READ /86/, w /139/

The Daresbury-Pisa group /137/ has measured also the other coefficients appearing
in (5.18).

Their results (Table 5.3) are in reasonable agreement with the theoretical pre-
diction of DOMBEY and READ /86/ and DEVENISH and LYTH /138/. Figure 5.6 shows the
¢§ integrated data plotted as a function of W with the errors evaluated using the
correlations between the coefficients determined by the fit of the Daresbury-Pisa
data. Although slightly high, the DEVENISH and LYTH model is much closer to the ex-
perimental values over the whole W interval than the DOMBEY-READ model. The Towest-W
"data point" from /139/ interpolated between —k2 = 0.6 and 1.0 (GeV/c)Z, also given
in the figure, is in fairly good agreement with the results of the Daresbury-Pisa

group.
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Fig. 5.6. Fit to the total nop cross section obtained by the Daresbury-Pisa group
/1377y — /138/, -+=-~ /86/, + /139/

Table 5.3. Coefficients appearing in the expression (5.18) of the ep - e‘pTrO cross
section near threshold

Experimental values Theoretical

NINA data /137/ DR /86/ DL /138/
a, ub 6.2 2.0
b(nb/MeV?) 1.4 £ 0.3

4 -5 -5 -5

c{nb/MeV™) (1.9 +1.3) x 10 2.4 x 10 1.3 x 10
a3(nb/MeV) (-0.10 = 0.08) x 10—5 - 0.22 ~ 0.25
a(nb/Mev?) 0.13 = 0.11 +0.3 + 0.4

5.3.2 The Electroproduction of 7° in the First Resonance Region

A number of coincidence experiments have been made on the electroproduction of °
in the region of the first pion-nucleon resonance a(3,3) /140/. We shall report
mainly on the more recent papers because of the extension and accuracy of their
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Fig. 5.7. Angular coefficients at K2 - 0.6 (GeV/c

of VON GEHLEN and WESSEL /67/

)2 compared with dispersion theory

data. Two College de France-DESY groups have measured at ¢ = 0.90 and —k2 = 0.6,

1.0 (GeV/c)? /1417 and k% = 1.56 (GeV/c)Z /142/ the angular coefficients appearing
in (1.17, 18) (with d- and f-wave contributions included for W > 1.565 GeV.

The angular coefficients, determined by fits of (1.17, 18) to the measured cross
section (including contribution of s- and p-waves only) are shown, for“-k2 = 0.6
(GeV/c)2 in Fig. 5.7, where the solid curves are computed with dispersion theory
/67/. NINA data are taken from /143/.

Pure magnetic dipole dominance would require

Ry i By =-5:3, A& =C., A =D =0, =0, (5.22)

Clearly the experimental results cannct be described by a magnetic dipole M1+
alone.

5.3.3 Interpretation of the Angular Distributions

Although the angular coefficients represent all the information contained in the
experimental data, their decomposition in multipoles is useful to provide some idea
on the physical content of the measured angular distribution. Furthermore, a few
models allow the computation of some definite amplitudes but do not give predictions
on cross sections /144/,
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The problem, however, is mathematically undetermined. Assuming that only s- and
p-waves are present, the angular distribution is described by only 6 measurable
coefficients, which increase to 9 if & is varied. The multipoles involved, however,
are 7 with unknown phases, corresponding to 13 parameters that should be determined.
In photoproduction, where many more experimental data are available, © and 1° re-
sults are analyzed together, allowing for the decomposition of the multipoles in
their 1/2 and 3/2 isospin parts. Furthermore, the phase of the multipole amplitudes
of definite isospin are given by the Fermi-Watson theorem in terms of the correspond-
ing wN phase shifts.

The DESY-College de France group /142/ in order to estimate some multipoles from
7° data only, takes advantage of the dominance of the magnetic dipole M1+ in the
vicinity of the A(3,3). They assume that the differential cross sections can be ex-

plained roughly by |M1+| and the five interference terms containing M1+, i.e.,
* * % %
Re (E1+M1+), Re (51+M1+), Re (SoM1+)’ Re (EO+M1+), Re (M Ml+)

Thus the problem is reduced to the determination of a number of unknowns equal
to the number of angular coefficients obtained by best fits of the experimental data.

A11 other terms, which do not contain M1+, are either neg]ected or computed in
some conveniently chosen approximation. For example |E +l is certainly larger than
its projection on M1+ Then these authors make use of the recipe

2 [Re(E M 517

|EO+\ x —"—_—'“77—~—' ) (5.23)

| 1+[

the importance of which increases off resonance. Similar approximations are used to
estimate the other terms.

Figure 5.8 shows the results of such an analysis, which refers to spacelike pho-
tons of k% = 0.6 (GeV/c). [A similar behaviour is exhibited at -k® = 1 (Gev/c)1.
We see that: a) |M1+|2 shows the expected resonance shape (as in photoproduct1on)

b) Re(Ml_M1+) crosses zero near resonance (as in photoproduction); c) [Re(E 1+M1+)/
1M1+1 1 s negat1ve and of the order of a few percent (as in photoproduction);
c) Re(E +h1+) stays positive throughout the resonance region (while in photoproduc-
tion it crosses zero near resonance); e) there is a considerable longitudinal-trans-
verse interference term indicating that [L1+/M1+| is of the order of 5 to 10 %.

The main behaviour of the data is well described by the solution derived by VON
GEHLEN and WESSEL /67/. Similar calculations have been performed by CRAWFORD /147/

5 For 7° photoproduction data and their analysis see /145, 146/.
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Fig. 5.8. ]M1+]2 and interference terms at -k2 = 0.6 (GeV/c)2 together with disper-
sion theory of VON GEHLEN and WESSEL /67/ (solid Tine) and Bethe-Salpeter model of
GUTBROD /144/. Experimental points, ALDER et al. /142/. Dotted line Fﬂ(kz) = GE(kZ),
dashed Tine F, (k%) = Fp(kz)

while a comparison with the dispersion relation calculations of DEVENISH and LYTH
can be found in /144, 148/.

One should also mention the remarkable agreement with a model due to GUTBROD
/144/, where the Bethe-Salpeter equation (in ladder approximation) is used to compute
the inhomogeneous part of the partial wave dispersion relations for the resonant

multipoles M13/2, Eli/z, and Llf/z.
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In conclusion, the main features of the data can be summarized as follows:
1) The magnetic dipole gives by far the largest contribution in the cross section
up to -2 - 1.6 (GeV/c)Z.
2) The longitudinal excitation of the resonance amounts to

|L1+/M1+1 ~5...10 %.
3) The resonant quadrupcle E1+ is small at resonance
|E1+/M1+] <5 %.
4) Interference of s- and p-waves is clearly visible. The multipoles Ml' and Lo*

contribute considerably at W < 1200 MeV. The imaginary part of EO+ is not negligible

at resonance.

5.3.4 Determination of the N-A Transition Form Factor

As discussed in previous sections, it is meaningful to describe the k2-dependence

of the physical multipoies in terms of the form factors of the electromagnetic tran-
sition A >~ Ny. This is easily done working in the framework of an iscbaric model

and expressing the form factors through their multipole contribution to the electro-
production partial wave expansion. In the case of the magnetic multipole one finds
after evaluation of the isobar diagram (Fig. 1.3d)

2_211/2 *
" - my My (M Hmy ) S-m ] RS N G<l)(k2)- (5.24)
1 2m§ (MA+mN)2'k2 - - W

The quantities g*, G&l) have been defined in Section 2.1.4 and the kinematical
variables refer to the c.m.
A slightly more general (and perhaps more familiar to experimentalists /149/) re-

lation is
2
1),.2 2 %
el (k)1 g 2
%,2,2 _ M 1™ 3 I(W
(Gy (k)T TRyl Civ ATt L T o (5.25)
[ = /( A+mN) ] K sin 33( )

where 633(W) is the physical j = I = 3/2 w-N phase-shift and I' is the resonance width
{allowed to be W-dependent). For W - MA’ 633(W) + /2, T(W) ~ Tp ® 120 MeV, and one
can easily reobtain the previous result. Similar relations can be derived for the
form factors Gél), Gél) in terms of the Eqy, L1+ multipoles.

In Fig. 5.9 one finds the plot of the experimental results for the quantity
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form factor GD(kZ) = (1-k2/0.7l)_2 j21/
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Xk
Ri2) < ol )1 . (5.26)
G;(O) Gy (k)

where Gy (k%) = (1-k%/0.71)7 is the typical dipole fit for G2(KF).

We see that the fall-off for G*(kz) is more rapid than for GD(kZ). The form fac-
tor Gi) = G;(kz)[l—kz/(MA+mN)2]1%2, does not fall off as rapidly as Ga(K°) but
still faster than a dipole. This indication that the "radius" of the A(3,3) is
Targer than that of the nucleon could be intuitively understood if one considers
the A as an excited Tevel with a looser structure than the nucleon ground state.

In this context it is interesting to mention the possibility of a theoretically
motivated fit to the k2 dependence of the magnetic form factor G&l)(kz) /21/. This
has been done in the framework of a genera) picture for all the electromagnetic
transition form factors NX = Ny, with the aim of exploiting a possible correlation
between the dynamical k2 dependence and the spin of the electroexcited resonance.
This can clearly have important implications in deriving, for instance, simple rules
for the form factor asymptotic behaviour and in throwing some 1ight on different
constituent models.

A general analysis of the recent electroproduction data has been performed, in
this spirit, in and above the first resonance region (W 2 1.4 GeV) and up to W =~
2 GeV and for lkZ] < l(GeV/c)z. The theoretical input is a simple parametrization
of the varioys resonance form factors and a Breit-Wigner shape to evaluate the
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Fig. 5.10. Normalized transition form factor: experimental band compared with theo-
retical results of /21/ for a few sets of values (c, mg, a)

imaginary parts of the amplitudes, while real parts are obtained via dispersion re-
tations. A fit of the data then allows a determination of the input form factor para-
meters.

In this framework the following simplified formula has been proposed, expressing
the ratio R(kz) as a product of poles:

(1),,2 ”

&l (k) 2 ¢ 2

2. _ Gy 1 K 2 2 K
R(K?) = <1 - —X 1. aaZn 1- 5.27
() ap(,,”(o) 65(k%) [ (MA+mN)2} ( A m§+nk02 (5:27)

mg is nearly the p-meson mass while kg and the integer ¢ are free parameters.
The situation is depicted in Fig. 5.10, where the dependence on the set of parameters
(mg, C, ki) is illustrated. The best fit is obtained with mg = (0.593 and ¢ = 3,
2
k> = 1.
]

5.4 The Weak Form Factors of the Nucleon

Threshold electroproduction of positive pions has received considerable experimental
attention in view of the possibility of determining the axial vector form factor of
the nucleon. Some of the theoretical ideas behind this expectation have been examined
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in Section 3. We shall discuss later the interpretation from this point of view of
the experimental results and the 1imits of validity of the approach, devoting the
first part of this section to a description of the experimental aspects.

5.4.1 The Experiments

Three groups have made coincidence experiments on nt electroproduction, at Frascati,
/127, 150/, DESY /98/, and NINA /128, 151, 152/, in the frame of the considerations
presented above. In all cases, besides electron and neutron arms, the experimental
arrangement includes a WAB telescope (Section 4.1.1).

In the experiment of the group working at Frascati, the neutron detector consists
of a single liquid scintillation counter, designed to cover the whole solid angle
allowed by the kinematics of the reaction, as long as W is close to threshold.

Under these conditions, the counting rate is proportional to the electroproduction
cross section integrated over the solid angle of the emitted T

A scintillation counter and an absorber placed in front of the neutron counter
allowed the elimination of the proton due to reaction (1.1b) and of those belonging
to the tail of the angular distribution of reaction (4.1). The absorber also strongly
reduced the low-energy background. The counting rate of the WAB telescope was used
to normalize the electroproduction data and thus to derive the absolute value of
the cross section.

The magnetic spectrometer selected five (later six) channels corresponding to
certain energy intervals A]oi (i =1 to 6) very close to each other. The spectrometer
was adjusted so that one (or two) of these channels were below, while the others were
above, the electroproduction threshold. The channels below threshold detected only
the electrons due to background processes, while the others were fired also by the
electroproduction events. The cross section at threshold was determined at -k2 =
0.16 (0.84); 0.20 (0.74); 0.24 (0.81) (GeV/c)? ().

The other two groups working at DESY /98/ and NINA/151/ have both used a high-
resolution spectrometer in the electron arm with hodoscopes for the reconstruction
of the electron trajectory [Table 4.1). For the neutron detector they used arrays
of plastic scintillation counters which allow the determination of en and o, in the
laboratory frame and therefore, by the appropriate Lorentz transformation, the angu-
lar distribution of the emitted pions in the c.m. of the 7*n system. Thus both groups
separated the four terms appearing in (1.13).

Because of the rather large energy 101 of the incident electrons, the WABR tele-
scope had to be placed within the cone of the electroproduced neutrons. Therefore
an important correction had to be applied to the counting rates originating from the
inefficiency of the WAB telescope.

In the DESY experiment the scattered electrons were grouped by the counter hodo-
scope according to the missing mass W. The bin in W was 5 to 9 MeV and the overall
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acceptance changed from 100 to 180 MeV depending on the value of kz. A matrix of
0.5 cm thick plastic scintillators in front of the array indicated whether the par-
ticle was a proton or a neutron and a 0.5 cm thick lead sheet placed in front of
the array of 9 x 6 plastic counters (10 x 10 cm by 60 cm deep) reduced the low-energy
background. The measurements were taken at —k2 = 0.2; 0.4; 0.6 (GeV/c)2 and € = 0.98.
The Daresbury-Pisa group working at NINA used a 2m x 2 m array of 145 plastic
scintillation counters which allowed the determination of the production angles of
the neutron. The momentum of the neutron was measured by time of flight techniques.
This additional information allowed the measuring of the pion missing mass and thus
improved the signal-to-noise ratio.
The array of veto counters placed in front of the neutron detector consisted of
26 pairs of scintillators separated by a sheet of iron 10 mm thick to absorb soft
charged particies. The trajectories of the electrons were reconstructed from the
data of six counter hodoscopes. The measurements were taken /151/ at —k2 = 0.078;
0.155; 0.233; 0.311 (GeV/c)? and € = 0.96 and Tater /152/ at -k® = 0.45; 0.58; 0.88
(Gev/c)? and e = 0.96.

5.4.2 The Total Virtual Photon Cross Section

Assuming that only s~ and p-wave multipoles contribute near threshold, the expansion
in powers of q* of the cross section can be cast into the form given by (5.17) with

seven angular coefficients 35 81 ... Bg- The only coefficient required for the de-
termination of GA(t) is a5 the slope of the cross section at threshold, i.e.,
k 5 2
Toin £ 00 i (o, +bq* ) =,
t qx_+0 q d]OZdQIdQn q*—+0
(5.28)
_ 1
b= 3 e, tag.

2, is the only quantity measured by the Frascati group as a consequence of the
geometry adopted for the neutron detector. The other two groups determined five an-
gular coefficients by a best fit of their data.

The determination of the a, coefficient is sensitive to the value of b used in
the fit. The Frascati and DESY groups made the best fit of their data with a, and
b as free parameters. The same procedure was used by the NINA group in its last paper
/152/. In their previous work /151/ they introduced in the fits theoretical values
of b(kz) chosen to cover the range of predictions by various modeis and included a
systematic error on a, to account for the uncertainty in b. The two analysis proce-
dures gave the same result.

Figure 5.11 shows the values of ay obtained by the three groups. The agreement

is satisfactory. A correction, however, would be necessary because the values of the
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Fig. 5.11. Values of the a, coeffi-
cient [the threshold cross section
slope: see 5.20)] versus —kz. Note

that the experimental points obtained

0.0 02 04 05 08 by various authors refer to different
— KA (Gev/e)’ values of the polarization parameter e

parameter ¢ for the Frascati data (¢ = 0.84, 0.74, 0.81 /150/ and ¢ = 0.48 /157/)
are different from those of the other groups (e = 0.98, DESY; ¢ = 0.96, NINA). The
importance of such a correction is larger if o at threshold is important (see Sec-
tion 5.4.5). Under the assumption that o
would go up about 6, 15, and 10 %.

In Fig. 5.11 we also show the predictions of the fixed-t dispersion relation mo-
del of DEVENISH and LYTH /138/. The VON GEHLEN and WESSEL /67/ curve is about 20 ub
higher for the whole range of k2 values. Both these models incorporate, besides the
standard pseudoscalar~coupling Born terms, a dispersion integral over the 7N reso-
nances. DEVENISH and LYTH dinclude all higher resonances; VON GEHLEN and WESSEL con-
sider only the A(1232). Both models use similar parametrizations for Fn and GE.

The value of the cross section at threshold is sensitive to GE; the choice of nega-
tive rather than positive GE gives predictions 50 % higher /67/. DEVENISH and LYTH
also agree better with photoproduction for which, from a data compilation /153/ the
NINA group estimates a, = 228 + 8 ub. READ /154/ using only the data of ADAMOVICH
et al. /155/ estimates a, = 234 + 11 ub.

L is about equal to ors the Frascati point

5.4.3 The Angular Coefficients

The angular coefficients 3g---2y in (5.18) have been determined by the DESY group as a
function of W (varying from W=1.079 to 1.12 GeV) for k2 =0.2 (GeV/c)2 and by the NINA
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Fig. 5.12. Values of the other coefficients appearing in (5.18) versus k2 obtained
by the NINA group '76 /152/

group as a function of k2 for values of W in the range W = 1.079 to 1.144 GeV. In
an earlier paper /151/ the analysis was made with respect to both the polar and
azimuthal angles i and ¢§. In the second paper /152/ the analysis was only azi-
muthal. The values of the angular coefficients at threshold obtained from the last
azimuthal analysis are compared in Fig. 5.12 with the predictions of the above-
mentioned model as well as with those obtained by DOMBEY and READ /86/. The fairly
good agreement with the experimental results confirms the adequacy of the descrip-
tion of p-waves in these models. In particular these authors found that the coeffi-
cient 3y in (5.17) is well reproduced in those same theoretical models while the
corresponding coefficient measured by the DESY group (Ki in their notation) is in
serious disagreement.
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5.4.4 The Separation of o, from o, at Threshold

L T

The experimental problem of the separation of T from g near threshold is very
interesting and at the same time rather difficult.

The determination of o is of great physical interest because only virtual pho-
tons can induce longitudinal transitions. Furthermore, its value as a function of
W and k2 is more sensitive to the models adopted for describing the hadronic system
than the electroproduction cross section or the transversal virtual photon cross
section or (W, k2).

The best procedure for separating 9 from or consists in checking the € and ¢§
dependence of the coincidence cross section.

A less stringent way is based on the assumption that the single-arm-cross section
depends linearly on e. Such an assumption is equivalent to asserting the adequacy
of the one-photon exchange assumption. The results of single-arm experiments have
been discussed in a previous section.

Only two coincidence experiments have been made with the aim of separating T
from op near threshold.

A Saclay group /156/ measured the coincidences between the scattered electron
and the 1" produced in the direction of the virtual photons for

-k =1 fm2 = 0.038 (GeV/c)?, W = 1175 GeV,

and two values of the polarization parameter (e = 0.20 and 0.65). Magnetic spectro-
meters were used in both arms. The results are given in Table. 5.4.

The authors compare the values of 91 with the predictions obtained from the iso-
baric model of Cochard, under two alternative assumptions: 1) FTr = F{ (PS coupling);
2) Fﬂ = F! (PV coupling). Both fit the data rather well, although the second seems

to be slightly better.

Table 5.4. Electroproduction of ntat W= 1175 MeV. Separated cross section from
the coincidence experiment of /156/

K2

-1 -2 -3
[fm 2]

I+
4

ch/dQﬂ[ub/sr] 7.8 = 3.1 10.8 = 2.2 13.1 + 1.8

doT/dQn[ub/sr] 6.5 + 1.0 5.2 = 1.1 4.3 = 0.7
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From the values of o> using the DOMBEY and READ model, they deduce estimates

2

of F (k
m

they deduce

}. By parametrizing this quantity by means of the monopole expression (5.15)

1/2
w2074 10
T - 0.

fm. (5.29)

A Frascati group /157/ has attempted to measure the total cross section at -k2 =
6 fm_z = (.23 (GeV/c)2 with the same technique used at higher polarization values,
i.e. by recording the coincidence between the inelastically scattered electron and
the recoiling neutron. The measurements were taken in three intervals of values of
W each of total width 6 %, equal to 1081, 1094, and 1111 MeV corresponding to the
following central values of q*: 24, 62, and 91 MeV/c.

By analysing these data together with those obtained at a higher polarization by

the same group and the Daresbury-Pisa group, they find at threshold (—k2 =6 fm_z)

or = 9.0 + 4,2 ub/sr, oL = 11,5 = 5,6 pb/sr, {(5.30)
which, although affected by a large error, seems to indicate the importance of the
longitudinal cross section at threshold.

Separate determinations of the transversal and longitudinal parts have recently
been reported /158/ for a single-arm experiment of threshold electroproduction on
hydrogen. In this experimental configuration both m* and ©° contribute to the mea-
sured cross sections so that a direct comparison with the previous results is not
immediate (even if photoproduction and the experimental indications in electropro-
duction /2/ seem to suggest that the ° part represents a small contribution, $10 %,
to the complete matrix element). The reported values for OL/OT are

OL/UT = 0.31 = 0.18; 0.45 = 0.22; 0.51 + 0.20

at

2

_ 2 2 2
k™ = -7 m_s -10 m s -16m

-

5.4.5 Determination of GA(t)

A) We now proceed to discuss the use of the pion electroproduction near threshold
as an alternative source of information on the nucleon axial form factors. As al-
ready pointed out, extracting these quantities from experiments is not immediate
and requires, for the physical process, a precise theoretical description, which
embodies besides the chiral symmetry input also an indication on the form and size

of the corrections arising from the nonvanishing pion mass.
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Different approaches have been proposed and correspondingly there exist different
theoretical formulae to be used for this specific interpretation of experimental
electroproduction data. In our discussion of Section 3 we have mainly described a
method based on the saturation of equal-time commutator matrix elements (we shall
indicate it as the FPV model). As visualized in (3.71) the physical electroproduc~
tion amplitude is unambiguously expressed in terms of the electromagnetic and weak
nucleon form factors GA(t) (the transversal part) and D(t) (Tongitudinal part),
while for the additional pieces an explicit recipe is provided. Although a complete
evaluation of these terms is not always easy, they are of the order of m. and often
play, in particular for the transversal charged pion cross section, the role of
corrections.

A different philosophy is, on the other hand, possible and it has been adopted
by other authors. The main idea is to use for the electroproduction amplitude a
representation based either on Feynman polar diagrams /86, 154/ with pseudovector
pion-nucleon coupling (the D.R. model) or on dispersion relations /84/ (B.N.R. mod-
el). In so doing, among the other terms, the pion form factor Fﬂ(kz) is introduced,
either directly or to parametrize the high-energy tail of dispersive integrals. Then
the requirements of gauge invariance and chiral invariance are enforced and used
to fix the contact terms and subtraction constants, respectively. This procedure

introduces in the formulae the form factor GA(t) which represents, together with
2, 26
)

F“(k ,7  the interesting parameters assuming the nucleon electromagnetic form factors
to be known27. The same remarks apply to the improved soft-pion formulation of /83/
(N.Y. model).

Let us first examine the determinations of GA(kz) which are obtained from double-

arm experiments.
Table 5.5 shows the values of GA(kZ)/GA(O) obtained by the NINA group using the

various theories. In those calculations the standard dipole fits of Section 2.2.2.

2y

have been used for the electromagnetic nucleon form factors; furthermore, for FW(k
both D.R. and B.N.R. take

Fo(KE) = FY(kE), (5.31)

2 2

while F (k%) = GE(k ) seems unlikely.

26
It can be useful to remember that at threshold t and k2 are linearly related,

i.e.,
2 2
(1+mn/mN)(t)th. = k" - m.
27 . .
Of course a comparison between the different models leads to a consistency rela-

tion between D(t) and Fﬂ(kz), which is, however, very hard to exploit owing to
the crucial role of the correction terms.
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For D(t), F.P.V. adopt the simple pion dominated form
2

D(t) =2 f g, _51_ . (5.32)
m -t

T

It is customary to parametrize the axial vector form factor by means of either
a dipole formula

-2

6,(K2) = G (0) (1 - KE/Mh) (5.33)
or a monopole formula
-1
6p(k?) = 6,(0) (1 - KE/) (5.34)

neither of which necessarily gives any physical significance to the mass parameter
MA' Both provide a convenient one-parameter representation of the data.

In Table 5.6 we present the values obtained for MA by the three groups. The 1976
value is the result of a fit to all available data from threshold double-arm ex-
periments.

From a glance at these results we notice that the D.R. model gives values of
GA(kZ)/GA(O) practically equal to the soft-pion theory (N.Y.) but somehow higher
than F.P.V. or B.N.R. and consequently MA turns out to be larger. Comparison with
the values deduced from quasi-elastic neutrino scattering seems to favour the esti-
mates for a Tower MA; indeed dipole fits to the differential cross section and to
the total cross section give MA = 0.95 £ 0.09 GeV (see Section 2.2.3). The agree~
ment is remarkable and confirms the substantial validity of the PCAC description,
in spite of the slight disagreement between the theoretical models (see also Fig.
5.13).

These differences can be ascribed mainly to the theoretical uncertainties on the
Tongitudinal cross section (whose prediction is actually beyond the domain of chiral
symmetry). For this quantity the various models offer different estimates, already
at the level of the polar terms, which contain D(t)/mTr in F.P.V. and Fﬁ(kz)/mi -t
for D.R. and B.N.R. For instance, for szl ~ 0.23 (GeV/c)z, which is the kinematical
point of the Frascati experiment /157/ on cL/oT, the F.P.V. model predicts R = 0.4,
while lower values seem to be obtained by D.R. and B.N.R. (R = 0.1 to 0.2). The
experimental error is too large, however, to allow a precise test.

Separate experimental information on o and or at threshold would therefore be
of great help in providing:

1) a neater determination of GA(t) from or only, where the dependence on the theo-
retical model is small,
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Table 5.6. Values for MA from threshold electroproduction

Experiment Monopole Dipole Model
Frascati (1972) /150/ 0.68 + 0.04 1.02 £ 0.04 B.N.R.
0.70 = 0.04 1.02 £ 0.04 P.V
DESY (1973} /98/ 0.68 + 0.04 1.06 + 0.06 D.R
NINA (1975) /151/ 0.77 % 0.04(3)a 1.14 = 0.06(3) N.Y.
0.76 + 0.04(4) 1.12 £ 0.05(4) N.Y.
0.82 £ 0.05(3) 1.20 £ 0.07(3) D.R.
0.82 + 0.05(4) 1.20 + 0.07(4) D.R.
0.69 £ 0.05(3) 1.03 £ 0.06(3) B.N.R.
0.68 £ 0.05(4) 1.02 = 0.06(4) B.N.R.
0.67 + 0.04(3) 1.00 £ 0.06(3) F.P.V.
0.65 = 0.04(4) 0.98 = 0.06(4) F.P.V.
NINA (1976) /152/ 0.68 = 0.03 1.08 + 0.04 N.Y.
0.69 + 0.04 1.10 = 0.04 D.R.
0.62 + 0.04 0.99 + 0.06 B.N.R.
/ 0.96 = 0.08 F.P.V
Rome-Trieste /159/ 0.70 + 0.07 0.96 + 0.19 Model-independent

fit

a . _—
The number in parentheses indicates the number of data points used in the fit.

2) the possibility of an independent fit for the form factors appearing in oL accord-
ing to the model or, conversely, of a test on the validity of the model itself.

One can finally notice that the measurements at higher Ith allow the possibility
of discriminating between the monopole and dipole fits. The Daresbury-Pisa group
/152/ has investigated this point using the B.N.R. model (the F.P.V. model gives
analogous results). They have fitted the function

6, (K9)
ON

4)"1 (5.35)

_ _ 2
=(l-2 CAk + CBk
and evaluated the best fit values of CA’ CB' For Cp = CB the function (5.35) is simp-
ly the dipole, for CB = 0 the monopole. The xz-contours of Fig. 5.14 shows a clear
preference for the dipole formula although the monopole is not rejected at the level
of 1.5 standard deviations.
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Fig. 5.13. Axial vector form factor
GA(kz) deduced using the Benfatto,
Nicold and Rossi model. The best
fits to a dipote (b) and monopole
(a) parametrization are shown

Fig. 5.14. Xz-contours for the fit
described in the text, showing the
preference for a dipole over a
monopole parametrization (NINA
1976: /152/)
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B) In the previous discussions we have repeatedly emphasized the importance of a
separate knowledge, beside Ors of the quantity

2 Lo+
kKE

ROE) = (o /or), = K
a0

(5.36)

Since the theoretical models offer different predictions and the experimental in-
formation is, at the moment, fairly poor, it has been suggested /159/ that a reason-
able alternative may be represented by the use of a phenomenological parametrization
of R(kz), for not too large 1k2]. The task is made easier thanks to a number of gen-
eral constraints. These are

[This second condition is a consequence of the gauge-invariance requirement; see
Appendix (C.13)

Egi/bot = 1 at kg = 01

One can further exploit the definition of the residue at the pion pole t = mﬁ,

i.e., k2 = ki = mi (2 + mﬂ/mN) which gives

2
(kﬂ)gﬂN] .
L)

Tim (kz-ki)zR(kz) kz[ (5.37)

k2-+k2
m

C is a known constant, C = 1+0(mn/mN). Although not measurable, the quantity in brack-
ets should not appreciably differ from the photoproduction k2 = 0 value; its deviation
is left as a free parameter.

[(k 2 2)2/k2 (k2) is then expressed as a polynomial in k2 with the expansion
coeff1c1ents left as free parameters. Finally, since according to the previous dis-
cussion all models practically agree in predicting Ors it is conven1ent to use for
3 ot @ simple representat1on, of the kind of (3.62), in terms of GA(k }s G ( ) and

of an overall correction d(k ) to be determined, namely

K2 s L g, (k%) < g 2(0) 6 (kz) 5(k%) (5.38)
E = R t—5 + . .
(Earl e, i v2f & s

The free parameters can be adjusted using the above constraints and the double
arm experiments for at electroproduction at threshold /98, 150, 151, 152/, in par-
ticular the direct measurement of R(kz) in /157/.
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Accepting the dipole fit this procedure gives for MA the value
My = 0.96 £0.19 GeV. (5.39)

The rather large error is the price one has to pay for the use of a nearly model
independent fit and for the Tack of enough experimental data.

C) The result (5.39) for MA is compatible with the previous ones and with the neutri-
no data. The substantial, and remarkable, agreement among the various determinations
of MA indicates that time has perhgps come to turn the interpretation of electropro-
duction experiments: assuming GA(k ) as given by neutrino scattering, one can predict
or and extract from the complete cross section the information on the longitudinal
part and its theoretical content.

As the outcome of such a procedure one can obtain <Lo+/ko)th. as a function of k2.
This result can be used to determine, for " electroproduction, Fﬂ(kz) (in the D.R.
and B.N.R. models) or D(t) (in the F.P.V. model). This is exemplified in Fig. 5.15
where one can see the phenomenological values of the longitudinal multipole and some
relevant fits. LO+(k2) has been obtained from the experimental cross section assuming
the validity for Eo+(k2) of the expression (5.38) with My = 0.96 GeV and G(kz) =
const = 0.014 m;l.

For a first interpretation of the n* data the following simple parametrization
can be used /160/

2 2.2 2
L.+(kK°) 1 /8mS-k F_(k%)
0; = Nz . [ [D(t) - 2 my Gu(0)] - — 4

0 4m V2 mﬂfﬂ(ZmN+mW)

N
2
. E0+(mw) (5.40)
m

T

D(t) represents the equal time contribution while the other terms have been fixed
by requiring consistency with the pion pole residue [see (5.37)] and the validity
of the gauge-invariance constraint (C.13). For the Tongitudinal form factor D(t) it
is fruitful to adopt the following expression

2 fngnN M AZ
b(t) = 2 7 2 (my Gy(0) - f g ) Nl (5.41)
m

which embodies the known constraints as t - 0 and mﬁ + 0 plus an explicit contribu~
tion from the 37 cut, lumped, for simplicity, in a single polar term, whose position
A is a free parameter.
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Lo+/kg

Fig. 5.15. The longitudinal % multi-

pole (Lo+/k°)th- at threshold for some
values of k™ and the theoretical fits

based on eqs. (5.40) and (5.41). These
correspond to A=3mw, Fﬂ=1.08 and 1.10

fcurves (1) and (2)7, A=5m_, F = 1.08

and 1.10 (curves (2) and (3)], A=w,

F =1.08 and 1,10 [curves (4) and (5)].
2 2
, -k

(a
LQ+/k0 is in units m in units
mi. (By accident the same curve (2)
0

corresponds to two different fits.)

Taking for Fv(kﬁ) the value given by p-dominance, the indication which is seen

to emerge from Fig. 5.15 is that values of X = 3 m. .. 5 m lead to acceptable fits
while higher values seem to be disfavoured. Tnese results can be compared with the
information on the pseudoscalar induced form factor GP(t) derived from u-capture
[sce (2.40)]. One finds that for A = 3m_ ... 5m, Go(t = -0.88 n°) = £.8 mil, in
the range of experimentally allowed values.



6. Other Developments

6.1 The Inverse Electroproduction Process

A) The reaction

w(a) + p(py) + e (17) + e7(1,) + n(py) (6.1)

has already been the object of investigation for the last two decades /161 - 164/.
In the o.p.e.a. the electron pair is due to the materialization of a single time-
like virtual photon and therefore the process (6.1) can be viewed as an inverse
electroproduction (where, however, the photon is spaceiike} (Fig. 6.1)

Fig. 6.1. Representation of the reaction 7 p »

+ - . .
ne e 1in the o.p.e.a. as "inverse electroproduc-
tion"

Inverse electroproduction is the only process which allows the determination of
the e.m. nucleon and pion form factors in the intervals

2 2 2 2
)

0 < k% < am? = 3.53 (Gev/c)?, 0 < k% < 4 nf = 0.08 (Bev/c)’,
which are kinematically unattainable from e’ e initial states.

Difficulties in the experimental study of this reaction arise from the need of
a high rejection of competitive processes /165/: a) The cross section of w'p elastic
scattering is do/dQ ~ 10_27 cmz/sr and is concentrated in the forward direction.
Therefore the electrons and positrons of reaction (6.1) are conveniently detected
at about 90% with respect to the m -beam, where the elastically scattered hadrons
are strongly reduced. b) The cross section for 7t production, i.e.,
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- - +
ToApan+tw o+T,

is about three orders of magnitude greater than that of reaction (6.1). The corres-
ponding pions at 90° are very soft and can be suppressed strongly by threshold Ce-
renkov counters. c¢) The reactions

n+m (a)
p+a 4 (b)
m +p +{n+ %+ (¢)
n+y (d)
ptu ty (e)

with a gamma ray converted into a Dalitz pair, contribute a rather unpleasant back-
ground. The most important processes are (a) and (d), which contribute about 60 %
and 40 % of the counting rate due to capture in hydrogen of T at rest against

0.7 % from reaction (6.1}.

Apart from the background problems, the events produced by n of well-defined
momentum correspond to values of the virtual photon propagator k2 spread from (Zm])2
to infinity with a frequency proportional to k-4. Thus some of the advantages of
electroproduction, i.e., the well-defined values of mass, energy, and polarization
of all incident virtual photons, are lost, although kz, ko’ and ¢ can be determined
for each single event (Appendix A.4).

A few experimental studies of the process were made with the n~ captured at rest
by protons /49, 166/. The events correspond to very small values of k2, spread over
a large relative interval. Therefore the hadron e.m. form factors had little effect
on the process cross section, and only a rough determination of the mean square
radius of the pion was possible from these measurements /49/.

More recently this process was studied by various authors both from a theoretical
/167 - 174/ as well as an experimental point of view /165, 175, 176/.

B) Let us consider some theoretical aspects. We do not give here the explicit
expression for the cross section nor discuss in detail the several theoretical
descriptions of the phenomenon which, of course, parallel those adopted for electro-
production. It is, however, worth mentioning the interest of working in the partic-
ular kinematical configuration defined by the "pseudothreshold" condition /170, 171/

*
Kh=1y+1,=0 (6.2)
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in the pion-nucleon centre-of-mass Py +tq= 928, (i.e., Po = 0}.

At this point the cross section takes on a very simple form and, as a consequence
of the behaviour of multipoles for small |k| and of gauge invariance, it can be ex-
pressed in terms of the Eo+’ EZ' electric multipoies only /173/. One finds in partic-
ular, after integration over lepton variables,

le

19 4o _ 1 W <2 W2 2>
TRT 32 o T 2 G R )
17 Egt * Eps (6:3)

Hy = By = 2E,-

At k = 0, one actually has k2 = (W - M)Z.

The most immediate advantage of working at pseudothreshold is that one can achieve
a meaningful separation of the Born_terms with respect to the continuum. Indeed only
pion-nucleon resonances with jP = %—, %» can contributezg. Furthermore, for pions
of kinetic energy between 100 and 360 MeV, 1. e , W< 1.5 GeV, no resonances are ex-
cited (the lowest one is the N*(1520), JP = -) so that the cross sections are ex-
pected to be determined mainly by the Born po1ar terms, which contain the nucleon
and the pion electromagnetic form factors. As an indication we reproduce their ex-
plicit expressions in the c.m. system

Born _ h1+mN
HO =V2 g\

k)-ﬂsz)/ZmN

k=0 ™ /_2—+2m
(6.4)
2
FR(?) + [ (E;-my) /rQ] FO(k%)/2m,
AE - 2,
Born . ]qlz 2mN ) ’ Fw(kz) Fg(k //“ Fp /Zm
H =/? = \/ - (6.5)
k=0 N Zmy” N ey Kooaw AE Ke-2E /K
where
Ep =Wy = AT -y (6.6)

and all other symbols have the usual meaning.

28 An additional prescription is actually required to fix the value of a scattering

angle in that 1imit /173/.
The final state is a s-wave with the nucleon and photon spins either parallel
or antiparallel.

29
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A guantitative estimate of the non-Born contributions has recently been given by
BIETTI and PETRARCA /173/ on the basis of a simple model, and their conclusion is
that, as lTong as W < 1.5 GeV, the corrections to the Born terms do not exceed 20 %.

An alternative description of inverse pion electroproduction, in particular at
pseudothreshold, can be derived in the framework of current commutators and complete-
ness /174/. Again, as long as /ﬁz-is of the order of a few pion masses, we expect
that the equal-time commutator matrix elements plus the nucleon term represent the
dominant contribution (with 10 to 20 % corrections from the continuum). Note, on the
other hand, that k = 0 is not a lTow-energy theorem point since the pion is in general
moving. Only in the limit k2 - m%, corresponding to g = 0, i.e., to the full thresh-
old configuration, we are in the presence of a genuiﬁe low-energy theorem, related
to approximate chiral symmetry and with O(mi) corrections.

The interesting aspect of such a current algebra approach is that the approximate
expressions obtained for the amplitudes Hl’ H2 by inserting the equal-time commuta-
tors and the nucleon terms show a very weak dependence on the nucleon electromagnetic
form factors. In particular, retaining only the leading terms in kz/ms, t/mﬁ, one
finds

Hl)C'A' = gy(t) + 20 A 6l ey, (6.7)

= - k)

A [T 2
H2>

2 m
= {[D(t) - {1+ 24‘%) D(mﬁ-kz)p?ﬁﬁ 16, (n2-k7) "z%ﬁ Gp(me-kN, (6.8)
i

2 pa
2-k2 (1+vk /ZmN)

t= (mﬁ >
(1+vk /mN)
and all other symbols have already been defined in the previous sections.

The expressions (6.4, 5) and (6.7, 8) exhibit simple, compiementary descriptions
to pseudothreshold inverse electroproduction in terms of electromagnetic form factors
and of weak form factors, respectively. The possibility of new information on these
quantities by fitting experimental data is not excluded and should be kept in mind,
in spite of the objective difficulty of the experiments.

C) In all the most recent experiments due to Russian authors /175/ a weli-collimated
beam of 7 of 275 MeV kinetic energy (W = 1295 MeV) enters a hydrogen target, behind
which a veto counter allows the selection of evenis in which the pion is absorbed.
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The direction and energy of electrons and positrons emitted in each event are
measured by two telescopes placed at opposite sides of the target. Each of these
telescopes covers an angle interval 90° + 20° with respect to the beam and includes
scintillation counters, a spark chamber, a threshold water Cerenkov counter (to sup-
press the background of low-energy pions) and a total absorption Cerenkov counter
(to measure the energy of the electrons and to suppress the background).

The data for electrons and positrons of energies > 60 MeV emitted around 90° allow
a determination of the differential cross section for production of electron pairs.
The cross section, integrated with respect to the electron energies is found (from
1100 events) to amount to /176/

do

= (6.90 + 0.69) - 10
@&,

-33 2

cmz/sr .

A sample of 234 events, divided into three intervals of values of kz, was analysed
assuming the validity of the approximate relation F¥(k2) = Fﬂ(kz) and neglecting
In Fy(K%).

Under these simplifying assumptions the following values of Fﬂ(kz) were obtained:

k2 /mf 3.4 4.4 5.8
(k%) 1.10 + 0.07 1.14 + 0.07 1.30 = 0.07 ; (6.9)
¥2d.f. 1.10/3 3.6/4 3.0/4

These are plotted in Fig. 6.2 which shows, on a larger scale, the central part of
Fig. 6.3. Although the experimental errors are appreciable, the continuity of Fﬂ(kz)
when k2 passes from negative to positive values is certainly a striking feature of
these figures.

The authors also try to analyse the same data assuming Fﬂ(kz) and F{(kz) as inde-
pendent from each other (keeping Im FTT = Im FX = 0), but in thi; case the re;ative
errors turn out to be about 100 % for the two Tower values of k™ while for k™=5.8 m
they obtain

2
T

FY(5.8 1) = 1.4 (6.10)
Figure 6.3 summarizes our present experimental information on the charged pion
electromagnetic form factor Fﬂ(kz). The experimental points in the spacelike region

have been discussed in Section 5.3 and are only a part of those shown in Fig. 5.3.
The points in the timelike region obtained from e'e” + n'n~ /31 - 34/ have already
been mentioned briefly at the beginning of Section 2.2.1, while those for very small
positive values of k2 are the main result of this section.
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The curve is a p-wave Breit-Wigner as suggested by GOUNARIS and SAKURAI /177/. It
fits very satisfactorily the data in the vicinity of the peak due to the p-vector
resonance, altered by its interference with the w. The deviation of the experimental
points for k2 > 1 (GeV/c)2 seems to indicate a contribution to the pion form factor
originating from a higher vector meson (p', Mp. = 1250 MeV).

The striking and gratifying feature of this picture is the overall consistency
of the experimental determinations of Fﬂ(kz) extracted from three quite different
phenomena.

D) TKEBUCHAVA /219/ has obtained the values of the induced pseudoscalar form factor
2

m
in the current algebra framework using (6.4, 5, 8) and the experimental values of

F“(kz) and Fg(kz) deduced in Dubna using the compensation properties of the non-Born

in the region -t < 5 m- from an analysis of the inverse electroproduction reaction
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Fig. 6.3. Experimental results available at present on the electromagnetic pion form
factor. The data for k2 < 0 have been discussed in Section 5.2, those for k2 z 4m§
have been mentioned in Section 2.2.1, except those for k2 2 0 (Fig. 6.2). The con-

tinuous curve is given by the Gounaris-Sakurai model

amplitude /122/. It turns out that in the framework of the current algebra tech-
niques, the inverse electroproduction reaction seems to be well suited for the de-
termination of the induced nucleon pseudoscalar form factor GP(t). His analysis
agrees with the indicative determination of GP(t) from direct electroproduction
discussed in Section 5.4.5 C).

6.2 Electroproduction of the wA State Near Threshold

A) This section is devoted to a brief discussion of the two-pion electroproduction
process

e+ N-»e'+N +71+7 (6.11)
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in the vicinity of wth =My +my o= 1372 MeV where, on hydrogen, the following pro~
duction channels are expected to be important:

WP > w0l v (6.12)

Photo- and electroproduction of the mA state provide a very good opportunity to study
experimentally several features of the N-A transitions, exactly in the same way as
information on the elastic nucleon form factors was derived from single-pion electro-
production. Of course different aspect can be emphasized according to the theoretical
approaches one adopts to describe the phenomenon, but in one way or another we expect
the <A|Vu1N>, <A|VU|A>, and <A\AU|N> vertices to play an interesting role.

Actually in the framework of a dispersionlike model, a phenomenological (yNwa)
contact term (i.e., a term which only depends on k2 and not on the other kinematical
variables) appears to be required to explain the experimental data. A large contact
interaction in photoproduction of the wA channel was first suggested by CUTKOSKY
and ZACHARIASEN /178/ 1in a static model theory. Similarly, the contact term is one
of the four Born diagrams which constitute the covariant, gauge-invariant,3o electric
polar model of STICHEL and SCHOLZ /179/, (see Fig. 6.4). The model correctly describes
the quantitative features of the experimental results /180/ of photoproduction near
threshold, such as isotropic production, rapid rise of the cross section, and its
magnitude, only because of the presence of the contact term, which dominates at low
W= wth.‘ In other words, in that region the contribution of s-channel resonant states
alone is not enough to explain the experimental situation and the reaction is domi-

nated by a real, nonresonant s-wave amplitude.

Fig. 6.4, Born terms used to describe YyP > ﬂ-A++ in the model of Stichel and Scholz

30 Indeed the contact term can simply be motivated by the gauge-invariant require-

ment 3,73, - ieadh applied to the derivative (Nwa) coupling (g*/mN)wwua”n. Fur-
thermore, only the orbital (spinless) part of the electromagnetic vertices is
used.
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The generalization to electroproduction, k2 + 0, of the pole model of Fig. 6.4
is straightforward /181/. In the matrix element now enter the electric form facFors
of the particles and of the contact term, and the simplest choice is Fcontact(kz) =
Fﬂ(kz) = FA(kZ) = F{(kz). In this spirit BARTL et al. /182/ predict the longitudinal
and transverse parts of the cross section starting from real photoproduction, in the
framework of vector-meson dominance, under the assumption of approximate mass in-
dependence for the invariant amplitudes of the VN ~ 7A process. In their approach
the cross section turns out to be multiplied by the common form factor (l-kz/Mg)—l,
which again allows a quantitative description of the threshold region. The model,
however, has difficulties with the cross section of the channel TP w+AO, in par-
ticular the experimental value /183/

natt

= 1.50 + 0.2, (6.13)
wp(ﬂmo)
observed at W = 2.23 GeV, 0.2 < -k2 < 0.8, t - toin = 0.04 (GeV/c)2 is Tower than
the predicted one (Rth ~ 2.7). Also the Tongitudinal parts seems to come out too Tow;
the reader can find in the original paper a discussion on these points.

A complementary theoretical description of the behaviour around threshold is ob-
tained by resorting to current algebra equal time commutators and to approximate
chiral symmetry /184/. This approach leads to an expression of the wA electropro-
duction amplitude in terms of the axial matrix element <A[A |N>, which plays the role
of the analogue of the contact term31, and of the e]ectromaSnetic vertices between
the nucleon, the A and higher resonances. In specific theoretical models (based sub-
stantially on the Fermi-Watson theorem) the vertex <A[AU|N> is directly proportional
to the nucleon axial form factor, thus suggesting the possibility of using the par-
ticular reaction YP A (soft) as an independent source of information on GA(kZ)
/185/.

More recently /186/ the approach described in Section 3.5 for single pion electro-
production, and based on the saturation of equal time commutators in a suitable re-
ference frame, has been adapted to provide a simple representation for the Yy P
2 process at threshold. It turns out that the <A++]Au|p> vertex represents the
most important part of the threshold amplitude, while the dependence on the quantity
<A++1vu|p> is practically negligible and, among the higher states, only the 013(1520)

31 This contribution has indeed been shown /185/ to coincide (in the static limit)
in the case of a real photon k2 = 0 with the direct interaction term of the Cut-
kosky-Zachariasen model. Note that in principle the form factors in <A[AU[N> bear
a dependence on t, but in the soft-pion limit t - k2.
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resonance seems to give a sizeable effect. Comparison with the available experimental
data allows then a determination of the form factors Hys Hys Hy defined in (2.28, 29)
29). We discuss again these points in the next section.

B) The experimental study has been made by a few groups working at DESY /183, 187,
188/ and NINA /189/, which have investigated the m a*" channel, the n"2% channel,

or both. Three of them have used two spectrometers for detecting in coincidence the
scattered electron and the produced pion. In the fourth experiment /189/ a 7.2 GeV
electron beam enters a streamer chamber and strikes a liquid hydrogen target placed
inside it. A counter hodoscope of scintillation and shower counters and proportional
chambers detect the scattered electron and trigger the chamber. The hadrons produced
are detected over the full solid angle. The authors analyse 4000 events of the ep ~
e‘p‘ﬂ+n_ type with 0.3 ¢ -k2 < 1.5 (GeV/c)2 and 1.3 < W < 2.8 GeV. They construct
the (pr*)(pn”) and (v*17) mass distributions and determine the m A** and 7*4° cross
section by a maximum Tikeiihood fit to the Dalitz plot density

2 2 2 2
dN (Mo M) = ag, Frey (M 0) +ayg Fuo (M) )+ a £ 0] M anl, , (6.14)

where the a's are fit parameters which measure the individual contributions, fA++
and on represent the corresponding Breit-Wigner terms, and fps a phase-space-like
background.

The total cross section, averaged over K2 [<-k% = 0.6 (GeV/c)Z] goes through a
maximum at W = 1.5 GeV and decreases rapidly at higher energies (Fig. 6.5) with an
energy dependence similar to that found in photoproduction. The angular distribution
in the threshold region is consistent with isotropic production, i.e., with dominant
s-wave production. The same conclusion seems to be confirmed by the approximately
linear rise of the cross section above threshold. A study of the N decay angular

distribution shows that the o™ has predominantly helicity AA = 3/2. The (n'A++)
0 I T ]
DESY~Glasgow
15— ]
+ + “kb=08 (Gev/c)’®
g-M—— + + + —
: ! ;
i ' J
+ Fig. 6.5. The total cross section
o0 ¢ B -+t )
® N ° or y,p > A " as a function of
0 ‘ ® o o 2 .
1 15 9 25 3 W averaged over the -k“ interval
- 0.3 - 1.4 (Gev/c)?
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system is therefore in a jp = 3/2" state. This excludes the possibility that P11
formation is responsible for (w'A++) production near threshold. The observed pro-
duction features are thus consistent with the dominance of the contact term as in
the case of photoproduction.

Figure 6.6 shows the cross section dependence on k2 where the decrease is well re-

produced by the p-meson propagator (1 - kz/Mg)

5[)% T T T T r T T T T 1 T 7 T ]
2 13 <W <1568 .
40 4 ABBHHM 7

+ Desy—Glasgow
30

o (ub)

20

0 | - Fig. 6.6. The total cross section

[ for YP 70" as a function of
— -k% in the threshold region (1.3 <
—k2(Gevfe)? W < 1.5 GeV) /189/

Finally the DESY-Glasgow group /190/ has also used its data to determine the axial
transition Na form factors Hi(kz). Actually, in the framework of the theoretical
model by ADLER and WEISBERGER already mentioned /185/, the cross section for W_A++
electroproduction turns out to be very closely proportional to GA(kz) , as a conse-
quence of the strong dominance of the current algebra equal time commutator. The
result is shown in Fig., 6.7. A dipole fit parametrization, which include also single
pion electroproduction data, gives

My = (1.16 + 0.03) GeV, (6.15)

a slightly higher value than the one obtained by single-pion electroproduction or
in neutrino scattering.

A more direct determination of the form factors Hi(kz) has been recently presented
in /186/. Using the experimental information on both photo- and electroproduction
of mA at threshold (cross sections and spin density matrix elements) and after taking
the finite width of the A resonance into account, a satisfactory agreement between
theory and experiment can be obtained with the simple parametrization
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Fig. 6.7. The axial vector form factor GA(kz) deduced by a DESY-Glasgow group from
ep ~ e'n 2™ appears to agree fairly well with GA(kZ) deduced from ep ~ e'v'n. The

only difference is that the value of MA of an overall fit seems to be slightly larger
(see Fig. 5.13)

-2
Ho(KP) = H(0) (1- &3m0 ™, i =1, 2, 3. (6.16)
1 AX
The values of Hi(O) are consistent with those given in (2.42) and derived from

neutrino scattering, while for M: one finds

My = 1.1 GeV. (6.17)

The slight discrepancy with the neutrino scattering result, M: ~ 0,96 GeV, see
(2.43), is presumably due to the different parametrizations adopted for the k2 de-
pendence of the form factors (actually the model of /186/ contains one more pheno-
menological parameter to be fitted, as is also the case of the wN = uaA process).

6.3 Electroproduction of n and k Mesons

The investigation of other mesons belonging to the same SU(3) octet as the pion is
very interesting since one expects that models or theories of = -production may
be applied to these other cases with only modifications of detail rather than sub-
stance. In the following our considerations will be Timited to a few indicative
points.

A) The Electroproduction of n

The reaction

e+p e +p'+n (6.18)
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has been investigated by various authors /191 - 193/ at the resonance 511(1535), which
has a large branching ratio to the decay channel (pn). Indeed analysis of photopro-
duction data shows that more than 90 % of the n's from threshold up to W = 1.55 GeV
come from the decay of the S11 resonance /194/. The physical problem bears consider-
able similarity to the electroproduction of n° at the P33 (1232) resonance.

In DESY's experiment /193/ the scattered electron is detected in a double focusing
and vertically bending spectrometer and is identified by a CO2 Cerenkov and sandwich
shower counters. The recoiling proton is detected in coincidence in a nonfocusing
spectrometer including two hodoscopes.

Protons are distinguished from " meson by time of flight. The (epn) channel
clearly shows up in missing mass spectra.

The data at -k2 = 0.6 and 1 (GeV/c)2 have been fitted to the angular dependence

49 = p, + eBy + (A + eBy) cose™ + D_v2e(e+l) sine® cos(20%), (6.19)
de
based on the assumption that in the final state only contributions of s-wave, inter-
ference of s- and p-wave with total angular momentum %—are present. The scalar-
transverse interference term D0 is consistent with zero; up to W = 1625 the obtained
standard deviations of DO are about 10 % of Ao + aBO, which is the dominant term.
Figure 6.8 shows the two terms

Trot = 4n (A0 + EBO), 4 (A1 +eBq)s (6.20)

as a function of W. The total cross section can be represented with the Breit-Wigner
expression

[ 3
o <L A , (6.21)
Bt | (Wl g ) T (M) /4

The width has been parametrized according to the branching ratio of the decay modes
of S11 (1535)

o g~
(W) =T, <0.55:—§~ +0.35 =+ o.1> ) (6.22)
|95 197 ves

The solid curves in Fig. 6.8 are least square fits of the above formula to the
measured cross section with A, T and Wres as free parameters.
The authors obtain

~K2[Gev/c]? Alub x GeV2] I [MeV] Hoog [MeV]
0.23 0.173 - -
0.6 0.215 154 1526

1 0.204 147 1524
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Fig. 6.8. Electroproduction of n: coefficients of angular distributions as functions
of W for -k? = 0.22, 0.6 and 1.0 (GeV/c)2. At -k® = 0.22 (GeV/c)? the coefficient
A1 + eBl has been fixed at zero. Solid line: Breit-Wigner curve /193/

The DESY group interprets the term AO + eBO as a hint of the presence of the re-
sonance S11 (1535). Its strength at ke =1 (GeV/c)2 is remarkable. The total produc-
tion cross section at this point is only about 20 % smaller than the photoproduction
cross section. Assuming a partial decay rate of 55 % for the S 1> Pn channel, the
resonance S11 (1535) contributes, at W = 1535, —k2 = 1 (GeV/c)“, about 1% ub. This
is more than 20 % of the total Y P cross section of about 80 ub. At k2 = 0 the re-
sonance S11 (1535) contributes at most 10 % to the total cross section.

Since the second bump in the total Y P cross section remains equally prominent
between k2 =0 and —k2 =1 (GeV/c)Z, the results of the DESY group imply that the
resonance D13 (1520) decreases faster with increasing momentum transfer than the
total Y P cross section.

The interesting problem that cannot be decided by the experimental data available
today is whether the large cross section of S11 (1535) at spacelike momentum transfer
is due to scalar excitation.

Figure 6.9 shows the values of Tpor 2L the resonance (W = 1535 MeV) obtained by
the three groups /191 - 193/ as a function of kz. The theoretical curves correspond
to different versions /195, 196/ of a relativistic quark model for electroproduction
of resonances.

The difference between the values obtained at DESY and those by the other two
groups may be due to the strong W dependence of the cross section and to the fact
that the results of /191, 192/ refer to an average over a wider range of W-values.
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B) Electroproduction of K

The reactions

e+pre +K +14  (W 1609 MeV), (6.23)

th

e+pre +K +5° (Wy, = 1689 MeV), (6.24)

have been investigated by CEA /197/, DESY /198/ and Cornell-Harvard groups /199/.

Two magnetic spectrometers were used to detect the scattered electron and the elec-
troproduced kaon. Electrons were identified by combining the outputs of Cerenkov
counters and shower counters of various types. Time of flight and threshoid Cerenkov
counters were used to separate pions, kaons, and protons. Besides that the usual
corrections due to the decay in flight of K* should be taken into account (20 to 100 %
depending on 9k).

Figure 6.10 shows the K" cross section as a function of the invariant mass W at
<—k2> =0.29 (GeV/c)z, <9>=6°, and <e>=0.86 /197/. The dashed curve shows the energy
dependence of a cross section proportional to w'z, which was plotted for comparison.
In single Kt photoproduction at large W, the invariant matrix element is energy in-
dependent /200/. If the matrix element shows the same property also in single Kt
electroproduction, the corresponding cross section do/d2 should decrease at large
values of W, as W °.



122

m g = |P=3"
= = 180°
a B s lol= ud

W (GeY)

Fig. 6.10. The W-dependence of the K'a virtual photoproduction c¢ross section. The
dashed curve shows the energy dependence for a cross section which goes at 1/w2.
For these data <—k2> = 0.29 (GeV/c)z, <6> = 6° and <e> = 0.86. The vertical error
bars take into account only statistical errors and errors due to the fit. The hori-
zontal error bars give the rms variation of the energy over the bins /197/

The results of the Cornell-Harvard-group /199/ confirm and extend those of the

other groups, i.e.,

a) the ratio of the cross sections K+ZO/K+A is not larger than 0.25;

b) the cross section K10 decreases rapidly with kz, while in the K'a case the k2
dependence is weak (Fig. 6.11).

Photoproduction measurements made in the same momentum region but higher energies
/200/ and lower energy but higher momentum transfer give ZO/A ratios typically be-
tween 0.5 and 1.

Point b) is in agreement with what is naive]y expected: since the coupling con-
stant Gﬁk is supposed to be smailer than GNkA /201/, K exchange will play a minor
role in K'z° production but will contribute significantly to the k*A cross section,
in particular to its longitudinal part. A quantitative description of both photo-
and electroproduction data for K+EO, and K*p requires K, K* (892), k* (1470) and
either K, (1*7) or Kg (1**) exchange /202/.

No data are available in the W region near threshold. Conversely, no systematic
current algebra predictions exist for the electroproduction of K mesons. (Among the
few calculations available for K-photoproduction we quote the one in /203/, where
earlier references can be found.) This perhaps reflects the feeling that for strange
axial vector currents the breaking of SU{3) x SU(3) chiral symmetry is related to the
K meson mass, i.e., auAﬁk) o mi (generalized PCAC), and one expects large deviations
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Fig. 6.11. k2 dependence for the K™ and K'2° cross sections at W = 2.66 GeV. Also
shown are photoproduction measurements /199/

from the soft K theorem. Furthermore, besides the equal time commutator matrix ele-
ment <A[AU|N>, there is the contribution of the s-channel intermediate states, whose
structure is more complicated now, and which should be carefully taken into account.
Anyway a systematic analysis, both theoretical and experimental, of strange particle
photo- and electroproduction near threshold would represent a not trivial test of
the existence of an approximate SU(3) x SU(3) symmetry in nature and of {ts limits
of validity. A similar approach to meson-baryon scattering lengths has led to inter-
esting indications on the structure and properties of the quark currents /204/.

6.4 Electroproduction with Polarized Beams and Polarized Targets

F
+°

Pion electroproduction is described by six independent complex amplitudes hy, h
hﬁ, hz and therefore involves eleven independent quantities that must be measured

for a completely model-independent determination of the process. The amplitudes
hﬁ’F (hT’F) correspond to incident virtual photons polarized perpendicular (parallel)
to the scattering plane; F and N refer to baryon flip and nonflip, respectively

/205/; 1 are Tongitudinal helicity amplitudes /206/.
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As long as unpolarized leptons and unpolarized targets are used, only the four
terms appearing in (1.13) can be determined, which are expressed by the following
relations in terms of the amplitudes defined above:

*
Tiwor/NE L Fe N R
ou=lFLim(1h+l RN

N
X
q 2 2 2 2
o = i (W0 e 8-l ),
(6.25)
9w 1< N2 F2>
OL— L ﬁ,g7 ]hOl + |h0| s

*
9 x %
OIJf—L%—zRe(hNhN sl n )
L N 0 = Q -

Therefore, a complete model-independent determination of electroproduction is
only possible by using polarized beams and targets.

The problem has been discussed by a number of authors, a long list of which can
be found in the paper by ACTOR /207/, who gives the general expressions for the
cross sections for the following types of experiments:

T+a~=1"+X,
T+a~>1"+c¢c+ X, {6.26)

1+a~1"+c¢c+d,

where the target particle a can have arbitrary spin and polarization, X denotes any
hadronic system, and ¢ and d hadrons whose momenta are measured.

Very useful for the experimenters, although less general, are the articles of
DOMBEY /208/ on elastic and inelastic scattering of polarized leptons, and of BARTL
and MAJEROTTO /206/ who consider electroproduction of a single pion with an accom-
panying recoiling nucleon in the final state.

Following the latter authors, we recall that, if the incident lepton is polarized
(longitudinally), a fifth term should be added to (1.13)

kS *

l*|
oy = £ = foctiee) sine® m |V Y e nF P (6.27)
1 k]. mN o - Qo -

which is proportional to the imaginary part of the same function, whose real part
appears in o- In this expression
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measures the degree of Tongitudinal polarization of the incident Tepton. Its polar-
ization is characterized by the 4-vector su, which fulfills the relations s2 = =1,
S* ]1 0 and reduces to s" = (0, n) in the rest system of the lepton.

If only the target is polarized, the following term should be added to (1.13):

x
90w o %
o = li[l ﬁﬁ[ Py [-,/28(1+6) sing™ Im X{ - € sin 2¢™ Im XZI-
- P, [m Yy +ecos 2¢* In Y, + 2¢ In ¥ + V2e(i4€) - cos ¢ In Y4J +  (6.28)

P [e sin 26* 7, + VZe(Tre) sind® In 2]

where P is the polarization of the target and

* * * *
PN N F _F N F
O N A AR S L
* * * 3
O A AU L A
- . - +
(6.29)
M M
3 o o’ 4 0 - o -
* * * *
NN FF NN FF
A A A A A

CHRIST and LEE /209/ have shown that 9y must vanish if time reversal invariance is
valid. Thus a nonzero asymmetry of the distribution of the scattered electrons with
respect to the plane orthogonal to the nucleon polarization would be a clear test
of T-invariance violation. Such a conclusion involves only the validity of the one-
photon exchange approximation.

Two experiments /210, 211/ on electron inelastic scattering from polarized protons
in the region of resonance excitation & (1232), N* (1512), N* (1688) and -k be-
tween 0.2 and 1 (GeV/c)2 did not reveal any sizeable violation of the time-reversal
invariance.

Finally, if both electron and target are polarized, one must add to the cross
section (1.13) a third term

q* T

oy = - —E-—-%}- l—P [V2e(1-¢) cose® Re X, + Vi -¢% Re X ol ¥
N

+ Py V2e(1-¢) sino® Re Yy + P, [V1-? Re 7, +V2e(l-¢) cose® Re Z ”

(6.30)

It is interesting to note that, using just polarized targets, only imaginary parts
of products of amplitudes are measured, whereas additional use of polarized leptons
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gives us information about the corresponding real parts. Note also that while the ¢*
dependence of (1.13) is given by cos¢* and cos 2¢*, in the new expressions o1 Ot

and o,, there are also terms with sin¢* and sin 2¢* factors.

It1$s then possible to define a number of asymmetries (varying between +1 and -1},
the determination of which requires the measurement of cross sections for different
values of ¢*.

As an illustration of these formulae, the asymmetries can be estimated for the
pure Born term model (N and m exchange), which, with some modifications /212/, is
in reasonable agreement with the existing data for oy t €9 O, and oy In its pure
form it gives only real amplitudes and, therefore, nonzero asymmetries only when
both the electron and target proton are polarized. The reader is referred to the

original paper /206/ for numerical results.



Appendix A: Kinematical Relations

A.1 Definjtions and General Re]ations32

The conservation of energy and momentum for reactions (1.1) is expressed by the re-
lation among four vectors

]1 t Py = ]2 + Pz + g,

where ]1, 12 refer to the initial and final lepton (of mass u), Py» Py to the initial
and final nucleon (of mass mN), and g to the produced meson (of mass mﬂ) (Fig. 1.1).
Introducing the four-momentum

k=1, -1, (A.1)

of the virtual photon exchanged between the Teptonic and hadronic vertices, the con-
servation of energy and momentum becomes

K+ py=py=pp,+a, (A.2)

where Py is the four-momentum of the recoiling hadron ™N system which can be consi-
dered as an intermediate state or particle X that decays into a pion and a nucleon.
The square of the four-momentum (A.1) is given by

2 _ 2 2 2
= kg - KT =205 - 20, Tg, (1-B; B, cosé), (A.3)

which, for 101, 102 >>yu, reduces to the commonly used expression

K= a1 2

01 6,/2). (A.4)

02 sin

32 The material covered in Appendices A, B, C is discussed in several review arti-
cles. See for instance /23, 61, 82, 208/.
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As we see from this relation, in electroproduction the four-momentum transfer
is spacelike, k2 < 0, and its square represents the square of the (imaginary) mass
of the virtual photon.

It can be computed in terms of quantities measured in the 1.f. by means of (A.3)
or, usually, (A.4).

Other important invariants are the usual Mandelstam variables

s =W = (p1+k)2 = mﬁ £ k2 42 Pk = mﬁ + m§ +2p,00,

t = (k—q)2 = k2 + mﬁ ~2qgk=2 mﬁ -2 PyPys (A.5)
- 2 2 2

5= (pyk)f = kP wm - 2 pyrk =l 4 n - 2 pyeg,

fulfilling the well-known relation
= .2 2 2
s+s+t=k +2 my .

Very often the variable t is written in the form

_ _ .2
t=to, - 4 lkllal sin™ (8, ./2), (a)
where (A.6)
= (k -g V¢ - - 2
t o = (kma)® - (lkl - Jal)”. (b)
Other variables frequently used are
P=L(p +p,), A=p,-p P& = 0
z Py ¥ P2l P2 = Pp> ‘
v =gqg-P=kP, (A.7)
_ 1
\)B = ‘*z-q k

These are related to s and s as follows:

s =M +2 (v-vB),

2

s =M -2 (v+vB).
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A.2 The Same Quantities in Specific Reference Frames

The most frequently used reference frames are: the frame of the c.m. (c.m.f.) of the

final 7N system, the laboratory frame (1.f.), and three Breit frames defined below.

The c.m.f. is defined by the relation

P o=k or B, =74 (A.9)

and one has the useful formulae

So

2,2 2 2,2 2
. W= +k ~My x _ W 0=y
o 2 W’ 9 Z W ?
2 (Wendale o AlaloB\E
e\ e ™
» w2+m2-m2 2 W2+m2-m2 2
xE TN} L2 N m) o g2 (A.10)
- 2 W - 2 W N? ’
W2+m2-k2
x = W - k* = _—._N_.———
Po1 0 ZW
w2+m2—m2
X_ - % _ N T
Po2 9% ° T7W
At threshold W = LR i.e., q* = 0, which gives for the invariant variables
2 x 22 -1
(t)th. =2 my - 2 LY (p01 )th = (k -mﬂ) (1+mﬂ/mN) s
m : (A.11)
T % _ /1. 2
(v)th. =5 (mN+p01)th. = mmy {1 tth/4mN).
The 1.f. is defined by the relations
Pp =05 Poy = My (A.12)
that one obtains the following useful relations:
2 2 2
s =W =k + my + 2 My ko’
(A.13)
t = AZ = 2 m2 -2m =-2m T
N n Po2 N2

where T2 = Py " My is the kinetic energy of the recoiling nucleon.
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Instead of s, sometimes W = v's or the photon equivalent energy

Ppeg— (A.14)

is used: k. is the energy that a real photon (k2 = 0) must have in the 1.f. in order
to produce the final wN system with the same invariant mass, W.

According to (A.2), the momentum Py of the recoiling intermediate hadron is equal
to k. The angle by between Py and 11 is given by

_ 115l
sin 6y = TET sin 8. (A.15)

The Lorentz transformation from the 1.f. to the c.m.f. is

B= % Em : Y= kosz’
- o N
2 (A.16)
k* - meo+k k* - Tﬂ k
0 W > = W =’

and k and g* are parallel.
The intermediate state X decays into a pion and a nucleon. Just above threshold,

both these particles are emitted in the forward direction. By increasing W, the pion

velocity in the c.m.f. fairly soon reaches the value of the velocity of the c.m. and

therefore is emitted over the whole 4w solid angle in the 1.f. The nucleon is emitted
only inside a cone, the axis of which is defined by (A.15). Its semi-aperture emax

is given by

2

o1 %, 2
cos a, < Cos emax =3 (1 Py /mN), (A.17)

where B and y are given by (A.16) and pog by (A.10). In each direction within this

cone the heavy hadron momentum has two values
%2 5 1/2

p ; B cos a, *|p -m2y2 (1—62cos o)
S 02 2 % |Po2 "™ 2 (A.18)
-2 y(l-B2 cos? uz)
Finally three "Breit frames" are used advantageously in certain problems.
The nucleon Breit frame (n.B.f.) is defined by the relation
Mo, gyl 22 (A.19)



131

N__N_ _N_ Ny Lo
B = Pop " Pop = 0» [Tl = /R,
(A.20)
NN /2T
Poy = Ppz = Vmy - t/4 .
The hadron Breit frame (h.B.f.) is defined by the relations
h_ h h h
Pox = Por 2nd py [1 -py.
hy _JShe 2 7 h
oyl =Vey" - (W - my) <yl
(A.21)
h_ h b ho| h
ko = Poy = Por = 0> Kk [lpps
2
K=

The behaviour of the electron is the same as if it would be elastically rebound on
a rigid wall (Fig. A.1) with an angle of deflection 62 given by

(A.22)
ﬁﬁ -
Fig. A.1. Hadron Breit frame
The lepton Breit frame (1.B.f.) is defined by the relation
12 = '119 (A23)
so that
1 1 i i 1 1

i . o1 o
Yoo = To1» kg =0s k' =217 =Py~ Pps Poy = Ppp- (A.24)
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In this frame the hadronic system does not receive energy from the lepton current
and behaves as if it would elastically rebound (Fig. A.2).

>

Fig. A.2. Lepton Breit frame

The Lorentz transformation from the c.m.f. to the h.B.f. reduces kO to kg =0
and therefore
%
k

*
o k¥
K|

VLI (A.25)

T2

Finally the Lorentz transformation from the h.B.f. to the 1.B.f. is parallel to

B =

the brick wall, i.e., transversal to gh, and corresponds to

110]cos(sh/2) 10
S L T (A.26)
To1 1g1 4k /4

To specify one event completely, five kinematical variables are necessary33. In
the 1.f. one normally uses the energies 101, 102 of the Tepton in the initial and
final state, the angle of scattering of the Tepton 8 and, for example, two angles
(8
recoiling nucleon).

and ¢ﬂ) which specify the direction of motion of the emitted pion (or of the

33 The five particles appearing in electroproduction of a single boson (2 in the
initial and 3 in the final state) correspond to 15 dégrees of freedom, 3 of which
refer to the rotations and 3 to the translations of the system as a whole. Of
the remaining 9 degrees of freedom only 5 correspond to independent variables be-
cause of the 4 relations (A.2) expressing the conservation of energy and momentum.
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The most significant variables from the physical point of view are: the invariants
k2 and s (or W or kL), the polarization parameter e [(A.29)] and the angles e:, ¢:
that define the direction of motion of the pion in the c.m.f. Sometimes instead of
e: one uses t. )

The first three variables k™, s (W or kL), and e completely describe the proper-
ties of the virtual photon. They are determined by the electron channel since they
depend only on 101, 102 and 9]. The knowledge of the two remaining variables requires
the observation of one of the two hadrons in coincidence with the inelastically scat~
tered lepton.

A.3 The Polarization of the Virtual Photon

The polarization of the virtual photon (of nonzero mass: kz) depends on the reference
frame. To clarify this point, let us consider the lepton Breit frame, where the final
lepton recoils with a momentum 1; opposite to the initial one.

In this frame unpolarized electrons give rise to a 50 % mixture of photons with
helicity ¥1 and no population in the helicity 0 state. When, by a Lorentz transfor-
mation, we pass to the c.m.f., the photon acquires the transverse polarization

CIRIE - R e

_ 2Py (A.27)

£ = ’
[A§]2 + |A;{2 Pxx Pyy
and the longitudinal polarization
* 2
e = A, S S (A.28)
L %2 x2 + Y I )
(AT + jAy] Pxx"Pyy k¥

where A? are the components of the vector potential of the virtual photon and Py

is the photon polarization density matrix defined by (B.12). The c.m. reference frame
is shown in Fig. A.3; the z-axis is taken in the direction of the three-momentum of
the virtual photon

zZ = k*,

the y-axis perpendicular to the scattering plane,
St % oo %yl
y =17 x 15 (sin e)

and the x-axis in the scattering plane

A A A
X =Y X 2.
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Fig. A.3. Electroproduction coor-
dinates in the c.m. frame of final

hadrons

The polarization parameter € can easily be expressed in terms of quantities mea-
sured in the 1.f. (Section B.2)

K2 -1

e=|1+2—5 tof (e2)| . (A.29)
K

It can easily be shown that, for fixed values of k2

and W, the parameter ¢ is a
decreasing function of the scattering angle 8, (Fig. A.4).

As shown by (A.28) the longitudinal polarization parameter can be expressed in
terms of ¢, so that, for fixed values of k2 and W, it also decreases by increasing
6].

From (A.16) it follows that the Lorentz transformations from the 1.f. to the
c.m.f. (or the h.B.f.) are parallel to the direction of 5* which has been taken as
direction of the z-axis (Fig. A.3). Therefore, although not a relativistic invariant,
the polarization parameter ¢ is invariant with respect to the transformations from
one to the other of these frames, since, according to its definition (A.27), it in-
volves only the transversal components of the four-vector 5*.

A.4 Kinematics of the Inverse Reaction

In the case of reaction (6.1) considered in Section 6, instead of (A.1), (A.2}, one
has (Fig. A.5)

(A.30)
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g+fj-——sBeh+*

2o 2
a k=3 fm

W=12 GeV

Fig. A.4. Polarization parameter
versus angle of scattering of the

electron at -k% = 3fm™% and W = 1.2
0 30" 60" g0° 120 150 g and 1.3 GeV

Fig. A.5. Inverse electroproduction:
frame of the c.m. of initial hadrons

from the first of which it follows

2 2 o1 0.2 - N
kT=2p +2 (101 102 11 12) =2u + 2101 102 (1 Blﬁzcoselz) z

(A.31)
< 4 19, 1o, sin? (e1,/2),

where 012 is the angle between the two leptons (of opposite charge) present in the
final state. As it appears from (A.31) ku’ in this case, is always timelike (k2 >0).

A kinematical configuration of great interest is provided by the so-called quast-
threshold condition, which caorresponds to imposing, in the c.m.f., that the three-
momentum of the virtual photon be zero

* = 0. (A.32)
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Under this condition (Fig. A.6)

% ¥ _ 40X
15=-11 log = Tgpo
(A.33)
=0 kg = 2Tgp
and the four-momentum transfer
2 2
k= =4 101 (A.34)

reaches its maximum value for a fixed value of 10§. The same quantity can be put in

two forms
7 %2 * * *
AZ - ./ko =G * Py T Pgp = /S - my. (A-39)
4l
A} .
q& ,&1& |T
|
|
| y
o* N\ i
J Fig. A.6. Quasi-threshold condition in the frame of the

c.m. of initial hadrons

Furthermore, if the specification of the final state is made by assigning, besides
the angle 612, the angles 61 between the positron and the recoi]ing nucleon and ¢§
between the reaction plane (def1ned by the vectors pl and p2) and the photon decay
plane (defined the by vectors 1 and 12), at quasithreshold one has

*-0, ¢ =o0. (A.36)
The quasithreshold condition should be introduced with some caution, however,

because where (A.36) is fulfilled, the angle ek becomes indeterminate. A rec1pe
for avoiding this indetermination consists of imposing first ekq 0 and then k = 0.



Appenpix B: The Leptonic Part of the Differential
Cross Section

B.1 The Electroproduction Differential Cross Section

The differential cross section of reaction (1.1) can be written in the form3t
dl,dp, dq
9 1 . (2 T=2t2 M2 o
d%o = z Iijl AP LT 5(p1+k Py q), (B.1)
(2 )54\/ 2. 22 027702710
™ (Pi]l) “H mN
where £' sums over final spin states and averages over initial spin states.
In the o.p.e.a. the transition matrix element is given by
e2 - e? u
Mf'] = ;2‘ U(12) YU U(]l) < pZ qlvplp1> = ’I'('? ]1—1 M, (B.Z)

where Vu is the hadron current and Mu is the physical quantity which we are inter-
ested to obtain from experiments. The cross section (B.1) involves the gquantity

L

2_294 Y
|_4 u\)M
k

7' lMﬁ. , (B.3)

where, for convenience, we define

! ® 21 %
S E-Z Tu ]v’ M“V = ?»Z Mu Mv' (B.4)

L

By standard trace techniques, we obtain for unpolarized leptons

1,2
Luv = ?-k 9, * ]1u 12v + 11v ]2u' (B.5)

From the Lorentz condition k" 1 =0, i.e., 1. =k-1/k_, and kK*L =1L k" = Q.
u 0 - -0 HV [IRY]

4 We adopt the covariant normalization

Wploy> = 260207 s(py -py).
In particular for spinors
uu = 2my,, Wu=2E.
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Similarly, the conservation of hadronic current gives k“Mu =0, i.e., M
and

These relations imply that it is sufficient to consider only space components of
Luv and Muv' With the convention of taking the z-axis in the direction of the vector
kK, we obtain

= M T = L W= 1 - (k) 1, s

0o X X vy z "z
2 (B.6)
= -(1X MX + 1y My * = 1, MZ).
ko

We can include the current conservation factor kz/kg in the lepton contribution
to (B.2) and ignore it in the hadronic part.

The same factor that compensates the elimination of the time components of the
currents can be used for transforming the scalar (or time) part of the cross section
into a longitudinal part. (A similar remark holds also for the terms of the develop-
ment in multipoles of the electroproduction maplitudes.)

B.2 The Density Matrix and the Polarization Parameters

According to the definitions (A.27) and (A.28), we can write

= Pxx”yy . € =__pZ_Z_._ , (B.7)
Paxtlyy L PPy
where the 3 x 3 matrix
1 [« “i2"52 .
i35 (72 Lij (1, = x5y, 2) (B.8)
k kS

is the virtual photon polarization density matrix. The factor on the right-hand side
compensates for the elimination of the time components (in a given reference frame).
To compute Pyx and pyy’ we consider the triangle of sides k, 11, 12 and take the
z-axis in the direction of k and the y-axis perpendicular to the plane of the tri-
angle.
Then we obtain from (B.5)
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where
111

- _ - - 2
1 = ]Zy =0 ]1x = ]2X = TR sin 61.

ly

From (A.4) one has further

’1"2:'“‘%"’
4sin e]
so that
S R 6,/2 -1 8.9
Pyx =2 EE?" g° (84/2)> byy =2 (8.9)

These relations lead us finally to the result
2
K2 o
e=(1-2 —E-tg e]) . (B.10)
k
The quantity € is thus purely determined by the lepton kinematics and it can be
computed in any reference frame using the above general expression. Similarly, using
the

1 1

2
1z ° TR (11 - 12 cos 6]), 122 “TET (]1 cos e] - 12),

one obtains for the z components

2.2
2\ k 2 2
or - © © (8.11)
1 EL(1+€)

Pxz = T T=¢ 7

Thus we finally get the explicit form of the photon polarization density matrix

l+e g (1+e)
=z 0 N7
o= 1—12 0 12—9 0 i (B.12)
g, (1+e)
L
N7 0 e

In order to be convinced that e, as determined by (B.10), represents a measure
of the transverse linear polarization of the virtual photon, one can compare (B.12)
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with the density matrix of real, transverse photons. If the real photon propagates
along the z-axis, 0ij has only x, y components, and for a partially linearly polar-
ized beam of relative strength l4+c to 1-e one has

1
5 (1#€) 0 0
1 1 .
o= 1= 0 > (1-¢) 0 . (B.12")
0 0 0

which is precisely (B.12) as K2 = 0.

The case ¢ = 0 corresponds to unpolarized photons and after (B.10) this occurs for
By =7, i.e., backward scattering. More generally, this configuration defines the
lepton Breit frame. When the Tepton is scattered in the backward direction, since
only spin-flip transitions can produce spin 1 photons, the emitted virtual photon
has to carry off helicity + 1 and is therefore circularly polarized. If, in partic-
ular, the leptons are unpolarized, there is no net photon polarization. The longitu-
dinal photon polarization then arises as a consequence of the Lorentz transformation
from the 1.B.f. to 1.f. or c.m.f.

B.3 The Matrix Elements in h.B.f. and c.m.f.

To evaluate the cross section, although it is possible to read it from the density
matrix, it is simpler first to evaluate the quantity L Muv in the h.B.f. and then
to Lorentz transform it to the c.m.f.

Consider Luv: the vectors 11’2 have components

O? 2)5 (]h, lh cos (e?/Z) coS¢, 1M cos (e?/z) sin ¢, f]h sin (e?/Z)) R
Py

where

h_ 1

Vs -k“ cosec (e?/Z),

~ ~

and ¢ is the angle between the lepton scattering plane (12, 12) and the final hadron
plane.



141

Using the above expressions we obtain

L00 = - %—kz cotg2 (e?/z),

Ly = -5 K [1+ cotg? (8]/2) cos? 4]

Ly = - 3 K2 [1+ cotg? (87/2) sin? o] (B.13)
Lox = Lyo = - % K% cosec (e?/Z) cotg (e?/z) cos ¢,

L,=L, =o.

No other components of Luv are required, since the only contributions to L* Muv
from the symmetric part of Muv contain terms in guv and tensors formed by Py k, g.

None of these vectors has a y-component so that

Moy + MyO = Mxy + Myx = 0.

Hence

MY h L h h

+L (M +M

Luv = bk M Yy "yy * Y00 Moo 0X ‘' oX xo)' (B.14)

The matrix element Muv must be Lorentz transformed from the h.B.f. to the c.m.f.,
which is the most convenient for its evaluation. As already discussed in Appendix A,
such a Lorentz transformation, leading from kE = (0, 0, O, kh) to k: = (kﬁ, Q,0, k*),
acts in the z-direction and leaves unchanged the transversal components. Since

#2 *
k k 2
h X % - 0 * kT %
J, = y(J7-BJY) = - — |5 = -1
0 o 3 3 x 3
KA /e Ko
we obtain
mho L:EE. mx mh_o. EE_. m X
0x KX zx’ 00 e 22
o o
and (B.14) becomes
I
M T+M 2
2 v _ XX Yy 2 ,.h -k * 2 ,.h
S, = [z cots (6"/2)] " g M cots” (07/2) +
0
(B.15)
MMy 2 ,.h x % /oKD h h
+ —5= cotg (61/2) cos 2¢ + (MZx + MXZ) —;;—cosec (61/2) cotg @]/s) cos o.

0
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On thg other hand, evaluating €, given by (B.10), in this particular frame (kg =0,

¢ =),

-1
e=[1+2 1t (efsa)] (B.16)

Since ¢ remains unchanged in the Lorentz transformation from h.B.f. to c.m.f. or
to 1.f., this relation can be used to compute the angle 6? from quantities measured
in these frames.

From (B.16) we obtain

2

cotg (8?/2) = T%E" cosec2

h l+e
(61/2) = ‘1—_E )

which allows us to give L* an the final form

o 2 [ Aom % M Xy X
Luv M .
W % (B.17)

+ ~55?—55»\/2 e (1+¢} cos ¢}

XX yy * XX yy
e + 21 MZZ + — € cos 2¢ +

where the matrix elements M1§ are computed in the centre-of-mass and depend on W, kz,
t (or 9*). The azimuthal dependence on ¢ is, on the contrary, completely fixed and
reproduces the result anticipated in (1.13). (The reason for selecting the explicit
factors sin2 8*, sin 6° in that formula is a mattfer of convenience, related to the
use of the c.m. amplitudes discussed in Appendix C.)

Let us go finally back to the original definition (B.1) for ¢%5. A standard cal-

culation leads to the expression (1.11) of the cross section

o . e 02, 1yt v
d1odogde®  20° 1 ( k?) 1-g do® (B.18)
027 01 ™

where K is the photon equivalent energy [see (A.14)] and we have defined

do *
Y. o d L{L;_L MY (8.19)
o 16w K mH -k wy

The reason for this particular definition is to exhibit a form similar to the
photoproduction cross section for a partially linearly polarized photon beam, which
in the C.M. frame reads

d x X% X
_31:_9_‘9'_1_{%”% "y (8.20)
dqX 167 Jk W 2 2 ’ :

kis

In (B.20), lk| is the laboratory momentum of the real photon and that case |k| = K -



Appendix C: Multipole Expansion

In Section 3 the general electroproduction amplitude has been analysed in terms of
the relativistic invariant functions Mi (i =1, 2 ...8) defined in (3.12) and (3.15).
The functions Mi are connected by the two constraints (3.24) due to current conser-
vation.

Such a decomposition is particularly useful, since most properties relevant for
a dispersion analysis can be simply expressed in its framework. The functions Mi
have indeed simple analytic, crossing and asymptotic properties.

On the other hand, the invariant amplitudes Mi are not particularly suited to
represent the physical constraints due to unitarity which, as discussed in Section 3,
is particularly important in the analysis of low-energy electroproduction. In the
energy region where single-pion production is dominant, it leads to the celebrated
Fermi-Watson theorem stating that for each multipole the electroproduction amplitude
is a complex quantity whose phase is equal to the corresponding pion-nucleon phase
shift.

As a consequence the unitarity constraints become particularly simple and evident
if one uses a "multipole" representation of the electroproduction amplitude in which:
1) One works explicitly in the centre-of-mass ystem.

2) One uses a gauge in which the virtual photon has only space components.
3) The fundamental kinematical variables are energy, angular momentum, and parity.

Our first step will be to exhibit the six independent c.m. amplitudes, functions
of the total energy W and of the scattering angle ©

W=rpgy * kg =Pgp*9dp> Z=c0s8=keg, (C.1)

are unit vectors.

To simplify the writing we shall omit in this appendix the explicit indications
of c.m. variables, i.e., k* > k.
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The conservation law k”j = 0 allows us to work in a gauge in which the polariza-
tion vector € of the virtual photon has a vanishing time component. This can be
achieved by introducing the vector

a =e, - kU £4/Kgs (C.2)

which has components

k.
a = (0,2) = (0, ¢g~k— ) (c.z2")
o]

”"m

u < 15

=~

It will also be convenient to distinguish between "longitudinal" and "transverse"
photons by introducing the transverse vector b
2
-k (ka)/k” =€ - k (ke)/k

o
n
[}

(C.3)
bk = 0. (c.3")

We can now represent the general electroproduction amplitude in terms of the six

invariant function Fn (W, z) defined by the expansion

Mok = B OF I (c.4

w s inon W, z) I 4)
where

I =1 (owb) I, = (3-a)(g-k x b),

=i (@k)(era), 1= 1 (gra)(ba)s (c.5)

I =i (g-k)(g-ﬁ), I, =1 (Q'Q)(E'E)-

From (C.5) it is evident that F,, Fas Fs
transverse photons whereas F5, F6 refer to transitions due to longitudinal photons.

s F4 describe transitions generated by

The c.m. amplitudes F, are related to the invariant amplitudes Mi by the rather
cumbersome relations which can be found in the existing literature.

We mention that the relations among the c.m. amplitudes F and the invariant am-
plitudes Mi involve many kinematical coefficients, which make the analytic structure
of the F rather complicated, because of the presence of the so-called “kinematical
singularities'. Since, on the other hand, the amplitudes Fn have simple unitarity
constraints, the investigation of the combined properties of analyticity and unitarity
becomes rather involved.
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The "structure functions" A, B, C, D introduced in (1.13) to represent the dif-

ferential cross section, namely

do

Hﬁx (W, kz, €, 8, ¢) = A+ eB + &C sinze cos 2¢ +Ve(l+e) D sine cos¢ ,

can now be expressed in terms of the amplitudes F_ (lgl = g, |k] = k)

ky_1 2 2 2 2 * - .
EA-—?-{|F1| + P+ Fgl® + IFo|" + [F3 + Fy["} + cosB{Re F53 F, - 2 Re F] F3)
2 1 2 2 2 2 3 *

- coste 5 {[Fy + Fy|” - [FylT + [F, + Fal® - [F,|71 - cos™6 Re F3 Fy,
Ko _ 2,2 2
qB= (- Kkg) |Fg + Fl® (C.6)
K. x 22 2 -2
gC=cosd Re F3 Fy H[F) + Fyl [F 1™+ [Fy + Fyl [Fol™y

2 1/2
Kn_ * % * *4] (-k
aD_|2 Re [FX (F) + Fy) + Fi (F, + Fy)| + 2 cos & Re (Fy Ff + F, F6)|—(————L—k0 :

We are now ready to perform the "multipole analysis" of the electroproduction am-
plitude, i.e., to expand the functions Fn(w,z) in terms of partial amplitudes re-
ferring to the angular momentum and parity of the final state.
The angular momentum analysis of electroproduction proceeds as follaows:
1) Let us consider the final state, which is composed of a spin - %-nuc]eon and of a
spinless pion of odd parity. To a given value of the total angular momentum j cor-
respond two different values of 1 = j = %u Since the parity of the final state is
(—1)]+1, the two channels decouple because they correspond to opposite values of
the parity. One usually represents the final states by (1+), (17), and the corre--
sponding pion-nucleon phase shifts are indicated as 511-
2} The analysis of the initial state is more complicated because the jnitial virtual
photon is a spin-one particle. One first defines as "multipolarity" X the total (or-
bital +spin) angular momentum carried by the initial photon. Again for a given multi-
polarity, the total angular momentum j will take the value j = X * %u 0f course,
the multipolarity A does not completely define the state of the initial photon, be-
cause there are three independent ways of coupling the orbital angular momentum of
the photon to its spin. One usually starts by separating the effects of longitudinal
and transversal photon. For a given A, a longitudinal photon carries parity (—1)A.
There are two kinds of transversal transitions: electric with parity (-1)" and

A+l

magnetic with parity (-1)""". In summary: in correspondence with a given multipolar-

ity A there are three kinds of transitions: longitudinal (L) and electric (E) with

parity (—1)X; magnetic (M) with parity (-1)X+1.
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The complete kinematics of electroproduction, taking into account parity and
angular momentum conservation is shown in Table C.1.

Table C.1
Final state Phase Initial state Amp1itude
shift P
1=3-1/2 A=3-1/2
M. -
p=(-1)"* - 8- P = (-1 magnetic !
_ (-1)IH12
A=3+1/2 electric E1_
p=(-1)" Tong. -
1=3+1/2 A =3 - 1/2 electric E]+
p=(-1)* - 5 P=(-1  Tong. L+
) 1t
- (-
A=3+1/2
P = (-1))‘+1 magnetic M]+

We have indicated by M]i(W), E1i(W), L]i(W) the multipole amplitudes corresponding
to final states labelled by 1 and j + VD respectively.

Now using projection operator techniques, the invariant amplitudes Fn (W,z) can
be shown to have the following multipole expansion

2 = T (e e 0] Py 001 00+ £0] Py )
0
Fo (W, 2) = ? 1 [(1+1) My (H) + 1M]_(W)] Pi(2),
Fy (4 2) = 5 q][ (i) - ()] Py, p(2) + [Ep-(0) + Mp-(0] Pyy(2) |
3 A 1 141 1 .
F (ws Z) = CZO M +(W) -k +(W) - M _(W) - E _(w)] P']'(z), (C,7)
4 s 1L 1 1 1
Fe (W, 2) = § ¢ [ (1+1) LyalW) Py (2) = 1Ly (W) Pi_y(2)]
o]
o (0, 2) = 11 (b0 = (91) L] Pi(@).
1

From these formulae one can notice that the following multipoles never appear in
the expansions and are therefore not physical:

L. (C.8)

Eg-s Eqms Mops Moo Ly

o-?
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According to the Fermi-Watson theorem M]i, E]i, L]i are complex amplitudes whose
phase is given by the corresponding pion-nucleon phase shift G]t. As a conseguence
of the fact that at Tow energy the important pion-nucleon phase shift is the j = 3/2,

= 3/2 one, the only multipole amplitudes with a large imaginary part are M1+, E1+,
L1+. This fact is at the root of all isobaric and dispersion models.

The inverse relation between the multipoles and the c.m. amplitudes Fi or the
invariant amplitudes Mi involves a projection by angular integration and is a com-
plicated one. Since our considerations in the text refer mainly to the threshold
configuration q = 0, 1 = 0 [see (C.12)], we reproduce here the expression of Eg+s
LO+ at threshold in terms of the invariant amplitudes Mi of (3.15). One has

E0+]th - \} /’"N (M, +\/mN/P2 v M ), (C.9)
E}It = 1 mZ/P2 m v[M + Y-( +M ) - mN M ] -
., N(Z.m-2-+m y VN VM t o2 2 s

v v v <A
-\)[M2+;§(M3+M4)-2mN (M6+;?M7+?M8)+2M5 (1-L)]’

with p? = mﬁ (1-t/4mﬁ), and all kinematical variables must be taken at their thresh-
old values.

An important property of the multipole amplitudes is represented by their thresh-
old behaviour, which can be derived, for instance, from elementary analyticity re-
quirements. One has that

1 11
L 150,
My~ kg Mo k! g 121,
(C.11)
-~ k2ql, ook e,
(except Ll‘ ~ kq).
As a consequence of (C.11) it is easy to obtain that
k 2 k K2 2
aA—> gl 2B =2(-) L +l” . ¢, D —0. (C.12)
q+0 th. 9 ¢-0 ke th. g0

A further interesting fact is the proportionality between longitudinal and elec~
tric matrix elements in the unphysical point k = 0 (in the ¢.m.). Such a relationship
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can be shown to follow from the current conservation requirement and takes on the

form
Tim E]Jr/L]+ =1, Tim E]_/L]_ = =1/(1-1). (C.13)
k-0 k+0

The reader can easily check the validity of conditions (C.13} in the particular
threshold configuration 1 = 0. It is enough to use the expressions (C.9), (C.10) in
terms of the invariant amplitudes. The point q = 0 k = 0 corresponds to v = L
t =0k =md,
m
once that Eo+ = L0+.

and using the gauge invariance constraints (3.24) one ascertains at

To conclude this appendix it may be useful to reproduce the multipole expansions
of the transversal and longitudinal cross section which result after integration of
(1.13) over the pion angles. These are

oy = on 4 E] {1(1+1){1M(m)+|2 " |E(]+l)_12] + 12 (1+1)[[M]_[2 k |E(]_1)+12]}
o = 4 4 g] [a+1)? iL(]+l)_12 + 13|L(]_1)+]2]. (e
Again one finds at threshold that
op > 4w %—|EO+|ih R
’ (C.15)

2
o, » ar () |

An alternative decomposition can be used, which corresponds to a virtual photon
which transverse and scalar components, b and b, respectively (b0 =gy = Ky E}%).

Then a scalar cross section og and scalar multipoles S1i are introduced 1nste§d of

the longitudinal quantities. Sometimes these quantities are used in the text.



Appendix D: Regge Behavior and Gauge Invariance

1) Establishing the Regge behaviour and the nature of the trajectories contributing
for each invariant amplitude Mi(“’t) is a well-known and solved problem whose de-
tails can be found in the Titerature /213/. For our purposes Table D.1 is sufficient,
where we indicate also the relevant leading trajectories. We have included among
them, beside the famiiiar entities w, o, w, the B(JP = 1%, M= 1228 MeV) and the
A2(JP = 2%, M= 1310 MeV) resonances and the {pm) partial wave enhancement Al(JP=l+,

M= 1100 MeV) /214/.

Table D.1.
=) (+) (0)
I1=1, G=-1 I1=0,G=-1 1=1,G=1
o o
Ml N Al-l’ A vaw Vap
o o
M v -1 As-1
2 I Oy 0y-1 9B-1
v Al-z vV V) , v
o3 o
M v,y AZ, o “ o
3.4 vaAI-I v v P v B
Op, - Oy y— Oy
M5 N Ar-1 S 1 e 1
7 P O, Oymr O pym
M6 " Ay 1, v A1-2 o 1 Se 1
G- pq - Gy [
M7’8 \)Azz’vAll \)w2 \)pZ

We can exploit these results to illustrate the mechanism which generates singu-
larities in the t-channel, which correspond to the exchange of physical states of
given mass and spin. We concentrate on the pion case.
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It turns out (see Table D.1) that the pion trajectory contributes to the ampli-
tudes M2(5)4 and, without taking into account multiplying factors, their asymptotic
form is

2 2 ar(t)-1
);wﬁi) (t, k%) o (e)om ()7L, (D.1)
(D.1})

s
_3 ) BT(r3,4) (t, K2y e (t),

AVl

A glance at the dispersion relation shows that, while for the antisymmetric am-
plitude Mé_) there is no need of subtractions, the situation for Mg_g requires some
care. Indeed

fes)

w7 v, t, K2y = ui) 2ol ) ot k8, (D.2)
3.4 38 nucteon T V/. w2 3.4
(o}

[av]

and an asymptotic damping is required for the convergence of the integral. This clear-
ly depends on the behaviour of uﬂ(t) for negative t. Since aﬂ(mg) = 0 one could rea-
sonably expect aﬂ(t) < 0 for not too large spacelike t, so that no subtraction needs

be performed. The situation, however, becomes delicate as t » mi, a (t) = 0. To see

(
™
this more explicity, we isolate the asymptotic region of integration by introducing
a cut-off A. Then one has approximately, for t < O,

A 1 o (t)
5.(8) [ S o)y T B (),
A

<

i
and, as uﬁ(t) + 0, a pole develops, namely

1 1
Gt ot nl) (-

2) . (D.3)
kil
Thus, by suitable normalizing the residue functions B§3’4) (t = mﬁ, k2), the ele-
mentary pion singularity is reproduced without need of introducing it from the be-
ginning. (The same argument can, of course, be applied to other trajectories.) This
corresponds to the idea that in the framework of Regge pole theory there are no ele-
mentary particles but they all 1ie on trajectories.

Finally, coming back to the general problem of subtractions, one can easily verify,
combining the results of Table D.1 with the current phenomenological indication a(t)

< 1 for small spacelike t 36, that no subtractions are required in the framework of

36 On general grounds «{0) = 1 and experimentally /215/

a (0) = &, (0) = 0.5, aAZ(O) = 0.4,
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the simple Regge pole model. In the evaluation of electroproduction amplitudes by
dispersion relations, experts usually do adopt a one-subtracted dispersion relation
for M3S;) (even if in principle not necessary) to improve the slow convergence of
the integral.

2) An interesting point arises when one combines the requirements coming from the
gauge invariance constraint [(3.24)] and from the assumptions of analyticity and
Regge behaviour of the amplitudes.

We first of all notice that when k2 + 0, it is not possible to obtain simple and
general statements such as the Kroll-Ruderman theorem for (soft-pion) photoproduction.
Also the role of kinematical singularities is a 1little more delicate since, for in-
stance, the point g-k = 0 is now in the physical region 37.

Thus one must be certain that, for the sake of writing a gauge invariant decom-
position, no unwanted singularities affect the physical matrix element. This gives
rise to particular constraints among the amplitudes which, when expressed through
the dispersion relations, lead to sum rules.

As an instructive example we proceed to the derivation of a relation between the
form factors FX(kZ) and Fﬂ(kz), which can be considered as the natural generalization
of the universality condition (3.27). Indeed, take the Timit v—+0 at fixed q-k, k2
in the first of (3.24), express the invariant amplitudes via unsubtracted dispersion
relations and select nonvanishing polar contributions; the result is

VI 2) - S2) &gk Mg_)(v',t,kz) . K 2. (0.4

c\ﬁ
=8

Im Mg')(v‘,t,k
]

2
T[’
high-energy tail of the dispersive integral. Since the residues of the pion trajec-

If one goes to the limit t - m>, the pion trajectory must again be selected from the

tory are related to the electromagnetic pion form factor, the final result turns out
to be

2 1 ~(_
9oy [ng) (kZ) - Fﬁ(kz)] = - 2K, J 9¥—- Im [Mé )(v',t=m§,k2) +

D.5
3 (D.5)

(the ~ symbol indicates that the pion trajectory has already been selected).

An indicative estimate of the continuum integral in (D.5) provides for <r12r>1/2

2,172,

a value not very different from the corresponding one for the nucleon, i.e., <rp.>

0.76 Fermi /216/.

37 The physical region for t is t < (kz-mi)(1+mﬂ/mN)—l. Then q-k = 0 requires t =
2

2 . . . . .
mﬂ+k , which is still physical provided k <-m.m (2+mw/mN).
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The existence of a relation between ng)(kz) and Fﬁ(kz) is not suprising, by the

way, if one remembers that the electroproduction generalized Born approximation,
i.e., the sum of all polar contributions, is not gauge invariant by itself, so that
additional terms [the continuum integral of (D.5)] must be present to restore gauge
invariance. For practical purposes, however, phenomenological descriptions are often
used with gauge invariant Born approximations, built ad hoc, which embody the pion
pole term /217/.
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