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Knura, kak BUHO U3 €€ Ha3BaHus, NOCBANICHA PU3HUCCKUM IPUIOKECHUAM TCOPHH
rpymn. B OCHOBE KHHTHM JIeKaT JCKIUH, MMPOYUTAHHBIC ABTOPOM, AMEPHKaHCKUM
¢uzukoM MoptonoM XamepmenieM, UIsl COTPYIHHUKOB OJHOTO U3 KPYIHBIX HAYYHBIX
nentpoB CIIIA—Apronncko# HaruonanbHo#M 1ab6opaTopHu.

ABTOp IOCIIENOBATENBHO U SICHO M3JI0XHWJI OCHOBBI TEOPHH I'PYII M €€ BaXXHCUITUN
Ui TPUIOXKCHUHM  pasnen—Tteopuio  mpenctaBicHuil. Iloxpo6GHo  paccMoTpeHs!
IpUMEHCHHUS. TCOPUH TPYNI K MHOTOYMCICHHBIM (pU3MUCCKUM 3amadaM (CUMMETpHS
KPUCTAJUIOB U MOJICKYJ, MAarHWTHas CHUMMETPHs, aTOMHBIC CICKTpHI, PU3HKa Aapa U
QJIEMCHTAPHBIX YaCTHIl U 1p.). BBOIUMBIC NOHATHS M IPEACTABICHUS M NOIy4acMbIC
PE3yIBTaThl WIIIOCTPHPYIOTCS MHOTOYHMCICHHBIMA IPUMEPAMH, NAIOTCS HHTEPECHBIC
3a1a9H U YIIPAKHCHHS.

Kaura paccumraHa Tmpexae BCETO Ha  CTyACHTOB W aclHMpaHTOB,
CICHUATM3UPYIONINXCA B pa3iIMUHBIX 00nacTsAX TeopeTHdeckod ¢u3uku; oHa Oyner
MONIC3HOM TaKKe I HaydHbIX pabOTHUKOB — (HU3UKOB M XUMMKOB, JKCIAIONIMX
OBIIAJECTh Teopued rpynn. HakoHen, kHWra INpHUBICYCT BHUMAHHE U MATEMATHKOB,
HHTCPECYIOMHUXCS (PU3NICCKUMHU ITPUIOKCHUSIMH TCOPUH TPYIIIL.






NPEJAHCJIOBHUE K PYCCKOMY U3JIAHUIO

Xota ¢u3HYeCKHM NpPUMEHEHHAM TEOPHH TPYNN NOCBAMeHa OOLIMPHAs
JAuTepatypal), OHA JajeKo He HCYEDNaJa BCe Te BOMPOCH, KOTODhIE NpH-
BJIEKAI0T (PM3HKOB H MAaTeMaTHKOB. B nmocaennne roibl MeTOLB 3TOR TeOPHH
CTalH «OGEIYHBIM BOOpYHeHHeM» (U3HKOB-TEOPETHKOB, a YHCAO pabor,
OCHOBAHHHIX Ha TNPHUMEHEHHAX TEODHH TDYMN, H YHCJIO (U3HKOB, BJIAJEIO-
IHX ITHMH METOLAMH, HEYK/OHHO Bo3pacTaeT. Pasnbie (H3HKH, OIHAKO,
1M0- PA3HOMY OLEHHBAIOT BAXHOCTb W TPYAHOCTb PAa3fe/OB TEOPHH TPy,
H HHM OJHAa KHHIa He MOXeT YIOBJEeTBOPHTb BCeX 3aHHTEPECOBAHHBIX
anu. Cpeau KHHMT, BBIMYLEHHBIX B NMOC/AeNHHE TOAB 33 DyOexOM, OIHOMH
M3 Haubo/iee OPHIHHAJbHEIX MO BBLIGODY Marepuana W HanboJsee yNauHeIX
MO0 H3/J0XKEHHIO SABJSAETCS KHHIa M3BECTHOTO aMEPHKAHCKOro ¢H3uKa
Moprona XamepMema. DTa KHuUra noJjb3yeTcs OOJbIIOR NMONYJAPHOCTHIO;
ceflyac OHa CTAHOBHTCA NOCTYNMHOH H B DYCCKOM MepeBole.

B OCHOBY KHHI'M MOJIOMXeHBl JEKLUHH, KOTOpble aBTOp B TeueHHe Dala
JeT YHTa] A8 COTPYAHHKOB OJHOTO H3 KpynHeHNIHX (H3HYeCKHX Hayd-
HblX uweHTpoB CILA — AproHHckofi HanHoHaabHOft 1a60paTOpHH.

Kuura Hanucana ¢u3HKOM M TpelHasHayeHa B NEpBYI0 odepelb 1as
¢usnkos. [losToMy B Hefi He HaNO HCKATL MAaTEMaTHYeCKOH CTPOTOCTH,
3aT0 B HeHl ACHO H3/I0MeHbl OCHOBbl TEOPHH H ONMHCAHBH MHOTHE ee TNpH-
A0keHHa. Tak KaK Meroibl T€OPHH TPynmn CcTanau BecbMa 3¢ ¢eKTHBHBIM
H YAOOHEIM CPeACTBOM pelleHHA IIHPOKOTO Kpyra Pas/iHYHBIX (PH3HUECKHX
3ala4, CBA33aHHBIX C TEMH MJH HHBIMH TIPOABJIEHHAMH CHMMETDHH, TO
KHHra OyleT MoJse3Ha (H3HKAM TOUTH BCeX HamNpas/eHHH.

Kpyr paccmMoTpeHHBIX BONMpOCOB BecbMa OOIIMpeH: CI0JA BXOIAT
OCHOBHbIe TMOHATHA TEOPHH, €€ 3JEeMEHTaDHble TeOpPeMbl, HX MPHJOKEHHS
K TOYeYHBIM TpYNNaM CHMMETDHH, TeOpHA TNpPeLCTaB/eHHH T'PyNMn, 0CO-
6eHHO MOApPOGHO H3/0XeHa CHMMETPHYeckad Ipynna (rpynmna nepecraHo-
BOK), OCHOBHblE pe3y/bTaThl TEOPHH HeNPepLIBHBIX TIpyINN, TeH30pHbIe
NpeICcTaBJeHus, TTOHATHS O TMPOEKTHBHBIX NPeNCTABJIEHHAX H MHOTOYHC/EH-
Hble (U3HUECKHE TIPHAOKEHUS (CHMMETPHA K PHCTAN/IOB H MOJIEKY, MarHuT-
Has CHMMeTpHS KPHCTAANOB, KJIacCHOHUKAIMA ypoBHeHl 9HepPrHH KBAaHTOBO-
MeXaHUYeCKHX CHCTeM, TMpasuaa oTOOpa, paciueneHHe aTOMHBIX YpOBHeH

1) loBoabHO TOAHBLIH CHOHCOK MOHOTpaduil H OCHOBHBIX OG30PHLIX H OpH-
THHAJBMBIX CTaTed Kak MHOCTPAHHBIX, TaK M COBETCKHX aBTOPOB JaH B KOHIE
KHHCH.



6 Ilpeducaosue k pycckomy u3darnuro

B TOJSAX BHYTPH KPHCTa/Aaa, KAACCHGMHKALMA COCTOSAHHH CHCTEMBbl TOX/E-
CTBEHHBHIX WYaCTHR B aTOMHOH (u3HKE, HEKOTOPHIE BOMPOCH AAePHOH
CNEeKTPOCKOMHH).

YuraTeai0-hu3uKy He TPHXOIMTCA TNPeojo/eBaTh JJIMHHYIO Lenb
onpelefeHHii H TeOpeM, OCTaBadCh B HEBEAEHMM OTHOCHTE/BHO TOTO, The
¥ KakuM 06pasoM MOxHO GyAeT BOCMO/b30BaThCA NMPHOOpPETEHHBIM Gorat-
ctBoM. Kaxnoe BBONMMOe aBTOpDOM TNOHATHE W KauAHH MOJyuyaeMbifi HiH
GhOpMYIHPYeMEIl UM De3y/bTaT, KaK TNpPaBHAO, MOJKDPENJAITCA MHOTO-
YHCJEHHBIMH NpuMepaMu. Hepeako, 4ad TOro 4ToObl MOAYEPKHYThb
JLOCTOHHCTBA TOTO HJIM HHOTO MeTOAAa, OJHAa M Ta e npobieMa pemiaetcs
pa3HbIMH  CMOCOGaMH. AKTHBHOMY YCBOEHHIO H3/araeMoro MaTepHa’a
HeMaso CNMOCOOCTBYIOT TakXMe€ M MHOTOYHC/EHHble 3ala4YH H YNPaXKHEHHA.

YuTare 10-MaTeMaTHKY JOCTaBHT YIOBOJAbCTBHE YBHIAETb, «Kak pabo-
TaeT» TEOPHA TPYMNN, W Y3HATb B anmapare, HCNOJb30BAHHOM (H3HKAMH
IJSl pellents pa3iHYyHOro poja 3aj1ad, 3HAKOMbie eMY TeOPEeTHKO-TpyNmno-
Bble METOHBI.

B nocaennee Bpema Teopua TPyNn cTana euie Gojee MOMyaspHOH
B CBA3H C ycnexaMH B 06/JIaCTH CHCTEMATH3aUMH 3JEMeHTApHBIX 4YaCTHL,
NOCKOMBKY TOJYYeHHble BaXXHble pe3y/bTaThl OCHOBBLIBAMWUCH HA TMpH-
MeHeHHax Teopuu rpynn Jlu. CoorBeTcTByOlIME paslessl KHHTH Xamep-
Mella MOTYT CJYXHTb XOpOIUMM BBeJEeHHEM A TeX, KTO HHTEpecyeTcs
S9THMH BOTIPOCAMH.

B kHHre, KOHEUYHO, OXBaueHO [ajJeKO He Bce (MMEHHO 3TO W Jenaaet
ee ynobouutaemof). B neft nHer rpynnet JlopeHua, B Heft HeT cmenuanb-
HbHIX GyHKIHMA, NPHAMDYMBLIA uYWTaTeab HaHAeT M JAPYyTHE TPOMYCKH.
Hekoropbie M3 HHX MOMXHO BOCMOJHHTb NO CMHCKY JHTEpaType, 106aB-
JIEHHOMY TepeBOLYHKOM.

UutaTenb, BHHMATeNbHO M3YUMBIIMH TO, YTO COLEPMUTCA B KHHIe
XaMepMema, 6yneT BMO/He TMOATOTOBJAEH KaK K TMOHHMaHHIO TOTO, KaKHM
00pa3oM HCMOJAB3YIOTCA METOLB TEOPHH TPYNN B COBPeMeHHOH H3HKe,
TaAK H K HX TMPHMEHEHHIO B COOCTBEHHBIX W3bICKaHHAX.

H. Cuopoduncruli
0. Januasos



MPEANCJOBHUE ABTOPA

Ota kHura rpencrtasiasger cOOOR MOMBITKY NOKa3aTh, YTO TEOPETHKO=
TPYNNOBbIE METOAbl MOTYT CJYXHTb HE TOAbKO MPEIMETOM PACCMOTPEHHH,
JAOCTYIHEIX HEMHOTHM TOCBSAMIEHHBIM, HO M YIOOHBIM CPELCTBOM HCCJe-
noBaHud. $1 nuiTanca wu3jaarath CONEP:KAHHEe CTaTefl H KHUT TaK, YTOGHI
clenatb MaTepHal KaK MOXHO 6GoJiee AOCTYNHBIM. Ja1A NMOHHMaHuA 60Jb-
el YacTH TeKCTa He TpeGyeTcd HHKAKHX TNPEABAPHUTENbHBIX 3HaHHHA
TEOPHH TPyNN, HO TpPeANoaaraercd, YTO 4YHTATEJAb 3HAET KBAHTOBYIO
MeXaHHKY.

B OCHOBY 3TOR KHHT'H TMOJOXEHH JeKUHH, KOTOpble B pa3HOe BpeMsd
YHTAAHCh B ApProHHCKOH HaumoHanabHO# naGopatopun. OcHOBHadA yacThb
MaTepHana O KpHCTaanoTpadHyecKHX TpPYyNnax M NoAfSX B KPHCTaaaax
u3naranacb B Kypce Jekuu#, mnpouuraHsom B 1953 r. Hekoropee
H3 BOTMPOCOB, OTHOCAIiHMECA K AlepHOH ¢H3HKe, Pa3bHPANHCh HA JEKLHAX
B 1955 r. B uaekumax 1957 r. paccMarpuBaiace rpynna JlopeHua.
B nactodiefi KHHIe COLEPXKHTCA JMUIbL BBEIEHHE B KDYT BOMPOCOB, CBA~
3aHHbIX ¢ rpynno#t JlopeHua, NOCKO/JbKY 4 NOYYBCTBOBaJ, 4YTO 3TOT
npeIMET HEAb3d H3Jarath [LOMKHBLIM 00pasoM 6e3 moapoGHOTO paccMo-
TpeHHA KBAHTOBOH TeOpHH moOJA.

bBoabliad yacTh OKOHYATeJAbHOTO BAPHAHTA DYKOMHCH OblJa HamHcCaHa
B Lliopuxe B 1958—1959 rr. §1 BecbMa OaarolapeH pyKOBOAMTE/AM
AproHHckolt HallMOHa/lbHOH /1a6OpaTOpHHM, TNPENOCTaBHBIIHM MHe BO3-
MOXMHOCTb COCPeJOTOYHTb BCE YCHJHA Ha 3aBepuieHMH paGOTHl Hal 3TOH
KHHrOf. $1 BBIpaXaio TakXe CBOK 06.1arodapHOCTb COBeTY JIOHHOHCKOro
KOpOJeBCKOro ofmectBa 3a pa3pellieHHe BOCMPOM3BECTH TabaHIbL
(8 t1. 10 u 11), nepBoHauaibHO onyGaukoBaHHbe B Proceedings of
the Royal Society.

DTy KHHTY o MOCBAIAD Moeli xeHe MalenuHe, KOTOpad nepeneyarana
BCIO DPYKOMHCb H HCNPaBHUI2 MHOTO CTHAHCTHYECKHX H TEXHHUYECKHX
oun6oK,

Mopmor Xanepmew






BBEIAEHHWE

Lleab 3TOH KHHUTH --- U3JIOKHTb Te ACMEKTHl TEOPHH TPYMN, KOTOpHIE
HeOOXONHMBl TPH DACCMOTPeHHH ¢u3HueckHx 3alady. C caMoro Hauana
clellyeT CKas3aTb, YTO BCe H3JaraeMble HaMH Pe3yJbTaThl MOXHO MOAYYHTD,
He HCNO/ab3ysl a6CTPaKTHEE MeTOAb TeopHu rpynn. ONHAKO Ha CaMOM
Ielle 9TH HHble «TPOCTBIe» MeTOMBl, NMPeACTaBAdi0T co00# He uTO HHOe,
KAK HeKOTOpble H3 TEOPEeTHKO-TDYNNOBBIX METOILOB, 3aHOBO OTKDHITHIE
¢us3ukaMu. B MNpocTeIX 3amayax TeOPeTHKO-TPYNNOBOH# MOAXOL TaKke
npocr; B 6oJee e CJAOKHBIX 3a1ayaX HCNOJb30BaHHE ero MOWIHBIX
CPEelCTB MOMNET 3HAUMTENbHO YMEHBbUIHTb 3arpathl Tpyla. He caenyer
OTPHLATENbHO OTHOCHTbCA K TEODeTHKO-TPYMNoBOMY (OpManu3My Kak
TAKOBOMY: KO/Ib CKOPO ()M3UUECKHEe HAEH He YNyCKAalIcd H3 BHLY, 3TOT
¢dhopMaau3M NMpPeACTABASAET LEHHOCTh., B HallleM H3/10MeHHH KHHTYHTHBHLIE»
MeTOlbl OYAyT paccMaTpHBAaTbCA HapALy C GoJee abCTPAKTHBIMH.

Sl Hajmelch, YTO M3yUeHHE TEODHH TPYNN MO3BOJIMT YUTATeN0 COCTa-
BHTb TpeiCTaBleHHe O TOM OOWIMPHOM Kpyre ¢u3HyecKHX 3anady, rie
BaXHYI0 pOJb MHIPAIOT TOHATHA CHMMETDHH M HWHBADHAHTHOCTH. Ml
YBHIHM TaKXe, UTO MHOTHe H3 TOHATHHA, KOTOpbI€ MBI CUHTAIH HE CBA-
3aHHBIMH Mex1y co0OH, HanpuMep 4YeTHOCTb, TEH30pHble CBOHCTBa,
CNMHHOD, MOMEHT KOJMHUECTBAa ABHMXEHHA H T. H., AOMyCKAalT eIMHOE pac-
CMOTDEHHE C TEOPETHKO-TPYMNOBbIX MO3HLKHA.

[Tpexae HeM NPHCTYMaTb K H3IOMEHHIO TEOPHH TPYNMN, PacCMOTPHM
HeCKOJ/IbKO TNPOCTHIX TPHMEPOB.

Ypasnenne llpenuHrepa ans ONHOMEDHOR 3a1auH MOXKHO 3amHCaTh
B BHIe

W+ A—Vx)]ue=0, ¢))

rie A-— coOCTBEHHOE 3HaueHHe, u -— cOOCTReHHas dyHKUMA H V (x) — no-
TeHuHal1. B cayyae onnomepHO# 3alaym pelleHHs HOJ/DKHBI OBITh HeBbl-
POXAEHHBIMH, T. €. KaXIOMy COOCTBEHHOMY 3HAYeHHIO A JO/KHO COOT-
BeTCTBOBaTh /HUIb OAHO pewenue # (x). [IpeanonoxuM Tenepb, YTO Haw
noteHuuan V (x) eCTb ueTHasds ¢yHKUHA OT X

V)=V (—x). ©)]

3aMeHsis X Ha — X, Mbl BHIMM, YTO eC/IH « (X) eCTb pellleHHe, COOTBET-
cTByIOIee COOCTBEHHOMY 3HAueHWI0 A, TO 3TO e CMPABELIHBO H IS



10 Bsaedenue

u(—x). B TakOM cayyae OTCYTCTBHe BHIPOXIEHHS TMPHUBOAHT K Tpe6Go-
BaHHIO

u(— x)=cu(x),
T1e ¢— HEKOTOpasd KOHCTAaHTa:
u(x)=cu (— x) = c2u (x), c= *+1. 3)

TakuM 006pa3oM, coOcTBeHHble DYHKUHH « (X) AMGO YeTHH, AHOGO HEUETHBI,
POpMY/NHPOBKY HALIWX pe3yJbTaTOB MOXHO OOOGIUHTb C/AELYIONHM
06 pa3om.

B ypaBnenun Lu =0, rae L —'nuHefiHblfl onmepatop, CBOHCTBA CHM-
MeTpud L (B HalleM cayyae omepartop L He u3MeHsa/acd NMpH 3aMeHe X
Ha — X) NPHBOMAT K KAaccubukayuy pelleHHR u TO TeM Xe CBOHCTBaM
CHMMETDHH,

OTMeTHM Takxke, 4TO CBOHCT3a CHMMETPHH CHCTEMH (T. e, ee TaMHJb-
TOHWAHA) TPHBOIAT K npasuiam ombopa:

J. upxu,dx =0,

eclqH (QYHKUMH #, H U, — 00e YeTHble wiH o6e HeueTHHe; MHTETpan
6ydeT OT/IAHYEH OT HyJSl JMUIb B TOM CJAyyae, €ClH 4, WU U, — GYHKUMH
pAa3JHYHON CHMMETPHH.

DTtoT npoctoffi nMpuMep NOABOAHT Hac K oOweMmy Bonpocy. Kakue
cBoficTBa COOCTBEHHBIX (QYHKUHA CAeldylOT M3 WHBADHAHTHOCTH T'AMHJIBLTO-
HHAHA OTHOCHTE/JBHO Da3/IHYHBLIX OMEPalUHil CHMMETpHH?

B kadecTBe JApyroro TpHMEpa pAacCMOTPHM JABHXEHHE 93/1EKTPOHA
B cepHYECKH CHMMETPHYHOM noje [moTeHuHan V (r) 33aBHCHT TOJBKO
ot r]. VHBapHaHTHOCTb TaMH/JIbTOHHAHA OTHOCHTE/IbHO BpAalUEHHR TpH-
BOIHT K TOMY, 4YTO COOCTBEeHHble (YHKLHH HMEIOT BHI

R(r) Y, 9),

rae Y[' — chepuueckue pynkunn, Kaxaoe co6CTBeHHOe 3HAYEHHE SHEPTHH
XapaKTepu3yeTcd a3HMYTalbHbIM KBAHTOBBIM YHCJAOM [ H HMeeT 2/ 1
COOTBETCTBYIOULYIO eMy coOcTBeHHy0 dyHkumio (m=1{I, I—1, ..., —D).
Knaccudukauuio coOcTBeHHBIX (YHKLHA NMPOH3BOIAT B COOTBETCTBHH
C TeM, KaK OHM BelyT ceba npu BpaieHuax. Ecau V (r) umeer BecbMa
crneunaJbHHA BUI, HanpuMep
Vin=-+,
TO MOXeT CJYYHTbC TaK, YTO pelleHHs C pas/JHYHBIMH 3HAYEHHAMH
coBnanaioT. TaKOe YycHAMBLIeecs BBIpOMIeHHe, Kak Noka3an $ok, npo-
HCXOIHT H3-3a TOTO, YTO TaMWJIbTOHHAH OKa3blBaercd HHBAPHAHTHHM
OTHOCHTE/BbHO GOJiee HIMPOKOTrO KJacca onepauufl CHMMeTpHH, 4eM TMPOCTO
BpallleHHd B TPEXMEPHOM MpOCTpaHcTBe. AHanOTHYHBIA 3 peKT, HMeL Ui
TaKOe e O0ODBACHeHME, MOXET BCTPETHTbCS B Clydae TapPMOHHUECKQTO
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ocuuanaropa. Hanpumep, pemeHus MOryt coBnagaTb NpH CMeLHAIbHOM
BHI6Ope KOHCTAHT B TaMHJIbTOHHaHe. B Takux cJ/ayyadx Mbl TOBODHM
0 «caydaliHOM» BuIpOxIeHHH. [1oL 9THM TOHMMAIOT, YTO BHIPOXKIEHHE
He ABJAeTCA CJeICTBHEM CBOHCTB CHMMETPUM TaMHJIbTOHHAHA, a CBA33aHO
CO CNeuManbHbIM BHIGODOM FaMHJIbTOHHAHA; TaKOe BHIPOXKIEHHE MOXHO
CHATb, He W3MeHAd CBONCTB CHMMETDHH TaMHJIbTOHHAaHA,

HpyruM npHMepoOM CAYyXHT [IBHXEHHE 3JEeKTPOHA B TNOJe C TePHOIH-
YeCKHM TOTeHUHaNOM (BHYTpH MeTanna), [lepuOAHYHOCTL MNOTEHUHAAA
NO3BOJAST HAM ClHeaTb 3aKJ0YeHHd O cOOCTBeHHHX (YHKUHAX, cOBna-
JaloiHe C colepxanueM TeopeMbl bBuoxa, Kuaaccudukauns yposreft
9HEPrHH /JEKTPOHA B KpHCTaaiae OydeT OTAMYaTbCA OT KJ/ACCH(PUKaLHH
HX B CBOOONHOM aTOMe M3-3a OTCYTCTBHA c(epuuyecKoli CHMMETDHH.

Jdaa HaxomaeHua CcOOGCTBeHHBHIX KoOJeOaHMH MOJEKYAH TPHXOMHTCH
peliath CeKy/JsapHOoe ypaBHeHHe. 33 HCKJIIOUEHHEM TNpPOCTeHIIHX MOJAEKyI,
pellleHHe 3TOTO ypaBHEHHA NpelcTaBiasgeT co6oii BecbMa TPYILHYIO 3alauy.
CeoficTBa e CHMMETPHH MOJEKYJB MOXHO HCNOJAb30BaTh AAd TOTO,
yTOOBl CBECTH CeKYJAADHOE YpaBHEHHE K VPaBHEHHI0, DeUIHTh KOTOpOe
60see mnpocto. ToOYHO TaK Ke CBOHCTBA CHMMETDHH MOJEKY/bl JaiOT
BO3MOXXHOCTb TIPOH3BECTH KJAACCHPHKALUMIO ee YpOBHEH 3HEPTHH H BBIBECTH
npaBwia OoTGOpa I/ PasauyHbIX TNPOLECCOB,

I1a cucTeMbl TOXIECTBEHHBIX YAaCTHL TaMHAbTOHHAH WHBApHAHTEH
OTHOCHTENLHO /110060#1 HX NMepecTaHOBKU. B 3amavax aTtoMHOH (DH3HKH 3TO
00CTOATEIbCTBO TIPHBOAUT K KJaCCH(PHKAUHKM YDPOBHEH HEPTHH TO CNHHY.
B 3agayax sagepHOR ¢M3UKH, eCAM TNPOTOH W HEATPOH paccMarpuBath
KaK pa3jHuHbIE 3apANOBble COCTOAHHS OJHOM M TOH Ke yacTHUB (HYK/OHA),
MBl TIO/Iy4aeM JOMO/JHHTENbHYI0 K/aCCHOHKAUHIO YpOBHEH 3HEPruu TNO
«3apa10BOMY» KBAHTOBOMY 4YHCJY.

Haxoneu, noBeneHue BOJHOBBIX YHKUHA TNpH BpalUEHHAX MOXKHO
HCMO/Ab30BaTh TPH pacCMOTPEHHH 3alay O CJA0XKEHHH MOMEHTOB KOJH-
YeCTBa ABHXEHHA W 00 YT/I0BOH KODPe/AUMH MeXKIY YaCTHLAMH, HCIyCKae-
MBIMH B TIOC/IeI0BaTe/bHbIX Npoueccax. Mbl KpPaTKO YNOMAHYJIH HEKOTO-
pble BO3MOXHbIE NMPUJIOKEHHA COOOpPaX(EHHH CUMMETDHH W TEODHH Tpymnm.
[TosnHee MBI paccMOTpMM MX TMOAPOGHO.






rnasa 1

9JIEMEHTDLI TEOPHH T'PYTII

§ 1. CooTBercTBHA M mpeoGpa3oBaHus

Mbl Bce 3HAKOMBI C TIOHATHEM COOMBEMCMSUR, WIH OMOOPANCERUS,
Wmeerca muoocecmso 00sexmos, KOTOpPble Mbl Ha30BeM modkamu. Yucio
HX MOXeT OBITb KOHe4HsM. B 3TOM Clyyae HX MOXHO NEpEeYHC/HTb H
Ha3blBaTb, HaNpuUMep, Tak: ,TOYKH @, b, ¢ — 1A MHOXKeCTBa H3 Tpex
06beKTOB — HJIH Ke: ,TOYKH Py, ..., Pp,* (160 TOuKM 1, 2, ..., n)—
L1 MHOXeCTBa M3 2 006bekToB, OHH MOryt 006pa3oBLIBATL CHEMHOE
MHOMCecmB80 (HAaNpHMED, TOYKH, MOMedyeHHHe LeJbMH 4YucaaMu 1, 2 u
T. 1.) WIH XKe COCTABAATh KOHTHHYYM (Bce TOYKH maockoctd XVY). [lox
omobpajicerue s MHOXKECTBA TOYEK Ha ce0a MBI mojpasyMeBaeM, 4TO HaM
3ajlad pelentT, COTJACHO KOTODOMY Mbl KaXIOH TOYKE p 3TOTO MHOMe-
CTBAa CTABHM B COOTBETCTBHE €€ 06pa3 — HEKOTOPYI TOUKY p’ H3 TOTO e
MHOXeCTBAa. Mbl roBOpHM, 4TO p’ ecTb 06pa3 p npu omobpaxcenuu M.
CHMBOJIMYECKH 3TO 3aNlHCHIBAETCA B BUIE

p>p. wm p'=Mp. (1.1)

MoxHo ckasatb, 4T0 GOpMyan (1.1) SKBHBaJNEHTHH C/AeLyOILEMy YTBep-
kneunio: ,Oneparop M, nefictBys Ha o06GbeKT p, NepeBOLHT €ro
B 06bekT p’“. Jl19 KOHEYHOTO MHOXECTBa TOYEK OTOGpPAxeHHe MOXKHO
onucatbh NMyTeM Mepeuyuc/eHHa BCeX TOYEK H WX 06pas3oB; HanmpuMep, AJs
MHOXeCTBa W3 TpeX TOuYeK @, b, ¢ Mbl TroBopuM: oTOGpaxeHue M nepe-
BOIMT TOYKY a B ee o6pa3 b, Touky & —B ee o6pa3 @ H TOYKYy ¢ —
B ee 00pa3 ¢. Bce 970 MOXHO 3anucath C MOMOMIBIO CHMBOJIOB:

a—b
M={b—>a

cC—>C

(1.2)

IpyruM Bo3MOXHbIM OToGpamenneM M’ morao 6wl GbiTh OTOOpaXKeHue
a—>a
M={b>ay. (1.3)

c—>a

Ilna 6eckOHEUHOTO MHOXeCTBA TOYEK ONHMCaThb OTOOpaXkeHHe MyTeM TNepe-
UHC/JAEeHH HeBO3MOXHO. DBMecTo 9TOro Mu 3amaeM @YHKyuorarsHoll
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3aKkon (uau peuent) naa oroGpaikenns M. Hanpumep, MoxHo paccma-
TPHBAaTh MHOXECTBO TOYeK Ha ocH X u oroOpameHne M, 3apaB aas Hero
3aKOH:

x>x'=x-42

T. € KaOXAYy0 TOUKy, 4TOGH MOJMyuHTh ee¢ 00pa3, caelyer CABHHYTb Ha
IBe eJIHHHUH BMpPaBo.

Ecin Mp= M’p nna Bcex Touek p, 10 IBa oToGpaxenna M u M’
HEKOTOPOTO MHOXeCTBa TOYeK cosnadaiom. Q6patHo, ecau M= M’, 10
Mp=M'p naa Bcex Touek p. OJHMM YACTHHIM, NPHYEM BAXHEIM BHIOM
oTo6GpaXkeHHs ABAfAeTCa modxcdecmsenroe omobpadscerue [, xoropoe
KaXIYI TOYKY MHOXeCTBA TNepPeBOIMT B ceba: [p = p. QrobpaxeHus
MOXKHO BHITIOJHATD NMOC/Aed0BaTenbHO: ecan M nepesonut p 8 p’ (p’ = Mp)
u M’ nepesomur p’ 8 p”’ (p"=Mp’), 1. e.

pr=Mp =M (Mp), (1.9
TO MK 3anuHuieM Td4aKoe€ OTOﬁpa)KeHHe B BUlIe
pr=MMp. (1.4a)

WNHaye roBops, CYWECTBYeT OJHO-eIMHCTBEHHOEe oToGpa)ieHHe (Ero Mhl
o6o3HauaeM M’M), KOTOpOe TNPHBOOMT K TOMY e DPe3y/bTaTy, 4TO H
NOCAeI0BaTeNbHOE BhNOAHeHHe oTtoGpaxienut M u M’. Ecau npu Benod-
HeHHH TIOC/AeIOBATeNbHOCTH OTOGpamenuit M;, My w T. 1. Mbl BBeleM
COOTBETCTBHS
p—o>p —-p ...,
pP=Mp, p'=Mp, p"=Myp", ...,

TO

P = Mz (Myp'y= M3 (My(M,p)) = M3My (M, p) = M;M;M, p,
T. €. omoGpascerus YIOBAETBOPAIT ACCOUUAMUGHOMY 3AKOHY.

B nameM mnpuMepe ¢ TpeMsa TouxkaMu [cdbopmyan (1.2) u (1.3)] oro-
Opaxenue M'M osnayaer

a—b—a a—a
b—>a—>a;j=1b—a;. (1.5)
c—>Cc—>a c—>a

Ecan 6bl Mbl BBHIMOAHAMM OTOOpa)keHHWd B OOpaTHOM TOpAAKe, Mbl
noayuuau 6ul otobpametne MM’

a—>b
b—>by¢, (1.5a)
c—>b

Tak ytro MM’ £ M’M. Takum o6pasoM, Komno3uyus, wia npoussede-
Hue, omo6padceru NPUBOIUT K pesyabrary, KOTOpHH, BooOLLe TOBOPS,
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3aBHCHT OT TMOPANKA BHINOAHEHHd OTOOpameHui. QTOOpaXkeHHs ABASAIOTCA
HeKOMMYMAMUBHbBLMY OREPAUUA MU,

Hac 6yayr MHTepecoBaTb TOJBKO B3aHMHO OJHO3HAauHble OTOGpaXe-
HUSl, WIH Npeobpa3eBanus, T. e. Takue OTOOPaKeHHdA, NPH BHINOJIHEHHH
KOTODHX HHKaKHE JBe TOUKM MHOXECTBAa He HMEIT ONHHAKOBEIX 00pa3oB
M Kawjaasd TOuka p’ MHOXKECTBA CayxKHT 006pasoM OIHOH (M mo.ubKo
onxo#l) Touku p. Otob6paxenne M B (1.2) 6HAO B3aMMHO ONHO3HAYHBIM,
B TO BpeMa Kak otobpaxceHne M’ B (1.3) B3auMHO 0JHO3HAYHLIM He GbLIO.

Ecn 3a1aH0 HEKOTOpOe B3aHMHO OJHO3HAUHOE OTOOPaXKeHHE, TO MOXHO
HaliTH o6pamuoe 0TOOpaKkeHHe, KOTOPOe YHHUTOMXAeT JeHCTBHE NEPBOTO.
HanpuMep, ecau npeobpasosanue M nepesomut p 8 p’ (p’ = Mp), 10

-1 4 ~1 7/
o6patHoe npeo6Gpasosanne M~ mepeBoauT p B p (p=M P ) B arom
cayuae

pr=Mp=MM"p,
OTKY 1a )
MM = (1.6)
H
-1 -1
p=M p =M Mp,
TaK 4TO
M M=1.
Hanpumep, npeo6pazoBaHueM, 06paTHEIM Npeobpa3oBaHHIO
a—>b
M={b—a s
c—>c

ABAFETCA
a—b

-1
M =yb—ag;
cC—>C

c/leloBaTenbHO, B 3TOM caydae npeoGpa3oBanue M cosnajfaetr co CBOHM
06 paTHHIM.

Jlerko HaliThH npeo6Gpa3oBaHne, oOpaTHOe NpoOU3BelNeHHIO Npeobpa3o-
Banufi. Jlaa oto6paxenntt M u M, durypupyomux s (1.4),

p::M—IpI, p’::M,—Ip”, p=M—IM'-Ip”
TdK 4TO
MMy T=mm (1.7)

Ca0oBaMH 9TO MOMHO BBIPA3UTb TaK: npeobpas3osanue, o6pamuoe npo-
u3sederuro npeobpa3osaruli, NMONYUYHTCA, €CHH BLINOJHATL o0pamrbie
npeobpasosanus B o6pamroxr mopanke. Huxe npusordrca NpHMephf
npeo6pa3oBaHuit, )
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Mpumepun

1. Mepecmanosrku. MHOXECTBO M3 n AIUMKOB (TOYEK) NMepeHyMepo-
BaHO uucaAaMu oT 1 10 n. Kamabii SIMK CcOLepXHT KakoH-TO OMdUH
npeaMeT. 3aTeM NpeIMeTH M3 OLHHX ALIMKOB NEpeMemaioT B APyTHe TaK,
YTO CHOBa B KaX/IOM H3 A FIHKOB HAaXOAHTCA MO ONHOMY TMpeIMeTy.
Hanpumep, ecan mnpeamer paHblte HaXoQWACH B dAuuKke 1, a Temepp OH
HaXOAMTCA B AlKe 3, Mbl CKaxeM, 4TO 3 ecTb 06pa3 1 NMpH TaKOM Npe-
06pa3oBaHnH, PaccMOTpHM KOHKDeTHBIH MpHMep MHOXecTBa M3 4 AUUKOB.
[TpeaMeTsl B 9THX AMKAX ObLIM liepecTaBJeHbl Mexay cOOOR Tak, 4To
collepMMOE fAllMKka 1 Nepewino B AIUMK 4, COdepHUMoe fIHKA 2 —
B fAIHK 3, COLepHMOe fAllHKa 4 — B AIHK 2 H codepKuMOe AlnKa 3 —
B Ak 1. 310 OTOOpaxeHHe 3aNHCHIBAETCA B BHIE

1—>4
23
452
31

MoxHo cKaszath, yro Hawe npeoGpa3oBaHHE CBOIMTCH K nepexody oT
OMIHOTO YNopAdoHeHH020 pacnosoxcerus uucen 1, ..., 4 k ILpyromy
ynopaaoueHHOMY pacnoJfioxenuy. Takue npeo6pa3oBaHHA HA3LIBAIOTCA
nepecmanoggamit. OAHO U3 OOWenpHHATHX 0003HaueHH# 414 nepecrta-
HOBOK COCTOHMT B TOM, YTO MOA Kax/IbiM TNpPeIMETOM NOAMHCHIBAIOT ero
obpas npu 3TOM Tnpeobpa3oBaHuu., B sTux 0603HAYeHMAX HAll TMpPHUMep
cne10BaA0 Ovl 3amucaTh Tak:

1234

4312 )"

Yucaa B BepXHell CTpOKe Mbl 3anHcajd B eCTECTBEHHOM MNOpAlKe, HO
9TO He OﬁﬂSaTe.’IbHO; Ty XK€ NEpPeCTaHOBKY MOXHO 6b110 OBl 3amMHCaThb

H B BHIC
1324 4213
4132/ " lozq1)-

JToCKO/IbKY COOTBETCTBHA MeXIy TNPEAMETOM H ero 06pa3oM COXPaHSTCA
OJHHMH H TeMH Xe, 9TH pa3/HuYHbBIE CNMOCOOB! 3aNHCH MpPelCTaBSIOT OJHY
H Ty e NepecTaHOBKY.

Hamum npumepoM clyuT NepecTAHOBKA YeThipeX CHMBOJOB, TOITOMY
MBI TOBODHMM, UYTO OHA fBJASETC TNEPeCTaHOBKOW cmenenu 4. Mbl Mor-
JAM OB BHIMOJHHTL W IpyrHe TMepecTaHOBKH YeTbIPeX CHMBOJIOB, HATDH-
Mep Touka | Moraa Gkl uMeThb B KauectBe ofpas3a Touky 1, 2, 3 wan 4.
Torga nna Bei6opa o6pasa TOUKH 2 OCTanoch 6Bl TOJBKO TPH BO3MOX-
HOCTH, YTO B CBOK Ouepelb OCTABHIO O TOMBKO [BE BOSMOXHOCTH
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aaq BhGopa o6pas3a TOYKM 3, H, HAKOHel, HMeJach Obl TOMbKO OfHA
BO3MOXHOCTb Aad BbiGopa oOpasa Touku 4. TakuM 06pasoM, Cylllect-
ByeT 4 -3-2.1=41=24 nepectaHoBkH cteneHd 4. AHaNOTHYHO, UHCIO
NepeCTaHOBOK /1 CHMBOJIOB, T. €. UHCJO NePecTaHOBOK CTEMEHH 1, PaBHO n!

2. llaparsreavrvie neperocst. TOuku npaMoft 0003HAYEHB KOOpIH-
Hatofl x. [IpeoGpa3oBaHue COCTOMT B CIBHIe KaXIOH TOUKH HAa [Be
e/IMHHLBl BNPaBo:

x—>x'=x-12

3. lpoexmusnsie npeobpasosanus npamoli. TIpoekTHBHBIE Npeol-
pa3oBaHHA TOYeK OCH X ONperensioTCS C NMOMOLBI0 COOTHOMIEHHS

x—>x', x'=—g—1—~dﬁ, rne ad — bec+0.

3adaua. [BoliHOoe OTHOLIEHHE YETbIPEX TOUEK Ha TNMpAMOH omNpeaeaseTcs
KaK
(1 — X}/ (X3 —x3)
(x6r — xg) /(23— )’

TAE X[, Xy, X3, X,— KOOpAMHATHl ueThbipex Touex. [lokaxuTe, YTO ABOlHOE
OTHOLIIEHHE UHBAPUAHMAHO OTHOCHTEJbHO TIPOEKTHBHOTO TpeoOpa3oBaHus,
T. €. JABOHHOE OTHOIIEHHE, BBIYHCJIEHHOE Jif OGpa30oB TOUEK, UMEET TOT XKe
BUJ, UTO W JJH MCXOAHBIX TOYEK.

MMpuMmepnb (npodorsicernue)

4. TlepecTaHOBKH CTeNeHH 7 MOMHO TaKe pacCMaTpHRATh KaK Cre-
UHaJbHble AUHelinble NPeoOpa30BAHUR 8 N-MEPHOM NPOCMPAHCMEe.
Touka, v-4 KOOpAHHATA KOTOpOH ecTb X,, oTOOpaxaercda B TOYKY, Yy KO-
Topoll p,-1 KoOpAHHaTa (OTHOCHTEIbHO TeX e KOOPAMHATHEX oOcef)
ecTh X,, Tae p,—o6pa3 v NpH nepecraHoBke. [lepecTanoBka HMeer

BH]I
(1 2 ... n)
PL Py--- P’

COOTBETCTBYIOIee efi MpeoOpa3oBaHHe KOOpAMHAT 3anaeTcd (GOpMyaaMH

4

x' =x,
1 1
[ —

X, ==X,

x =x
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Hna wacTHOrO cayuast, PacCMOTPeHHOro B MpHMepe 1, COOTBeTCTBYIOILEE
npeo06pasoBanHe KOOPIMHAT MMeNO Gbl BHI

X, = x"i,
X,=Xj,
Xy=X],

= X,.

5. JTunedlinvie npeo6paszosanus 8 n-mepron npocmparcmase. [peo6-
pa3oBaHus, PACCMOTPeHHble B NpuMepe 4, ABAAOTCA YACTHLIMH CJIY4YadMH
AuHe#HbiX mpeoOpa3oBanuit B n-MepHoM mnpoctpaHcTse. [Ipu dukcHpo-
BAHHON CHCTeMe KOOPIMHAT JMHeHHOe MpeobpasoBaHue OTOOPAKAET TOUKY
C KOOPIHHATAMHM (X|, ..., X,) B TOUKY C KOOPIHHaTaMM (X7, ..., x.)
rie BeJdHuHHbl X' 3a1a0TCA COOTHOLICHHAMH

x)= Za,,x, (=1, ..., n. (1.8)
j=1

B 3Tux JuHefHbIX ypaBHeHHAX 7% KOS(QQUUHEHTOB a;; 06pasylwT KBal-

patHyio Ttabauuy — mampuyy a npeobpasosaHHa. Y npeoOpa3oBaHHus
(1.8) 6yner oOpaTHoe, ecCiau onpedesumend MATPHUB A OTJIHYEH OT
HY/Sl, T. e. eClH a — Hesupoxcoennan Marpuua. Ecam Becaen 3a npe-
o6pasobanueM (1.8) Mbl BbIMOJAHWM BTOpOE NpeoOpasoBaHue

x;’=2b X (=1, ..., n),

TO Pe3yJbTHPYIOWHM Npeobpa3oBaHueM (NpoH3BeleHHeM Npeobpasosanui)
Oynetr npeobpasosatue

21),] L= 21),] za x,= 2(21),] 1k>xk. (1.9)

=1

U3 (1.9) Mbl BMOMM, 4TO OIHO npeoOpa3oBaHHe, TNO3BOJA0LIEE COBEp-
IIHTh TEPEXOl HeMOCPeACTBEHHO OT X M X", 3ajaercd paBeHCTBAMH

n
;= 2 CipXes
E=l
rie

n
c¢k=j211b1jajk ¢ k=1, ..., n. (1.10)
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Pasenctso (1.10) 3amaer npaBu/o, MO KOTOPOMY CJelyeT KOMOWHHPO-
BAaTh 9/7eMeHTH MaTpuu b W a,uTOOH NOAYUHTb npou3sedenue mampuy c:

¢ =bha. (1.11)

[MocnenHee paBeHCTBO CHAYXHT CHMBOJIHYeCKOH 3anucbio n? paBeHCTB
(1.10). CootHowenue (1.8) MOMHO TaKke 3anHucaTh B CHMBOJHYECKOM
suge. Koopaunatel Xy, ..., X, MOXHO paccMaTpHBaTb KaK 3/JEMEHTH
MaTpHlbl, UMeOltell n CTPOK H 0dur croabew:

x=| - |. (1.12)

TouHo Tak e MoxHo 3anmucath W X', Torma pasedctso (1.8) mnpumer
BHI

X’ = ax, (1.13)
a aaa obparHoro npeoGpasopanna OyneM HMeThb
x=a"x/, (1.13a)

rie a~!—wmarpuua kosdduuuentos 00paTHOro Npeolpa3oBaHus.

§ 2. I'pynnu, OmnpepesieHHst U NpPHMEpH

[Tox rpynnott npeo6pazosanuit G M TOHHMaeM COBOKYMHOCTBb NMpeobpa-
30BaHMM 3a[1aHHOTO MHOXECTBAa TOYEK, KOTOpasd YAOBJETBODAET CAeldylO-
UM Y CJOBHSM:

1) comepxut TOXIecTBeHHOE mNpeoOpasoBaHue;

2) BMecte ¢ KaxabiM Tpeol pasoBaHnem M comepmuT Takme H 006-
patHOe eMmy npeo6pasosaHHe M

3) eciu colepxut npeobpasosadua M u M’, T0 COLepHHUT Takxe
u ux npoussenesue MM,

EBkaunoBbl NBHKeHHA (IBHXXEHHS TBEepIOTro TeJa) B OOBIYHOM TPO-
CTpaHCTBe 00pa3yioT rpynny; MHOMXeCTBO BCeX n! NepecTaHOBOK n TO-
yek 00pasyeT Tpynny; [BHXKeHHA PABHOCTOPOHHETO TPEYTOJbHHKA, COB-
Mellaolue ero ¢ caMuM coboft, obpasyioT rpynny W T. L.

Ecnmu Toukam MHOXecTBA H mnpeoO6pa3oBaHMAM He TPHIABATH HHKa-
KOTO KOHKPETHOTO HArJAfAHOIO CMBIC/]a, TO % NMOHATHA TPYMNMNbl Npeob-
pa3oBaHuf Mbl MpuIeM K MOHATHIO a0CTPaKTHOH TpYNIbI,

A6cmparxmnuan epynna G — 3TO MHOXeCTBO 3.4eMeHmMos a, b, ¢
H T. X., L19 KOTODHX 3aKOH KOMIO3HLHH, WM ,yMHOXEHHE®, 3a]aH TaK,
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uTO ,Npou3sedenue’ ab moBLIX IBYX 3JeMEHTOB BNOJHE Olipele/ieHO H
YAOBJETBOPAET CJAeLYIOIHM YCJAOBHAM 1): .

1) ecin a M b — 3/eMeHTH MHOXeCTB3, TO M ab TakXe npHHalne-
HHT STOMY MHOKECTBY,

2) ymHOXeHHe accoduamusgHo, 1. e. a (bc)= (ab)c;

3) MHOXeCTBO COIEPXHT SJIEMEHT e, Ha3biBaeMblli eduHuyeld, Takof,
YTOo @e=ea=a 1a1 mMoOOro 3/jeMeHTa 4 M3 MHOXKECTBa,

4) ecnu 3/7eMEHT 4 NPHHALJIEKHT MHOXKECTBY, TO CyLLeCTByeT OSJe-
MeHT b TakoH, uto ab=ba=e. Dnement b HasuBaeTcAd oOpamHsm
I 3NeMeHTa a W ofo3Havaercd b=a~l,

Xord rpynnoByi0 OMepauMi0 Mbl YaCTO Ha3blBaeM ,YMHOXEHHEM®, H3
9TOT0 OTHIOAb He CJelyeT, YTO STA ONepalMss ABAAETCA OOLIYHBIM YM-
HOXeHHeM., MHOXeCTBO palUMOHA/JLHLIX YHCead (32 HMCKJAIOYEeHHeM HY.Jis)
o6pasyer rpynny no o6biMHOMY yMHOXeHHI0. COBOKYNMHOCTb LeJBIX YH-
ceql (MOMOKHUTEIbHLIX, OTPHLATEJbHBIX W HyJasd) o0pasyeT rpynny, eciu
Tpynnoeofl omepauuell CcilyXHT 0ObIYHOe CJaOXeHHe. llaxe B 3THX npH-
Mepax Mbl MOJb3yeMca He aGcTpaKTHOH rpynnofi, a KakuM-iu60 KOHK-
peTHLIM NpHMepOM (,peannsaunedi“) abcrpakTHo#t rpynnui. Cmpyxkmypa
aGcTpakTHOM Tpynnbl ONpelde/iseTcsl 3alaHHeM pe3yabTaTa ,yMHOXeHHA“
KaX10# ynopalouyeHHOH napbl 3/eMeHTOB JHOO myTem MNepeyHCleHHd,
anbo e nyTeM YKasaHHsa (DYHKUHOHAJIbHOrO 3aKoHa 6e3 Kako#t Onl TO
HM ObJI0 KOHKpeTH3alUun NPHPOIbl 3/EeMEHTOB,

loBopAT, uTO ABa 3/eMeHTa a W b rpynnul Kommymupyom Kpyr
¢ Ipyrom, ec.u

ab = ba, (1.14)

T. €. €CIN WX NpOM3BeleHHe He 3aBHCHT OT MOPAAKAa COMHOXHTeeH,
W3 akcnoMm Tpynmnel Mbl BHINM, YTO eOUHUHHbLE SINEMEHT € KOMMYPLU-
pyem €O BCEMH 3JeMeHTaMHM rpynnsl. EcaM BCe 9/1eMeHTH HEKOTOpOH
rpynnsl  KOMMYTHPYIOT IpPyr ¢ ApyroM, TO TOBOpAT, YTO 3Ta Tpynna
KoMMYMamusnas, win abesesa. Jlng aGeneBbix Tpynmn B KayectBe
cHMBOJA 1719 0003HaueHHd TpynmnoBOoH onepauuM MO TpaAHUMK HCMOJb-
3yioT 3HaK ,-}“. B Takux rpynmax ,npoM3BeleHHe‘ 9/eMeHTOB a M b
sanuceiBaeTcd B BHIe a—+b (mam b a), cumBoa O ucnoabsyercd AJs

1) Ha caMoM peJse npHBOAHMMbIE HHIKE AKCHOMBI M3GBHITOUHBI; aKCHOMBI 3 H 4
MOXHO 3aMeHHTb 6oJee caabbiMH TpeGoBaHHAMH:

3’) MHOXECTBO CONEPHHT 3JEMEHT ¢, Ha3biBaeMuH 480l eduruyeil, Taxo#,
4TO ea = a Ans JI06Oro 3JeMeHTa ¢ M3 MHOXECTBa;

4’) eciu @ NPHHAAJEKHT MHOKECTBY, TO CYUIECTBYET 3JEMEHT &, TaxoH,
4yTO ba = e, rie ¢— neBas eNMHHIA, OnpenesenHas B 3'. JieMeHT b Ha3blBaeTca
Ae8biM 00 pamHubiM I8 BJEMEHTa @ OTHOCHTEJAbHO JIEBOH eIHHHIH e.

Uurateio, AJ8 KOTOPOro CKa3aHHOE NPEJCTaBJsET HHTEpec, CJel0BaJo Obl
N0KAa3aTbh, 4TO JeBas eAWHHLA ¢ B akcuoMe 3’ sBJAETCS TAaKKe U NPaBOH enu-
HHUEH, T. €. @€ = @, U ONpPENeNAeTCd ENUHCTBEHHHM O6Pa3OM H HTO BJEMEHT &
B akcHoMe 4 fBasieTCs TAKKE M INPaBbIM OOGPAaTHHIM JJA 3JeMeHTa a (ab = e)
U N0 3JEMEHTY a omnpeneisercd onHodHauHo, Takum o6pa3oM, akcHoMH 3 H 4
creayT u3 6oJee caabbix TpeGoBanu#t 3’ u 4’.
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0003HauYeHNs] EIHHWYHOTO 9JeMeHTa, a 9JeMeHT, OOpaTHHH 1ad 3Je-

MeHTa @, 3anHUChiBaeTcd B BHIAe (— @) M HA3LIBAETCS NPOMUBONOAONCHOIM,
Yncao sneMeHTOB B IpyNMe HasbiBaeTCd N0PAGKOM TPYMMLL.
Bui6paB NpoH3BO/LHLIA 34eMeHT @ rpynnbl G, Mbl MOMEM COCTABHTBb

NPOU3BeJeHUs @ ¢ caMHM COOOMH, HampuMep NpOH3BeleHHe

aa,

kotopoe o6osHaunm a2, TouyHO Tak Xe MOA a4° Mpl GydeM MOHMMATh
9/1eMeHT, [OJYYMBLUMHACA NPH MEPEMHOXEHHH 1 3JEMEHTOB, KaWIbiH H3
KOTOpHIX paBeH @, Bsoaa cumBoa a~! A48 s/eMeHTa, 06paTHOro @, Ml
MMeaW B BHAY HMeHHO 3TH o0o3Hauenud. Hanpumep,

a~l.ga=e=2a0
AHAJOTHYHO MOXHO ONnpeneJuTh OTpHLATE/bHbIE CTCNEHH a
- - -1
am=(a" )" =(am)~", (1.15)

npuyeM MNOCAeIHHMR mar B STHX NpeoOpasoBaHHax BoiTekaer M3 (1.7).
[OBOpAT, YTO @ —- 3/eMeHT (eCKOHE4H020 NOPAOKA, eClIH BCe CTeleHH
9/7eMeHTa @ pa3anyHel. Ecian ke pen0 0OCTOMT HMHAue, TO, BO3BOAA 3Je-
MEHT @ MOC/Iel0BaTeNbHO B cTemewn 1, 2, ... M T. 1., Mbl Hafigem ABa
ueJabX yucaAa r U s (r > §) Takux, 4TO

a’ = aq*.
YMHOXHB HAa a~$, MOJyuMM

ar—sS—e, r—s>0,

I'Ipennonox(HM, UYTO n — HaAUMEHbIIEE LEJ0€ MOJOXKHTEILHOE YHC/A0 TakKoe,
ytQ Q" paBHO €IHHHLE, T. €.

at=ce, n>0, (1.16)

Hecin a¥k=e, R>0, T0 kR >n. Mbl roBOpHM, UYTO 3/EMEHT & eCThb
9/IeMeHT nopAdka n.
Ecin @ — anemeHT n-ro nopsika, TO BCe 3JEMEHTD!

a®=e, a, a2, ..., a*1 1.17)

pasanunb (60 ecam a'=as, 10 a’~*=-¢e, npuyeM r—s < n). Cne-
JOBaTe/NbHO, /M106as Apyras CTeneHb 3/JeMeHTa @ paBHa OJHOMY H3 3Je-
MeHTOB, Nepeunciennbix B (1.17). Beskoe uenoe ynciao A MOXHO 3anu-
Catb B BHIE
kR=sn-{t¢, 0Lt <,
OTKyZa
ak=asn+t=asnat=(an)3at=at.

V3 sToro paccyxieHus Mbl BHIHM, 4TO €CJH ak=e, T0 R KparHO n,
I'pynna nopsaka 1 colepXHMT OIHH 3JIeMEHT — eIHHHLY e: ee=e.
[pyuna nopsaaka 2 COLepXHT 1Ba PasiHyHbIX dSJeMenra. OXnuM M3

HUX JOJXKHA ObITb eIMHHUA e, BTopofi sneMeHT HasoseM a. Toraa
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aa (= a®) He MOXKeT COBMAaJaThb C 9JeMeHTOM g, TaK Kak w3 al=—g
cineayer, uTo @ = e, [109TOMYy MO/KHO BHIMOMHATLCA PABEHCTBO a2 = e,
T. €. SJeMeHT 4 COBMajaeT cO CBOMM OOGpaTHHIM 3/JeMeHTOM a=a"l,
Huxe npuBoadTcs npuMeps! rpymm BTOpOro MOpsaka.

[Tpumepwn

1. BDnementamm cayxat uenble uncaa 0 u 1. [pynnosoft onepaunefi
BJAETCA CJAOXKEHHe MO MOAYJAI0 2, T. €. Mbl CKJaAbiBA€M 9/E€MEHTH H
GepeM OCTATOK OT Je/eHHs MX CYMMbl Ha 2:

04+0=0, 0+1=140=1, 141=0,

2. DneMeHTH Tpynnsl — npeo0pa3oBaHUA TOYeK TPEXMEPHOro Mpo-
CTPaHCTBA. JJEMEHT e — TOXIAeCTBEHHOE NpeoGpa3oBaHHUE, S/MeMEHT g —
npeoGpasoBanie, 3aMensiolllee KaXJIyld TOYKY €€ 3epKAIbHbLIM OTpaxe-
HHEM B HeKOTOPO# JAaHHOH NAOCKOCTH (HAanmpuMmep, B MJAOCKOCTH Y Z),
TaK YTO @ HM3MEHsdeT 3HAK KOOPIHHATHI X KaMIOH TOYKH.

3. To xe, uTO M B nMpHMepe 2, HO Tenepb @& — HHBEPCHS OTHOCH-
TeNbHO HAuana KOOPIMHAT (T. €, @ 3AMEHAeT X, ¥, 2 HA — X, — Y, — 2).

4. To xe camoe, HO Ha 3TOT pa3 @ — noBopor Ha 180°, Hanpumep
BOKPYI OcH Z,

5. To ke camoe, HO Tenmepb @ — MHBEPCHA OTHOCHTEILHO eIMHHYHON
cepnl: TOuka, CdepHyeckhe KOOpIAHHATH KOTOpOH pasHu r, 0, @, oTo-
6paxaerca B Touky l/r, 0, @.

6. OneMeHTH rpynnH — ueable uucaa 1 m —1, rpynnoeas onepa-
UM — OOBIYHOE YMHOXEHHe,

7, DeMeHTH — MepeCTaHOBKH JBYX CHMBOJOB!

11 1 -2
e_{2_>2} . "_{2_>1 }

Mbl paccMOTpenn ceMb pasiMuHBIX peanusaunft aGCTpakTHOHK Tpynnbi
nopsaka 2, Bce 3TH rpynnbl HMEIOT COBEPIIEHHO OJMHAKOBYIO CTPYKTYpY.
TaxHe TDYNNbl HA3bIBAIOTCH 430 MOPPHHUMU.

B o6uem cayuae Ml ckaxem, uto Ase rpynnsl G u G’ uzomopgro
(G G’), ecln HX 3/71eMEHTH MOXHO MNOCTABHTb BO B3aMMHO OJHO3HAy-
HOe COOTBETCTBHe, COXpaHswuUieecs NPH BHINOJHEHHH TpynnoBod omepa-
unn. PaccmoTpnm, Hanpumep, rpynmsl 1, 6 M 7, ykasauusie Beilte. Co-
MOCTABHM HMX 3JeMEHTHl CJelyioluM oOpasoM:

I'pynna 1: 0 1 1+1=0,
I'pynna 6: 1 —1 (—DH(DH=1,

11 12 12 1->2 1—>1
Tpynna 7: 1o | g 251 o1 /\l2s1/T\252/"
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EcaM  3/eMeHT, COOTBETCTBYIOIUMH 9/eMeHTY a4 (@ NPHHALNEHHT
rpynne G), o6osHauntb uepes a’ (a’ npuuainexut rpymne G'), T. e,
WITPUX Hal CHMBOJOM S/JeMeHTa GyAeT 03HAYaTh 3JEMEHT, MOCTABJIEHHbIH
eMy B cooTBeTcTBHe, To rpymnbl G u G’ okaxyTcs H3OMOP(HLIMH, eC/iy

a’t’ = (aby’.

3ametum, uto a’b’ osHauaer npousBenenve a’ M b’ OTHOCHTENbHO
rpynnosoft onepaunn B rpynne G’, B TO BpeMms kak ab o3Hauaer npo-
M3BeleHHe @ W b OTHOCHTenbHO rpynnoBoH onepauun B rpynne G,
Hanpumep, rpynnoBbIMHM OfepallsMH B TpexX NepeuHC/aeHHBIX Bbllle Tpyn-
nax GHJM C/IOXEHHe, YMHOXeHHe M MOocJeloBaTelbHOE BHIMOJHEHHE Npe-
06pasoBaHHii COOTBETCTBEHHO,

Ecan aBe rpynnbl H30MOp(dHLI, TO HX CTPYKTYpa OAHHAKOBA; CHMBOJIH
M C/I0Ba MOTYyT OT/JHYAaTbCA, HO Kak aGCTpaKTHble TpYMNNbLl OHM COBNa-
JaoT.

PaccmoTpum Janee abcTpakTHyo rpynny nopsaika 3. Pasanusble 3ae-
MeHTH ee HasoBeM a, b n e, Ilpoussenenne ab He MOXeT OHITL pas-
HoIM a (Man b), Tak kak M3 3TOoro cjaeioBano Obl, uTo b=e (WK
a=¢). llostoMy ab nomxkHO OBITb paBHHIM €. AHA/JOTMYHO yCMATpH-
BaeM, uto a®==054. Takum oGpasoM, rpynna nopsika 3 COCTOMT M3 3Je-
MeHTOB g, a?, a®=—=e¢. OuHa CAyXHT TNPHMEPOM WUKAU4ecKOd TpPYyNmel,
COCTOflLEel M3 cTeNeHeli OJHOrO 3/eMeHTa.

BoT HekoTopble peaiH3auuH 5TOH TpPYNMb:

1) BpaueHns paBHOCTOPOHHEro TpeyroibHuka ABC B ero miockocTy,
COBMeILAIOLINE TPEYTOMbHHUK ¢ CaMHM cOGOH;

2) NoOBOPOTH TPeXMePHOrO NpOCTpaHcTBA Ha yraol 0, 120 n 240°
BOKpYT OCH Z;

3) KyOHuHblE KOPHH H3 €IHHHLE ¢ OOGbLIYHBIM YMHOXEHHEM B POJH
rpynnoBsofi onepaumuu.

Hna rpynn 6onee BHCOKOro nopslka TakoH mnpollecc MepeyHCeHns
BCeX 3/eMEHTOB TpyNnsl Obin Gbl upe3BblualiHO 3aTpyAHHTeAbHHIM. [lo-
3TOMy TpyNNoOBYyI0 ONepauuio yaoOHO 3alaBaTb B BHAE 2pynnosoli mad-
Autgoi, OBO3HAYNMM BCe CTPOKM M CTOJOLBI KBaApaTHOH TabiaHubl TaK XKe,
KaK M 3JeMeHTHl rpynnul. B sToft Tabavue Mbl 3aNHIleM Ha MepecedyeHHH
n-fi CTPOKM M m-To CTOA6IA NPOW3BEJEHHE 3JeMEeHTa, CHMBOJOM KOTO-
poro mnomeveHa n-1 CTPOKa, M 3/€MEHTa, CHMBOJOM KOTOPOro MOMeuyeH
m-# croabeu:
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Bot kak, nanpuMep, BHIASAMT Tabanna Aas TPynnel nopsaika 2;

e a l e a
e|et=e ea=a, HIH KPaTKo el e a
alae=a a’=e ala e

Jna rpynnsl nopsika 3 HMeeM

Ie a b(=a?

S8 LN
(S

N o R
IS S

OO6byHO MBI OyleM OMyCKaTb MepByl0 CTPOKY M nepBuift cToabel,
TaK KaK OHH TOJbKO MOBTOPAIOT 00O3HaueHHs CTPOK M CTOJOUOB. 3aMe-
THM, 4TO rpynnoBad Tab/ula B HalUMX NpHUMepax CHMMeTpHYHA OTHOCH-
TeNbHO InaBHOH AMaronaan. Tak Oyjler B TOM M TOABKO B TOM CJ/yuae,
ecau rpynna abeneBa, Kpome Toro, Mb BHINM, YTO B KaxAOM CTOAOLE
(¥ B KaXjaofl CTPOKe) BCe 3/IeMEeHThHl T'PYNMbl BCTPEYaloTesd OAMH H TOJbKO
OMMH pa3., 10 OOBACHAETCA TeM, YTO eC/]H BCE SJeMeHTH IPYNNL YMHO-
®HTb cJeBa (WIH chnpaBa) Ha HEKOTOPHH HKCHPOBaHHLIH 3/eMeHT a,
TO BCe MNOJyvamoliHecs NpH 9TOM MPOM3BEJCHHS JOMKHB ObITh pPas/Hy-
HbIMH: eCan ab—=ac, To b =c.

Ina abcrpaxTHeX rpynn nopsika 4 CywecTBYIOT JABe pa3/HYHHE
CTPYKTYPHI:

A)
el a b ¢
al b ¢ e a?="b, ab=c=2a%
bl ¢ a at=br=¢,
c|le a b

T. €. Mbl MMeeM UMKAHuYeckyw rpynny a, a2, ad al=e;

b)
el a b ¢
ale ¢ b a?=0b2=c?=p¢,
blc e a ab=c¢, ac=0b, bc=a.
¢ a e
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D1y rpynny HasbiBaOT 4emseprol 2pynnoi Knefina m vacto 06o3Ha-
YalT CUMBOJIOM V.
U3 cummetpun Tabauu BHAHO, uyTo 06e rpynnbl abeneBdl,

3adauu, 1. okaxurte, uTo A) 1 B) 06pasyior efHCTBEHHBIE BO3MOKHBIE
CTPYKTYpPH Aaf Tpymnsl nopsaaka 4.

2, TlokamuTe HeMOCPEACTBEHHBIMHM BbIKJAAAKaMH, YTO BCAKasa rpynna mno-
panka 4 poaxHa ObiTh abeneBOi.

3, MpuBenuTe NMpHMep peanH3alyH KamjaoH M3 IPYNN nopsika 4.

Paccmorpum elle HeCkOJbKO NMPUMEpOB TPy,

[MpuMepn
1. DaemenTsl Tpynnbl -— Ueable ykcaa
., =3, —2, —1,0, 1, 2, ...,

[pynnosast onepauust — o6uiynoe caoxenne, Cymma To6biX ABYX
ue/ibIX Yhces eCTb CHOBA Leaoe uuciao, 0 HrpaeT poib eIMHHYHOrO 3ie-
MeHTa, a 3/]eMeHTOM, OOPATHHIM 7, CAYXKHT 3/JeMeHT — 72, JTo Tpynna
GeckoHeurnoz2o nopAadxka. EIVHHYHBIA 97eMeHT O HMeer MOPAIAOK, paBHHIH
eIHHHLE; BCE OCTANbHblEe 3/JeMEHTb — OeCkOHEeYHOro mopsaka.

2, DaeMeHTH rpynnsl — panloHanbHble YyHCaAa. [pynnosas onepauusa —
C/IOXeHNe,

3. DeMeHTH rpynnbl — KOMIJIEKCHblEe YHcaa, [pynnosas onepaumus —
C/IOKEHHe,

3ameTuM, YTO HeOTpHLATE/NbHbIE LeJble YHCAA He o0pasdyrm Tpynnbl
OTHOCHTE/NbHO CJOXeHHd, ,[Ipou3BeleHns* COZEPKATCA B 3TOM MHONKe-
CTBE, MHOXECTBY NMPHHALEHHT H elHHHUHBIH 3gemeHT (0), HO oOpaTHble
9/1eMEeHTbl MHOXECTBY He MpHHaIJleRkar.

4, DieMeHTH Tpynnsl — yeTHele yKucaa. [ pynmosas omepaums —- ¢ao-
KeHHe, DTO rpynna GeCKOHEYHOTO Mopsaika. 3ameTHM, uyTo rpynna 1 uso-
mopdHa rpynne 4. Kaxaomy 3sneMeHTy n rpynnsl 1 MOXHO MNOCTaBHTb
B COOTBETCTBHE 9/eMeHT 2x rpynmsl 4. ITOT npumep NOKasbiBaeT, 4TO
olua rpynna MoxeT OblTb H30MopdHa ApPYro#f rpynmne, cocraB/sioLllef
JHIIbL YacTb MepBOfi (pa3yMeeTcs, A/ TPYNN KoHe#HO20 MOPSika TaKoro
NOJOXeHNS Obimb He Modcem).

5. DneMeHTH Tpynnbl -— cTeNeHH uHcaa 2, [pynnosas onepaumns —
00bIYHOE YMHOXEHHe, T. €.

co., 272 971 g0 ol 02

Ecan sieMeHT n rpynnsl 1 conocTtasuTh 3jaementy 2" rpynnu 5, To cra-
HeT BHAHO, YTO 3TH ABe TDYNNEl H30MOPQHHI,

6. DneMeHTH TIpynnH — BCe pallHOHA/JbHblE YHC/IA, 32 HCKJAIOUYCHHEM
Hyad. [pynnoBas onepaLus — YMHOXEHHE,
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7. DJeMeHTH TpYynnbl — BCe BelleCTBEHHbIE YHC/IA, 34 HMCKJIOYEHHEM
Hyasa. [pynnosas onepauus — yMHOXeHHE,

8, DneMeHTH TpPYNNbl — BCE KOMIIEKCHBIE YHCJAA, 32 HCKJIOYEHHEM
Hyas. [pynnosas onepauns —yMHOXeHHe.

9, DieMeHTHbl TPYNNel — KOPHH n-#t cTeleHH U8 eAMHHUH. I pynnosas
ofnepauns — yMHOXKeHHe. OTH KOPHW PaBHbI

enmiln gm—0, 1, ..., n—1,

DTo — UMKIMYECKAs TPYNNA, BCe €e DJIEMEHTH COBNAJAIOT CO CTeNeHAMH
yncaa e*/m, OueBUAHO, YTO CYLIECTBYeT TOJbKO OAHA CTPYKTYpa UMKIH-
yeckOH TpYNNel MOPSIKA 7, T. €. BCE UMKJIHYECKHe TPYNNH MOpAIKa 7
H3OMOpGhHEL ApYyr APYry, HOO ecM 3/eMeHTH ABYX UMK/IMYECKHX T pymnn
OIHOrO MOPAIKA ABJAIOTCA CTENeHIMHM 9JIEMEHTOB @ M b COOTBETCTBEHHO,
TO M30MOP(}H3M MOXHO 3alaTh, COMOCTAB/SA S/EMEHTHI

a «—>b".

DTOT npHMep NOKA3HIBAET TaKXKe, YTO CYUIECTBYIOT TPYNMbl 2006020 KO-
HewHo20 nopadxa n. Kpome TOro, ecim HMeerTcs UMKJIMYeCKas rpynna
6ecKOHEYHOro Mnopaika, T. e. I'pynna ¢ sJeMeHTaMH

e, a"3, a"? a7l a=e, al, @, ...,

10 oHa M3oMopdHa rpynme 1. OTcioza cielyer, YTO CyLLeCTBYeT TOJAbLKO
OllHA CTPYKTypa AJd UHMKJHYECKOH TPYNMbl cemuo2o MOpsjika.
10. DaeMeHTH TPYNNbl — NEPECTAHOBKH CTENEHH 7

(1 2 ...n )
p[ Py ... Py

ATy rpynny, HasbHIBACMYIO CUMMEmMPUHecKOld 2PYnnol CTENeHH 1, Mbl
o6osHaunM cuMBOAOM S,. Jlerko HafiTH uKCJO 5/1eMeHTOB B rpynie S,
BMeCTO | MOXHO MOACTaBHTbL Ja1060H W3 cuMBOJOB OT 1 dO n; nocae
TOrO0 Kak 9TO CHAeJaHO, BMECTO 2 MOXHO mNOACTaBHTbL MO0 W3 ocTa-
Bunxca n—1 cumBoaos u 1. A. TakuMm 006pa3oM, MCPALOK CHMMETpH-

yeckoft rpynnsl S, paseH nl,
PaccMOTPHM MepecTaHOBKY cTeneHu 8

12345678
2315476 8/

BuifpaB cHayajla CHMBOJ 1, MbH BHIMM, YTO 3Ta NePeCTaHOBKAa MNepe-
BoauT | B 2. 3aTeM Mbl OTHICKHBaeM YHCJIO 2 B BepXHeli CTpOKe W BH-
IMM, YTO paccMaTpHBaeMas MepecTaHOBKa mepeBoaut 2 B 3, a 3 —B 1,
3aMblKasi YuK.a, KOTOpHf Mbl 3anuiueM B BuAe (123), BriGepeM Tenepw
B BepXHelt cTpoke kakoi-HMOyAb JApyro#t cuMsoa, HanpuMep 8. Hamwa
nepectaHoBka nepepoant 8 B 8, oOpasys uuka (8). Ilpodomkas stoT
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npouecc, Mbl Hafinem uukasl (45) u (67). Hawy nepecTaHOBKY MOXHO
3anucatb NO-APYroMy B BHIE

(123) (45) (67) (8).

3aMeTHM, YTO LHKJAL He MMeT oOWHX cHMBOJOB. Lluka (123) MmoxHO
paccMaTpHBaTh Kak COKPALLEHHYIO 3amicb Caelyioliedl MepecTaHOBKH CTe-
neun 8:

(1 234567 8>

23154768

Hamn o603HaueHHs MOxHO ellle 60fblle COKPaTHTb, €CJAM He YKasbl-
BaThb CHMMBOJa 8, OCTaoLIerocs Ha MecTe, M 3aMHCLIBaThb Hally MepBOHa-
YaJabHYI0 NMEepecTaHOBKY B BHAE

(123) (45) (67), (1.18)

HO CTeNeHb MepecTaHOBKH clelyeT MMeTh B BHAY. ITOCKO/bKY LMKJBL He
MMEI0T OOLUMX 3/eMEHTOB, OHH KOMMYTHPYIOT ApYr C APYroM, Hampumep

(123) (45)= (45) (123),

MO3TOMY MNOPAAOK, B KOTOPOM Mbl 3aNMMCHIBAEM LHKJbI, HeCylleCTBEH,
Kpome Toro, sanucoiBas OTAe]bHbII LHKJ, MBI MOXeM HayMHATb C M0OOro
9/leMeHTa B LeNouKe:

(123) = (231) = (312).

Uuka pavubl 2 nasbiBaeTcs mpaxcnoduyyueli, BCIkHil UMKA MOXHO 3a-
MUcath B BHIe NPOM3BEJEHHS TPAHCMO3HUHMA (MMEOLNX OOUIHE 3/eMEHTH),
Hanpuumep,

(123) =(13) (12),
HWan B oflleM cayuae

(A2 ... m)=(n) ... (13) (12).

Llnka1 u3 3 CHMBOJIOB 3amHUChHIBAETCA B BHJAEe NPOHM3BeldeHHs 2 TpaHc-
MO3HUKA, UMKI M3 71 CHMBOJOB — B BHIe INpOH3BeleHHs n — | TpaHC-
NO3HIHH.

ITpoaomkas aHaNOTHYHBIM OODPa3OM, MOXHO pa3/OXHTb BCAKYIO INepe-
CTaHOBKY B MPOW3BEAEHHe TpaHCNO3HuMii. B Hawem npuMepe

(123) (45) (67) = (13) (12) (45) (67). (1.19)

B (1.18) unciao mepecTaBisieMbIX CHMBOJIOB pPaBHO 7, a YHCJIO He3a-
sucumbiX UMKIAOB paBHO 3. Pa3HOCTb Mexly 3THMH uncaamu 7 —3 =14
Ha3blBaeTCsl OeKpeMeHmoM TNepeCTaHOBKU., UWTaTenb LOJ/KEH CaMOCTOSA-
TeJIbHO J0Ka3aTb, YTO €CJAM JIEeKPeMeHT MepecTaHOBKM YeTeH (HEueTeH),
TO DPa3noxeHHe ITOH MepPEeCTAHOBKH B NMpPOM3BedeHHe TPAaHCMO3MuMH OyleT
coJlepxaTh 4YeTHOe (HeyeTHOe) UHCAQO COMHOXHTenel, [lepeCcTaHOBKH C yeT-
HBIM (HEYeTHBLIM) JeKpPeMEHTOM Ha3bIBAITCA YETHHIMH (HeYeTHHIMH) nepe-
CTdHOBKAMH,
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[MokaxeM Temepb, YTO, YMHOXHB JaHHYI0 NePeCTaHOBKY Ha NPOH3-
BOJILHYI0 TPAHCMO3HIMIO, Mbl M3MEHHM JeKpeMeHT Ha I 1, T. e, nepefiem
OT YeTHOH MNepecTAHOBKH K HeueTHOH Han ke HaoGopor., PaccMoTpum
TpaHcnosuumio (ab), Ha KOTOPYI0 MBI YMHOXaeM AAHHYIO NMepecTaHOBKY.
Pa3noxuM 3Ty nepecTaHOBKY HA He3aBHCHMble UMK/, [Ipeano/omum,
4TOo @ W b monaian B OAMH H TOT e LHKJ:

@a...xb...y.
Toraa

@y@...xb... )=@ ... x)0 ...y,

TaK YTO JAekpeMeHT yMeHblINTca Ha 1, HaoGopor, ecan g u b HaxoaaTca
B Ppa3HbIX HE3aBHUCHMbIX [HKJaX, MbB BHINM (TMPOBOAS pacCyXIeHHs
B 06paTHOM NOpslKe), YTO YMHOXeHHe Ha (ab) yBe/IHuMBaeT JeKpeMeHT
Ha 1. TlpousBeleHHe JABYX UYeTHbIX (MM HeyeTHbIX) NepecTaHOBOK naeT
YeTHYI0 NepecTaHoBKYy. IIpou3BeleHHe HeYeTHOH M UYETHOH NepecTaHOBOK
JaeT HeueTHyl0 nepecTaHoBKy. IlepectaHoBka, oGpaTHasi ueTHOH (HeueT-
HOH) mepecTaHOBKe, yeTHa (HeyeTHa), HeueTHble MepecTaHOBKH CTeNeHH 7
He 06pa3yloT Ipynnsl (Tak Kak MX MPOHM3BeldeHHd SBJASIOTCA YeTHHIMH Mepe-
CTalloBKaMH). YeTHble e NMepecTaHOBKM CTeMeHH n 06pasyloT rpynmny —
3naronepe mennyw 2pynny JE,, coctodulyio U3 n!/2 31eMeHTOB.

11. DneMeHTHl TPYNMbl — MHOXKECTBO BCEX LEJAbIX MOJOKUTENbHBIX
ynces. PaccMOTpPHM MepeCTaHOBKH, B KOTOPHIX MeHSeTCsd MecTaMH Moboe
KOHE4HOe 4YNCA0 CHUMBOJOB. MHOXeCTBO MepecTaHOBOK, MOCTPOEHHLIX
TaKUM CMOCOOOM, HA3bIBAaeTCsl CHemHOl cummempuieckoli 2pynnol.

12. DneMeHTH TpyNMbl — HEBLIPOWKAEHHbIE MaTpuubl z X n, ['pynno-
Basg Onepauus — MaTPHYHOE YMHOXEHHe,

13. DneMeHTHl Ipynnbl — HEBHIPOXAEHHbIE MATPHLbI, HMeOLIHEe Omnpe-
JeauTenb, pasubii = 1, TpynnoBas onepauns — MaTpHYHOE YMHOXEHHE,
Taxas rpynna Ha3blBaeTCl YHHMOLY/SPHOH.

14, To xe, uto B npumepe 13, 3a HCk/JIOYeHHeM TOro, YTO Temepb
onpeleanTean paeHul — 1. Takas rpynna HasbiBaeTcs creuuanbHOH YHH-
MOy ApHOH.

§ 8. Noarpynnui, Teopema Kauau

Ecan us snemedtoB rpynnel G Mbl BHIGepeM HEKOTOpPOe MOAMHOMKe-
ctBo J¥, TO, 4ToOLl MokasaTh, 4To S codepxkutca B (G, Mbl BOCIOJb-
3yeMcsa oGosHauenneM S < G. Ecan noamuoxecTBo J obpasyer rpynmy
(OTHOCHTENbHO MmOl e TPYNNOBOH oOnepauuH, KOTOpas HCNOJbL3yeTcs
B8 G), T0 rosopar, uto S sasasgerca nodzpynnod rpymnsl G. Bedkas
rpynna ¥MeeT ABe TPHBHAJbHbIE MOATPYNNLI: TPYNAY, COCTOALLYIO M3 OJHOTO
JHLL eIMHHYHOrO 3jeMeHTa, M camy rpynny G B ueaoM. OTH NOArpYymNNbl
Ha3bBAIOTCA HecoOcmeenubimu. ONHA M3 TIABHHIX 3aJa4 TEOPHM rpynn
COCTOMT B OTHICKAHHH BCeX OCTAIbHBLIX (COO¢CMBENNbIX) MOATPYNN AaHHOH
rpynnsl G,
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Cneayer o0co60 noAYepKHYTb, 4TO JS# oOpasyeT TIpynny OTHOCH-
TenbHo Toft e rpynnosofi onepauuH, uto M G. PaunoHaibHbe uYHCaa
obpasyior rpynny G OTHOCHTEJNbHO CAOXEHHs, I[loMOXHTe/NbHbE PalHO-
Ha/JbHble YHcaa oBpasyioT rpynny (G OTHOCHTenbHO yMHOXeHud, HO G’
He fBadgercd moarpynmo# rpynnst G, HecMOTpS Ha TO, 4To 3JeMeHTn G’
06pasyoT NMOIMHOXKECTBO 9JeMeHTOB rpynnul G,

YrtoObl yAOCTOBEPHUTHCA B TOM, YTO HEKOTOpOe MNOAMHOXeCTBO ¢
31eMenToB Tpynnel G dBAseTcd MNOArpymmo#, Mbl MNpOBepsieM, BHINO/-
HAIOTCS JH cJelyoliiHe TpeGOBaHUA:

1) npoHaBenenre M0GOH naphl 3MeMEHTOB MOAMHOXeCTBA S NMPHHAL-
nexut 3¢,

2) BMeCTe C KaXIblM CBOHM 3/eMEHTOM S COLepXHT 0OpaTHbIfl eMy.

Ipyrue Tpe6oBaHHs TPYNNbl BLINOJHAIOTCS B CHAY TOro, 4To J€ CO-
aepxurcs B rpynne G. HanpuMep, acCOUMAaTHBHHIH 3aKOH BHINOJHAETCS
B G n TeM cambiM BHMoadsetcd B &, Ipynna (G comepwHUT eIMHHYHHNA
9/71eMeHT, a M3 TpeboBanuii 1 M 2 craeayer, uTo U S COMEpXKHUT ero,

Hns koneuHo#t rpynmel (MM A1000# rpynnbl, BCe 3JeMEHTH KOTOPOH
MMEIOT KONEeYHbIi NOpAIOK) HeoO0X0INMO, UYTOOB BLIMOJHAJIOCH TOJMLKO
tpeGoBanre 1. B sToM cayuae' 119 KaxaOoro sieMeHTa a M3 S€ Hafi-
JeTcs HeKoTopas cTeneHb @ (Takxe NMpHHalexallas S&7), HaNpumep a”~1,
Takas, YTo aa”~!= q" = ¢, B pesy/bTaTe Yero TpeGoBaHHE 2 CTAHOBHTCA
caeactBHeM TpeboBanua 1.

B o6uem cayuae an GeCKOHeYHBLIX Tpynn HeoOXOAMMO BLINOJHEHHE
oboux tpeboBanuii. Hanpumep, uenable NOMOKHTeNbHbIE YHC]Ia OTHOCH-
TeNbHO CJOXeHHs YyAOBJETBOPAIOT NMEPBOMY, HO He YJIOB/ETBOPAIOT BTO-
poMy TpeGOBaHHIO M MOITOMY He 0GPa3yloT MOATPYMMLI BCEX LEAbIX YHCe
Mo CNOXEHHIO,

3HakonepeMenHas rpynna o, fBasgeTcd MOArPYNNoOH CHMMETPHYECKOH
rpynnst S,, AeficTByonefd Ha Te xe cumBoab (A,c=S,). Ilpu n=3
rpynna S; coctouT M3 ‘ajeMeHTOB e; (123), (132); (12), (13), (23),
a rpynna 3 colepxut siaeMentH e; (123), (132).

Ecan F¢ — noarpynna rpynnst G u K - noarpynna rpymnel &7,
10 K —noarpynna rpynnsl (G, 3TO OTHOIIEHHe TPAH3HTHBHOCTH HABOAHMT
Ha MLIC/Ab Q MOCJAelOBATENLHOCTAX NOATPYNN, KaxJiasd H3 KOTOpHX CoO-
JepxHUT BCce MOATPYNMbI, NpeillecTByOliMe el B 3TOH NOC/]el0BaTelb-
HocTH, Hanpumep, B xauvectBe (b MOXHO B3ATb TPYIIY BCEX LENLIX 4YHCen
OTHOCHTE/ILHO C/IOXKEHHs, B KauyecTBe S —TPyNny BceX YETHHIX yHcesa OT-
HOCHTEJLHO CJOXeHHA, B KayecTse K — pynny BCeX YHCesd, KpPAaTHHIX
yHcay 22==4, OTHOCHTE/LHO CJOXEHHs, 3aTeM TpyMnNy BCeX YHCeJ, Kpart-
HBIX 23 M T. I.:

G: e —2, —1,0, 1, 2, ...,
e oo—4, 2,0, 2, 4, ...,
K cv-'_8, 4; 0) 4; 8,--'

H T llv
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Kawnas rpynnma colepKHT Bce NOC/AeAyOUIHE MNOATPYMNNLl, Mepe-
YMC/IEHHBE HHXE ee, T, e,

o DKo ...;
KpOMe TOTO, B paccMaTpHBAaeMOM CiyyYae BCe STH TPYNNbl H3OMOPQHLL:
O H~K=~....

Takum o6pasom, rpynma MoxeT ObiTb H30MOpGHOH OZHOH M3 CBOHX
COGCTBEHHEX TOArPYNN, HO A TPYNN KOHEYHOro Mopsika 5TO He-
BO3MOKHO.

B paccuoTpenHom Bbille cayyae rpynmnsr S,

S;ou;oe,

Tle e eCTb TpyNMa, cOCTOAUIas H3 OJHOrO eIWHMYHOTO 3JeMeHTa, g
BCeX TDPYNN KOHEYHOro MOpsAAKa MOC/ed0BaTeNbHOCTH, NOAOOHbE TOH,
KOTOpas NpHBeleHa B TOM YAaCTHOM NpHMepe, HauHHalOTCA ¢ rpynnsl G
M 3aBepllaloTc rpynno#i, coldepxmauiefi Julb 3JeMeHT e, J[lpyrue
Noc/e10BaTeqLHOCTH B Tpynne S; uMean 6bl BHI

S;o, e,
S; o8y oe,
S;o o,

rle moArpynna S#, cOAePXMT ABa 3jeMeHTa:; ¢ M (23), noarpynna $#q
coaepxuT ¢ u (13) u noarpynna ¢, coldepxut e n (12).

Ipynna G’ moxer ObiTb M3OMOPGHOH 0fHONH MM GoJdee MOArpyNNaM
Apyroft rpynnst G. Hanpumep, rpynna S, — rpynna nepecTaHOBOK IBYX
CHMBO/IOB — H30MOphHa moarpymnam ¢, e n '3 rpymnns S,
Ortciola, OYEBHIHO, BbITEKAeT, 4TO ,

Fy = FHy = Hs.

B o6uiemM cayyae rpynna S,_, H3oMopdHa n moarpynnaM rpynnst S,
KOTOpble TMOJAYyvyaloTcs, ecAd (HKCHpOBaTL TNO  OYepeldH  CHMBOJIBI
1, 2, ..., n. Mb MOXeM 3aMeTHTb, YTO 3JeMeHTH rpymns (, KOTOpbe
NpHHaLIexKaT OIHOBpeMeHHO IBYM moarpymmam F; u F, rpymnm G,
obpasyioT MHOMecTBo D (nepecedenue mnoarpynn F; n Fy), KoTopoe
asagerca noarpynnofi rpymns G, n6o ecam a u b npuHaniexat D,
T0 @ n b takxe npuHadnexatr F; u Fy. TlosTomy snemeHnTsl ab n g™l
npunagaexat F; n Fy, M, cienoBaTeNbHO, NMpHHaLJIexaT MHOXecTBy D,
Tak uTo D yaoBieTBOpsAeT TeM TpeOGOBAaHHAM, KOTOPLIE Mbl NMpelbAB/SEM
k noarpynmne. [Tockoabky kamzas noirpynna rpynnsl (5 COAEPKHT eldH-
HULY e, Tnepeceyenue mMoGoro uYucaa noArpynn (T. €. COBOKYMHOCTb
9/1eMeHTOB, TPHHALMEKAUMX BCEM DacCcMaTpHBaeMbIM MOArpynnam) oGpa-
gyeT MOArpynmy, KOTopas ¢QAepPHHT N0 KpalHeH Mepe eAMHHLY,
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CuMmeTprueckre rpynnsl S, 0co6eHHO BaXKHHI, MOTOMY YTO Ha CaMOM
Aene MMH HCYEpTLIBAIOTCS BCE BO3MOMKHEIE CTPYKTYPbl KOHEYHHIX TpYT.
ATo AokasbiBaeTca meopemoli Kaau.

TeopeMa. Bceakas rpynna G mopsaka n HM30MOpdHAa HeKOTOpOH
NOArpynne CHMMeTpHueCKOfl rpymmer S,.

[Mpexae uYeM NPHUCTYMHTL K J1OKA3aTeJbCTBY STOH TeOpeMH, Mh
XOTHM YyKa3aTb Ha HEKOTOpble CJeACTBHA M3 Hee. M3 Teopembl Ksan
BbHITEKAEeT, YTO YHCAO BO3MOXHBIX HeHM30MOP(HHIX Tpynm mnopsaika n
KOHe4HO, HO60 STH Tpynnel HM30MOpdHH MNOATpynmaM rpymne S,
[Mockoabky S, — KOHeYHass Tpynna, OHAa HMeeT JHLIL KOHEYHOE YHCI0
MOArpynm, 4eM M JAOKa3blBaeTcsl Hallle YTBepxAeHHe. OTO BawHHH
pesyabTaT, MOCKOAbKY OH MO KpafiHe#ft Mepe orpaHHYMBaeT 3ajayy Ha-
XO0XIeHHs He3aBHCHMLIX CTPYKTYp IPYynmbl nopsika n. I[lepexoduM K Teo-
peme Ksmm. Ilycts @y, ay, ..., @,—31eMentsl rpynnsi (. Boabmem
M0G0 9/1eMeHT b; MPoH3BeleHHs1 ero M KaxIOro M3 3/71eMeHTOB rpynnsl G
nMewT BHA bay, bay, ..., ba,, npuyeM BCe STH NPOHM3BeldeHHs PaA3THYHEL,
TaK Kak ba; = ba; osHauaet, uT0 @; = a;. Takum oGpasoM, 3TH NpPOH3-
BelenHs ba; 3adaloT sieMeHTH rpynny G B HeKOTOPOM HOBOM TOpAIKe,
[MocTaBuM B COOTBETCTBHE KAaXIAOMY S/EMEHTY b NMepecTaHOBKY Ty,

o | B
>\ ba, ... ba,)’

n npeaMeToB &y, ..., @,. Jlpyromy siementy ¢ rpynnsl G CONOCTaBHM
nepecTaHoBKY T,

Q... a,
c—>3’tc= .
ca ... ca,
o TOMY e TpaBHIY SJEMEHTY ¢b CTaBHUTCA B COOTBeTCTBHE nepecra-
HOBKa
b Qy . a,
¢ —> T, — .
eb cba, ... cha,

Hns nokasatensctea n3oMopdmuama TpebyeTcsi NMOKasaTb, YTO 7, €CTh
NPOH3BENIeHHe NMepecTaHOBOK T, W 1.

Kak Mbl yxe BHIAenH, TpPH OMNHCAaHUH MNepPeCTaHOBKH CYUIECTBEHHO
TO/MILKO COOTBETCTBHE MeEXAY MpeIMeTOM M ero 06pa3'0M. ITopanok e,
B KOTODOM MBI 3anHChiBi€M CHMBOJBI, TOAJe}allHe TMepecTaHOBKe,
HecyuiecTBeH. I103TOMy 7, MOXHO Takxke 3amlHcaTb H B BHIe

ba, ... ba,
n‘=<c(ba1) cee € (ba,,))'
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Bsas nmpousBeieHHe 06pa3oB 3J1eMEHTOB ¢ W b
ba; ... ba, a ... a,
a4 —3
%=\ cba, ... cba, )\ ba, ... ba, )’

( a ... a,
= 1,
cbay ... cha, eb

\

N0y UM

[TepecTaHoBKa 7, COMOCTABJEHHAs €IMHMYHOMY 3JeMeHTY e rpynnu (,
eCTb TOXIECTBeHHas INepecTaHOBKa

TTly = Top e
TouHO TaK xe
JTa—lﬂ:a =1, =T,

TAK YTO TepecTAHOBKH, TOCTaB/IeHHHE B COOTBETCTBHE 3/eMeHTam G,
06pa3yl0T HeKkOTOPYI0 MOLrpymmy B S,, U Teopema j10KasaHa.

[lepecTaHOBKY, TOCTAaB/JEHHHE B COOTBETCTBHE KAXKIOMY S/EMEHTY
TPYNIE, -—3TO HMEHHO Te TEepeCTAHOBKH, KOTOpHE MH INOJAYYHIAH Gbl
M3 paccMoTpenHs rpynnoso#i Tabauub. Hampumep, B ciyyae yerBepHOH
rpynnu V' cTpykTypHas Ttabavua MMeeT BHJ

leabc

a o8
o o8 o
> O o 8
| " O o
Q8 oo

Yro6s HAHTH NMepeCTAHOBKY, COOTBETCTBYIOLULYIO, HAaNpHMep, SJeMeHTy &,
MBl 3anyllieM B BepXHelt cTpOKe CHMBOJH

eabc,

a Mol HUMH BRHINMHUILUEM CHMBOJB B TOM TMNOpAAlKe, KaK OHH pacCHOJOXKEHM
B CTpOKe, rie MH NMPOW3BOIMM YyMHOXEHHE Ha 4 cCJjacBa, T. €.

aech.

eabc
a7, = aech )’

Toraa

Ecan Mbl 0003HauMM 3JeMeHTHl e, @, O, ¢ uucaamu 1, 2, 3, 4, to
fepecTaHOBKH, COOTBETCTBYIOIHE 3JeMeHTaM e, a, b, ¢, 3amuyTcs
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B BHIE
1234
”'-’=<1234>'
1234
%, =(2143>=<12> @39),
1234
nb=(3412>=<13> (24),

ITocTpoeHHsle TakMM C¢nocoOOM Tpynnbl MNepecTaHOBOK 00/alai0T HeKo-
TOPBLIMM XapaKTepHLIMH 0COOEHIIOCTAMU:

1) onu ABAAIOTCA NOATPYNIAMH MOPAJKA 72 CHMMeTpHYecKoM rpynmbl S,;;

2) 9TH NepecTaHOBKH, 3a HCKJIOYEHHEM TOKAECTBEHHOH, KOTOpas
He MepecTaBaseT H# O00uH W3 CHMBOJOB, He OCTABASIOT HU 00H0ZO0 CHM-
BOJA HA ero npexHeM MecTe, MO0 nepecTaHoBKAa I, NEPeBOAHT 4,
B 3JeMeHT ba;, koTopuifl paBeH g; TOJAbLKO B TOM cay4yae, ecau b —eiu-
HHYHLIH 3J/IEMEHT.

[Mepectanoskn rpynnu S,, o0nalawlide STHMH IBYMS CBOMCTBAMH,
HA3bIBAIOTCA NpasussHb My nepecmanogramu., IoArpynnel, coxepmxauine
TOJbKO NpPaBH/IbHblE MEPEeCTAHOBKH, HMEIOT M Apyrue CBOHCTBA, SBJAAIO-
UMecsl CJAeACTBMAMH MNepBHIX AByX. Eciau 1Be nepecTaHOBKM 7 H My
NepeBOJAT OAMH M TOT e CHMBOJ, HanpuMep 3, B OIHH H TOT Xe
cuMBoJ, Hampumep 4, TO NepecTaHoBKa MMy !, KOTOpas TaKxe NMpH-

HaJ/eXHT STOH rpynne, JomxHa Obina Obl oCTaBaATs 3 M 4 Gea H3me-
Hennit. C Ipyro#t CTOPOHH, NMOCKOMbKY I % T, MNepecTanoBka 7, !

He MOXeT ObITb TOXIECTBEHHOH MepecTaHOBKOH M MOITOMY MepecTaBJseT
MecTaMH Kakue-TO CHMBOJBL. Ho 9TO NPOTHBOPEUYHT HallleMy NMpeanaylleMy
pe3ayabTaTy O TOM, 4YTO BCE TakHe MepecTAHOBKH (34 HCK/IIOUYeHHeM
TOXLECTBEHHOH) He OCTaBJAI0T HA MECTe HM OJNHOrO CHMBOJa. Tak Kak
CylleCcTByeT 7 nepecTaHOBOK 72 GyKB, Mbl NMPHXOIMM K BHBOAY, YTO
CHMBOJ | KaxZOH W3 nMepecTaHOBOK TPYyNNbl NEPeBOJINUTCA B HEKOTOPHIH
Apyrott cumBoa (1, ..., n). (To Xe npUMeHHMO K KaXAOMY H3 OCTaJbHHIX
cumBoJioB.) Hanpumep, B rpynne V' nepecraHoska m, nepesoaut 1 B 1,
m, nepesoaut 1 B 2, m, nepesoaut 1 B 3 u m, nepesoauT 1 B 4.

Ilpyroe mHTCpeCHOEe CBONCTBO MOATPYNMNH NMPABH/bHLIX MepPeCTAHOBOK
COCTOHT B cielywouleM. PaccmMoTpum n00yi0 M3 MepecTaHOBOK 7, H pas-
JOXHM ee Ha He3aBHCHMble LHMKJAB. MBl yTBepxIaeM, YTO 8ce UMKJbL
JoMkHBl OBITb 0duHarosod Aauubl. Ecam Obl pasnoxeHue m, colepxkano
IBAa UMKJA pa3auuHol Lmmuu U, Iy (4} << ly), TO mepecraHoBka mh, Takike

NpUHanJaexallag rpymnne, OCTaB/d]12 6Ll HeM3MeHHLIMH BCe CHMBOJIbI
B MNepBOM UHKJAE, HO He OCTaB/dj1a 6bl HeM3MeHHLIMH BC€ CHMBOJBI
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BO BTOPOM IHKJe. JTO MPOTHBOPEYUT HALIEMY ONpelefeHHI0 MOArPYIbl
NpaBH/IbHBIX NEepecTaHOBOK., B npaBuabHOM mNoArpynme He MoOXKeT CO-
IepaTbCs, HanpHMep, Takas NepecTaHOBKa:

(12) (345),

TaK KaK KpBaJpaT €€ paBeH MNepeCTaHOBKeE

(1)(2)(354).

Hawe yTtBepxieHHe WAMOCTPHPYeTCS Ha NpHMepe 4YeTBEPHOM TpYMIibl
Knefina, Kaxpaas u3 ee nmepectaHOBOK eCThb MpOHM3BeldeHHEe IBYX He3aBH«
CHMbIX UHMKJOB AJHHBI 2.

Ilukanueckas rpynnma nopsika 4 1naeT HaM MNpaBHIbHYIO MOArpynmy
rpynnel S, cielyoliero BHia:

e; (1234); (13) (24); (1432).

[lepsoifi 37eMeHT HMeeT 4 uukJaa AAuHbl 1, BTOpO#i M ueTBepTHH HMeOT
ONMH UMKA AJHHBL 4, a TpeTH#i MMeeT 1BA UMKAA IJHHBI 2,

Jl1a HaxoXJaeHHs BO3MOXHBIX CTPYKTYD TPYMNIMbl MOXHO HCMO/b30BaTh
teopeMy Ksan. Hanpumep, npeanonoxuM, uTo 7 -—NpoCcTOe YHCIO.
B sToM cayuae rpynna nopaika n n3oMopcdHa npaBH/AbHOH NoATpynmne
rpynnet S,. Tak kak nepecTaHOBKH NpaBH/bHHE, TO B HX PA3I0XKEeHHH
HAa He3aBHCHMBle LMKJAbl BC€ LMKJbl JO/KHB ObITb paBHOH IJIHHBI,
[TosTomy AnuHa uMkaa fomxkHa ObiTh AeauteneM n. Tak kak n — npocToe
YHCAO, MJIHMHBL UHMKJIOB MOTYT OBITb paBHBl TOJAbKO 7 Man 1 (aad Toxie-
CcTseHHON nepectaHoBkH). IlosTOMy npaBWibHad NOArpynna ssJsercs
NPOCTO UMKJANYecKo# rpynno#i, colepxallefl nepecrasosky (12 ... n)
M ee cTeneHH. TeM caMblM MBI OKAa3adH, YTO eCAH MOPSAAOK 7 TPYNAbl —
npocmoe Hucao, TO Tpynna-— yukaudeckas. JIpyroe 10ka3ateabCTBO
3TOrO pe3ynbTaTa Mbl NpHBedeM B 9TOH ke riase no3iHee. Ham pe3dy.b-
TAT MNO3BOJET peWwHTh 3alauyy 00 OTHICKAHHH BO3MOXHHIX CTPYKTYp
I'pynn npocmozo nopadka.

Bocnoabayemcs tenepr TeopeMoft Koam a4s OThICKaHHMS BO3MOMKHBIX
CTPYKTYyp rpynns nopsaika 4. B cooTBercTBHM ¢ Teopemofl Hawma 3anava
SKBHBAJIGHTHA HAXOXIEHWI0O NPaBHABHHX noArpynn rpynnu S,. Ilepe-
CTAHOBKM TAaKOH nNOATpynmel JO/MKHH COAEepKaTb JHGO OAMH UMK
AnvHel 4, au6Go ABa uMkAa IJMHH 2 (pa3yMeeTcs, TOXIECTBEHHas Mnepe-
CTaHOBKA colepxWT 4 umkaa aanuel 1), TlpeanonoxuM cHavana, yTo
OJHA M3 MNePecCTaHOBOK sABAfdeTCH UMKJAOM AAuHbl 4, HanpuMep (1234).
Bospens ee B cTemenn 1, 2, 3 wn 4, noayunm nepectaHoBkH (1234),
(13)(24), (1432), e, T. e. COBOKYMHOCTb YeThIpeX 9JAeMeHTOB. ITO —
UMKJNYecKas rpynna nopsaika 4. Janee npeinosoxnM, YTO He CyLIeCTBYeT
LUMKJOB InMHB 4, 4 WMEIOTCA TOJbKO NEepeCTaHOBKH C ABYMS LMKJIaMH
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aauHel 2. KBaapar Takux TepeCTaHOBOK paBeH e, M CYLIeCTBYeT pOBHO
TPH Takue MepecTaHOBKH:

(12)@%H; (139)EH; (19 (23),

KOTOpHle BMecTe C € M 06pa3yloT yeTBepHyl rpynmy,

3adaqu. 1. YxaxuTe 3JeMEHTH NPaBHIALHOR NOArPYNNb! rpynmmsl Sg, H30-
MopdHOi HuKaHyeckoH rpynmne nopsagka 6.

2. Bocroqbayiitec, TeopeMoit Kaum, utO6Bt HaliTH BO3MONHBIE CTPYK-
TYpbl rpynn nopsika 6.

3
.

§ 4. Cmexnpie kaacchl, Teopema Jlarpamxa

A6cTpakTHble Tpynmmel mopaikoB 1, 2, 3 He wuMeT COGCTBEHHBIX
noarpynn. Llnknnueckasa rpynna nopsaika 4 umeeT mOATpynny mopsika 2,
COCTOALLYI0 M3 3JMeMeHTOB a? ¥ e, Tak Kak (a?) (a?) = a*=e. YerepHas
rpynna uMeerT TPH COOCTBEHHble NMOArpyNNbl Mopaika 2:

a, e b, e ¢ e

BCe STH NOATPYNNbl H3OMOpGhHBI, 3aMeTHM, YTO MNOPAJOK NOAT PYIMbI,
paBHBIfl 2, sBndeTca JdenuTenqeM nopalka rpymmel, paBHoro 4. Cefuac
MBI TOKaXeM, UYTO STOT pe3yabTaT (MpuHaljexaluit Jlarpadxky) BbINOJ-
HaeTca ¥ B oOllleM cayuae.

ITopsdox nodzpynner ronewHoli zpynnet ecmy Oeaumens NOPAdKa
zpynnet.

[lycte rpynna G mopsalka g COXepxHUT MNoArpynny J# nopaika 4.
Ecin S# wucuepnmiBaer coGo# rpymny G, 1o ¢ = (G, n pesyabrar
TpHUBMadeH (3aMeTHM, uTO 31echb 3HAaK paBeHCTBa O3Hayaer, 4YTO IBa
MHOXXECTBA COJepXaT OJHH M Te e 3MeMeHTh)). Ecau e 3TO He Bbl-
NoAHAETCS, TO NMYCThb @ ecTh 3jeMeHT rpynnsl G, He colepxalufica B .
O6oanauuB sjaeMeHTH ¥ uepes

e, H,, H,, ..., H,
o6pa3yeM TpOM3BeleHHs
ae=a, aH, aH,; ..., aH,.

STy COBOKYNHOCTb NpoHuaBelennH 0603HaunM cHMBOJIOM ad’. Bce mpo-
uaBellennss aH,, pa3anuyHb, TaK KaK ecim

aH,=aH,,
TO
H,=H,.
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TouHo Tak e HH OLHO W3 HHX He COLEPKHTCA B e%, TaK KaK ecCJIH

aH,=H,,
10

a=H,H;'

¥ a nprHHagnexano Gvl 4, BONMpeKy HalleMy NpPeanoJoxenuo. Mol mo-
Ayunan IBa MHOXecTBa S W ad¥, Kamioe H3 KOTOPHIX COLepKHT A
pasnuuHBIX 3JeMeHToB, npuHamiexamux G. Ecan wa svom rpynna G
He HcUepmaHa, Mbl TPOLOMKaeM ILeHCTBOBaTh TaK e, KaK W TNpexie,
BEIGM pas HeKOTODHIR 3/MeMeHT b B (5, KOTOPHIH He COAEPXHTCA HU B F,
HH B adf. MuoxecrBo HS5% naer h HoBuX 3neMenToB rpynnel G, Tak
KaK ecan
bH,=aH,,
TO
b= aH,H;"

n b npunaanexano 6l adf, uTO MPOTHBOPEUUT HaUIEMY MpelnoJoxe-
Huo. Ilponomkas 3TOT mpouecc, Mbl MoXeM Mcuepnath rpynny G, npei-
CTaBUB ee B BHIE CYMMBI KOHEUHOTO UYMCJIa Pa3MUYHBIX MHOXECTB, KaXiaoe
M3 KOTOPHIX COCTOMT M3 /2 3/1EMEHTOB:

G=F0 -+ a8 -+bH -+ ... +rSH. (1.20)H

TakuM o6pasoM, nopaiok g rpynmel G ectb KparHoe moOpaAlka A ee
noarpymms ¢, T. e,
g=mh, (1.21)

Tle m Ha3wiBaercd uddexcorm noirpynmnsi &¢ B rpynne G. MHoxectsa
3/71eMeHTOB BHIAa ad# B (1.20) HA3LIBAOTCA 2€8bIMU CMEINCHBMU KAGC-
camu FE B G. Oun, 6eaycnoBHO, He ABJAAIOTCA MOArPYNNaMH, TaK Kak
He coJepxaT elMHHYHOTO 3JeMeHTa. PasyMeercd, 10Ka3aTeALCTBO MOXHO
6e10 Obl MpPOBOANMTL, YMHOXaa & cnpaBa. 310 npuseao G6H K pasno-
Kenuio G Ha npaswe cMedscuble Kaaccs NO noArpymne &4

G=&0 -+ Fa -+ b+ ... -+ SEr'. (1.202)

W3 paeenctsa (1.21) Mbl BuAMM, uTO rpymma, NOpALOK KOTOPOH ecTh
NPOCTOE YHCAO0, He MOXET MMeTb COOGCTBEHHHX MOAT Py,

Baae moGo# sieMent a (mopaika k) B rpymne G, MB MOXeM TO-
CTPOHTh UMKJIMYECKY0 Tpymny, oOpasys nocleloBaTeldbHble CTeNeHH a.

1) 3uak ,n0moc* B paBeHctBe (1.20) o3HauaeT CYMMHPOBAHHE MHOXKECTE:
MHOX€ECTBO (G CONEPXUT BCE 3JIEMEHTH, PHHANIEKAIIHE FC, BCE INEMEHTH, MpH-
HajAexamue agg, U T. 1. B paccMatpuBaeMoM chyuae MHOXECTBa &¢, Agy, ...
He HMeT o6uiuX 3.1eMeHTOB. Boobiuie roBops, cymma ABYX mMHOxcecm8 A u B
€CThb MHOXECTBO BCeX 3JEMEHTOB, KOTODHe cOozep¥aTtca Mno kpafiHelh Mepe
B OJHOM M3 MHOXeCTB A Hin B,
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Ilukmuueckas rpynna {a}:a%=e, a, a2 ..., a1, obpasopannas sne-
MEHTOM @, Ha3bBaeTcd nepuodosm 3JeMeHTa a. IDTO HaWUMeHblIad MOI-
rpynna rpynnel G, colepxawas siaemeHT a. M3 (1.21) caenyer
TaK»e, YTO A eCTb NeMHTedb YHC/IAA g, TAK UTO NMOPAOKU BCeX IAEMEH-
mo8 KOHe4Hol 2pynnel NOMKHH ObITh Oeaumessimi NOPSOKA TPYNIHL,
W3 srtoro Mbl 3ak/mioyaeM, YTO Tpynmna NPOCTOr0 MOpsaKa AOMkHA ObITh
UMKJIHYECKOH ¥ MoxeT GuiTb 00pa3oBaHa mo MOOOMY CBOEMY SJEMEHTY,
OTIMYHOMY OT eIMHHUbl. DTO OOGCTOATENbCTBO LaeT HAM OTBeT Ha 3ajavy
O HaXOXJeHWH CTPYKTYphl TPYymmel nopsalka 5: oHa oOpa3yercda H3 3e-
MEHT4 a T4aKOro, YTo @5—e, U aHAMOTrHYHBIH OTBeT A TpPynn NOpsAiKa
7, 11, 13 u 1. 1.

Hyuxe NpuBoIATCA NpUMepHl Pa3nokeHHsa TPYNNbl HA CMexHble KJIacCHl.

[Ipumepn

1. ycte G —rpynna ueablX yucCeJd MO CJAO¥eHWWw, S — rpynna
yKcea, IeddlHXcad Ha 4, mo caoxenuio. Toraa

C=+(1+FH)+QC+FH)+B+H),

TaK YTO WHIekc noarpynmel % B G paBen 4. 3nech cMexHBHIH Kaacc
(1 4+ &%) npencrapasger coGOH MHOXeCTBO LedblX uucea Buia 4n—1
(n — uenoe uucno). Ja snementa @ u b rpynnel G npuHalIexaT OLHOMY
M TOMY e CMeXHOMYy KJacCy, eciu a — b nemurcda Ha 4.

2. Myers G=3S; 1 & — noarpynna, colepwxauias e 1 (12). Torna

Sy=H +(13) H + (23) H = H + FH (13)+ H (23).

3adaza. Uukinyeckue MepecTaHOBKM UYeTHpPEX CHMBOJOB obpasylor
noarpynny &¢ B S, Pasnoxure S; Ha neBbe cMexHHE KaaccH no g¢. Cpas-
HHUTE 3TO Pa3JOXEHHE C Pas’iOKEHHEM Ha NpaBble CMEXHBIE KJIacChl.

TeopeMy JlarpaHka MOMXHO MHCNOJAB3OBaTb I/ TOTrO, 4YTOOB HakTh
BO3MOXKHble CTPYKTYpHl TPyNn 3aaaHHoro mnopsaaka. Jas npuMepa Hali-
leM Bce CTPYKTypbl rpynn mnopsixka 6. Tak kak mnopsaiok paseH 6,
MOPANOK KaMIOro M3 ee 3JeMeHTOB fABJAdeTca leauteneM 6, T. e. paBeH
1, 2, 3 nan 6. Ecan rpynna colepxut 3neMeHT g mnopaika 6, TO oHa
ABAfeTCA UMKANYecKOH rpymno#t a, a?, ..., a®=e. Uro6ul Hattn Apyrue
BO3MOXKHblE CTPYKTYpPbl, TMpPelNO/JOXHM, YTO Tpynna He COIEpPXHT 3Je-
MeHTa mopsika 6, HO wuMeer sieMeHT a mnopsika 3. Takum o6pa3oM,
9Ta TPynna COLePKHUT NOArpynny &, a2, ad=-e. Ecmy rpynna colepxur
eMle # npyroﬂ 9/7eMeHT b, TO OHa CONEPKHT WIECTb PA3IHUHBIX 3JTEMEH-
TOB e, a, a? b, ba, ba?. Tlopanok 31ementa b pasen 2 wim 3. Ecanm
NOPAAOK 3MeMenTa b pased 3, T. e, bB3==e, TO saemMeHT b? mOMmKeH OHITH
OIHHMM M3 NepeyHCIeHHBIX Bolule 6 3MeMentoB. PaseHcTBO b%2= ¢ BhINOA-
HATbCA He MOXET (NOCKOJbKY MBI MpPEeANO/JIOXHIIN, YTO NOpAloK b paseH 3),
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u3 pasenctBa e b2="~, ba umm ba? crenyer, uto b=e, a uau g2
COOTBETCTBEHHO, YTO MPOTHBOPEYMT HAWMM NPelNNOJOXKEHHSIM O TOM, 4TO
9seMedT b oTauyaeTca OT 3THX 3JeMedHTOB. KpoMe Toro, Tak kak p%2=a,
10 ba=-e, a u3 toro, uro b*=a?, craenyer ba’==e; ¥ B TOM U B ApY-
rOM cJyyae 3TO MPOTHBOPEUMT CHeJaHHBIM HaMM NMpeldno/oxeHuaM, Takum
o6pa3oM, MOpANOK 3JeMeHTa b He MOXeT GbiTh PaBHBIM 3 M Mbl JOJKHB
uMerb: b2=¢e, llpousBelenne ab He MOxeT OHLITb paBHEHIM e, a4, a2
nu b, Ecav ab=ba, 10

(ab)? = (ab) (ab) = (ab) ba = ab?a = a?,
(@b = a?(ab) =b; (ab)=a, (ab)’=0ba?, (ab)l=ce.

CrenoBate/bHo, TPynna colepxkania Gbl 3MeMeHT @b nopaiska 68, Bompeku
HalleMy npelno/oxeHuio. (To e MOXHO npolenaTb KOpoue: NMOPALOK &
paBeH 2, mopsiok b paseH 3 um gab=0ba, T. e. a u b KOMMyTHpYIOT.
Bo3eona @b B pasnuuHele CTeNeHH, MB BHIAMM, YTO MNOPSALOK 3Je-
MeHTa ab paBeH HauMeHblileMy KPaTHOMY TMOPALKOB 3/JeMeHTOB g # b.)
OcraloTcd paBeHCTBa
b= e, ab=ba?.

Vs ab=ba? crenyer, uto (ab)’= (ab) ba’=e.

DTo nocrenHee TNPEANONONKEHHe He TPHBOIMT K NPOTHBOpeuHaM,
Ha#inennywo TtakuM o6pa3oM rpynmy nopsalka 6 MOXHO KpaTKO OXapak-
Tepu3oBaTh TaK: OHa OGpa30OBaHa BCeMH BO3MOXHBLIMH TIPOU3BeldeHHUAMH
3/MeMeHTOB @ M b, mpuueM

ad=b=(abl=ce,

Jlerko mocTpoutk rpynnoByio Tabauiy

e l a at b ba ba?
a a? e ba? b ba
a? e a ba ba® b

b ba ba® e a a?

ba ba? b a? e a
bat | b ba a at e

Ara rpynna uaoMopdHa rpynne Sj.

Badaxa. Hafinure BO3MOXHKHE CTPYKTYDHl rpynn mopsjika 8.

§ 5. KaaccH conpsikeHHHX 3JE€M@HTOB

Fosopar, uto saemeHt b B rpynne G conpsioes SMeMeHTy @, €CIH
B rpynne G MOXHO HallTH 3/7eMEHT & TakoH, 4TO

. saul=b, . (1.22)
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HHorna rogopir, 4to b ectb mpanciopmayusa 371eMeHTa 4 9TEMEHTOM 4.
BriGpaB &= e, MB BHIMM, YTO 3/eMEHT @ COMps:keH caMoMy ceGe. TouHo
TaK e, eC/H 3JeMeHT b COnpskeH @ M ¢ COnpsikeH b, TO ¢ conpsKen a,
TaK KaK eCJH
c=vbv!, b=uau™!,
TO
¢ = vuau~ v~ = (vi) a (vu)~".

Danee, na (1.22) caenyer, uto a = u~1H (u‘l)'l, NO3TOMY eC/H /MeMeHT b
COMpsXeH @, TO 3MeMeHT a conpsxed b. Takum o00pasoM, MbH HMeeM
OTHOWIEHHE Me¥Iy 3/MeMeHTaMM, KOTOpOe YIOBJeTBOpAeT BceM TpeboBa-
HUAM, TIPEelbABIAEMBIM K OMHOUeHU0 3x8usarenmuocmu (CHMBOI =):

) a=a;
2) ecin a==b, 10 b=a;
3) ecmn a=b n b=c¢, 10 a==c.

OTHOWeHHEM SKBHBAJEHTHOCTH MOXHO BOCNOJb30OBAaTHCA 14 TOTO,
yToGbl pa3buTh HEKOTOpPOe MHOXECTBO HAa HeNepeceKalOUlHecs K.2accChl —
B HallleM cJAyvae I TOrO, YTOOH pa3GUTh TPYNnbl Ha KJAacCel CONps-
XeHHHX 3/JeMeHTOB. B abGeneBofl rpynne kaxIAb# 3jJeMeHT caM no cefe
ofpa3dyer KJacc, TaK Kak bab™' ' =a npy Mwodex @ u b, Bo Bcako#t
rpynne eIlMHHYHBIH 3/eMeHT e oOpasyeT KJacC. 3aMeTHM, YTO Bce 3Je-
MeHTbl, MPHHALMEkKAHEe OJHOMY H TOMY e KJIacCy, MMeloT OJMHAKOBHIH
nopanok: ecmu a*=e u b=uau"!, 10

' =@au W =uau'uau' ... =ud"u"1=ueu'=e.

Conpsocennsie npeobpaszosanus, Ind rpynns npeo6pazoBanuil mo-
HATHE COMPSXEHHHIX 93/J1eMEHTOB HMeeT TNpOCTOH (U3HUECKMH CMBICH.
[IpennonoxuM, 4TO @ —OTpaXKeHHe B MJIOCKOCTH P ¥ ¢ — BpalleHue
BOKPYT HeKOTOpoH ocu. Tak Kak a ocTaBafeT Kamiyld TOuYKy X IJIO-
ckocTH P HeuaMeHHOH, ax —= x, Torna

(cac™Y) (cx)=cax=cx.

Takum o6pasoM, npeoGpasoBaHue cac~l OCTaBAAeT MHOXKECTBO TOUEK CX
HeuaMeHHHM, MHaue roeops, cac™! ecTb OTpaxenue B NIOCKOCTH, KOTO-
pas MOMYuYMTCA M3 IJIOCKOCTH P, ecin NOC/IelHIO TNOLBEPrHYTh NMOBO-
poty c¢. AHaqOTMYHO, eCAM 4 O3HauyaeT BpalleHMe BOKPYT HeKOTOpOH
OCH, TO cac~! o3HAYAeT BpallleHHe Ha TOT XKe yroJ BOKPYT OCH, MOy~
yalouleca u3 nepBol npu npeoBpaszoBauud c.

[TpeanoT0XKuUM, HapUMep, YTO TPYNNA COAEPIKUT SJAEMEHT @, KOTOph#
npencTasaser co60 MOBOPOT HAa yroa ¢ Bokpyr npsaMo#t [, Ilycte ¢ — He-
KOTOpoe Apyroe mpeoGpa3oBaHue TOH e TPYNMH, HanpuMep Mapasjiefb-
Hell nepenoc. Torza ¢ nepesout npaMyw [ B Kakyiw-TO IpYryio
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npamyto /. [Tpeodpa3oBanve cac™! 061anaet CelyPUIMMH CBOHC rBaMu: ¢~
nepeBoAMT Tpamylo I B mpaAMyw [; KpoMe TOro, @ eCTb BpallleHHe Ha
yron ¢ BOKPYT [, OHO OCTaBJAseT TOUKM TPAMON [ HeMONBHMHBLIMM; Ha-
koHen, ¢ mnepesomut ! cHoBa B I'. B peayabrare TOukH mnpamo# I
OCTATCA HEMOIABINKHBIMH; CJelOBaTelbHO, cac™! eCTb NOBOpPOT (Ha
yroa @) BOKpyr mpsmoR [’

Conpsocennsie nepecmarnosik. TIpuMeHnuM Tenepb TOHATHE CONpHA-
EHHBIX 9/eMeHTOB K TepeCTaHOBKaM. IIpeanoaouM, 4TO @ —- 3TO

NiepecTaHOBKa
l...n
(o0
l...n a ... a,
(bl b,,)=(a1,l abn)'
Toraa

-1 a «..a\f1...n\/(b...0, by ... b,
bab == — R
Ay oo0 By J\G1 - .. Gy l...n Ay -ee Gy
Cpasuusas bab~! ¢ a, BUIUM, YTO 1J4 TOro, YTOOH MOJYUHThH bab_'.

Mbl NIpUMeHsieM NepeCTaHOBKY O K BepXHeH M HM)KHeH CTPOKaM Mepecras
HOBKM @ NOpo3Hb. IlycTth, Hanpumep,

1234 5 1234
#=\4321/" —\2134)"
[MpumenumM nepectraHoBky b Kk BepxHeH CTpOke NepeCTaHOBKH a (npH
stoM 1234 nepefizetr B 2134) u k HMxHeH CTpOKe mepecTaHOBKH a (IpH

atoM 4321 nepettzer B 4312); takuMm oOpasom, bab™' umeer BuI

2134 1234

4312 ) \3412/°
dtor Merold paBHhIM o6pa3soM NpPUMEHHM M B TOM cJyuae, eclIM Mepes
CTAHOBKM 3alaHpl B BHIe UMKIOB, Hanpumep, & ==(12) (345) n b=
= (24135). B stom cayuae bab '=(34) (512). Mbl BUINM, uTO CO-
npsaxeHHble NepeCTAHOBKM HMEIOT OJMHAKOBYI0 CTPYKTYPY € TOUKH 3peHHA
MX pasNoxeHMH HAa UMKMABl, TAK YTO MepecTaHOBKH, OTHOCANIMECH K 3a-
INaHHOMY KkJaaccy, Jau6o Bce uerusl, au6o Bce HeueTHel. Hampumep,
B Tpynne S; 3/eMeHT e 00pasyeT KJIacc, COCTOAUMH /ML M3 OLHOTO

snemedTa. KpoMe Toro, onuu kiacc obpasyiot snements (12), (13), (23).
DneMentn (123), (213) takwmke o6padyiot kaacc. Taxum oOpa3oM, rpyne-

¥ h — nepecTaHoBKa
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na S; CONEpHUT TPM KJAACCa CONPAMEHHHX 37MeMeHToB. B rpynme S,
Pa3TYHBIMM ABJIAIOTCA KJAaCChL:

1. e;

2. (12), (13), (14), (23), (24), (34):

3. (12) (34), (13)(24), (14) (23);

4. (123), (132), (124), (142), (134), (143), (234), (243);
5. (1234), (1243), (1324), (1342), (1423), (1432).

3adava. PasbefiTe siaeMenTH rpynnbl Sg HA KJAACCH COMPSNKEHHHIX 3J€-
MEHTOB.

O6wui MeTon LoMKeH ObITh ACeH M3 NPOUEIYPHl, KOTOPOH Mbl MOJb-
3oBamuch B npuMepe ¢ rpynnoft S,. ITepectanoBky rpynnsl S, n1eHACTBYIOT
Ha COBOKYNHOCTb 7 CHUMBOJIOB. IlpenctaBuM ceGe, YTO MH Pa3/IOKHJH
nepecTaHOBKM HAa He3aBUCHMble UMKJABL. IlycThb YMCAO UMKIOB, COCTOAINMX
u3 | cumBosa, paBHO Vv,, UMCJIO UMKJOB, COCTOALIMX M3 2 CHMBOJIOB,
PaBHO Vy, ..., YHCAO UMKJOB H3 7 CHMBOJOB paBHO v,. [10CcKO/bKY
NOJHOE YMCJIO CHUMBOJOB DAaBHO 1, NOMMKHO BBIMOJHATLCA PaBEHCTBO

vi+2v4+ ... +nv,=n. (1.23)

O nmnepecTaHOBKe, KOTOpas MpPH pa3/NOXEeHHM Ha He3aBHCUMble LHMKJIBI
MMeeT'v; UMKJOB IJIMHB 1, vy UMKIOB IJMHBE 2, . ... V, UHKJOB IJIHHH 1,
rOBOpAT, UTO OHa 06JanaeT uukmuueckolt ctpyktypot (1%, 2%, ..., n's),
uid kpatko (v). Kak Mbl yxe BHIenH, Bce nepecTaHOBKY rpynmel S,,
o6aanaloluye ONMHAKOBOH UMK/IHYECKOH CTPYKTypoH (v), o6pasyloT kjaacc
conpskeHHHIX 37eMeHToB B S,. Kawmloe pewenue ypasHenus (1.23)
B UEJbIX [O/MOXHUTENbHBIX YMCAAX Vi, ..., V, 3alaeT B S, HEKOTOpHH
kaacc. CleloBaTenbHO, YHCJAO KJIAaCCOB B TOYHOCTH PABHO UYMCAY TaKMX
pewenuft, Ecau BBecTH 0603HAaueHUs

ViVt e V=,
Votvi+ ... v, =, (1.24)

V= },m
TO

Mg ves A= S>> s >4, 0. (1.25)

[IpencraBieHye yucjia n B BHIe CYMMBl 7 LeJdbIX YMCea Takoe, Kak
B (1.25), naswiBaetca pasbuenuen uucna n. Y3 (1.23)—(1.25) crenyer,
UTO Kawioe peueHne ypaBHeHua (1.23) (B HeOTpHUATENLHBIX UETBIX
YHMCJaX) COOTBETCTBYET Pa3GMEeHHI0 uucna n BHIA 0‘1' .+ +s Ap). O6parto,
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ecmn pasbueHMe 3alaHo, kak 3To clemaHo B (1.25), To cyumecrtsyer
COOTBETCTBYIOlIas eMy CTPYKTypa pa3/ioXeHMd Ha UMKJH, a UMEHHO:

V=2 —Ay,
nglz—la, (126)
v, =A,.

OO6LIUHO y HAac HeT HeoOXONMMOCTH 3anUCHBATH Te ciaaraemuis A B (1.25),
kortopnie paBHn (. Hanpumep, paaGuenue uuciaa 5

(22100),
T.e. §=2424+14+0+4+0=A+A,+ ... +A;, 3anuceBaoT

B Buie (221), nmu ewe Gonee kparko B Buie (221). CornacHo pabeH-
ctBaM (1.26), cooTBeTcTByOLIad TakOMy pa30MEHHIO CTPYKTYpa pasio-
WeHMA Ha UMKJbl MMeeT: BUJ

Vy=A —Ay=2-—~2=0,
Vo==Ag— Ag=m2—1=1,
Va=Ay=1,
T. €. COCTOMT M3 OIHOTO UMKJAa IJAMHH 2 ¥ ONHOTO UMKJA IJHHH 3,
AnanoruyHo, B cayvae rpynn Sg pasGuenuio (31%) orseuaer HaGop
vi=2, vw=0, v=0, v,=1,

BCAEICTBHE Yero UHMK/IHYecKasds CTPYKTypa, COOTBeTCTByollasd pa3bue-
uuo (313), cOCTOMT M3 ABYX UMKJIOB eNMHHYHOH I/IMHH W OJHOTO UMKJa
IJIUHE 4,

TpaHcnoanuus B rpynne S, COUCPKUT OLMH UMKA LJAHHH 2 ¥ (n—2)
UMKJIa eIMHHYHON [JIMHBI, NO3TOMY pa30MeHHe, COOTBETCTBYIOLIEe TaKoH
UMK/IMYeCKOH CTpykType, uMeer BHL (n—1, 1).

Mul BHIO¥M, 4TO 3alaya O HAaXOXIEHHMH YMCIA KJIACCOB CONPSMEHHBIX
3/eMeHTOB B rpynne S, cpomutcad K 3alaye O pa3GueHuH 4YuCIa 1.
[MepeuncnuM Ttakve pa3GUeHHA M YKaMKeM MOJHOE YUCIO 7 BCEX KJAACCOB
I HeCKOJbKMX NepPBHIX CHMMeTpPHYeCKHX Tpynn:

S () r=1,

S @, (1% r=2,

S (3), @), (13 r=3,

Sg @), @, (@3, (21», (1%; r=5s.

O6patuTe BHHMaHHe Ha NOPAlNOK, B KOTOPOM MBI 3anmHChiBaeM pa3buenus,
Pa3buente, y KOTOPOro A; MaKCcHManbHO, 3anuCeiBaeTcA nepsuM. Eciy
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we IBa pa3GueHHMs MMelOT OJMHAKOBHE Ay, ..., A; TO NEPBHIM 3aANHCHI-
BaeTcs TO M3 HHX, y KOTOporo A;,, 6osblie,

3adaua, TMponomxure 1abmny 10 n=>5, 6 U 7. Haa n=>5 ykaxurte
LMKJIMYECKYI0 CTPDYKTYPY, COOTBETCTBYIOULYI0 Ka¥OMYy Da3GHEeHHIO.

BaxHO# XapakTepHCTHKOH CAYMKHMT UYMC/JO NepecTaHOBOK Tpymns S,
B IaHHOM K/acCe CONPSKEHHBIX 9JIEMEHTOB, ITO YMCIO N,y JErKO HaHTH
cienywowuM cnocoboM. Kracc mepecTaHOBOK € LMK/IHYECKOR CTPyKTy-
pOH (V) COHep:KMT NepecTaHOBKH, B KOTOPHX HMeeTcd v; UHMKIOB U3
OHOTO CHMBOJA, V, LUMKJIOB U3 IBYX CHMBOJOB, ..., V, LHUKJIOB U3 1
cuMBoJoB. [lpenctaBuM cebe, uYTO CTPYKTypa NepecTaHOBKH BHINMCAHA,
HO BXOIdLIMe B Hee CHMBOJH He YKa3aHHl:

()... () GGG G.).o.(CGe)v. o1 L
s 2 =, et

V|, LHKJIOB Vo LHKJOB v UMKJIOB LJMMHBL 3

IJHHBL 1 IJUHH 2

Bcero uMeerca n MecT B pa3jMuHBIX Adeflkax, N0 KOTOphM Tpebyercs
pa3MecTHTb 7 CUMBOJOB OT 1 10 n. DTo MOXHO npoledaTs n! cnoco-
Gamu., OnHako npH STOM BO3HMKHYT noBropensa. Hampumep, eciu cum-
BOAB 1 ¥ 2 BXOIAT B UMK/JH, COCTOfILHe KamIbi# M3 OIHOrO CMMBOJA,
1o (1) (2) ossauaer TO ke camoe, uTo H (2) (1). Bce v, uuknoB u3
OLHOrO0 CHMMBOJA MOXHO MepecTaBiATb Mexiy coboft (v, ! cnocobamn),
BCE Vo UMKJOB M3 IBYX CHMBOJOB MOXHO NEPECTAaBIATL MEXILY COGOH vy |
cnoco6amy M T. I., BCAEACTBHE Yero IaHHad NepecTaHOBKa OyleT MOBTO-
pesa v;! v,1 ... v, ! pa3. Kpome toro, TakoH UMKJ M3 IByX CHMBOJOB,
Kak (12), Moxer BcTpeuaThcd M B Bule (21), a Ttakoft uUMKJI U3 Tpex
cuMBOJIOB, Kak (123), Moxer BcrpeuaTbcs B Buie (231) nam we (312)
¥ T. 1. Takum 00pa3oM, Kaxiasd NepecTaHOBKa MOBTopsAeTca 1vi2%v: |

...n'n pa3. TI03TOMY YHCMO pa3.uunblX TNepeCTaHOBOK B rpynme S,
MMEIOLIUX UMKJINYECKYI0 CTPYKTYpY (V), paBHO

n!

v v v
Vile2 24,133 .v51,.. n #.v,!

= . (1.27)

3adaua. Hafiaure 4nclo nepecTaHOBOK B KaIOM KJjacce CONPSIKEHHBIX
3J€MEHTOB rpynnk Sg.

BaxHO NOMHHTB, YTO TO, YTO Mbl JeJany Bhiltle, MPUMEHUMO MO.26K0
K MOJHOR cuMMerpuyecko#t rpymne S,. Hanpumep, B rpymne S, Bce
nepecTaHOBKH

(12) (34), (13) (24, (14) (23)
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NpUHALMEKAT ONHOMY H TOMY e KJAaccy, MoToMy uTO rpynna S, co-
LepUT nepectaHoBky b = (23) rtakylo, uTO

b(12) B4Hb '=(13) (24).

Ecau e Mb paccMOTpMM ueTBepuylo rpynny V, TO NepeuuciaeHHble
Bhillle MepPecTaHOBKHM yke He OyAyT NpHHAlJ/IekaTb OLHOMY H TOMY e
Kaaccy B V, tak kak rpynna V He colepxHMT TpaHcno3uuu#. B camom
nene, rpynna V —-abeneBa, kaxInH M3 ee 3/1eMeHTOB o0pasyer Kiacc.

3adaua. Obpasya HOCJIC)IOBaTeJIle;Ie 1pOH3BeNeHus [1epPeCcTaloBOK
(1234) (5678) u (1537) (2846),
MOKAXHUTE, YTO I[PH 3TOM MOpOxiaercs rpyuna nopsaka 8. Pasbeiite sue-

MEHTH STOH TDYNNBI Ha KJAAacChi CONPSKEHHHX 3JeMeHTOB. [loKaxute, uTO
3Ta rpynna (zpynna xeamepHuoH08) H30MOPdHA IPYNIE € JEMEHTAMH

’ _ll i’ _il j! _jl k: —k&
P =kl — 1, ij=k Jh=1 ki=].

§ 6. HuBapuantHbie moarpynnsl. daxrop-rpynna.
ComomopthH3m

Baas 3a ucxonuyio noarpynny S# rpynnel G, Mbl MOxeM o6pasosaTh
MHOXeCTBO 3/IEMEHTOB @S a™ !, rie a—Nnpou3BO/bHEHA 3eMeHT rpynnsl G.
(Tlon, ad¥a~! Mbl nmoipa3yMeBaeM MHOXeCTBO 3JeMeHTOB aha~!, rue A
npo6eraeT Bce 9JeMeHThl MNOLrpynnbl J&#7.) DTa COBOKYNHOCTb 3.e-
MeHTOB (MM KOMNAEKC) B CBOWO ouepelb fABJdeTca noArpynmnol rpynnsl G
(npoBepka 3TOTO mpelOcTaBideTca uyurartemo). [oBopAT, uto 3Ta n00-
zpynna conpascedia noiarpynne & B rpynne G. Bu6upaa us G pas-
JUYHBle 3JMeMeHTH @&, Mbl MOXeM [O0JyuaThb pa3/H4YHble COMpsKeHHble
noArpynnsl, MoxeT CAYYUTBCH TakK, YTO NPHU 8Cex a

adfa =456, (1.28)

T. €. BCe MOATpynnml, conpskeHuvle ¢ B rpynne (, COBNaialT C noi-
rpynnoft €. B stoM ciayuae Mbl cKaxeM, uto S — ungapuanmuas
nodzpynna (CAMOCONPANCEHHAS N00ZPYNNG, HOPMAAbHbLE Oe.aumend)
B rpynne G. CootHowenue (1.28) o3nauaer, uto npH 3alaHHOM 3Je-
MeHTe h; B moiArpynne £ Mb MOxeM NpH MOGOM @ HaWTH HEKOTOpHIH
9JMeMeHT f,, Tako#t, 4TO

aha~'=h, um ah, =h.a.
TocnelHee paBeHCTBO MOXHO 3anmucaTh B BUIe

at = Ha. (1.29)
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Jrta 3anuch NPHUBOAMT KO BTOPOMY ONpeleneHHi0 HHBAPUAHTHOR n0OM-
rpynnel: noArpynna (74 uubapuantHa B rpynne (, ecau JeBble M npa-
Bble KJacChl CMeXHOCTH, 00pa3oBaHHHE N0 Mo6OMy 3/eMedTy g rpynns G,
copnanaiot. [loabayace (1.29), MoxHO ckasaTh, uro noarpynna &,
B3ATad B KaueCTBE eIMHHULL, KOMMYTHUDPYET CO BCeMH 3aeMe HTaMu rpynnsl G.
M3 yTtBepxaenuft, caeaylomnx 3a paseHCTBoM (1.28), mbl BHAMM TakXe,
yTo M3 (1.28) BhITEkaeT Caedyloluui pe3yiabTaT: ecau A, Np MHALIEXUT S,
TO M BCe 3JeMeHTH aha~! npusamnexatr &F¢. WHeiMu caoBamu, noi-
rpynna G¢ rpynnel G uH3BapuaHTHAa TOTIA M TOJAbKO TOrLa, KOrLa OHa
cole pxKUT 3jeMedThl rpynnel G B BUIE NOAHMX Ka2GCCO8, T. €. IJ4
mo6oro knacca B rpynne G cnpaBelquBO YTBepxiaenwe: noarpynna <
copepiuT MO0 8ce 3JEMeHTHl, BXOHsllMe B 3TOT kjacc, mi6o He CO-
IepXUT Hu 00H0z0 u3 HHMX. EIuHuuHBIA 371eMeHT W Bca rpynna G
ABJMIAI0 TCA TPUBHAMBbHBIMU MHBAPHANTHBIMKU NoArpynnaMu rpynnsl G, [pyuna,
KOTOpas He MMeeT MHBADHAaHTHBIX (COOCTBEHHBIX) NOATPYNN, HA3LIBAETCH
npocmofi. 'pynna HasniBaeTca noaynpocmoll, eC/M HY OJHA H3 ee HMHBA-
pUaHTHBIX NOArpynn. He apnafeTca abenesofl. OueBMAHO, YTO BCE NOM-
rpynnsl abeneBofl Tpynnbl MHBAPHAHTHBL.

VlHiBapuaHTHele noArpynnel 06/1afal0T HEKOTOPHIMM BeCbMa [pHMeda-
TeAbHbIMUM cBoficTBaMu. Ecam noarpynna &% wusBapuantHa B G, TO

(aF) (0 FH )= a(0b) H = a (b)) HK = ab(FH) = (ab) K, (1.30)

NOCKOJbKY NpoM3BeleHHe SH'SH 03HauaeT He YTO HHOe, KaK COBOKYyM-
HOCTb 3/JeMEeHTOB, BXOIAWMX B S4. Takum oOpasoM, nmpousBeleHHe IBYX
CMeXHBIX K/JacCOB HMHBapUMaHTHOW MOATpyNmbl CHOBa SIBJAAETCA CMEXHBIM
KaaccoM. TOuHO Tak Ke 3aMeTUM, UYTO

S (aS) = (S0a) ¥ = (aH) 6 = a (850) = aS¥, (1.31)

NOITOMY YMHOXeHHe MOo6GOro CMexHOro kJjacca noiarpynnul ¥ Ha &6
IaeT B pe3yJbTare TOT e CaMbl CMexHBI knaacc. B atoM yMuHoxeuun
CMEXHBIX KJaCcCOB MHBapHaHTHAd NOATpynna ¢ urpaer pofib eIMHHUYHOTO
afeMeHTa. [anee, ecM y Hac MMeeTCA HEKOTOPHIH CMeXHBbIH KkJacc adi,
TO MH MOXeM HaHTH oOpaTHHIR eMy CMeXHBIR KJacc (OTHOCHTEMbHO
Halllero HOBOTO ,YMHOXeHHMA CMEXHBIX KJacCOB‘), a UMEHHO CMeXHHIH
kaacc a~'&#, xotopufl colepkuT 3demedt a~l;

@ ') (@)= a"'FaH = a-'aSH S = . (1.32)

Ecau Mo OyneM paccMaTpuBaTh CMeXHble KJacChl NMOArpynmbl &%/
B KayeCTBe 3JIeMeHTOB, a MpPOU3BeleHHe ONMpeleNUM KaKk pe3yabTaT yMHO-
KEHMA TaKUX CMeXHBIX KJacCOB, TO CMeXHble KIacChl HHBapHaHTHOH
MOATpyNNEl 06pasyioT Tpynmy, kKoTopas HaswlBaerca ghaxmop-zpynnoll u
o6osnauaetca (/5. Tlopamok ee paBedH HHiekcy mnoarpynnu &
B rpynne G,

HanneM conpsxeHHble MOLUpynner nisd nodrpymner G2 [e, (12) (34)]
B rpynne S,. Toarpynna S¢ He uHBapuawTHa, TaK KaK OHA He CO-
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LepKUT BCeX 3/eMEeHTOB TpPeThero kjJacca, YKasaHHOTO /A Tpynmel S,
B § 5 uacromuett raaBel. Korza Mbl oOpasyem npousBelenus adfa~!
C 9/JeMEHTaMH @ W3 Tpynmbl S,, ¥ HAC IOIKHB MOJYYHTHCA UMKIHYECKHe
CTPYKTYpHl, KOTOpble AOKHbLI COBMAaAaTh C LMK/JIHYECKHMH ' CTPYKTypaMH
3/MeMeHTOB MOArpynmbl &#. TakuM o06pa3oM, COMpsKEHHBIMH MOATpYM-
NaMH ABJSIOTCHA TMOATPYMIbL:

& e, (12)(34),
' e, (13)(29),
" e, (14) (23).

Kaxnas n3 uux nosayyaerca 8 paa:

S0 npu a=-e, (12), (34), (12) (34), (13) (24), (14) (23), (1324), (1423);
S0 pu a= (14), (23), (132), (124), (143), (234), (1243), (1342);
SE" npn a = (13), (24), (123), (142), (134), (243), (1234), (1432).

C zpyro#t cTOpoHH, MOATpynNna
Vi e, (12)(34), (13)(24), (14)(23)

HHBApHaHTHA B rpynne S4, MOCKO/JIbKY COIEPKHUT I/IEMEHTHl H3 S4 B BHIe
NOJHBLIX KJAACCOB.

3adayu. 1. He nepeyucass Bcex NOATPYMI, HaiguTe COMpPsAXKEHHbIE NOI-
rpymnst aas S, B rpynne S,; 148 S; B Tpynne Sy 14d LUMKJIHYECKOH TPYTIIbL
[e, (123), 132)] B Tpymnne S,.

2. JlokaxuTe, UuTO MOATPYMNa HHAEKCa 2 NOMKHA GBITb MHBAapHAHTHOH.

3. TokawuTe, 4TO BCe MOArPYMNINH FPYNINBl KBaTEPHHOHOB MHBAapPHAHTHBL

B uuxanuecko#t rpynne G uerBepToro mopaika (@, a2, ad, a‘=e)
noarpynna S (e, a?) wuusapuantHa (rpynna G — aGenesal). dakTop-
rpynna G/J¢ colepxuT IBa 3JeMeHTa

E= (e, a?, A=/{(a, ad),

npuuem A?2=E,

Patee Mbl BBeaH moOHATHe u3omopdu3aMa Ias rpymn, o6/anaollux
0IuHakOBOH cTpykTypoH. Mexny snaementaMu a rpynmel G W 3/emeH-
tamu @’ rpynnel G’ OBLIO YCTaHOBJNEHO B3aHMHO OJHO3HAYHOE COOTBEI-
cTBHe, Takoe, uto (ab) = a’d’. Tlon zomomopgrvis OTOGPaXKeHHEM
rpynnst G Ha rpynny G’ Mbl NOHMMAaeM aHAJIOTHYHOE COOTBETCTBHE, KO-
TOpOe COXpaHseT NMpOH3BeleHHe, HO TeNepb yKe HeCKOAbKO 3JIeMeHTOoB
rpynnel G MOTYT uMeTb 0dut u mom oce o6pa3 B rpymne G'.

Tlycte, Hanpumep, G — wMk/anyeckad rpynma mnopsaika 4 M MNycTh
rpynna G’ COCTOMT nKlllb M3 €IMHHUHOrO SJeMeHTa. Mbl oroGpasum Bce
a/7eMeHTHl Tpynnel G B eJMHHUYHHIH 3/eMeHT TPynmel G’. Awnanoruuso,
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ecoiu G —rpynna nopamka 2 ¢ 3MeMeHTaMu b b2==e, MLl MOJAYuHM
romoMopeusM rpynnet G B G’, ecn otoGpasum

(a%, e) B b2=¢ u (a, a® B b,

Tpn romomopdHoM oTobpaxennn rpymnet G ua rpynny G’ o6pasom
eIWHUYHOTO 3/JeMeHTa e U3 Tpynnbl G ABAAETCA eIWHWYHBIH 3eMeHTr ¢
rpynnst G’, n6o ecam ab==a (OTKyza ciaeiyet, uTo b ecTb enMHHUA
B rpynne G) 10 a’b’=a’, w3 vuero cienyetr, uTo &’ ecTb enuHHua
B rpynne G'. Ecm  COBOKYMHOCTb STEMEHTOB 4y, Gy ..., G, TPYMNH g
oTobpaxaerca B e’, TO, BHOpAaB KaKOH-uuGynb Apyro# siemedt &
B rpynne G, Mbl HaflieM /# pas/uunblX 3jeMeHToB ba;, ba,, ..., ba,
B rpynne G, Kotopble 0TO0OpaxalOTcd B OOHH H TOT Ke 3JMeMeHT b’
rpynnu G/, Tak Kax (ba)’ = b'a’ = b’e’ = b’. Takum 06pasoM, B KaxIuh
sneMedt rpynnu G’ oToGpaxaeTca ONMHAKOBOE YHCJAO 3/eMEHTOB
rpynnsl G. Ecau 3neMedt @ otoOpaxaerca B e, TO 3TO ke cnpasel-
qMBO M Ans @~ !, 4TO MOXHO MpoBepHTb, B3AB 06pasbl NMpaBod M Je-
BoH wacte#t pasedctBa aa—!=—e. Tlo3TOMy Te 3aeMeHTH Tpymnns G,
koTopeie otoOpaxaioTca B e’, o6pasyoT TPyNny, Ha caMoM leJe uK8a-
puasmuyro nodzpynny rpynnel G, 60 ecau 3jeMeHT @ otoOpaxaercs
B ¢/, TO 3TO e BHINOJHAETCA H A BCeX 3/eMeHTOB, NMpHHaIJIexallux
TOMY Ke KJaccy, YTO H 3/eMeHT a, TaK KaK

(gau=y =w'a’ (- =uw'e’ (W) '=¢".

O603HauuB 3Ty HHBAPHAHTHYIO MOLrPYNNY CHMBOJOM S#, MBl OGHapy kUM,
yro JMoOof Kjaacc cMexHOCTH ad¥ orobpaxaercd B OIHH 3JEMEHT
rpymnet G’, Tak Kak

a8y =a’'¢' =a’e’ =a’.

Takum o6pa3om, ™Mbl BHIuM, uto rpymna G’ usomopdpHa dakrop-
rpynne G/

§ 7. Npamble npou3peneHus

losopar, uro rpynna G aBasercd npAMsM npoudgededite s CBOUX
noarpynn &#y, o «.., b, €CIH

1) 37eMeHTH pPa3/JHYHBIX MOATPYNN KOMMYTHDPYIOT;

2) kawapft 37eMeHT g rpynnel G MOXHO NpelICTaBHTh OIHHM H
T0IbKO OIHHM cnocoGoM B BHIe

g=h1h2 coe hn,

rle h; npuHamiexut &, ..., a h, npusannexur 5,

[Ipennonaaraercd, YyTo HH OIHAa H3 MOLTPYNN He COCTOHT H3 ONHOTO
JHWIb eJIHHHYHOrO 3jeMeHra. B cokpalleHHblX 00603HaueHHAX Mbl 3aMH-
cuBaeM G B BHIE

G=G%71><n5573>< ey X%n (1-33)
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[oxrpynnel &€y, o v, F, HA3HBAOTCA NPAMBLMU COMHONCIL -
meaamu rpynns G.

U3 ycnosuit 1 u 2 caenyer, uto oOLINM 3JeMEHTOM 114 moArpynn &4,
ABASETCA TOJAbKO eIHHHYHBIH 37eMeHT. TOYHO TaK ke H3 3ITHX YCJIOBHH
ClelyeT, UTo BCe SHY; ABAAIOTCA MHBAPHAHTHBIMH MOLrpynnamu B rpynmne G.
CornacHo yc/aoBuio 2, Jo6o# 3neMedT g rpynnsl G MOXHO 3anucathb
B BHIE

g=/l1/l2 h",

Fle, COTJacHO yca0Bui 1, BCe /; KOMMYTHPYIOT Apyr ¢ Ipyrom. Tipen-
r

NOMOXHM, YTO f; NMpUHALIEKHT noarpynne G#¢;. Torma moGoH 3sjemeHT,
r

conpsxeHHbilt f;, UMeeT BHI

ghig = (Mhy ... k) B, (ihy ... hy) ™ = hihih]" (1.34)

U Takxe npuHannexut ¥, [Te comHoxutean B (1.34), KoTopble npu-
HalJeKaT IPYTHM NMOArPynnaM, OTJIMYHHIM OT J7F;, COKPallaoTCa Nocae
xoMMyTtaunu.] Takum o6pasoM, mnoarpynna J&#&; COLEpPKHT 3JAEMeHThl
rpynnel G B BHIe NMOAHBIX KJI3aCCOB M MO3TOMY HHBapHaHTtHa B G.

B kavecTBe npHMepa pas/oXenHd TpPYMNbl Ha NpAMble COMHOXHTEJH
paccMOTpUM LMKANueckylo rpynny G mnopaika 6 (a®==e). Ee MoxHO
3aMHcaTh B BUJE NPAMOro NPOU3BEIEHHS NMOATPYMN

A e, a?, at,

B: e, ad.
Hmeem .

G=AXB.

Kaxnpi#t snement rpynnet G npeiacTaBHM /JWUIb OLHUM CnocOoGOM B BHIe
npousBeleHua 3jemedta W3 A Ha 3jeMeHT W3 B (npoBepka mnpelo-
CTaBageTca uuTareaiol).

B name#l knure HaM TakXke NMpPHIeTCA HMEThb ILe/O C MNPAMBIM NPOM3-
BelenneM G X G’ nByx rpynn. Yto6el moJyuuth ero, o6pasyem BCe maphl

(a. a)),

rie 31eMedT a npuHagaexut G, a ajgeMedt @’ npunasnexur G'. Tlpous-
BEleHHe Tap omnpeneadeTcd COOTHOIIEHHEM

(a, a’)(b, b")=(ab, a’d"). (1.35)

Ecin e n ¢’ — ennununbie snementw rpynn G u G’, to napu (a, ¢’)
o6bpasyior noarpynny I', msomopduyio rpynne G, a napul (e, a’) o6pa-
aytor noarpynny I, usomopduyio rpynne G’. [pynna, cocrosiias u3 3a-
IaHHHX BhIUE Nap, ABasercs NpaMbiM npousselendeM I' n I B coorser-
CTBHH C oOMmpelefeHHeM, JaHHbBIM paHee. QObIYHO Mbl OyleM TOBOpHTb
NpoCTO, Yro 3Ta Tpynna ectb npamoe npousselenue rpynn G un G'.
OueBHIHO, YTO MOPALOK MPAMOTO MPOM3BeleHHA HBYX TPYNN paBeH Npo-
M3BEIEHHIO UX 10PAIKOB.



FTMTABA 2

I'PYTINBI CUMMETPHH

§ 1. dnementsl cummeTpuu. IomochHHe QUTYpH

OOwHpHEIf KjAacc TPYNMN, HTPAOLIMX BAXHYIO PO/b B (pH3HKe M XH-
MHH, COCTaBJAIOT TaK HasklBaeMble IDYMNbBl cHMMeTpHH. B 3To# raase Ml
00CyIHM HX HEeCKoJbKO noipoGHee i TOro, Yrobel c034aTh HeoOXOlHM-
MYI0 OCHOBY I/ MOCAENYIOUIHX DAacCMOTPEHHH M KaK-TO KOHKpETH3HpO-
BaThb NOHATHA, BBeleHHble B TIJ. 1.

Knaccuprkauna yposHelt 3Heprud MHOTOATOMHONH MoOJeKyJ/b CBsA3aHa
c cumMerpHet nocienHeft. C cuMMeTpHe#t MoJeKyabl CBsi3aHa TaKxke 3a-
1a4a O HaXOXIeHHH CMeKTpa koJeGaHu#t Moaekyabl. CHMMETPHA BHEWHHX
MaKpOCKONMHYECKHX ¢OpM KPHCTANIOB CBA3aHa C Jexalled B MX OCHOBe
CUMMeTpHelt MHKpOcKomHuecKo# cTpyKTypel. Kiaccupukaumsa sHeprerH-
YeCKHX ypPOBHel 3/1eKTPOHa B KpHCTa/lje OKa3blBaeTCs CBA3AHHON ¢ CHM-
MeTpHelt nojda B kpuctaije. [id Bcex 3THX 3alay npercrtasiaserca cy-
leCTBEHHEIM TIPEXIe BCETO JaTh CHCTeMATHYECKOe MepeyHc/aeHHe BO3MOX-
HBIX THMOB CHMMETPHH, KOTOPHIMH MOXeT 06/1a1aTh MOJIeKY1a HH KPHCTa/.

CHMMETpHIO HEKOTOPOTO Tesia OMUCHIBAIOT, 3a1aBas COBOKYNHOCTb BCEX
TeX npeo0pa3soBaHui, KOTOpble COXPAHAOT DPACCTOAHHSA MEXIy BCeMH
napaMH TOYeK TeJa M COBMeUaloT Telo ¢ caMuM cobo#i. JlioGoe takoe
npeoGpa3oBaHie Ha3biBAETCA npeolpasosanuem cummempuu, ScHo, YTO
TaKas COBOKYNMHOCTb NpeoOpasoBaHui obpasyeT rpymny —ezpynny cum-
Mempuu NaHHOTO Teja. Bce nmpeo6pa3oBaHud, cOXpaHAIOUIME PaCCTOAHME,
MOXXHO TOAYYHTb M3 npeo0pa3oBaHUN TpeX OCHOBHBIX THIIOB:

1) MOBOPOTOB Ha HEKOTOPHI Yroa BOKPYT KaKo#-HHOyIb OCH;

2) 3epKa/pHOTO OTPaXKeHH B HEKOTOPOH MIOCKOCTH;

3) napaJienbHOTO TepeHoca (TpaHCAALMH).

IMocnenwn# 3/eMeHT CHUMMETPHU — TPAHCAALNA — MOIKET BCTPETHTBCA
MOAsK0 B TOM clyuyae, ec/AH TeJOo HUMeeT OeCKOHeuHYI MNMPOTAKEHHOCThb
(nanpuMep, OeckOHeuHad KpUCTanauyeckad petlerka), CiaelyeT OTMETHTb,
YTO KOTIa TPAHCAALUHOHHYIO CHMMETPHIO HCMOJbL3YIOT B (PH3HYECKHX pac-
CyXIeHHAX, TO MOIPa3yMeBalOT, YTO yIajeHHble TOYKH Te/a He BAHAIT Ha
pellleHHe 3alayd, TaK KaK MPH TaKOM TNOJXOLe KOHEUHOE Telo € Heol-
XOIHMOCTBIO 3aMeHsieTca cBoelt GeckoHeuHOH skcrpanoasunedt. Hanpumep,
B TEOpHM TBEPIOTO Teja CjlelyeT 3aTeM OTLeNbHO pacCMOTpETh NpobaeMy,
CBA3AHHYIO C COCTOSIHMEM TNOBEPXHOCTH,

Inasa Tena KoHeuHOH NMPOTAMEHHOCTH (MOJEKY/Ibl W/JIH MaKpoCKomuye-
ckoro o6pasua Kakoro-HHOyIb MHHepana) BOSMOXKHBL JHIUb 1Ba MepBHX



50 Trasa 2. Fpynnet cummeTpuu

THNa cUMMeTpuu., B caMom IZese, Bce mpeo6pa3oBaHud, NpHHallexalide
Tpynne CHMMETPHH KOHEYHOTO Tena, IO/LKHBl OCTaBAATb HEMOLBHKHOM
no Kpaiineli mepe o0ny TOuKy Tena. Muaue roBopsa, BCe OCH MOBOPO-
TOB H BCe MJOCKOCTH OTpameHdH 1OMKHL TepecexkaTbhcs (MO kpatHeH
Mepe) Boaxok Touke. fcHo, 4TO NOCAe10BaTEAbHBIE TOBOPOTH BOKPYT Henepe-
CEKaIoUHXCA ocell WM OTPaXEeHHA B HelepeceKalnXca NJA0CKOCTaX 6ynyT
NPHBOAHTL K NepPeHOCaM M HeMmpephblBHOMY CMeleHHIo Tesa. ['pymnul chm-
METPHH KOHeuHblX Tesd (KOTOphle JOJXKHB OCTaBJAATh MO KpatiHe# Mepe
OIHY TOUKY Tena HenolIBHXKHOM) HA3LIBAIOTCH MOYEdHbLMI 2PYANAML.
B 3To#t r1aBe ME OrpaHMYMMCA PACCMOTPEHHEM TOYEUHHIX TDYNN KoHey-
HOTO mnopsalKa.

[Mpexze Bcero mpenno/oXHM, YTO TeJO COBMellaeTcd ¢ CaMHUM COGoH,
ec/li Mbl TIOBOpauMBaeM ero Ha yroJ = 2m/n (7 — uenoe Yucio) BOKPyr
HeKoTopo#t ocH. Takasd OCb Ha3bIBAETCA NOBOPOMHKOL 0CHIO N-20 NOPAGKA.
Ecan n=1, 10 coMeuleHHe Teaa ¢ caMHM COGO# NMPOUCXOLHT NOC/]E NO~
BOPOTA Ha Yroa 21, 4To ABJSETCA TOWASCTBEHHBIM NpeoGpasosanueM. One-
pauuio MoBopoTa Ha yroJ 2rm/n Mel 6yneM o0603Hauath cuMBodom C,. Tlo-

2 3
cJleloBaTeqbHble BHIMOJAHEHHA 3Toro mnpeoOpazoBanus Chr, Cp u T. L.
(t. e. moBopoTh Ha yroa 4m/n, 6m/n W T. 1.) DOMKUB TaKXKe COBMelATh
TeJo € caMuM co6oft. Ecian uucio n deauTca Ha uenoe uwucao I, 1o

C)=Cop @2.1)

Hanpumep, ock 6-ro mopszka B TO e BpeMs CAYXKHT OCbI0 2-T0 U 3-TO
nopsaaxkoB. OCb XapakTepusyetrca Hauboasuium 4uciom n (WM HaUMeHb-
wuM yraoM §). Takxke ACHO, YTO 7 NOC/AeLOBATe/bHBIX NMOBOPOTOB Ha
yroa 2m:/n BOKpPYr ONHOH M TOH e ocHM BO3BpalllaeT HAC B HCXOLHOE NO-
JOXeHHe W NMPHUBOILUT K TOXIeCTBeHHOMYy npeo6pasoBanuio. Takum o6pa-
30M,

n=E, (2.2)

rie I TOXIeCTBeHHOro npeoGpa3oBaHus Mbl BBeau cuMBoa E (Einheit).

[TocKoMbKY OuYeHb BaXKHO UMeTh HAr/sLHOe MpeICTaBleHHE O TOM, YTO
MPOUCXOIUT NPH BHIMOJHEHHH NpeoOpasOBaHUNH CHUMMETPHH, MBI, YTOGLI
NMOMOYb uyuTaTeno, OyaeM NMPUBOLUTL MHOTOUHC/EHHble cXeMbl. OIMH THN
cxeM npuseleH Ha ¢ur. 1. BepTukanpHad mpamas CayXuT ocblo 3-r0
nopsaKa, Npoxoisdlled yeped UeHTP (HEMOABHXHYIO TOuky) O MOJeKybl.
Ha 1o, 4yT0 3TO OCb 3-r0 MOpAIKA, YKA3BIBAET MajeHbKUH TPEYyrONbHHK A
Ha KoHUe 3TOH OCH. AHA/JOTHYHO, HAa OCb 2-r0 TMOpPALKAa YyKasbiBaj Okl
poM6 ¢ Ha KOHUe OCH, HAa OCb 4-ro mopsaika — Kkpaipat M W T. 1. Ecau
B TOuKe P HaxoIuTcs Kakoft-HuOyIb aToM MOJeKY/bl, TO HAMHYHE OCH 3-TO
nopsaKka o03Hayder, YTO TOXIECTBEHHble C HHM AaTOMBI PACNONAralTCA
B Toukax P’, P"”, rne OP = OP’= OP”. AHanoTHuYHO, €CJAM 4TOM Ha-
XOIHTCA B TOuKe @, TO TAKHE K& aTOMbl NOMKHBH HAXOOUTbCA B TOuKax Q’
n Q. Jlna ocobbix MOMOKEHHH, TaKMX, Kak R Ha ocu Bpaulenud, o6pas
TOUKH COQBNazaeT ¢ TOuKOH R. '
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Tako#i MeTol H306paxeHHs 11 MOJeKya BNoJHe foctaroved. Korna xe
Mbl 3aHHMAaeMCs PAaCCMOTPEHHeM BHeIHeH CHMMETPHH KPHUCTA//I0B, BO3HH-
KaeT HeCKO/bKO MHas 3anauva. [lnowanu rpaHelt KpucTanna LaHHOTO Be-
11eCTBA MOTYT MEHATbCA B WIMPOKOM AHaNasoHe B 3aBHCHMOCTH OT YC/OBHH,
B KOTOpDBIX OblA BbIpallell KPUCTana. [J1aBHBIM colepxaHHeM BCeX HC-
C/e10BAHAH TO MODQOJOrHH KPHCTANIOB ABJIACTCA 3QKOH NOCMOAKRCMEA
Y2408 8 Kpucmaa.ae. yribl, KOTOpele 06pasylT IPYT C APYroMm TpaHH
KpUCTanaa, I J4HHOTO KDUCTaAJa SBAAIOTCA HEM3MeHHBIMH. 3To
03HayaeT, YTO KPHCTA/NI XapaKTepU3yeTca Hanpas/eHHAMH HopMmasel K rpa-
HM KPHCTAN1a W YT/JaMH, KOTOpPble 3TH HOPManu o6pasyioT APyT ¢ APYToM

C 3
PII
——e P
P ' R
' 0
0”
Q'
¢
@ur. 1.

3aMeTHUM, UYTO paccTOAHWe OT ,ueHTpa‘ N0 rpaHed KpHcTanaa HeolduHa-
KOBO 145 Bcex oOpasuos. Mrak, npocTelimuit MeTon onuMcaHua Kpucrtaana
COCTOHT B TOM, YTO Ha TOBEPXHOCTH eIJMHHYHOH CcdepH YyKasblBAIOTCA
noaroce. MHOTOTDAHHMKA, T. €. TOYKH, B KOTODHIX HOPMaau K TPaHAM
KPHCTa/A/Ma TNepeceKaloT MoBepXHOCTb cdepbl. [ad moayueHus Gopmel
KPUCTaaAJa MO ero MO/IOCHOR InarpaMMe HaM HYXXHO JHUIb MPOBECTH Ka-
careJbHble TUIOCKOCTH K €IMHHYHOH cdepe BO BCeX NMOJIOCAX H MOJYUHTH
3aMKHYTHH MHOTOrpPaHHHK.

Yro6bl NpencTaBUTh 7040CA YO hu2ypy B IBYX W3MEPEHHAX, BOCNO/b-
‘syeMcel cmepeozpapusecioli npoexyuedi. Ha dur. 2 Mel coelnsseM no-
moc P ua ennHnyHol cdepe ¢ 1oxmubM nomocoM S, Touka nepeceyenna P’
npaMo#t PS ¢ naockocThio 3KBaTOpa ABAAETCA CTepeorpaduueckoft mpo-
ekune#t touku P. HTo6bl MOKAa3aTh MOJIOCH Ha cTepeorpaguyeckolt npo-
eKUUH, TpoBeleM OKPYXHOCTb 3KkBatopa AB M OTMETHM NPOEKUUIO MO-
NIOCOB HE3aITPUXOBAHHBIMH MajeHbKMMH KpyxkKamH (¢dur. 3). 3aMetnm,
YTO BCe TOYKH ceBepHOH noJjycdeps NPOEKTHPYIOTCA HAa BHY TPEHHOCThb
3KBATOPHAJILHOTO KPyra, a TOYKHM, Jexallue Ha IKBATOPE, MPOEKTUPYIOTCA
Ha rpaHuuy 3toro kpyra. Ecam 6bl MBI TOUKHM 10XHOH moOJaycdepsl pac-
CMATPHBAJIM TOYHO TAKUM e 0Opa3oM, TO UX MPOEeKLHH PACTOJ0KHIHCL OH
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BHe EeIMHHYHOTO KPYra, a MpOeKuHdA I0XHOro nomoca S yuna 6u B Ge-
CKOHEYHOCTh. YTOGH H30exaTh HECHMMETPHUHOTO MOIXOXAa K paccMoTpe-
HHI0 IBYX TOJOBHHOK cdephl, Mbl OyleM MNOJB30Barbcad nomocom S 14

N
Pllr
) 0 P
PH
l c_/
. A K p’ B
S

Qur, 2.

NPOEKTUPOBAHUA TOYEK BepxHed I0Jycheph; TOUKH e, Jexkalllhe Ha
HHxkHe# noaycdepe, GyLyT MPOEKTHPOBaTbCA M3 CeBepHOTrO mnoJjwoca N,
HTto6u pasavyaTh 3TH CAyYaH, MOXHO AHO0 BOCMO/ML30BATHCA IBYMS pas-
JHUYHHIMH KpyraMu (MO OIHOMY IJa Kaxuao# noaycdepnl), AM00 ke, Kak
ClenaeM Mpl, OTMeyaTb NMpPOEKUHH MOJIOCOB HHXHeH noJycdepbl KpecTH-
kamu., Hanpumep, na ¢wur. 3 rtouxa 7’ asasercsa o6pa3oM TOYKH HHXHeEH

®ur, 3. Qur. 4.

noaycdepnl, a touka U’ u U” (KPymOK ¢ KPECTOM) 03HAuaioT, 4TO
UMeloTCcA 1Ba TNoJMoca (Mo ONHOMY Ha Kamao# noaycdepe), Kamiabif u3
KOTOPBIX fBJAETCA 3€PKaJbHBLIM OTpa)KeHHeM IPYroro B MJIOCKOCTH IKBa-
Topa.

M3-3a Haauuma ocH 3-ro mopsanka usobpaxenuem touek P, P’ u P”
Ha ¢ur. 1 caAy}Kar TPH TOYKH, JexallHe Ha OIHOH napantelu TaK, Kak
nokasaHo Ha ¢ur, 2. Crepeorpaduueckass NpOeKLHA TeX XKe CAMBIX TOYEK
uzoGpaxena Ha dur, 4.
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Ecan k cdepe Ha ¢ur. 2 Mbl mpoBeleM KacaTelbHble TNJOCKOGTH
B Toukax P, P” u P, T0 noayunM TPeYyroJbHy10 NMHpaMHAy C BepIUu-
HOM, Jexalled Ha ocH 3-To mnopanka. EcAM K yKasaHHBLIM TOYKAM Mbl
106aBuM Tpolky momocoB Q, Q7 u Q, nexalulnx Ha KBaTope, Mu MO-
JYYMM TpeyroabHyio npuaMy. Yro6ul 3aMKHYTh MHOTOTPAHHMK, HaM MoOHa-
106uTca elle onHa Tpotka Touexk R, R” nm R” Ha HuxueH noaycdepe.
3ameTM, 4TO ONHHX TOJABKO ToyeK P 1 R 10CTATOYHO 119 MOJYy4eHHs
3aMKHYTOIO MHOrOrpaHHHKA, HO IJs MoJjyueHHa Gojee CAOKHBIX (HUTYD
Mbl MOXeM 106aBaath TPOUKH TakuX Touek, Kak Touku Q. HUrtobwl u3-
Gexath TaKUX cJydaes, Koriaa ¢urypa Oynet obaanate cuMMeTpuelt 6ojee
BLICOKOH, ueM CHMMeTpHsl C OCbi0 3-TO MOpPAIKA, Mbl LOJKHBL ObITh yBe-
PEeHHBIMH B TOM, YTO MeXIy NOJoXeHHAMH Tovek P u R He cyulectByer
HHUKAKOr0 MPOCTOTO COOTHOWIEeHHA., YOeIHWTbCA B 3TOM Jerue, eciu pac-
CMaTpHBaeTCA 3a1aya O CHUMMeTPHH MOJeKY/bl, IOCKOJAbKY B 3TOM CJayuae,
KaK BUIHO W3 ¢ur. |, Mbl MOXKEM U3MEHATb PacCTOAHHE OT aTOMa IO OCH.

Cnenyer 3aMeTHTh, YTO NepBad ONePauns CUMMETDHH — 8paujerue —
TaKOBA, YTO MOXET NepeMellaTh TeJO Kak a6CoJIOTHO TBeploe H3 Hauajb-
HOTO TO/OMEHHA B KOoHeyHoe. Bropasd ocHOBHas onepauus — ompaogke-
Hue 8 nAocKocmiu — HOCHT MHOH XapakTep. OHAa He OTBevyaeT HHUKAKOMY
¢U3NYeCKH BO3MOXHOMY TMepeMellleHH0 Teja Kak eluHoro ueaoro. ¢u-
TYpH, KOTOpBle MOIYT GHITh HA/MOMEHB IPYT Ha IpYra TOJbKO MOC/Ae 3ep-
KaJbHOrO OTpameHHUdA, Ha3bIBAIOTCA SHARMUOMOPPHHOLMU.

IOas 0603HayeHH OTPaXKeHHA B MJOCKOCTH Mbl BOCMOJb3YyeMCH CHM-
BoJOM O. [lockoabky 1Ba OTpaxeHHd B OLHOM H TOH iKe TNJIOCKOCTH
BO3BPAUIAIOT HAC B HCXOIHOE MOJMOXKEHHe, HMeeM

o?=EF, (2.3)

U3 Yero cjelyeT, YTO OTpPaXeHHe B MJOCKOCTH €CTb 3/jeMeHT Nopsanka 2.
Ecan 6yner HeoOXOOMMO KaK-TO BBLIEJHTh IJIOCKOCTb OTpDAXEHHA, Mbl
OyleM YKasblBaTb ee C NMOMOLIbI0 HHIekca. B o6lieM cayuae Mbl Oylem
MMeTh OIHY OChb BpallaTe/]bHO# CHMMeTpHM, TpHUYEM BpalllaTelbHAasA CHM-
MeTpHa OyIeT OCHOBHBIM BHIOM CHMMeTpHH Tena. Ecan nenao o6CToHT
HMEHHO Tak, Mbl OyleM 0003HauaTh OTpaxeHHe B MJAOCKOCTH, NMEPreHiH-
KyJAApPHOW 3TOH T/1aBHONH OCH, CHMBOJIOM O, (4 — FOPH3OHTA/IbHBINH), 8 CHM-
BOJIOM O, Mbl GyleM 0003HauaTh OTPaXeHHWe B MJOCKOCTH, MPOXOILAlled
yepe3 3Ty OCb (U — BepPTHKA/bHBIN).

CoBMecTHO® TpHMeHeHHe DACCMOTPEHHBIX HAaMH IBYX OCHOBHBIX OTle-
pauu#t (MOBOPOT BOKPYT OCH H OTpaxeHHe B NMepNeHIUKYJApPHOH eft mio-
CKOCTH) TIPHBOIHT K Npeo6pasoBaHHI0 CUMMETPHH, KOTOpPOe MBI Ha30BeM
3epraavio-nosopomnoli cummempueli (Drehspiegelung). T'oBopar, uto
Ten0 o6nanaer 3epKajbHO-TIOBOPOTHOH OCBIO 7-TO MOPAILKA, eCJAH OHO
nepexonut B cebs MPU OmepauuH, cocToflledl U3 NMOBOPOTA HA yroa 2m/n
BOKDPYT 3TOH OCM M OTpaxieHHd B TNepNeHAMKYJAADHOH K Heli NJIOCKOCTH
(¢ur. 5). Oty onepaumic Mbl o6osHaunm S,. OueBHIHO, 4TO

S,=C,0,=0,C,, 2.4



54 Taasa 2. Fpynnot cummeTpuy

NMpr4eM Mbl 3aMETHM, YTO MOBOPOT BOKPYT OCH H OTPaxeHHe B NeplieH-
IUKYJAAPHOH el TJIOCKOCTH KOMMYTHPYIOT Ipyr ¢ IpyroM. M3 cooTHo-
weHn# (2.2) — (2.4) Mbl noAyuYuM

(82" = (C,0p)" = (Cp)" (ap)", (2.5
OTKYZa TIPH YETHOM 7 CJAelyeT, YTo
(Sn)n =E,

OIHAaKO TPH HEYeTHOM 1
n
Sp" =0y,

Takum o6pasoM, B cjayyae HeyeTHOrO 72, eCad Teqo 00aanaer CUMMer-
pueit S,, T0 OHO Takxke o6.nalaer cUMMeTpHAMH o, W C, B KauecTBe
HE3aBHCHMHX 3JE€MEHTOB CUMMETPHH,

/
v

/
/

e I e

@ur, 5.

HpesBhualiHo BaKHbLIM NpeldCcTaBAseTcs CAyyalt 3epKaJbHO-NOBOPO1IOH
ocH 2-ro mopsanka: S, ectb NMOBOPOT HAa YroJ 5t BOKPYT HeKOropo# ocw,
Noc/1e KOTOPOTO BBIMOJHAETCA OTPaXeHHe B MVIOCKOCTH, MePNeHIuKyAapHON
3TOH ocu. Pesyabtat 3TOH C/A0XKHOH oOMNepauuH, KOTOPYIO MBI HA30BeM
unsepcueli, COCTOMT B TOM, YTO KaxIasd Touka P Teja nMepexoluT B TOY-
Ky P’, kortopaa sBJderca ee 06pa3oM NPH WHBEPCHH OTHOCHTENLHO (U~
KcHpoBaHHOK ToukM O: toukn P u P’ pacnonoxenn Ha npsmol POP’
MO pasHele CTOPOHBl OT TOYKH O W Ha OIMHAKOBOM DPAacCTOSAHHH OT TOH
TOYKH. OBG03HauMB MHBEPCHIO CHMBOJOM /, MOJyuYuM

[=SQ=C20". (26)
W3 (2.6) cnenyer, uro
Cy=1I0,, 0,=1[C,. (2.6a)

Bce tpu 3nementa cummerpuu /, o, u C, xommytupyor. Ecau moGuie
IBAd M3 ITHX 3/1eMEHTOB TMpHHAL/JexaTt rpynne cUMMeIPHH, TO H TpeTHH
3/MIEMEHT TaKxKe MpPUHALIeKUT eH.
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PaccMoTpum Temepb HecKOJbKO NMPOCTHIX CBOHCTB NMOC/e10BaTeNbHBIX
oTpax¥eHMH B PAa3JUUHBIX TJIOCKOCTAX /W NMOBOPOTOB BOKPYT Pa3jHUHBIX
oce#i, TIpexae Bcero 3aMeTHM, YTO NMPOHM3BeleHHe MOBOPOTOB BOKPYT IBYX
oceft, mpoxoadnx yepes touky O, eCTh CHOBA NMOBOPOT BOKPYT HeKO-
Topo#t ocu, mpoxonsue# uepes O. PaccmMoTpum, Inajnee, NpoH3BeleHHe
OTpa)KeHHi B IBYX TJIOCKOCTAX, NMepeceKalolnXcsa Mo HeKOTOPo# mpaMolt.
Myctb ua ¢ur. 6 npaMbie © U o' GyAyT crelaMu IBYX TAOCKOCTeH,
a Toyka O — c/1elOM JHMHHM NepeceyeHus 3THX NJaockocteft. [lycte ¢ —
yroJd MexIy TJOCKOCTAMH, OTpaxas TOYKy CHayala B NJOCKOCTH 7',

PT
a'
0
£—p
a
P’cL
ur. 6. Qur, 7.

a 3aTeM B MJIOCKOCTH U, Mbl BHIHM, YTO TOYKa P nepexoiut B Touky P/,
a satreM B Touky P”, rie OP = OP’'=O0P”. Tlo NocTpoeHHio yro.a
mexay OP u OP” pasen 2¢. Takum 06pasoM,

0,0, = C (29), 2.7

rae C(2¢) — NoBOPOT HA YToJ 2¢ BOKPYT JHHHUH NepeceyeHns MI0CKOCTeN
B Hanpas/JeHHH OT ¥’ K ¥. TOYHO TaK xe Oy'0y, €CTb MOBOPOT HAa TOT e
CaMbl}f yros BOKDYT TOH e OCH, HO B MPOTHBOMOJIOXHOM HaNpaB/eHuH,
M3 ckazanHOTO BHIOHO, uYTO MpeoGpasoBaHHA Oy M Oy HEe KOMMYTHDYIOT,
32 MCKJIOYEHHEM YaCTHHIX CJyYaeB, KOrIa ¢ =—I1t/2 U UX NpOHU3BeleHHe
pasio C,, U TPHBHAMBHOTO C/AyYas (==1I, KOTLA Oy = Oy . ¥YMHONKaA
paBeHcTBO (2.7) cneBa Ha 0,, HaXOIMM

0, = 6,C (29). (2.73)
Taxkum o6pas3oM, npousBeseHHe TOBOPOTAa HA JAHHBIM YroJ BOKpYr He-

KOTOPOH OCH M OTpaxkeHHda B TJOCKOCTH, NMPOXOIdAlUleH Yepe3 3TY OChb,
eCTb OTPaxcHMe BO BTOPOH IJIQCKOCTH, MPOXOAsulef 4epes Ty e OCh
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H ofpasywoued ¢ nepBoft TJIOCKOCTBIO YroJ, paBHHH no0.z08ure yria
noBopota. Mbl cHOBa MNoJyyaeM TpH B3aHMHO He3aBUCHMBLIX 3JeMeHTa
cumMMetpud. M3 Haanuna moOGeIX ABYX 3/EeMeHTOB CHMMETPHH [0y, Oy
1 C(2¢)] caelyer HaluuyHe TpPETbETO.

Ipyroe BaxHOe CBOHCTBO mokaszaHo Ha ¢ur, 7: orpesok OP BepTH-
KanbHbil, Oa u Ob nexaT B TOPH3OHTAJIBHOH MiaockocTH., PaccMorpum
pe3yJbTaT NOC/el10BaTebHOTO BHINOJHEHHS MOBOPOTOB HA YroJ it cHaya/ia
Bokpyr Oa, a 3ateM Bokpyr Ob. Tlosopot Bokpyr Oa octaBaser Oa
Ha MecTe W nepeMemaet Touky P B noaoxeune P’ (OP = OP’). Ecan
3aTeM Mbl COBEpUIMM MNOBOPOT Ha yroa 1 Bokpyr OB, To Touka P’
BO3BpPATHUTCA 06paTHO B TOUYKY P, Tak yTO NMpoU3BeleHHe 3THX NMOBOPOTOB
LOKHO OBITh KaKUM-TO TNOBOPOTOM BOKpYr npamo POP’. Touka a,
KOTOPAast OCTaBaaach HeMOABHKHON NPH NMepBOM NMOBOPOTe, Teneph NepelieT
B nojioxenue a’ na ¢ur. 7. TakuM o6pasoM, NOCNENOBATENbHOE BBINOJ-
HeHHe TMOBOPOTOB Ha YroJ T BOKPYT ABYX oCeH, 06pasyioliuXx Mexay
coboit yroa ¢, IaeT B pe3yibTaTe NOBOPOT HAa Yroa 2¢ BOKPYT OCH,
NepneHINKyI9pHO# K mNepBbIM IByM. B uacTHoCTH, eciu ocH X u YV
ABMAIOTCA TIOBOPOTHBIMM OCAMH 2-r0 TOpAIKa, TOo H ocb Z dBjderc
NOBOPOTHOH OChIO 2-r0 mopsika.

§ 2. dxBHBaNEHTHHE OCH H NJAOCKOCTH.
JBYCTOpOHHHE OCH

[Tepeunc/inB BO3MOX(Hble TOUYeUHble TPYNMbl CHMMETpPHH, Mbl HalileM,
KakuM 00pa3oM 3TH TPYNNbl MOXHO pasOUTh HA Kaacchi. OIHH BaHbIi
cnoco6 moayueHus coNpsKeHHbIX NMpeoOpaszoBaHUN yke ynoMuHajica B § 5
ri1. 1. Temepp Mbl paccMOTpuUM ero noiapo6uno. Eciv, kak 310 nsobpa-
KeHo Ha ¢ur. 2, Mb HMeeM BePTHKaJbHYIO OCb 3-TO MOpAIKa M eciH
npsaMaa OP ectb ock n-ro nopsaaka, to OP” u OP" takxe NOMKHB
ObITb OCAMH #-TO TOpAika. Bce NOBOPOTH HAa OIMH M TOT Xe yroi
BOKPYI 3THX TpeX oOceli npHHalje}aT K OIHOMYy M TOMYy e KJjaccy.
Bce ocH (MIM MIOCKOCTH), KOTODHIE MOMXKHO COBMECTHTh C NOMOLIBIO
Kakol-nu60 onepauuu, NpUHAL/Iexalled Tpynne, Ha3bIBAIOTCA JK8UBA-
ACHMABME OCAMH (WIH TaOckocTAMHM). TIoBOpPOTEI Ha OIMH M TOT Xe
yron BOKDYT SKBHBaJeHTHHX ocCefi NpHHaljlexar OLHOMY H TOMY ke
knaccy. To e NpaBHJIO NPHMEHHMO H K 3ePKalbHO-NOBOPOTHBEIM Omne-
pauMaM BOKpYT 3KBHBaJeHTHBIX OCeH.

OTOT pesy/bTaT HHUYEro He NaeT HaM B YaCTHOM CJ/yyae NMOBOPOTOB
UM 3epKa/IbHBIX TMOBOPOTOB BOKPYT OIHOH M TOH ke ocH. YUToOH NOHATH,
KaK Mbl IefiCTByeM B 3TOM cjyuyae, PacCMOTPHM elile Pa3, 4TO Mbl Jenaju
NPH TOJYyYeHHH IKBUBAJIeHTHbIX oOceli. Korma Mel OnuceiBaeM MoBOPOT
BOKPYr HEKOTOpPO# OCH, MBI MpexIe BCEro 3alaeM HanpasJeHHe OCH
M yKa3blBaeM TOJOXHTeAbHOE HanpaB/ieHHe BpalleHHA, HAMPHUMeEpP, C MOo-
MOLLbIO TipaBu/a npaBo#t pyku. Ecan ua ¢ur, 8 ocb A’ A MOxHO NepeBecTH
B 1NOJOxeHHe B'B ¢ NMOMOUIbI0 OLHOTO M3 MOBOPOTOB, NMpHHALIeKAUIHX
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®ur, 10.

Tpynite CUMMETPHH, TO HaNpaBAeHHs NMOBOPOTOB BOKDYT SKBHBAJIEHTHBIX
oceft OylyT cBA3aHbl MexIdy COOOH Tak, Kkak TNOKasaHO Ha ¢Hrype.
C apyro#t cTopOHBl, ec/H NpH ILeHCTBHH HeKOTOPOro MOBOPOTAa M3 uHC/Ia
BXoIAWMX B rpynny ocb A’A nepexoauia 6wl He B ocb B’B, a B ocb BB’,
TO CxeMa npeoGpa3oBaHUs WMeda Obl BHI, NpHBeleHHHH Ha ¢ur. 9.
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B o6oux ciayuadax MOBOPOTAMH BOKPYT OCH B’B, CONpPAMEHHBIMH ¢ JaHHHIM
NOBOPOTOM BOKPYr ocH A’A, cayxar NMOBOPOTH HAa PaBHBlE YIJIE B TMpPO-
THBOTO/IOKHBIX Hanpas/jeHusax, Pacemotpum tenepw ¢ur. 10, Ipeanoso-
)KHM, 4TO B TpYNNe CYlleCTBYyeT KaKOH-TO TMOBOPOT P, KOTOPHIH Mepe-
somutr A’A B AA’, HanpuMep NOBOPOT Ha yroa T BOKPYyr npamott CR

®ur. 11.

(tak uyto p*=E, p=p~Y). Ecau nosopor C(¢) Ha yroa ¢ BOKpyr
ocH A’A nepesomut touky P B P/, 1o Ttpanchopmauus nosopota C(q)
NOBOPOTOM P, @ UMeHHO nosopot pC () p, nepeBOIUT TOUKY P B TOUKy Q”
W mpeiacTaBaseT cOGOH HeKOTOPHH MOBOPOT BOKpYT ocH A’A Ha yroa ¢
B 06paTHOM Hanpas/eHHH, YTtoObl yBUIeTh 3TO, BbINOJAHHM noBopoT pC () p
NOCTeNeHHO: HANMpHMep, TNMOBOPOT P MNepPeBOIHT TOYUKY P B TOUKy Q,
aateM nosopot C(¢) nepeBoaHT Q B Q M, HakOHeW, P MepeROAMT Q'
B Q”. Komb cxopo B Tpynne MMeercd HeKOTOPHIH NMOBOPOT, KOTODHIK
ocb A’A nepesonut B AA’, Ml roBopum, uto A’A ecTb 08ycmoponnas
ocb. Kak supHo u3 ¢ur. 10, noBoporhl Bokpyr A’A Ha paBHhe YIJH
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B NPOTHUBOMOJIOKHBIX HANpaBAeHUAX CORpsiKeHH APyr ¢ apyrom. Ecan A’A

ABAKETCH OCHIO CHMMETPHH 1-FO NOPAiKa, TO NOBOPOTHI Cﬁ H Cﬁ"k=C,','k
conpseHbl Apyr ¢ ApyroM, Mrak, Mbl noiydaeM pe3y/abTaT, COCTOSILHH
B TOM, YTO [1As ABYCTOPOHHeH OCH M06oe BpalleHHe U 06paTHOE eMy
BpallleHHe TpUHAl/ieKaT OIHOMY H TOMYy e K/accy.

A 14
Qur, 12,

[IpeanosoxuM nanee, 4TO MMeEETC MJAOCKOCTb CHMMETPHH, MepleHIn-
kyaspHas AA’, a MMeHHO nAOCKOCTb 3kBaropa Ha ¢ur. 11. Ecam no-
BopoT C (¢) nepesoaut touky P B P’, 10 TpancdopMaums 3TOro NoBopoTa
0,C ()0, ! oTpakeHHeM O, 3a1aeT ClelylOLIyI0 NOCAeN0BATENBHOCTD One-
paumi: Uh‘lzoh nepepoaut P B Q, sareM C(¢) nepesoautr Q B Q’
u, HakoHel, O, nepesoiut Q' B P’, Tak 4ro0

0,C (@ 05! =C (@), 2.8

YTO OYEeBMIHO M3 BbICKA38HHOTO HAMH DaHEe YTBEPXKIEHHA O TOM, UTO O
gommytupyer ¢ C(¢). Onepauus C, MeHser HanpaB/eHHe OCH HAa MpPO=~
THBONOJIOXKHOE H B TO K€ BpeMsl H3MEHAET HANpPABJNEHHE BPAlleHHsA T4K,
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KaK 3TO cJAelyeT H3 NMPaBuAa NpaBoOH PYKH, B pe3ynbTaTe 4ero Mu Noay-
yaeM TOT Xe camufi NOBOpOT, YTO M Iipexie, U ocb A’A He sapasercs
apyctopoHuedt (cM. ¢ur. 11),

C npyrofi CTOpOHH, NMPEANOJNONKHM, YTO CYLIECTBYET MAOCKOCTb CHM-
MeTpHHM, TNpoXoidlas depe3 ocb AA’ (NepneHIMKYISIPHO NAOCKOCTH
CTpPaHHUbl) TaK, KaK 3TO H306pameno Ha ¢ur. 12. Onepauus o, He MeHseT
HanpapneHus OcH (oHa mepeBoint A’A B A’A), HO MeHseT HanpaBieHue
ppamennsa. Ha d¢ur. 12 C(¢) neperoaur P B P’, npeo6pasopanune e
0,C (p)o; ! nepesonnt P cuavana B Q, sateMm Q B Q' H, HakoHen,

Q B Q", tak 4TO

0. C(@a =0, (@a,=C(—q). 2.9

B srtom cayuae ocb A’A aBycTopoHuas,

[Mocae 3THX ApelBAPHTe/NbHLIX 3aMeyaHMH Mbl MOXeM mepelTH K HaleH
3ajave, Hamm onepaum cHMMeTpHM MOXHO pasieauth HA [Ba THMA:
YHUCTble NMOBOPOTbI H 3€PKaJjbHbie NOBOPOTHI (BKJI}O‘IH}OIU,HG KaK 4acCTHbIE
C/yyan OTpPaxceHHe M MHBepcHIo). CHayana Mbl MOCTPOMM TOYeYHbIE IPY ML,
KOTOphIe COJEPHAT TOJbKO MOBOPOTHL.

§ 3. Ipynnel, 3JeMEHTaMH KOTOPHIX CJHYKAT YHCTHIE NOBOPOTHI:
rpynnsl IOBOPOTOB BOKPYT OCH, rpyNMbl AM3APOB

B 3toff kareropuu Tpynn npexile BCEro pacCMOTPUM CJy4al, korna
y HAC MMeeTcsl TOJbKO OJHa NOBOPOTHAs OChb CHMMeTpHH. 3a 3Ty IMABHYIO
ocb BbiGepeM oCb Z. UHCIO 3JeMEHTOB B TakOH rpynne paBHO MOPAAKY
ocu. Ecam ocb uMeer nopaaok n, Mpl 6ylem 0603HA4YaTh TPYNNY CHM-
MEeTpUH CHMBOJIOM (3.

1. Tpynnel, umewwue moasro 00HY NOBOPOMHYIO 0Cb N-20 no-
paora: C,.

Fpynna ; CcONEPXHT TOMLKO TOXAECTBEHHOE TNpeobpasoBaHue £
H COOTBETCTBYET MNOJHOMY OTCYTCTBHIO cuMMerTpuH, Bce rpynnum 3toro
THNA UMKJAMYECKHe, K KaXIAbH 3/MeMeHT TakoH Trpynnel caM no cebe
obpasyer xaacc. Yrobel NpeiCTaBUTb ce6e HArAAAHO ITOT THN CHMMETPHH,
1306pasuM sl SKBHUBAJEHTHHIX TOUEK HAa CTepeorpacduyeckodl NMpoeKuMH,
Oas n==1, 2, 3, 4 n 6 9TH TOUKM yxasaHn Ha ¢ur. 13—17,

Cnenyer 0co60 noayepkHyTb, 4TO HAa ¢ur, 13—17 nokasaH TOJbKO
OIMH HAG0OD 3SKBHMBAJEHTHHX MNO/IOCOB. (QUeBHIHO, YTO 3ITHX NOJMIOCOB
HEeNOCTATOYHO L/ TOro, yToObl OrpaHu4nTb 06beM Kpucrannos, (Utobu
OrpaHMYNTb HEKOTOphIf 06beM, HeoOXOAMMO NO KpaHHeH Mepe 4YeThpe
rpanu.) V3o6paxxenne nomsoro Habopa nomocos, o6n1anawoliero Tpe-
6yeMoH cuMMeTpHell (HO He 06/1a1aiollero cuMMeTpHel 6oJee BHCOKOrO
nopsaka) npueBeno 6 K YPE3BLIYAHHOMY YC/OXHEHMIO HAlIMX cXeM. Ha
¢ur. 18 nokasaH monaHef HAGOp MNO/MIOCOB [ KDHCTanda C CHMMe-
tpuett @;. Crpourb H306paxceHHs MOJeKYASPHBIX KoHGurypauu#t, obma-
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JAIOIIHMX HYXHBIM THIIOM CHMMETPHH, HECKOJbKO Jierye, TAK KaK MBI MOXEM
BADLHPOBATL PACCTOAHHA OT ATOMOB 10 LEHTPA W MOJbL30BATHCA ALPAMH
pasubix coproB. Ha d¢wur. 19 u 20 nokasaHsl Moaekyabl, o6aanaloliHe

(OO

Co=1(2) C;=(3)
Our. 13. Our. 14. dur. 15,

rpynnaMu cuMMerpun Gy M 5. Mosekyna, colepaluast derbipe pasandHbIX
alpa, He Jexallux B OIHOH NJOCKOCTH, ,NpHHainexana“ 6w rpynne C
(1. e. He o6nazana 6b HHkakoH cumMerpueft)., Ha ¢ur. 19 usobpaxena
Monekyna HyC=CCl, B BHIe KOHHIypaUHH, YacTH KOTOPOH NOBEpHYTHI
APYr OTHOCHTENbHO Apyra, ob6nanaiolias rpynnol cummerpHu Gy, (Ecau Gwl
3ta MoJekyaa Obisia NJAOCKOH, QHA of6nadana Gbl, KaKk Mbl YBHIHM Jalee,

Cy=) Cs=(6) G
Qur. 16. Our. 17. Our., 18,

Gonee BhicokoH cumMerpuett.) Ha dur. 20 wmsobpaxena saxpyuenHas
B npocTpancTee Monexyna HyC—CCly, koropas ,npunamnexut* rpynne G,
(r. e. obnanaer rpynno#t cumMmerpun ;).

BpeneM Tenepr B paccMOTpeHHe ellle M JApyrue NOBOPOTHbIE OCH
cuMMeTpuH. Tlpexie BCero Mbl HaJOXHM OrpaHHdYeHHe, COCTOALLEE B TOM,
YTQ paspellaercd CyUleCTBOBaHMe He 60Jsee OIHOH NOBOPOTHOH OCH,
nOpsaaoK KOTOpoH Goabwe 2. Hanpumep, ecan mMbu GepeM B KayecTBe
HCXOmHOH rpynnul C,, TO MB MOXeM 100aBHTb TOJIbLKO OAHY OCb 2-TO
nopsaxa, Kpome toro, ata ock LoMkHA OHTb PACMONONKEHA MOL NPSMBIM
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yrJAOM K OCH n-r0 NOPsiKa, B NPOTHBHOM C/ytde Mpl MOrjaM 6bl MOy~
YHTb M BTOPYID OCb 7-TO MOPAAKA C MOMOIIBI0 MOBOPOTA HA yroa 7t
BOKPYr OCH 2-ro nopsika. VITak, eIMHCTBEHHAas BO3MOXHOCTb — 3TO

ey
B C'
. , | a

106aBUTL ellle OAHY OCb 2-T0 NOPAIKA, NePNEeHAHKY/APHYIO OCH 7-TO NOo-
parka, EcaM e Temepb MB COCTaBHM NPOM3BeleHHS 3TUX OMNepauuh
CHMMETPHH, TO MOJYYHTCHA COBOKYMHOCTL, COCTOALLAA M3 7 OCel 2-ro no-
PAlKa, pAacHOJNOMKEHHHX B TOPH3OHTAMLHOM MJOCKOCTH, M Mbl MOJMYYHM:

II. IFpynnw, umeomue ocs n-20 nopadwa u cucmemy ocell 2-20
nopaoKa, pPACROAONCEHHBLX NOO NPAMBLM Y2A0M K Held: zpynns
ousdpos D,.

OTu rpynnel comepxar 2n 37eMeHTOB. ['naBHadg ock (n-ro nopsiaka)

IABYCTOPOHHAS, TaK YTO NOBOPOTH Ck u C7* nonanaor B omun 1 TOT e
kaacc, Ha ¢ur, 21 n3oBpaxeHa ToOpH3OHTA/MbHAS NJIOCKOCT, C OAHOH
0Cblo 2-r0 nopsiaxa @; OCb n~r0 NOPANAKA NePNEeHAHKY/IAPHA NMJIOCKOCTH
cTpanuubl. [IpennonoxuM cHayana, uro n=2. [IpuMeHeHHe npeobpa-
sopanut C, K OCH @ TPUBOLMT BCEro JMIIbL K M3MEHEHHIO ee Hamnpase-
uus, Ho ecnn C, 03HayaeT MOBOPOT Ha yroa ; BOKPYT OCH @, TO Mpo-
nasenenne C,C,=C,, rae C,-—TNOBOPOT HAa yroa 5 BOKPYr ocu b
Ha ¢ur, 21, Taxkum o6pasoM, rpynna D, UMeeT TPH B3AHMHO NepheH-
IMKYJsspHbHle ocH 2-ro nopsaka. Bce 3T ocm aBycroponHue, [pynna
aasgerca abenesofl rpynno#f nopaaka 4 m u3oMopdHa yeTBepHON rpynme
Knetina, MHoraa 19 0603HaueHHs 3TOH IPYNMLI NOMb3YIOTCA CUMBOJOM V,

[ipu n > 2 rpynna ausapa D, ue asagerca abeneBoH.

Cnyya#t n =13 npencrasnes Ha ¢ur. 22, Ecan K OCH @ NPUMEHAIOT

2
npeo6paszosanns C3 u C3, TO NOABASIOTCS SKBHBAJEHTHHE OCH b WM ¢.

2
Fpynna D; comepxur 6 31eMmentoB E, C;, C3 m 3 nosopora BOKpyr
ocei 2-ro mopsaka. Muewrca tpu knaacca:

E; - Ca. Cg; Ca: Cbt Cﬂ'
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Cayyati n=4 wusoGpaxen Ha c¢wur. 23. lloBopoTH BOKpDYl oOcCeH
4-ro nopsanka, 6ynyyd NPUMEHEHHHIMH K OCH @, NMOPOXJIAIOT TOJIBKO OIHY
HOBYI0O OCb b, 3xBHBaneHTHYIO oCH a. [lpomssenenmne C,C, npeicrabiaser
coGoH noBOPOT BOKPYr oCH @’ 2-ro NopslKa, PACNOJOMKEHHOH nocepe-
InHe Mexay ocaMH g u b. TlpuMends x @’ npeoGpasosanue C,, Mbl

c

b b

Qur, 21. ur. 22, dur, 23,

noaydaeM ock b, Hrak, npm n=4 ocu 2-ro nopsika pacnajaawnrtcs
Ha 1Be CHMCTeMbl 3KBHBa/JeHTHHX ocel. [pynma D, mmeer 8 3neMeHTOB,
NPHHALMEKAIINX CAeLYIOWHMM 5 KiaaccaM:

E; C4 Ck C% Ca Cp Car, Cy.

Tenepb no/mueH ObITh fCeH M pe3yabrar B obiwieM cayuae, [pynna D,
colepxuT 2n 3nemenros. Ecau n yerHo (n = 2p), T0 npeo6pas3oBaHne £
u Ci = Cy xaxx10e o0pasyer kaacc, 1o ocrapaser eie (1 —2) = (2p—2)
NOBODOTOB BOKPYI OCeHl n-ro NOpfAiKa, KOTOpble NapaMM pacnaialTcs
Ha Kaaccsl, 4ro JHaeT Bcero (p — 1) kaaccoB. [loBopoThl BOKPYr ocel
2-ro nopsaka pacnafaloTcs HAa KAACCHI, B KAXAHWH H3 KOTOPHIX BXOIHMT
p 3nemedToB, OOllee 4UCAO KAACCOB paBHO p -+ 3 = (n—F 6)/2.

Ecnmn n HedetHo (n=2p-1), 1o BCe OCH 2-r0 NOPAAKA IKBH-
BaMeHTHH, TaKk uTo Bce (2p - 1) nosopora BOKpPYr ocelt 2-ro nopsika
nonajalT B OIMH kaacc, dneMent E obpasyer kaacc cam no cebe, 4ro
’Ke Kacaercd NOBOPOTOB BOKPYL OCH n-F0 NOPAAKAa, TO OHH 00pasyioT
(n —1)/2 = p knaccos. O6liee YHUCAO KAACCOB paBHO p -+ 2 = (n—+ 3)/2.

TaMH 4 H b, TAaKHMH, 4TO

% 3adauxa. [loxaxure, 4To rpynna ausapa D, HOpoxaaercs AByMs 3JeMeH-
‘ P =0= (ab)?=e.
i

[omwocusle durypwt aaa rpynn Dy==V, D;, D, m Dy nokasaHmbt
Ha ¢ur. 24—27. Tipumep rpynnsl D, MOxHO 6bBIO Gbl MOAYYHTh, 3a-
MEHMB aTOMLI X/10pa Ha ¢ur. 19 aroMamu BoJopoaa (B pe3yabTare uyero
noayyunack 6bl Moaexkyna CoH,) M clenas paBHhMH BCe pACCTOSHHA
MeX(1y aTOMaMH yriepona M BoAopona, [ipumepom rpynnsl Dy Mornaa 6bl
caymute Monekyna CyHg B xoudurypaumm, usobpaxeHHoH Ha ¢ur. 28,
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dur., 26. Qur. 27.
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(¥Yron nosopora rpynn CH; oTHocurenbHO Apyr Apyra He HOJKEH GbIThb
paped 60° TaKk Kak BOSHMKAIOLlAA NMPH ITOM CuMMeTpus Obiia 6u Gonee
BLICOKOTO ROpAiKa, YeM cuMMerpus rpynnsl Dj.)

§ 4. 3akoH panHOHAJBLHBIX HHAEKCOB

Tenepb Mbl HcYepha/u BCe BO3MOXHLIE TOYEUHBIE TPYMME, COAEpKa-
IMe TOAbKO MOBOPOTH M HMelline caMoe 6osbliee OIHY OCb, NOPALOK
KOTOpo# Goabuie 2. Yurarenab, MOKeT OBITb, 3aMETH/, 4TO Mbl AOLIIH
AL 10 n=~06, npuuem cayyai n==05 He paccMarpuBau. IIpmunHa
3TOr0 COCTOMUT B TOM, 4TO I/ MOJEKY/] CJAy4au, KOTOpble Mbl ONYCTHAH
M3 PACCMOTpPEHHS, ABAAIOTCA MCKIIOYMTENLHBIMA, B Clyuae xe xpHCTANIOB
HecyulecTBoBaHHe ocef 5-, 7-, 8-ro v T. 1. NOPAAKOB C/AelyeT M3 IMNHU-
PHMUYECKOTO ,3aKOHA pALMOHAMbHBIX HHIEKCOB“, PaccMOTpHM pasiuuyHbIe
rpaHd M pebpa KPHUCTANIHYECKOrO MHOrorpaHsuka., BosbMeM nio6rle TpH
pebpa, He Jexauue B OIHOH NMJAOCKOCTH, H BblOepeM B KayeCTBE CHCTEMBI
KOODIMHATHEIX OCeH NpsAMble, napanienbHble MM M NPOXOAfIIHE Yepes
OIHY TOYKy (Hayano xoopauHar), Jlo6as rpasp MHoOrorpasHHuka 6yner
OTCeKaTh I1a ITHX OCAX OTPe3KH, paBHble 4, ¥ M W. 3aKOH pAUMOHAMb-
HBIX HHIGKCOB TJIaCHT, 4TO Iasi N0GHLIX ABYX rpanefl kpucraana

’ s ’

%:%:%:nlzngzn3, (2.10)
rie n,, n, ¥ Ay — Lenble YHcaAa. 3aMeTdM, 4yTO NapajaneNbHOE Nepeme-
IeHne KakoH-MM60 MAOCKOCTH HAM HCMNOJL30BAHME BMECTO BEJNHYHH
OTPE3KOB, OTCEKAeMbIX I'DAHbIO HA OCAX, OOPATHLIX BeJNHMYMH, HHYEro He
usMenseT B cooTHoweHnn (2.10). B aToM 3akoHe Hawaum Cboe Buipaxke-
HHe pe3y/ibTaThl H3MepeHHH, NpoOBeleHHBIX Ha Kpucrtandax. Chrexyer
NpPOBEPHTD, fABJIAETCS /M 3TOT 3aKOH HENPOTHBOPEUYHBLIM C TOYKH 3peHHS
MaremaTuku, [Inockoctu rpasefi, paccmorpeHuble B coorTHouenuH (2.10),
o0pa3yloT HOBble pebpa, KOTOpHe TaKXKe MOXHO HCMOJb3OBATH B Kaye-
crBe oceti. Jlns 3THX HOBEIX OCelt MBI MOXeM BOCNO/AbL30BATLCA NJOCKO-
CTAMH, O6Pa30BAHHBIMH CTaPLIMM OCAMH, 4TOGH MOJAYYMTb COOTHOLIEHHE,
aHaJoruyHoe cootrouenuio (2.10). Ing HENPOTHBOPEUMBOCTH Mbl LOJIKHbI
norpe6oBath, 4TOGH pPacCMATPHBAEMbLIE OTHOIUEHHA CHOBA OLIMM LEABLIMH
yucnamu, [lonHoe 10KasareAbCTBO B ClAydde TpeX HM3MepeHHH BecbMa
IAMHHO. BMecTo Hero Mbl HaOpocaeM B 06IIMX 4epPTaX, KAk NPOTEKAaeT
Hau0oJ/lee XapaxkTepHas 4acTb 10KA3aTeAbCTBA B (0Jee MPOCTOM 1ByMep-
HoM cayuae. Ilycts OO u 00" ua dwur. 29 Gyayr npAMEIMH, Napaij-
MeqbHBIMH pefpam kpHcraana, a SR u 7O’ — 18e rpanu KpucTadandecKoh
pewerki. Ha OO" n OO” 3TH NIOCKOCTH OTCEKAOT OTPE3KH, KOTOPHIE
RO/KHBEl YAOBAETBOPATL COOTHOLIEHHIO

ufu’

U/U, :'r’
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rie r — pauuosanbio. Hs yeprexa

sin OTO" ﬂ’_ sin OSR
sin 00’'T u sin ORS

=2
T u
Ecan rtenepr Mol Bocnosbsyemca ocamu PR u PO’ wn paccmorpum
rpasn OO0’ u 00", TO OTHOUIEHHE MHIEKCOB IPHUMeT BHI
PS/PR __ PS/PT _ sinPTO sinPRO'
PT/PO" ~ PR/PO’ = sinPST sinPO'R —
sin OTO’ sin ORS v'ju’

sin OSR sin OO'T ~ v/u

JokasaTeaLcTBO HENPOTHUBOPEUYNUBOCTH B CYLIHOCTH ABJAETCS A0OKa3aTesb-
CTBOM TeOpeM O JABOMHOM OTHOLIEIHH B npO@KTHBHOﬁ F€OMETPHH.,

P

Gur. 29,

[Monb3ysch 3aKOHOM palMOHAMLHHIX MHIEKCOB, Mbl JOKAXEM Teneps,
4TO NPH 7 > 5 eNHHCTBEHHO BO3MOXHBIM MNOPSIAKOM NOBOPOTHOH (MJH
3ePKa/NbHO-NIOBOPOTHOH) ocH sBasiercd n == 6. Ilpeanonoxum, yro Bep-
THKaJAbHaA OCb Ha ¢ur. 30 ectb 0Cb A-rO NOpPALKA, NpHYEM n > 5.
B 3rtoM cayuae, nHayaB ¢ noawca 1, Me MoxeM o06pasoBarh HaGop,
COCTOSALIMA CcaMoe Masloe M3 MATH TNOMIcoB. Bce 3TH nmomocH aexar
Ha OIHOH napannenn. Panuychl, MpoBeleHHble M3 LeHTpa Cdepsl B NO-
JIOCH, CAYXAT HOPMaasIMH K rpaHsM Kpucraana, Bce pamuycel obpasyior
¢ BepTHKaAbI0 oauH u ToT ke yroa 0. [lycts n;, n,, ny, n,, ng— enu-
HUYHBlE BEKTODBbI, HaNpaBJieHHble NO 3ITHM HopMaaaM, [lpoexuum BCex
9THX BEKTOPOB HA BEPTHKAAbHOE HAMpPAB/JEHHE OAMHAKOBHL M DABHH COS 0.
VIX npoexuMH Ha FOPH3OHTANBHYI0 MAOCKOCTL HMEIOT OLMHAKOBYIO Beau-
yuHy sin®, M yroa P Mexly COCeNHHMH NpPOEKUMSMH paBeH 2m/n, Kak
3TO mnoxasaHo Ha ¢wur, 30. (a9 3epkanbHO-NOBOPOTHOH OCH HODMaiH,
HanpuMep, 1 M 3 H3MEHAT CBOe HanpaB/eHHe, OJHAKO IS Halero AOKa-
3aTeNbCTBA 3TO HeCYILECTBEHHO.)
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Jlio6ble 1Be IpaHH KpHCTalla OnpenensdioT pefpo KpHUCTAlNia, KOTO-
poe JexuT B NMJAOCKOCTH Kak TOH, TaK W JApPYrod rpaHH v NMO3TOMy Nep-
NEHINKY IAPHO K HOPMA/aM, NMPHUBENEHHBIM K KaxI0H MIOCKOCTH. Takum
o6pasoM pefpo, o6pas3oBaHHOE I'DaHAMHM, NMPOXOLALIMMH 4epe3 MoaiocH 1
H 2, MMeeT HAamMpap/eHHe, 3a1aBAEMOE BEKTOPHLIM RpOM3BeldeHHeM n; X Ny.
Buibepem B kauectBe ocefi peGpa kpucrania

n Xng, 0y Xng nXng.

[lpuMenuM Teneps K rpaHsM KPHCTA/1ia, TNPOXOIALIMM Yepe3 MOJMIOCH
4 u 5 (MM K RapaaneNbHEIM MM MJIOCKOCTAM), 34KOH PAUMOHAJbHHX

4 3

®ur. 30, ®ur. 31.

uHiekcoB. Ha ¢ur. 31 nokasaHo, 4To ec/AM N eCTh €IMHHYHKHR BeKTOp,
nepreHIMKYAsAPHEIH rpaHH Kpucranana F, TO 0Tpe3ok, OTCekaeMbili
rpaupio FF Ha ocu v pased 1/v-n. Mp Oynem onepupoBaTh C BeJHYH-
HaM{, OOpPATHEIMM IJHHAM OTPe3KOB, OTCEKAeMLIX TIDAaHAMH HA OCAX,
nosToMy HaMm noTpebyloTca NpOH3BeleHHs

ng-m XNy, Ng-myXng, ng-nXKng

M 4HAMOTHYHEIE MPOMSBEAEHMA [N BEKTOpA My 3HAYEHHA BCeX STHX
BEJHYMH MOXHO Nouayuuth u3 ¢ur. 30. Jlerko BumeTh, YTO OTPE3KH,
OTCeKaeMble Ha OCAX, HMelT OOLMH Muowureab sin@cos®, koTopuH
COKpAiaeTcsd, KOria Mbi NMEepPeXOIMM K OTHOUIEHHAM. 3aKOH paluOHaNb-
HEIX MHIEKCOB B 3TOM C/Ayyae O3HAYAET, 4TO

sin 3y — sin 2 — siny | sin 2y —siny — sin P
sin2yp —sinp—siny * sin3p —sin2p —sinyP

tl=a:b:e¢,
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rie @, & n ¢ — uenrie uucaAa, HIAH Ke

sin 3y — sin 21 — sin P —
sin2p —sin Y —sinyp ~

sin3p —sin2p—sinp __ 2cos (59/2) sin (P/2) — 2 sin (P/2) cos (P/2)
sin2y —sinp—sinp ~ 2 cos (3P/2) sin (y/2) — 2 sin (Y/2) cos (P/2) ~

cos (59/2) —cos (p/2)

cos (3p/2) —cos (P/2) .
_ sin3(p/2) ) —
—W—1+2tosw—f,

raie r— pauuoOHaJAbHOE YHCJO,

Orciona caenyer, 4to C€Os == cos (27/n) — palMoOHANBEHOE YHCIO.
[lpu n> 5 enMHCTBEHHO BO3MOMHBIM pelIeHHEM CIAYKHUT YHCIO n =6
(cos /3 = 1/2). Tem caMmmM Hawa TeopeMa J[0Ka3aHa.

§ 6. 'pynnbi, 9/eMeHTaMH KOTOPHIX CJAYXAT YHCTHE MOBOPOTHL
IipaBUabHbBIE MHOTOTrpaHHHKH

OO0patuMcs Tenepb CHOBA K IDYNnaM, COLEPIKALUHM TOJbKO MOBOPOTHI,
Hawm caenyomuit mwar cOCTOUT B PaCCMOTPEHHH TPYIN, UMeOLHX Gosblie
onHo#t ocu n-ro mopamka (n > 2). Cpemn Bcex 3THX OCefl n-ro nopsika
BoiGepeM 1Be, KOTOpble 006pa3yloT APYr C APYroM HaMMeHbLIMH Yroi.

b

Po

A
®ur. 32.

ToukH, B KOTOPHIX OCH MepeceKaloTcsd ¢ elMHHYHOR cdepol (nonockr),
npencTaBiens Ha ¢ur. 32. [IpeanonoxuM, uyto tTouku Py u P) aBasiotcs
nomocaMi HauGosee Oauakux apyr k Apyry oceft. MHaue ropops, mpen-
MOMOKUM, 4TO ayra OGoabumoro kpyra PyP; — caMas KopoTKas M3 Iyr
60/bUIOTO KPyra, coelMuAoNX MoOwle 1BA Moa0ca oCeft n-ro nopaika.
Ecan Teneps Mbl NpOM3BeldeM MOBOPOT BOKpPYr ocH Py n-ro nopsika,
TQ H3 OCH P} MBl NOAYYUM HOBBIE OCH A=-T'O NOPAAKA, YHCAO KOTOPHX
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paBHo (n — 1), mpuyeM OAHA H3 HUX MPOXOMUT yepe3 TOuKy A M rnoka-
sada Ha ¢ur. 32. Codepuueckuit yroa P Meway ayramu PyP; n PjA
paBed 2m/n, a PyP,=PyA. CoBepmmus nosopoT Ha yroa { BOKpYyr
ocu A, MBl nodyuuM M3 P, 1pyryio ock 7-ro nopsika, NpoXoIAulyio
yepes B, Bce toukn P,, Py, A, B u T. 1., Toaydyaol{ecs NpH 3TOH
npouenype, Jexar B OIHOH INIOCKOCTH, M MOITOMY ¢Hrypa IO/KHA
3aMKHYTBCS CHOBA B TOuKe P,. (B NMpOTHBHOM cJjyuyae MH MNOAYYHAH OBl
0Cb n-TO MOpAlKa, pacnonoxenHyw Oamxe k ocu P, ueM ock Py.)
Teneps, Bpauasd BOKPYr ocu P, monyuum HOBYio ockb u3 ocu P, n OyneM
NMpOJOMKATL TaK, MOKa He MOJYyYMM BTOpOH NpaBuabHuf cdepuueckutt
MHOrOyro/abHuK, C TOMOLUBIO 3TOr0 Mpoliecca Mbl MOKPOEM BCIO NMOBepX-
HOCTb eIMHHYHOH CQepr ONMHAKOBHIMM MPAaBUAbHBIMK CepHYeCKUMH
MHOrOyro/JbHukaMu. TakuM o00pasoM Mbl MOJyuMM MpaBHJAbHBIN cdepu-
yeCKMH MHOrorpaHHuk c¢ F rpauamu, V Bepmvuamu u E pebpamu,
Kaxnas rpaHb TakOoro MHOrOrpaHHuka npelcTaBaseT co0o# npaBuAbHBHHA
cepuueckud MHOrOYroJAbHHK € § CTOpPOHaMu, Uucao pebep, CXOAALIUXCA
B OIHOH BepuMHe, paBHO n. Tak Kak kaxnaoe peGpo MMeeT MO OXHOH
BepUIMHE HAa KaMJAOM M3 IByX CBOMX KOHLOB, uncao pebep E=nV/2,
Tak kak Kaxiaoe peOpo NPHHALJNEKHT ABYM TIDaHdAM, HMeeM COOTHOUIe-
uue E= Fs/2. O6bvenunas 3T peay.abTaTel, noaydaeM Fs=nV. [l10-
aAb MHOTOYTOJbHHKA C § CTOPOHAMHM Ha elMHMYHOHM Cepe paBHA CymMe
yrloB MHOTOYrOJAbHHKAa MHMHYC (s —2)m, [na Hawero npaBHAbLHOTO
MHOTrOYroJbHHKa TJOlAane paBHa S (2m/n) — (s — 2)x. YMHOXMB 3Ty
BEJIHYMHY HA YHCAO rpaHeil F, Mul NoJydyaeM MOJHYIO MOBEPXHOCTHL elH-
HHYHOH cdephl, paBHylo 4m. TakuMm o6pasom,

F [s (2—:—) —(s —Q)n] = 4n,
HIH
Fs Fs
T_T+F—'2' 2.11)
Bocnonb3oBaBUIHCE MOJAYYeHHBIMM paHee COOTHOLIGHHSIMHM, MBI MOMeEM
nepenucatsk (2.11) B Buze

V—E4F=2. (2.12)

D10 M ecTh Teopema Ifinepa, koropas B ¢opme (2.12) npuroana aas
moGoft ceTn Ha nosBepxHocTH cdepwl. [lepennmem (2.11) B Buame
2s __ 4
T—(S_Q)_F' (2.13)
Mbl BuaMM, 4yTO BenMuHHA 2$/n LOMKHA OBITh "GosblIe S -2 K MOITOMY
(Tak kak n > 2) nonycTHMEe 3HAa4YeHHS § OTPAHHYCHHHL,
IIpp n=3, s<6: §=3 naer F=4; s=4 naer F=6; s=3
Tpebyer, utobu F =12,
lpu n=4, § < 4:s=23 npusoint Kk F =8,
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[Ipu n==25 BoaMoxHO auwb §=3 u F=20.
[Ipu n > 6 pelleHH# He CyllecTByer.
Mbl mosyyaeM ClelyIOliHe BO3MOXHbBIE C/yyau:

n s F

3 3 4 Terpasip, )
3 4 6 Kkyb,

4 3 8 okTasap,

3 5 12 nonekasap,

5 3 20 wukocaszp.

[lepBrie 1Ba MHOrOrpaHHHKAa HMEIOT OJMHAKOBLIE 3JEMEHTH CHMMET-
puH: 4YeTHpe OCH 3-ro MopsiiKa, KOTOpHE COEAMHAIOT BepuIMHBI 1, 2,
3 1 4 TeTpasipa ¢ NPOTHBOMOJAOKHLIMA TPAHAMM TaK, KakK 3TO MOKA3aHO
ans sepmuuel 1 Ha ¢wur. 33, Hauas ¢ monioca Ha oNHOH M3 rpasefd

]

2

.

®ur. 33.

KpUCTanna, ™Mbl OOGHApy:K¥M, YTO MOBOPOTHl BOKPYT 3THX OcCed mMopo-
WMAAOT ceMelcrBo M3 12 noM0COB, TaK YTO YHCAO 3.JEMeHTOB B 3TOH
rpynne paBuo 12. [loBopoTel BOKpYyr /io0off M3 3THX ocefl mepeBOAAT
TPH OCTaibHble OCH ADPYyr B JApyra, OTKyJla CJAelyer, 4TO BCe YeThipe
OCH 3KBHUBAJECHTHLI, Ocu OOHOCTOPOHHHE, B CHJAY 4Yero MBI MNMOJydYaeM
IBa KHacca MO ueThipe 3aeMeHTa B KawaoM: Cs(4); C§(4). Ecan Mul
coBeplINM MOBOpPOT BOKpYr ocu 1 tak, uyro 2-—»3, 3—>4, 42,
a 3aTeM Mpou3BeleM MOBOPOT BOKPYT OCH 2, KOTOpHM mpuBeneT K OTO-
6pawennio 3 —4, 4-—>1, 1—3, TO npousBeieHHe ITHX MOBOPOTOB
O6yner ocyllecTBaaTh orobpawenne 2—>4, 4—-2, 3—>1, 1 >3 u no-
3TOMy Oyler mpelcTaBiasaTth cO00# MOBOPOT HA Yroa 7T BOKPYT MNpsMOMH,
COoelnHsALEeH cepelnHbl NPOTHBONONOKHEIX pebep 24 n 13. Takum
cnoco6oM Mu HaftleM TpM OCH 2-r0 nNopsiiKa, SKBUBANEHTHBIE IpYT
pyry. Ot ocu 2-rQ mopaika o0pasyloT Kaac¢, coctoauid U3 3 3ame-
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menToB, Mrak, rpynna 7 terpasipa uMeeT 12 3seMenroB, NpHHaljexa-
wux 4 Kaaccam:

T:E; Cy3); Ci(4); Ci4),

rle 4uca0 B CKOOKAX O3HAYaeT YMCAO COMpPSKEHHLIX 3/AEMEHTOB B Kjaacce.
Ipyro#t cnocof usobpaxmenus 3ruX oced mnokasaH Ha ¢ur. 34.

3aMeTHM Taxke, 4TO rpynny 7 MOXHO MOAYUHrb H3 rpynmel V,
NpHCOENNHAS K MOciAelHed OCb 3-rO MOpPAdKa, PACMONOKEHHYIO CHMMe-
TPHYHO OTHOCHTENLHO Tpex ocelt 2-ro mnopsaaka rpymnsl V. [lo srton
npuyuHe A 0GOsHAYeHWA Tpynnsl T HMHOrIa MOJABL3YIOTCA CHMBOJOM

C,~Cy~C,.

i
1
i
t
UGS J0, W S

®ur, 34. Qur, 35.

PaccmoTpuM nanee okrtasap., Ha 3Tor pas Mbl HauuHaeM ¢ 3 B3auMHO
neprneHANKyASPHHIX oceft 4-ro mopsaka, BsaB nponsseleHHs MOBOPOTOB
BOKPYI 3THX OCel, MoAy4YnM TOJHYIO BpalllaTe/bHYIO CHMMETDHIO KYyO0a,
Kak noxasaHo Ha ¢ur. 35. Bcero umeerca 4 ocu 3-ro nopsaika (mpo-
CTpPAHCTBeHHbIE [HAroHaaH), 3 OcH 4-ro mopsiika (COeLHHAIOLHE cepe-
IMHBEl TPOTHBONOJOMHEIX TpaHe) U 6 ocel 2-ro nopsiika (CoeAMHAIOLINX
cepelMHbl MPOTHBOMOJNOXKHBIX pebep).

[pumennB nosoporsl 3-ro U 4-ro nopsankos k moB0H M3  oceft
2-ro nopsaika, MH MOXeM T[OJYyuYMlb BCe OCH 2-ro nopsainka. [lostomy
Bce 6 ocefl 2-ro mopsika MNpPHHALMEKAT OXHOMY H TOMY Ke KJaccy,
Jlerko BHIeTb, YTO BCe OCH HABYCTOpOHHME, KPOMe TOrO, BCE OCH
3-ro mnopsika SKBHBAJNEHTHH JAPYr ApPYry H OCH 4-rO MOPALKA TaKkKe
sKBUBaneH rHul Apyr Apyry. Mrax, rpynna O uMeer 24 31eMeHTa, pac-
npeleMeHHEX MO & KaaccaM:

O: E; Cy(6); Cs, C38); Ci CE(6); Ci(3).
[pynna ukocaszpa Y, koTopas mosyuaercs COr/iacHO COCTaBJeHHOR

HAM{ Tab/HLe BO3MOXIBIX C/AYy4YaeB W MPU MAKCHMAALHOM 7 U MPH MaKCH~
Ma1bHOM uHcae rpauelt F, He mnpeicTaBaseT HMHTepeca ¢ TOYKH 3peHHA
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¢usuKH, MOCKOJLKY Y KPHCTa/JJIOB He BCTpeyaerca ocef 5-ro mopsaaka u
He HM3BEeCTHbl TNPHMepPbl MoJexya, o0AanalIMX TakOH CuMMeTpuel.
I'pynnma Y ecte rpynna, cocrosas 13 60 noBopOTOB BOKPYr OCeH CHM-
MEeTPHH MKOCa3Jpa, ¥ KOTOporo umeercs 6 oceft 5-ro nopsiika, 10 oceft
3-ro nopaixka u 15 oceft 2-ro mopsaka.

[Tonsoass HMTOTH, MOXHO CKas3aTh, uTO, MNPHCOEIHHAS OCH BBICLUMX
MOPANKOB, MB MOMYY4aeM TPH HOBHE TPYMMbl NOBOPOTOB:

Hn. 7, 0, Y.

[Momocurie ¢urypst aaa rpynn T u O npeacrasiaedsl Ha dur, 36
u 37. Tlo noBoay Bcex 3ITHUX MOJMIOCHBIX (UIYp MBI LOJIKHEL 3aMETHTh,

&ur, 36. Dur, 37.

4TO OJHOTO Habopa 3IKBUBAJNEHTHHIX MOJIOCOB MOXeT OKa3aThCA Helo-
CTATOYHO JJ8 TOrO, 4TO6B 3aMKHYThb MHOTOTPAHHHK HAXM OJHO3HAYHO
QUKCHPOBATL THUM CUMMCTPHH., B Takux cayuasx chaelyer BBOAMTL 10-
MOMHUTENLHO BTOPOH HaboOp SKBHBANEHTHHIX MOJIOCOB.

3adayu. 1. Iokakure, 4To Bce sjaeMeHTHl rpynmnsi O NOpOMIAIICA NOBO-
POTaMH BOKpYT oceii 4-ro nopsuka.
2. Tlepeuncaure Bce moarpynnsl rpynnet O. KakHe H3 HHX HHBApHAHTHRI?

§ 6. 'pynnel cuMMeTpuH, comepxaulue 3epKajJbHbie NOBOPOTHL
HpHucoennnenne otpaxkenuii k rpynne G,

Tenepb, KOria Mbl pacnojaraeM BCeMH BO3MOMKHEIMH TpYMNaMH CHM-
METPHH, COJepHaLIUMH TOJbKO MOBOPOTH, Mbl IOJKHBH A00aBUTb K HUM
3/IeMEHTH BTOPOro THMNA, T. €. 3epKanbHble MOBOpPOTH. [lycts S — 3ep-
KaJbHBI TMOBOPOT, BXOAALMH B 4YMC/IO 3JeMeHTOB rpymnel. [Ipoussene-
HHe S Ha mo6o# MOBOPOT eCTh CHOBA 3epKaibHHH noBopoT. [Ipousse-
IeHHe [BYX 3epKaJbHbIX MOBOPOTOB eCTh MOBOPOT. 3aMeTHM TMpexie
BCEro, YT0 UYHCThHIe NOBOPOTH OfpasyoT mnoirpymny € rvpymne Q.
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Kpome Ttoro, srta moarpynmna A0OMKHA UMeTb MHAEKC 2 U MO3TOMY SBJAETCHA
MHBapuaHTHON noarpynnol. MHeIMM cnoBaMu, Mbl yTBepKIaeM, uTO Ka-
WIbIH 3epKaAbHBIA MOBOPOT S;, NMpHHALAEKALMA pacCMATPHBaeMOH rpyne,
CONEPIKUTCA B CMEXHOM kJaacce S, o6pasoBaHHOM € MOMOLIbIO AI06GOro
M3 3epKaJbHEIX NOBOPOTOB. B caMoM Iene,

S, =(8571)S,=S(s7's)).

H S'lSi, Oyayud MNpPOM3BENEHHEM IBYX 3epKaabHbIX MOBOPOTOB, €CTh
MOBOPOT M B CHJAY 3TOro MNpHHamiexuT F¢. [lopsanok ¢axtop-rpynmsl
G/SF¢ Bcerna paseH 2.

3areM MBI MOCTYNHM cjlelyiolinM oOpasoM. BroibepeM B kauectBe noi-
rpynnel ¢ mobyilo M3 TpYyNNn 4YMCTHIX MOBOpPOTOB, BBOasd 3epkanbubift
MOBOPOT S, Mbl He JOMNYCKaeM BO3HMKHOBEHMS HOBBIX MOBOPOTOB (110~
CKOJIBKY B CH/JY MpPHBEJEHHbIX BhHIE DACCYXKAEHHH CHH yiKe NOMKHEL CO~
nepxarbca B &%), Kakne BO3MOXKHOCTH HMMeloTcs y HAc Aas BHOopa S?
OnHa BO3MOXHOCTb COCTOMT B TOM, uT0 S?=FE, oTCi0ola NOJAyYMM IBa
peuteus: S=o0, S=1/. TakuM o6pasoM, Mbl MOXeM 106aBHTb AHOO
orpaxenne, nubo uusepcuio. Ecan ke S?=£ E, 10 mnpeoGpasopanue S?
LOMKHO OHITb ONHHM M3 3JEMEHTOB NOATPYnmbl Y, OTIMUHHX OT elH-
HUYHOro. OcCb 3epKaAbHOrO NOBOPOTA AOMKHA ObiTh ONHOH M3 oceft mo-
BOpPOTOB, MnpuHaldexawux rpynne §¢. Ecau snementoM F¢ asaserca C,,
TO eIMHCTBEHHHIi OCTaloWMiAca BHIGOP COCTOMT B TOM, utcOn S:=C,,
TaK KaK eCIH Mbl BO3bMeM

2 2
S =Cnp)
TO
-2
S =E,
HIH
(SC:P=E;
npucoennnsis k rpynne € BMecto S mpeoGpasoBatine
4 -
S =8C;”,
Mbl MOJMYYHIH Obl
(S?=E.
Ecan 6b1 Mbpl BhIOpanu
2 2
St=crtt,
TO BMeCTO S Moran Onl BBeCTH IONOMHUreNbHO B S npeobpasopanne
4 -
S =S8C;”
H MOJNYYHTb
(S$h?=cC,.

Mrak, ME MMecM TPH BO3MOXHOCTH 1/ BBeleHHs 3€PKa/bHOrO MOBO-
pora: ¢, I u S, npuuem §?2=C,.
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[Ipucoedunenue ompasicenudi r 2pynne G,

Cayuait 1. TlpucoenunseM snemenr S?=C,.

[Ipu n=1 8?=E, u Mbl umeeM cayuan 2 u 3.

Mpu n=2 8§?=0C,, S=S,. Mu noayuaem abenesy rpynny §,,
colepxauylo 4 sjaeMenTta, npuHaimeKalnx 4 Kmacca.

lpy n=3 8§?=C;, S=8; Mm cuoBa nonyyaeM abenesy
rpynny S u3 6 snementos, o6pasylolHX 6 Kaaccos.

[pu n >4 Mul noayuuan G 3epKaIbHO-MOBOPOTHYIO OCb, MOPSIOK
KOTOpO#t GoJjblie 6, 4TO ObLIJIO HCKIIOUEHO 3apaHee,

Cayuait 2, Ilpucoennnsiem ¢. Ecim Mb He HaMeDeBaeMcd BBOIMTH
HOBblE MOBODOTHI, TO MJIOCKOCTb OTPaMceHWUs NOJKHA Obirb JIHGO mep-
neHauKyaspia raaBHo#t ocu, GO ke MPOXOLMTL uepes Hee.

a, Econ k rpymne (¢, Mbl NPHCOGAMHMM G, TO MOJYyYalOLLasAcd MPH
9TOM rpymna HaswepaeTcs rpynno#t ,,. Bce Takme rpynnb abeseBb H
colepxar 2n 3xemeHTOB B 21 knaccax. Ecam n yetHo, rpymma co-
Lepxut npeobpasoBanne

(C®.0,)=Cyo, =1,

BCJENCTBHME UYErO TeJO, Tpynny npeoOpa3soBaHM#t KOTOPOro Mbl paccMa-
TpuBaeM, OO.Jamaer ueHtpoM cumMeTpuu. Ilpy n=1 rpymna &, co-
IepWHUT npa saeMeHTa £ M 0; sty rpynny OOniyHO 0003HAYdIOT CHMBO-
oM CG;. Tlpu TakoM nojaxoje Mbl MOJydYaeM HOBEIE TPYIIMEI

@s’ @2[;! eﬁh’ @411’ eﬁh'

6. Ecoin k rpynne (2, Mbl NPHCOGNMHMM C,, TO, KomMOuumpya o,
C TMOBOPOTaMH BOKPYr BepTHKaJIbHOH OCH, MBI MOJyuHan 6Bl CHCTEMY
U3 n BepTHKaAbHBHX MaockocTel, Mckmouad u3 paccMOTpenus cijyuyaft
n==1, xOTOpHH NPUBOANT K Trpynme (3, Mbl MOJyYyaeM HOBHE TPYMMHI,
KOTOphle 0003HAuNM

@vi @311’ @41” @6'0'

Fpynna @,, colepxut 2n 3aeMentoB. Kax OblIo nokasaHo paHee, Ha-
J1MuMe npeo6pasoBaHMAs O, MesiaeT OCH M[OBOPOTOB JABYCTODOHHHMH.
Ecan we n wueueTHO (n=2p- 1), To BCe MJIOCKOCTH IKBHBAMENTHH
M BCe OTpa)ceHHd MOMAfalOT B OIMH KJacc, B TO e BpeMs MNOBOPOTH
BOKPYr ABYCTOPOHHHX TJaBHHX ocedl npusomatr k (p 4 1) kaaccy:
k ~k
E; Cy, o, Copiy npu k=1, 2, ..., p. Bcero mul nomyuaem p 2=
= (n—+ 3)/2 kaaccoB. Ecan n yetHo (n==2p), TO oTpareHHs 00pasyIoT
IBa KJjacca MO p 3aeMeHTOB B kaxnaom. [losopore naloT kaace E,
k —k
kiacc Cy n (p—1) knacc Cy,, €3, npu k=1, 2, ..., (p—1).
Bcero Mu noayuaeM p—+-3 = (n-+4-6)/2 waacca.
Caywuaii 3. [lpucoennnss, nakoseil, uusepcuio [ x rpymne G, Mbl

Mo/yyaem AHLIb OJuy HOBYIO Ipymuy, a uMeuno rpynny CG,. dto—rpynna &;
(um &), cocroduias u3 AByX 3saemenros E u [,



C;
®ur. 38. ®ur. 39. ®ur. 40.
—
[ 2] @
@
&
@
Cs €y Can
Gur, 41. Gur. 42. &ur. 43.
]
Q@ ® o o
(o] (o]
Q@
84,7 @5h eZU
Gur  44. bur. 44, ®ur. 46.

Cre
Gur, 48. ®ur. 49.
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Busoun. TIlpucoenunenne k rpynmam (6, oTpasmeHuf npuUBOAUT
K rpymnnam

84, 56; @i; @s: @Qh: @3};» @4h: @Gh; @2'0’ @311’ @411’ @6'0'

[Momocusie ¢uryper nokasanst Ha ¢ur. 38—49, Tlpumepom Moraa Owi
cayxutb Moaekyna tpanc-CIBrHC-- CHBrCl, nso6paxennas Ha ¢ur. 50.

Cl H Cl
Bl" C
H C
H
c Cl
8 Cen
Our. 51.
C
A
H
Br H
H
(]
$ur 50.
C
O
/\ .
H Czy H Czy
Qur. 52. Gur. 53,

JlioGas niockad HeaMHeWHas MOJeKyaa, BCe aTOMbl KOTODOH pas/HuHbl
(nanpumep, Mouekynaa NOCI), o6aanaer rpymnno#t cummerpun Cy,. Ha
¢ur. 51 nokasana nuockadt Mosekyaa tpauc~-C,H,Cl,, o6ranawowas rpyn-
no# cummeTpun Cy,. [lpumepamu rpynn cummerpun G, (¢dur. 52) cayxar
Mostekyan H,O, SO, H,S; npumepamu rpynn G, (dpur. 53) cayxar
monekyast NH,, CH,CI, PCt;,

Badara. Kakas rpynma noayyurcs, ecau K rpymne (3 IPHCOEIHHHTD
unsepcHpo 1?
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§ 7. Ilpucoeaunerue orpaxenuii K rpynmam D,

AnanornunbM 06pa3oM Mbl NOCTYynuMM M ¢ rpynnamu D,. PaccMorpum
NPHCOEJHHEHHE K TAaKOH rpylmne MJIOCKOCTH OTpaxeHus. Ecau Mb BKIIO-
YyaeM B rpynmy O,, TO MNPOH3BeleHHE O, H MNOBOPOTAa BOKPYr M0GOH
OCH 2-ro nopsika jJaer OTpa)KeHHe B BePTHKAJIbHOH MIOCKOCTH, MPOXO-~
adsed yepea sry ocb. TakuM o6pas3oM, jo6aBjieHHe OJHOH TOpPHBOH~
TaJbHOH MJIOCKOCTH CHMMETDHH MOPOKIAAET 7 BeDPTHKAJIbHHIX MJIOCKOCTEH
OTPaXeHUd C 7 COOTIBETCTBYIOIUMMH onepauusMu o,. Hosas rpynna D,
CollepXHUT 4n 371eMeHTOB: 27 YMCTHIX BPAlUEHMH, NPUHAAMEKALIKX TPyIe
D,, n ortpamenuHi G, B n BePTHKAJbHHIX MJOCKOCTAX M 7 3epPKaJbHBIX
NOBOPOTOB Cfph. 3aMeTnM, 4TO OMepauMu O, KOMMYTHPYIOT CO BCeMH

snemenraMu rpynnel, [losromy (cm. § 7 ra. 1) Mbl MoxeMm 3anucarb
rpyany D,, B Bule mpamoro npousselenus rpynn D, u Cg

Dnh=Dn ><@s

[Ecau n verHo (n=2p), TO 3Ta rpynma COLEPXHT HHBEPCHIO, H MEI
MOXeM sanucatb Takke, 4YTO0 Dy, =Dy, X C;.] Uucao kiaaccos
B rpynne D,, poBHo BaBoe GoJjblle ynucaa KJaaccoB B rpynne D,: cHa-
Yaja Mbl ToJy4aeM Bce KJacchl rpynmsl D, a sareM Te KJacCH, KOTO-
pHe BO3HHMKAKOT MPH YMHOMXEHHMH KaXIOro 3jeMeHTa Ha O, Tak ke Kak
npu paccMOTPeHHM rpynmel [, Mbl HaXodUM, 4TO €CJAH 7 HeYeTHO, BCe
OTpaXKeHHs TPHHALIekKAT OLHOMY M TOMY e KJACcCy, eC/H e 7 YeTHO,

oHM 0o0pasynT ABa Kjacca. 3epxajdbHble NMOBOPOTH Cﬁoh H C;koh pac-
najaoTcs Ha Kaaccel nmapamu. HosmMu ABasioTca rpynmsl

DQh’ D3h’ D4h’ Dﬁh'

[omocHbie GUrypnl mpeacras/iedsl Ha ¢ur. 54—57.

[ToxasanHas Ha ¢wur. 58 miockas Monexynra N,O, obaazaer rpynno#
cumMerpun Dy, ¢opma moaexyast CoHg, y xotopo# atomel Bosopoaa
HAXOAATCS ,B INPOTHMBOCTOAHMH“ M KOTOpas npeicTaBieHa Ha ¢ur. 59,
npuxagnexut rpynme Dg,, Moaexyna Geusoma CgHg obmamaer cnmme-
tpuet Dg, n nokasana ua ¢wur. 60.

[TnockocTb OTpaXkeHHs MOKHO NpHCOeIMHHUTs K rpynne D, eue u
ApPYruM cmoco60M: Mbl MOKeM J0GaBHTb BePTHKAAbHYK MNJIOCKOCTb OTpa-
JKeHHMs, KOTOpas [eJUT MOMOoJaM YroJ Mexay ABYMA COCEeIHHMH OCAMH
2-ro nopsaxa. Kojb ckopo Mel 106aBHIM ONHY BEPTHKAbHYH MIOCKOCTD,
BpalleHust BOKPYT oceft 2-ro NopaAaKa TOTYAC e MOPOMKAAT COBOKYNMHOCTD
n3 n BepTHKaJbHBIX MaIockocTelt orpaxennsa. [loayuenHas npu 3ToM rpymnna
apaserca rpynmoft D,, (d o3HauaeT AMaroHaab) M COLEPKHT 471 3/eMeH-
ToB. M3 3THX 4n 3/eMeHTOB 2n SBAAIOTCA YHCTHIMH BpAIIEHHAMH, IPH-
naliexawumu rpymme D,. Kpome Toro, Mb no/dyyaeM rn 3epKajabHBIX

OTpa)KeHHﬂ 0; B n BEPTHKAJIbHBIX niaockoctax. OcralbHble 7 97TEMEHTOB

2k +1
MpeacTaBIAOT cobott 3€pKaJbHLIE MOBOPOTH BH A 82,, BOKpPYT TJaBHbIX
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® ®
® ®
Doy,
Our. 54.
® ®
®
® ®
®
® ®
Dan
®ur. 56. &ur., 57.
ocet, rie k=20, 1, 2, ..., (n —1). Ilpocrefiinit cnoco6 n0Kasarenb-

CTBAa 3TOTO YTBEPHKJAEHHS COCTOMT B PACCMOTPEHHH HOJIOCHHX ¢QUryp
(dur. 61 u 62). Hrax, raaBHas ocb ABJIdeTCA He NPOCTO OChI0 Bpalile-
HUS n-TO TNOpAAKa, a 3epKaJbHO-NMOBOPOTHOH OChI0 27-ro Hopsanxa,
B pesyabraTe paccMaTpuBaeMble HaMHM TPYMNbl MOXHO NOCTPOMThL JHIIb
npu n=2 wm 3. ([lppu n >3 nopanoK 3epKaILHO-NIOBOPOTHOH OCH
6l 6Bl Oosblie 6, a 9TOT ciayuyafh Onin OoTOpOILIEH HAMM elle paHee),
IByMs BHOBb TMOJMYUEHHBHIMH TpYAnaMe apasorca rpymnsl Dy, u Dy,
(¢ur. 61 u 62).

3adaa. llokamuTe, B34B NpOH3BELeHHE Oy H MOBOPOTOB, UTO IJaBHag
och rpymisl D,y eCTh 3epKaibHO-MOBOPOTHa# OCh 2n-ro mopaiKa.

*

Bce ocu 2-ro nopsaaka 3SKBHBAJEHTHbI, MOCKOJBKY KamIyl0 TaKyio
OCb MOXHO COBMECTHTb C CcOCelHeH eH OCbl0 C MOMOLILIO OTpaXeHHd
B IJOCKOCTH, IPOXOAdULeH MocepelMHe MeXAy HHUMH. TOYHO Tak Ke
9KBUBAJEHTHB BCe IJIOCKOCTH OTpaxeHud. ([IpuMeHHTe K HHM BpalieHus
BOKpPYr Oceft 2-ro mopsika.)



Dan 0

®ur., 58.

®ur. 60.

Dzd D34

Qur. 61. ®ur. 62.
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. S{,,(QH 1)

2k
Haxoneu, sepxanbuble TOBOPOTH Sont COTMpSKEHH!, TAK KAK

2k 41 IHl —(2r+1 —(2k+1
04SN0z " = 0,404Cont 04 = 040,Co 0y = 04Co TR D = S5, RV,

Taxum oGpasoM, B obuleM ciyuae NMpH ueTHOM n(n=2p) rpymna D,, ,
uMmeer -3 =2p -3 xaacca: E; Bpamenne C5, =C, BOKpyr raasnoit
ocu; (p — 1) Knacc, cocToAwMH M3 map 05,,, C{pk npu k=1, 2, ...,
p—1; Kkaacc, cocrosuiMii M3 2p BpalleHUH BOKPYT FOPHU3OHTAMbHBIX
oceft 2-ro mopsika; K/acc, cocroawmi M3 2p oTpameHuit O p KJjac-
COB, COCTOSIIMX M3 Nap sepKaibHHX MoBOPOTOB Saet! S;P**D oy

b
k=0, 1, 2,..., p— 1. llpn HeyetHoM n(n=2p +T) rpynna
D,,; conep¥uT HMHBepCHIO [/, H MOITOMY Mbl MOXEM 3amucaTb ee B BHIE

NpAMOro TPOH3BEIEHH
D2p+1, d= D2p+1 X @1-

Takum oOpasom, ara rpymna umeer (2p -+-4) knacca, uro pOBHO BABOE
Goablue ukcaa xaaccos B rpynne Dy, ;. Hosble kaaces B rpynne Dyp,yg 4
Mo/Iy4aloTCs M3 KaaccoB rpynnbl Dy, ; ymHOXeHneM Ha [.

H

Gur 63.

-

ollosepuyrasn“ cdopma Monexyms CyHg, nokasanno#t na ¢ur. 63,
o6anaer rpymioi cumMmerpun Dj,.

Tenepb Mbl MOI'IH Obl MONHITATHCA NPHCOCAHHHTH K Tpymie D, uHBep-
CHI0 MJM 3epKaabHbIH mosopor. Ecau Mbl mpucoenuHum [, TO moJyuHTCcs
npsmMoe mpousseletne D, X (2;, X0TOPOC, Kak MH MOKasalu, cOBmajaeT
c rpymnod D,,, ecanm n uerHoe, W ¢ rpymnod D,,, ecin n HeyeTHoe.
AHamOrMyHO, NPHCOSAMHEHHE K TpyIile 3ePKajJbHOrQ MOBOPOTA HOBHIX
Tpynn He AAeT,
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§ 8. llosHble rpyNNEl CHMMETDHH NPAaBHJbLHBIX
MHOTOr pAHHHKOB

[Mocnennu#t war B HalleM TNepPeUHCAEHHM TOYEYHHX TPYMN COCTOMT
B MNPHUCOEIMHEHUN 3epKa/bHbIX MOBopoTos k rpymnam 7', O n Y,

[Ipeanonoxum, 4TO Mbl XOTMM MNpPHUCOCAMHMTH K rpymne 7 Kakyio-
HHUOYIb MIOCKOCTh OTpameHus. [TOCKoMbKY OTpaMclMaA B 3TOH MIOCKOCTH
He JOJKHB NPHBOMMTL K MOABJEHHIO HOBHIX OCeft BpalleHHd, 9ra IIO-
CKOCTh JAO/MKHa Ja460 TPOXOIMTh ucpes J[Ba NMPOTHBOMNOJIONHBIX pebpa

Qur, 64. ®wur, 65. , dur. 66.

ky6Ga (cM. ¢ur. 34), 60 OnTh napanielbHOM ABYM ero rpaHsaM H INpo-
XOJHUTb MOCEpPCIHHE MEWIYy HHMH,

Hcnonraosanne mepBoit BOSMOKHOCTH NPHBOAMT K rpymme T, ¢ Xapak-
TepHBIMH OCAMH M NJIOCKOCTAMH CHMMeTPHH, MpeACTaBJIeHHHMH Ha ¢ur, 64
u 65. Tpynna T, o6ianaer BCeMM BHIAMH CHMMETPHH, MPHUCYIUUMH TeT-
pasapy. IlpuuiHa, no KOTOpOH 3Ty rpymmy 0003HadyawT CHMBOJOM T4,
COCTOMT B TOM, 4TO fo6apjseMas HaMH MJIOCKOCTb JeJMHT IONOJaM Yroi
MeX1y /ABYyMs TOPH3OHTaIbHBIMH oCsiMu 2-ro mopsaxa, Tax ke Kak u
B ciayyae rpymnsl Dy;, 3T0 O3HAauaer, uTO OCH BpauleHHs 2-TO NOpsiKa
CTanmM 3ePKa/bHO-MOBOPOTHLHIMK OCAMM 4-ro nopsika, Kak 9TO MOKa3aHOo
Ha ¢urypax. [11ockocTd cumMerpuu NpoXofAT uepe3 OCH 3-T'O MOPsIKA,
BCJGACTBHE YEro 3IH OCH fBJAIOTCA ABYCTOPOHHMMH, Bce miockoctn
OTPAXKeHHsl IKBUBA/MEHTIbl, H BCe 3ePKAIbHO-NIOBOPOTHHE OCH 4-ro nopsaxa
SKBHBAMEHTHH, [1ooromy 24 siemenra rpynns 7', OKa3HBAaWOTCS pacnpe-

JeJeHH 'MH Mo O KJaccam:

Tg:  E; Cs C38); Sy S1(6); Si==Ca(3); 04(6).

Hcnonnaosanne BTOPOR BO3MOKHOCTH NMPHBOAHT K rpynne T, ¢ xapak-
TeDHBIMH OCSIMH, TMOKasaiHeMH na ¢ur, 66. Mugexc £ osnauaer, uro
COOTBCTCTBYIOUIAS MIOCKOCFL PACHONOMeENA TOPU3QHTAAbHO OTHOCHTENLHO



82 Taasa 2, Fpynnet cummerpuu

;

==
st

On
&y, 67,
oF
H
F . F
U
H H F adi

4LF

H T4 Oy

Owur, 68, ®ur, 69,

ocedl 2-ro nopaika, OJHAKO 3ra MAOCKOCTb AEMHT MONOJAM YION MEeKiy
IBYMSl OCAMH 3-TO MOpAAKAa M TEM caMblM NpeBpalllaeT HX B 3ePKabHO-
noBopoTHeie OcH 6-ro mopsanka, Ilockoabky rpymma comepxur Sg, oHa
colepXHuT H [, u, CJAeloBaTe/bHO, MOXHO 3amHcaTh, UTO

T,=TXC,

[lostomy rpyuna T, comepxur 24 sieMmeHTa, NpUHAL/MexaMX 8 kaaccaw,
KOTODble MOAy4anTcs U3 KJaaccos rpynnut T JIpyrue Bo3MoXHble BapHAHTH
NPHCOENHHEHH HOBLIX 9/JEMEHTOB yie BK/IOueHw B rpynny 7, u T,
B cayuae rpynne O noJoxeHHe NpHUCOeNMHAEMOH MJOCKOCTH OTpa-
JKEHMsl OTpaHMYeHO TaK e, Kak B cayyae rpymnsl 7, Ho Ha srtor pas
AobaB/eiHe OJHOMO THOA MJOCKOCTH TOTYAC Ke NMOpOmIaeT APyroft THm,
Tak xe xak u B ciayyae rpymmst T, Cs-ocu craHoBatcss Sg-0CAMH, M
rpynna Bkmouaer B ce6a uHpepcuio [/, Cnenosartensno, rpymny O, MOXHO
npeacrasute B Buae O, =0 X €, u rpynna O, craHoBHTCa TpynmnoH
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Bcex mpeoOpasoBaHui cumMmeTpuu Ky6a (¢ur. 67). Dra rpynna Comaepmur
48 axemenToB, pacnpejeseHdbx no 10 kiaccam (YTO BABOe INpeBbILIET
yucao Kaaccos B rpymne O):

O E; Cy(6); Cs C3@8); Ci Ci(6); Ci(3):
I 0,(6); Ss Si(8); Cuon, Cion(6); 0n(3).

Haxownen, Mpl MOXeM NMpHCOSIMHHTb HMHBepcHio [ k rpynme Y, B pe-
3y/braTe 4ero MOJY4HM

yh::y ><@lv

Sra rpynna AB/AeTCs MOJHOH FPYNNoH CHMMeTpHHM HMKOcasapa, Mn He
OyneM paccMaTpHBaTh ee Oojee nMoApoOHO, MOCKOAbKY OHAa He MpeicTa-
B/IseT MHTepeca A4 (PU3HKH.

B cuay Toro uro rpynna 7, o6a1anaeT NOMHOM cUMMeTpHeH TeTpasipa,
K Hell OTHOCATCS BCe TeTpasipuueckHe MoJexywl, Takue, kax CH, n CCl,,
Monekyna Merana usoOpasena Ha ¢ur, 68, Tlexcapropua ypana UF;
obnanaer rpymno# cumMerpuu O, M mpencTaBied Ha ¢wur. 69.

§ 9. O63op Toueunnx rpynm. JdpyrHe cucremb 06o3HaueHHi

Mbl HallIK BCe BO3MOXHbBle TodeyHne rpynnbl, Jiumb 32 W3 HUX
HAaXOJATCA B COOTBETCTBMH C 3aKOHOM palMOHAMbHEIX MHAekcos, [lpu
pacCMOTPEHMH pas/HUHbIX CHCTeM Mbl yKe MNDUBOAMAH CBOMCTBA 3THX
rpynm, yKa3biBas KawAbifl pas yHCJIO 9JeMeHTOB B TpyHIe.

I. Tpukaunnan cucmema
L& (1) 2. C(2).
II. Monokaunnan cucmenma
3. Cop(d); 4. Cy(2); 5. C5(2).
III. Pombuseckasn cucmema
6. Dy, 8); 7. Dy=V(4); 8. Cp (4.
IV. Tpuzonarsnasn cucmena
9. D3, (12); 0. D;(6); 11. Gy, (6); 12, §(6); 13. C5(3).
V. Tempazonarvnan cucmema
14, Dy, (16); 15, D (8); 16. Cy, (8); 17. G4y, (8); 18, C,(4).
V1. Iexcazonaavnan cucmenma
19. Dg,(24); 20, Dg(12); 21. G4, (12); 22, G4, (12);
23, G4 (6).
VII. Kybuueckasn cucmema
24. 0,(48); 25, O(24); 26.T,(24); 27.T,(24); 28.T(12).
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M3 umcia ocrapmmxcs rpymn rpynmm 29 [qah(ﬁ)] u 30 [Dy, (12)]
00bluHO BK/IOUAT B cucteMy VI, a rpynin 31 [§,(4)] n 32 [D,, (8)] —
B cucCTemy V.

3aMeTHM, UTO B KaXAOH CHCTeMe MDYMNIbl, MepeuHC/IeHHHE HePBbIMH,
obaanaoT HamboJbliel cummerpHeR. B cucremax IV—VII cumMerpus
NepBof rpynnbn B CHCTeMe HOCHT HasBaHHe ,roN0dApHUecKOH* (06.a-
AaoLled NOJHEM HaBOPOM KpUCTa/MnuuecKux rpauneft). [Tocsae 910 rpynns
HAyT TPH TPYONbl, ¥ KOTOPHIX YHCJIO SJEMEHTOB B 2 pa3a MeHbllle (reMH-
aapus). Yro e KacaeTcs NATOH TPYMNNL B CHUCTeMe, TO OHa MMEET JHLIb
YyeTBEPTYI0 YacThb OT UMCJ/Ia 3JeMEHTOB NMepBOH Tpynmn (TeTapTo3ApHS).

OGo3HaueHHsi, KOTOPBIMH Mbl NOJL30BAIMCh NPH PaCCMOTPEHHHM TOYey-
HBIX rpynn, npuHajgexar leudancy. Briio npensoxeno MHOrO pasiany-
HbiXx oOo3naueHnd. OHM Bce 0671a7a0T HEKOTOPHLIMH IIPeMMYyLieCTBAMH
M KOe-KaKMMH HelOCTaTKaMH.

Bropo#t cucremoft oBo3HaueHult apaseTca cHCTeMa, KOTOPYI0 M GyieM
HasmBaTh cucteMmoit lllyGuuxosa. B aTHX 0603HaueHusX Hajuume HOBO-
pPOTHOH OCH n-ro mOpsAiKa ykasbiBaercsd cumsoaoM n. Tak, rpymma
o6GosHauaercs 1, Cy—2 u T. 4. 3epKaabHO-MOBOPOTHblE OCH 06O3Ha-
YalTCd 4epTOUKOH HAA COOTBETCTBYIOIUMM CHMBOJOM, TaK 4TO Tpymnmna

@;=S§, Gyaer Temeps oGoaHauatecsi 2, rpynna $, 6yieT 0Go3HAuATHCA 4
1 T. A. Hammune niockoctd cummerpuu ykasoiBaeTcs GYKBOH m, Tak uTo
rpymna G,=(,, Oyner o603Hayatbca NPOCTO m, MOCKO/JbKY €e ejHH-
CTBEHHBIM 9JEMEHTOM CHMMETDHH fBJfeTCA OTpa)MeHHe.

Ecaun Toueynasg rpynna copepiur 6o.2ee OAHOIO 3JeMEHTA CHMMETPHH,
TO KaMAb{i M3 HHX YKasbBalOT C MNOMOLUBI0 CHELHaTbHOIO CHMBOJIA,
KpoMe TOr0, YKasblBalOT MX B3aMMHOe pacnoJomeHHe. HToOb Nnokasars,
YTO JBa 9/EMeHTd CHMMETPHH mapanjenbHb (HampHMep, OCb BpALICHHA
H IVIOCKOCTb CHMMETpPHH, NMpOXOoIdluas uepes 3Ty OCb), MEKIY HX CHM-
BOJAMHM CTaBAT TOUKy. B oTux o6osHauenusax rpynma (B,, 3anuuicrcs
B BHIE 2.m.

IlBoeTouHe HCMOAb3yeTca Aas8 Toro, yroObl ykasaTb, uTO fABa 3Je-
MEHTa CHMMETDHM nNepHeHiuKyasapHbl. Hanpumep, 3 :2 osHavaer, uTo
rpynna colepXuT ocb 3-ro MopsAiKa M OCb 2-ro MOpsAKa, PacnoJOMKeH-
Hble TOA NpPAMBIM YIJIOM APYr K Apyry. 3JTa rpynna B o003HAUEHHAX
[lendanca ects B TOUHOCTH rpynna Dz AHajqorHyHbiM 00pasoM cuM-
BOM 3 :m YyKasuiBaeT Ha TO, YTO HMeEETCHs KaKad-TO MJAOCKOCTh CHMMe-
TpHH, NepHEeHIHKYJdpHas OCH 3-ro nopsAixa, T. e. 3Ta Trpynma ecTb
MMEHHO Ta rpynna, KOTOPYK Mbl HasniBaeM (g.

Haxiounas uyepra o3nayaer, yTo Tpynna codepXKHT ABe OCH, pac-
NOJIOXeHHHe APYr OTHOCHTEJNbHO JApyra He NOA NpaMbiM yriom. Tak,
3/2 osHauaeT, yTO B IpYNNe MMeeTcs OCb 3-r0 1MOPAAKa H OCb 2-TO Mo-
psdxa, obpasywouiue APYr C APYroM HeKOTOpHH yros, oraumunsifi ot 90°.
W3 pur. 34 n npusefeHHbX Bhlllle cooOpaxeHuit ACHO, UTO 9T0 ~~rpynna 7',

Yawe Bcero Kpucrantorpady noJb3yl0TCA UHMEPHAYUORAABHOY
cucmemotl ob6oznavenuti. B 3TOM ciayuae 4epTa Hal CHMBOJOM O3Ha-
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yaer, uto OepeTcs NpPOU3BEJEHHE COOTBETCTBYIOLIEH omepaliiy U RPo-

cmpancmgennoli unsepcuu, Hanpnmep, 1 oswauaer rpynny 2, Cum-
BOJ M HCNOMBL3YWT 1A8 0603HAYeHHs MJIOCKOCTH CHMMETPHH, TaK 4TO
rpynna (3, B 9THX 0003HAYeHMAX BaNUWIETC KAK M.  3aMerTuM,
yro 2 o3Hayan0 Obl TO ke, yro m. [pynma §; B 3THX 0603HAYEHHAX

sanuuietca B Buae 3, a rpynna (33, — B Bule 6.

Haknonnasa uyepra Mexxay CHMBOJMAMH YKasbBaeT HA4 TO, YTO Tpynma
CONEPHKHUT TJIOCKOCTb CHMMETPHH, MNepPHeHIUKYJASPHYI0 OCH BpalleuHs,
HanpuMep, rpymnna (0, sanuceiBaercs B pulie 2/m, rpymna (4 —
B Bujle 4/m. IIMOCKOCTH CHMMETDHH, He MepPMeHIMKYJSpHbIE OCH Bpauie-
HHs, 3aMUCBLIBAIOT 63 KakHX Obl TO HH OBUIO LOMOJHHTENbHHIX MOMETOK.
[pynna Gy, obosnauaercs uepes 3m, onHako rpymmbl (O, u (4, 3amu-
cuiBalOTCA KaK 4mm u 6mm, n60 BCe BEPTHUKAMbHEIE OTPaXKeilds B Mep-
BOH rpymne BXOIAT B ONMH KJacC, B TO BpeMd Kak B IBYX ADPYTHX
rpynnax OHU NpUHAAMENKAT 08YyM PA3IUYHBIM KJjaccaM.

Ipymnet Dy, u Dg, o6osnauaiorcs cuMposamu 4/mmm u 6/mmm,
NOCKOJbKY OHHM 06/1a1al0T MJIOCKOCTbIO CHMMETDHH, MepleHIHKYaapHOMN
OCH BpAllleHMs, OCTajJbHblE OTPaXeHHs MPHHAILIeWAT O08YM KJacCaM,

pynmna Dy=V o603Hauaerca CHMBOJOM 222, MOCKOJbKY OHA CO-
nepxkuT OfHY (IVIaBHy) OCh 2-T0 NOpAixa M ABa mMoBoporta Ha 180°
KOTOpHIE He MPHHAMJIexkaT ONHOMY H TOMy e KJIacCy. AHAJOTHYHO
rpynnet D, n Dy 3amucuBawtcs B Buie 422 u 622, C 1pyro#t cTopoHb,
rpynna D, uMeeT o0603HaueHne 32, TaK Kak BCe NOBOpoTth Ha 180°
NPHHALAEKAT OOHOMY U MOMY e Kiaccy.

Ias cmpaBok Mbl ykaxeM B TaGa. 1 o6o3nayedus 32 TOueyHHX
rpynn BO BCeX TPeX CHCTeMaX 00603HaueHHH.

3adawa. O6bacHure cMmblca cumBoda m-6:m. IloyeMy HMeHHO 3Ty

rpynny Msl HassipaeM rpynono# Dgp? OOBSICHHTE cMblica CHMBOJOB 3, 23 n
m3m B MHTEPHAUMOHAJbHOH CHCTeMe 0603HaueHHH.

§ 10. 'pynnbl MarHuTHOH CHMMETDHH
(uBeTHBIE TpynIib)

Mbl paccMaTpuBaTH TOYeuHble TPYMAB CHMMETPHH TJABHBIM 00pa3oM
1715 OMMCAlMs BHellHed CUMMETDHM KPHCTana0B, [IpH OmMMCaHHM MMKDO-
CKOMMYECKHX CBOWMCTB Mb! LOJDKHEI ObLIM OB pPACCMATPUBATL CHMMETPHIO
pacnpefesneHuss aTroMoB (MM HOHOB) B kpuctatie, Koraa Me mocrynaem
HMEHHO TaK, CUMMETDMs, KOTODYI0 MH ONHCbIBAEM, sIBJSETCH CHMMeTpHeEH
YCPeLHEeHHOro 1Mo BDeMeHH pachpelefeHHs BelllecTBa B kpucTalie. B 3ToM
C/yyae Mbl yXe MOXeEM CYHTarTb, YTO TOYEYHbiE TPYNMAH OMHCHIBAOT BO3-
MOXHYI TOYeYHYI0 CHUMMETDHIO YCpelHeHHOH N0 BpEeMEHH IJIOTHOCTH
3apsia P B DPAIBHOBECHOM COCTOSIHMM KpHCTaida. B 3TOM DaBHOBeCHOM
COCTOAHHM MOMIO TaKiKe 33a1aTb M YCPCIAHEHHYK NO BPeMEHH MJIOTHOCTL
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ToKa j. TlOCKOMbKY B COCTOSIHMM pPaBHOBECHS HCTOUHHKH MJM CTOKH 3a-
psNa LO/DKHLI OICYTCTBOBATb, INIOTHOCTb TOKA j AOJKUA YAOBAETBODPATH
ypasHenwo divj=0. HOnua GomumnctBa seuwects j=0, uo B ¢eppo-
MarHeTHKax MJH anTHgeppomarHetruxax j == 0,

Ecan B xamAoK TOYKe MBI M3MEHHM HAIpaBjeHHEe j HAa MPOTHBOINO-
JOXKHOE, TO COCTOSIHHE DaBHOBECHsST OCTAeTCH COCTOSIHMEM paBHOBECHS,
PaccMoTpuM Teneph HOBYI ONEpaluio CUMMCTpHH R, KOTOpas H3Meusier
3HAK j B KaXIOH TOuKke NPOCTPAHCTBA, HO He Oeficmayem Ha NpOCT-
pancTBenHbie KOOpauHathl (R — omeparop ,o6pauienus Bpemenu*). die-
MeHT R umeer nopsuox 2 (R?=F) u KOMMYTHDYeT CO BCEMH NPOCTPaH-
CTBEHHBIMH BPALUEHUSIMM H O IDaKEHHUSIMH,

Tenepn Mbl MO)KEM DAacCMOTPETh BO3MOXNHblE TOYEYHbBIE TDYMIbI CHM-~
METPUH KPUCTAN/IOB, y KOTOPhX j == 0. Taxkue rpynmet MOTYT COLepMaTh
OOBLIYHblE Bpallelidsd U ONepalld 3epKalbHOTO MNOBOpPOTa A, HO, KpPOMe
TOrO, OlM MOTYT CONepxarb U 3jeMeHTH! Buna RA, T. e. xomMGunauuu
TeOMETPHYECKOTO npeobpaszoBaHuss A M omeparopa R, H3MelAIIEro
HanpaBieHHE TOKa j Ha oBpaTHoe. Bce 32 HalileHlble HAMH paHee TPYANH
ABJSIOTCA IOMYCTHUMBIMH TDyNnaMu cUMMeTpuHd mpu j = 0. Tenepb xke Mbi
XOTHM HAWTH HOBble TPyNNbl CHMMETPHM, COLepiaulde no xpaliHel Mepe
onuH 3nemedt Bura RA. Cpasy BuAHO, YTO NMPOCTHM HPHCOELMHEHHEM
3neMeHTa R K OXHOH M3 OOBLIYHBIX TOYEYHBIX FPYMN TaKHe TPYMIbl MO-
JAYYuTh Heab3sd. B camoM Hede, ecau Ipynna COLEpKUT 3jeMeHT R, TO
3TO 03HayaeT, YTO j==-—j, Tak yto Bcioay j—= 0. [Toaromy Hauu HOBbIE
TpynAmb! IOJ/DKHBL COJAepXaTh OAWH Hau Oojnee 37eMeHTOB RA, HO He
JNOJKHBl COLepHarh daeMeHT R.

[Ipexie yeM NMPUCTYNMHTB K HAXOMIEHWI0 BCEX TAKHX HOBBIX Tpymm,
paccMOTpHM elle OnHY HMHTepnpertauui0 uX. I[IpeanosoxuM, yTO rpany
KDHCTanna MOIKHO OKpacuTb B Besnifl (W) uau uepHweit (8B) uBer M uTo
R — onepauus, uamensiomwas user (W ma B, a B na W), B nononnenue
K OmepanusM A reoMeTpHYecKOH CUMMETPHUH, KOTOpHie MPUBOLAT K CABUTY
rpadeft KpHCraara, HO He MeusiOT MX 1[BeTa, PACCMOTPUM Tenephb 3Je-
Ments RA. Hanpumep, ecain A — nosopot, KOTOPHI NePeBOANT Tpanb F
B rpaub F’, To RA mepesener F B F’ y caenaet uset rpanun F’ mpo-
THBOMOJIOXKHBIM 1BeTy rpaun [7. TlorpeGyeM Ttakxke, yToObl HHM OJIHa
rpaHb He Obia OKpailena B 06a 1BeTa, TAK YTO caM 3JeMeHT R He n0O/KeH
npunaaiexarb rpynne, TakHe TPYNAb Mbi HA30BEM ,11BETHBIMH TPYMNaMu®.

3aMeTHM npex/e Bcero, uyro ecaud rpymna G CONEPMHT INEMEHT
M=RA, 10 nopanox A He nomkeH OLITb HEUSIHWIM, TaK KaK CPEIH
sceX cremeHell M, xoropule conepxur G, naxonuiaca Gel 31ement R,
Cnenosarenbno, cpefid 3J1€MEHTOB TPYNIbI He MOMKET OLI1b 3/JEMEHTOB
uta RC; wm RS,

Ipynne G He MOTYT ONHOBPEMEHHO NPUHALIENKATH 3J7eMeHTH A H
M =RA, takx kak B mnporusnoM cayuae B G comepwancs 6b M 3Je-

-1
MeHT MA™ == R. B COOTBCICTBHYM C 3ITHM pe3y/abTaToM M Gynem 060-
aHayar, sfeMcnibl rpymne 4epes A, (R=1, 2, ..., m), M,;= RA,
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(=m-+1, m—+2, ..., n), rie Bce reoMeTpuyeckue omepauun A pas-
anuHbL, SIcHO, 4YTO eciM 3aMeHuTh R elMHMLleH, TO n 3/1eMeHTOB A,
(k=1,..., m) v A; ¢=m—-1, ..., n) obpasoBamu Ob onHY u3

32 toucunwx rpynn. Caenoparensno, sneMenthl A, o6pasyior B rpymne G
HEeKOTropyl mnoarpynny JS#, kotopas sBiasercd oAHOH W3 32 TOUYEUHBIX
rpymi.

Hatbuie Mbl MOIJIH Obl HOCTYHNHTh CaAeLyIOLIHM o6pa3oM. BosbMeM
moGyto u3 toveunwx rpynn G. Hafinem noarpynmy & c sneMentamu A,,.
YuMuowuM Bce 3daemenThl A; MHOxectBa (0 — F¥ (T. e. BCE 3/eMEHTH
rpynnst G, KOTOpble He MNpUHaLMekaT noarpynne &F) ma R, nocie
yero nmoayuuM M;= RA, Ecmu snementst M; u A, o6pasyior rpynmy,
TO 3TO OJAHA M3 TPYNN TOTO THNA, KOTOPHIA MEl HuleM. Tako# Meron
6bi1 Obl upeaBbyaliHO yTOMHTeabHBIM. Ho mpobaeMa B 1enoM peltaercs,
TaK Kak Cefiyac Mbl JOKaxeM clelyloliee YTBepmIeHHe.

Yrobb aneMentet M; u A, 06pa3oBbiBaIM IPYNIy, HEOGXOAUMO H
LOCTaTouHO, uTo6H noarpynna ¥ B rpymme G umena wizexc 2.

Ecau noarpynna S€ umeer B rpynne G uuiekc 2, To

GZ%}‘I—A[%)v

rie A;—oInH H3 37eMeHTOB MHOMectBa G — J¥¢. Hame HOBOe MHO-
xkecrBo G’ samucbiBaetcst B BHIe

G’ =& + RA,S¥.

Tak kak
K. G0 =, RASH 0 =RAB, RASE RASE =30,

10 G’ —rpynna.

Haobopor, ecan aneMentst A, u M;= RA,; o6pasyioT rpynny G’,
TO B pe3y/abTaTe YMHOXeEHHA m 3JeMeHTOB u3 S Ha mobof us 3e-
MeHTOB M; MBl TOMYYHM m Da3qHYHHIX 3JeMeHToB THna M; Eciau xe
aseMenthl M; MBIl yMHOXHM Ha MoOOH H3 HHUX, TO MOJYUMM 1 Pa3JIHYHBIX
sneMentoB tuna A,. Hrak, &€ umeer B G’ uHlexc 2, a caefOBaTeNLHO,
& u B G uMeer uHIeKC 2.

Haw wmeTol HAXOXIeHMS HOBHX TPYNN CBOIMTCS K CAedyOLIEMY,
Mbl BbiiedsieM NMpPOH3BOJLHYW Toueudyio rpynny G. B rpymne G Bbibu-
paem mobGywo noarpynny S# uuiekca 2. DieMenTul MHOxecTBa G — ¢
yMuoxacM Ha R. Torana rpymma G’ = + R(G— 5¢) ects HoBaa
rpymnna.

Bce BoaMmonuibie noArpymnel G MHAeKca 2 Aa kaxAod u3 32 Touyeu-
Hex rpynn G mepeuncienst B taba. 2. Kawias u3 HuX npHBOIMT K Ka-
KOH-TO HOBoM rpymme (MarHuTHOMY Kiaaccy) G'. Mbl nosab3yeMcs HHTep-
HALIMOHA/BHBIME  0003HAYEHHAMH, KOTOpble OCOBeHHO MOJe3HH NpPH pac-
CMOTDEHHM MarHMTHBIX KJIacGoB, Yepra NOJA CHMBOJOM O03HAYaeT, 4TO
calellyeT B3sTb MPOH3BelEHHE COOTBETCTBYIOLIErO 3JAEMEHTa H ONepartopa
obpallenus BpeMenn R,




Ta6ruya 2

G 9% a@ G 9 G’
1 — — 42m 2mm ©Om
1 1 i 4/mmm 42 4/—7;1 mm
2 1 g 4/mmm dmm 4/_n£mm
m 1 m 4/mmm mmm 4/mmm
2/m 2 2/m 4/mmm 42m Z/mmm
2/m m .‘_Z/m 4/mmm 4/m 4/;nm
2/m 1 _Q/m 6 6
222 2 222 3 3
2mm 2 2mm 3m 3 3
2mm m 2mm _ _—
mmm 222 mmm 3m Sm Z_jm
mmm 2mm mmin 3m 82 3m
mmm 2/m mmm 62 6 62
3 —_ T 62 32 62
32 3 32 6/m 6 6/m
3m 3 3m 6/m 3 6/m
3 3 5 6/m 3/m 6/m
- _ e 6mm 6 6mm
(_3m2 6 ?ﬁg 6mim 3m ,6777—1_
6m2 3m 6m2 6/mmm 62m 6/_mr;m
6m?2 32 6m2 6/mmm 3m 6/mmm
4 2 4 6/mmm 62 é/%——m
4 2 4 6/mmm 6mm 6/;;1—;1
42 4 42 6/mmm G/m 6/ mmm
42 292 2 23 — -
4/m 4 472 m3 23 m3
4/m 4 4/m i3m 23 i3m
4/m 2/m 4/m 43 23 43
4mm 4 4mm m3m 43 m3m
dmm 2mm 4mm m3m 43m “m3m
42m 4 Zl?_m_ m3m m3 ;32
42m 222 2m
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Mbr pauuty 58 HOBHIX TDYNN, YTO BMeCTe € 32 TOYEUHLIMH TPYRNaMu
naer nam 90 ,rpynm MaruutHod cuMmetpun®. B ocHoBY nawero paccmo-
TpeHus 6bl0 MOM0XKEHO pacnpese/ieHHe MIOTHOCTH TOKA j, HO Mbl MOTJIH Obl
C paBHbIM OCHOBaHHEM pACCMATPHMBATH M paclpeje/eHHe HaMarHHYeH-
HoctH M. (ExMncTBeHnad ocoBeHHOCTb, KOTOPYI C/elyeT MMerb B BUALY,
COCTOHT B TOM, UTO W — aKCHAJBbHBIf BeKTOp, a j— MOJAPHHH BexTOp.)
[pynnbl MarHWTHOH CHMMeTpHM (M OCHOBAHHBe Ha HHX NMPOCTPAHCTBEHHHIE
TPYTNbl) HAXOIAT NPHUMeHeHHe B aHanu3e anTugeppOMarHUTHLIX CTPYKTYP.

STtH rpynnbs jpomyckaioT 0OOOLIEHHS HecKOJAbKMMH cnoco6amu, Ha-
NpHMep, MOXIO 3alarb N pa3inyHbIX HE3aBUCHUMBIX MPH3HAKOB, MPHHH-
MAIOILMX 1BA 3HAYeHHMs, W BBECTH 1 oNlepaTopoB R;, Takux, uro R; u3-
MeHsdeT 3HayeHWe [-rO MPHU3HAKA, NMPHUYEM BCe R; KOMMYTHPYIOT KaK IpYT
C IDYroM, TaK M CO BCEMH TeOMETPHYECKHMH OmepauHaMu, Mbl MoxeM
TaKXKe paccMarpHBaTh M INPH3HAK, NDHHMMAIOWMA # 3HayeHUH (MHOTO-
IBETHEIE TPYNNH) W BBecTH oneparop R, TakoH, yto R"=E (R xowm-
MYTHPYET CO BCEMH TeOMeTDHYECKMMM OMepanuaMH), Nnotpe6oBaB, YTOOL!
sneMenTl Bupa R™ B rpynny se BXoauau, OO6mupnyio pa6oty B 3TOH
06/1aCTH TpPOAETATH KPHCTaLAorpadh DYCCKOH WIKOJIB.

3adauu. 1. BeBexuTe BcC BO3MOXIHE TOUEUHBIE TDYMINBl CHMMETDHU
B IBYX H3MepeHlsfx.

2. BoiBeyuTe Bce BO3MOXHblE [BYLBETHHIE TOUEYHBIE TDYMIlH B JABYX
H3MCPEHHSX,



TJABA 3

MPEACTABJIEHVS TPYIII

Bo BBedeHMH MH KPaTKO OCTAHOBHJHCH HAa TOM, kakuM oOpasom
CHMMeTpHA TaMH/IbTOHHAHAa ¢u3uyeckofl CHCTeMBl MPUBOLUT K KJIacCHH-
KaUuu coOcTBeHHBIX GYHKUMA (cOGCTBEHHBIX BEKTOPOB) 3TOH CHCTEMBI.
B HacTosulefi riaBe ME BHOBb O0paTHMCA K 9TOH 3alzade M pa3oBbeM
MareMarudecknf amnapaTt A/s ee IIOJHOIO pellcHHA.

§ 1. JluHeiinble BeKTOpHBIe MpPOCTPAHCTBA

Hame mHTyHTHBHOE NpelacTaB/eHHE O BEKTOPHOM NPOCTPAHCTBE OCHO-
BAHO HA HArJaIHOM O06pase HaNpaBAeHHEX MNPAMBIX B MJIOCKOCTH WJIH
B TpeXMEpPHOM npocTpancTBe. BekTOpbHI B TakOM NpPOCTPaHCTBE OIHMCH -
Balor, 3aJaBas MX BeJHYMHY W HampaBieHue, BeKTOpH MOMHO YMHOXATh
Ha moboe BelllecTseHHoe uyncao. [IpoBeas mobbe 1Ba HEKOJIHHEAPHBIX
BEKTOPa Ha IIOCKOCTH (MJH JM0OEE TPH HEKOMAaHAPHHX BeKTopa B Tpex-
MepHOM MPOCTPAHCTBE), Mbl BBOLMM KOOPHMHATHBIE OCH B TaKOM TpO-
CTpaHCTBe. B 3roM c/yyac BEeKTODEH MOMXHO OMHCHIBATH C MOMOLIBIO KOOp-
JMHAT OTHOCHTEMbHO HEKOTOPBIX BBIOpAHHHIX oOcefd.

Hna npunoxennuft B pusanke Hallle MHTYMTUBHOE NpeACTaBleHHe Tpe-
6yerca 00061HTE. PaccMOTPHM MHOMECTBO OOGBEKTOB X, VY, ..., 3Je-
MEeHTBI KOTOPOrO MOXHO ,YMHOXATh“ Ha MPOM3BOJLHOE KOMIJIEKCHOE
YHCI0 O WM ,CKJAANBIBATBY ApYr C LADYroM, NOJyYas NpPH 3TOM “3ie-
MEHTbl TOTO Ke CAMOTO MHOMeCTBa. Takoe MHOMeCTBO Ha3LIBAeTCA AUHEL-
HbLM BEKMOPHBLM RPOCMPAHCMBoM L.

Ecan X u y npuHaadexar L, TO

ax u x+y=y-+x 3.1

TaKxe MNpuHaantexat L. ,YMHOxenne® M ,CHOMEHHe* RO/KHB yIOBJE-
TBOPATH CJAEIYIOUIMM YCAOBHAM:

(@+ p)x =0ox+Bx, (3.2)
(af) x =0 (Bx), (3.2a)
Ix=x, (3.26)

a(X+y)=ax-+ay. (3.28)
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[TpocTpaHcTBO L codepxuT HyaeBo# BekTop (Hy/b-Bektop) 0 Taxo#, 4to
X+0=x 117 Bcex X. 3.2r)

TakuM 06pa3oM /AnHeHHOE BEKTOPHOe MPOCTPaHCTBO L obpasyer abeJieBy
rpynny OTHOCHTE/IBHO ONEPalUH ,CTOMEHHA“, M €ero 3JeMeHThl MOXHO
YMHOXATh Ha KOMIIEKCHBlE YHC/A.

Ecau MBl OTpaHHYHMCA BelleCTBEHHBIMH MHOMHTENAMH, TO MOJYYHM
BellleCTBEHHO® TNPOCTPaHCTBO. [IpHMepaMH TakHX INPOCTPAHCTB CJAYKAT
OMHCaHHEIE paHee MJIOCKOCTH W TPeXMEePHOe MPOCTPAHCTBO,

Hcxoaa M3 HUTYMTHBHEIX NpeACTaBAeHHA, MOXHO TOBOPHTH O BEKTO-
pax Ha KOMMJEKCHO# TJIOCKOCTH, HMCXOIALIHX M3 Hayama KoOOpIAHHAT.
YMHOMeHHe BeKTOpPA X Ha KOMIIJIEKCHOE 4YHC/IO ¢ YBeJMuMBaeT LJIHHY
BEKTOpa X B |@| pa3 u mnoBOpauMBaeT ero Ha yro., paBHu# apry-
MEeHTY uYucaa @,

MHoxecTBO BCeX Martpui n X n ofpasyer JuHeHiHOe BeKTOpHOe MpO-
crpanctBo. CyMMa ABYX Matpuil X M Y (C MaTPHUHBIMH 3/IeMEHTAMH X,
M Y;,) ecTb MaTpuua XYy (C MAaTPUUHBIMH 3JEMEHTaMH X;,—+ V).
Marpuua ox uMeeT MATPHUHBlE 3JeMEHTH 0X,. Bce 3/eMeHTH Hy’e-
BOW MaTpHLBl paBHH HYJIO.

BeckoHeuHble MOC/Ie10BaTEILHOCTH

X={(Xy, Xy, .. )=(xp) (=1, ..., 00), 3.3)
06pa3yioT /JAHHelHoe BEKTOpPHOe MPOCTPAHCTBO, MpHYeM

x+y=(x,+vy) oax=(x).

MHOXeCTBO BCeX MHOFOY/JEHOB OTHOCHTEIBHO ,MepeMeHHONH* { Buaa

X = Xy .8, (3.4)

rie X, X;— KOMIVIEKCHEIE 4HC/Ia, 06pas3yioT JAHHeHHOe BEKTOPHOE Mpo-
CTPAHCTBO, B KOTOPOM
ax = ax,+ axf,

X+y =¥+ yo) + (1 + ¥ &

HenocpeacrBeHHbIM 0606LLeHHeM MNOCAENHEr0 NpPHMEpa CIYXKHT BeK-
TOPHOE MNPOCTPAHCTBO BCeX MHOTOY/JEHOB CTeMeHH, MeHblied WM paB-

HO# n OTHOCUTENBHO mepeMeHHOH
n

n__ T
X=xp+ x5+ %0+ ... +x.8 =20x,C. (3.9)
r=
B uactHocTH, n MOXHO yctpeMutb K GeckoHeunoctd. IIpu 3sTOoM moay-
YHUTCA BEKTOPHOE MPOCTPAHCTBO MHOTOYJEHOB BHIA

o0

x= 3 x . (3.6)

=0
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MoxHO TaKie paccMaTpHBaTh NMPOCTPaHCTBA, B KOTOPBIX BEKTOpaMu
ABJAIOTCA GYHKLUHH BellleCcTBEHHON (MM KOMMJCKCHOM) mepeMeHHOH 2,
Hanpumep, MO0:NHO B3ATh mpocTpancrBo Bcex ¢yukuuit Buaa

X = x|+ X507, (3.7)
60 MPOCTPaHCTBO BCex (YHKUMK BUIA
X = x; c0s 2+ x,sin 2, 3.8)
a16o ke NMPOCTPAHCTBO
x=x,f1(2)4 %5/ (2), (3.9)

rie f; u f,— 3apaHee 3azaHHbie (YHKUMH OT 2. B kauectse ofuiero
C/yyass MOXHO DacCMOTDeTb MPOCTPAHCTBO GYHKLMH

n

x= 2 x,f,(2), (3.10)
=
rie fi, fo ..., fp(2)— 3amaHHbie ¢yHkumu Ot 2. B cooTHOweHHH

(3.10) n MOxHO cHOBa ycTpeMHTb K OeCKOHEYHOCTH.

Q6of1ienne MOMXHO 1IPOJOMKHTL M PacCMOTDETh MNpPOCTPAHCTBO BCeX
dbyHkun#t f (2) BeulectTBeHHOH (MM KOMNJeKCHOH) nmepemeHHo# 2z, ompe-
JeJeHHbIX B HEKOTOPOR 06JacTH 3HAYeHHH MepeMeHHOH 2 M yAOBJIeTBO-
PAIOUIMX HEKOTOPBIM YCJIOBHAM HeMNpCpPbiBHOCTH, HHTErPHPYEMOCTH H T. I,
Hanpumep, MOXHO paccMOTpeTh MPOCTPAHCTBO BCeX HEeMpPephiBHBIX (YHK-
uM# BellleCTBEHHOrO mMepeMeHHOro 2 B wuxteppage Ot 0 1o 1 uau nmpo-
CTPAHCTBO BCeX YHKUUMH ¢ HHTErpUpYEeMBIM KBaApaTtoM, T. €. GyuKUuH
f(2), nna KOTOPHIX

+oo
[ 1F@paz
CXO0OHUTCA. )

3adaxa. Tlokaxute, 4TO (DYHKUHH C HHTErpHPyeMbln KBagpaToM obpa-
3yI0T JHHEHHOC BEKTOpHOE HPOCTPAHCTBO.

§ 2. JluneiiHag 3aBHCHMOCTH; pasMepHOCTH

Junelfnas romOunayus BeKTOPOB Xy, Xp ..., X, —-3ITO BEKTOP
X BHIa
X=X+ ... 40X, 3.1
rie o, ..., @, — KOMIJIEKCHble YHCTa.
[oBopAT, 4TO BEKTOPB X, X, ..., X, JHHEHHO 3aBUCHMEI, €CJH

HY/1eBOH BEKTOP MOMHO MNpPeACTaBHTL B BHIAe JHHCHHOH KOMOMHalMK
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X;» «.., X, (TpuBHaJbHBIK cayyalh oy =0y= ... ==0,=0 uckmo-
yaercs)

O XX+ . o0 - 0,X, =0. (3.12)
Ecan ypaBHenne (3.12) He MMeeT HETPHBHA/IbHLIX PELICHHH, MBI rOBOpHM,
YTO BEKTOPH Xj, X9, ..., X, AUHEHHO HE3ABUCUMY.

Temepe MH XOTHM MOCTPOMTH CHCTEMBl JIHMHEHHO HE3aBHCUMBIX Bek-
TOPOB B HameM npoctpaHctBe. Ilpexpe Bcero Mbl mombiTaeMcs CrenaTth
3TO ¢ MOMOLIBK OIHOrO BekTopa X. Ecan

ax =0, a0

I BCeX BEKTOPOB NMpOCTPaHCTBA, TO X =0, U MH MNO0JyYaeM HyJeBoe
NPOCTPAHCTBO, COCTOSILLEE U3 OJHOTO TOJNBKO HY/1E€BOro Bektopa. Ecaum xe
NPOCTPAHCTBO COAEPKHT BeKTOP X; 7= 0, Mbl mNbeltaeMcs HaWtH BTOpOH
BEKTOD X, TaKo#, 4TO

0 X+ OgXy =10
TOJBKO B TOM cJyyae, €CJH

o, =0,=0.

[Tponomkas 3Ty npoueaypy, Mbl NPHXOIHM K ONpeleJeHHI0 pasMep-
HocTH mpocTpaHcTBa L,. B n-mepnom sexmoprom npocmpancmse L,
MOMHO HaHTH 7 BEKTOPOB Uy, Uy, ..., U,, KOTOPHE OyayT JaHHeHHO
He3aBHCHMBI, B TO BpeMid Kkak n-+1 BeKTOp B 3TOM Xe NPOCTPAHCTBE
BCeria JHHeHHO 3aBHCHM.

Ha nnockoctn 1Ba KOMMMHEAPHHX BEKTOPAa JHHeHHO 3aBHCHMEL
Ecmn e 1Ba BeKTOPa HEKOJJHHEapHH, OHH JHHe#HO HE3aBUCHMHEL,
Ho mofbwle TpH BexkTopa Ha IJIOCKOCTH JMHEHHO 3aBHCHMBI, MO3TOMY
NJIOCKOCTh ABJIAGTCHA ABYMEDHHM BEKTOPHHEIM NPOCTPAHCTBOM.

[TpocTpaHCTBO Bcex Matpuu # X n HMeeT pasMepHOCTh n2. Ytobml
nokasatb 370, paccMoTpuM Marpuuy e/¥), pce a;eMenTH KOTOpOH paBHLI
HY/M10, 33 HCK/IOYeHHeM 3jeMeHTa (j2). DTOT 3/JeMEHT MOJIOKHM paBHbIM
NMpOM3BOLHOMY, OTAHYHOMY OT Hyasa, uncay a/®, 3acrasmaa ju k
npoGerarb 3Hadeuus OT 1 100 7, MBl moJydaeM HaboOp, COCTOAWMA u3 n2
JAHHeHHO He3aBHcuMbIX Marpui. B To xe BpeMa HaGop, cocrosuu#t u3
moboro GoJablrero yucaa Matpuu, OyleT JAHHEHHO 3aBHCHMBIM.

[TpocTpaHcTBO MHOrOY/JIEHOB, 3aJaBaeMbIX COOTHOLIeHHeM (3.4), ABYy-
MEepHO; HampuMep, MHorouleHs 1| M { /iuHeHHO He3daBUCHMEI, BCAKHE e
TPH MHOTOuJeHa JuHe#iHO 3aBucuMbl. (Mpl Bcerma MoweM HafiTH HeTpH-
BHAJILHOE pellleHHe ypaBHeHHs oX - by +yz=0, Tak Kak ero MOXHO
NnpeicTaBUThb B BHIE ABYX YpaBHEHHH:

0xy+ By + v2, =0,
ax,+ By + vz, =0

OTHOCHTEJIBbHO TPCX HEM3BECTHHX d, B, y.) AHAJOTHYHO, MPOCTPAHCTBO,
onpenensemoe cootHomenneM (3.5), (n—-1)-mepHo.
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BekropHoe mpocrpaHctBo, 3anaBaeMoe Gopumynoft (3.6), Geckoneuno-
Mmepro, Tak Kak OecxoHeuHnit HaGop Muorounedos 1, §, {2, ... auHeHHO
HE3dBUCHM.

3adauu. 1. Yemy paBlia pasMepHOCTb BEKTOPHBIX NpPOCTPAHCTB, 3alaBae-
Meix dopMyaamu (3.7) —(3.10)?
. PaccMoTpiiTe BOIPOC O PasMEPHOCTH MpOCTpaHCcTBa ¢GyHKUHH C HHTE-
FppreMbIM KBaJpaToM.

§ 3. BasucHbie BEKTOphI (OCH KOOpAMHAT); KOOPAHHATEHI

['oBopAT, yto MoO6HE n JHHEHHO He3aBHCHMBIX BEKTOPOB Wy, ..., U,
B n-MEpHOM mnpoctpaHcrBe L, 06pa3yoT chcTeMy O0Q3UCHUX 8EKMOpO8,
HaM Ga3uc (cucTeMy KOOpIHMHAT), B L.

Ecan Bektope uy, ..., u, o6pasywt 6asuc B L,, TO MOXHO AOKa-
3aTh, 4YTO BCAKHHA BeKTOp X, NpHHaAMeKawn# L, MOXKHO NpeICTaBUTh
B BUJe JMHHeHNnOA KOMOWHAlMM BeKTOPOB ;.

Ypasuenue

B +-apuy 4 aotly - ... F U, =

IO/KHO HMETb HETPHBHA/bHOe pelleHHe (nn— | BEKTOp B n-MEpPHOM Mpo-
crpaictel). B arom ypasHenwun B == 0, Tak kak ecau 6w Pp=—0, MH
nonyunan 6B HETPHBHAJIbHOE pelileHHe YpaBHEeHHs

ae;+ ... +a,u,=0,

BONpEKH NPEeANONOMKEHHID O TOM, YTO BeKTOpH W; o6pa3yioTr Oasuc. Tak
Kak B == 0, Haule ypaBHeHHe MOXHO Pa3pelIHTb OTHOCHTENBHO X

= —(a1u1+ o) =xu 4 .0 Fxu,=xu,. (3.13)

Takum 00pasoM, MPOW3BOJEHHHA BEKTOP X MOMXHO 3amucaTth B BUIe JIH-
HeliHO# KoMOWHauMK Ga3HcHHX BekTopoB u;. Koadduuuentn X; B auHel-
HO# KkoMOWHAauMK (3.13) HasbiBalOTCA KOOPOUHAMAMI BEKTOpa X OTHO-
CHTenbHO Oa3nca (mm CHCTEMBl KOODIMHAT) Uy, ..., W,

Matpuus e/®), onucaunsie Bhile, 06pasylor GasHc B MpOCTpaHCTBe
Matpul n X n. Matpulla X C 3/eMEHTaMH X, BhIPAW4eTcd Yepe3 3TH
6asucHEIE BEKTOPHL B BHIe

Xik_ (i)
X = ———
E gm &
I

TaK llTO KOODIHHATAMH X OTHOCHTe/NbHO 3TOr0 $asuca cayxaTt Yucia
x jp/atI®

MHOI‘OlUIeHbI 1 n [ ofpasywT cucteMy G6asucCHHX BEKTOPOB 14
IBYMEpPHOTO MPOCTPAHCTBa, ONPeAenaeMoro cootTHolleHneM (3.4). Bextop x
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M8 9TOrO COOTHOUICHHA OTHOCHTENLHO YKa3aHHOrO Ga3nca MMEET KOOpIH-
HaThl X4, X1

Koopannatamu MHorouseHa x B dopmyae (3.6) oTHocureabHo 6asuca,
00pasyeMoro JHHEHHO He3aBUCHUMBIMH MHorodYdeHamu 1, §, &2, ..., cayxar
3/1eMeHThl 0eCKOHEYHON MOCAeNOBATENBHOCTH (Xg, X1, + - +).

3adana. Haltaute cucremy 0asHCHBIX BEKTOPOB /5 NPOCTDAHCTB, 3ajaH-
HhX cooTHomeuuaMu (3.7) — (3.10), u ykaxure KOOpPIHHATH TPOHU3BO.IbHOrO
BEKTOpa OTHOCHTEJABHO HalineHHoro 6asuca.

Crnenyer oT4eT/IMBO npencrapaats cebe, 4to GasHCHHE BEKTOpH 3a-
Ha0TCA HEOOHO3HAYHO W HAa CAMOM JeJle MX MOXHO BHOpaTh GecKOHeu-
HBIM YHCAOM cnocofoB. Ha mnaockoctn n100me 1Ba HEKOJIHHEapHBIX
Bektopa obpasyior 6asuc. B mpocrpaHcTBe MHOrouseHos Buia Xo—+ X&,
kpoMe 6aauca (1, §), MoxHo Bribpath Basuc (1 -+, 1 -—0) aubo (1 -+ af,
1 —al), rae a =0, amdo xe poolue (a—+ 5, v+ 00), ecin TOABKO
=0+ Bl u uy=y—+ 8, nuHetino HesaBucumbl (ad — By + 0).

Onnd M TOT Ke BekTop X OyldeT HMeTb pa3iuirsie KOOPIMHATH
OTHOCHTENILHO pasiuinHolx cucteM OasucHux Bextopos. Cam BekTop X
HMeeT GHYMPEeHHNu{ CMLICA, B TO BPeMs KaK OMHcallie ero ¢ MOMOLIBIO
KOODJAMHAT M3MeNAeTCA MNpH MNepeXole K ADYFHM OCAM koopiauHat. Ha-
npuMep, MHOTOUIEH

x= syl = 2B (g oy T (1o =

X160 — xof

od — ¥y
= oy (@80 + =g (v -80)

HMEET OTHOCHTEIBHO TpeX CHUCTEM KOOpAHMHAT, O KOTOPBIX YMNOMHHA/IOCH
BbII€, KOOPIHHATH

e, a). (e g

Kosnb ckopo HaftaeH omuH kako#-HuOyiw 6Gasuc uy, ..., U,, Mbl Jerko
MOXEM MOJYUYHTh 8Ce BO3MOMHLIE CHCTEeMH OGasHCHHX BekTopoB. Kamawift
BEKTOp BhIpa)aercd B BHAe JHHeHHOH kOMOMHAUMH BEKTOPOB Uy, ..., U,
[cm. (3.13)]. Hanpumep, n BexTOpOB Uy, ..., U/ MOXHO 3amHCaTb B BHLE

(%0, X1),

n

ujzglaﬁuizaﬁu, =1, ..., n), (3.14)

rie Npv BBINOJHEHHH NOC/AeiHero npeo6pa3oBaHWUs HaMW BBEIEHO COrJa-
IIEHHe O CYMMHPOBAHHH MO MOBTOPSAIOLHMCS HHIeKcaM. BekToph u;. obpa-
3yot 0asuc, eclM OHM JMHEHHO HEe3aBUCHMHEI, YTO OYIeT B TOM H TOJBKO
B TOM c/yuae, eC/H ONpelenTelb MAaTPUUBl KOIPDUUHEHTOB @;; OTAMYEH
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ot Hyaa. Koadduuuentsl o6pasyoT Matpuuy a. HoBbie BekTOpEI u; B pa-

BeHcTBe (3.14) ob6pasywoT 6asuc, ecau Matpulla a HeocoOeHHasa (ompene-
nautenb ==0). Bce Bo3amowHbie 6a3uckl B L, MOJy4alOTCA H3 HEKOTOPOro
ogHoro 0asHca, ec/iM MaTpHlia a npoberaetr BCe MHOMKECTBO HEOCOOEHHBIX
MaTpHIl n-ro MopAIKa.

Ecmn ot 6asuca, MOCTpPOEGHHOTO M3 BeKTOPOB u,;, MepefitH k Oasucy,
06pa3oBaHHOMY BEKTOPaMH W}, TO KOODIMHATH X, PUKCUPOBAHHOZ0 Bek-

I
TOPa X M3MEHSATCA M CTAaHYT DaBHBIMH X/
_ Y/
X=xu,=xu]. (3.15)
Bocnosne3osaBiick paBeHcTBOM (3.14), nmosyunm
— !
X, =xa,u,
a TaK KaK BEKTOPbl U; JHHEAHO HE3aBUCHME, TO
— ! 7 ’
X=X, m=a,x, (3.16)
rie a —MaTpuila, TPAaHCNIOHHPOBaHHAA MO OTHOIUEHHIO K MaTpHule a, T. e,
aji:alj. (3.17)
/

r
Ecin Bextophl ui(ul) H COBOKYMHOCTb KOOpIMHAT xl(xl) paccMaTpuBaTh

KaK MaTpHUB C R CTPOKAMM M OJHHM cTOAOUOM, cooTHOWeHHs (3.14) u
(3.16) MOxHO 3amucaTb B MaTPHYHOH dopMe:

u’ = au, (3.14a)
x =ax’. (3.16a)

MarpHua, TpaHCNOHHpOBaHHad MO OTHOLIEHHIO K NMPOM3BELEHHI0 MaTpHLL,
3azaercsa Qopmyaoi

ab = ba, (3.18)

T. e. OKa3mBaeTcAd paBHOH NPOHM3BENEHHID TPAHCMOHMPOBAHHLIX MATPHIL,
B3ATHIX B 0OpaTHOM mopsake, Martpullefi, TpaHCMOHMPOBAHHOA MO OTHO-

IIeHHIO K MATpHlle X, COCTOALLEH M3 OLHOrO cToa0Ua, ABIASTCA MATpHUA X,
MMelollas OQHYy CTPOKY H n CTOMOLOB:

X==(X], 00y X,).
B atux o6osHauenusx (3.15) MOwHO NMepenHcath B BuAe

X =Xu=xu'. (3.15a)
H3 cootHowmeHuns (3.16a) momyuyaem

X =a"x, (3.166)
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[TpaBuabHOCTe GopMyabl (3.15) MOMHO JIerkO MpOBEPHTh:
X =xa"l, u’ = au,
OTKyZa
x'u’ =xa~lau =xu.

Sadauqu. 1. JokawuTe, UTO MHOrOUJEHH
dﬂ
dgt
ofpasylor 6asHC B BEKTODHOM TDOCTPAHCTBE BCEX MHOrOUYJNEHOB [dhopMyaa
(3.6)]. Haiftnure k03dPHLUMEHTH pa3NOKEHHA MHOrOUJIEHOB f:, no 6a3sycHbIM

dynkwyam f,=¢"
2. To xe npopmenaiite Aaf MHOrOYJEHOB

fo=e"t @b, n=0,1,2,... (3.19)

"

= 7;’&— (G2 — 1y, (320)

§ 4. Oro6pawenus; AUHEHHbIE OMEpaTOPHI;
MaTpHYHbIe MpPeLCTaBACHHs; IKBHBAJAEHTHOCTH

OrobpaxeHie BeKTOPHOro mnpoctpaHcTtsa L Ha ceOs MOWHO onpene-
TuTh Tak ke, kak B ra. 1. OrtoOpaxenHe T KamIOMY BEKTOPY X CTaBHT
B COOTBETCTBHE HEKOTOPHIH HOBHIH BeKTOp Yy, MpHHALAexawu# L,

y=Tx. (3.21)
Ecin otoGpaxenne 7 B3aHMHO OLHO3HA4YHO, TO CYLIECTBYeT ofpamsoe
oto6paxenne T~ takoe, uTO

x=T"ly. (3.22)

Orobpaxenne T MONKHO paccMaTpuBaTh Kak onepamop, KOTODHH nefi-
CTBYeT Ha BeKTOPH X MpocTpaHcTBa L W mpeobpasdyeT MX B BEKTODHI Y,
TaKwe MpHHaLIeKalue npocTpaictsy L. Ecan 310 oTOOpaxeHHe B3auMHO

-1
0IHO3HAaYHO, TO cyllecTByeT oOpatHbfi omepatop 7T . JHas kasxioro
BeKTOpa X NpocTpaHcTsa L

T Tx =TT 'x =x,

T T=TT"'=1, (3.23)

rie onepatop 1 ecTb TOXIECTBEHHHIt OmepaTop, OCTABMMIOLIMA Bce Bek-
TOPH HEH3MEHHBIMH,
Iosopsar, uro T — aunelinvili onepamop, ecin

Tx4+2)=Tx-4Tz, (3.29)
T (ax) ==aTx. (3.24a)
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Crenyer monuyepKHyTh, 4YTO B OMNpeleleHHH ONMepaTOpOB He YKa3bl-
BaeTcad HUKaKOH cHuCTeMH Koopauuat. [To3TomMy onepaTtopbl UMEIOT 8HY-
mpeHHul cMbICT.

Ecnn pr6path HEKOTODHH KOHKpeTHHH 6asuc u; B mpocTpaHcTBe L,
TO LeficTBue omepatopa I B cooTHoweHHH (3.21) MOXHO omucathb, CKasas,
YTO KOOpIMHATH Y, 00pa3a fBJAOTCA HEKOTOPHIMH (GYHKUMAMH KOOpIH-
HaT X;:

ww=T;(x, ..., X,) (=1, ..., n). (3.25)

Ecan omépamenne B3aUMHO OJHO3HA4HO, TO 3TH YpaBHCHHUS MOXHO pa3-
pelwnTh OTHOCHTEJNBLHO X;, BHIPA3WB MOC/JHEIHHE 4epe3 y;:

=T Oy, ooen ¥ (=1, ..., n). (3.25a)

HeobxonnMoe M 10OCTaTOYHOE YCJIOBHE TOrO, 4TOOH OTOOpaMeHHe
OBLTIO B3aMMHO OJHO3HAYHHM, COCTOHT B OTJIHYHH OT HyJad AkoOHaHa
oT
JE(——J—). (3.26)
an
-1
dyuxuun Ty v T;  cBA3BIBAIOT KOODIMHATH X; H y; OTHOCUTENBHO 34-
dannozo Gasuca u;. Ecau me Mbl mepexomuM K HosoMy Oasucy uj, TO

CBA3b MEX1Y HOBHMHM KOODIMHATAMH X; M Y, MOXHO YCTaHOBHTH, MOJb-
ayace ¢opmynamu (3.16a) u (3.166):

yl—a”y —a‘IT FICITREES xn)=5l—le ( N ankxk) (3.27)

B ciayuae HeBbIpOXKAEHHOrO JHHeHHOro onepatopa 7 CBA3b MeEway
KOODIMHATAMH X; H y; BHpaxaerca npole. [IpuMensas k pasexctsy (3.13)
onmepatop 7T, mony4aeM

y=Tx=T(xm;)=x;Tu,. (3.28)

Pasencreo (3.28) mokaamiaer, uTO KOODAMHATHl BEKTOPAa Y OTHOCH-
TCAbHO Oa3kCHBLIX BEKTOPOB V,;= Tu; me oe, 4TO M KOOPAMHATH BeK-
TOpPA X HO OTHOWIEHHID K GasHCHHM BekTOpaM u,. Bextoph v, ABasioTCA

JTUHEHHBIMH KOMOMUAUMAMH BEKTODOB U;, T. €.

v,=Tu=uT (3.29)

jb
rae T; — KoMIJeKcHue uncaa, ofpasyiouwe Matpuny 7. [loacrasass
B (3.28), HaxoauM, 4YTO NOpH hurcuposanrom OGa3uce, COCTOALIEM H3
BEKTOpPOB U;,

yu;=u;T ;x;, (3.30)
a MOCKOJbKY BEKTODH U; JHHEHHO HE3aBUCHMEI, TO

yj=Tﬁxi, (331)

HJH, B MaTpHUYHBIX 00O3HAYEHHMSX,

y =Tx. (3.32)
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Marpuua T B (3.32) aBasercAd mampuyell, npedcmagasiowed nu-
Heliubift onepatop 7 OTHOcHTeabHO Oasuca u;. Ecanm Mbl mepetneMm k xo-
soxy 6Gasucy uj, 3anawHoMy paseHcTsoM (3.14a), To ¢ nomousio (3.16a)
1 (3.166) oOHapywuM, uTO

y'=aly=2a"1Tx = a-!Tax’. (3.33)

Taxum 00pasoM, MaTpHYHOE MpenCTaBJeHHe JHHeHHOro omepartopa T B HO-
BOoM Gasnce u; MMeeT BHI

T =a"Ta. (3.34)

[To onpenenennio, Marpuia, NoAyyaeMas M3 MatpHun A mpaxcgopma-
Yueli (HeocoOGeHHON) MatpuueH S, ecTh MaTpHla

A'=SAS™". (3.35)

Taxum o6pasom, (3.34) oauauaer, uyro T’ noayuedo us T TpaHcdopMma-
uMe#t Marpuued a- !,

Orciona cnenyer, 4tO MaTpPHUHHeE MNpeicTaBAeHHs (B PA3JHUYHEX 6a-
3MCaxX) OJHOTO M TOTO e (PUKCHPOBAHHOrO JaMHeHHOro oneparopa 7 no-
JAy4aloTcA IPYr M3 JApyra TtpaHcdopmauuel HekOTOpoH Martpuied. Ma-
TPHULE, CBS3aHHEE IPYr C IAPYyroM TaKHM COOTHOLIEHHEeM, Ha3LIBATCA
orsusarenmuoi sy, [105TOMy MaTpHuHBlE MpPEACTABJEHHS JHHEHHOro Ome-
paropa 7 OTHOCHTENBbHO Pa3HUHHIX 0a3HCOB ABJSIOTCA SKBUBAACHMHHMY
MaTpHIaMH.

MoXHO TaKxe paccMaTpHBaTh B3aHMHO OJHO3HAUHBHE OTOOpPaXKEHHA
00xozo mpoctpaHctBa L Ha dpyzoe npoctpadctBo L’. (OuesuaHo, uto
ecan 0ToOpaxeHHe B3aMMHO OJHO3HAYHO, TO ITH ABa MPOCTPAHCTBA MMEIOT
0JMHAKOBYI0 pa3MepHOCTb.) [IpH Takux ortoOpaeHusax onepatop S ILefi-
CTBYeT Ha BEKTODH X mpoctpaHctBa L M npeobpasyeT MX B BeKTOpPH X’
npoctpasictsa L’

’ —1.7
x = 8x, x=8x.

Ecian nuuefinpift onepatop 7 ompeneneH B npoctpaHctse L, T0 otolpa-
wenne S undyyupyem B L’ nuueHnniti onepatop T

7' =818"". (3.36)

Onepatop T Brnojne omnpenefeH: S! MepeBOAMT BEKTOPH X’ MPOCTPAH-
ctea L’ B BextOophl X mpoctpadcrsa L, T mpeoGpasyeT BeKTOPH X, MpH-
HamJewaue L, B BeKTOpH Yy, NMpHHadexallue L, W, HakOHel, S mepe-
BOJMT BEKTOPH Y mpoctpaHctBa L B Bektopn Y’ mpoctpaHctBa L', Takum
o6pasom, T’ mepeBoiuT BeKTOpH X', mpuHaiiewaline L', B BektOopn y’
u3 toro we L’. Oneparop T’ noayuaerca us T mpancgopsayueli ¢ no-
MQUIbIO omepatopa §.



§ 5. lpedcrasaenun epynn 101

3adaunu, 1, MNokaxure, 4TO B NMPOCTPaHCTBe MHOrouaeHoB (3.5) d/df ecTb
NHHeftHEI} onepatop. Bmbeprte 6asuc U ykaxuTe MaTpHUY, NPENCTaBASIOULYIO
3TOT OMepaToOp MO OTHOLHEHHIO K BHIGpaHnOMY 6asucy. MiMeeT aM 3Ta MaTpHLa
o6paThyo?

2. PaccmoTpHTe cOOTBETCTBYIOUIYI0 3ajauy JAJas onepatopa d/d{ B mpo-
crpancrge (3.6).

3. Npeo6pasoBaHne Pypre dynkuuu f (x) ectb dyHruua

400 +00

g (k)= (2n)~ 1~ f fye~ " gy f(x)=@n)~1? f g (k) & dk. (3.37)
— o0 —00

Mokaxwure, uro onepatop (1/I) (0/dx), nelicTBywoiuit B mpocrpaHcTBe (YHK-

UM f (x), HHOyUMpyeT B npOCTpaHCTBe ¢$yHKUHA g (R) onepaToOp YMHOXeHHS
Ha

§ 5. IlpeacraBaenus rpynn

CosoxynHocth omepatopos A, B, ... B BeKTODHOM NpocTpancrse L
ofpasyeT rpynmy, ec/iH 9TH ONepaTophl yAOBJETBOPSAIT aKCHOMaM, M3J0-
MeHHBM B Ta1. 1. B 3TOM cayyae nold npousBeleHHeM omepatopos A
1 B nonumaiot Ttako#t omeparop C, uto

Cx=A(Bx) 1 Bcex x u3 L, (3.38)

EZMHMYHBIM 3/1EMEHTOM TPYMMBl CJAYMHHT TOMAECTBEHHEIH OmnepaTtop, ocra-
BAfOIMA Bce BekTophl B L 6e3 wuameHeHu#t. Bce onepatoprel rpynnbi
nMeloT oOpaTHele,

Ecin Mbl, mone3ysice omepatopoM S, oTofpasuM mpoctpaHcTBO L Ha
Apyroe npocTpaHctBo L/, MBI moayuum u3oMopdHyK0 Tpymmy oneparopos,
KOTOpble HeHCTBYIOT B MpOCTpaHctBe L’ M mo/ayyaoTcs M3 ONepaTopoB
A, B, ... TpaHchopMaurelt ¢ moMollbi0 omeparopa S:

A'=8AS"", B =8BS' .... (3.39)

Ecau npoussoashyio rpynny G otoOpasuts roMomopdHo B rpymny
onepatopos D (G), INeHCTBYWOLIMX B BeKTOPHOM NpocTpaHcTBe L, MHI
ckaxem, uto rpynna omeparopoB D (G) ectb npedcmagaenue rpynns G
B npocmpancmge npedcmagaenus L. Ecan pasMmepHocts npoctpaHcTsa L
paBHa n, TOBOPAT, YTO pa3mepHOCmMb MpPelNCTaBJleHH paBHa n (WM Ke
uTO npedcmasrerue n-mepro). Onepatop, COOTBETCTBYIOLIUHA 3/71eMEHTY R
rpynnet G, 0603Haunm yeped D (R). Ecim R n S — aneMentu rpynnsl G,
TO

D(RS)=D (R)D(S), (3.40)
D(R™)=[D(®R)’ (3.40a)

D((E)=1. (3.406)
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Junelinoe npedcmasrerue — 3T0 NpPeICTaBICHUE AUHEHLHbBIMU One-
pamopamu. 3a peikuM HCKIIOYeH#deM, Mb OyleM OrpaHHYHBaTbCA pac-
CMOTpEHHEeM TOJbKO TaKuX JuHeHHbIX mnpexactasacHufl. ([Ipennonaraercs,
YyTO BCe MpeLCTaB/JEHHS, KOTOpbe OyAyT BCTpeuYaThCs, JAMHEHHB, ecau
TOJBKO [POTHBONOJOKHOE 0c000 He OroBOPEHO.)

Ecan B n-mepHoM mpocTtpaHcTBe L BeiOpaTte 0asuc, TO JAHHeHHBIE
onepaTopsl NpelcTaBaeHHA MOXHO OMHCBIBATH € MOMOIUBI0 NpeLCTAB/IAI-
IHX UX MATpHL. B 3TOM caydyae MH MOJy4YHM ToMOMOpdHOe 0TOGpaKeHHe
rpynnst G B rpynny n X n Matpuy D (G), 1. e. mampuunoe npedcma-
saenue rpynnel G. M3 (3.40), (3.40a) u (3.406) Mb BHINM, YTO 3TH
MaTpHIUB HEBBLIPOWAEHH H 4TO

!1 mpn I=j )
Dy@=by=1{0 o 1 pg] GI=Lom @4
D;; (RS)= %1-! Dy (R)Dy;(S)=D;, (R) D, (S). (3.41a)

Ecan paccMaTpuBaeTCs HeCKOJbKO Pas/HYHBLIX MPENACTaBIeHHH, M Oynem
OT/IHYATH MX C MOMOLIBI BePXHHX HHAEKCOB: D(,“j) (R). Hpyroe o06osna-

uR

YeHHE HMMeeT BHI [t]] . PBSMCPHOCTB W-ro npeincTaB/jaeHus 0603HauuM nu

un [u].

Ecau romomopdroe otobpaxenne rpynnel G B D (G) npuBoauT k m3o-
MopduaMy, rOBOpAT, YTO TaKoe NpenCTaB/IeHHe ,TOYIO*; B 3TOM caydae
nopanok rpynnsl Matpuu D (G) paeen nopsanky g rpynnel G. B o6uiem
caydyae B rpymne U cyuiecTByeT HeCKOJBKO 3/1eMEHTOB, KOTOpbie OTOfpa-
KaoTcad B enuHuuHyw Martpuuy D (E)=1. Kax Mu yxe Buzemu B ra, 1,
COBOKYNHOCTE &% 3JeMeHTOB rpynnsl (G, oTobpaxamouinxca 8 1, ofpa-
ayer B G uHBapuantHyio mnoxrpynny. [pynma martpuu D (R) ofpasyer
TOYHOe npejcrtaBieHHe daxrop-rpynnel G/F2. Ortciopa caeayer, 4To
ecti Haligeno npeicraBieHue a8 aKTOp-rpynnmel MO HEKOTOPOH
MHBADMAHTHON MOArpynme, TO Mbl aBTOMATHYeCKH MO/YydYaeM MNpeincTasie-
HHe M 4adA Beeft rpynmel G. B 3TOM mpexncTaBseHHH Bce 3JEMEHTHI, MpH-
Hallexallne OIHOMY cMexHOMy knaccy rpymma G no J&#, orobpa-
KAIOTCA B OOHY H Ty e MaTpHLy.

§ 6. DxBHBaNEHTHbIE NPEeACTABJEHHS; XapaKkTephl

Ecau Mbl uaMenuM 6asuc B n-MepHOM npoctpaHcre L, To MaTpuip
D (R) saMeHdTca MaTpuuaMu, Kotopele noayuyarcd H3 D (R) TtpaHcdop-
maumrelt Hexotopo# Marpuuest C [cu. (3.34)]. Marpuun

D' (Ry=CD (R)C™" (3.42)

TaKxe 3a4d0T NpeicTasienue rpymnsl G, KOTOpoe 3KBHBAMEHTHO Npen-
¢rasaepnio D (R). U3 Haumx npenblAyUMX paccyAeHMA ACHO, YTO SKBU-
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BaJeHTHbIE NMpelcraBleHud MMEIOT OAMHAKOBYIO CTPYKTYPY, HecMOTpf Ha
TO YTO MATPHUE! BHLIIAIAT NMO-Pa3HOMY.

Mu XOTHM HaliTH BeaUUYHMHBI, KOTODHE XapaKTepH3YIOT BHYTpeHHHe
csofictBa D (R), T. e. OCTAlOTCA MHBAPHAHTHBIMH NMPH H3MEHEHHH CHCTEMH
koopanHat. OIMH TakoH MHBADHAHT HAHTH Jerko, Tak Kak, B3fAB CyMMYy
IMArOHaNbHEIX 9JIEMEHTOB MATPHLUb, Mbl MOJYYHM

Zz (€D (R) C_I)ii = [ZH CixDyy (R) Cii' = kZI Oy Dyy (R)= ; D,, (R).
(3.43)

[TosToMy cyMMa [MAaroHalbHEX 3J1eMEHTOB, WaHM cxed, MaTpuun D (R)
MHBADHAHTHA OTHOCHTENLHO npeoOpasoBaHua oceft koopanHaT. Ecan Mu

paccMaTpHBaeM MpelcTaBiaeHHa rpynn, To ciea X D,; (R) HaswiBaeTca

L
xapaxmeposu ssemeuma R 8 npedcmassenun D n 0603Havaercs
% (R)= X Dy (R). (3.44)

Mbl BUIMM, YTO SKBHBAJEHTHHE NpELCTABJAEHHA HMEIOT OIMH H TOT e
Habop xapakrtepoB. HTOO: Kak-TO BEIAEMMTb TO HJH HHOE MNpelcTaB/es
HHe, Mbl 6yleM noOJb30BaTbC BepXHHMH 3HaukaMu. TakuM 0o6pasow,
YW (R) (uam [w; R]) osHauaeT xapaktep R B NpeACTaBAeHHH W,

Ec/u paccMOTpeTs [1Ba CONPSKEHHBHIX 97eMedTa S u R rpynnu

G (S=URUY), 10
DS)=DU)D(®R[DW)™".

Tak kak D (U)—nonyctumoe npeoGpasoBaHHe KOOPAMHATHHIX oOcel
B HalleM NMpOCTPAHCTBE, Mbl BHIHM, UTO

ZDMS=ZDM&
HJIH

X () =xR).

HHaue rosops, xapakrepbl CONpsKeHHHX 3JeMeHToB B rpynne G Bceraa
oaMHakoBul, Ciel0BaTebHO, €CAH Mbl ONMHCHBAEM TFPYMMY, .Mepeyncns
XapaKTephl ee 3/MeMEeHTOB B HEKOTODOM JAHHOM MpeNCTaBACHHH, TO BCeM
3/eMeHTaM, NpHHALJAeKAlHM OLHOMY [aHHOMY KJAaccy, NMpPUNHCBIBAeTCs
OIHO M TO ke uncao (xapakTep). Ecam nas knaccos B rpynne G BBecTH
o6o3nauenns Ky, Ky, ... M T. 4., TO MpeicTaBjeHHe MOXHO GyneT oni-
caTh C NMOMOLIbI0 Habopa XapakTepoB Xi, ..., %, Tle Vv — YHCIO Kaac-
cop B rpynne (. Jlanee, ecnn MMeeTcs HECKOAbKO DAa3JHUYHHIX TNpens
CTaBJeHU, TO XapakTephl TaKMX MpeAcTaB/leHH# MH OyleM pasanuath no
BepXieMy 3HauKy; Hanpumep, X! ecTb xapakTep Kaacca Ky B npencra-
BAeHMH W, TakuMm 00pasoM, Kax1loe NpeicTaBieHHe naeT HaM HaGop M3 v
UHCe], KOTODHE MOKHO pAacCMaTpHBaTh KaK BeKTOD B V-MEpPHOM Mpo-
CTPAaHCTBE, @ HMEHHO: BEKTOp y* C KOMMOHeHTaMu x¥, ..., XA -
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§ 7. HocTpoenne npegcrapaennii. Croxenne mpeactasaeHui

IMpexne ueM npucTynatb K janbHefillleMy MOC/Ael10BATENLHOMY pas-
BHTHIO TEOpHH, B3I/IAHEM HA PAaCCMAaTPHUBAeMyl0 3a1auy C HECKOJALKO HHOH
TOYKH 3peHus. Teopusa B TOM BHIe, KaK OHAa H3jaraiack 10 CHX Nop,
cnenyer ¢ HeOOXOIMMOCTBIO, €CTH HCXOIHTb H3 TeOpHM abCTPaKTHHX
rpynn. B ¢uanueckux Xe 3azauax M OTMpaBaseMcd He OT aGCTpaKTHOH
rpynnel, a OoT rpynnsl npeoOpa3oBaHuii KOHQUrypaUMOHHOTO MPOCTpPaH-
CTBa HeKOTOpOH ¢uauueckoli cucTeMsl, Hampumep, rpynnsl cHMMeTpHH,
0 KOTOpHX IIJa peyb B Npeabiayuleft raase, Oblau rpynnamu npeoGpa3so-
BaHUH B TPeXMEPHOM TMNPOCTPAHCTBE. OJEeMeHTH TakoW TIpynnel Camu
00pasyloT MNpeAcCTaBleHHe 3STOH TDYNNbH B TPEeXMePHOM NpPOCTPAHCTBe,
Hanpumep, onepaumett C (8) cayxuno npeobpasoBanue

x{=x,cos® — x,sin 0,

Xg=xsinB--x,cos 0, (3.45)
Xy=X,,

Onepauuet / Obl10 npeobpasoBaHue

X|=—X, Xj=-—X, Xl =—x., (3.46)

Onna W3 HAWIMX 33734 COCTOMT B TOM, 4YTOOH HAyYHTBCA CTPOHThH
npeicTaBleHHsl NPOM3BONBHO B3ATOH rpynmel. Jlpyras —B TOM, YTOOHI
NOHATb, KaKaA CBA3b CYLLECTBYeT MeXAy TeOpHelt MpeacTaBaeHHd H ¢(H3H-
xoti. TlpenmonoxuM, uTo Ham 3anaHa HekoTopasa rpynna G npeobpaso-
BaHW#H (HanpuMep, TpYNNel CHMMETPHH, KOTODbIe MBI pPaccCMaTpMBaju
B Mpelbllylilel TnaBe) WM KaKOe-TO NpeicTaBjaeHHe, BpOLe TeX, 4TO
6bi pacCMOTpeHH paHee B 3Toff riaBe. Muesa npeo6GpasoBanne T, npu-
Haljdexallee rpynne mnpeoOpasoBanufi G [uau rpynne npeo6pasoBaHui,
o6pasywolluXx Matpuuxoe npeiacraBaeHue D (G)], HOBHe NpenCTaB/IeHHA
MOXHO CTPOHTh cienylouuM obpasom. Ilpeo6pasoBanue T nepeBoiuT X
B x"

r — Tx.

ConocraBuM npeo6pasoBanuio I nudetineii onepatop Oy, AecTBYIOLIHHA

Ha ¢yHkuuu P (x). Ecau 3anaHa npousBosbHas ¢yHkuua P(x), To nefi-
ctBue onepatopa Op Ha \p COCTOMT B TOM, 4TO 3Ta yHKuHusi npeobpa-

ayeTca B QYHKUHIO
OTlpE ll),,
TaKy0, YTO
V()= 0pp(x) =1y (x), ecm x'=Tx. (3.47)

HMuaue rosops, npeo6pasobannas Gpyukuus ' ==Or\ NpHHUMAET B TOuKe X,
apasoleicds o0pasoM TOYKH X, Takoe e 3HaueHHe, KAaKOe HCXOILHasA
¢yHKUMA p NpHHEMana B Touke x. TO e MOXHO CKa3aTh M Tak: Touka P
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(c KoopaHHATaMH x) Npu npeoBpasosanuH T nepexoaut B Touky P’ (¢ Koop-
IHHaTaMH x’), MepeHOCA BMecTe C COGOH TO YHMCJEHHOE 3HAueHHe, KOTO-
poe ¢yHkuua  umena B Touke P. Hanpumep, eciu T ecTs npeobpaso-
paune x' = x 4-a (onHo uaMepenuel), To Y’ (x) noayuaerca usz P (x),
eC CIBHHYTb rpaduKk ¢yHKuMH Y (X) HA @ eldWHHU BMPABO; TAKHM

o0pasoy,
P (0) =V (x —a).
CoortHoueHue (3.47) MOXHO NependcaTb B BHIE

Opp (Tx) = (x), (3.48)

HJH
Orp (x) = (T "x). (3.482)

Ecau nocne npeofpasosaHua T Mbl NpozenaeM npeo6pasoBaHue S
TaKoe, 4TO
x”=Sx’,

10 oneparop Og, COOTBETCTBYIOLIHA 3TOMY NpeoOpPa30BaHHIO, ONpelenseTcs
Tak ke, kak omepatop Op B (3.48); mefictBya Ha moOyw ¢yHKIHIO @,
3TOT OMepatop NepeBolMT ee B HOBYIO (yHkumio O Takywo, uTo

09 (Sx")=g(x').
Ecau @ ectb ¢ynkuus ', onpenenexxaa s (3.47), 1o
Os¥' (Sx")y =1 (x),
0501 (Sx) = (), (3.49)
050 (STx) =y (x).

C npyro#t cTOpOHH,
x"=8x"=S8Tx,

M ME MOXeM onpenenuTs onepatop Ogp Kak TakoH onepaTop, And

KOTOpPOTO
Ogrh (x") =¥ (%) (3.50)

CpasuuBas ¢ (3.49), Mbl BHIHM, UTO
Ogr = 050y, 3.51)

OTKyZa cJaeldyeT, 4TO OMepaTOPH YAOBJETBOPAIOT TeM e COOTHOLICHHAM,
YTO W 3JeMeHTH rpynnul. Kamaomy snemeHTy S coOTBETCTBYyeT oOmepa-
-1
top O, ZeficTByloluit Ha ¢yHkuuu . DieMeHTY S~ COOTBETCTBYeT
onepaTop
-1
Og-1=(0s)7". (3.51a)

Ecau Mu MoxeM HAaliTH HeKOTOpOe MpeiacTaB/eHHe A4S ONepaTopoB, TO
TEM CaMblM Mbl aBTQMATHYECKH TMOJAyuaeM TnNpeiacTaBieHHe rpynnsl .
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Yro6u MOCMOTpeTh, Kak 3TOT MeTO4 AeHCTBYET B MpPOCTOM CJyuae,
paccMOTpHM rpynny cumMeTpud (; ¢ nByma snementramu £ u /; E — ro-
KIecTBeHHOe npeobpasosatue x' — Ex = x, [ —uHpepcua x' =[x =—x
(sce B TpexmepHom npoctpaHcTeel). BrifepeM Kakywo-HHOYAb (yHK-
uuio P(x). Ua (3.48) Buamm, uto

¥ (%) = O (Ex) = Opy (x).

)
P (— £) = O (— Ex) = 0,4 (— ), (3.52)
T. €. O — TOX/IeCTBEHHHH OnmepaTop. AHANOTHUHO
P(x) = 0,p (%) = O (— ), (3.53)
HJau
O ()=V(—x), (3.53a)

OTKyla c/aelyeT, yTO ofepaTop / MeHseT 3HAK y apryMedTa X B (YHK-
uau . Papenctsa (3.52), (3.53) u (3.53a) o03HauawT, UYTO (QYHKUHH
O (Fx), Opp(Ex) BrpaxkaoTcs B BHAE JTHHEHHBIX KOMOHHALUMA (QYHK-
maft Pp(x) u Pp(— x):

OV () =P (x)+0 - P (— x),

Opp(— %) =0 P (x)+ p(— x);

(3.54)
O (x)==0-¢(x)+ ¥ (—x),
O (—x)=vp(x)+0-p(—x).
Ecnu BpecTH 0603HaueHHs
Y@ =/1. WY (—x)=/y
TO0 papeHcTBa (3.54) sanuyTcs B BHIAE
0Ef1=f1+0'f2- 01f1=0'f1+f2s (3.542)

Ogfo=0-f1+ fo 0,fa=f1+40- fa

Oneparopnt Op u O, npeobpasyor ¢yukuuu f; B Te ke camue ¢yHK-
UMM f;; MOXHO 3amucarb, 4TO

OTKyna, cpasuuBad (3.55) ¢ (3.54a), M BuIHM, UTO
D(E 1 0] D 01
()—_0 nE (l)=_l 0]. (3.56)

Jlerko npomeputsb, 4TO MaTpuusl (3.56) ofpasylOT AByMepHOe npencTa-
BJAEHME TPYyuIbl:

0 1 0 1 1 0
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[peanonoxum, utro B KauyecTse WY (x) BrOpaHa uyemuas (yHKUHA

Y )=V (—x).

B sToM cayuyae Mul noayudau Obl TONBKO IBa COOTHOLUIEHHSA
Ogb=1, Opp=1,

T. e. 006a onepaTopa mMepeBOIAT UYETHYI (YHKUMIO P B QYHKUHIO, OTIH-
YaIIYIOCa OT Hee JHUIL MHOXHTeNeM (KOTOPHH K TOMY ke paBeH 1).
[TosToMy HMeeTcsi TONLKO OIHa Oasucnas ¢yHkuua f =1, U Hawe npen-
CTaBJeHHE OLHOMEpHO:

DY Ey =), DVu)y=(), (3.57)

rie (1) ects matpHua 1 X 1, eNMHCTBEeHHBIH 37eMeHT KOTOpPO#f paBeH
e JMHHLE,
Ecnu 6 B kauecrse \p Ouna BeiOpaHa HewemHas (yHKUHs

Y(x)=—V(—x),
MBI TOYHO TaK e NMOAYYHAH OH JHIL Apa COOTHOLIEHHSA:
O =1, Op=—.

3necs cHoBa 00a paccMaTpuBaeMblX omepaTtopa npeo0pasyioT QyHKUHIO P
B (YHKUHIO, OT/IHYAIOLLYIOCS OT Hee TOJMbKO UYHC/IEHHBIM MHOXHTesdeM,
NO3TOMY HMeeTCsl TONbKO oAHa 0asucHasg (yHkuua f =1 W Halwe npen-
CTaBJleHHe BHOBb OLHOMEPHO:

D*Ey=q), D?{U)y=(—1). (3.58)

[Tpeanonoxum Tenepb, YTO B KayecTBe HCXOIHBIX BHIOpaHbl ABe (yHK-
udM: yertHasa ¢yHkuusa f; W HeueTHad dyHkuus f,. B sTom cayuae

OEf1=f1- OEf2=f2-
01f1=f1: 01f2=_f2-

MoxHo NMPHHATE SABHO H3BPALICHHYI0 TOUYKY 3pEHHA W CUMTATb, UTO
¢byuxkuud f; u f, npeoOpasywTcsa B nHHeHHble KOMOMHAUMH (YHKLHH f
H f,. B arom cayuae Mbl ckasand Obl, 4TO MOAYYeHO IABYMepHOE Mpel-

CTaBJeHHE.
10 10
(3) — - 3y —
D (15)—[0 1], D (I)—[0 _1]. (3.60)

CpaBHuBas C IByMs NpEIBLIAYLHMMH CAYYassMH, ME BHIHM, YTO Ha CaMOM
aene Kawnas w3 GyHKUMH f; U fo B OTLEJBLHOCTH NepeXOAHT B (QYHKUHH
BHIA @f] H O fy (00— YHCJHeHHHH MHOXHTeJIb) COOTBETCTBeHHO. o cux
MOp ME JHWEL PAaCCMATPHBANH COBMECTHO HBe (yHKUMH f] U f,, Kaxzias

(3.59)
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U3 KOTODBIX npeobpasyercs B (YHKUMIO, OTIHYAILYIOCA OT HCXOAHOH
3
JHIIL YHCJIEHHHIM MHOXHTeaeM. MaTpulel D™ Moxno samucats B BHIe

DP@E) 0 ] DM () ]
. D¥y=
0 DPE. ® [ o D?u

Yro6el paccMoTpeTh KpaliHHe Cayuyau, NPeanoJsIOKUM, 4TO Mbl BriIOpau
TPH uYeTHble ¢yHKUUH Py, Py, P, KOTOPHIE JHHeHHO HE3aBUCHMH (Ha-
npuMep, x2, y2, 22). B sTOM cayyae Mb nNOAyuuaH OH TpexMepHOe
npeacraBaeHue D Takoe, uTO

U%m=[ . (3.61)

[1 0 0] DY o o
DE)=|0 1 o|=Dn=|0 D o (3.62)
loo 1 o o DpDVI

TouHo Tak ke, ecau Obl Mbl BLIOpPanH B KauecTBe \, YETHYI0 (YHKLHIO,
a B KauecTBe \P; H 3 — HeueTHble (YHKLHMH, Mbl NOAyuuad Obl mpen-
CTaBJieHHE

100 T D®(E) o 0
DEy={0o 1 of=| o DYE o0
00 1 Lo 0o DPeE) |
_ S Z  (3.63)
—10 0 D 0 0
Dh=| 01 0|= 0 DY 0
Il oo —11 [ o 0 Dy |

Uro6sl paccMOTpeTh MnOCaenHu#t npuMep, obpatumca cnoBa k (3.36).
Ecan 6bl Mel BBIOpanM 3a MCXOLHblE JHHEHHO He3aBUCHMBlE (YHKUMH
H @ (HM OLHA H3 KOTOPBIX He SBJAETCA TOJAbKO YEeTHOH HJAH TOJBLKO He-
yeTHOH), Mbl On MOAyuuan HAOOp M3 YeThlpeX (YHKIMH:

H=P(X), fa=v(—x%), [fa=@x), [fi=e(—x)
M, TAKAM O6PasoM, HALLIM YeTHpeXMepHOe npencrtabiexde D’:
1 0:0 07 0 1i0 07
, D' = :u (3.64)
0 H
00i1 0]

Hpouecc, KOTOpBIM Mbl MNOJAB30BAJUCE B 3ITHUX TpeX MNPHMEpAX, HOCHT
Ha3BaHHE CJIOKECHHA npellCTaBJ'leHHﬂ. B kaxnom u3 pacCMOTPCHHBIX CJy-
YyaeB MaTpHubl COCTQAT M3 MATPHUL MeHbllero nopsaka, pacnoJIOXKeHHbIX
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BLOJb TJaBHOM [1HAroHa/d M OKaHMIeHHBIX HYJAAMH, MNpHYeM pasbueHue
Gonbwioft MaTpHUBl Ha MeHbIUMe HMeeT OIMHAKOBBIM BHL IJA BCeX Ma-
tpuu B ofuwem ciyuae, ec1d ummeeTcs OmMH Habop QyHkumu#t fi, ..., f,
TaKHX, YTO

1)
Opfi = 2 DGR =1, ... n) (3.65)
(STHM onpeneaserca NpencTaBaeHHe D”)(G)), H Bropo#l Habop QyHKuuH
JiP s fnims HE ABNAOLHMXCA JHHEHHHIMM KOMOMHAUMAMH (YHKUHHA
fi1s + -y fp ¥ TaKHX, 4TO
n+m

Opf= ZHfJD‘f)(R) (=n-+1,..., nd-m), (3.65

10 (3 65) u (3 65a) MOXKHO pacCMaTpuBaTb Kak JHHeHHble NpeoGpasoBa-
HHA B O0belHHeHHOM Habope, cocrosuleM W3 (n—+m) ¢yuxuu#t, Coor-
HoweHue (3 65), 3anucaHHOe Kak MnpeoOpa3oBaHHe COBOKYMHOCTH BCex
¢yukuuit npu =1, Beraaneno Ou Tak:

OR.f1=D(lll)(R)f1+D(211)(R)f2+ ces
: +D(nll)(R)fn+O'fn+l+ e +O‘f,,+m-

Hcnoabsys B kauectse 6a3uca noaHulft Habop ¢YHKUMHA, MBl NOAYUMIH Obl
npeacrabienne D (R) pasmepHocTd (n—+ m) Takoe, uTo

DRy 0 | n
DR)y= CTPOK,
0 DPWRy |} m
n m
cToN0L OB

OTKyaa
D =D" 4 D?.

B cootBercTBuH ¢ Tako# TepMuHoOJorde#t (3.61) oszHauaer
DB _— DU)_{__D(?)’
(3 62) osHauaer
D — D(1)+ D(1)+ D(l) 3D(1)
a (3 63) osnauaer
D=D® 4 pM_ p®— pW_t op®,

QueBHIHO, YTO NMepecTaHOBKA CNaraeMelX B CyMMax TMNpeicTaBaeHHd 10-
MyCTHMA, TAK KAK OHA CBONMTCA K MepeHyMepaund OGa3HCHHIX (YHKUUM,
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Tenepp nomxen OblTh ACeH W oOLIMH MeTOL NMOCTPOEHH: MpenCTaBJie-
Hufl. Mbl HauyuHaeM ¢ TOro, 4To BHIOWpAEM NpPOM3BOLHYI0 CHCTEMY JH-
HeHlHO HE3aBUCHMHEIX (QYHKUMH M K KaXIOH u3 3TUX PyHKUMH npuMeHsieM
Bce omepatopu Op, COOTBETCTBYIOLIME 3JeMeHTaM R rpynnb npeobpa-
3opanut G. B peaynbTaTe Mbl noayuaeM HaGop (yHKUMH, KOTOpBIE (XOTH
OHH H MOryT OblTb JHHEHHO 3aBHCHMBIMH) MOXHO JHHEHHO BBIPA3UTH
yepe3 n W3 HHX: P, Yo, ..., P,. Eca¥ Tenepr NpHMEHHTb K TaKUM
¢yHkuuam kako# yroaHo onepatop Op, TO MNOMYYALIYIOCA NMPH ITOM
(YHKUHI0O MOXHO NpeNCTaBHTh B BHIe JUHEHHOR KOMOMHALHMH TeX ke
CaMulX n (QYHKUMH:

0R¢v=u§1 WD @R =1, ..., n). (3.66)

B 5TOM npeicTaBleHWH 3JeMeHTY R rpynnmsl npeo6pasoBaHuit COOTBET-
creyer maTpuua D (R). Hyxuo ellle nokasaTe, uTo MH NMOAYYATH HMEHHO
romoMop¢puam G B D(G). Ha (3.51) u (3.66) nmeem

Ogp¥y = O50p¥, = Og é:'l YD,y (R) =

= 2 0Dqy(8) Dy (R)=

W, 0=
= 2,1 Py [El D, (S)D,, (R)] . (3.67)
Ho
OSR‘pv 20211 lpoDU\z (SR)'
OTKyZa
Doy (SR) = 2 D (5) Dyy (R,
HIH g

D (SR)=D(S) D(R).

§ 8. HupapnauTHOCTh (PYHKUHI H OmepaTopoB.
Knaccupuxanusa cobcTBenHbix yHKHHH

M3yunM Tenmepn Gonee noapoGuo onepaTopel Op, KOTOpHE ObllH
BBeJeHEl HamMu panee. Onepatop Op, Oynyud NpHMeHEHHHM K (YHK-
uud P (x), nepeBoAMT ee B PYHKUHMIO, Ha3BaHHYI0 HaMu Opp, Takyl, uTo

O (x") =1 (x), ecid x' = Rx, (3.47)
Op (Rx) =1 (x) 411 BCeX X,

HJH
Opt (x) =R 'x) 07 BCeX X. (3.68)
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[Tocnennsa ¢opma sanucu HauGonee monesna: Op, NeHCTBYA Ha Y, npH-
~1
BONMT K 3aMeHe x Ha R x. MoxeT NpencTaBuTbca cayuat, xorna Oz

coBnazaer ¢ ¥, T. €,
Opb (x)=1(x), (3.69)
TaKk 4ToO

P)=P(R'x), nm PRx)=1(x), (3.69a)

v ¢yHkuus P B Touke Rx, spadwoulefica o6pa3oM TOUKH X TNpH NMpeol-
pasoBaH#u R, NMPHHUMAeT TO Ke 3HAYEHHe, 4yTO U B Touke x. B aTom
cayuyde Mbl TOBODHM, HTO QYHKUMA ) uH8apuaHmMHQE OTHOCHTEJILHO ONe-
patopa Op uau, 6oee KpaTKO, OTHOCHTeIbHO npeofpasosanus R. Ha-
npuMep, @yHkuusa P (x) = x*—-+ y? HHBAPHAHTHA OTHOCHTEJILHO HHBEDCHH;
dyukuus P== x?— y? uHBApHAHIHA OTHOCHTEIbHO BpauleHu#. YroGwl
NpOBepUTh, HHBADHAHTHA JH HEKOTOpad (YHKUHA, Mbl 3aMeHseM apry-
MEHTH X Ha HX 00pa3bl RX M CMOTPHM, NMOJAyYaeTcqa JH MPH 3TOM CHOBA
TO e BHPAa}ceHHE.
Mbl yxe OTMeuand, uto onepatopu Op MHHeHHEI:

Op I () + 9 ()] == O (x) + Opp (x). (3.70)
Hs (3.68) oueBuaHO, uTO
O (%)« ()] = 0xh (%) - Opp (%). 3.71)

Ecan umeetca onepatop H (x), koTopei, lelicTBys Ha ¢yHkuuio P (x),
npeo6pasyer ee B PYHKUHIO

@ (x)=H (x){ (=),

TO
OR1H ()Y (x)] = 0 (¥) = p(R™'x) = H(R™'x)p (R™'x), 579
OrH (%) Or Ot (x) = H (R™'x) Oy (x) = H' (x) O (x),
rie
H' (x)=H(R™'x) = 0zH (x) 0%
HIH

H' (Rx)=H (x).

[MpeoGpasobanHu onepatop H' B Touke Rx okaseiBaeT TO ke nefi-
CTBHE, 4TO W onepatrop H B Touke x. B o6uiem cayuae onepartoper H
u H' B nanepel 3adannodi Touke X He cosnadawm. Ecmu Ke

H' (x)=H (x).
TaK 4TO
H(Rx)=H (x)

OgH (%) O%' =H (x), . (3.73)
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TO roBOpAT, uTo oneparop H(x) unsapuanmern OTHOCHTEILHO Npeo6-
pasosanus R [onepatop H (x) xommyrupyer c onepatopoM Op].

3adayu. 1. TokakuTe, 41O ONEpaTop 02/axf+a2/ax§ HHBapHaHTeH OT-
HOCHTENbHO mpeobpaszoBaHui (3.45) u (3.46).
2. Onepatop npeoGpazoBaHus Pypbe F onpeneiferca cacnyouuM o6-
pasom:
400

Fo =) =@~ [ dxe*y ).
—co
[Tokaxure, 9to F — aHHelHH# omepaTop. [lokamure, 4TO ONepartop
H(x)=V24x?
KOMMYTHpDyeT ¢ F,

Tenepb Mbl ye B COCTOSIHHH paccMOTpeTb BOMPOC O CBA3H TOrO,
4YTO MBIl ZLejaeM, C (PU3HKOM.
PaccmorpuM co6CTBeHHble (YHKUHH 3a7a4H

HY, = ey, (3.74)

Ilycth nauHOMy cOOCTBEHHOMY 3HAYEHHI0 € OTBeuaeT N JAHHEHHO He3aBH-
CHMHIX cOOCTBeHHBIX ¢yHkuu# {,. Ecau ramunbronnan H uHBapHaHTeH
OTHOCHTENbHO NpeoOpa3oBaHUs CHMMeTpHH R, To, npuMeHAs Kk (3.74)
onepatop Op, Mbl MOJYYUM

-1
OR[prv]z 0,HO, 0R¢V=H[0R¢v]=aokxpv (3.75)
u Opp, ecTh coOcTBeHHas (YHKUMA, MPUHALJIEKALLAA TOMY e CaMOMYy

cobcTBenHOMy 3Havenuio €. Ho Torma Opy, MOXHO NPeNCTaBHTL B BUIE
JHHeHHO! KOMOHHAUKH

n
Opby, = uZI ¥, D, (R). (3.76)
BrinoaHss 3Ty npoueaypy Ias BCeX ONepaToOPOB u3 TPYNNbl CHMMETPHH
raMHIbTOHHAHA, MBl NMoayuaem n-MepHoe npencrasaedwe Dy, (R). Ecan

S — npyroe npeo6pasopanue, NpUHaLdexallee TOH 3Ke Trpynme CHM-
MeTpHH, TO

Ogh, = 2% v (S)

OS (oRlpv) - OS Z lpu,Du.v (R) = Z IPADAp, (S) Du.v (R) =
——2%[06) DR)lhy= Z%DM (SR), (3.77)
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OTKyAa CleayeT, 4TO Npeo0pas3oBaHui0 cuMMeTpud SR COOTBeTCTByeT
Marpuua

D(SR)=D(S) D (R).

CobcTBennble (QYHKUMHM Ka}IAOTO BHIPOMIGHHOrO YpOBHA 0OpasyioT
6a3uc HEKOTOPOro MpeNCTaBJAEHHH TPYNNbl CUMMeTpHH. Ecau MH CMOKeM
HafiTu Kako#H-1u60 cnocof OXapaKTepu30BaTh BO3MOXKHEIE NMpeACTaBAEHUA
FPYNNL CHMMETPHH, TO Mbl CMOMeM KaacCH(HUUUpOBaTH M COOBCTBEHHBIE
(yHKLHH.

§ 9. YHHTapHBE NpOCTPAHCTBA;
CKanfgpHOe NpOH3BeJdeHHEe; YHHTAPHBIE MaTpHII;
3PMHTOBH MATPHIb

B KkBaHTOBEIX TeOpHAX MBI COMOCTABJseM NapaM BeKTOPOB (,BeKTOpaM
COCTOSIHH}) HeKOTOphle YHCAeHHble BeJWYHHH. YTOOB NpHBECTH TEODHIO
npeactaBaeHul B 6onee TeCHOe COMPHKOCHOBEHHE ¢ (PUIHKOM, ONperenuM
Mempuxy B n-MepHOM npocTpaHcTe L. I3 3TOro kaxao#t nape BekTo-
pPOB X M y MPOCTPaHCTBA L MBl COMOCTaB/AsieM KOMIIEKCHOE 4YHCAO (X, Y).
Komnaexcroe uucno (X, y) HashBaercl CKaLADHHM npou3gedesuem X
n y. Tpebyercs, uToOb OHO YAOBJETBODPSAO CAEAYIOLIHM YCJIOBHAM:

x, y)=(, x) (3.78)

[roe * o3HauaeT nMepexol K KOMIUIGKCHO COTps:KEHHOMY uHCAy],

(x, ay) =a(x, y), (3.78a)
(X1 + X2 ¥)= (X1, ¥)+(Xa, ¥)s (3.786)
(x, x) >0 (3.788)

K (XX) = 0 TOAbKO B TOM cayuae, ecid X =0. [[Toaaras y =x B (3.78),
MOXHO TMNOKa3aTh, 4TO (X, X) BellecTBeHHO, no3toMy (3.78B) wumeer
cmeica.] Bemuwuuna (X, x) ecTh kBaiapaT Jauss BekTopa X. [lpocTpan-
cTBO L, B KOTODOM OMNpele/ieHO CKa/ispHOe TNpPOW3BeleHHe, HA3bIBaeTCs
VHUMADHOM NDPOCMDAHCMBOM.

CkanapHoe mnpousBeneHue (X, Y) eCTb (yHKUHA, ONpeleseHHas Ans
A000# napbn BeKTOPOB X, Y NMpOCTpaHcTBa L W NMPUHUMAIOLIAA KOMIJIEKC-
Hbe 3HauyeHusa. Bsoaa onpeldesneHHe CKanapHOro MpOM3BEAEHHA, Mbl HE
ynOMuHaMd HU O kakoM Gasuce B L. TlosToMy ckanspHOoe mMpou3BeldeHHe
(X, y) aBafeTca BHYTPEHHHM CBONCTBOM BEKTODOB X M Yy, HE 3aBUCHAILHM
oT Oasuca.
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3adayu. 1. Nokaxute HeparenctBo llIBapua
[(x, V) 2 (X, X) (Y, V), (3.79)

rje 3HaKk paBEHCTBAa CTaBHTCA TOJLKO B TOM CJay4ae, €CJAH X H Y JauneHHO
3aBucuMel. UTO 03HayaeT HepaneHcTBo (3.79) B caydae OOLIYHBHIX FeoMeTpu-
YeCKHX BEKTOPOB B TPEXMEPHOM MNpOCTPAHCTBE?

2. OnpezenuM B NMPOCTPAaHCTBE (YHKUMH C HHTErpUPYEMHIM KBaJpaToOM
CKaJaspHOe Npou3BeleHue GYHKUHH f M & B Bule

f = f dzf* (2) g (2). (3.80)

[Moxamure, 410 cKaaspHoe mnpousseneHue (3.80) koHewuHo aaa Bcex ¢yuk-
muH f u g 9TOro NpoOCTpaHCTBA.

Jobyw ¢yHKuM0O, yaoBieTBOpAwILyl yciosuam (3.78) —(3.78s),
MOXHO HCMO/b30BaTh, 4YTOOB OMNpeletdTh B NMPOCTpaHCTBe L CKanspHoe
npousseneHde. Pa3iquunsie ONpeleleHHs CKAAAPHOTO NPOU3BeleHHUs
B OMHOM M TOM e NMPOCTPAHCTBE L MOPONKIAAT pa3iu4nsie YHUTApHbIE
NpOCTpaHCTBa.

BekTOpsl B YHMTapHOM NpPOCTPAHCTBE MOXHO Hopmuposanis (NpH-
BOLMTb K eIWHHYHOH IL/HMHe), YMHOMAA HX HA HEKOTOPOe KOMIJIEKCHOe
4Hcao0; 4aa moboro X, ecau

K= x, 10 (x, X)=1. (3.81)
VX%

OoHH u3 cnoco00B 3alaHHA CKA/NAPHOTO MNpOHM3BeleHHs (X, y) co-
CTOHT B TOM, 4TOOEl 3amMMCaTb €ro B BHAe (YHKUMH KOODIMHAT X; H Y,
BEKTOPOB X M Yy MO OTHOIIEHHI0O K HekoTopoMy Oasucy. Ecium 6asuc-
HBIMH BEKTOpAMH ABJAKOTCA BEKTOPH U, TO CKajAApHOe [IPOH3BeleHHe
onpene/AeTca 3alanHeM uHCen

myy=(u; uy). (3.82)

W3 (3.78) Mb BHIHM, uTO

m (3.83)

*
1j= My
Yucna m;;, onpenenseMue cootyowenneM (3.82), oOpasyior marpuuy
m — sempuieckyro mampuyy. Cornacio (3.83), nmeeM

m = mt, (3.83a)
(m*)lj.:m’;.l. (3.84)

Marprua mt HaswiBaerca conpsaoicensoli ¢ marpuueh m (MAM ,3PMHTOBO
conpsikeHHo#“, HAM ,TPAHCMOHHPOBAHHOH KOMMNJEKCHO COMPMKEHHOH®).
V3 (3.84) mMb BHauM, 4TO

(AB)" =B"A", (3.85)
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Marpuua A, cosnaznawomas co cBoeft conpsxeHHON MarpHLel, Ha3HBaercs
camoconpagcennoli uiw apmumosoli. B coorsercteun ¢ (3.83a) merpu-
yeckas Marpuua m JLoJxHa ObHTb 3PMHUTOBOH.

Pa3/ioKHUM BeKTOPDH X M Yy no Gasucy u,, MoJb3ysach COOTHOLIECHHSAMH
3.13), (3.78), (3.78a), (3.786) u (3.82):

(x, y) = (x, yu)=xiy;m:;=x"my, (3.86)

rge X H y — MaTpHubl, COCTOAlIHE U3 OAHOrO cToabua, W x*-— MarpHua,
conpsmkeHnas ¢ x. BeauunHa x*my, rie m — 3pMuTOBa MaTpuua, Ha-
3eiBaeTCH spMumosoll xksadpamuunoli ¢opmoli. Ycnosue (3.78s) Tpe-
Oyer, uToOH (NpH y = X)

xtmx > 0. (3.87)

Kpanpatuunsle ¢OpMbl, yZOBNETBOPAIIUHE TAKOMY YCJOBHIO, Ha3HBAOTCA
noaoxcumenrsno onpedesennbimu. TakuM 00pasoM, CKaaapHOe MPOU3-
ReleHHe [JOMKHO OBITh NOJOKHTENTbHO ONpeleeHHOH 3PMUTOBOM KBald-
patiuHo#i dopMo#i OTHOCHTeNbHO KoOpIMHAT X, W y;. ['osopar, uro
MaTpuua m Tako# (OPMLI eCTb TaKKe NOAONHCUMEAbHO Onpedesennas
spMumosa mampuya.

Ipa BexkTOpa X M Yy B YHHTADHOM TNPOCTPAHCTBE OPMOZOHAAbHH
(MMM NepneHIHKyAAPIILY), eciH

(x, y)=0. (3.88)

Ecau umeerca HexoTopuit 6asuc v, B YHHTapHOM NpOcTpaHcTBe L, Mul
scerla MoxeM (0o0pasys JiMHefiHble KOMOWHAUHH BEKTOPOB V;) NMOCTPOUTH
HOBYI0 CHCTeMy O0a3HCHBIX BGKTODOB U1;, H3 KOTOPBIX BCE HMEIOT elH-
{IYNYI0 [IJHHY W B3aHMHO NepHeHAUKYAADHHL, T. €.

(ll[, uj)=6ij~ (3.89)
BasucHele BeKTODH U; 00pa3ylT opmosopMuposannuili 6asuc.
3adaxa. [locTpofiTe B ABYMEDHOM MNpPOCTPAHCTBE C Ga3HCHEIMH BEKTO-

l paMu vy M v, JuHeHHBle KOMOMHAlUMM U; H U, o6pasylomilie OpTOHOPMHDO-
| BaHHBIH Gasuc.
1

Ecan 6a3uc opToHOpMHpOBaH, MeTpHueckas MaTpuua (3.82) comurcs
IpOCTO K €IHHHYHOW MaTpHue, H CKaJAPHOE MpoH3BeleHHe (X, y) B (3.86)
NPHHUMAET NMPOCTOH BHI

(x, )= xjy, =xly, (3.90)
npuuyeMm

(x, X) == 2 [, (3.91)
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.

Ecan wul, nomssyacs dopmynoft (3.14), uepefizeM or 0omHOro opro-

HOPMHDOBAHHOrO 6asuca u, K ZIpyromy 0asucy u;, TO HOBHf# Oa3uc u

!
GyLeT Takxe OPTOHOPMHPOBAHHLIM, €CIH

8, =(u}, W)= (a1t a; 1) =a}a; (1, u)=0p,a;8,=0ja,,
- (3.92)

T. €. e€CJH
aat = 1=a"a, at=—a"l, (3.93)

TaKk Kak npeo0pasoBaHHe a HMeeT oOpaTHoe npeoOpasoBanue a~l.
T'ogopsr, uto MarTpuua A yHHTapHa, ecaw

Af=A"N (3.94)
Takum oOpasoM, npeoOpazoBaHdHe OT OLHOTO OPTOHOPMHPOBAHHOTO Ga-

3uCa K IPYrOMYy COBEpLIAETCS C MOMOLIBI) YHUMADHOU Mampuisl.

3adaya. [loxamure, 4TO CTPOKH (CTOAGUEI) YHHTAPHOH MAaTpHUB OpTO-
HOPMHPOBaHHL

§ 10, OnepaTopbi: CONpMKEHHHH, CaMOCONPMKEHHBIA, YHUTAPHBI

Onepatop T7, conpascennsti ¢ nuneinoim onepatopom T, onpe-
Zensercd ¢ MOMOLIBI0 COOTHOLIEHHS

Tx, =(x, T'y)  nna scex X, V. (3.95)

Bocnoasaosaswuce (3.31) u (3.90), HattzeM, uTo B Op TOHOPMHPOBAHHOM
Gasuce

(Tx, Y)=T1x39= 2Ty
(x, Ty)=x;Th,v,

M, TOCKOMBKY X; M Y; NMPOH3BOMLHE, H3 (3.95) caenyer

~b

(1), =T, wm T =T, (3.96)

T. €. MaTpuua, npeiCTaBaA0Llas CONMpskeHHHN onepaTtop 71 B OpTOHOp-
MHDOBAaHHOM Oasuce, ABASETCA KOMIIEKCHO COMpPSKEHHOR TPaHCMOHHPO-
BaHHOW MO OTHOIEHHI0 K MaTpuue, Npexacrasasouledt oneparop 7.

3adaxa. Jlokaxure, 94TO MaTpHia, NpeACTaBJAAOLIAd CONpsXKEHHEH one-
patop TT oTHocuTebHO Gasuca ¢ meTpuuecko MaTpuueil m, paHa m=~!Tm.



§ 11. Ynurapneie npedcrasrenus 117

Oneparop fBJIAETCA CAMOCONDANCEHHbIM, WIH 8D MUMOBLIM, €CMH OH
COBMANdeT CO CBOMM COTNPSIKEHHBIM

Tx, y)=(x, Ty) s BCeX X ¥,
HIH
T"=T. (3.97)

B opTOoHOpMHMpPOBAHHOH CHCTEME KOOPIMHAT 3PMHTOB ONeparop fipel-
CTaBaAeTCA 3PMHUTOBOH MaTpulef,
Oneparop U HasbiBaercs YHUMAPDHBM Onepamopom, eCiun

Ux, Uy)y=(x, y) A Bcex X, ¥, (3.98)

T, €. €eCIH CKaJsApHOe Tpou3BeleHWe o0OpasoB BekTOpoB X' = UX H
y’= Uy Ttakoe e, KaK M CKAJAPHOE TPOM3BelEeHHE X H y 1A BCeX
BEeKTOpOB X M y. Oneparop U oTHOCHTENbHO OpTOHOpMHpOBaHHOI‘O 6a-
31ca TMpeNCTaB/IAETCA YHHUTADHOR Marpuueft

v'u=uut=1. (3.99)

§ 11. YuutapHse npeAcTaBjeHHs

Ecnan oneparopel mnpencraBienus rpynnbl G yHHTApHBL (MaM ecau
MaTpHIB NpeNCTaBAeHN — YHUTAPHble MaTpHIUbL), NpelCcTABMEHHE HA3bl-
BAETCA YHUMADHUM Nnpedcmasgieruem,

B § 6 Hacrofilllefi rmaBbl Mbl BHIENH, YTO CYyLUeCTBYyeT GeCKOHEYHO
MHOro npencrapaedut rpynnel G, 3KBHBAJEHTHHIX /MIOGOMY 3a1aHHOMY
npencrasneduio D (G). [locko/dbKy yHMTapHBlE MATpHUBLl 06A3AAIOT OCO-
O6EHHO MOJe3HBIMM CBOMHCTBAMM (CM., HATPHMEp, 3anauyy B KoHme § 9
HacTofAlleli riaBel), NMPeACTABAACTCA BAXHBIM BBIACHHTb, SKBHBAJNEHTHO JIH
aanHoe mnpencraeiedne D (G) HeKOTOPOMY YHHMTApHOMY TNpeNCTABAEHHIO,
B obliem ciyuae 310 Hegepro. Ho MOMHO 10Ka3aTh, UTO AN KOHew-
nox epynn G 8cAkoe npedcmasienue SK8UBAACHMHKO YHUMADHOMY
npedcmagaenuio,

Ins MpOM3BOJALHOR Tapbl BEKTOPOB X, Y MOXHO TOCTPOHTH Bbipa-
HeHHe

(x yl=% RO ®x DRY. (3.100)
RCaG

CyMmupopanne B (3.100) nposoaurca no BceM 3aeMextam R rpymnu G.
Bennuuna (x, y], onpenedennas cootHowenneM (3.100), ynosnersopser
BCeM TpeOOBaHMAM I/ CKAJApHOro npou3BedeHud, KpoMe toro, mas
mo6oro anementa S n G

(DO)X D)y} == NORDEx DRIDS)y) =
RCG

=LY RS DRSY). 3.101)
RCaG
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Ho npu ¢ukcuposannoMm S, ecan R npoGeraer no BceM siementam G,
STH e 3HAYEHHMA NMPHHUMAeT M RS, NoO3TOMY BbIpaXEHHA B NpaBbIX ua-
crax (3.100) u (3.101) TommecrBeHHbI H

(DS)x, D(S)y) = {x, ). (3.102)

WHave ropops, ONeparopst HALlero MNpeACTaBMeHHs YHUTapHH OTHOCH-
Te/JbHO CKA/APHOTO MpouaBeneHua {X, y] [Ho He mo oTHoWeHHIO K (X, V)]

PaccMoTpuM nanee CHCTeMy BeKTOPOB 1U;, OPTOHOPMHPOBAHHBIX TO
OTHOLIEHHMI0 K HCXOIHOMY CKa/IsiPHOMY NMPOW3BENEHHIO, M BTOPYIO CHCTeMy
BEKTOPOB V;, ODTOHOPMHUDOBAHHYIO O[HOCHTE/IbHO HOBOrO CKaJIspHOIO
NpOH3BeNeHNA:

(w, u)=290,;=1{v, vj}. (3.103)
OnpenenuM oneparop T, KOTOPbIfi MEPEBOAHT BEKTODHI U; B BEKTOPH Vi
v,=Tu,. 3.104)
Tak kak
Tx=Txu,=x,Tu,=x;v,
TO

{Tx, Ty} =xly,=(x, y). (3.105)

PaCCMOTpHM TENEPpb 3KBHUBAJECHTHOE NpeEACTaB/JCHHE, ONpeaensaeMoe (pop-
MyJ10#

D' (S)=T""'D(S)T, (3.108)
W HafineM, 4TO

(T7'DES)Tx, T7'D(S)Ty)= (D (S)Tx, D(S)Ty] [u3 (3.105)],
= (Tx, Ty} [u3 (3.102)], (3.107)
= (X, y) [cHoBa u3 (3.105)].

[Mocnenyee paBeHCTBO MOKAa3bIBaeT, uYTO oOnpenefeHHoe B (3.106) skpu-
BanentHoe npencrasienne D’ (G) yuurapuo. [losToMy nas1 KOHeuHHX
rpynn g8cezda MOXHO Tak BHOpaTh npenacraBaeHHe, UYTOGbl OHO ObLIO
yHUTApHBIM, i GeCKOHEUHBIX T'PYNN Mbl PAacCMOTPUM TO3AHEE BOMPOC
O TOM, KaKo#i CMBICT CJaelyeT TPHAABATL CYMMHMPOBAHMIO IO BCeM 3Je-
MeHTaM Tpymnbl, KOTOpoe NMpouasoautca B (3.101),

§ 12, I'nab6epTOBO HPOCTPAHCTBO

B § 9 Hacrosilelt raaBbl Mbl ONpele/qHAH YHHTApHblE MPOCTPAHCTBA,
BBOAA B JMHEHHOM BEKTOPHOM TNPOCTPAHCTBe CKAMAPHOE TPOH3BeleHHe,
fTocne TOro Kak 3TO CHe/M3HO, MOXHO ONPENeNHThb paccmofnue |X—y |
MeXay ABYMA BeKTOpaMM (TOukamM, (YHKUMAMH) M3 COOTHOLIEHMSA

[x —y|’=(x—y, x—y). (3.108)
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T'osopar, uTo nocnenorarebHOCTL BekTopon X, (=1, 2, ..., co) B L
cxodumcsa K BeKTOpy X M3 L, ecnn
lim [x, — x|=0, (3.109)
n-y»oo

T. e, ecan Ajag moGoro & >0 cyuwlectByer Lesoe uucao 1 (€) Takoe,
uro [X, —X|<e ana m> n(e).

ToBopAT, 4TO TNOC/JAeNOBATENbHOCT BEKTOPOB X, Cx00umca WIH

apasgetcs PYHOGMERMAAbHOE nOCAe008ame 1bHOCMLI0, €CIH
lim |x, —X,|=0. (3.110)
m, n-»co

[MpocTpaHcTBO L HA3biBACTCA NOAHBIM, €CNU 8CAKAA GyHIAMEHTAMb-
Hasg TOC/JeIOBATEbHOCTh CXOIMTCA K HEKOTOPOMY BeKTopy B L, T. e.
ecan u3 (3.110) BbiTekaet cyulecTBOBAaHHE BeKTOpPa X B L, I/ KOTO-
poro BemoJHserca (3.109).

TToanoe YHUMApHOE nPOCMPAHCMBO HA3LIBACTCH 2uA60€PMOBHIM
npocmpancmsoM. YHUTapHble TPOCTPAHCTBA KOHEUHOH pPAa3MepHOCTH
C HeOOXOMHMMOCTBIO TOJHEL,

IMpn paccMoTpeHnn GeckOHEUHOMepHBIX TMpeACTadBJAeHHH Mbl OyneM
OrpAHNUMBATLCA TIPENCTABICHHAMH AUHEHHbIMU Onepamopami 8 2uib-
Gepmosom npocmpancmse. IIpn 3TOM Mbl HanaraeM tpeGoBanue, uTOGHI
5TH JWHefiHble ONepaToOpbl OBIIH HenpepuisHol MU, T. €. eClH

Ix,—x|—0,
10 (3.111)
| Ax, — Ax| - 0.

§ 13. Pasnoxenne npeiacTaBieHHil; NPHBOAHMOCTb;
HeNmpHBOAHMbIE NpejNCcTaBJAEHHsA

B § 7 mnacrosuwefi raaBel Mbl OGCYAMAH BOMPOC O C/AOMEHHH Tpen-
craBneHuit, Temepb e Mbl XOTHM paccMoTpeTh o6partHbift npouecc. Ecau
3a/14HO HEKOTOpOe TpeiAcTaBieHHe [, MOXHO /M ONMHCATb ero ¢ MOMOLLbIO
60/ee ,MPOCTHIX® MpenctaBAeHUA? [py6bili KpUTepuii MPOCTOTBI COCTOHMT
B TOM, YTO 3TH TNpEACTaB/MeHHA NO/KHB MMeTb HACTOMBKO MAa/ylo pas-
MEpHOCTb, HACKOJIbKO 3TO BO3MOXHO. HampuMep, eciam Bce MaTpHLUbI
TPeXMepHOro mnpeiacrtaBiennd D HMeOT BHI

(3.112)

TO MX TIpOM3BeleHHa OYAyT MMeTb TAKOH ke BHI, 3 HMEHHO!
— ¥
48yt bicy a1y bydy | aje, by fo+ €187

€18y + dy6y Clb2+dld2§cle2+d1f2+f1g2 . (3.112a)

0 0 i 8,83 d
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Mel BHIMM, YTO MAarpullbl B JeBOM BepXHeM Yriay o6pasyioT AByMepHOe

NpeicTaB/eHue;

@ 0 3.1126

o 4l (3.1126)
MaTpHUBLl e B TPABOM HHXKHeM yriy o6pa3yloT OJNHOMEpHOe mpeicrta-
BJ/IEHUE:

g, (3.1128)

Korna tak nmpoucxoiur, Mbl FOBOPHM, uTO MepBOHAuyajabHOE MpeNcTaBie-
HHE npusoduMo.

Bua Marpuu npencrasieHHs MoOmeT ObITb He TaKMM TPOCTHIM, Kak
B (3.112), HO ecnn MomHO HaliTu npeoOpasoBaHHe 6a3uca, KOTOpPOe 8ce
MaTpHIBl MPeACTaBJAeHHA TNPHBOAMT K BuUAY (IKBuBajdeHTHOMY) (3.112),
MBI FOBOPHM, 4TO TakOe NpeaCcTaB/ieHHe NPUBOANMO, B oblueM ciyuae, eciun
MOXHO HafiTh HekoTOphifi Gasuc, B KOoTOpoM 8ce Mmatpuubsl D (R) n-Mep-
HOrO TpeACTaBJeHH MOXKHO TPHBECTH ONHOBPEMEHHO K BHAY

TDORI AR) 7
D(R)=I .................. A——— , (3.113)
L0 D@D ®R ]

rae D (R) —Matpuuwl m X m, D@ (R) — matpuusl (n — m) X (n — m),
A (R) — npaMoyro/bHas Matpuua ¢ m CTpPOKaMH H (n —m) cTO0LAMH,
a 0 osHauaeT MaTpHuUy, COCTOAILYI0 M3 (7 — m) CTPOK H m CTOJOLOB,
y KOTOpO# Bce 3meMenThl paBHbl O, Mbl CKaxeM, uto npeacrasiaenne D (R)
npusodumo. SlcHo, UTO TMpOM3BeleHHE MATpPHLL

DWW (R) DW ($)1 DW (R) A (S)+ A(R) D (YT
D(RS)=D(R)D(S)= '.

0 D@ (R) D@ (S)
HMeet TOT e BuA, uto H (3.113), 1 nosToMy MaTpuuml

DWW (RSy= DWW (R) DIV (§)
06pasyioT m-MepHOE NpelCTaBleHHe, a MaTpHIb

D® (RS) = D(2) (R) D (S)

3anawT (n— m)-MepHOe TNpelCTaBJeHHe,

ATOT NMpOUECC MOXKHO TMPOLOMKHTL clelylinM o6pa3oM. [Ipeobpa-
ayeM 6asuc B m-MepHoM npoctpaHctee D(D) W nonsiTaeMcs npusecty
gce marpuus DU (R) x Buay, ykasannoMmy B (3.113), T. e.

TD®R A (R) T
D(l)(R)= :

0 iDW® |
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rae Matpuna D®  p-mepna, a marpuua D (m — p)-mepHa, m Ty Xe
npoueaypy npuMenuM u k MatpuuaM D2 (R) OueBuaHo, uto 3TOT npo-
LeCC 3aKaHYMBAETCsA, TNOC/Te uero Mbl MOJYyyaeM BCe MAaTpHIBl Npencra-
BiaeHus D B Buie

T D Ry . A R) -

l D@ (R), AD (R)
D(R)= { - - ——
R | D® (R) A®(R)

gD‘k DR AGDR)
0 0 0 0 - -
0 i DRy _
B 114)

rae k na6opos matpuu DD (R) ... DW(R) ... DI® (R) obpasyior He-
k

NPUBOAMMBIE MpeICTaBACHHA paaMepHocTed my(n = X m,].
=1

BrympenHuli xpuTepHii NMPUBOAMUMOCTH MOXHO CHOpPMYTHPOBATH TaK,
B cayuae (3 112) paccMOTpHUM Te BeKTOPHl, KOTOpble MPHHAMJMEKAT NBY-
MEpPHOMY TOANPOCTPAHCTBY NMepBHX IBYX KOMMoHeHT Marpuua (3 112),
TIpUMEeHeHHas K BEKTOPaM X, ¥ KOTOpHX X3 =0, AaeT BeKTOp

a b e X ax,—+bx,
c d f Xy | =] cx; +dx, |,
0 0 g 0 0

CHOBa NpuHaMTeKalnt noanpoctpanctey X3 — 0 Huaue rosops, sto aBy-
MepHOe MNOANPOCTPAHCTBO HMHBAPMAHTHO OTHOCHTE/NLHO BCeX Npeobpaso-
Bauuft rpynnel G APYroft cTOpOHbI, BEKTOPH, ¥ KOTOPHX X; = xg=20,
npeo6pasyloTcss B BEKTOPHl

a b e 0 ex,
c d f 0 - fxa ’
0 0 glix %3

B CHAY yero (AOMOJHHUTENbHOE) OJHOMepHOe MPOCTPAHCTBO TpeTbel KOM=
NIOHEHTH HeUHB8APUAHMHO,
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B cayuae (3.113) noanmpocTpaHcTBO MepBLIX M KOMIOHEHT HHBa-
PHAHTHO:

FDWR AR TTx] [DYRXT

| o DR

B TO BpeMs KAaK AOMNOJMHHUTeNbHOE (72 — m)-MepHOe MOANPOCTPAHCTBO He-
HHBapHaHTHO!

" DO (R) | AR) 7077 T AR T
0 |D®R) )

TouHO Tak we B chayuae (3.114) m -MepHOe NOANPOCTPAHCTBO Hep-
BLIX /M; KOMIOHEHT HHBAapHAHTHO.

B o6weM caydae, ecaH CyLleCTBYeT HeKOTOPOe MOANpPOCTPAHCTBO
paaMepHOCTH m < 1, KOTOpOe HHBAPHAHTHO OTHOCHUTE/bHO BCeX Npeobpa-
SOBaHMH TpyNnel, mpelcTaBJeHHe TNpHBOAMMO. B 3TOM noampocrtpanctee
MOMXHO BbIOpaTh m HOBBIX 6asuCHBIX QYyHKUMH @, ..., ¢, W ILONOJHHTD
9TY CHCTEMY C MOMOLLUbIO (72 — m) APYruX Ga3nCHBIX QYHKUMA @0y, ..., @,
Tak, 4TOOH NOMYUHTb 7 0a3NCHHX (PYHKUHMH 075 BCEro n-MepHOro mnpo-
crpaiuctBa. B Takom 6asnce MaTpHUH MNpeAcTaBAeHH OyIyT HMeTb BHI
Marpun (3.112).

[pencraBieHne HenpugoOumo, eCTH He CYLLeCTBYeT COGCTBEHHOro
MHBAPHaHTHOrO MOANPOCTPAHCTBA,

Mbl CKaxkeM, uTO NpelCTaBJeHHE BNOAHe NPUBOOUMO, €CIH MOXHO
Hafitn 6a3nuc, B KOTOPOM BCe MaTpHUB NpPeACTaBACHHA HMeOT BUA (3.113),
HO ¢ A(R)=0, 1. e.

D) 0
®) y (3.115)

mm=[ 0 DR

B stoM cryuae u m-MepHoe noanpoctpaHctso DU u (n — m)-MepHoe
noanpocrpaictso D unpapuanthel. Hnaue roBops, GasucHble ¢yHK-
UHH @y, ..., @, Tpeobpasylorca Mexdy cobo#f, a 6asucHble QyHKUNH
Quils -+ +» P, TpeobpasyoTcs Mexay coGof, Tak uto npeoGpasopaHus
rpyNnbel He CBA3HLIBAIOT Meway co60# 3TH nBe cHucTeMn GyHkumit. ITpo-
CTpaHcTBO L passazaemcs 8 npamyio cymumy npocrpancts LD uy L2

L= LW [,
a mpeacrasienne D ectb cyMMa mpencrasiewnt DV u D)

D =DW 4 D@, (3.116)
STOT npouecc B TOUHOCTH oOpaTeH TOMy YNpOleCCY CHOXKeHHA TpelcTa-
BJeHHH, KOTOPHM Mbl BOCMOJb30BaTMCh B § 7 Hacrosilell raapsl. [Ipen-

cTaBuM cefe HAa MHMHYTy, 4TO MbBl paccMaTpHBaeM BIIOJHE TNPHUBOIMMELE
npeacraBiennd. B rtakom cayuae npencrasaenns DWW u D@ moxHo
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NOABEPrHYTb H3YUeHHI0, uTOGhI BHISICHUTH, He ABJSAIOTCA JH OHH B CBOIO
ouepelb TMPHUBOAMMBIMH. 3aMetnM, uto DM u D2 MOxHO paccMarpusath
B OTAEMLHOCTH, TMOCKOJbKY COOTBETCTBYIOLIHE MOANPOCTPAHCTBA MOMHO
paccMaTpuBaTh HesaBHCHMO Apyr oT Apyra TaxkuM oGpasoM, npeobpaso-
BaHHE KOODIHHAT BHIA

—Cl 0-] m

0 1) n—m

1
AeHCTByeT TOJMbKO B MOAMPOCTPAHCTBE NpEACTaBAEHHs DV u ocrasaser

HeM3MeHHbBIMH MaTpuusl D2, Tlponomkas 5Ty NpouUedypy, Mbl CMOXeM
B KOHIE KOHUOB npeictasuth D B BHIe

TDO®R 0 0T
0 D@ (R) 0
D(R)y= o |, @17
0 ' 0 0
o ] o 0 D*(R) ]

D:D(1)+D(2)+ . +D(k)‘

rae Bce D™ — nenpupoauMue mpenctapaenus. B Takom cayuae Mul cKa-
KeM, yto D pa3snaraetcd B NPAMYIO CyMMY

DO ... - DW®,

Hance, cpean nenpusonumbix npencrasnenut D) Moker GbiTh HECKOBKO
NpeaCTaB/IeHHit, DKBHBANEHTHBIX APYr ADYry (pasyMmeercd, 119 3TOrO OHH
LOMHHBl HMETb OJIMHAKOBBlE DPA3MEPHOCTH) OKBHBATEHTHBIE HEMPHBOILH-
Mble TPEACTAaBJEHHs pAasTHYHLIMM HE CUMTAIOTCA, W A4 MX 0603HAueHHA
MOXHO MCMO/b30BAaTh ONMH H TOT ke cHUMBOJ. TakuM 06pasoM, HEKOTO-
poe nenpuponuMoe npenctasaenne D®) Momer BXOAMTH B MpeicTaBJe-
uue D Heckoibko pas CUMBOJHYECKH MBl BblpaxkaeM 9TO 0OCTOATE/]b-
CTBO B BHIE

D=a,DV+ ... +a, D=3, p¥, (3 118)
v

rie a,— ygeasle NOAONHCUMEAbHbE YUCAQ

Bonabireft uwactbio Mbl OyleM paccMaTpHBaTh BNOJHE TPHBOAMMBIE
NpeNCTaBAeHHA M TepPMHH npugodumoe OyneM HCNO/b3OBATbH B CMBICTE
PA3AOHCUMOE 8 NPAMYO CYMMY npedcmagrerul.
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Ecan Matpuupl npeincTas/eHHs YHHTAPHB (YHHTapHOE MpeldcTaBleHHe),
TO M3 NPHBOJAMMOCTH CJelyeT NMOoAuass NPHBOJAMMOCTB: ecan Matpuus D (R)
B (3.113) ynurapue, 0 A(R)=0. B § 11 Hacrosllelt rnaBb Mbl noka-
3a/M, YTO /1A KOHEUHBIX TDYNN NpeAcTaBJIeHHA BCerla MOXHO BHIOpaTh
TaK, uTOObl OHH OBITH YHHTAPHBIMHM, TMO3TOMY B CJAyuae KOHEUHBIX Ipymn
NPUBOIMMEIE TIPEACTABAEHUA 8Ce20q PAa3naraloTca B CyMMY NpencTaB/IeHuH,

§ 14, Jlemmu llypa

Tenmepp Mbl npucTynaeM k oOwuM TeopemaM. Llemb 3THX TeopeM
COCTOMT B TOM, uTOGH HafiTH HEKOTOpble NMPOCTHE KPHTEPHH HENpHBO-
JNMMOCTH TpeACTapJeHHsA H yKa3aTb HEKOTOPble OrDaHHYEHHs, HajJaraeMmble
HA YMCJIO HESKBMBAMEHTHBIX TNpelcTapaeHuf, Mbl HauHeM c TOro, uTO
JdOKaxeM ape yHAaMeHTanbHble neMMB (1emMul lllypa).

[IpeanonoxuM, uyTO HMeeTca HabOp, cocTOSlWIMA M3 7 QyHKUHHA

b, (v=1, ..., n), cayxamwux G6a3HCOM HEKOTOPOro MpelcTaB/IeHHs
rpynnsl G. Torna aas Bcex R w3 G
o,‘,qpv:?q;uDuV(R). (8.119)

Ecu 3T0 NpelcTaBJeHne TPHBOAMMO, TO, MO ONPENE]eHHI0, Mbl MOXEM
HaiTh m GyHKUMA @, He OOpalIAOILNXCA TOXIECTBEHHO B HYJb (m < n),
koTOpeie 6yAyT AHHeHHBHIMM KOMOWHauUMAMH (yHKuui |,

= 2,2, (3.120)
p
TAKHX, UYTO

cp,=§cka;,(R) (3.121)

s Bcex R m3 G. [onbayace dopmynamu (3.119) —(3.121), nonayuaem
O = 2 ORbyap = 2 by Doy (R ay =

=§q’kD;el(R)=0,2k‘I’ DL, (3.122)

Takum 06pasoM,

2 o Doy (R) @5, = Z $,a,, Dy (R). (3.123)
Tak kak P, nHHeHHo HE3aBHCHMB,
% Dgo(R)ay = ; a,, D}, (R), (3.124)
HITH
D(R)A=AD'(R) (3.125)

aaa Bcex R w3 G. TaxuMm o6pasoM, ecit D TNPHBOAHMO, MBI MOXEM
HaHTH HeHy/eBylww Matpuly A Takyw, uTo paBeHcTBO (3.125) Oyaer
BEINO/HATLCA NpH Bcex R u3 @
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HaoGopot, ecnin cnmpasennnso (3.125), T. e. ecaum cyilecrsyer Ma-
Tpuua A Takad, 4To
D(R)A= AD’(R),

rae D’ (R) — coBokynHOCTb MaTpHu nopsika m < 1, TO

ZDW (R)a, = ZaokD’l(R)
YMHOMHUM Ha ; U NPOCYMMHpYEM
2 by Dy, (R 2, = 20 R(0a,) = gwoaok D, (R).
Takum ob6pazom, m dyHxuui
(Pz=§‘|9papz

o6paayoT Gaauc npeacrasnaenus D’, u D npusoaumo. Ecan npeanono-
KUTb, UTO TpenAcTaBieHne D HENPHBOAMMO, TO eJMHCTBEHHBI CNOCO6
n3bemarn NMPOTHBOPEUUA COCTOMT B TOM, uTOOB MoJOwuTh A=20, T. e.
clenatb BCe 3JeMelThl A paBHBIMH Hymo, Mrak, Hall pe3ysibTaT MOMKHO
cpopMyIHPOBATL CIEAYIOLIMM O00Pa3OM:

JemMa I. Ecoim D u D’/ — 1Ba  HenpHBOAMMEIX NpelCTaBJAeHHsA
rpynnel G, MMelOliHe pa3THuHble PAa3MEPHOCTH, TO M3 TOrO, 4TO
Matpuua A yIOBNeTBOpSET YC/AOBHIO

DRYA=AD’(R) (3.125)
ana scex R wns G, ciaenyer A=0.

PaccmorpuM namee vactbiff cayuali, korga n=m. Ecan Bbnon-
Haerca (3.125), Mbl ‘TIOBTOpSeM Te e caMble PACCyXJeHHd W TOJyuadeM

Epo,‘, (wpap,)zg(lpoaok)D;l(R), k=1, ..., n

3neck n GyHKUMK Z Py, LOMKHBL ObITh THHEAHO HE3aBHCHMBIMK, HHaue D

66110 Obl MpHBOAMMBIM, Ho 3TO 03Hauaer, uTo ONpenenHTeb MaTpuubl A
He paBeH Hymo, W MatpHua A wuMeer o6patHyio marpuuy. IlosTomy
u3 (3.125) cnreayer, uro

DR)=AD (R) A},

M 3TH IBa npeicTaBfeHds 3kBHBaMeHTHH., Ecan we D u D’ Henpuso-
IMMbl M HESKDBHMBAIEHTHBl, TO eNMHCTBEHHBIH CTMoOCO6 u3bexwaTh NMPOTHBQ-
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peunss COCTOMT B TOM, uTtoOB TnOMOXHTL A= 0. IlostoMy nas srtoro
YAaCTHOrO CJjyuas Hall Pe3y/abTaT MOXHO C(OPMYJMPOBATH TakK:

JIEmMMA Ia, Ecin D u D’ —nHenpuBonnMble NpencTasaenns rpynnn G,
MMelolllHe OJMHAKOBYIO Da3MepHOCTb, M eCAH MaTpuua A YIOBJIETBO-

pfeT YCJIOBHIO
D(R)A—= AD' (R) (3.125)

npu Bcex R u3 G, 10 6o D n D’ skeusanentHw, qnéo A =0,

Haxownen, paccMOTPHM Kakoe-HHOYIb OJHO HENpHBOAMMOE MpencTa-
BieHue rpynne G.

JIemma 1. Ecan Marpuubn D (R) o6paayloT HeNPHBOAHUMOE Mpef-
crapieyre rpynnst G u ecan

ADR)=DR)A (3.126)
nnsa Bcex R u3a G, To A= const- 1.

WHaue rosops, ecau HeKOTOpas MarpHua KOMMYTHPYET CO BCEMH
MaTpHUAMH HeNpHBOAMMOrO TMNpPeACTaBMeHHdA, TO TaKas MAaTpHLUA HOJKHA
OblTh KpaTHa eIMHMYHOR MaTpHulle.

PaccMoTpuM ypaBHeHHe

Ax = Ax, (3.127)

rie X — HeKOTOpHIft BeKTOp B NMpocTpaHcTBe, PellleHNa 3TOr0 ypaBHeHHs
JAaloT cOOCTBeHHbIe 3HAUeHHA W COGCTBEHHble BeKTOpbl MatpHubl A, Ecau
X — cOOCTBeHHBIi BEKTOp, TNpHHA/TeRAWNR COOCTBEHHOMY 3HauyeHHio A,
TO, noabaysack (3.126), mu HakizeM, uro D (R)x ectb Takxe coBGcTBeH-
Hbii BeKTOp, NpHHaanexauimh A, Takuv 06pasoM, NOANPOCTPAHCTBO
COOCTBEHHBIX BEKTOPOB MAaTpHUBl A, NMpHHALMEHAIMX NAHHOMY A, HHBA-
PHAHTHO OTHOCHTENLHO BCeX NMpeoGpasoBaHuii rpynnm G. Ho 310 03Ha-
yano 60w, yto D npuBOAMMO, eCAM TOJbKO paccMaTpuBaeMOe MOANPO-
CTPAHCTBO He eCTb BCe MpPOCTPAHCTBO MM HyJeBO# Bektop. M3 mepsot
BO3MOKHOCTH CJelyeT, uTO A HMeeT TOJbKO OJHO COGCTBEeHHOe 3Haue-
uue A, 1. e, A=X-1, us Bropoli —uro A=0.

dta neMMa BechMa yaOOHAa Kak KputepuH HenpuoauMoctH. Ecau
3a1aHO HEKOTOpOe TNpexncTtaBieHne D, Mbl NbiTaeMcd HafiTH Marpuuy A
TAKyl0, 4YTOOBl BBHIMO/MHANOCH cooTHoweHHe (3.126), Ecan MoxHO noka-
3ath, 4To A KparHa eIMHMUHOH MaTpuue, TO D HenmpHBOAMMO.

3adaxa. Bocnoabayiitech Jsemmoff Il gas Toro, 4To6bl jAOKasaTh, 4TO
BCe HENpHUBOAMMBIE MpEACTaBAEHHs a6e/ieBOH rpYNNEl OLHOMEPHEL
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§ 15. CooTHomIenHA OPTOTOHAJLHOCTH

Tenepb MB BOCNO/bL3yeMCS STHMH JeMMaMM, UTOObl AOKa3aThb HAallIH
ofiwpe Teopemsl, [IpeanonoxuM, 4to B JeMMe Il HAM 33a1aHO HeNMpHBO-
AHMOe TpeicTaBjaeHne paaMepHoctH n rpynnel G, mopsaaok Koropoh
pasen g. OOGpasyem MaTtpuuy

A=§D(S)XD(S"), (3.128)

rie X — npOM3BOJBHAA MAaTpuua, a CymMa D Gepercs mo BceM ane-
S

MentaM rpymna G, Mbl yTBepxnmaeM, 4T0 A YIOB/IETBOPSAET YC/OBiAM
aemMu I, Tak kak

DRYA=2DRDS)XD(S )=
N

- g DRYDS)XD(S™)D(R™") . D(Ry=
— [g D(RS)XD({RS]“)} D(R). (3.129)

3aMeTHM TeNepb, uto kKoraa S npobGeraer npu Quxcupopannom R Bce
S7eMeNTH CpyMibl, NpouaseieHre RS (BCOMHHTE Tpynnosyw Tabamuiy)
Takxe TpoGeraer BCe 3/eMEHTbl IPYNNH, M, CTEAOBATEILHO,

ZD(RS)XD({RS]"):%D(S)XD(S“) (3.130)
S

D(R)A=AD(R). (3.131)

Ho rtorma, mo nemMme, A=A -1, 3HaueHHe MOCTOAHHOMH A 6yner 3apu-
ceThb OT Hauero BuGopa NMPou3BosbHOR MaTpuubl X, Bubepem matpuuny X
TaK, 4TOGbl BCe ee 3/MeMeHThI ObLTH PaBHBI HY/TI0, 33 HCK/AIOUeHHeM X, = 1,
Koncranty A o6o3Hauum A;,. Torma us (3.128) noayunm

ngil(S)ij(S—l)z MmOije (3.132)
WM, eCaH npeictaBiedne D yHHTapHo,
g D, ($) D), (S)=h,,9,, (3.133)
Y106k BHIUMCANTD Ay, MOAOKHM {=j W MpoCyMMHpyeM TO i
; 21 Dy (S) Dy (Sﬁl) =y, = g Dy, (SS_l) =

=52Dml(E)=§6ml=g6ml' (3.134)
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TaxuM 06pasoM,

M= -8, (3.135)
H
Y Du(S) DS =L, (3.136)
N
niau, ecmn D yHHTapHO,
Y DS D, () =E0,,8,. (3.137)
N

Tenmepb MBl aHAMOTMYHBIM 06pPa3OM TNOCTPOMM MaTpuuy A, ynoBie-
TBOpAWILYIO yCTOBHAM JemMbl I. Ecan 3ananbl moGble 1Ba He3KBHBAJIEHT-
Hble HempuBOoAMMble mpencrasiaenns DM w D@ rpynnet G (paaMepHOCTH

KOTOPbIX DaBHH 73 H My), TO TOJOXHM
A=3D? )y xpM(s7"), (3.138)
S

rie X — Npou3BOoJbHaA Matpuua, Toraa
D?® RyA=23D? R)D® (S) XDV (s7") =
S
= g D?® RyD? ) xDM (s~") DV (R") . DM (Ry =
= g D® RSy xDV ((RS)™"). D (Ry= AD™ (R). (3.139)

Wrak, B cuay aemmsl I, A=0. BuGupan X Tak e, KaK H paHblie,
HAXO0MM

%D‘fz’(S) DR, (S™)=0  am scex i, /, I, m; (3.140)
HIH, €CJH DYy D® YHUTAPHHL,
g DR (S) DY R (S)=o. (3.141)

Pasenctra (3.136) u (3.140) {umm (3.137) n (3.141)] oanauaior cie-
aywoiuee, Ecam Mbl paccMaTpHBaeM BCe HEIKBHBAJIEHTHblE HENMPHBOLHMBbIE

npencranenns rpymnst G, to seanumsm DY) (R) npw durcuposannsix
W, {, / 06pa3yloT BeKTOp B g-MEPHOM TPOCTPAHCTBE TaKOH, YTO

N 0¥ Ry Dy (R™) = K 8us b1 01m, (3.142)
R

HJIH, €CJH NMPpeACTaBJICHHE YHHUTApHO,

X D (R) DI Ry = £y b1 i, (3.143)
R
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2
MTHK K108 HEenp4dBOANMOS PEeACTABJIEHHE D(u) Ja€T HAM 7, BCEK-

TOpOB (“)(R) (¢, j=1, ..., ny), OproroHanpHHX Apyr K Hpyry
H Kk BekTOpaM Dy (R), MOCTPOEHHbIM 1/ BCEX HESKBMBAMEHTHHX Mpel-
cTasieHuti. TTocKoALKY UMCIO B3aUMHO OPTOrOHANBbHLIX BEKTOPOB B g-Mep-
HOM TIPOCTPAHCTBE He MOXeT NpeBbIIATh g, Mbl TNOJAy4deM pPe3ybTar,

COCTOAILMH B TOM, UTO

2 <g (3.144)
uw

HHaue roBops, 4uc0 He3K8UBAACHMHLLX HENDUBOAMMBIX TPEeACTAB/IEHNH]
KKOKeHHOH TpyNnu roHewHo. [loka y HAc HeT rapaHTHH TOro, 4TO NO-
JyyeHHble TAKHM O0pa3OM B3aMMHO OpTOrOHA/MbHHE BeK10Pbl 3aNOJHAIOT
BCe g-MepHOe TNPOCTPAHCTBO, HO TO31Hee Mbl NOKaxeM, UTO Aeno 06-
CTOMT HMEHHO 1aK, T. e, B (3 144) CTOMT 3HAK paBeHCTBA.

Hcexona us (3.142) umm (3.143), Mbl MOxeM BLIBeCTHM aHaJOrHYHbie
COOTHOWIEHHA OPTOrOHAILHOCTH M A8 XapaktepoB. Ecan B (3.142) no-
JoxHrb [ =1 W j= m, TO noayium

24 DY (R) DYYR™ )__:nﬁ(gwé?j:niowou, (3.145)
R ! !

[TpocymmupyeM Tenepb no rCem [ H j:

%T R (R = g8, (3.146)
HJIH
% AW R 1O (R)= g b, (3.147)

ecqM npencrasieHda yuutapuel, C 3TOr0 MOMeHTa M 1anee ML OrpaHH-
YMMCA PACCMOTPEHHEM YHMTAPHLIX MpeicTaB/eHHH.

3nech crmenyer ObiTb OCTOPOXHBIM. BCMOMHHM, YTO BCe 37EMEHTHI,
NPHHANIEKALIME 3aNAHHOMY KJACCy COMPSMEHHBIX 3jMeMeHTOB B (, HMeloT
ONIMH W TOT e xapakrep. Ilycts K|, ..., K, —k knaccos rpynns G,
M NyCcThb YUCIO SneMeHTOB B Kkaacce K, paBHo g;. Torma ana BCex
aneMenTOB Kmacca K, xapakrep B W-TIpeACTaBAeHHH OYIET OIHH
H TOT Xe:

AW (R) = y™.
Takum obpaszom, paseHcTBO (3.147) nmpuHuMaeT BHI

2 tht)xg\’)“ g, = géuv‘ (3.148)
f

Mpn sananxom . uucaa y¥g': 06pasyor BeKTOp B K-MEPHOM NMPOCTPaH-
cree (rae & —uncao kaaccos B G). Bexropbl, MOCTpOeHHLIE yKA3aHHBIM
Cnoco6oM M3 HEeSKBHBAJMEHTHBIX HENMPHBOIMMbBIX TpPEACTABIEHHH, 0pmozo-
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HOAbHEL (1 Hu 00uW W3 3THX BEKTOPOB He pager Hyawno), Tlostomy
YUCAO HeIKBUBAAEHMHbLX HEMPHBOAHMBIX NMpPeACTABACHHH IPYUNbI JOMKHO
ObITb MeHbUe WIH PABHO YHCIY KJAACCOB COMPSIKEHHBIX 3/EMEHTOB
B rpynne. [To3dHee Mbl NOKaxxeM, UTO M 3JeCb HMeeT MeCTO PABEHCTBO.

3aodaua. TlokaxHre, YTO 3JeMEHTH, OGpaTHBHIE 3JAEMEHTaM, BXOAAILHM
14

B kaacc K;, obpasyior kaacc K;. i TpOM3BOJLHHIX HeMpHBOAMMBIX Tpea-
cTaBJeHull BHIBeguTe ypaBHeHHe

2 g = g8, (3.148a)

§ 16, Kpurtepnu HenpHBOgHMOCTH, PaajioxeHnde mnpejcTaBaeHHi

XapakTepbl HEMPHBOIMMBIX TPENCTABNeHHH OOBIYHO HA3BIBAKOTCA NpU-
MUMUBHBLME XA PAKMePAME WIH npOCMu ML Xapakmepamu. PaccMort-
pHM Tenepb NpouapoabHoe npencrtapiaeHne D. Cornacho (3.118), D moxHO
BbIPA3UTh Yepe3 HeNpHBOLMMble NMpPeLCTAaBJAEHHS B BHAE

D(R) =2 a,D™(R),

rie a,— uenable uucaa > 0. Beluncaum ciaen oT npasoft M neBolt yacTedt
3TOr0 PaBeHCTBA IJiA d/MeMeHTa R, npHHalnexauero knaccy K, rpynnu G:

= ayM. (3.149)
v

Xapakrep y; npusodumoz20 TnpeictaBieHns [ 1A3bIBAETCA COCMABHbLM
xapaxmepom. V3 (3.149) Mbl BHIMM, YTO COCTABHONH XapaKTep ABJIACTCA
JTHHEHHON KOMGHMHALMEN MPOCTBIX XapaKTEePOB C NOAOHCUMEAbHULMI [eA0~
wucaennoLmy K03dHUHeHTaMU. YMHOKKB (3.149) Ha y{W'g, n mpocym-

MHPOBaB MO [, MOJYyYHM
Zi X(iu)*Xlgl — g a, g gix(iu)*x(iv) S 2\; a.g (Sw — gau,

HJTH 1
L
0= g DEH (150

TaxuM 06pasoM, 4TOOb HANTH, CKOJMBKO pa3 NAaHHOEe HEMPHBOIAMMOE Npel-
cTaBJeHHe BXOAHT B D, Mbl no/bayeMcs cooTHolueHHeM (3.150). 3amernm,
YTO eCAM [Ba TPeNCTaBNeHHs MMET 004HaK08ble COBOKYNMHOCTH Xxapak-
mepos, OHN 3KBUBAACHMHSL, TAK Kak, cornacHo (3.150), koadduuneHTsl ay
OJIMHAKOBBl 14 OOOMX TMpencTaB/aeHHit.
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Ecan paseHcTBo (3 149) YMHOXHTb Ha KOMIIEKCHO COMpPMXEHHOE
pPaBEHCTBO, B34TOe C KO3(QHUHEHTOM g,, H MNPOCYMMHDOBaTL MO [, TO
noay YuM

2ug, =2 a0, g =2 aaed,
] W, v 3 W, v H
Xx,x‘,‘g,=g§aﬁ. 3 151)

B uacTHOCTH, €C/H NpeAcTaB/JeHHe HENMPHBOANMO, TO Bce KO3 GHLUHEHTHI a,
paBHBI HYJ/IIO, 33 HCK/IOYeHHeM ONHOTO, KOTODLIH paBeH elHHHIE; NO3TOMY,
€CAH HMCXOJHOE NpelCTaBJIeHHE HENPHBOAMMO, €r0 XapakTephl MOJIKHBI
YIOBJAETBOPATb COOTHOLIEHHIO

Zlg,lle:g, (3 152)

4TO AaeT HaM OYeHb NPOCTOH KPHTEpHH HEMPHBOJAHMOCTH.

Kpaline nosesHsIMH cpelCTBaMH MNpPH DEIIEHHH BOMPOCA O HENPHBO-
JAMMOCTH TNpeICTaB/IeHHA CayKHT paBeHcTBO (3 151) M ero vacTHhH cay-
yalf — paBeHcTBO (3 152). Ecan kakuM-1u60 o6pasoM HafleHo HeKOTOpoOe
npeacras/eHne rpynnsl G, Mbl BLIYHC/AAEM COCTaBHOM Xapakrep y, W Belu-

YHHY |
'gTEgllXI |2=Eﬂﬁ-
L u

Ecaiu 3ta Be/AMYMHA paBHA €IHMHHLE, TO MNPEACTaBIeHHE HENPHUBOJIMMO
[Ipennonoxum, 4to
2 —
Zau_—Q.

u
Tlocko/bKy @, -~ Le/ble YHC/Ia, eAHHCTBEHHO BO3MOXKHOE pelleHHe COCTOHT
B TOM, 4TOOb @,=a,=1 119 ABYX pa3au4Hb.X HENPHBOAUMBIX Npea-
craprenntt D® u D', Auanoruuno, ecau

Z aﬁ =3,

u

TO npelAcTaBieHHe [ eCThb CyMMa TpeX pa3Au4HblX HENPHBOIMMBIX Npen-
CTaBJeHHH, Kamloe M3 KOTODHIX BCTpeyaeTCs DOBHO OIHH pas Ha a3bike

TEOPHH XapaKTepOB Mbl CKa3aiu Obl, UYTO COCTABHOH XapakTep ¥, eCTh
CyMMa MPOCTBIX XapaKTepoB:

X[_—:x(tp)_i_x(lo)_i_ng)' p;&(}q&‘[ (3153)

¢ KO3GHUHEHTaMH, paBHbIMH endHHue, Ecan
9
da =4,
N
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to au6o
%, = 1P+ XSO) 0 -4, P£0£T+U, (3.154)

160
%, =20 (3.154a)

OueHb Mo0Je3HO Takke chaeaywllee 0000lIeHHe ITHX pe3yabTatos. EcJH
HaM 3apaHo ABa mpexacrasienus D u A rpynubt G € COCTaBHBIMH Xapak-
TepaMH ¥, H ¢, COOTBETCTBEHHO, TO Mbl MOXMeM Npexe BCErO MONLITAThLCA
NPHUMEHHTb K KaMIAOMYy XapaKTepy B OTIAEJbHOCTH cooTHouweHue (3.151),
4TOOB! BBHIACHHUTH, CKOJbKO Pa3JHUHBIX MPOCTHIX XapaKTepPOB OH CCIEP HHT.
3aTeM MB MOTJAH Obl MOMLITATBCA Y3HATh, HMMEWT JH ¥, U @; Kakue-au60
o0uMe npocThie Xapaktepbl. Mbl OTNpaB/feMcs OT PaBeHCTB, NMOAOOHBIX
pasenctBy (3.149):

A= g avx(v)' ¢, = % bux(iu)‘

rae @, b, —uenbie NOJOKUTENbHbIE UYHC/A. YMHOMHM Y, Ha P,8,/8 u
NpOCYMMHPYEM 1O i:

A gi * \ A p— \ p—
2& —,g,Tt L@ = Z ab, 2& —,gT’ AP = Z 25,0,y = E ab,  (3.159)
{ u,v i W, v v

[31ech Mul BOCmogb30BaJiuch paBeHcTBOM (3.148)]. Ecau cymma Zavbv
paBHa HY/IO, TO pacCMaTpHBaeMble [Ba MpeICTABJEHHA He umeom OOLIHX
HENMPpHBOJIUMBIX KOMIOHEHT. Ecau

Zavbv=]v

TO OHH HMCIOT pPOBHO 00#Yy OOLIYyI0 HENPHBOAHMYIO KOMIIOHEHTY W
B KamJAOe MNpeICTaBJICHHE 3Ta KOMHOHEHTa BXOAHT TO/LKO 00UH pas.
Ipu

Xab, > 1

YHCJIO BO3MOXHBIX CJaY4YaeB 6b}CTpO BO3pacTaeT, HO MOJYYHThb MNOJE3HYIO
m—upopmaumo BCe elle NPEACTABAAECTCA BO3MOMKHBLIM.

3adaya. BeiBeauTe AJs NPOH3BOJAbHBIX NMpPEACTaBJeHHH COOTHOMIEHHA:

1
a, = z 21‘ o, (3.150a)
D& =8¢ N a, (3.151a)
! n

vV &
Lo, = b
g MY LN (3.1552)

v
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§ 17. O6wue Teopembl; rpynnosas aare6pa

Tenepb Mbl MOMXeM BepHYTbCA Ha3al M 3aBepIUHTh JAOKa3aTelbCTBA
Hamux teopeM. Ilpexae Bcero mokaxeM, 4to B (3.144) croHT 3Hak
paBeHcTBa. YTOOL nponeaarth 3TO, paCCMOTPHM OJHO CMeuHa/JbHOE npen-
cTaBaeHde rpynnul G — pezy.asipHoe NpeicTaBjieHHe, KOTOPHIM MH BOC-
no/b30BaAuCh B Ta. 1 npH obcyxneHnn teopeMel Ksan. Ecian saeMeHTH
rpynnsl Mbl 0603HauMM Sy, ..., S,, TO YMHOXEHME HX C/€Ba Ha HEKO-
TOpLH 91eMEHT S, NMPUBOIMT K MEpPECTAHOBKE IMEMEHTOB Iy, ..., S,
Paccmatpusas Sy, ..., S, KaKk KOODAMHATH B Z-MEPHOM NDOCTPAHCTBE,
Mbl MOX(eM IpeiCTaBHTb 3JeMeHT S, C NMOMOIIbI0 HeKOTOPOH mnepecTa-
HOBKH & koopaumar. Tak, ecn §,8;=S§; (=1, ..., &), 10

Dy (Sv) = by,
B 371OM (peryaspHOM) npeacTaB/eHHH [MAaronajibHbie 3/1EeMEHTH BCeX
ManHu paBHbI Hy.’I}O, 3d HUCKJIOUEHHEM 3JeMeHTa SV' TAKOTO, 4TO
$,8,=S,,

T. €. 32 HCK/IIOYEHHEM eIMHHYHOTO dieMeHTa E. TakuM ofpasom, B cayuae
peryJapHOrO NpelcTaBaeHHs

0 npu R=+E,

g npu R=E (3.156)

x(R)={
Bripaxas peryaspHoe npeiactaB/aeHHe yepes HeSKBHBAJNCHTHBE HEMpH-
BOIHUMBLIE l'IpeIlCTaBJIeHHﬂ, nonyqaeM

A= Z avx(l"), (3.149)
v

PaccMoTpuM kaacc, comepxkalllHii eIHHHYHBIA 3aeMeHT, Ilaa 3TOrO Kaacca
Yi=% =&, B TO BpPeMd KaK B V-M HENPHBOIMMOM IpEICTABJIECHHH
XV =n,. Takum oGpasom,
g=Xayn,. (3.157)
v

Kosdduuuents a, 3anawrtca paseHcTBOM (3.150), B KOTOpPOM BKJal
B CyMMy J14eT TOJbKO uideH ¢ {=1:

1 * 1
avz—EZgIXIX(IV) '—_—,g,_'gnv:nv:)((lv)' (3.158)
l

Paeencteo (3.158) o3Hawaer, YTO #uc.40, NOKa3bBawllee, CKOAbKO pa3
Ka}XJI0e HeNpHBOIHMOE TMpEeICTaBACHHE COOEPICUMCA 8 pe2yAApHOM
npedcmasienun, pagHo pasmeprocmu npedocmasaexnus. Iloactasaas
B (3.157), nonyuaem

g=2n (3.159)
v
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yTO M JOKa3plRaer Hauy rteopeMy. Iloacraeass (3.158) B (3.149), mu
HaXoauM

%, = g an(IV) — ; X(IV)X(IV). (3.160)

Ecan i=1 (knacc, conepxauwnui E), T0 y,= g. Bo Bcex xe ocramb-
HBIX KJaccax y, =0, oTkyna
0 mpu i1,
(Vg (¥} —
gxl '8 {g npu f=1. (3.161)

3ameTHM, YTO mMpouelypa, KOTOpOH Mbl cefluac mnoab3yeMmcs, sBJIfETCA
JNOMOJHEHHEM K TOMY, uTO Mbl JeJajH paHee MpH 10Ka3aTeJbCTBE COOT-
HOLIEHHA OpPTOTOHaIbHOCTH [paseHcrso (3.148)]. Toraa npu ¢uxcupo-
BAHHOM V BEeJHYHHBI g’l/zx(‘.v) 006pa30BbIBa/IH BEKTOD B R-MEDHOM MPOCTPaH-
cTBe (R paBHO YHcay kaaccoB). [Ipu pasauuHbix v(v=1, ..., r) BeKTOpH
6blIH  OPTOTOHA/MbHB, BCJAeACTBHe 4Yero r - k. Temepb Xe paBeHCTBO
(3.161) HaBOAMT Ha MbBICJAb O TOM, YTO NMPH (GHKCHPOBAHHOM [ MBI MOXEM
MOCTPOHTb BEKTOPHI X([V) B r-MepDHOM mpocTpaHcTee (T. €. I/ 3a1aHHOTO
KJacca Mbl BBIMHCbIBAEM XapakTepbl 7 Pa3JHYHBLIX HENPHBOJIHMBIX Mpel-
craBleHuft W oOpasyeM u3 HuX BekTOp). Pasencrso (3.161) o3Hauaer,
4TO OPTOTOHAMbHOCTb 3THX BEKTOPOB MMEET MeCTO TOJbKO B TOM cJayuae,
KOTJAa OIMH M3 KJaCCOB COCTOHT H3 eAHHHYHOTO 3JeMeHTa. Ecan Obt
paBeHcTBO (3.161) MOxHO 6blM0 00001MT HA cayyallh 1000# napsl
K/JIacCOB, Mbl CMOTJH Obl 3ak/J0OuHThb, 4TO0 R < r, H 3TOT BBLIBOA BMeCTe
C HALIHMM MPeBbIAYLIHM PE3Y/JbTaTOM O TOM, 4TO r < R, M 1OKa3biBal 6w,
4TO r=2~%, T. €, YTO YMCJO HEIKBHBAJEHTHHIX HEMPHUBOAMMBLIX TNpEACTa-
BJIeHHA DaBHO uMcay kJaccoB B rpynne, [lpuBenem rtemepr naaH Jdokasa-
TeJLCTBA.

Hcxonsa u3 rpynnet G, MBI MOMeM NOCTPOHTb CHCTEMY, Ha3blBaeMYIO
axee6poli. Bennuunbl, BXOIXsAWHe B aarebpy, HMEQT BUA

DlagR, (3.162)
R

rae KO3(pGUIHEHTh dp — M00ble KOMIIEKCHHe uncaa. [loa cymmo# asyx
TaKHX BEJIHYHH MLl TNMOHHMaeM

gaRR—{—gbRR:;(aR—{-bR)R, (3.163)
a NnojA MX MPOH3BeJEHHEM MOApa3yMeBaeM

DlagR - oS = N ahsRS = (2 aRsbs_l) R. (3.164)
R S R, S R\S

Hanpumep, B rpynne (; ¢ saementamun E u / Mun BBOIMM anreGpy
BRJIHUHH
dlE ‘*“ (12[.
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Toraa
(QE 4+ 4N - (E —61)= (BE —2I),

QE = 41) (E — 61y = 2E? — 12E] 4~ 4IE — 24/? —
=92F — 12/ + 4/ — 24E — — 22F —8I.

Mycms AP, ..., A(glg——snemembl B kaacce K, rpynnu G. IMoctpoum
BEMHUHHY

Z AP, (3.165)

Ec/u nepeMHOXHTbL BEJIHUHHBI ¢Jf°,, OTHOCALIHECA K JBYM DPa3MHUHbIM
KJaccam

H = Z ZA”A (3.166)

I=1 m=1

TO CyMMa B NpaBOH YacTH BHOBb OyJeT COCTOATb M3 MNOJHBLIX K/JI4CCOB,
TaK Kak, TpaHcGOopMHpyd J[’i@)f}. ¢ MOMOILbI0 JTIOOOTO S/1eMeHTa TPYIILL,

Mbl JHLIL H3MCHACM MNOPANLOK CJaraeMbiX. HOSTOMy
K =2, K (3.167)
]

Tae €y — Leable MOJOXHTENbHBIe uHCIa. PaccMOTPHM  Kakoe-unGynb

HeMpHBOJHMOe mpencTasiende rpynns G. Ecan B3aTh CyMMy BCex MaTpHu,
COOTBETCTBYIOLIHX SJeMEHTaM (-0 KJacca, TO NMOJYYHTCS MaTpHua, KO-
Topylo MH oO0o3HauuM D;. DTa MarpHua KOMMYTHPYET CO BCEMH
MaTpHIlAMH BHIGPAHHOT'O NpeNCTaB/JIeHHA, TaK Kak

D;= 2 DR, (3.168)
RCKi

TpaHCGopMalHsd MATPHUBL D; H3MEHAET TOJMbKO TNOPAJOK C.JaraeMbX
B 970k cymme. Ho 3T0 n o3Hauaer, uto D, KOMMyTHpyeT CO BCeMH Ma-
TPHLAMH TpeICTaBAeHHA H, coraacHo Jemue I,

D=7, 1
ITepexonst B 3TOM paBeHCTBE K XapaktepaM, NoJydaem
&k = hn = A1, (3.169)
Tle n —- pa3MepHOCTb HENpPHBOAMMOTO MNpeiacTtaBaeHHd, Mrak,

A =5 (3.170)
X
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[TepefineM rtemepb k MatpHuam B paseHcTtBe (3.167):

Dl-Dj=§cuzDz» (3.171)
HJ/IH
;v‘.;vj»_:§ciﬂx,. (3.172)

[Toaeayscy (3.170), noayuaem

&k, g]x, 2‘ gzxz
%

iU
gigfxiszx1§ciﬂglx1' (3.173)

Bce xapakTepnl OTHOCATCHA K JaHHOMY HeMPHBOAHMOMY IpPEICTAB/EHHIO.
Yro ke kKacaercd KOI(OHUUHEHTOB & H C;;, TO OHH ABJAAOTCA CBOM-
CTBaMH TPYNNbl H He 3asucAm OT npexacrasieHds. PasenctBo (3.173)
NOJMe3HO NpPH NpOBepKe BHIUHCAGHHH XapaKTepos.

Ecau nBa sneMenta rpynnsl G conpsikeds! APYr ¢ APYroM, To ofpat-
Hble UM S/IEMEHTbl TaKxe COMpMAXeHbl ApPYr ¢ ApyroM. Hampumep, eciu
3anaH kaacc K;, To cyuecTtryer Apyro#fi kmaacc K-, cocTtoduwimii U3 3je-
MEHTOB, OOpaTHBIX 3/eMeHTaM Kjaacca K;. 3ametuM, uro K; u K; uMeior
OMHAKOBOE UYHCJIO 3/eMeHTOB: g, =g,,. Ecan B3atb npousseneuue
9THX ABYX KJaaccoB K; u K; (rae K, COCTOMT H3 3/eMeHTOB, obpar-
HBIX SJeMeHTaM K;), TO Mbl MNOJYyYHM eIHHHYHbIH 3/1eMeHT E poBHO
g; pas. Tlpu j = i’ nponssenenne K;K; ne CONEPKHUT ENHMHHUHOTO 3e-
MeHTa TpyMNMmbl, T. €.

0 npu j=+1{,

i g; mpu j=1I.

= 3.174)

[TepennueM Tteneps (3.173). Yrobu ykasbiBaTh Ha HEKOTOPOE KOHKpET-
HOe MpeACTaBleHHe, BBENEM BEPXHHHA HHAEKC:

8.8 10 = e, ;8 Y.

[TpocyMMHpyeM 3TO BbipaXeHHe Mo Bcem v ot 1 1o r:

g8, Z LAY = Z 18 2 Z P =

= Z ¢; 18180, = [31€Cb Mbl BOCMO/IL3OBAMHCH COOTHOLIE-
HHeM (3.161)]

=Cing&18=Cipg. (3.175)
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Toraa us (3.174) noayunm

r 0 npn j £,
e (e , .
8:8; 200 { g wu j=1 (3.176)

HJIH

Z A = ﬁ djpr. (3.177)

a1 ]
Jina yHMTapHOTO NpeNCTaBJA€HHs ¥, == ¥;, Tak 410 (3.177) MOKHO
34MucaTb B BUAC

}‘ X" = o (3.178)

PapencrBo (3.178) nokaspiBaer, 4TO R r-MepHBIX HEHY/JEBLIX BEKTODOB
A 83aUMHO OpMOOHAAbAHE, BCIEACTBHE Uero R < r, M Mbl 3aBepIUH/H

JNOKa3aTeMbCTBO Hallel Teopembl:

Hucn0 HeIK8UBANCHMHOLX HeNPUBOOUMBLX Npedcmasieduli spynnst
PABHO HUCAY KAGCCO8 CONPANCEHHHBX 3IAeMEHMO8 8 3moll zpynne.

Hamwy pe3yabTaThl MOXHO pe3IOMHpPOBaTL CjelylOWIHM 00pa3oM.
Buinuuwem tabauuy xapaktepos (ta6.a. 3). Toria u3 paseHctea (3.148)
u (3.178) (a1 yHHTapHBIX nNpencTaB/eHHH) OyreT CiaenoBaTh, 4TO CKa-
JApHOe NpOH3BeleHHe JOOBX JBYX CTPOK HJH moObLIX ABYX CTOJOLOB
(B3ATHIX C BecaMd g,) paBHO Hymo. Kpome toro, us (3.173) BhiTekaer,
YTO MpPOHM3BEAEHHE MOOLIX ABYX YHCeJ, CTOALIHX B OXHOH CTpPOKe, Bhipa-
JaeTcq B BHJE JHHeHHOH KOMOMHAUUHM 37MEMEHTOB TOH e CTPOKH, NpHYEM
KO3 (HULUHEHTEl OT CTPOKH HE 3aBHCAT.

Ta6auya 3
Ki K, ... Ki ... K
DW | oo D
D@ | 42 e e . .
DW | L o
k Bk k %
2 S ) A R o
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§ 18. PasjoxkenHe ¢yHKuui no Ga3ucHLIM QYHKUMAM
HENpHBOAHMBIX [MpejacTaBACHHH

Kak yxce ykasbiBanocb paHblle B 3TOH T/aBe, MBI MOXEM IOJYYHTb
HEeKOTOpoe mnpenactaBiaeHde Tpynnsl G, ucxoad H3 JoGoH GyHKUHH
M npuMeHsas K  Bce npeoOpasoBanusa rpynnel G, B sToM cayuae P cama
6yaer onHo#t M3 GasHCHBIX QyHKUMHA WM OyneT MHHeHHO BbIpAXKAThCA Yepe3
6a3HcHble GYHKLUHH. JTO YTBep:K/JeHHe OCTaeTCs CMNpaBelMHBLIM, eC/H
PAa3/I0XKHThL MOJAyYeHHOe INpeJCTaBleHHe Ha HeMPHBOAHUMblE KOMIOHEHTHI.
ITosToMy Mbl NpHUXOAMM K BBIBOAY, 4TO Jjwobast ¢yHKUHMA P NpelcTaBMMa
B BHIE CYMMbl QYHKUHHA, KOTOpbIE MOTYT CAVHHTb Ga3UCHLIMH (GYHKUHAMH
B Pa3JHMYHBIX HENPHBOAMMBIX NpedCTaBAEHUAX:

Y= Zv P, (3.179)
v i=1

(3aMeTnM, uto ¢yHkuMeH | HauGosee obuiero Buaa OyleT Takas ¢YHK-
uua, A9 KOTopo# noayuamomuecs ¢ynkuun Opl JHHERHO HE3ABHCHMbI,
B sTtoM cayuae Mbl moayuyaeMm peryaapuoe npeiacraBJIeHHe, KOTOPOE MBI
paccMaTpHBasH paHee.)

Hanomuum onpenenenne dbyuxuuii J¥), sanasaeMbix ypasHenuem (3.66).

BasucHele ¢yHKUHH V-TO HENpHBOAMMOrO (YHHTAPHOTO) MpeNCTaBJ/IEHHS
YAOBJETBOPAIOT YpPaBHEHHAM

O U = Z YWD (R). (3.66)

[oeopsar, uTo dyHKUHA \piv) NPHHALJIEKHUT [-H CTPOKE V-TO HENPHBOIH-

MOTO npexcrtaBjeHud. [lonbiTaeMcs Tenmepb HafTH ycJ0BHE, KOTOPOMY
J0/7KHa YAOBJAETBOPATb MAAHHAA (YHKUMA a8 TOrO, YTOOB OHa MOT.Ja
NpHHaLMexaThb {-H CTPOKe HalHOTO npexacTaBiaeHHd. VlHaue rosops, ecau
3anaHa Hekotopasd ¢YHkuMs YLV, Mbl XOTHM COMOCTaBUTH e (n, — 1)

Apyrux ¢yHKUMR Takux, 4TtOGBl Bechb Haéop GyHKUHA yAOBAETBOPAI
ypastenuio (3.66). Ymuon i (3.66) na DW™ (R) u npocyMmupyeM no Bceft

Tpymie;

N D& (R) 0 ) = Z Y E D (R) D) (R) =
R
2 llJvél_;émtép,v nv lIJV(Smtép,v (3‘180)

B uactHocTH, npH m=I[, p=V

N DY (R) O _i Pro,,, (3.181)
R
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nonaras [ =1{, noayuaem

2 D{s (R) O ) = % P, (3.182)
R

Vpasuenue (3.182) apageTcqa HeOOXOAMMBIM YC/JOBHEM, KOTOPOMY JO/MKHbI
ya0BeTBOPATL (yHKUMH V), TlokaxeM Takike, 4TO ITO yCJIOBHE 10CTa-

TOUHO, T. €. eCaH GyHkuUA YY) yIOBJETBOPAET ypaBHEHUIO
X D47 (R) Oy =gy, (3.183)
R

TO Mbl MOXeM Ha#TH (1, — 1) «NapTHepOB» TAKHX, 4TO BCA COBOKYMHOCTD
¢yukumit Oyner yaoBaeTBOpATL ypaBHenHo (3.66). Urobbl onpeleints
HaGop yHkuM#l, BOCMOJAb3yeMca ypaBHeHueM (3.180), rae p=v,
m=~r=I

Z D" (R) O gy, (3.184)

B uactHocTH, mpH !=k Mbl BHOBb mnoayuaeMm (3.183). Takum obpasom,
ypasHenue (3.184) no3po.fer yI10BIAETBOPHTebHEIM 00Da3oM OMpeleluThb
n, oyukuuft P uepes dynkunn Y, ecau ypapuenne (3.183) nas
dbyrkuutt YY) poinonnderca. ITokaxem Tenmepb, uto ¢yHkuun V), onpe-

JenseMble coriacHo ypaBHenHio (3.184), ynosaerpopsioT ypaBuenuio (3.66),
T, e. ofpasyioT 0asMC V-TO HENpPHBOAMMOTO mnpeicTaBlieHusd, YUtobwl
JoKa3aTtbh 370, noiactaeuM (3.184) B mpasyio uacts (3.66):

;‘P‘PD(J'V)(S) .—_% Z () (S) DGY"(R) O iy =
R
v Y (v o~ v)* v
=7 X (2 DIy (57 DY () 0,57 =
OSEDV)*S R - lORqJ(kV)=
=20, ; DY (R) O ) = O 344, (3.185)

BosppaTumca Tenepb k paBeHcTBy (3.179) u cnpocum cefa, kak nafiti PV,
ecan ¢yHkuua P Ham 3anaHa. MHaye roBopd, Kak pasaoMHTL IAHHYIO
¢YyHKUHIO B cyMMy OYHKIMHA, KaxAas H3 KOTODBIX NMPHHAMLIEKHT Ompe-
IeleHHOH CTPOKe HEKOTOPOro HempHBOLMMOTO mpejicrtaBieHus? B (3.180)
noJjoXum m=1[:

A )
z D" (R) Oy :niu ‘W)éuéuv‘ (3.186)
R
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Takum obpasom, omeparop

w|=

E DY’ (R) Og (3.187)
R
eCTb NPOeKYUOHHBLA onepamop, T. €.

p(t_mq,(jv) — lp(l'u)éuvélj‘ (3.188)

Wtak, npumensas omepatop P k pasenctsy (3.179), noiyuaem

P == 2‘ DY (R) Opp. (3.189)

[To ananoruum cO CKa3aHHbIM Bbille Mbl YTBepikIaeM, 4TO HeKOTOpad
(YHKUHA «NPHHAAJMEKHT V-My HENPHBOAHMOMY MpPENCTABJACHUIO», €CJH
OHa fBJdeTcad CYMMOH (QYHKUMH, NpHHAILJIEXAWHUX pas3MuHbBIM CTPOKAM
3TOr0 MpeacTtaBJ/eHHd, T. €.

v) )
V=DV (3.190)

ITpocymmuposas no [ coorHoweHue (3.186), monyuum

2 YO (R) O = % WIS, (3.191)
R

CYyMMHpOBaHHe X: mo [ ot 1 1o n, [c yuetom (3.190)] mact Ham
31 (R) 0 = £ 5, . (3.192)
- "

Mb1 BHIHM, yTO

p —_-?“E " (R) O (3.193)
R

eCcTb MpPOEKIHOHHbIH Omeparop, T. e,

(u)qJ(V) — lp(.u)éuv. (3 1 94)
M3 (3.179) u (3.190) carenyer
=N, (3.195)

rie
P = Py, (3.196)
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§ 19. HpeacrasaeHns NpAMLIX NPOM3BEnEHHH

B § 7 ra. 1 Mbl BBenu MOHATHE MPAMOro MpoHu3BeldeHHd. [osopdr,
yro rpynna G ecTb NpsAMOe INPOM3BelelHe ABYX CBOMX moirpynn G,
u Gy, (G=G; X Gy), ecmn Bce 3eMeHTh G, KOMMYTHPYIOT CO BCEMH
sneMeHTaMd (,, TOMbKO €IHHHYHBIH 9JeMEHT NPHHAMICHKHT OIHOBpe-
MeHHo G; u G, u Bcaxuft sjeMeut rpynne G Bbipaxaetrcd B BHIE
NpOH3BeleHHs 9JeMeHTa noArpynnel (; Ha saement noarpymnst .
Hecko/abko NpHMepOB MpAMBLIX NPOW3BeNeHHH OblIO NMPHBEAEHO B Ta. 2.
Ecan rpynny G MOXHO NpeiACTaBHTb B BHAe NPAMOTO NPOH3BeICHIS
asyx rpynn G; u Gy, TO XapakTephl HENPHBOAUMBIX NpPEICTABIEHHH
rpyniel G /1€rKO HAaXOdATCA MO XapaKTepaM HenpHBOIMMBIX MpeiCTaB/e-
puit rpynn Gy n Gy, Tlyers P (i==1, ...,n)u g (=1, ..., n)—
cucteMbl ¢YHKUHH, oOpasywlune 6asucbl HEeMPHBOAMMLIX MpeACTABIEHHMH
rpynn G, u Gy coorsercrsenno. Toraa n,n, dyHKunA 1p(t.“’cp(jv’ 00pasyioT
6asuc HempHBOAMMOrO mnpeicraBiaedds rpynnsl (. DieMeHNTsl M mpex-
ctaBaenus rpynn G; u G, Mbl OTMeyaeM C NOMOLIbIO HHIEKCOB 1 u 2,
Toraa

0,1 = DI (R), @.197
ORg(p(J'V) — 12 (pgv)Dg\lf} (RQ) , (3.198)
O, W0 = 0 W0, 9 = % W Dl (Ry) DR (R,). - (3.199)
DEXY (RiRy) = DY (Ry) D) (Ry), (3.200)

HJH COKpalleHHO
D" XY (RiR) = DI (R1) X DY (Ry). (3.2002)

Yro6bl HaliTH XapakTep R;Ry, Mbl IOMKHB NPOCYMMHPOBATb AHAr OHaJb-
HLle 3JeMeHTH B paBeHcTBe (3.200):

KW x V) (RIRQ) =y (R1) A (RQ). (3.201)
Mrak, uroOn HAHTH XapakTepbl HenpHUBOAMMBIX NPEIACTABJIEHHH NPAMOro

npousBenenus rpynn G; u G,, Me OepeM NPOH3BEIEeHHA XapaKTepos
G, n G,



FJTABA 4

HETIPUBOJWMMBIE ITPEACTABJ/IEHS
TOYEYHBIX I'PYTIIT CUMMETPHHA

Tenepb Mbl MPHMEHHM TeOpeMil [, 3 K TOUEUHBIM FDYMNaM CHMMe-
TPHH, BbIBEIEeHHBIM B Ti1. 2, MBI paccMOTPHM pa3/HyHble METOABl OThi-
CKaHHA HEMpHBOIAHMLIX mnpeicTaB/ieHH 3THX rpynn. OnHa H3 HawuX
3ajay COCTOMT B TOM, uroGbl O3HAKOMHILCA C MPAKTHUECKHM NpHMEHe-
HHEM DPa3/]HYHBLIX TeOpeM O MNpelCTaB/eHHHAX.

§ 1. AGeaeBbt rpynmmst

3azaya HaxoMJAeHHA HENpPHBOIMMBIX MNpeACTaB/IeHMH 1aa abedeBbX
rpynn npocta. $IcHO, uTO, MOCKOJbKY YHCJIO KJaccoB B afeneBOH rpymnme
paBHO MOPAJAKY TDYNNbl, BCEe HENPHBOJAWMbIE MPEeICTABAEHHA MOJIKHEL
6biTh ONHOMepHbHIMH. HO B TakOM Ciayuae MaTpHLa H XapaKTep coOBMa-
JAI0T, H Mbl HMeeM JeJ0 MNpPOCTO C YMHOXeHHeM udcea, [Hanee, mo-
CKOJIbKY MOPANOK /MIOGOT0 3/AeMeHTa KOHeueH, XapaKTepbl BCEX 3JeMeH-
TOB TPYMNbl ABJMOTCA KOPHAMH H3 edMHHub. Hanpumep, ecin nopsiok
saeMenta A paseH 2, T. e.

A?=E,
TO
Ecau

A3=E,
TO

D (A) =y (A) = ¥R (=1, 2, 3).
BooGue, ecau nopanok A pased k, A"=E, to
DAy =y (A)=exlr (=1, ..., h). (4.1)

Ecau rpynna LUHMKAMYeCKas, TO OHa MOPOKAAETCH HEKOTOPLIM 2Je-
mentoM A (A% =E), Ttak uro

X(A)=(32””/g (l_—=], vy g)' (4_2)

a XapakTepbl BCEX 9/MEMEHTOB MNOAYYAIOTCA NyTeM BO3BeJeHHA B CTEMEHDb
yncnaa y (A). Hanpumep,

% (A™) = eniimig,
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PaccMOTpHM CHauana LUHKJAHYEeCKHe TPYMMHL.

(,. DTt0 TpHBHATBHAA TpynNna, COCTOSAlas TOMBKO M3 E€IHHHYHOrO
snementa E (T. e. cHcTeMa HecHMMeTpnusa). Mmeerca OIHO Henpuso-
AUMO€E TMNpeacTaBJeHHE!:

D(E)y=y(E)=1.

;. dra rpynna nopoxiaerca OIHHM 3neMeHTOM Co; C§=E. B sTom

clydae

D(Cy) =y (Cy) =€  (I=1, 2).
XapakrTepel 3THX [JABYX HENpHBOIAMMBIX TMpEJICTaB/JeHHH MpHBeleHbI
B Tab1. 4.

B paccMarpuBaeMoM cayuyae (OAHOMEPHOE NpeACTaBJAEHHE) XapaKTephl
COBMAaJal0T C MaTPHLAMH.

Ta6auya 4

Gy E C,
A z 1 1
By x, ¥ 1 —1

Mpbl BBean caedyollee 0003HaueHHe 1S NpelCTaBJeHHH: OdHOMep-
HEle TpeicTaBaeHust 00O3HaualOTCH CHMBOJaMH A HAH B B 3aBHCHMOCTH
OT TOr0, CHMMETPHYHA HJH aHTHCHMMeTpHuHa OasucHas (QYHKLHA OTHO-
CHTEe/NbHO BpallleHHs BOKDYr TraaBHOH ocH. [n1aBHyl0 och Mbl BHOpajH
BAOMb OCH 2. B kauecTBe 0asucHbIX GyHKuu#t Aas moCo# u3 rpynn G,
MOXHO B3fTb (QYHKLHH

L =1, ..., n. 4.3)
Kaxnas u3 stux ¢yHkuu#i P 3amaeTr OZHOMepHOe MNpeACTaBJEHHE,
MOCKOJBKY BpalleHHe BOKPYT OCH 2 MPHBOLMT MNPOCTO K YMHOMEHHIO

TakOH (QYHKLUHMM Ha YHCJAeHHBIH MHOXHTenb. Hanpumep, Aad npeiacrasie-
Hua A rpynnsl (G BO3MOXHBIMH 0a3UCHBIMH (GYHKLHSAMH ABJIAOTCA

1, 2, f(2), f(«£% yD) mT L
Jlna npencraBieHHs B MOXHO B3fATb
= ei?,
[Tpumennm k OasuchbiM ¢yHkuuam p onepatopsl Op. (Ha npotakennn

9TOH raaBbl Aas 00O3HAUeHHs OMepaTopa Mbl 4aCTO OydeM MOJb30BATLCA
o003HaueHHeM caMoro sJjeMenta R rpynnsl.) Toraa

CQei(p — ei (p—m) _— — eiq)_
,llpyraﬂ BO3MOXHOCTL COCTOHUT B TOM, uToOH B3ATb HEUYETHHIE CTENEHH X

Han y. XapakTepbl npelcTtaBaeds B Taba. 4, riae Mpl yKasaau mpex-
CTaB/EHHS, KOTOPHIM MPHHAIJEKAT KOOPAHHATBL X, ¥, 2; HampuMep,
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2 TNPHHANJIEWUT CHMMETPHYHOMY TNpeICcTaB/JeHHIO A, B TO BpeMs KaK X
M y NPHHALJIexaT aHTHCHMMMETPHYHOMY MpeacTtaBdeHdio B. 1ol unHdop-
MauHeft Mbl OyleM MNOJb3OBATHCA NO3JAHee NPH PACCMOTPEHHH MNpPaBHI
ot6opa. IlpencraBiennd, KOTOpHWM MpHHAaAJeXaT X, y, 2, OyiyT omupe-
JeJATh MpaBuaa oTOOpa 19 3/eKTPHUECKHX JIHMOJbHHX MepexonoB,
Mbl nokaxeM, Kak MoJayyaTb MpaBH1a oT6Opa A APYTrHX MY/bTHIOJEH
13 MHGOpMauuH, colepkallefica B Tab/Hlle XapakTepog,

Ham naBecTHb ABe ApyTrHe rpynnsl, u3oMopdHule rpynne 0y, a HMELHO
@, n C;. Bce 9TH rpynnel AO/MKHH HMeTb OJHHAKOBbIE HENMPHBOAHMbIE
npeacrasaeHHd. Yrobu HupopManuio 06 H30MOP(HHBIX rpynnax npencra-
BHTb B KOMIIAKTHOM BHI€, Mbl OOBeAHMHAEM WX XapakTephl TaK, Kak 3TO
nokasaxuo B Ttaba. 5. B rpynmax, cozepaluX HHBEPCHIO, OIHOMePHOE
npeacraBaeHne, KOTOPOe ABJIAETCH CHMMETDPHYHBIM (MM AHTHCHMMETPHY-
HbIM) OTHOCHTEIbHO HHBEDCHH, HMeeT HHieKC g (gerade — yernoe)
HaH u (ungerade — vevyeTHOe), KOTOPHH cTaBuTCa y cumBo/ioB A H B.

Tabruya 5

G E 1

6’2: E Cz

052 E Oy

Ag A; 2 A x,y 1 1

Ag x, 9,2 By xy Az 1 —1

AHanoruuno, B rpynne, coaepskauledl O,, CHMMETDHA HJIH aHTHCHM-
METPHA OTHOCHTE/MbHO OTPaMeHHA YKa3blBaeTCs ONHHUM H/H IBYMsS LUTPH-
XaMH COOTBETCTBEHHO. B rpynme (¢, KOOpPAHHATH X H Y CHMMETDHUHBI
OTHOCHTE/JIbHO OTpaxceHHA (B MJIOCKOCTH XVY) H NO3TOMY NpHHAAIeKaT
npeicraBieHnio A’; B TO Ke BpeMs KOOpAMHATA 2 aHTHCHMMETPHYHa
OTHOCHTE/bHO OTPAXKEHHs H MPHHAAMENHT npencrasiaenuio A”. B rpynne €,
KOODAMHATEHL X, Yy M 2 aHTHCHMMETPHUHBl OTHOCHTEJIBHO HHBEPCHH H
npuHaanexar A,.

3aMeTHM, UTO COOTHOLISHH OpFOTOHAJbHOCTH {paBeHcTBa (3.147)
1 (3.178)] BreinoaHswOTCA.

[IpencTaBasioT HHTEpeC TeOpeMbl NOC/AeAHeH TJaBbl O Pa3/IOKEHUH
NPOH3BOJLHOA GYHKLUHH MO  (GYHKIHAM, TNpHHALJIEKALIHM Pa3JHYHbIM
HenpHBOIHMbIM NpexacTasieHusam. Hanpumep, dyukuusa f(x, y, 2), co-
raacHo (3.192), Oyier npuHainexkaTh NPeiCTaBIeHHI0 A, rpynmbl C;, ecu

Osf+0/=£ f=17.

[ 9, D F(—x -y, —2)=2f(x, y, 2), (4.4)
Jx, 9, )=f(—x, —y, —2)
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B TO Xe BpeMs g (X, y, 2) NMPUHALIEKHT MpeACTaBIeHHIO A,, eciH

O[;‘g—o[g: 2g,

gty )= —g(—x, —y, —2). (49
Takum o6pasoM, aad rpynnel (3, TeopeMa O pa3/OMEHHH YTBEPIIKAAET,
YTO NPOU3BONLHYI0 (QYHKUHIO MOXHO MPENCTABHTL B BHAE CYMMBl (hyHK-
uui, Koropbie JAH60 uYeTHB, JHOO HEYeTHbl OTHOCHTE/NbHO HHBEPCHH.

Auanornunblie yTBepXJIeHH NPUMeHUME H K rpynnaM C; u Cy. Has G,
Hall pPe3y/aLTaT MOXKHO CGOPMYAHPOBATbL TaKKe H CJAeILylOLMM 06pasoM.
AsuMyt ¢ npoferaer 3HaueHHs or 0 no 2n. JlhioGyio dyHkuuio f ()
MOXHO MpPONOJIKHTL NMepHOAHYeCKH BHe YKa3aHHOH o6sactd. B pasnoxe-
HuH Pypre

+ 00
F@=2 aelm (4.6)

CYMMY MOXHO Ppa30HTb Ha UJeHbl C YETHHM H HeyeTHbIM N COOTBET-
CTBEHHO, T. €.

f@)= Z Qg me - Z Qg 1t CMADO, 4.7

[Tepebit uteu B (4.7) ueteH oThHOCHTe.JbHO onepaunu C,, BTOPOH uJeH
HEYeTeH.

PaccMorpum nanee rpynny (3. Vimeercs TpDH OaHOMEpPHBIX Mpejacra-
BJAEHHA ¢ Ga3HCHLIMH (YHKUHAMH e?® (/=1, 2, 3) COOTBETCTBEHHO H/H
ke ¢ dyHkumusamu [, e'®, e~i® B arom cayuae

Csei(p — ef (@-23) — e-QnI/Sei(p'

Tabauya 6
C,: E C, C}
4 2 1 1 1
2
E; xx iy { ! ¢ ¢ g= g~ 2/
1 e? €

Xapakteps npeicTtaBieHs B Tabia. 6. Bce cOOTHOmieHHss OPTOrOHAJIb-
HOCTH CBOJATCA K DaBEHCTBY

lfe+e2=0.

OHo fBAA€TCA 4YACTHBIM CJYYaEM TeOpPeMbl O TOM, YTO CyMMa KopHeH
n-{ CTeneHW M3 eIMHHUUL paBHA HY/IO,
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Ilna  o6o3HaueHHst JABYMepHBbIX IpeAcTaBjJeHUH Mbl Bcloay OyaeM
no/Ab30BaThcsl CUMBOJOM E. durypHas ckoOka, croduias mnepex AByMs
Nnoc/AeHUMH CTpOKaMu Taba. 6, ¥ TO, 4TO MBI paccMaTpHBaeM WX TaK,
Kak ecad Obl OHM ObLIM OAHHM JBYMEPHBIM TMpeACTaB/leHHeM, TpebyeT
noscHennf. DTH J1Ba OJHOMEepHble MpeNCTABIEHUS SBIAIOTCA KOMIJIEKCHO
COTpsiKeHHBIMU, B KBaHTOBOR MeXaHHKe (NPH OTCYTCTBHH MarHUTHBIX
noJjeit) raMuJIbTOHHAH HMHBAPHAHTEH OTHOCHTEJIbHO OGpalleHHs BpeMeHH,
¥ (yHKUMA, KOMIJIEKCHO CONpPSKCHHAA MO OTHOMIGHHI0 K HEKOTOpOH
coGCcTBeHHOR (YHKUMH, sBJASeTCS COOGCTBeHHOH GYHKUMCH TpH TOH e
sveprud. TaxuM 06pasoM, HecMOTPA Ha TO 4To rpymna (°; MUMCeT TOJbKO
OJIHOMepHble MpeACTaBJAeHHs], CUMMETPHS OTHOCHTe/bHO O6pauieHus Bpe-
MeHH O03HAYaeT, YTO Mbl HMeeM JOMOJHHUTEILHBIH Oneparop, OCTaBJASIOLLUH
raMMJAbTOHMAH HHBAPMAHTHEIM., JTOT ONEpaToOp MeHseT MectTaMu GasuCHble
(GYHKUMM YKa3aHHHX JABYX INpelCTaBAeHHH, DCAeNCTBHe 4Yero JBa pac-
CMaTpUBAeMbIX KOMIUIEKCHO COMNPSIKEHHBIX TpeACTaBjaeHns (U3nYecKH
COOTBETCTBYIOT ABYKPAaTHO BBIPOMXAEHHOMY YyDOBHIO.

AHAaIOTMYHO MOXHO DAacCMOTPeTh W UMKJMYeckHe rpymmbl G4, §,,
Ce n S

PaccMmorpum lasee abeseBy rpymmy (y,. Ona coldepwur 4 3jgeMenta
¥ 1nosToMy HuMeeT 4 HenpuUBOAMMHIX mnpeactasjenua. Ksaapat moGoro
3MeMeHTa paBeH eJIMHUYHOMY 3jdeMeHTy E, BC/eJICTBHe 4ero BCe Xapak-
tepsl paBHbl =1, Ilpoussenenue MOGHX ABYX OTIMYHBIX OT €IHHHYHOrO
3MEMEHTOB MOPOXKAAeT TPeTHH 3/eMeHT, MOITOMY JaHGO BCe XapakTephl
paBHb ~+1, au6o nBa xapaktepa pasHbl 1 u 1aBa paBHn —1. Xapak-
Teps TpeiacraBieHsl B Taba. 7. Msomoponubie rpymmbl Gy,  Dy==V
MMCIOT OJMHAKOBble TAG/JIHUbl XapaKTepOB.

Tabruuya 7

egh'. E Cz Op 1
Ag 1 1 1 1
Ay 2 1 1 —1 —1
B, 1 —1 —1 1
By ox, y 1 -1 1 —1

3adauu. 1. TNpuBenure npumepn GyHKUMH, NpUHALAEKAWHKX TIPEACTaBAe-
nusmM Ag u Bg rpynmbl @, Npoenute kaaccudukanuo chepuieckux GyHk-
nuit P"‘ (6) ¢!™9 no npencraBaenusM rpynns G,

2. Jl.rm rpynn @; w 8, na¥auTe HENPHUBOMAUMEIE TPEACTABJACHHS, KOTOPHM
NPUHALNEKAT BHPaXeHus, KBaPaTHYHBIE OTHOCHTENBHO X, Y H 2.

3. Knaccudnuupyiite KOMIOHEHTH akCHAMbHOTO BEKTOpA MO MpeAcTaBie-
HusIM Tpynnel @yp.
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§ 2. HeaGexeBst rpynmbl

IMepetnem Ttenepp k HeaGemeBbiM rpynnaM. PaccMoTpuM cHauana
rpynny s, (4 uaoMmopoHylo e rpynny Dj). TIpynna @,, comepmur
6 97eMeHTOB, mpUHaAAekawuX 3 kJjaccaM. IloaTomy cyuwiectsyioT 3 He-
NpPHUBOJAUMBIX TpeACTaBJIeHUA DPA3MEDHOCTH My, My, M3, TPHYEM

ni-4 nl-4ni=6.

ElnHCcTBeHHOE peuleHne 3TOr0 YpaBHEHUA UMEET BUL ny =Ny =1, n,=2,
TakuM o06pa3oM, Mbl HMMeeM [Ba OJIHOMEpDHBIX IpeACTaBJAeHHS M OJHO
AByMepHOe TpeactaBaenue, IlpocTeHnA MeTON HaXOXIEHH ITHX mpel-
CTaBJeHH!l COCTOMUT B TOM, uYTOOBI B KayecTBe MCXOAHBIX B3Tb yike Hafi
JeHHble paHee TpEACTaBAeHHA TCpymnel (3, ABJAOLCHCT NOArpynnoH
rpymnsl Gy, Tax kak 02 =E, T0 coOcTBeHHbie 3HaueHus 0, paBHb 1 1,
CrenosaresbHo, B33 GasucHyo dyukumio \ npeacrasnenus A rpynns G,
MBI MOX(eM MOJAyuuTh 16O
O =1,

ovlp = —ll).

Tak Mul nonyyaeM 1Bd OJHOMEPHBIX NPEACTABCHUS rpynnbl (O, Xapak-
Tepbl KOTOPHIX NpHBeldeHb B Taba. 8.

amb6o

Tabruya 8
Coy: E C4 Ci(2 0,(3)
Ay 2 1 1 1
A, 1 1 —1
E x vy 2 —1 0

PaseuctBo (3.178) BhinmosaHeHo:

Dglulb=1-0r+2024+3(E1)2=6=0¢g,
2P =1(1- D+ 2(1- )43 (—1)=0.

XapakTepbl JABYMEPHOTO TpelCTaBAeHUSd MOXKHO HaHTH, NOMbL3YACh
cooTHoweHneM (3.178); ans AByMepHoro mpelcrtaaeHus ¥, (E) =2, Tlpu-
MeHeHHe cOOTHOWweHUA (3.178) Kk mepBeIM ABYM KJjaccaM j1aer

OM+MM+2(E)=0, xCy=—1, (4.9)

TOUYHO TdK K¢ TNMpHUMEHEHHE STOrQ COOTHOLIEHHS K TNepBOMY H TpeTbeMy
KJaccaM aaet

MM +M (=D + 2x(0,) =0,  x(0,)=0. (4.10)

(4.8)
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Ypasuenue (3.178) ynosaersopsercs U npu i=j:
WP (R @P=6 =%, P4+ (—1p=3=%
(D2 (PO =2= . (4.11)

Taxum o6pasoM, B Ta6a. 8 mpeacTaB/ieHb Xapaktepsl rpynmsl ;. Yucaa,
crofliHe B CKOOKAaX B BepXHeHl cTPOKe, 3aAaIOT BeAHUHHLI g; —— UMCJIO
9/71eMeHTOB B Kaacce K.

Ipyro#t MeTon, Takike MO3BOJAILMA MOJYYUTh MATPULE ABYMEPHOrO
npeactasieHus E, ncxoaut u3 GasucHbIX (BYHKUMH e !® KoMnaekcHo
COTpSLKEHHOro 1pelcraBaeHHss rpynnsi (03, BriGepeM B KauectBe mJo-
CKOCTH OTpaKeHHs A/ OJAHOH M3 omnepauui o0, naockocts ZX (yroa ¢
orcuuThiBaeTca OT ocd x). Torna

O',Uei l(P=eIl(P,
2
1 Matpuupt C3 u C3 1nMaroHanbHb. MatpHUBl OCTAMbHLIX OTPaXKCHHHA

2
MOXHO MOJYUHTb M3 TpousseleHutt 0,C3 u 6,C3. CaenosareabHo, MaTpHLBI
AByMepHOro npeactapienus E OyayT uMerb BUA:

10 e 0 , [e 0
E:[O 1]; 03:[0 82]; 03:[0 e];
01 0 g2 0 ¢
[1 0]; [ 0]; [ 0].

IJas MaTpull TpeX paccMarpUBaeMblX MNpelCTaBAeHHH MOXKHO NpPOBEPHTh
cootHomweHre (3.143). BosbMeM npeicraBnenne A; M 3/eMeHT ij mpen-
craBieHuss E. Toraa npu Bcex i u j

ZD 'R DR =D DH R =14¢c+6=0  (4.12)
R

3ateM Mbl Bo3bMeM A, U E u noayuuM TOT ke pesyabtaT. B3ss npea-
craBienne E v nosoxus i=j=1u |=m=2, noayunm

N DER)Du(RY=1-1-+¢e-e" & e =1-4et+e =0 (4.13)
R

Yro6el HaWTH (YHKUMM, MpHHALJIekKallde TMpeACTaBIeHH0 A, MONKHO

BOCTO/1b30BATbCA CACAYIOLLMM METOAOM, KOTOPEIR XOTA ¥ NPUBOIUT K JJMHUH-

HOMY OKOJbHOMY MyTH, HO MOXeT ObiTb NOyuHTebHBIM, Ecau pasno-
2

Kuth fo(p) B pan Pypee, TO cuMMerpus ortocutenbHo Cs u Ci tpebyer,

yT06H B DA3NOMeHHH OBUTH TOJBKO Te YleHBl, apryMeHT KOTODBIX Kpa-

Ten 3, T. €.

f (@) = ap—+- age®? a0+ ..
tage e da_ebe L (4.19)
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AHTHCHMMETPHUSI OTHOCHTEJIBbHO O, Tpebyer, uTobn @p=0, a;=-—a,
u 1. A. CaenoateibHo, mnpelcTaBileHuio A, NpUHAANEKAT Takue (yHK-
uuH, Kak sindg [B oblieM cayuae Zansin(Bn(p)].

B ra. 2 mb ofpauianu BHHMaHHe Ha TO, YTO O, MeHAET HanpaB/eHHe
BpallleHus! BOKPYr ocH 2. Il03TOMYy Z-KOMIOHeHTa axcitdabH020 BEKTOpA
Oyner mpuHaanexaTtb mnpeictaBaendi A, Tunuuno#t ¢yHkume# Takoro
COpT4, eC/M BEHIPA3UTb ee uepe3 KOOPHAHIIATH JABYX TOUEK X, ¥, 2 u X',
y, 2/, 6b1a 6m pyukumAa xy — yx’ nan sin(p -- ¢'). 3aMeTuM, uro
¢GyHKUMA, 3aBUCALLAA OT PAa3HOCTH JBYX 43MMYTOB, WHBAPMAHTHA OTHOCH-
TeJIbHO BpallieHUH BOKPYT OCH 2.

Meroa, npuMeHeHHb#t Hamu ana rpynnsl Gy, MOKHO TaKKe HCIO/b=
3oBath M npu paccMortpenun rpynn G, Cg,.

3adaya. Hafinure MaTpuupl HempHBOAMMBIX TMpelCTaBAeHHH rpynnbl (i,
Hatinure ¢pyHkuun, npuHaJiexalmue KaxIOMy U3 9THX NPeICTaBJieHui,

CyuiecTByeT ellie OAMH MeTOH, KOTODPHIE MOMXKHO NPHMEHATb IS HAXO-
#AeHUa XxapakTepoB. Ero Mbl noapo6Ho npoaeMoHcTpUpyeM Aas rpynisl Cy,,.
YcTraHoBUM mpexle BCero TaK K€, KaKk Mbl JesJajd 3T0 paHblle, 4TO
pPasMepHOCTH TPEX HeNMpHUBOJAMMbBIX MNpelCTaBleHUH paBHB 7y =, =1,
ny=2. 3ateM A11 HAaXOXACHMA COOTHOILLCHHUH Mexw]y XapakTepaMu HaH-
HOrO MpeAcTaB/aeHHs BOCTNOJAb3yeMcs cooTHoweHueM (3.173). Koapdu-
UWHEeHTBl ¢, 5, cxoidune B (3.173), onpenensmor u3 (3.171). OGosHauum
Kaaccw rpynnb (3, uepes

Ki:Ei Ky:Cs Ch Ki:oy(3).
TpuMenum K o3¢°2 cootHoumenue (3.171):

%‘2=Cs—*—c2; %‘%:(034—63)2:25—{—03—{—6%:2&5”14—@){‘2,

(4.15)
OTKYAa €99y =2, €999 = 1. AHANOTHUHO

H3=(0,+ 0, + 0y =3E+3(C;+C) =387, + 34, (4.16)
TAK UTO €33 = 3, €330 = 3. HakoHey,
G)5/‘29%‘3=fﬁiﬁg@)f}:(Ce,‘*_cg,)((’p‘*_01}'‘*_01'”)=

=2(0,+0,+0,)=2.0, (4.17)

TaK YTO Cpg = €393 = 2.

Bce ocrambbie ¢;;, paBup Hymo. [lonctasuM temepb 3TH Ko3pdu-
unentol B (3.173),

=j=2:
gxi=nx Zl Conu8 Ky
4i=n (2n + 2)(2); Xg=n 60 %, =—-——g— . (4.18)
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l=j=3
ggx%=x1 ; Can, 8 Xy 8h3— (3n+6X2). 4.19)

“ 828 3%o%a = Y1 ; Co318 1%y (4.20)

Byox3 = 6nts, Y3 =0, mmbo y,=n.

B cayuae OmHOMEPHOro NpencTaB/eHdd XapaKTepbl HE MOTYT OHITb pas-
HBIMM Hy /MO (Matpuubl 10/KHB ObiTh HeocoOeHHbIMU), TToaToMy npu n =1

, (1
to=1, x3=(§)(1 +9=1, gy=c1

¥ Mbl moayuaeM ABa peweHus A; u A,. Ecan npu n=2 Mu BO3bMeM
pellleHHe %o =2, TO noJayuum, uto %z=2. Ho 1a.11 Henpusoaumoro
npelacTaBaeHus

2 xR P=g=6,

TOTAAa Kak 3TO pelleHHe JaBajo Obl

DIx® ] =24.
Hpyroe peuenue =0, yo=—n/2=—1 naer

DIRRP=1(22+2(—12+3(0)2=6=g¢.

DTOT METOA HaXOM/EHUd XapakTepoB TpebyeT 3HAUMTE/bHBIX 3aTpar
tpyaa. MM mupoko noJb3osajca Berel),

Terpasapuueckad rpymna T coaepwut 12 snemeHTOB B 4 Kiaccax,
TaK YTO CYLLeCTBYeT 4 HEeNpUBOIMMBIX MpeCTaBJACHUS, IS KOTOPHIX

=12

EnuHCTBENHOE pemleHne UMeeT BUA ny=ny=1ny=1, n,=3, 1. e. TpH
npelCTaB/leHUs OJAHOMEpHBl M O4HO — TpeXMepHo. (TpexmepHble npencta-
BJeHuA Mbl Oylem oGosHayath cumBooM F. MHoria and sTod ueam mml
6yaeM ucnoab3oBath M cuMBoJ T.) Hanmomuum, uro rpynna T noayuaercs
u3 rpymnsl V==D, 3a cuer npucOelHMHeHHd K nOCJIeAHed BpallieHUN
BOKPYT TNPOCTPAHCTBEHHLIX AHaroHatell, KOTOpblE C/YIKAT NMOBOPOTHHIMHU
ocsimMu 3-r0 nopsanxa (cM. ¢ur. 34). Tlosromy npencras/enus rpynnsl T
MOXCHO TOJYYHTb, UCXOAA U3 npeAcTtaBiennit rpynmsl V. Tlpu aeicteum
KaKoro-uubyab BpauieHUd BOKPYT OCH 3-TO MOPAAKA MOJHOCTbIO CHM-
MeTpHyHasa ¢yHkuud, obpasyiowiaa 6asuc npeictasieHus A, rpynns V,
MOMeT yMHOxatbcd Ha 1, € uan €, (HanoMuuM, 4TO MBI XOTUM mOJy-
YUTh OAHOMeplble TMpeACTaB/eHHd, TaKk 4to GasucHasd (GYHKUMA [0/KHA
6biTb cobctBeHHOH ¢yHkunmed A Ci.) Takum 06pa3oM, Mbl MOJydaeM
TPH Pa3MHYHHX OJHOMEPHBIX MpeACTaB/leHHd, KaK MOKa3aHO B Tada, 9,

"y Bethe H. Ann. Phys., 3, 133 (1929).
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Tabruya 9
T: E C,@3) Cyd) Ci@)
A 1 1 1 1
E { 1 1 € g2
1 1 e? €
F,xy,2] 3 —1 0

C 1apyro#t CTOpOHBI, ecJd B3rJIAHYTb Ha Te 0asucHble QYHKUHMH, KOTODbIE
Mbl HallAM A8 APYrHX TpeX mnpeiAcTaBieHu#t rpynnel V, a umeHHo X,
¥ U 2, TO MOXHO 3aMeTHTb, UTO IIpH BPALUEHHAX BOKPYT NPOCTPAHCTBEH-
HBX JHaroHasel onu mnpeoGpasyiorca Apyr B Apyra. Takum obpa3om,
3TH TPH OJHOMepHble I[IpeicTaB/aeHus rpynnsl V 06belHHAIOTC B OMHO
TpexMepHOe mnpedctaBieHde rpymnbl 7. XapakTepbl mnpelacTtaBieHus F
MOXHO HaHTH M3 COOTHOWeHMH opToroHaabHocTH. Tak Kak ¥ (E) =3,
TO OPTOTOHAJIBHOCTb BEKTOPOB-CT0.10U0B B Ta6.a1. 9 Tpebyer, uToObI

1C)=—1, %(Cy=0=7(C).

Marpuubl npeacraBiaenus F 3anucaHel ¢ noMoLiblo GasHCHBIX (PyHK-
UM X, y, 2. DTU MATPHULB ABJAIOTCA BCEro JHIIb OGLIYHLIMH TpeXMep-
HEIMH MaTpHUAMHM s pa3/HuyHbIX BpallieHHH,

3adawu. 1. MocTpoiiTe MaTpulpl npeacTaBaenus F rpynoe 7.
2. Haliaure dyukuuu, npunaanexamue npeicrasienuio E rpynnn 7.

PaccMoTpuM, HakoHeu, rpynny 7, (u usomopdHyio eit rpynny O).
Orta rpynna colepxut 24 3/JeMeHTa B 8 KJjaccax, NMO3TOMY CYyLiecTByeT
5 HenmpHBOAMMBIX TpelcTaBjeHUd M

5

D2 =24,

st
ENMHCTBEHHBIM pellleHHeM CaAyXUT HaGop uucen ny=n,=1, ny=2,
n,=n;=23. I'pynna T, noayuaerca u3 rpynns 7 myTeM NpUCOEIMHEHUS
oTpameHH#t B NJIOCKOCTAX, NMPOXOJALUX uepe3 TNPOTHBOMOJOXKHbIE pebpa
ky0a, kak nokazaHo Ha ¢ur. 64. Kaxnad us 3TUX IJIOCKOCTER COJEPKHUT
ABe ocH 3-ro nopsnka. basucHas ¢yHkuus npeictaBienus A rpymnsl T
MOxeT ObiTh JHGO CcHMMeTpUUHOH, MO0 aHTUCHMMETPHYHOH OTHOCH-
TE/IbHO Oy, M MO3TOMY AAA T, Mbl MOJMyuyaeM JABAa OAHOMEPHBIX TpelcTaBJje-
Hus Ay 1 A,. [lapa KOMNIeKCHO cOMpsKeHHbIX npedctaBaeHult E rpynne T
o6/anaet GasMCHbIME (PYHKLHUAMH, npeo6pa3yloliMMUcs Apyr B Apyra npH
OTPaXEeHHK B IJOCKOCTH, TMpOXOAsduiefd vepes ocb 3-ro nopsiaxa, o,
C€10BaTEebHO, Mbl NOJMyyaeM AByMepHoe npeactasienne E rpymmbt Ty
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PaccmoTpuMm, HakoHel, TpeXMepHoe npeictaBiaeHue F rpynnel 7. Ecan
Mbl BO3bMeM Ga3ucHble QYHKUMH X, y, 2 U NPUMEHUM K HUM OTpaxeHue
B IIOCKOCTH X =Y, TO

0,2)=2, O;(x)=y, O;(»=x,

4TO 1acT HaM MaTpuly o:
01 0
1 0 0],
0 0 1

otkyaa ¥ (c)=1. [Bce oTpameHHs MNPHHANLIEKAT OTHOMY H TOMY :Ke
kjaccy, Tak 4to % (0y;)=1 aaa Bcex 0,.] Ecau ke Temeph B KauecTse
GasncHbiX GyHKUME npelctaBieHns £ rpynnsl 7 Mbl BO3bMEM KOMMO-
[IeHThl dKCHa/AbliOrO BEKTOpa, TO INPH YUCTHIX Bpallieuusix rpynnsl 77 Ouu
6yayt BectH ceb61 Kak KOMIOHEHTbl MNOJAPHOTO BeKTOpa (AAA YHCTHIX
BpaiueHH# uX TpaHcopMaUKMOHHbIE CBOHCTBA coBnanaoT). Ho oTpaxenue
B IJOCKOCTH X ==} MeHieT 3HAK Z-KOMIOHEHTh aKCHAJIbHOrO BeKTOpa,
B TO BPEMS KaKk JBe JpYyrue KOMIOHeHTb npeoGpasyloTcss ApPYr B Apyra,
TaK 4TO
% (o) =—1.

Mpb noayuaeM, TakuM oOpasoM, [Ba pa3AMUHBIX TPeXMeDHHX MpelcTaBie-
nus F; u Fy rpynnsl T, XapakTepbl 3/JeMeHTOB S, MOXHO OIpepe/HTh
13 OpPTOrOHAMbHOCTH BEKTOPOB-CTPOK B Taba. 10.

Tabruya 10
Ty E Cy® C, (3 048 S,06)
A 1 1 1 1 1
A, 1 1 1 —1 —1
E 2 —1 2 0 0
Fay x, y, 2 3 0 —1 1 —1
F, 3 0 —~—1 —1 1

3adauu. 1. Tlocrpoiite Marpunpl Aas npeactasjeuuit E, F; u F,
rpynnbl T4,

2. Tonpaysch cootHomenusmu (3.154) u (3.156), Haiiaure xapaxteps
npencraBaenudt rpymnn 7.

B CYLWIHOCTH MBI MOJYYH/JIM MPOCThHIE XapaKTepbl AJd BCEX KPHUCTAMJIO-
rpapuueckux ToueuHblX rpynn. g cnpaBox Bce 3TH AdHHBIE B KOMIAKT=-
HOM Buie npuseleHbl B Tala. 12—22,
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C 1OMOLIbIC HAWIMX METOJOB MOKHO C JIErKOCTbIO DPaCCMaTpHBaTh
¥ Takve rpynnsl (kak, nanpumep, rpymnsl Cg, H §), KOropbie HHOria
BCTPEYAlOTCAd B MOMEKYMAPHBIX npobaemax, HO He BXOJAT B YMCJAO KPH-
cTa1n0rpapuuecKux rpymu.,

Mbl He npuBoauM TaGauubl A TeX KpucTannorpaduyeckux rpym,
KOTOpble MOMKHO IIPeACTaBUTb B BuJAe TMPAMHIX MpoOu3Benenud, T. e
A4 rpynn

Cap=0C3 XG5  Cp=0C; XC; C4=0CsXC,,
Dy =D, XC;  Dy=D,XCp  8=0CXC,
D3yy=D;3 X C;,  Dgy=Dgs X Cy Th=T XC.
0,=0 X¢,

IlpuurHa, no KOTOPOH MBI He OCTAHABJIMBAEMCA Ha DPACCMOTPEHHH 3ITHX
rpynm, cOCTOMT B TOM, UYTO, KaK 3TO YKE YKa3blBajAOCh B MpeiblaylieH
riaBe, XapaKTepbl HENPUBOAMMBIX MNPEACTABACHHH 3THX MPAMBIX NPOH3-
BeJACHUH MOXKHO TNOJYYHTb M3 MNpPEACTABJACHUR Tpynm, SBJIAOLMXCA CO-
MHOxuTenaMu. TakuM o06pa3om, BCe Tpynmbl, KOTOPbIE MOJYYalOTCA TpPH
06pa3oBanuK NPIMOTO NpousBefeHusa ¢ rpynuof ¢;, uMeloT BaBoe 6oblnee
ynca10 KaaccoB. Kawioe u3 mpeacTaBaennH HCXOAHOH Tpynmbl NpUBOJHT

Tabauya 11
Can: E C; C2 o, 0,Cs 0,C%
A’ 1 1 1 1 1 1
A7 1 1 1 -1 -1 —1
, 1 3 X 1 € g2
E { 1 g2 € 1 e? 3
£ { 1 € e —1 —¢ —¢2
1 g2 3 —1 —&? —g

K JIBYM IDeJCTAB/IEHUSIM TPIMOTO [IPOM3BEAEHHA, OHO U3 KOTOPHX CHMMe-
TPUYHO OTHOCHTENbHO MHBEPCHK /,  APYroe aHTHCHMMeTPHUHO. Te e 3aMme~
YaHUA OCTAIOTCS B CHJIe M JUIA MpPAMBIX npowusBeneHudl ¢ rpynnoit €. s
npruMepa Mbl MPUBOLMM TalG/Hly XapakTepoB Aad rpymnsl C,, (taba. 11),

3adaya. [locTpofite Tabauly XapakTepoB Hjst Cpymnnul 3.



§ 8. Tabauusl XapakTepos NJA KpHCTajiaorpaduyecxux
TOYEYHBIX Tpymnn

Tab6ruya 12 Tabruya 13
e: | e e E I
82: E Cg
4 [ ! Cs: E o
Ag Az Avxy | 1 1
Au; X, )’, r4 B, X, )’ A”; z 1 _1
Ta6ruya 14
6’2/1: E Cg Oy 1
Coy: E C, o, o,
V=D, | E C, C, C,
Ag Ap 2 A 1 1 1 1
B, B,y B x 1 —1 -1 1
Ay 2 A, By 2 1 1 —1 —1
B, x, ¥ B, x By y 1 —1 1 -1
Tabruya 15
84: E C4 C?l Cg
8,: E S, S S
A; 2 A 1 1 1 1
B B; 2 1 -l 1 —1
B , £ , 1 i =1 =i
s xxiy s xxily { | —i —1 ;
Tabruya 16 Tab ruya 17
Cy: | E Cy € G E C@ 0,0
, Dy: E C(2 C,(3
A; 2 1 1 1
e e? A‘; Z Al 1 1 1
E x+ly { P A, Ay z |1 1 -1
Ex,y E x,y!| 2 -1 0
— p-2muf

[ e



Tabruya 18

Cq: E Cq c: ¢ ¢ ¢
Az 1 1 11 1 1
B 1 -1 1 -1 1 -1
E 1 @ —o0 1 © —a
! { 1 —o o? 1 —o o?
Fo xil ! 1 o 02 -1 —0 —e?
5 XL vl —0? —e -1 w? o
© = e2ni/6
Tabauuya 19
[ E C Ci® 0,02 0,
D,: E C: C,@ Cy(2) Cy ()
Dyt | E Co §,(2) C3(2) 04(2)
Az A A, 1 1 1 1 1
A, Ay 2z 4, 1 1 1 -1 -1
B, B, B, 1 1 -1 1 —1
B, B, Byz |1 1 —1 —l 1
E x,y Ex,y E xy| 2 =2 0 0 0
Tabruya 20
Dg: E C3 Ci@ Cs@ C(3 Cyo(d
Ceyp: E C Ci@ C©®@ 0,3 0,0
Dy, E o S$0@ S©@ C,03 0,0
4 Az A 1 1 1 1 1 1
A; 2 Ay A 11 1 1 —1 —1
B, B, A 1 -1 1 -1 1 —1
B, B, Az |1 —1 1 -1 = 1
E, E Eixy|l2 2 -1 —1 0
Eyx, 9y Egxy E" 2 =2 -1 1 0 0




Tabruya 27

T E Cy(3) C3(9) Ci(4)
A 1 1 1 1
E ! 1 1 € &2
{ 1 1 g2 €
Fox,y,2| 3 —1 0
Tabruya 22
0: E Cy8) Ci® C,6) C,6)
T, E Cy(8) S?, 3) o,6) S,6)
A 4 R B
4 A, 11 1 -1 -l
E E 2 -1 2 0 0
F, Fjpx 9,2 |3 U 1 —1
Frx, 3,2 F 3 o0 -1 - !




FTABA O

PA3J/IMYHBIE ONEPALIVU
C MPEACTABJIEHMAMK T'PYIIII

§ 1. Ilponssenenne mpexcrtaBaeHHi
(KpoHeKepOoBCcKOe NpoH3BefeHHe)

B ra. 3 Mpl paccMOTpeaM C/0XeHHe mpeiacTaBieHMR rpynms G,
N03BOJIAOLLEe TI01yYarb HOBHIE TpeicTaB/ieHus. IIpyrdM MeToJoM MOJay-
YeHHs HOBBIX TNpEJACTaBJAeHHR, HMEIOLMM OCHOBHOE 3HAuYEHHe B (pU3U-
YyeCKUX TNPUIONKEHHUAX, ABJAACTCH TMOCTPOEHHE npou3sedeHus npedcma-
sreHuil (IKporereposcKoz0 npousgedenus). ITOT METOM CXOX C METOIOM,
npuMenssminMcs B § 19 ri1. 3 419 noayueHHs HenpHBOJAMMLIX Mpencra-
BJEHUH NpAMOTO NpOM3BeleHHs ABYX Tpymi.

[Ipeano0KuM, uTO Mbl HAallJIM BCe HENPUBOJMMbBlE TNpeACTaB/eHMs
rpymnst G. Tyers D™ — wenpuoaumoe npeactasieHue B n,,-MepHOM
NPOCTPAHCTBE BEKTOPOB X (Hmeloumx OTHOCHTEJIbHO HeKOTOporo 6Ga3wuca

KOMINIOHEHTBl Xy, ..., xnu) H NyCTb D(v)—ﬂpyroe HEeNMpUBOAHMOEC mnpen-
CTaB/JeHHe B n,~-MEPHOM TMPOCTPAHCTBE BEKTOPOB Yy (C KOMINIOHCHTAMH
Yo o v s yllv):

n

=

xf=!=ID(Jj)(R)xj =1, ..., n, (5.1
"V
=2 DY) (Ryy, (k=1 ..., n) (5.1a)
nepeMHO)KHB 9TH IBa COOTHOLIEHHA, MOJYUYHM
fuo My i=1, ..., n
s = ng tng(’uj)(R) D;:;)(R) g <k= 1 ..., nt) (5.2)

Bennudnbl  x,y, MOXHO paccMaTpMBaThb KakK KOMIOHEHTH BeKTOpa
B (m, X n,)-MepHOM mpoCTpaHCTBe npousseaenni. Pasencrpo (5.2) ycra-
HaB/IMBAaeT COOTBETCTBME MEXKAY KaxIblM 3JeMmeHToM R rpynnsl G u
HeKOTOpbIM NpeoGpa3oBaHHEM B ITOM NPOCTPAHCTBE:

, i, j=1,...,nu
rae ’

DIEGIR) = (D" (R) X D™ (R) ), y =D (R) - DYI(R).  (5.9)
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Marpunsl D}Zx}’l(R) 06pasyloT HeKOTOpOE mnpexacrtaBiecHHe rpynnbl G

DHXN(RS) = DY) (RS)Dy) (RS)= Z%(R)Da, <S>ZDkﬁ<R>Dm<s>=
= 2 [D% (R) DR (R)| [ DY (S) DE (S)) = z DRSS (R) DY (S), (5.5)

T. €.

DWWV (RS) = D"*™(R) . DV (8). (5.6)

[pencraBnenre (5.4) Ha3bIBACTCA KPOHEKEPOBCKUM npousgededuem npei-
crasaennt D™ u DV
PaBenctBo (5.6) naer HaM Takxe oOliee NMPABHIO A5 BHINUCHIBAHHA

KPOHEKEPOBCKUX mnpousBeacHU# matpuu. Ecaum A, A4, ... —— Marpuus
n-ro mnopaika ¥ B, B,, ... — MaTpHll m-T0 MNOpsAAKa, TO KPOHeKe-
poBckuMH npousBeleHuAMH (A, X B)), (A3 X By), ... 6yayT MaTtpuubl
1OpsAAKA nMm, ¥ KOTOPHX
(Ay X B, j1 = (A By (5.43)
Tak e, Kak 4 B paBeHcTBe (5.6), UMeeM
(A1 X By) - (Ay X By) = (4,4y) X (B,By), (5.6a)

uiau BooOiue
(A X B) (A3 X By ... (A, X By)=
=(44, ... A) X (BB,...B,). (5.66)

[puBeneHHOe Bhillle oOMNpejeneHHe AAHO B TEPMMHAX aGCTPAKTHBIX
BEeKTOPHHIX NMpPOCTpaHCTB. Mbl B Goablleit creneHd npubausuMca K ¢usu-
yecKOfl MOCTaHOBKe 3adaud, eCau CPOpPMy/IHpyeM Halle OnpeiencHUe ellie
pas, mnOJb3yACh BOMHOBBIMU (YHKUMAMH (H3HYeCKOR cHCTeMbl. B § 7
TA. 3 Mbl COMOCTaBAAIM KawaoMy npeoGpasosanuio R onepatop Op
(Op ectb npeoBpasoBaHue apryMeHTOB BOMHOBOH (yHKLHH):

O (x) = (R 'x). (3.68)

CoBokynHOCTb npeo6GpasoBaHuit R, OCTaB/AOIIMX WHBAPHAHTHBIM TaMH/b-
touHan H, o6pasyer rpynny G Ttakywo, uTO

OxrHOR'=H (3.73)

ang Bcex anementoB R n3 G, Ecam p — coGerBeHHass GyHKUMA TaMHIb-
ToHMaHa M, npuuamiexalias AaHHOMY coOGCcTBeHHOMY 3HaueHHio A, T0 Opp
eCTb TaKXe coGCTBeHHas (YHKLMA, OTBedalolias TOMY e COOCTBEHHOMY
3HaueHuio A. Ecad Het cnyqannoro BHPOX/EHHd, TO COBOKYNHOCTb 7,
COGCTBEHHHX  ByHKUMA W (L_*.l . nu) NpHHAATeRALLHX ,H.aHHOMy



§ 1. Mpoussedenue npedcrasarenud 159

COOCTBEHHOMY 3HAaueHHIO A,, oOpasyer Gasuc HENPHBOIMMOTO Npencra-
B/EHHS TPynnbl cuMMerpHH G TaMHAbTOHHAHA:

OR‘P(}‘) — ; lp(iu)D(ll;) (R). 5.7

TOuHO TaK e COBOKYNHOCTD 7, BHIPOMKAEHHBIX COOCTBEHNBIX (yHKuHi @),
npuHanAeKalHx co6CTBEHHOMY 3HaueHnuio A,, o6pasyeT 6a3uc HENMpHBOLH-
woro npeanctasnenus DO

0 9" = Zk PWDY (R). (5.7a)
Ha (5.7) n (5.7a) caeayer

Op (479(") = 2 W'D (R) DYy (R) = JWPaPDRRGI(R),  (5.8)

Tak 4To npousseseHns PMWe o6pasyior Ga3nc NpousBerLeHHs TpeACTa-
1l 06p

paennit D™ x DY,

O6o3nayeHnus ¢ JABOHHBIMH HHIEKCAMH BecbMa CJOXHBEL. YToObl mpu-
BLIKHYTb K HMM, Mbl NpHBEAEeM B SBHOM BHIe Pe3y/bTarTbl [/ MPOCTOTO
cllyyas, Koraa n, = n,= 2. B atom cayuae

OV = WD (R) + WD (R),
ORlp(Qu) = ‘WL)D%) (R)+ lp(u)D(u) R),
0,95 = DY) (R)+ 92D (R),
098" = @VDY (R)+ ¢"DY) (R).

n

5.9

Hs (5.9) nonyuaem
Op (lp(lu)q)(IV)) — [q;“”D“‘) (R) 4 ¢wDW R X
X (@D (R) + @DEY (R)] = by QDWW (R) DY (R) +
VeI D (R) DY) (R) - 4§D (R) DY) (R) +-
—+ VMDY (R) DY (R).  (5.10)

Kospduunent npu Yl B pasnoxennn Oy (Wg(V)  pasen
DW(R) DY (R), oTkyna

(D™ % D™ (R) )1p, n = DI (R) DY (R)

(D™ ¢ D™ (R) Yoo, 1 = DY (R) DY (R).
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Ananoruyso HaxoAHM
OR (lpgu)(p(?v)) = PPe(MDI (R) DY (R)+ lpfu)(p(w[)(u) R D(ﬁ)(R) -+

+ WD (R) DY (R)+ WD (R) DY (R), (5 11)
O (W) = WD (R) DY (R) -+ WD) (R) DY) (R)+

+ WMDY (R) DY (R) +- WD) (R) DY (R),  (512)
()R (lp(zu)(p(ZW) — lp(lu)(p(lv) D(ll;) R D(v) R+

+ ‘Pﬁ""PSV’D(l‘é’ R D(V) R+ lp(mq)(v)[)(m (R D(1§> (R) +
- PWMDI (R) DY (R) (5 13)

Hs pasencts (5 10) — (5 13) chaenyer, 4ro Marpuua, COOTBETCTBYIOLUASA
snementy R rTpymnet G, B NPOU3BENEHHH NpeACTaBACHHH HWMEET BHI

p™ >< DV(R) =
(")(R)DM(R) D(")(R)DM(R) D(”)(R)DM(R) D(”)(R)DM(R)_
D¥W(R)DY(R) DER)DY (R DY RDNR) DR DY (R)
DY (R) DY (R) DER)DW(R) DY (R)DY(R) D (R)DY (R) ’

(P«)(R) D(V)(R) D(H)(R) D& (R) D(H)(R) D(V)(R) DQJ)(R) DW)(R)_
(5 14)

rie CrPpOKH H cToalubl 3anyMepOBaHbl B JIEKCHKOrpagpHUECKOM Mo-
paike: 11, 12, 21, 22 Mu npeanonaranu, 4to Bce MpOH3BeldeHHA (YHK-
uu# JHHEHRO HE3aBUCHMBbI, HGO B MPOTHBHOM C/Ayyae Mbl LOJXKHbI ObLIH Obl
00BbEINHUTL COOTBEICTBYIOLIHE YJEHBI W IONYYHTb NPENCTaBIEHHE MEHb-
wei pasmepHocrd Mrax, Mbl npeanojaraem, 49ro - H V-NMpeNCTaB/IeHHHA
IMEIOT PA3JHYHYIO Pa3MEPHOCTb HJH We (eC/AH = V) YTO (YHKUHH P H @
HEe3aBHCHMBI IpYyr OT Apyra
O603Ha4YMM XapaKTepbl NMpPOM3BeJEHHA NpelcTaB/eHHH depes

X A (R) = M X V) (R)
Kak BuaHo u3 vactHoro cayuaa (5 14) wau u3 oGwero pasenctsa (5 4),
(Y ® = DD R DR =x" R A" R) (G 15)
Takum 006pa3om, xapax;ep 3/EMEHTa B MPOHM3BEJIEHHH NPELCTAB/IEHHHA

paBeH TNPOH3BENEHHI0 XapaKTEPOB 3TOTO 32J/E€MEHTa B TNPELCTaBIEHHAX-
»COMHOXHUTENAX®

3adaua Tlokaxure, 21TO KPOHEKEPOBCKOE NPOH3BEIEHHE YHHTAPHHIX Npels
cTaBaeHH#l ecTb YHUTapHOe IIpe]CTaBJASHHE.
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§ 2. CummerpH3OBaHHEIE H AHTHCHMMETpPH3OBAHHBIE
Npon3BeJeHus

B npeanayuiem naparpacde npeinonaranocs, 4to B == v. [peanonoxnm
Tenepb, 4T0 W=v H PP n Q) — He3aBUCHMbIE COBOKYMHOCTH DYHKIHH.

Paccmorpum cHavana As nmpocToTel cayda#, kornia n, =n,=2. llepenu-
wem pareHctBa (5.10) — (5.13), onyckas BepXHHe 3HAUKH U —V:

Or (0191) = 1@y [Dyy (R 192014 (R) Dy (R)+
~+ Pa1 Dy (R) Dy (R) 4o [ Dy (R)IZ, (5.16)
Or (U192) = P19 D1y (R) Dyg (R)+ 119Dy (R) Dy (R) +
+ 4@ Dy (R) Dy (R) +
+ Pae Dy (R) Dyy (R), (5.17)
O (bo®) = P19, D13 (R) Dyy (R) + $192D12 (R) Doy (R) +
~+ P Dyy (R) D1y (R) +
~+ a2 Dys (R) Dy (R), (5.18)
Op (bg®9) = 1@y [D12 (R)12 =4 P199D12(R) Dog (R) +
—+ P91 Dae (R) Dy (R)+
—+ oy [Dog (R)12. (5.19)

Ecan cnoxurs u Bbidects (5.17) u (5.18), TO 9TH ueThipe paBeHCTBa
3aMHIUYTCA B BHIE

O (019) = 19y [Dyy (R4 (192 =4 bo@y) Dyy (R) Doy (R) +
—+ $o@s [Dyy (R, (5.20)
Or 0192+ bop) = 2019, D1y (R) Do (R) +
+ (9o =+ P2@) [D1y (R) Dag (R) =+ Do (R) Dy (R)] +-
—+ 2(92D91 (R) Dy (R), (5.21)
Or (0192 — Vo) = ($1p2—=boP1) [Dyg (R) Dog (R)— D15 (R) Dy (R)],  (5.22)
O (WoP) = W1y [Drg (R)12 4= (192 =+ 1a@y) D1y (R) Dog (R) +-
—+ bapo [Dgg (R)I2. (5.23)

3ametHM, uTo (5.22) COLEpKUT TOJLKO AHTHCHMMETPHUIYIO KOMOHHAIMIO
P2 — PPy, B TO Bpems Kaxk cooTHowenus (5.20), (56.21) u (5.23) cpsa-
3bIBAIOT MEX1y CoOOH TpH CHMMeTpHUHblE KOMOHHALMH

Ui, Vi o M oy
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Mu  3akjao4aeM, 4TO TpPOM3BeleHHE TpeACTaBieHHs (pasMepHOCTH > 1)
Ha cebsd Bceria pasjaraercss B CyMMY CHMMETPHYHOTO H AHTHCHMMETPHY-
HOrO mpou3BeldeHHs npeicraBieHuft. Tenepb AokaxeM 3To B 00weM CTy-
yae. B pasencree (5.8) monoxum p=v:

Op (19) = Z WD R DRR).  (5.24)
TepecraBuM Mexay coGo#t j u I

Op (W)= Z 0D R) DPR). (5.2
CkaanwiBass v Buuutas (5.24) u (5.25), noayuaem

0, (VR +-ppgi) =Y, Wiig [ D) (R) DY (R)+ D) (R) DYI(R)| =

ik

— % 2 (Ve 4 pPei) [DE (R) DY) (R)+ DI (R) DI (R)].  (5.26)
ik

OR (w(j“‘q)(“) — lp(u)q)(u)) ==
= ;w(wcp 2 [DY) R) D) (R) — D (R) Dy (R)] =

= 5 2 (W — ) [DY) (R) DI (R) — Dy (R) DY (R (5.27)
ik

Ksanpar npencraprenus D™ 1. e, nponssenenne D™ x D™, pcerna
(32 MCK/IOUEHHEM TPHBHAALHOrO Cayuas n,= 1) pasnaraerci B CyMMy

CHMMETPHYHOTO TPOH3BELEHHS npeﬂcraaneunn [D“‘)>< D(”)] 3a1aBaEMOTO
paBeHCTBOM (5.26), H aHTHCHMMETPHYHOTO NPOHU3BELEHHS TNpeLCTaBICHHN]

{D™ x D™}, sanasaemoro pasencraom (5.27):
D(P-) X DM — [D(u) X D(u)]_l_ {D(u) X D(u)}. (528)

3TH NpeacTaBIeHHs] B CBOK oyepelb MOTYT GBITh MPUBOLMMBIMH, MaTpHuirs
CUMMETPHYHOTO H aHTHCHMMETPHYHOT O NMPOH3BEAEHHS NMPeACTaBIEHHA HMEIOT
CAeNyIOWHA BHA:

[DY X DY RN, 1y = 2 > [DY (R) DI (R + DI (R) DY (R)), (5.29)
(D% % DV (R)}y, 1y == (DY (R) DI (R) — DI (R) DI R)]. (5301
PasMepHOCTH 9TUX MnpeicTaBjleHHH paBHbl COOTBETCTBEHHO

M1 5, (= D).
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Jas XapaKTepoB CHMMETPHYHOTO H AHTHCHMMETPHUYHOIO TPOH3BEAEHHSA
ﬂpeﬂ.CTaBﬂeHHﬁ BBENEHB COOTBETCTBEHHO OGO3HAUeHUS

O X AW R n (WX (R)).
B namem yacTHOM cayuae W3 paseHcTB (5,20) — (5.23) umeem
XX % (R)] == [Dyy (R) + Dy (R) Dgy (R)+ D12(R) Dy (R) + [Dgp (R))P=
= 2 [Dyy (R)+ Diy (R [ 1Dy (RIP+ Dyy (R) Dy (R) +
~+ Dyt (R) Dy (R)+ [Dyy (R)Pl =
= 21Dy (R)+ Dz (R 4 [Dyy (R + Dy (RI] =

= £ [ RP+x(R)] (5.31)

| .
XL B} =5 [ (R) P —x (R]. (5.31a)
Touro Tak e B oOuiem cayyae u3 pasedcts (5.26) u (5.27) nosayuaem

[% X % (R)] =5 3 (D4 (R) Dy (R)+ D,y (R) Dy (R)] =
iy

3 [Z Dy (R) Dy R+ ¥, Dy <R2>] -
iy i

5 16 (R)*+% (R9)] (5.32)

(x X %R} = 5 [ R) P — % (RA). (5.33)

3aMeTHM, HakoHel, YTo ecaH W=V i PP = @Y, TO aHTHCHMMETPHUHbIE

npousselends (5.27) TOXISCTBEHHO PABHH HYM0 H Mbl MOJYYaeM JHLIb
CHMMETpPHYHOE NpoH3BeleHHe mpexacrapieHui (5.29).

§ 3. CompsaxeHnuoe mpexcTaBJeHHe,
KoMniexcHO compsiKeHHOE mpeicTaBJeHHe

B stom maparpade Mbl pacCMOTPHM ApYTHE METOLBLI MOJYYEHHS HOBBIX
npeacraaenuft. [lpennosnoxum, uro D (R) —— HenpHBOAMMOe mpeicraBJje-
e rpynnst G. EciH KakAYI0 MaTpHUY NPeiCTaBJEHHs Mbl 3aMEHHM
MmatpHue#, oOpaTHOR TPaHCNOHHPOBAHHON MO OTHOLIEHHIO K Hell, TO cHOBa
MOJYyYHUM HEKOTOpOE IIpelCTaBJeHHE, TMOCKOJIbKY

DTYRS)=[DRS)) '=[DS)DR)"'=D"(R)D'(S). (5.34)
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3T0 npexncTaBjeHHe HA3LIBACTC CONPAINCEHHBM npedcmagaenuen D:
DR)=D"'®R). (5.35)

Ecan nepefiti ot Marpuu npeicrasiaenHs D (R) Kk KOMIIEKCHO coO-
NPSIKEHHBIM MATPHUAM [T. €. K MATPHIAM, 9JEMEHTH KOTOPHIX KOMIIEKCHO
CONpsiXeHBl MO OTHOLIEHHIO K sjiemeHtaM Matpuu D (R)], Mbl noayunm
KOMNAeKCHO conpsiscennoe npedcmasaedue D* (R):

D* (RS) = D*(R) D* (). (5.36)

3adaua. Hoxawure, yto npefcraBaeHda D, D u D* au60 Bce npHBOgH-
Mble, AM60 BCe HENPHBOIHMELE.

XapakTepbl CONPsXEHHOTO NMpPELCTaBJEHHS PaBHEL:

LR =x(R™. (6.37)

HJIH _
K =Yoo (5.38)

roe K;» — kJjacc ajeMeHTOB, oOpaTHLIX s/eMeHTaM H3 kaacca K;. Xapak-
Tepbl KOMIIEKCHO COMPSIKEHHOTO NpeAcTaBiaedns D* KoMIIeKCHO conps-
®eHbl C XapakrepaMH npencrasiedus D. B TepMHHAX CONpPSIXKEHHOTO
NpeaCcTaB/eHHs] COOTHOLWEHHS OPTOTOHAaAbHOCTH (3.146) u (3.148a) aas
XapaKTepoB MOXHO 3amucaTb B BHIE

2 R (R) = g, (5.39)
Zt gtx(tu)igv) — géuv; (540)
cooTHOleHHe moaHOTH (3.177) mpuHUMaeT BHI

¥ iy = (_é":) 8y, (5.41)

v

a paeencrBa (3.150a), (3.151a) u (3.155a), xoTOpHE HCNOAB3YIOTCA MPH
pa3/NoXKEHHH TNpeACTaBAeHHd HAa HeMpPHBOLMMBIE, BbLITJIALAT CJAELYIOLIHM

oOpasom:
= (z) D e (.42
2 gt = g? a2, (5.43)

2( )X,q)‘ Z . (5.44)
. o
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§ 4. Ycaosug cyuwiecTsoBaHMs MHBAPHAHTOB

Ecan nenpusoaumoe npeicrasiaenne D (R) ynumapwo, T0 ckandphoe
Npon3BeleHHe BEKTOPOB B THALOEPTOBOM [POCTPAHCTBE MpPeNCcTaBEHHS
HHBAPHAHTHO, TaK Kak

(Dy, Dx)=/{y, D' Dx)=(y, x). (5.45)

KpoMe Toro, B 3TOM c/y4ae cka/isipHOe NPOH3BEleHHe NaeT HAM IPMHUTOB
MHBapuaHt. Jlns KOHeUHeIX TpPyNm [a Takxe aas JoOOR rpynmel, aas
kotopo#i BuinojHseTcs (3.101)] Mbl Bcerna MOxeM clesarb npejicTaBJje-
HHS YHUTApHBLIMH.

Ecan conpsikeHHOe MpeicTaBjaedde D H KOMIJIEKCHO CONPSAKEHHOE
npeactapienne D 3KBHBAJEHTHH, T. €. eCJH

D™'(R)~ D*(R), (5.46)

HJIH
DR)=~ D" (R), (5.46a)
TO CylecrByer Marpuua F Takas, uto
D*(Ry=F 'D"'(R)F,

HJH
DY (R)= FD™'(R) F', (5.47)
D' (RYFD(R)=F. (5.48)
Torna CKaJadpHOE€ NpOH3BelLCHHE
(y, Fx) (5.49)
HHBAPHAHTHO OTHOCHTE/ILHO BCex mnpeoGpasoBanuit rpynne G:
(Dy, FDx)=/(y, D'FDx)=(y, Fx). (5.50)
Ecnu B paBenctBe (5.48) nepefiTH K CONpSXEHHBIM BEJHUHHAM, MOJYYHM
DY (R) F'D(R) = FT, (5.48a)
TaK 4YTO CKajadApHOE€ MPOH3BEIECHHE '
(v, F'x) (5.492)

TaKKe MHBApDHaHTHO. KOMOGHHHpYS Ipyr ¢ IpyroM uuBapHants (5.49)
H (5.49a), HaX04MM ABA SPMHTOBHIX HHBAapHAHTa:

(y. FAF x), (y, ﬁig*l'ix) (5.51)

2

O6a 3TH HHBapHaHTa He paBHBl TOMXIECTBEHHO HYJIO, TaK Kak H3 HX
paBeHcTBAa HYMIO C1e10Ba10 OH, yto F =0,
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HaoGopor, ecau cyuwecrByer HeocoOeHnas marpuHua F rtakas, 4to
cKansipHoe npousBeneHHe (y, FX) MHBapHaHTHO:

(y, Fx)=(Dy, F Dx)=/(y, D'F Dx),
TO

Y ~

D'FD =F, D' = F'D~'F

M COMpsnkeHHOe MpeiacraBaedHe [) H KOMIUIEKCHO COMPSKEHHOE Mpen-
crapaenue D* skBuBaneHTHH. TakHM oOpasoM, Heo6xodumum u docma-
MOYHBLM YCIOBHEM CYLLECTBOBAHHA SPMUMOBA UHBAPUAHMA ABAAETCA
SKBHBAJEHTHOCTh NpencraBienuft D u D*

Ilns Henpugodumozo TpPEeINCTABIECHHS He MOMCEM CYu,ecmeosams
60.aee 004020 unBapuanTa Buaa (5.49). Ecau, xpome (5.49), HHBapuantHo
TaKXKE H CKalgpHoe npousBelenne (y, HX), to

D'HD—=H, D'H DY =K,

FH™'=(D'FD)(D™'H'D' Y =D'FH™'D'"', (5.5
(FH YYD =D (FH™).

-1
Marpuua FH KOMMYTHpPyeT €O BCEMH MATpHUAMH HENPHBOILHMOTO
NpeacTaBAeHUS DY, oTkyna no jaemme Ulypa caenyer, uro marpuua F
KkparHa H.

B cayyae HempHBOAHMOrO MpeacTaBieHHS 1Ba HuBapuanra (5.51) He
MOTYT ObiTb HE3aBHCHMBIMH, H (C TOYHOCTbIO A0 NMOCTOSHHOTO MHOMHTEJIA)
marpuua F 10/MKHa ObITh 3PMHTOBOM.

Mnbl nokasanu, urto ecau npeacrapienus D u D* HesKBHBaJeHTHbI

-1
(OHH 6yLyT SKBHBAAEHTHHIMH, ecin D =~ DT ) TO Mbl He MOXeM Mo-
CTPOHTb SPMHUTOB HHBapHAHT. Mbl MOKaxeM, O04HAKO, YTO 3TO MOXHO

-1
cuenarb, B3AB MPAMYI0 CyMMy npeicrtaB/ieHH D u DY yers HenpH-
BOIHMOE npexacrasienne D nefictByer B NpPOCTPaHCTBE X, HEMPHBOIHMOE

-1
npeicraB/eHHe DY —s npocrpancrae y. (flcHo, yto 06a mpocTpaHcTBa
HMEIOT OJHHAKOBYI0 pa3MepHocTb #.) Torza

-1
x'=Dx, y =Dy, (5.53)
H BECJHYHHA y*x OKa3biBaerca HHBapHaHTHOﬁ OTHOCHTE/JLHO BCEX Impe-

00pa30BaHHi TpyNMeLL

I+I

Y & ="y Dx)=y'D Dx = y'x. (5.54)
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TouHO Tak xe HHBApHAHTHA H BeJIHYHHA x"'y. CJ]eILOBaTeJleO, MBbl HalllJIH
ABa 3PMHTOBBIX HHBApHAHTA:

A= (yx+xty),
. (5.55)
B= 57 (yTx —x%y).

BoabMeM nmpAMylo CyMMy MPOCTPAHCTB X # Y H 00pasyeM BeKTOpI
P (x \ 5.56
=, ) (5.56)

uMeolHe 2n KOMNOHEHT. Bextop ¥ npu npeobpasoBanuu u3 rpynnw G
MepeXOiHT B BEKTOP

Dx
= - . 5.57
L% Dt 1y (5.97)
IIBe SPMHTOBLI MAaTpPHLbI
[0 E 0 —IE
fl:LE O'v f?"_ iE 0" (558)
rie E osHauaer eAHHHYHyW0 (22 )X n)-MaTpHlly, Lal0T HaM 1Ba 3PMHUTOBLIX
HHBapHaHTa:
o=@ f1) u @' fop. (5.99)

ST1OT pe3ynbTar HE MPOTHBOPEYHT AOKa3aHHOK HAMH paHee TeopeMe,
IOCKOJIbKY TPOCTPAHCTBO NpeiacTtaBienud (5.56) npHBOLHMO.

Badaxa. Mokaxure, uTo AAA npencraBaedds (5.57) conpsameHHOE H KOM-

|
|
I MICKCHO CONPAKEHHO® NPEACTABAEHHA 3KBHBANCHTHLL. IMokaxure, 4To nepe-
i

X0L OT BEKTOpOB Y K BektopaM V' 3afaerca an6o Marpuueit f;, anbo Ma-
TpHUEH f;, yxasauusiMH B (5.58).

§ 5. BemecTseHHbe MpexcTaBaeHUs

B »sroM naparpage Mbl XOTHM HMCCJELOBATL YCJIOBHA, MPH KOTOPHIX
HENMpPUBOAUMEIE NpeAcTaBneHuss Tpymmsl G MOXHO NMpPHBECTH K BeecT-
BEHHOMY BHIYy, T. e.

*
Diy(R)y=D;;(R). (5.60)
Mu GyzneM npeamosaraTb, utO BCe MPEACTABJACHHS YHHTAPHB (A1 KOHey-
HBIX Tpynnm 3TO 3dB€1OMO BbIﬂOJ]HSIeTCSI), TaK 4YTO
DY (RYD(R)=1, (5.61)
HJIH

~ __1 — L]
D'(Ry=D@®R)=D"(R), (5.61a)
T. €. CONPAXKEHHOE H KOMIIIEKCHO CONPAXEHHOE NMpEACTABJICHHA coBManawrT,
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Ecnn npencrasiaedne D sewjecmsento, TO
D(R)=D'(R)

u xapakrtep y (R) sewectsed. HaoGopor, ecan xapaxrep y (R) BeurecT-
BEHHBIfl, TO, MOCKOJbKY

tr[D*(R)] = [tr DR = [x R)T", (5.62)

xapakteps npeicrtasiaedus D' Gyiyt cosmagath ¢ XapakTepamu Mpei-
crapnedus D, u npeacraBaeHne D OylLeT SKBHBAJEHTHO CBOEMY KOM-
MJeKCHO compswmeHHoMy npencrarnenuio D*, Ecau xapaxrep 3 (R) kom-
naekcHuf, 10 D u D* HeskBHBaneHTHH. ITO eNMHCTBEHHHIH Ccayuait,
KOTZa HMMeeT MeCTO HEe3KBHBAJEHTHOCTb.

B cuay ckasanHoro HempuBoaMMble NpeicTaBiaeHus rpynnbt G MOKHO
MOLpAa3ie/NuTh Ha TPH THMA:

1) D BewecTBeHHO (T. €. MpeAcTaBjleHHe [ MOXKHO NpPHBECTH K Be-
IECTBEHHOMY BHLY),

2) D skeusaientHo D* no npencrasiene D Hemb3s MPHBECTH
K BEWeCTBEHHOMY BHLY,

3) D ne sxBuBaneHTHO D*.

Ecin xapaxktep ¥ (R) BewecTBeH, TaK YTO Mbl HMEEM [1eJ0 CO Cay-
yasmu 1 u 2, to D skeuBanentHo D* u, ciepoBarenbHo, 3 (5.61a) Mbl
NoAy4uM

DR)~ D' (R). (5.63)
BaaB ciael OT marpHl, Hallem
LR =x(R™)- (5.64)

Kpome Toro, H3 (5.63) BbITekaeT, YTO CYLUECTBYeT Taxkas HeocoGeHHas
marpuua S, uro

SDRYS'=D"'"R)y=D"(R), (5.65)
D(R)SD(R)=3S. (5.66)

[Tockoabky npeanosaraercd, uTO NPeACTaBJeHHE YHHTapHO, Matpuua S
Takwe yHHrapHa. Takum o6pasom, cywiectByer OuiauHeHHas dopma

xSy, (5.67)
KOTOpasl MHBAPHAHTHA OTHOCHTEJNbHO BCeX npeoOpasoBaHui
x'=DR)x, (5.68)

TaK Kak
DR)xSD(R) y= #D (R)SD(R) y = %Sy.
Hao6opor, ecau Takas OuiuHeliHas ¢opMa CyLIeCTBYeT, TO Aad Bcex R
SD(R)=D""(R)S.
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Tak xaxk npeicrasnenue D HenpuBoauMo, a MaTpuua S He paBHa
TOXAECTBEHHO HY/0, H3 eMMbl LLlypa ciaeayer, 4ro MaTprua S Heocoben-
Has. [loatoMy paBeHcTBO (5.65) BbIMOJHAETCA, H MpeacTaBiennHe D 3KBu-
BaseHTHo D*. Mmn 3akjo¥aem oTcloza, 4To B cayuyae 3, KOTIa Xapak-
Tep % (R) kOMIIeKCHBIH, He cyujecmsyem GUAHHENHOM HOPMEL, HHBApHAHT-
HOH OTHOCHTe/MbLHO NpeoGpa3oBauuit (5.68).

B cayuyasax 1 u 2 BemoJsHseTcs paBenctBo (5.66). TpaHcnoHuposaHHoe
PaBEHCTBO HMEET BHI

DR3SDR) =3
a paBeHCTBO, B KOTOpPOM BC€ BEJHUYHHBLI 3aMEHECHHI Ha OépaTHbIe, 3aIHCHI -

BAETCA B BHIEC .
DY RST'D'R)=S8""

nepeMHO)KHB 3TH pAaBEHCTBA, MOJYUYHM

$718=D"1(R)S7'3D(R),
HJH

DRSS =S8""'SD(R). (5.69)

1%
Tak kak npencrasiedde I (R) Hempupoaumo, Matpuua S~ S 10/%Ha
OuTb KpaTHa elMHHYHOM MaTpuue E: ‘

S8 =¢E, (5.70)

S=¢S. (5.70a)
PaBeHCTBO, TPAaHCMNOHHPOBAHHOE MO OTHOWeHHO K (5.70a), MMeeT BHI

S=:¢§, (5.706)
OTKyla 5
S=c¢S=c(cS) =2,

ci—=1, c==*1.

Mpl sakjoyaeM, 4TO ecid XapakTep ¥ (R) — BewiectBeHHBIH [cayuan (1)
H (2)], To cywecTByer HHBapuauTHas OunuHeliHas ¢opma, y kortopoft
yHHTapHas MaTpuua S CHMMeTpHYHA WIH KOCOCHMMETPHYHA:

S=S wm S=-—S. .71
Tak kak
det S = det S, det (— S) = (— 1)" det S,

rle 7 — pa3MepHOCTb NMpelACTaB/IeHHs, Mbl BUAHM, 4TO 3HaK MuHyc B (5.71)
MOAET BCTPEUaTLCA A4Ukb B Cyuae NPeiNCTaBICHHH 4emHOf PasMepHOCTH.
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Ecan B (5.71) BuifpaH 3HaK TAIOC, ME HMeeM [eJO CO CJyuaeM 1:
Marpuua S yHutapHa u cMMMeTpHuyHa. ToOrna CyiuecTByeT YHHTApHAs CHM-
MeTpHYHas Marpuua B Takas, uto

B2=S3S. (5.72)
Tax kak
B'B=1 u B=8,
HMeeM
B=B"' B=B" (5.73)

IMoacrasasa (5.72) B (5.68) u ucnoabaya (5.73), nonyuaem
B’D(R)B*=D'(R),
BD(R)B'=B"'D"R)B=BD (R)B '=
=[BD®R) BT (5.74)

[TocnenHee paBeHCTBO MoOKastiBaeT, uYTO npexacrasiedne D (R) npeoGpa-
3yercss K Beujecmsennory Buiy Mmatpuuei B. Ilockoabky Matpuum B
H D (R) yHHTapHE, MaTpHLH

D' (Ry=BD(R)B!

taxxe yHurapub, ITostomy oHH 00pasyloT sewjecmsexnoe opmo204ans-
Hoe TpeicTaieHune Tpynne G:

D' (RYD' (Ry=E. (5.75)

Mb He GyreM OCTaHABJIMBATLCA HA PACCMOTpPeHMH Gosee CMOKHOTO cay-

yas 2. BmecTO 3TOr0 MH NPHUCTYMUM K TMOHCKAM MNpPOCTOTO KpHTEpHS,

¢ MOMOWbI0 KOTOPOTO M MOTJH OH pasnuuaTh TPH THMA NpeicTaB/eHuH.

3710T KpuTepHH Bhpaxaerca (GopMynaMH, COLEPKAILMMH CYMMBl, B3ATble

Mo XapakTepaM, MOSTOMY MH OyleM TNpPeANoJaraTb, YTO TAKHE CYMMHL

MMEIOT CMbCI. (310 6e3yC/JA0BHO Tak B CJyYae KOHEYHEIX TpyMi.)
Marpuua

S= gb(R)XD(R), (5.76)

roe X — npoH3BO/bHAS MATPHLA, yAOBJAETBOPAeT paBeHcTBY (5.66) u paeT
HaM WHBapHaHTHyK OunuHefinyo cdopmy (5.67). B cayvae 3, xoraa uu-
papHaHTHOH GuinHefiHol GopMH He cyulectByer, Marpuua S AoJkHa
OulTb HysneBo# Marpuueft npu mobom BeiOope MaTpuus X:

DD, (R)D,y(R)Y=0 npn Bcex a, B, v, . (5.77)
G P v

[Tonoxus =7y H NPOCYyMMHPOBaB MO f, MOJYYHM

0= % % Dy (R) Dy (R) = % Dyy (RY),
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B CHJy uero B cayyae 3

; D (R?)=0. (5.78)

DI pesys bTaTHl AM BCEX TPEX CJAyyaeB MOKHO OGBEAHHHTb B ONHO YT-
BepHIeHHE:
—+ 1 ana cayuas 1,

S=¢S, ¢c=4{ — 1 ana cayuas 2, (5.79)
0 1na cayyas 3.

Hs (5.76) u (5.79) crenyer
; % Dﬁa(R) XﬁyDyb R)y=c¢ ; % Dﬁa(R) XVﬁDy{)(R):

TaK 4TO

21Dy (R)Dys (R)y=c 2Dy (R) Dy (R). (5-80)
B uwactHocTH, MonoxuM @ =7Y, =290 u npocymMupyeM no a H f:

;aZﬁDﬁa(R)Daﬁ(R)::c ;%DW(R)D%(R)’ (5.81)

HIH
2 RY=¢ xR LR). (5.82)
B cayuaax 1 u 2 Mbel uMeeM coOTHoOLleHHe (5.64):
L (R)=%(R™")
a COOTHOLIEHHE OPTOTOHAaJbHOCTH (3.146) nmaer Ham
; LR AR =g, (5.83)

B TO BpeMs Kak B cayyae 3 mnpencraBieHHe [ HesKBHBa/neHTHO Npej-
crapiaennio D, BclencTBHe uero

; % (R) % (R)=0. (5.832)

OObenuuss sTH pesyabTaThl ¢ COOTHOWEHHeM (5.82), nosayuaem
—+1 nns cayuyas 1,

% AW(RY)=c".g, rae ™ =i — 1 nas cayvas 2, (5.84)
| O aaa cayvas 3.

Durnep HasbiBaer NpeincTaBieHHs THNA 1, KOTOPHE MOXHO MpeoOpa3oBaTh
K BELLeCTBEHHOMY BHILY, 4esvimu npedcmagienusmy. Iaa Takux npen-

crasaennti ¢™=1; 119 nosyyesnx npedcmasaenull THNA 2, KOTOPHE
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HeJb34 npe06pasoBaTb K BEWIECTBEHHOMY BHIY, HO KOTOPbi€ IKBHBAMIEHTHbI

NpeACTaBAEHHAM, KOMILIEKCIO conpsixennbiM ¢ HuMi, ¢ = — 1 Hakouneu,
A4Sl mpencTaBieHHi# THNAa 3, KOTOpbie HEIKBHBAMEHTHH MPEACTABACHHAM,

KOMIIEKCHO COMPAXEHHLIM MO OTHOWeHWI K mum, ¢ =0.

PapencrBo (5.84) naer naM mpocrtolt xpurepu#t L TpexX THNOB Npen-
craBaenHfi. B yacTHOCTH, mpeAcraBienHe MOXHO NMPHBECTH K BelieCTBEH-
HOMY BHIy TOJbKO B TOM Cjydae, eCJH CyMMa XapaKTepOB KBafparToB
3JIEMEHTOB TPYyNNu paBHa — 4.

Mycts {(S) — uHcao pelieHHH ypaBHeHHsA

R2=3S, (5.85)
OGveannss B (5.84) te unend, 413 Koropeix R?2=3S, noayuaem

; LS WS =c".g. (5.86)

BocnoJ/ib30BaBLINHCL COOTHOLWIEHHEM NOJAHOTH (3.177) M 3aMeTuB, uYTO
LST)=t©,
Mu pemnm (5.86), orkyna
L) =2 "), (5.87)

PaBenctBo (5.87) ycraHaBnMBaeT 3aMevyaTe/bHYIO TEOpPEMY.

TeopeMA, Yucno pewenufi R ypaBHeHHs R2=3S (r. e. uucno
KBaApaTHHIX KOpHeH H3 sieMentoB S) naerca dopmyofi (5.87),
B kotopott ¢ =0, ecam xapaxrep %™ (S) xommaexcuufi, Ecau e
xapakrep X" (S) — Bewecrpennnifi, 10 ™ =—41 mm6o ¥ =1

B 3aBHCHMOCTH OT TOro, 3KBHBAJIEHTHO MpelLCTaBJiEeHHE D(M BELIE€CTBEH-
HOMY MNpEINCTaBJIEHHI0O HJH HET,

B wuacrHocTH, BHOpaB B KauecTBe 3/eMeHTa S eaHHHuy E, Mbl Hafi-
JeM, YTO YHCIO pelueHHH ypaprenns R?=—FE paBuo

L(E) =2 Mn,, (5.88)
n

T. €, YHCMO TaKHX PpelleHHH MOJYUHTCA, €C/IH B3ATb CYMMY pa3MepHOCTeH
BCEX HEMPHBONMMBIX TNpEACTaBJAEHHH THMa 1 W BHIYECTb H3 Hee CYyMMYy
pasMepHocTeli Bcex mpeiacTaBleHHH THma 2.

Marpuua
; D (RY
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KOMMYTHPYeT CO BCeMH MaTpiuUaMH HeMPHBOAHMOro npencrabiends D (R),
TaK Kak

- <A>§ D(RY)D <A>=§ D' (AHD(R)D(A)=
=ZwﬂmmmmmwﬂmmmmM=
—ED@D@ ZD@% (5.89)

[[ockoasky D (R) npoGeraet Bcio rpynny G, 1o u D' (A) D(R) D (4)
takxe npoberaetr Bcio rpynny G.] [lo nemme llypa

2. D(RY
[e]
Jo/kHa ObITh KpaTHa eJMHHYHOH Marpule!

D (RY) = AE. (5.90)
G

Bssp caen npaBoft W JeBOH yacTeH PaBeHCTBA H BOCMOMb3OBABILHCDH (5.84),
Oy UMM
c(l‘-)g — A‘nu'

rie n, — PasMEPHOCTb TNpeiCTaBaeHnd, Tak 4T0 (5.90) MpHHMMaeT BHI

)
ED“"(R?) C("g E. (5.91)

VuuoxnM pasenctso (5.91) wa D™ (A):

u)
Y D% (4R?) = & i) (4) (5.92)
G i
H BLIYHCJHM CJae]
Z X (ARY = ££ 4w (4), (5.93)

[Monoxum A ==82 u npocymmupyeMm no S:
DI
R S

Eule pas BOCMOAb3OBABIUMCH COOTHOLEHHeM (5.84), moayumm

2‘ 2‘ L) (S2RD) = & “’g)2 ' (5.94)
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Ecan n(T) -— uMcno peweHnt ypaBHeHHA

S2R2=T, (5.95)
TO
W w (cg)? 5
2@ (T)=T. (5.96)
T

Bocnosnb30BaBILKCh ellie pa3 COOTHOLUEHHEM TMOJHOTH, Mbl peliuM 9TO
YPaBHEHHE H TIONYYHM

n(T)= L(C g) KT, (5.97)
i

B uactHoct, npu T =E
n(E) =g 2 [™] (5.98)
u

T. €. uHC10 pelienuit ypaBHeHua S?R2=FE (uan S?==R?) pasHO uncay
HENpPHUBOAMMLIX TPEJCTABACHHA C BELIECTBEHHBIMH XapaKTepaMH, YMHO-
KeHHOMY Ha £.

DTOT MpoLECC MOXKHO NMOBTOPHUTL, [lepeMHOXHMB ypaBueuns Tuna (5.91),
BLIIMCAHHBIE A8 § 3JMEMEHTOB Ry, Ry, ..., R, Mbl MOAYYHM

MWy \S
' DWRIRS ... R)=|X£) E. (5.99)
o
Ry vens Ry
Boiuncaus cien obenx uyacte#t (5.99), Haftzem
W) g\S
2 W (RIRS ... RY)= nu(cng) . (5.100)
Ry oo R " .

TeM e caMBIM METOJOM, KaK H paHblle, Mbl MOJYYHM TeNepb, 4TO YHCAO
pelieHHit ypaBHeHHd

RIR: ... RR=E (5.101)
dBHO
P gé‘-—lz [C(l‘-)]s
m [nu]S—Q

Badauu, 1. TocTpoHTth Tabaully XapakTepoB IS FPYINH KBaTEPHHOHOB
(cM. 3agauy Ha ctp. 44). INokaxure, 4TO ee AByMEPHOE NPEACTABJEHHE HMEET
tun 2, [lpoBepbTe pa3nuYHBIE TEOpEMH 3TOTO Maparpada AJs TPYNMb KBa-
TEPHHOHOB.

2. Ykaxure, k kakoMy tHny (1, 2 uau 3) OTHOCATCH TIPEACTABAEHHS KpH-
cTaanorpaguuecKux TOUEUHBIX TPYIII.

Ecan pasenctso (5.87), ompenensiouee §(S), Bo3BecTH B KBaapar,

MOJOXHUTDH
ST =1t©®
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¥ NPOCYMMMPOBaTh MO S, TO MBI TO/MYYHM
Z [C (8)12:: Z c(u)c(v Z X(P«) (S) X(V) (S—-1)=
G ITHRY G
= 2 Mo, = g D[V (5.102)
wy 1

Ator pesyavrar conanaer ¢ (5.98). Pasenctso (5.102) osHauaer, uto
CYMMa KBaZpaTOB YHC/A KBAAPATHHIX KOpHEH M3 BCeX 3/1eMeHTOB rpymnu G
paBHA YMCAY MPOCTBIX BELIECTBEHHBIX XapaKTepOB, YMHOXEHHOMY Ha g,

INocnenHnft pe3yabTaT MOXHO TNpPeiCraBHTb H B 60snee y100HOM BHIE.

-1

Mbl sHaeM, uto 9aeMeHThl R, ofparnble 3jeMenTaM R, npuHaitexa-
wuM Kaaccy K, o6pasyioT kaace K. Ilpu {==j COOTHOleHHEe MOJ-
HoThl (3.177) MMeno BHI

Eu] g =g, (5.103)
IIpocyMMHpOBaB 1O £, TOIYYHM
Eu] (Z g,x&“’x&“’) =g 2. (5.104)
3

B cooreerctBur ¢ paseHctBaMu (B5.83) u (5.83a) Beamunna, crosuias
B CKOOKax B /1eBOH 4aCTH STOr0 paBeHCTBA, PABHA g, eCaM Xapaktep y
BEUIECTBEHHBI, M paBHA HYy/MO, ect Xxapakrep ¥ — KOMIIEKCHBIA,
TakuM 00Opasom, neBas 4acTb STOrO PaBEHCTBA pABHA YHCJAY BeLIECTBEH-
HHIX XapaKTepoB, yMHOXeHHOMY Ha g. CyMMa, crosuwas B NpaBo# HacTH
3TOrO paBeHCTBA, PaBHA YHCAY KJAAcCOB [, COBNAAIOUIMX C Kaaccamu [,
TakHe KaaCCh HA3WBAIOTCA QMOUBALCHMABMI K1accaMH, PaBeHCTBO
(5.104), takumM 06pasoM, 03HAYaeT, YTO YHCJIO BelleCTBEHHBIX XapaKTepOB
paBHO uyMcay aMOMBaJeHTHBIX KJjaccoB. KOMOMHHMpYA 9STO yTBepxieHHe
¢ (5.102), monyyaeM cleayolLyl0 TeOpeMy.

TeoreMa. CyMMa KBaZpaTtoB uuMC/14 KBalpaTHHIX KOpHeH M3 Bcex
9/1eMEHTOB TpYNIbl PaBHAa MOPALKY TFPYNMb, YMHOXEHHOMY Ha 4YMCJIO
aMOHBaJEHTHBLIX KJaCCOB,

3aMeTHM TaKme, YTO eCIH BCe kaacchl rpynme G aMOHBaJleHTHH,
TO BCe XapaKTepbl J1OKHb ObITh BeulecTBeHHbIMH, Tak Oyzer B cilyuae
CHMMeTpHYeCKOH rpynnel S,, mockoabky J00ad nepecTaHoBka M eH
o6paTHasd MMEIOT OJHHAKOBYI0 CTPYKTYpPY Pa3fOXeHHd Ha LHKIb, Takum
00pa3oM, BCe XapaKTepbl CHMMETPHYECKOH TpYMNNbl BeleCTBEHHbI,

3adaua. Halgure uucao aMOuBaseHTHHX KJAAcCOB B KaXIOH U3 Kpu-
craanorpaduieckux TOYEYHBIX TPYNN H CPABHHTE €r0 C YHMCJAOM BEeuleCTBEH-
HBIX XapaKTepoOB MO Ta6juie XapakTepoB. [lepeudcaute TOUEUHbIE TPYTITIb,
y KOTOPBIX BCE ¥AacCHl aMOHBAJCHTHEI, !
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§ 6. PasnowenHe KpOHEKEpPOBCKOTO NPOH3BENCHHUS.
Pag Kae6ua — l'opaaHa

B § 1 Hactofued raaBbl Mbl ONpelenH/IH KPOHEKEPOBCKOE TPOM3BeE-
JeHHe IBYX mpeicTtaBieHH#., B TeOpHM CBA3AHHBIX CHCTEM M TPH BLIBOIE
npaBua OT6Opa 3TH TPOHM3BEIEHHA Wrpai0T OCHOBHYIO poab. B aToM
naparpade Mb NOJYYMM MAaTeMaTHYecKoe OOOCHOBANME 1A TAKHX TIPH-
JIOXEHHH,

B ofueM cayuae mpousBeseHue IBYX HENPHBOAMMBIX NpeiCTaBAeHHH
rpynnet G npusBoaumo. HroGbl pasioxuTh TPOHM3BeleHHe TpelCTaBleHHH
Ha HempHMBOJMMble, Mbl BOCHO/Jb3yeMc cooTHOWeHHeM (5.15)

1R =" R) M (R), (5.15)
H cOOTHOWIEeHHeM (5.42)
1V (XY (RY 3@
0-"—5,'%‘ EXV Ry (R), (5.42)

KOTOpO€ TNOKA3HBAaeT, ¢ KAKOW KPAaTHOCTBbI® (@,) JAaHHOE HENpHBOIHMOE

npencrasaenne D' comepxnurca B npencrasaennn D™ XY, Us stux asyx
PaBEHCTB Mbl TOMyYaeM

= 217- gx(u) (R) X(V)(R)—X_,(O)(R). (5105)

OTOMy COOTHOLICHHIO MOXHO TNpPHIATh pa3/HuHbIE TOJe3Hbe (GOPMbI,
Ilpexae Bcero BO3bMEM KPOHEKEPOBCKOE MPOM3BEJEHHe TNpeicTaBie-

wit D™ u D™ u cnpocuM, KakoBa KpaTHOCTb, ¢ KOTOPOH eIMHHYHOE
npencrasrenne cogepunrca B D™ % D™ TMockoabky Bce Xapakrepsi
eJMHHYHOTO mpeicTaBiennsd D papHbl elMHMLE, 9TO YHCAO PABHO

a4 = % N Ry (R) =8, (5.106)
G

rie rmoc/elHee pPaBEHCTBO CJAeLyeT H3 COOTHOLUEHHA OPTOTrOHANBIOCTH.
Takum oO6pa3oM, npousBeleHHE TNpeicTaBaAeHAR D™ u DY comepxur
(C KpaTHOCTbIO, pPaBHOH eIHMHHLE) €IMHHYHOE TpeiCTaB/JeHHE B TOM H
TOJILKO TOM CJayuae, ecaM W=V, DTOT pe3yAbTaT MOXHO CHOPMYIHDPO-
BaThb W B TepMHHaX 6a3uCHbIX GYHKUNU, BasucHas ¢pyHKuUMA (eIMHCTBEHHAd)
eJIMHHYHOTO TIPeICTaB/EeHHA HHBAPHAHTHA OTHOCHTEJBHO BceX Tpeobpa-
soBanuilt rpynns G, PasenctBo (5.106) 03Hayaer, YTO MBI MOMEM COCTa-
BHTb HHBAPHAHTHYI JMHEHHYI0 KOMOMHALMIO MpPOM3BEIEHHH BOJHOBHIX

dyHKUMA TOTJAa W TOAbKO TOria, Koraa npeicraBaens D™ n DY

conpskeHsl (UL =Vv). Ec1 npcicrasrenns yuATapuu, 10 D = D* B sT0M
¢/yyae Mbl MOXeM CKa3aTb, YTO MX TIpOM3BEJEHHE COJEPKHT eINHHUHOE
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npejicraBjienne B TOM H TOJMBKO B TOM (CJydde, €CJAH TIPEICTaBJEHHA,
AB/IAIOMHEC COMHOXHTENAMH, KOMIJIEKCHO COMNpPSXeHbl JAPYr ¢ ApPYroM,

Hance, ecan B (5.105) D’ samennts npencrasaenneM D, ML noayunm

a5 = )O] X (R) 1" (R) X (R), (5.107)

4TO 1aeT KpaTHocTb, ¢ kotopodt D'® pxommtr 8 D™ x D,
Uucna a; B (5.105) cayxar kosadduupeHTaMM B Pa3nOXeHHH Mpo-

nasenenna D™ X D™ ua HETNPUBOJHMMbIE TIPEJCTAB/CHHA:
W) v) \" a)
D X DV =Y a,D. (5.108)
g

Paanoxenne (5.108) HasmBaerca psdoxm Kaebuwa — opdana.
Ecnu mpencrasienna yuurapHel, 10 y =%, u (5.105) npuuumaer BH1

1
—_ (W ) *(0)
ay = Z_‘,xu R) 1 R 1@ (R). (5.105a)
O603HaueHmne
DW ¢ DV =¥ (uvo) D (5.108a)
g

apasgercd 0o/ee Har/AIHbIM, yeM 00O3HAYeHHMs, MCMOJIb30OBAHHLIE B PABEH-
crBax (5.105) uam (5.108); szecb (Uvo) o3HAuyaeT KPaTHOCTb, C KOTOPOH

npencrasienne D™ BXomMT B KpOHEKepOBCKOEe MPOM3BEIEHHEe TPeACTa-
paennit DY u DY), fcho, uto (uvo) = (vuo).

3adauu. 1. JlokawuTe, WTO KPaTHOCTH, € KOTODBIMH
D' conepxurca 8 D™ X D™,
DW conepuurca 8 DY) X D@,
D™ conepmurca B DP9 X DWW,

paBHH MeXay co6of. [ToxaxuTte, 4TO ecau Bce xapakTepwl rpymmnel G Bemie-
CTBEHHBl, TO CHMBOJ (pvo) B (5.1083) MONHOCTHIO CHMMETPHYEH.

2. Hafizute ycaoBus, npu KOTOPHX KpOHEKEDOBCKOE IIPOHM3BEJEHHE
D™ % D) nenpupoxumo.

3. JlokaxuTe, 4TO KPOHEKEPOBCKOE TMPOU3BEIEHHE JBYX HETPHBOJUMBIX
NpejacTaBAeHHH DasMEPHOCTH 1, U Ny (N, > Ny) HE MOXET COJepxaThb Ipea-
CTaBJEHHH DAa3MEPHOCTH MeHbluel, ueM n,/n..

4, Hafinute Koadduiment psga Kae6ma — [CopraHa /s MPOM3BEIEHHS
IBYMEDHOTO TpeNCTABJEHHS TPYIIIs KBaTEPHHOHOB Ha cebs.

5. TNokaxuTe, 4TO ecaAH XapakTepw TpejCTaBJeHHH D™ u D™ geme.
CTBeHHH, a xapakTep npexctasiemns D(®— xommaekcusii, To D™ X PO

*(0)

xomxHo coxepwate D u D € 00uHaKO80U KPAaTHOCTLIQ.
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§ 7. Koaddpuuuents Kae6uwa — I'opaaHa

B npenmayweM mnaparpade MB paccMOTpeNH 3aKayy O HAXOXJIEHHH
TAKHX HENPHBOJMMBIX TpelcTaBaeHHH, KOTOpPHE COIEepIKATCA B KPOHe-
KEpOBCKOM TpOH3BeJeHNH JBYX HENPHBOAMMBIX MpelcTaBieHufl. B cie-
Ayoliedt rraBe Mb TMOKaxeM, KakuM ob6pasom pan Kaebwa — IopaaHa
No3BOJseT HaM HafiTH mpasuaa orfopa.

Ilnq ¢du3HYECKHX TPHJIOKeHHH ellie OoJbluee 3HAYEHHE MMeeT 3alaua
0 HaxomaeHMH Oa3ucHHX (YHKUMH TeX NpelcTaBaeHHH, KOTOpHE cojlep-
KATcA B KPOHEKePOBCKOM mnpowusBelendn, Ham 3anawnl n, OGasucHBIX

("
byHKunl \}J(“) (=1 , ) HeNPHBOIMMOTO NpeJCTABIeHHA D™ (Gy
non 6asuc1—xb1x q)yHKuHﬂ \}J(V) (i=1,. n,) HENMPHBOIMMOTO NpeicTa-
srenna D™ (G). TpeGyerca matttn n, q)yHKuuﬂ y® (s=1,.... m)

KOTOpHE ABJAOTCA NHHeHHBIMH KOM6HHauHﬂMH HpOHSBeﬂ.eHHH \p“)ch) W
obpasyioT 6a3nc HeNpHBOIHUMOrO TNpeiCcTaB/AeHHs D(M(G) ¢yHKuuu ‘F(M
npeiCcTaBaAlOT COOOH CcHCTEMy napmeepos, TpHHALIEKAUIMX Tpeacra-
saernio D™ (G). Ys nocaennero naparpada Mu 3HaeM, uTO Takas CHcTeMa
CYWIECTBYET AUMp B TOM Cayyae, eCIH TpelCTaBIeHHe p™ COJlep KHUTCS

B npousseennn D™ X D™, 1. e. ecan (uvd) £ 0. C apyro# cTopoHH,
ecau (UuvA) > 1, Mbl MoxeM 06pa30BaTh HECKOJBKO HE3aBHCHMBIX CHCTeM
NapTHEPOB ‘Ifﬁ). [Ha camom 1ene, nattnerca (UVA) ,MPaBHJAbHBIX JHHeH-
HBX KOMOMHAUMU* npousBeleHuf#t (yHkuuiH.] YroOb pasanuaTh Mexay
coO0H 9TH pa3nHMuyHble CHCTEMH NapTHepOB, MH OyleM MpHMeHATH 0060-

3HayeHHe ‘I’g"k), s=1,...,n, 1,=1, ..., (Wh). dynkumn ‘Fg“h)
6yayT AMHeHHBIMM KOMOHHALMAMH TIPOH3BeleHH’ \pfy’cng:
T = el (), vi|Ar,s). (5.109)

(YcaoBuMcss O CYMMHPOBAHHH TO TOBTOPSIOIIMMCSA JIATHHCKHM GyKBaw,
CYMMHP OBaHHe e TO rpeueckuM OykBaM Bcerja OyieM yKasblBaTh b ABHOM
suae.) Kosdpduuuents (uj, v/|AT,s) B (5.109) HasmBaloTcd Kosghghu-
yuenmamuy Kae6ua — lopdana. (Ipyrue ux HasBaHus: Kosgduyuermst
Buernepa wan rosgpduyuenmor 8exmoproz0 caoxcerus. T1ockonbKy 3T
HA3BaHMA HCIOAB3YIOTCA 118 TPYNn YacTHOTO THNA, MBl TNpeANoyHTaeM
60.1ee o6lilee Ha3BaHue.)

O6wee ynca0 (yHKUMH ‘Fg‘rk) JOMKHO OHTb pPaBHO OOUIeMYy uHCay
npou3BeleHHH (QyHKUIHA \p(j“)(piv)

%1 (WA) my, = m,n,, (5.110)

nostoMy Kos(pouuentn Knebwa —Fopaana (uj, v/|At,s) obpasyior

MaTpHuily mopaika n»nv. PaBencrBo (5.109) ABJSETCH He YeM HHBIM, KaK
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A
OTMMCAHHEM CBA3H Mew1y JIBYMA DasiMuYHbLIMH Oa3HCcaMH ‘Pg ™ u \p(J‘.‘)cpr’

MPOCTPAHCTBA MPEICTABJAEHHA KPOHEKepOBCKOTro npousBeleHud. Ipyro#
cnoco6 onucaiind 3TOH CBSI3H CcOCTOAN Obl B BBIDQXKEHHH TIPOM3BeEJeHHH

‘P(;'L)(P(V) B BiJIe AMHEHHHIX KOMOMHALMHA QYHKuMH ‘ygh}")
=1, ...
Vel = 3 VW (sl ) (’l s ”“). (5.1092)
=1,..., n,

3T0 CcOOTHOWIEHHe aABAAeTCA OOPATHBIM MO OTHOLICHHI0 K COOTHOLUEHWIO
(5.109), tak uro

(K’r;w,s’|uj, vl)(uj, vl|M,~s)_—6W6 :'6“,, (5.111)
; (s, vi' | atas) (s | ng, vz)_—_c,-,-rc,,,. (5.111a)
A

3adaua, Toansyach paBeHctBaMu (5.109), (5.109a) u anHeiHolM HesaBu-
CHMOCTbI0 6a3ucHBHIX QyHKuuH, BhBeante coorHomenud (5.111) m (5.111a).

YroObl yNpOCTHTL HAlY 3ajady, MPeINOT0KHM, YTO Mbl HMeeM Jem0
HCKJIIOUHTENbHO C YHUMAPR& MUy NpeacTaBiesuamMu. B stom cayyae (5.109)
03HA4aeT nepexo] OT OJHOH OPTOHOPMHPOBAHHOH CHCTEMbI q;(mq)(v) K 1py-

ro# ‘F(Mh) C TIOMOWUIbI0 YHUMAPHOH MATPHIIbL (uj, vl|M s) TAK 4YTO

Ansing, vi)y=j, vi|it,s), (5.112)
(). VLMY (1), VAT 8) =8, By, (B.1116)
; (W', vU'|hts) (uf, vi[ATs) =8;;du. (5.1118)
A

IMonetictyem Teneps Ha paseHcTBO (5.109) omeparopom O, cooT-
BETCTBYIOIMM 3JeMenry R rpynns G:

A A A
0,,F¢™W = wC*™WD(™) (R),
Tle MaTpHUL D(Mh)(R) JO/KHBL BLIOMPATbCH MO HEKOTOpOH ¢uKCHpO-

BAHHOH CXeMe; B 4YaCTHOCTH, Mbl MoxeM (i OyiaeM) BhGHparh MX TaK,
uTOOBl MPH BCEX T, OHM ObLIM OJMHAKOBBLIMH, T. €,

DC™ (R)= D{(R).
Bocnoanayemca pasencrsamu (5.7) n (5.7a)
Oquth) . ‘Fg‘*)DQﬁ) (R) = (m (v)(”l vk l k‘chs )D(“h) (R,
(5.113)
OR\{J‘th) 0 [\p(u) (v)] (“j-, vl|7»17 S)= R‘p(u)ORq)gv) (“j vl | KTAS)::
= 4'gy DY) (R) Diy) (R) (), vi|Atys). (5.113a)
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(V)

[MocKOABLKY Tpou3scLeHHs lp 00pasyioT CHCTeMYy JMHEHHO He3aBH-

CHMbIX (YHKLHH,
DY) (R) DY) (R) (1), vi| Aty s)= (i, vk|AT,s") DU (R). (5.114)

Pagencreo (5.114) MOXHO mepenHcaTb B HECKOJLKMX BHIAX, YAOOHLIX
aasa npunoxenuit. [lpumenas pasenctBo (5.111), Mbl MOxeM nepenectH
Kosdpduumentsl Knebwa —Topaana B neylo uyacTs, B pe3yanTaTe yero

(A" 1hot | e, ve) DI (R) DR (R) (), vi|Atys) =

= D™ (R)b S, . (5.115)

M’ T Tt
Pagencto (5.115) 03Ha4aer, 4ro MaTPHLK D™ (Ryx DY (R) kpoHekepoB-
CKOTO TpPOM3BENCHHA MOXHO C MOMOLIbIO TPaHCHOPMHPOBaHKMA MATP Hilelt
s, vlAT,s) kosdduumnenton Kinebwa —T'opiana npeicrasuts B kae-
TOYHO-IHaroHa LHOM BHie. [lepBblA MHOMXHTEIL B JIEBOH YacTH MOXHO

. r o ONE
TaK)e 3anucaTh B BHIe (m, vk I A Th't) . Hoabsyace cooTHowenneM (5.111a),
Mbl MOXeM TepeHecTH Koddduuments Kne6wa — opaaHa B upasyio
yacth (5.114), 4TO TMpHBEleT K COOTHOLLEHHIO

D¥ (R) DY) (R) = 2 (i, vE[AT,8) DT (R)(ATs |u), vI),  (5.116)

3azaouleMy oOpatHOe npeo6pasonaﬂue OT KJETOYHO-AHATrOHAMLHOTO BMA
K KPOHEKEPOBCKOMY MPOU3BEIEHHIO,

(M)
Ymuoxns Ha DA (R), Mbl MOXKeM TepeHecTH MaTpHLy npeicTa-

BneHHs W3 npaBoft yactH (5.114) B neByio. TOuHO TaK ke B paBEHCTBe
(5.116) Mbt Morau 6bl BOCNOAb3OBATHCA COOTHOLUEHHAMH OPTOTOHAMBHOCTH,
yToObl TNEpeHeCTH BCE MATPuLLl B OJHY YacTb paBeHCTBAa. OAHAKO Mbl
BHIMM, 4YTO TAKaA ONMEpalMA TPHBOAMT K yDPaBHEHHAM, HECHMMETPHUHEIM
no W, v, A.

§ 8. Mpocro mpHBOaHMbIE TPYINbI

Mer MokeM moayunth K03dHLKMEHTb! caoxeHus, obaasawouine GoJee
BHICOKOH cuMMeTpHelt, ecan 6yjaeM BbIOMpATL TPYNNbl CHELHMANLHOTO BHAA,
[Ipexxae Bcero MpeinoMOXKHM, YTO XapakTepbl BCeX HENMPHBOLMMBIX Tpe-
craBiaeHnit rpynnsi G 8eujecmsenns. OTCOJa CAelyeT, uTO Kakaoe
NpelCTaBleHHe SKBHBAJEHTHO CBOEMY KOMILIEKCHO COMPAMEHHOMY M uTO
npeactaBaeHuit tuna 3 (cM. § 5 ra. 5) Her, Bce HenpuBOAMMBlE TIpen-
craBieHus rpynnsl G -— ueable WM MOJAYLEAbe, DTOMY YCAOBHIO VIOBaE-
TBOpAET BeCbMa IUMPOKHH KJaacc Tpymn: rpymnna BpalueHHH, rpynna Kea-
TEPHHOHOB, OO/MBIIMHCTBO KPHCTANNOTPAaHUECKHX TOUEUHBIX TPYNN H BCe
cuMMetpHueckie rpynmsl S,. JeHCTBHTENLHO, MBI YBHIMM TNO3/HEe, uTO
BCE HENpPHBO/JMMblE TPEICTABJAEHHA CHUMMETPHYECKOH rpymnel S, MOXHO
Bei6paTh Tak, 4TOGbl OHM ObIIM BELIECTBEHHBLIMHM, B PE3YJAbTATE YEro Mbl
MOJYYMM JHIUb lie/ble TPeJCTaBJ/eHHs.
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Bropas TpyaHocTs B OOlieM caydae BO3HMKAeT BCJEACTBHE TOTO, YTO
k09 duuueHT (UVA) MOXeT ObThb Ooabllie eIMHHLE. JTO O0CTOATENLCTBO
Ienaet onpeneneine kosdduunentor Knebwa — opaaHa HEONHO3HAUHBIM,
MOCKOAbKY MH MOXeM BHOMpDaTh NPOH3BO/bHbIE JHHEHAHBIE KOMOHMHALHH

2 eng, W), (5.117)
A
OCTaBJd4 npeacTaBAeHHe TNO-MPEWHEMY TNPHBEIACHHBIM K KJA€TOYHO-IHAro-

HaabHOMy BuAy. Ecinm OBl kaknoe mpeacraBiaeHue D™ Bxoanno B Kpo-
HeKepOBCKOe TpPOM3BEJeHHE C KPAaTHOCTbIO, caMoe Goabliee paBHOH eim-
nue, TOo Koadduumento Knebwa —[opgana Ooan OB MeHee Heompe-
aetedHbiMH, M3 (5.117) Mbl BHAMM, uTO B 9TOM CJAyyae MB MOTJH

Obl 3aMeHATb (YHKIHMH ‘I’g}") JHIL QYHKLHAMH v, [TockobKY MBI
paccMaTpMBaeM YHHTapHbie NPECTaBAeHHsd, 9TO 03HAYa10 Obl, uto [¢5 | = 1.
[109TOMYy eIMHCTBEHHBIM NpPOH3BOJIOM B KO(pduumenrax Knebwa —Top-
JaHa Obln Obl (pa3oBLIf MHOXHMTENb, OAMHAKOBHHA 119 BCceX KO3(dHlMeH-
TOB C OJHHAKOBBIMH W, v, A.

IIpn paccMOTpeHHM CHMMeTpHYeCKOH TpYMNbl Mbl NMOKAXeM, 4YTO Koe-
KaKHe pe3yabTaThl MOXHO MOAYYHTH, HECMOTPA HA STy BTOPYIO TPYAHOCTD,
Mpr OyieM cudtaTe, 4TO B 3TOH raaBe JeHcTByloT 00a OrpaHHueHud,
0 KOTOPBIX TOJbKO YTO T'OBOPHJOCEH.,

Mb ckaxeM, uyto rpynna npocmo npusoduma (SR-2pynna), ecam:

a) Kawaui saeMent rpynns U 9KBHBaNeHTEH OGpaTHOMY,

6) KpoHeKepOBCKOe TpOM3BeleHHe ABYX HENpHBOAMMBIX TIpelcTaBJie-
Huft rpynns G cOMEPKHT KaxkA0e HEMPHBOAMMOE TpelcTaB/ieHHe He Gonee
ueM OJIHH pas.

YcnoBue «a» 03Hayaer, UYTO Bce Kaacchi rpynnbl G aMGHBAneHTH,
BCE XApAKTephl BellleCTBEHHb H BCe HeNPUBOIUMbie NP e1CTaBIeHHs rpy s G
uease HaM noayuensie (¢W = -1 uan ¢ = —1),

CumMertpnueckue rpymmsi S3 H S, rpynna kBaTepHHOHOB, IBYMepHas
YHATapHad YyHHMOJIYJApHas Tpynma M TpeXxMepHas Tpynmna BpalieHHH
aBasiorcs SR-rpynnamu.

Ycnoue «G» CYyLIeCTBEHHO 1ad (u3MyecKHuX TNpuiaoxeHui. M3 uero
ClelyeT, YTO «NpPaBHJIbHEEe JHHEHHbe KOMOGMHAUMH» TNPOHM3BeleHHA 6as-
CHEX (YHKUMH OnpeleNeHb C TOYHOCTBIO 10 (Da30BOTO MHOXHTENd H
YTO pelienne (u3Myeckod 3alauM OJHO3HAYHO onpejendeTcds M3 coolpa-
XEHHIH CHMMETpHH,

IlokaxeMm cHauana cAeiyIOlLYI0 JeMMY.

JIemma. KpoHekepoBckoe npousBeneHHe IBYX LieawX HJAM ABYX Moayle-
ABIX TpejicTaBieHHit SR-Tpynnbi COLEPMHUT fuuis Lenvie TpPeICcTaB/e-
HUA; KPOHEKEPOBCKOE TNpOHM3BEIeHHe LEeM0r0 M TOJAYLenoro npeicra-
BJICHHA COJEPXKHUT 24Ulb TIOAVUENLe TpeNCTaBAeHHS.
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Yuntapuas Marpuua S, npeoGpasyiowas npeicrasrenne D™ B ero
KOMILIEKCHO COTIPSKeHHOe .
SuDWS; = D" ", (5.65)

yIOBNETBOPAET PaBEHCTBY B
SH- — C(“)Sl‘-’ (579)

()

rie c(“)=—}—1, €C/H TIpelCcTaBjeHHe D™ uenoe, H ¢ =—1, ecau

D™ noayuenoe [ycnosre «a»]. AHanoruuio
DM =D"",  §,=cvs,.

OO6beanHas 3TH PaBEHCTBA M TOIb3YAch COOTHOWleHHeM (5.66), moay-
yaeMm
(Su X Sv) (D(u) X D(V)) (Su X Sv)"l — (D"(P«) X D*(V)) — (D(P«) X D(V))"
(3.118)
(S, X Sy) = cWe (S, X S,). (5.119)

TaknM oOpasoM, yHuTapuas Marpuua S==§, X S,, mnpeobpasyouas
kpotekeposckoe nponasenenne M= D™ % D g komnaekcho conpa-

’eHHOe, CHMMeTpHuYHa, ecan o6a mpeacTaB/eHHs DW™ y p™ LneaLie Hau
noayuenbe, ¥ aHTHCHMMETPHYHA, €CAM OLHO M3 TPeICTABJEHHH Iienoe,
a Ipyroe mnoayuenoe:
-1 . &
SMS™" =M, S= +S8. (5.120)

O603HauuM cumBosaoM U yuHTapHylo matpuuy kosddHuuentos Kaebma —
lopaana. Toraa
UMU™ = M,, UMU =M, (5.121)

rie M, —npuBeleHHas ¢opMa KpOHeKepoBCKOro mpousselennas M. Ua
ycaoBus «6» caegyer, uro M, umeer BHI

1_7115_---.,
m=| Pl |, (5.122)
[ S
+Ds
rae Dy, Dy, ..., D, — HeaxksusareHmHble HeMPHUBOINMEL € IPENCTABAEHHA.
Hs (5.121) umeem
M=U"'MU. (5.123)

O6beanuss stot pesyabtat ¢ (5,120), no.ayuyaem
SUT'MUS™ =M,

. . . 5.124
UsSU-'MuUsT\ut = M, ( )
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HJIH
SMS; =M,  SM=M.S,, (5.125)

rie
S,=U'SU!, (5.126)

Bocnoabsyemca cootHowenuamn  (5.120), (5.126) u  yHHTapHOCTHIO
Marpuus U, Ttoria

§ =080 =U'S0U "= +U'SU" = *S,.  (5.127)

Paszo6beM Marpuuy S, tak e, kak matpuuy M, B (5.122), u o6o-

3HauMM NOJAMAaTPHUB CHMBOIOM Sy; (i, j==1, ..., s). Paseuctso (5.127)
O3Hauaer

Sp= £, (5.128)
U3 pasencta (5.128) noayuum
SUDjz D:Slj. (5.129)

Ilpn i == j mnpexacTasieHns D] u D; HesKBUBAIEHTHH, B CHAy Yero
n3 (5.129) n aemm llypa creayer, uro S;;==0 npu !+ j. Takum
06pa3oM, MaTpula S, HMeeT TOT Xe KACTOYHO-IHAroHa bHuHA Bui (5.122),
yto n Marpuua M, V3 (5.129) npu [==j umeeM

SuDS7i = Dy, (5.130)
u3 (5.128) monyuaeM
Sy==S,, (5 131)

TakuM 06pasoM, Kaxiad u3 noamarpui, D; marpuum M, npeoGpasyerca
B KOMIIEKCHO COTIPAMEHHYI0 MaTpHue# Sy, KOTOpad CMMMeTPHuHa, ec/H
o6a mpencTaBaeHHs lejble HAH 06a NpeicTaBAeHHs NOAyleae, H aHTHCHM-
METPHUHA, eClH OJHO TpejacTaBleHHe Lel0€, a APYroe mnoJaylenoe,
Koadpduunents (UvA) psaia Knebwa —M'opaana nomkub bt Gosblie
nan pasubl 0, Ilas moGoft rpynmbi uncaa ¢ pasub uGo *1, mu6o O,
TaxkuM 006pa3om,
(MvA)2 > cmeMc® (uvd), (5.132)

3uak paBeHctBa B (5,132) BHmMOJHAETCA JMIIL B TOM CJayuyae, KOria
mbo (WA)==0, 1160 (UvA)=1 n cWcMc® =1, CymMupya no BceM
HENMpHBOJMMEIM TPEACTAB/ICHHAM, TOAYYaeM

VA2 > D) e (uvh), (5.133)
uvA HvA

e 3HaK paBeHCTBA HMEET MeCTO JHMIUL B TOM Cayuae, eC/lH TpH BCex
n, v u A au6o (mvA)=0, ambo (WA)=1 u WcWe® =1, Ho wus
HalieH NeMMbi CAe1yeT, YTO HMEHHO TaK H TNPOHCXOJMT B Cayuae SR-
rpynn. ITostomMy 3Hak paseHctBa B (5.133) apaserca HeoOXOAMMLIM U
ROCT4TOUHBIM yCIOBHeM Lad TOro, 4toOh rpynna Gwna SR-rpynmof
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Ina nw6oit rpynnsi G mpasyl uwactb HepaseHcTtsa (5,133) MoxHO
nepenucath ¢ nomowbio (5.105a) u (5.87) B Buze

) e (i) = L BN cwemctagn (R) x» (R) ™ (R) =
nvA £ wvk R

1
E%IC(R)]‘*. (5.134)

Euie pa3s BOCHO/Mb30BaBLIMCL cOOTHOWeHHeM (5.105a), nas neBoit wactu
nepasercrsa (5,133) moayuum

\! __l \' '\ * ’ v *{V N % (A ) ’
¥ (2= P NN xR 1@ R X (R) 12 ™ (R x* M (R) 1™ (R'),

IR Y uvk RR'

CyMMBEl TIO [, ¥, A MOXHO BHUYHC/AHTL B OTAGJLHOCTH C MOMOILBIO
COOTHOWIeHHsA MmoAHOTH (5.41), oTkyna

N vy =§17§ gr (_;.’;)3 —g ;(_g# (5.135)

BVA

rie gp—— YHCIO 3NEMEHTOB B Kjacce, coiepxaumem 3iement R. [lox-
cTapasd B HepaseHctBO (5.133) supaxenus (5.135) u (5.134), noayuaem

Yrewre< ) (z—;‘i—)z: (5.136)
R R R

TaKHM O6p330M Mbl J10Kasaau cjaeaywoliee:

HepasenctBo (5.136) sumoangerca anasd moOOR KOHEWHOW Tpymmel,
3HaK paBeHCTBA MMEET MeCTO B TOM M TOJBKO B TOM Cly4ae, ecJH
rpynna mpocto NpHBOAHMA.

CornacHo Halel jemme, B ciayyae SR-rpynn KpoHeKepOBCKOe MPOH3-
penedre DM X DWW no6oro mnpenactapieHus Ha ceGa COLEPIKHT JHILb
yesvle MpPelCTaBlIeHHsd, DTO MPOM3BELEHHE BCErAa MOXHO pa3/iOXHTb Ha
CHMMETPHYHYI0 M AHTHCHMMETPHUHYIO Y4ACTH:

D(u) 1 DM [D(H) 1 D(H)] + {D(H) 1 D(H)}. (5.28)

Ecan D™ — nenoe npencrasienne,To HenpHBOAMMEE TpeICTaBACHHS,
corepxaupecs 8 |D®™ X D™, wasusawores uemnsimu npedcmas.ae-
HuSMu, A HeTPUBOIMMbie TpeACTaBAenus, cofepxamuecs s {D® % D™},

Ha3LBAKTCH Hedemuumu npedcmasrenunamu. HaobopoT, ecau D™ —
NoJyUenoe MpejicTaBleHHe, TO TPeACTaBIEHHs, COJepiHallHecs B ero
CUMMEMPUI0BAKKOM KBALPATE, HAILBIQTCA HEYEMHbI MU, 3 T¢ W3 HUX,
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KOTOpbIE COLEPXATCH B AHMUCUMMEMPUIOBAHHOM KBAApaTe, Ha3bi-
BalTCA Yemuemy, Temepb NOKAKEM CICLYIOLLYIO TEOpeMy.

Teopema, [lpeacrasienne SR-rpynnn He MOXeT ObiTb ONHOBpE-
MEHHO YE€THBIM MU Hede rHbIM.

Ilna  nokasatenbctBa TeOpeMbl BOCNOMb3yeMcd paBeHcTBaMu (5.32)
u (5.33):

[x* % %™ R)] =5 [(6* R ) + 2 (R?), (5.32)
(1 % 1™ R = 5 [ R — 1™ (R)] (5.33)

Ycnosue TOro, 4to ABa MNPEACTABAEHHMA He MMEIOT OOILMX HempHBO-
IUMBIX 4YacTe#, UMeeT BHU]I

%} 1@ R P (R) =0, (5.44)

rie, KpOMe TOrO, CyMMa HHKOTIAa He MoXeT ObiThb MeHblue Hyas. [loab-
3ydcb cootHolweHuamu (5.32), (5.33), (5.44) u onpenejseHHIMH YeTHbIX
¥ HeYeTIbIX MpeACcTaBleHUH, Mbl 00HAPYXHM, 4TO HAalla TeOpeMa 3KBHU-
BAJIEHTHA YTBEPIKIE HHIO:

S0 R+ P RS ®) — 0V (R)] =0 6.137)
npu BceX W H v, Jaubo
HZV‘;%‘;KX(“’(R))Z-H(“’ K RNNGED R ) — "V (R)]=0.  (5.137a)
Bocnonbayemca ¢opmynoi (5.87), B kotopoi monoxum S = R%
L(RY) = g} cy ) (R?),
1 mnpeobpasyeM BTOpHE UYJAEHB, CTOAIME B COMHOXHTENAX paBeHCTBA

(56.137a). K nepBuM usieHaM, CTOAIMM B CKOOKaX, MPUMEHUM COOTHOLLIE~
Hie moaHoTH (5.41):

2 30 (R) W (R) = gi
n

Torza nesas uacte (5,137a) npeoOpasyerca K BHAY

Z ( -+ Q(R2)> ( —C(R2)) ;[(fg)r"_ {;(Rz)]z] . (5.138)

R
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Ho us onpenenenns {(8) caeayer
SEOP=ZLEPLS) = SZ}? [C(S)]?os,m=§[c</e2)12. (5.139)

Hawa npeawaywmas rteopema [coortHowenHe (5.136), B KOTOPOM cToOMT
3HaK DABEHCTBA, NMOCKOJbKY Mbl paccMarpuBaeM SR-rpynmy] yTeepmiaer,
yto (3.138) obpawaerca B HyJab, a 3T0 M TpPeGOBAAOCH 10KA3aTh.

" Teopema omwio0b He yTBepxjaeT (M 310 clelyeT oco60 nolyepk-
HYTb), YTO BCAKOE UEN0e TNpeincTaBaeHHe auO0 YeTHO, AHGO HeyeTHO.
Moxer cayuuTbCs, 4TO KakOe-HHMOYIb KOHKpETHOE IeN0e mpeicTaBie-
HHE He COIep:HTCd B KBAApaTe HH OLHOTO mMpeicTaBieHHd. Takoe npen-
CTaB/JieHHe He fB/AETCS HH YETHBIM, HM HEUETHBIM.

3adaua, Paccorpure rpymny G, COCTOALLYI0 M3 BOCbMH 3AEMEHTOB: 1,
—1, x, —x, ¥, —y, 2 —z c tabauuell yMHOXeHHUH
H=yi=1l Z=—1  y=—yr=gz
XZ=—2X=1Y, Zy=—yz=2ux,
Kaxan cBa3b cymectsyer mexay 8tod rpynno#t G u rpynnoH xsartepHuo-
noB? [locrpolite Ta6auny xapakrepos rpymnst G. IloxaxuTe, 4TO AByMepHoe
npejcrapaedue rpynus G 1enoe, HO He COAEPKHUTCA B KBajJpaTe HHKaKOro
Npe/ICTaBACHHS.

§ 9. 3/-cumBoJH

B srom mnaparpade Mb OyneMm noab3oBatrbc 0OO3HAUEHUSIMH, BBeE-
JeHHbBIMH BHrHepoM, B OCHOBe KOTOpDHX aexar o0o3HaueHHMs 1Jd Tpex-
MepHO! rpynnel Bpauenuit. Henpupoaumble npeacTaBieHHs Mbl OyLeM
0003HayaTh CHMBOJAMH J;, Jo W T. 1,, a4 CTPOKH M cTOJAOUB MaTpUL —
rpeyeckuMu OykBaMH. Mb OyleM NpHIASPMKHBATBLCSA COTJALIEHHA O CYMMH-
pOBaHHH MO MOBTOPSIOLIMMCH FpeyeCKHM HHAexkcaM, Bo Bcex e ocranb-
HBIX CJyyasX CyMMHpOBaHMe OyleT yKka3blBaThCd B SBHOM BHAe. Pa3smep-
HOCTb TNpeICTaB/IEHHS DY OynemM 0603HayaTb CHMBOJOM [/].

B § 7 Hacrosiiell raasel pa3noxeHHe KPOHEKEPOBCKOTO MpPOM3Bele-
HUS MOXHO OHJIO NMPOH3BOLMTP KaK TNO TPEeICTABIEHHSIM, KOMIIEKCHO
CONpSXKEHHBIM C HENPHUBOIMMBIMH MpPENCTABJCHHAMH, TaK H MO CaMHUM
HEMPHMBOAUMBIM TpeiacTaB/eHusM, OnpeleluM YyHHTapHY©o Matpuny U
C MATPHYHEIMH 3JIeMEHTaMH

1 Jo fs)
)

11 U/
U jns, nin, = /3] <%1 Ry (5.140)

KOTOpas pa3naraeT KpOHEKepOBCKOe NMpPOH3BeAeHHE TpeNCTaBIeHui DY
’ .
u DY g CyMMy TpeicTaBjeHu#t D (/) Benuunna
N Je Ts
(5.141)
np %p Mg
HaswiBaetcad 3j-cumM80.40 M.
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B s1Hx 00603HaueHMAX MOXKHO mMepemucaTth Bce paBeHcTBa § 7 Ha-
croswe#t raasel, Bmecto (5.1116) u (5.111B) MBI nosayyaem YycaoBus
VHHTapHOCTH!

hode N[BT\
[]]Kull %22 wfl\oy wy =y Jo NO;pbu., (5.142)
O L[ e B\ T2 JsY
Z il <”1 & “3) <k1 Ay %3> = 8.2 (5.142a)

Pasencrea (5.115) u (5.116) samensioTca paBeHCTBAMHU

. ) s . s/

[ T S () (jl Jo I3\ *(js)
[13]<%1 %2 %3> D%IM (R) D%ZM (R) A’] A’2 ks '—éjsjéDus 3 (R)' (5'143)
jl j2 jS.D'(j‘) jl j2 jS
n dp wg) P \N Ao Ag

DYY, (R) D3, (Ry = Y u‘ﬂ( ) (5.144)
Ja

a paBeHcTBO (5.114) — paBeHCTBOM

(j‘ ) "*)Dsz;'x. (R) DY, (R)= D34 (R) (’ G ‘*)

H A N3 Moh Ay (5.145)

[MockoAbKy MpenCTaBJCHHS YHHTAapHB, MH MoxeM, yMuoxus (5.145) Ha

D;j‘i, (R), nepeHecTH BCe MAaTpHUB NPEICTABAEHUH B JeBY10 4aCTb 3TOrO
3"3

paBeHCTBa:
S Je Js\ [h Je %
(Jy (J2) (f2) _ 2 3
Dmkl (R) D%z?»z (R) D%ah (R) <%1 %2 %3 - kl 7\’2 A’3) . (5 146)

[Tepeitns B paserctBe (5,146) K conpsHKeHHBIM BeJHUMHAM, HCMOL3YA
-1
YHHTApHOCTb MpejcTaBleHHit M 3aMenss R~ Ha R, moayuaeM

: hoJe B\ [N Ja JsY
{J1) (f2) ( f3) . .
Dy, (R) Di, (R) Die, (R) <n1 s %3> = <7L1 " k3> . (5.146a)

3/j-cumBon nonaraetcs paBHbIM HYMO, ecAu (f fof3) =0, MO3TOMY HeT
HeOOXOIHMOCTH yKa3pBaTh mpefesnl cyMMupoBaHuano j, [lonaras s (5,142)
Ji=J=J3 # =n= 13 U cyMMUPYS O Ay, TOJAyHaEM

(jl J2 j3><j1 J2 s

" MUg A3/ \% Ay A3

> == (j1j2j3)- (5.147)

\

BriGepem 370 0603HadeHHe, CMEUMANbHO MPUCNOCOGIeHHOE /S TpeX-
MEpHOH Tpynnbl BpauleHW#, W TONOKHM (— )Y =1, ecin j— uenoe
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npeacrasnenne, u (— 1)2 = —1, ecnu j — noayuenoe npeacrasieHue.
Toraa M MOXeM 3alucaTth
hvoJ2 U hoJa s
( 1)2ll+2fz+2h , (5.148)
A % A3 N Ry Ay

MOCKOMbKY MO JeMMe § 8 Hacroswe# raasbl 3j-cuMBon ofpamwaercs
B Hy/b, €CJ/H
Y
(_ 1) jl+2/2+2j!#1

MoxHO TaKxe ycnoambca uTO (— 1)/ =1, ecan j — uetHoe npeacTas-
nenne, u (— 1)/ = —1, ecan j— neuerHoe npeicrasaeHne, Ecan xe
J — npelicTaBienye, He ABAMONEECS HH YETHBIM, HU HeueTnbM, 10 (— 1)/
MOXXHO TPOH3BOJbHO MOJ0XHTb pamHbiM 1. [lpu mnosayuenom j Moxio
HPOU3BObHO MOA0XKHUTE (— 1)/ paBHbIM { wanm — [, HO mOcae TOro, Kak
BLIOOp mpoussened, aHaueHue (— 1)/ Bcloly HOMKHO OHITH OLHWM M
TEM Ke.

[TpuBenenHoe KpOHeKepOBCKOe NpOU3BedeHHE KOMMYTHpPYyeT C MmoGoH
IHaroHaibHOM MaTpuueH, B KOTOpPOR Bce AMArOHaJAbHble 3JEMEHThI, COOT-
BeTCTBYIOLIME J1AaHHOMY HENpHBOIMMOMY TPEICTABAEHHIO, OJHHAKOBHI,
[TosToMy 3j-CHMBOM MOXHO yMHOXaTb HAa BeMMUHHY o (fy, fo, J3), 3aBH-
cAWYI0 OT fi, fo, f3, HO He 3aBHUCALLYI0 OT %, Mg, U3 Ecam mpexcras-
NeHHe JLOMKHO ObiTh YHHTADHBIM, TO |o|2==1, .

Bocno/ab3yemcs COOTHOLIEHHAMH OPTOrOHalApHOCTH (3.137), urchwl

npeo6pasosatb (5.144) k Buiy
Jo Jo B\ (0 T2 T
(f2) (jg
ZD 5. (R) DR, (R) D3, (R) =g <u1 " %3) n by Ay (5.149)

3ameHa kospdunuentos Kaebuwa—TIoprana 3/-CUMBOJAMH C MHOXHUTENEM

I
(/3] 2 nosponfeT HaM cleaath 3TO paBeHCTBO CHMMETPHYIIBIM OTIOCH=-
TeqbHO MaTpul npeiacrasaeHuit. [Tonaraa B (5.149) %, == A;, HaxonuM, 4to

<1'1 Ja 1'3>2 <i2 Ji j3>2 <j3 Ji J'2>2
N Ry A Ry N Ay Ay N Ng
T. e, 4T0 a6CcOMOTHOE 3HaueHHe 3f-CHMBOJA He H3MEHHUTCH, eCiu mepe-
CTABHUTb CTOJGLHI.

IokaxeM J1ajee, 4TO BCErja MOXHO TaK BHIOpaTh ¢a3oBble MHOXH-
temn ©(jy/pfy), 4TO

(f1 Jo ls) (— 1)]1+1z+1=<j2 Ji ]3>=

Uy %o U3 Ho % %3
h T3 Ja

JZ Js
_( )J‘ <
”’1 3 2

OTKyZa ¢ moMollbio cooTHouenus (5.148) noayuum

o de B\ (2 ds B\ _(ds B J
<]1 2 3)2( 2 J3 1>=< 3 J1 2). (5.152)
M’l %2 %3 %2 %3 M’l %3 M’l %2

i 1. 1, (5.150)

), (5.151)
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Muaye rosops, ¢asonBble MHOXHMTENM BCerjla MOMKHO BbIOpaTb TaK, YTOOI
3/-CMMBOMIBL He M3MEHSVIMChb TpH YETHOH TepectaHoBKe CTOJACUOB H
yMHO)aaHch Ha koshouument (—1)'"/*7/ (papnuit + 1) npu neuernont
NepecTaHOBKe.

Yrobbl nmoayunts paseHctBa (5.151) u (5.152), BuiGepeM kakoi-uHGynb
KOHKPeTHbIt Habop %ig, Hey, Mag, A KOTOPOro 3j-CHMRBOI

<J'1 J2 fs>
o %0 %30
He o6pawaercd B uyab. M3 (5.150) Mbr BuauM, YTO A1 3TOH TPOHKH %

He OyayTt o0pamatbca B HYJb H 3j-CUMBOJbl C MEpPeCcTaBieHHbIMH CTONG-
uaM. BoibepeM Tenepb Pa3oBeiit MHOxHTENb ® (f, /> /3) TaK, 4TOGH 3 j-cuMBOA

< v e 13)

%19 %y 30

Obl/l BelLeCTBEHHBIM H TOJOXHUTeMbHbIM. BribGepeM, nanee, ¢as3oBblt MHO-
wutenb ©(fyf;/3) TaK, 4TOOH BHNOAHAAOCH TepOe U3 pasercts (5.151).
DTO BCeraa BO3MOXKHO, €ClH j|+=j,, MOCKOJbKY B 3TOM ClIydae MHOXH-

teib ®(fyf1J3) He 3aBucut oT ©(f,/,/3). Ecam xe j, == f,, TO mnepsoe
u3 pasencts (5.151) oauayaer mpocto

(fl h f3>: i (jl h Y,

Hy Ry A3 Ry %y Ny,

T. €. NpeACTaB/JeHHe jf; COLEPNKUTCA B CUMMETPHYHOM KBaapaTe mpel-
CT4BJIEHHA J|, ecau mpeicTaBieHue Jy— 2/, 4YeTHO, M COLEpKHUTCA
B AHTHCHMMETPHYHOM KBaiparte j,, eciu j3— 27, HeueTHO. AHAJIOrMYHO,
Mbl MOXeM clelaTh TaK, 4YTOGb! BEIMOJAHANOCH BTOpPOe paBeHcTBO (5.151)
[a cnenosaTembno, U (5.152)] mpu %y, Mgy, %y. HO B 3TOM cayuae,
ecni B (5.149) BMecTO %; NMOACTAaBHTb ;5, Ml YBHIMM H3 CHMMETDHH
neBOit wacth paBeHctBa, yto pasedctsa (5.151) u (5.152) 6yayT BLiNOJ-
HATbCA npu 8cex Ay, Ay, Az IDTH paBeHCTBA COXPAHATCA, €CAH BCe
3j-cuMBona YMHOXHTb Ha tasoBrie MHOXHUTeN® ®(/f,/o/3), NMOIHOCTBIO
CUMMETPHUHBIE TIO |, Jo, f5.

Ianee Mu paccvotpuM (5.144) B uyactHOoM cayuae, Koriaa j, ecTb
eIMHHYHOe Tmpencrtasaerde. QBGO3HAUWM 3TO NpPeiCcTaBieHHe jo==0, a ero
eIMHCTBEHHYIO CTPOKY (1 cToa0en) 0603HAUUM HHIEKCOM %o == 0. Kponeke-

POBCKOE TPOM3BelEeHHE TpeICTaBICHUMH DY) u DO cogepxut TOABKO
npeacTaBieH’e DYV, Tak uto B 3TOM cayuae u3 (5.144) caenyet:
jl O jl

A, 0 M)’ (5.144a)

AN
DS&&(R)=U}1< o ;) DA%;’(R)(

%
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T. @. YHUTapHas MaTtpHua

j .1/1 j O j

KOTOpY0 Mbl OyleM HaselBaTh lj-cumsosom, npeobpasyer mpeiacrasie-
mee D' B KoMmiekcHO compskeHHOe:

J o’
(J) — (f)
D“}‘(R)_<u“> (R)( > (5.154)
[epetins B (5.154) Kk KOMINEKCHO CONPSKEHHBIM BEJHYMHAM, TOJYYHM
. () J ; (1’ ¥
() — (j) R
Dy (R)—(\W>D;;V(R)\vk> . (5.154a)
Ias storo uactHoro chayvas ycaosus yHHTapHocru (5.142) u (5.142a)
CBOAATCH K YCJAOBHAM
IN(J
(2V[,2) =0 o159
"
IN( J
<uk> <u’k)=6””" (5.155a)
PasenctBo (5.151) cBoauTca K paBeHCTBY
J ol
<%k>—<—1) (k%) (5.156)

KOTOpOe fBJfeTCA JHIIb WHOH ¢dopMol yTBepxaenus (5.79): marpuua,
npeoOpasywollas npeicTaBjleHHe B KOMIJIEKCHO CONPsSKEHHOe, CHMMETPHUHA
Au60 AHTUCHMMETPHYHA B 3aBUCHMOCTH OT TOTO, SIBASETCA JM 3TO npel-
CTaRJEHHE UEJLIM WM MOJYUEHBIM.

daKkTUYECKOE BLIYHCAeHHE 3 f-cHMBOJOB (MK K03 duuuentos Knebua—
TF'opaana) 3aBUCHT OT KOHKPETHO# CTPYKTYPHl rpynmbl. Mbl OCTaHOBHMCH
Ha 3roM BONpOCe NMPH PacCMOTPEHHH MpeaCTaBleHHH OTAe]bHHX TpPYMM.



FrMTABA 6

PHUSHMYECKHE TPHUJIOKEHWS

§ 1. Kuaccudukanua yposHels sHepruu

Mbl yxe B HEKOTOPHIX CJy4YasX OTMeYaid CBfi3b MEwAy MNpeicTanie-
HUAMH TPYyNNm W KBAHTOBOMEXAaHMYECKMMM 3afayaMu. Eciu Mbl u3yuaem
KaKyl0-HHOyIb aTOMHYIO CHCTEMY, TO Mbl MpexJe BCEro AO/MKHBI HaRTH
TPyNNny CHUMMETPHH ee raMHJbTOHMAHA, T, €. COBOKYMHOCTb Mpeodpasona-
Huit, KOTOpPbl€ OCTaBAAT 3TOT [AMHUJLTOHHAH WHBAPHAHTHBLIM, Hannyue
y CHCTeMbl TDYNNbl CHMMETPHH OOYC/IOBJHBACT BO3MOXHOITb BHPOME-
uud, Ecan {p-— cofcrsennas ¢yHKuMs, COOTBETCTBYIOLAR IHEPTHH €, TO
¢dynxuna Opp Takme Oyiner NpuHaiaexaTh 3Heprinl & (R — NpPoH3BOJb-
Hbl  371eMeHT rpynnsl cuMMeTpHH (3). DTOT ypOBeHb SHEPrMH OKa3blBa-
erca BbipOxIAEHHbIM, ecmu Ogp<=C npu Bcex R. CobCTRennbe GYHKUHH,
NpUHAAJeKallMe AaHHOR SHepruu g, 00pa3ytoT 6asuc HEKOTOPOro mpel-
crtasienusd rpynnet G, B GoJblinHCTBe cayyaes 3TO mpeicTasieHHe Oyner
HenpupoAMMbIM. ToONbKO B peaKHMX CAydasxX TpPH BeCbMa CMEUHAILIIOM
BLIGOPE MapaMeTPOB MH MOJMYYHM ,ClAydyaiHOe“ BLIPOXIEHHE, MPH KOTOPOM
cucrembl (GYHKUMH, TpHHAAJe}AallHe PA3NTMYHBIM HeMPHBOIUMBIM Tpe-
craBieHusM, OyIyT oTBeuaTb OLHOR M TOH ke »sHepruu, flcHo, uTO
naptHepbl, oOpasyouue 6a3uc A OAHOTO H3 HENPHBOAMMEIX Tpeld-
crasiaeduit rpymnel G, 00.4%CHB. COOTBETCTBOBATH OJHOMY H TOMY e
3HA4YEHHIO SHEPTHH, MOCKOJbKY ONepaLHy [PYNIb CHMMETPHH NPeobpa3yoT

ux apyr B apyra, Ho kaias u3 ABYX DasiHuHbIX CHCTeM mapThepos P

H cp(,-"’- Iaxe eCIM OHM caymar 0asucaMH 00H020 W #020 JCe HENpPHBO-
IUMOro mpexactapienus rpynnet G (W==v), B pe3yabraTe npeodpasopanuit
nepexOIAT CHOBA TOJbKO B cebd, M M3 coobpawkeHHMR CUMMETPHUH OTHIOIb
He cCJelyeT, 4TO OHH COOTBETCTBYIOT OLHOMY H TOMY e 3HAYEHHIO
SHEPrHH.

[To3TOMy MbLI MOXeM NpeANoJOXHTb, YTO B OOlLeM Clyuyae COBOKYN-
HOCTb coOCrBeHHbIX (YHKUMA, TMPUHHALME}KAWMUX IAHHOR SHEPTHHU €, ABAS-
eTCl COBOKYTHOCTbIO MapTHEPOB H o6padyeT 6a3HC OJHOrO M3 HENpPHBO-
OYMBX MpPEACTaBJIeHHH! TPYNNL CHMMETPHH. Yike ONHO 9TO MHOTO€ FOBOPHT
HaM O TOH CremenH BBIPOXAeHHS, KOTOPYW chaelyer oxuaath, Hanpumep,
ec/M Mbl paccMarpuBaeM cHcTeMy, oOaajawowyio rpynnoft cumMmerpuu O,
TO M3 Talauubl XapakTepoB (CM. Tada. 22) MOXHO YBHIAETb, YTO YPOBHH
3HEepPTrHM STOH CHCTEMb MOTYT ObITb TOJBKO OJHO-, IBY- H TPeXKPaTHO
BLIpOXAeHHLIMH, OIHOKPAaTHO BLIPOXAeHHble YPOBHH OYAYT ABYX THIOB
B 3aBHMCHMOCTH OT TOrO, NMPHHALIEKAT JH OHM NMpelcTaBlIeHHIM A, uau Ag,
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Co6cTBeHHbe (DYHKUME TMPOCIBIX ypOBIie# 3TUX JIBYX [HUNMOB OT/IHYAIO1CH
CBOHUM TmoBeleHHeM mpH omepauuax C, u C,. Bce IByKpatHO BHIPOXIAEH-
Hble ypPOBHH OyIyT OAHOIO THNMA H NPHHALMEKAT IBYMEPHOMY Tpel-
crapnenno E. Hakonen, TpeXKpaTHO BHIDOXIEHHBIE YPOBHH MOrYT GHITb
IOBYX pa3iMyHbLIX THIOB, COOIBETCTBYIOIUMX MNpeicTaBaeHUaM F; u F,.
Ecan orieybcs OT BO3MOXKHOCTH CAY4alHOrO BLIPOMAEHHS, TO Mepeyuc-
JleHHble THNb ABJAAIOTCH €IMHCTBEIIHO BO3MOXHBIMHM THNAaMH yposueit. Xors
o0o311aueHnsl, KOTOPbIMH Mbl OyleM TO0/Ab30BaThCH, MOTYT MOKAa3aThbCHl
CTPaHHLIMM (Ha CaMOM JeJe Mbl JAejaeM B TOYHOCTH TO e CaMOe, 4ro
nejaetcs B OOHYHHX KBAHTOBOMEXAaHHYECKHX PAaCCMOTpPEHHSX), Mbl OyILeM
Kaw 0l coOCTBeHHOH ¢yHKUMH 12 NPHIHCLIBATL [BA KBAHTOBBIX 4YHMCJA
W u £, uroObl OmMHCaThb ee MOBeleHHe MPH ONepauusax, MPUHAIIeKALMX
TOYeYHOH rpynme cUMMeTpHH. TOYHO Tak e, Kak Mbl YBHIHWM NO3IHee,
Koraa rpynmoi cumMetpuu OyaeT CAYXHTb TNOJHAs rpynma BpalleHuf,

Mbl OyleM TpHIHCHBATL (QYHKUHH lp(,Q KBaHTOBble uyucaa [ u m, 4toS.l
0XapaKTepH30BATb ee NMOBEJSHHe NpPH BPAWEHUH M MHBepcHH ((YHKIHUA
CYHTaeTCA COOTBETCTBYIOUle m-# CTPOKe [-r0 HempUBOAMMOrO mpen-
CTaB/IeHHUd).

Wrak, aad cucreMbl ¢ cuMMetrpuelt O MoXeT OKa3arbCi THIHYHOM
creldywollas cxeMa ypoBHeft:

. (E) (E
E’ ¢ 5 P2 )'

. (Fr)y J(F) (F)
Fis Yt g T

Ay gite),
G

Foj 9179470, p{™.

E; )y,

Ay ‘//(lAt)

Ha sto#t cxeMme MBI HauepTHJM [Ba YpOBHA, MPUHAA1exalluX A,-npen-
¢rapaeHuo. V3 rtoro, uto OHM M300paxeHbl B BHAE YpPOBHeH ¢ pasn iy~

A A
HBIMM SHEPrUAMH, ClelyeT, uTO (YHKUUH qyg Doy (p(I Y jaHeHHO He3aBH-

cuMel, Ecau Obl 3TM ¢pyHKUMM OHAM JAHHe#HO 3aBHCHMBI, MM IOJKHA

6wmaa Obl OTBeyaThb O1HAa H Ta Ke SHeprud, AHANOTHYHO AAA ABYX ypoB-

E
Helt, obosnaueHHux Gyksoi E, byHkuuu q)(lE) " lp(g ) ansoTCA napTHepamu,

npeoGpa3yoLIMMHUCA N0 MPeACTaBAeHAI0 £ M COOTBETCTBYIOLUUMH, TaKHM
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o6pasom, omHOR 1 toit xe sHepruu, ®yuunn @F u @§F Taxe asaq-

10TCS mapTHepaMH, HO (YHKUMK @ M P He CBA3aHBI Mex1y coOoi HHKaKoH
JUHEHHON 3aBUCHUMOCTHIO,

§ 2. TeopHs Bo3MyuleHHH

HepoaMylleHHH! ramuiabToHHaH f1; OLl1 HHBapHAHTEH OTHOCHTEbLHO
csoeit rpynnul cuMmMetpuu G. Ilpeanosioxum Temepb, 4YTO Ha CHCTeMY
HAMOXEeHO HeKOTOpOe BO3MmylleHue V., BoamylleHHblH TaMUIbTOHHAH

H=H0+V

Oyaer uMeTb TPymmy CHUMMeTPHM, KOTOpas LO/kHA ObITh HEKOTOPOH mons
rpynno#t rpynne G. Ecan Boamyllenue V ofnagaer cuMMeTpHel, KOTO-
pas no wpaiineli amepe He HHMXE CHMMETPHM TlaMMJbTOHMaHa FH,, To
rpynna G OyaeT no-npescremy TPYNNOHR CUMMETPUM MOJHOTO TaMHJ/b-
ToHHaHa f1. B 3ToM cayuyae BO3MYLleHHe He H3MEHHUT BO3MOXHBIX THIOB
yposHell. B caMmom 1ene, pacilensieHus BblpOMAEHHBIX YPOBHeH Mpou-
3oitH He Moxer, Paccmorpum, Hanmpumep, Kako#-HHGYAb yPOBEeHb € H
ero co6crBeHHble (DYHKUHH l{J(i“). [Tockoabky BO3MylleHie V' HHBApHAHTHO

OTHOCHTEJIbHO BCeX omepauuit rpymmsl (G, ¢yHkuus
(P(lu) = legu)

NPHUHALNEKUT {-H CTPOKe W-TO HENMPHBOIMMOTO mpeactariexus, Ho Mbl
MOXeM YTBEpKIATb, UTO HeLHArOHa/bHble 3JEeMEeHTb

(lp(u), le(ju))

MATPHLBl BO3MYIUEHHS DABHBI HYJIO, a4 BCe AHAroHaJbHble 3J/IEeMEHTH! PaBHb!
Mexay coOoH, H3-32 4ero W He TNPOUCXOLMT paciien/ieHHs YpOBHeH,
Jlokaxem Hawle yTBepxieHHe B OoJee 0GiieM cayuyde, MOCKOJBKY 3TO
noHano6urcd 11iaM B JaibHellleM, Mbl yTBepkiaeM, 4TO CKaJgpHOe Mpo-
u3BeJeHue ABYX (YHKUMH, He MpHHALJe}AUX 00HOH u moil e CTpoke
00H020 4 MO20 Jice HeMPHBOLUMOIO MpeACTaBJeHus, paBHo Hymo. O6o-
3HauuM 3TH  dymkumu PP u (p(j"). YHutapHele omeparopel 'PYNNbl CHM-

METPUH HE H3MCHANT CKaJAApHOrO NPOHU3BEAEHUs, MO3TOMY

(W, o)== (00", O 9= ra (W, O =
R

= %’- 2 g(lp(u D(u R, (p(v D(v; (R))

== (W, @) X DY RY DY (R) =

kl R

1
2 ‘I’%‘ (P(V _ﬁ_ éuvbklézf = _—; 2‘ (lp(u)’ (Pfkw)éuvéi/' ©6.1)
Bl R
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[Tonoxwus p=v, {=j, HallaeM, 4TO CKa/ApHOE MPOHU3BEIEHHE

(WP, @) (6.2)
He 3aBucHT OT {, B uwacTHoM ciayuae
PP = Vipp

MbBl TQJIY4YdM TOT ke pe3dyabtar, Cieayer o6patuth 0co00e BHUMAHHe
Ha TO, 4TO STOT YPOBEHb HE MOXeT PACLIeNUTbCd HH B KakOM npub.Iu-
ke, 60 ecan 6bl oH pacuwenuncss, TO 9TO 03Hayano0 Obl, YTO HCXOX-
HOe npeicTaB/eHHe, BONPEKH HalleMy MPeAnoJ0KeH 0, Obl0 PHBOIHMBIM,

Ecau npousoiner cayuaitnoe BbpOxaeHHe, Mbl OyaeM mpeinonararsb,
YTO r-f CHCTeMa napTHepoB (oOpasyomux O6a3uc r-ro HeNpUBOLUMOLO
fnpencranienus) obnagaer sHepruel E, u uro sueprun E, cayuaiiio
COBNAaOT APYr ¢ Apyrom, Eciam Ha cucTeMy Hal0MXeHO KaKoe-TO CHM-
METPHYHOe BO3MYILLeHHe V, TO OHO B JyullleM C/Ayyae MOXET YHHUTOXHThb
3TO cay4aiHoe BblpOxieHHe, Ecau mnpexncraBienne D TaKoro ypoBHs
sIBJIeTCA CYMMOH HenpHBOAMMBIX TpEACTABIEHHH, Kaw10e M3 KOTOPbIX
BXOIUT B 31y CYMMy DOBHO OJIMH pa3, TO B 3TOM CJ/yyae TEOpHS BO3-
MywleHuH HecaoxHa, u60, coraacHo (6.1), OTAMYUHHMH OT HyJs OyayT
TOMbKO [HarOHa/lbHble 3JIEMEHTH NpeiCTaBJeHHs, a coraacHo (6.2), onu
OyAyT OLMHAKOBHIMH 1J5 BCeX NMapTHEPOB:

(W, V)=V,

Ecniu e OIHO H TO Xe HEMPUBOAUMOE TpeACTaB/JeHHe BXOIUT B Mpel-
craBiaeHne D HecKOJ/bKO pa3, TO NMOABJAOTCA HEAHWAroOHaJbHbIE 3JIEMEHTHI
BHIA

(lp(lu), V(p(lu)) = Vlll .

Uro6bl MOJAYyuHTb COOCTBeHHBle (DYHKUUM HYJAEBOrO MOPAIKAa B STOM
cJyyae, MBl JOJDKHBI PElIMTb CeKYJIPHOe ypaBHeHHe Aad BceX ¢yHKUHH,
NpUHAAJeKAIMX OILHOM M TOH e CTpOKE OAHOrO M TOrO Ke HEMmpPHUBO-
numoro mpencrtasiaenus, Caenats 310 HetpyaHo. Hampumep, ecan kakoe-
HUOYIb HempHBOAHMOE TNpeiCTaBJeHue BCTpeyaeTcs LBAXAB, HaM MpPH-
IeTc HalTH TO/MbKO ONpelenuTedb MaTpuub 2 < 2, Tak Kak 444 Bcex i
CTPOK NpeicTaBJeHHA Mbl MOJYYHM OJHO H TO e CeKyJApHOE ypaBHEHHE,

Ecan posamywenne V oOaagaer Oonee HU3KOR CHMMeTpHel, deM
raMuibTOHHaH f;, To NoAHH# ramuiabToHuaH Ff Gyner oGaanaTe rpynno
cumMetpun G’, sBasmoueics Hexkotopod moarpynnoit rpymmel G, Ilpex-
MOJIOKUM, YTO HaM JaHO HeKoTopoe mnpencrtasaedne D (G) rpymnet G,
Mbl TOTYaC ke TMOJYyaeM HEKOTOPOe MpeicTaBienue ee moarpymns G,
BbiGupas cpean matpuu D (G) Te, KoTopble COOTBETCTBYIOT dJeMenTam G,
Haxe B TOM cayyae, koraa npeictasiedue D (G) rpynnn G Hempuso-
IMMO, mpexcTapienye noarpynnsl G/, nonayyaeMoe HaMu MO 3TOMY MeTOLy
[Hasosem ero D’(GN], moxeT okasathcd TPHBOAMMBIM, IHaue romops,
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HeCMOTpA Ha TO, 4TO MBl He MOeM HAaHTH moACHCTeMy 0a3uCHBIX BEKTO-
pos mpeacrasiaenus D ((), kotopasd Gb OCTapanach WHBApHAHTHOM OTHO-
CUTeNbHO BCeX npeoOpaszopanuit rpynnel G, MOXET CAYUMTBCA TaK, YTO
Mbl CyMeeM HaHTH kakOe-HMOyIb MOLNPOCTPAHCTBO, MHBAPHAHTHOE OIrHO-
CHMTe/IbHO BCeX mpeo6pa3oBanuit moarpymner G’, Ecau ckazanHoe mepe-
BeCTH HA SA3bIK (PHU3UKM, TO 3ITO O3HAYACT, 4YTO, HECMOTPSA HAa TO YTO
coOcTBeHHble (YHKUMHM, TpPHHALJeKAUHe SHepruu €, o6pasywT 0Oasuc
HeNPHBOAMMOrO TpeaCTaBleHus rpymnbl G, 5T0 mpeiacTaBieHde AJd MOA-
rpynnst G’ MOXeT 0Ka3aThCd NPUBOAWMHM, B 3TOM Cayyae Bo3Myule-
HHe V pacuienuT ypoBeHb. [IpOMAMOCTPHPYeM 3TOT METOA HA HeCKOJbe
KHX IIpHMepax.

[TpeanoaoXuM, 4TO TPYNNOH CHMMeTPUH HEBO3MYLUEHHOTO TaMUJlbe
TOHMaHa cayxuT rpymna (,, Kak nokasano B ria, 4, BCe HenmpuBOIHMble
NpeACTaBJeHHsl 3TOM TpYNNbl OAHOMEPHBI, HO MApa KOMMJIEKCHO COmps-
KEHHHX npeicTaBjaexuit E 0TBeuaeT oaHOMY M TOMy e ypoBhio, Ecau
Mbl HAZMOXHM BO3MYlleHHe, oOnanawoulee CHMMeTpHe# rpymmel 5, TO
BBIPOXKAeHHbIH E-ypoBeHb pacilenuTcs HA ABA YPOBHSA, NMPHHAAJEKALIKX
npeiacTasieHuio B rpynms G,

[Tpeanonoxum nanee, uto rpynno# cummerpun G srngetcs rpynna Cg,.
YpoBnu KaacCupHUMPYIOT 1o npenacTasienuaMm A;, A,, E rpymnel Cs,.
YpoBHH mnoc/JelHero THMA ABYKPATHO BHpoxIeHbl. Ecam rpymna cuM-
Metpun G’ NOJIHOrO raMHJbTOHMAHA eCTh rpynna (3, TO BbIPOXKIeHHe
ucyesaeT. Uto6bl HalTH Te NpencTasienus rpynnsl €, KOTOpble colep-
*Katcq B npeiactaBieduu E rpynnme! (O, BbiMMIIeM 4acTb TaGauubl Xapak-
Tepos rpynnel (3, COOTBETCTBYIOLLYI0 omepauusaM moarpynmsl g

M BOCNOJb3yeMcsl cooTHoLleHHeM (3.150), 4ToOm HAaHTH, Kakue HEMPHUBO-
AuMble npeicTaBieHus rpymmel G, coaepxarca B E. [liaa npencrasie-
nua A’ rpynmbl G, Haitaem:

a, =52+ 0M]=1,
A5 npencraBaeHus A”:
ap=g2(1)+0(~DI=1,

nostoMy E-yposen» rpynnst (;, paculenutcs Ha ypoBHu THma A’ u A"
rpynnel C,.

B KkavecTBe ellle OMHOrO NpUMepa NPeANOJIONKMM, UTO TPYNMOH CHM-
MeTpuu G sBadercd rpynna 7T TeTpasapa. PaccMOTpHM  ypOBeHb,
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npuHaiJexaluuit npencrasiednio F. DTOT ypoBewb OyIeT TpexKparHo
BEIPOMIGHHEIM. XapakTephl paBHH

|E| C,3) | C,(4) | Cy(4)

F|3|-—1]0|0

[MpeanosomuM, 4TO BO3MyllleHHe TAaKOBO, YTO MOJAHHH FaMMJIbTOHHAH
o6nagaet rpynnoit cumMmerpuu D,=V., W3 npuBenexHoit Bbile Talauubl
otfepeM XapaxkTepel 175 3JeMeHTOB NoArpynne V:

| E | Cu | Coy | Ca
F|3|—-1|—1|—1

W3 cooTHowenus (3.150) u Tabauup xapawTepo rpynnsl V (cm. taba. 14)
Haxo 1M

"A1=}T[3(1)“‘1(1)—'1(1)-10)1:0’

ap =1 BN —1(=)—1(=)—11)]=1,

aB, — aB1 p—t 1,
Wrak, npencrasienve F rpymnel T colepwuT npelcrtaBrenus B;, B,
u B; rpynmu V.,

Hanee, B cayuae npeiacTasiednus [ rpynnbl T npeinosoxuM, yTo
NOMHBIA raMu/JIbTOHHaH oO6JazaeT rpynnoit cumMerpuu ;. Buinuumem Ty

yacTb Tabauubl XapaKTepoB, KOTOpas OTHOCHTCA kK noarpynme Cj:

[Moab3ysicy cooTHoUleHHeM (3,150) u Tabauielt xapakTepo Ad rpynnsl s,
Hallnem

aA=-§[3(1)+0(1)+0(1)1== 1,

TaxkuM o6pasoM, F-ypoBenb rpynnsl T paculenasercd Ha A- u E-yposuu
rpynns G,
Hakoneu, npennosoxum, uTO NOJHHH raMuabToHMaH o6jajaeT CHM-
MeTpueit Gy
| E| G

rle -
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M3 (3.130) noayuum
ay=gBO—10I=1,

ap=513()—1(=D=2.

Wrtak, F-ypoBeHb paclleniseTcs Ha TPH HEBHIPOXKIEHHBIX YDOBHA, ONMH
¥3 KOTOPHIX MPHHALJIEKHUT NpeicTaBienuio A, a ABa IPYrHX —- npencTa-
saenuo B rpynnn G,.

3adaua. PaccMotpuM cucreMmy, obnanawinyw cumMerpuedl rpymnn O.
[peanonokuM, UYTO Ha 3Ty CHCTEMY HAJOKEHO BO3MYIEHHE, KOTOPOe MOHHU-
’KaeT ee CHMMETpHIO 10 cuMMeTpun: a) rpynnst T, 6) rpynnu Dg, BY rpynnet V
C TpeMsi OCAMH 2-ro MOpPH1Ka, COENHHSAIOLIHMH CepelMHL! MPOTHBOMOJIOXHBIX
pebep (cM. dur. 35), r) rpynnel V ¢ aByMs H3 Tpex oceft 2-ro nopsauka, coeiu-
HAOUIMMH CepelHHbl MPOTHBOMOJOXHKEX pebep (cM. ¢ur. 35), n) rpynnsl C,.

B xawmaoM cayuae HaiijuTe, Kak YypOBHH, MPHHALJexal(He MpelcTaBJe-
HuaM E, Fy u F, rpynnu O, pacuenjsiorcs B pesy.bTaTe HaJA0MEHHOro
BO3MylIeHHUS,

§ 3. MNpasuaa or6opa

B § 1 nacrosiueit ri1aBel Mbl paccMOTpeau K.JaacCH(HKAUMIO ypOBHei
3HEpPrUH MO HeNpHBOLMMBIM TNpeNCTaBJIEHUAM TPYNNB CHMMETPUH HEeBO3-
MyLleHHOr o ramuabToHHaHa, Koab cKOpo cxema ypoBHel MoOJyuyeHa, Mbl
JO/KHHE 3anaTh ceGe BOMpPOC, KakOBbl MNpaBuia OTOOpAa A5 ONTHYECKHX
NnepexONOB MeXAy pas/HUHbIMH (BEIDOMXIEHHEIMH) YPOBHAMH, MM, B 60Jee
ofleM BUAe, MBl [1OJKHE 3a1aThb cebe BOMPOC, Kakue 3JeMEHTH MaTpHIbI
BO3MylleHust V obpaiiaioTcs B HYJb.,

Ecmu cnyuaitHOro BEHPOXIeHHS! HeT, TO COOCTBellnble (PYHKUHHU KaXA0ro
ypoBHA 00pasywT 06a3uc OIHOrO H3 HENpUBOIMMEIX MNpelNCTaBJSHHH
IPynnbl CHMMeTPHH. MaTpHuHBIR 3JeMeHT BeqHuHHB f, COOTBeTCTBYiO=
IMA NepeXody MexAY COCTOSHMSIMH, NPHHALJIEHAIMMH W= H V-Tpel-
CTABJIEHUSIM Tpynns CHMMeTpuH, OyneT MMeTb BUI

= [vErsep dv=(. fop) (6.3)

rae PP npunansexut I-# CTpOKe |i-NpeACTaBreHus, a (p(j") NPHHALTEKHT
J-1 cTpoke v-npencrtaBnenns. PaBeHcTso (6.1) osHauaer

J“P?‘)'(P(jv) ar= %P, ¢})=0, ec W=V U <= j. (6.4)

Ecmn B pasencrse (6.4) mbl BhiOepeM B KaueCTBe [L-NpeNCTaBJEHHA
8IMHHYHOE mpeicTaBleHHe (B C/yude eNMHHYHOTO MPeNCTABJIEHHA MEl
LOKHH BSATb [L==x 1), To ¢yHKkumio P MOKHO BHOPaTh PaBHOH KOH-

CTaHTe (KOHCTAHTA MHBAPHAHTHA OTHOCHTEJbHO BCeX mpeobpasoBaHuit
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TOYEYHOH TPYNNH MU BCJEICTBHE ITOTO MPHHALJIEHHT eIUHHUHOMY TNpel-
craBnenno). Torpa (6.4) nepenuulercs clenyioliyM o6pa3om:

f (p}” dt=20, ec/lM TOJMbKO V=1, (6.5)

Noabaysick TeopeMoit o pa3noxenun (3.193), MOxHO cKaszaTb, uTO
o1 mo6oi GyHKUMH

[war= | 1p<1>dr=% [ Y oppar, (6.6)
R

roe 'V osHauaeT Ty uacTb GYHKUMH P, KOTODAst MPHHANJIEKHMT elH-
HHYHOMY TNpPeNCTaB/EeHHIO.

PaBeHctBo (6.5) 7erko BbIBECTH He3aBHUCHMO 1Js Ciyuaq, Koria
v-npencraBieHHe OAHOMepHO. IInwTerpan ot ¢yukumu P no BceMy npo-
CTPAHCTBY He M3MeHHTCH, ec/qu Mbl rnpeobpasyeM ¢yHKUMIO | B Opy,
roe R — mo6oe Bpalllende Hau oTpaxeHue. TakuM oOpa3oM, 1as Bcex R,
npuHannexamux rpynne G,

flbdt:f Optdr.

Jna oanomepHoro npeactasaenus Opp == r{, rie r — HeKOTOPHI} YHC/IO-
BOK MHOXMTeab, OTKYIA CJelyeT, 4TO

J‘ pdi=r J‘ Ppdrt=0,
ecau ToibkO r He paBHo 1 nis Bcex R. Cinenosaresnsho,

f PV dr =0,

eciu ToMbKO v %= 1, O6o0LieHHe mocaenHero n0Ka3aTenbCTBAa Ha CJAyuai
npeicraBieHuit O6OJblllelf pa3MepHOCTH YTOMHMTENbHO, B TO BpeMsl Kak
OKa3aTenbCTBO, TNpHBENeHHOe BhILle, HOCHT BeCcbMa OOGLWMH XapakTep.

Tenepr Mbt MoxeM peaysbTar (6.1) chopMmymuposarh elle W ciaelyio-
UM o6pa3oM: mnpoH3BeleHHe ¢’l}”*(p(j") COIEpKHT 4YacTb, OCTAOLLYIOCH
MHBAPUAHTHON OTHOCHTEJNBHO BCeX omepaluit rpynnbl G TOTIa M TOJBKO
Toraa, Kkoria u=v, {==j. Yro kacaerca unterpana (6.3), TO MOKHO
cKasaTh, 4TO f}] =0, ecm TOAbKO f(p(;’) He COLepHUT (YHKUMH, MpH-

Halnewailel {-# cTpoke W-mpencTtaBieHus. Ecan dyHkuua f aBaserca
CKaNspoM, TO OHA MPHHALJEKHT eIMHHUYHOMY NpeicTaBjeHHio. Ecan Mul
paccMaTpHBaeM IMMOJIbHBIA MOMEHT CHCTeMbl, TO f MMeeT TPH KOMIOHEHTEI
u T. I. Bo BcakoMm cayuae, dynxuus (uanm ¢yHkuun) f, ¢urypupymouias
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B uHTcrpaje (6.3), aBaserca 6asucHoit ¢pyHKiMel (6a3UCHBIMH GYHKIUAMH)
ONHOTO M/JH HECKONbKHX HeNpHUBOIUMBIX mnpeicTaBjeHufi rpynnn Q.
MMpennonoxuM, uro f npoberaer cucteMy QYHKIMH 0, o6pasynouux
Gazuc p-npencraeiaenus rpynnet G. B 3ToM ciayuyae nepexon Mexnay
W- U V-ypoBHAMH OyleT 3anpelled /Wb MPH YCJIOBHH, Y4TO HU OILHO
H3 TNPOM3BEIEHHH O(k")(p(j") MIM HM OfHAa JuHeHHas KOMOGMHAUMA TaKuX
npousBeleHU! He MPUHALJeXHMT [-npeicTaBieHwio, Ecau p-npencrasie-
HME He COJNEPIKHTCA B MNPOM3BeleHUH npenCcTaBJeHu D® DY, 10
COOTBETCTBYIOIMA Mepexol 3anpellleH.

[Monbaysach (5.15) mpu BHUMCIEHMH XapaKTepa KawIOT'O 3JeMeHTa
B MPOM3BeleHHH MNpPeldCTaBJeHHH, pa3noxUM 3TO NpPOHM3BeleHHe HA He~
NpHBOLMMble NPENCTABIeHHA M MOJCuUMTAeM, HcnoJb3ys (3.150), ckoabko
pas Kaxioe HeNPHUBOAMMOe TMpeiaCTaBleHHe BXOAMUT B Hero. [[locie
BHIOJHEHHA 3ITHX ABYX 3TANOB BBIYMC/JIeHHH MB MOJTYUYHM KO3(hGHIMEHThE
pana Knebwa —Topaana (5.108).] [lpu nocTpoeHuu no/JHOR Ta6auupbl
npasus ot6opa 6oJjee ynoOHO C1e10BaTh UIMEHHO 3TOMY METOLY, HexelH
o0beIuHATe 3TH JBa 3Tana M MOJb30BATbCH CcOOTHOLIeHHeM (5.105).
ITpounmocrpupyem MeTold Ha npuMepe rpynnel (5. Ilpu paccMoTpeHnu
STOTO MepBOTO MNpHMepa MH MNepenuilieM ellle pa3 TaGaully XapaKTepoOB
(cM. Ta6a. 17), HO B MNOCJeNyOLIMX HpUMEPAX NPUBOIMTL TabGJHIY Mbl
He Oynem. K Tabnuue XapakTepoB MpHcoedMHMM XapaKTeph BCeX NpPOH3-
BelleHHi mpencTaBleHHH:

Csp l E C3(2 0y (3)
A 2 1 1 1
Ry A, 1 1 —1
Ry, Ry, E; x, ¥ 2 -1 0
A X A 1 1 1=A4, (6.7)
A X A, 1 1 —1=4,
A XE 2 -~ 0=E
A; X Ay 1 1 1=A4,
Ay X E 2 -1 0=E
EXE 4 1 0=A4,+A,+E

fcHo, uTo OOJBILYI0 4YacTh pe3y/abTArOB MOXKHO MOJYyuuTb, 0603peBad
31y Tabauuy. Bo-mepBpiX, npouaBeleHHe eIHHHYHOTO NpeNCTABJIEHUS
¥ moGoro Apyroro nNpeicTaBJeHus JaeT TOMbKO NOcCAelHee NpencTaBie-
Hue (Tax Kak ll)(ll)(p(j")=(p(j")). Bo-BTophiX, npousBeleHue IBYX OMLHO-
MEepHHX MNpeiCTaBleHMH eCTb MpelcTaB/eHHe ONHOMepHOE M  IOKHO
ObITb HenpMBONMMHIM. EJIHHCTBEHHBHIM NMPHUBOAMMHIM MpPOH3BEleHHEM Npel-
craBleHul B paccMaTpueaeMoM Tabiuue sBasercsa npouaseleHne E X E,
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BTo mnpexcraBieHHe ueTHIPEXMePHO, CYMMa KBaipaTOB MoayiaeH ero
xapaktepoB pasHa (4)2-+2(1)?=18. M3 (3.151) umeem

18=gNal, nm Nal=3,
u u
C @IMHCTBEHHBIM pellleHHeM

aAl=aAz=aE=l,
TaK uTO
EXE=A,+A4,+E. (6.8)

TOT *e PE3y7bTAT MOKHO MOAYuHTb M M3 (3.150):
=-6- MHGHOF+OODO+E@OMI=1,

l (DGHD+@ODO+@OMI=1, (6.8a)
ag ='6' MHBH@O+OD(EH+@ OO =1.

PaBexctBo (6.8) o03HawaeT, uTO ecqM Mbl BO3bMEM INpOH3Belellds
GYHKUMA OIHOK CHCTeMBbl MapTHepOB, NMpUHALTeKalUWX NpencTasaeHuo E,
¥ GyHKUMH Opyrof cucTeMbl NapTHepOB, NpHHALJeXalluX TOMY Xe
npeacraBiedio E, TO Mb NOJAy4YMM ueThipe ¢yHKUMH, oOpa3ayioliue
6azuc npencraeiedus E X E. MoxHO HallTH Takyw JuHelHYyi0 KomOuHa-
M0 3THX Npou3BeleHHi ¢yHKUUMA, KOTOpas NpHHALJIEKHUT NpelcTaB’e-
Huo A;; apyras nuHefHas koMOuHauus OGyleT mpuHai/IexaTb npelcTaBie-
Hui0 A, U IBe JHHeHHble KOMOMHaUMH, 0Opa3yiollve CUCTeMy MapTHepOB,
O6ynyT MNpHHalJlexaTb npelcTaBieHnio E. 3ameruM, utd B TabJuue
XapaKTepOB 2z NPHHAIJNEKHT MpeicTaBleHvio A;, a x # y, obpasyioune
CHCTeMy MapTHepOB, NpHHalJexaT npelcTaBiaeHnio E. Tpoika ¢ynkuui
P=(P,, Py, P,) nassipaerca (MOJApHEIM) BEKTOPOM, eCJH 3TH (QYHKUHH
npeobpa3yioTcd Kak KOMIOHEHTH pajauyca-BekTopa r = (x, y, 2). TakuM
ofpasoM, a1 moboro BexTopa P koMnoHeHTa P, npuHalJexHT mpel-
crapienuio A;, a Komnowentnt P, u P,, cocTaBifioliKe CHCTeMy MapT-
HepOB, MNpHHaldexaT npencrasienuio E. Ecau 3ananb 1Ba (MOJApHEIX)
Bektopa P ¥ Q, MH HMeeM [Be CHCTeMbl NMapTHepOB, MpHHALIEkKALIUX
npeacrasresuio E: P, P, Q. Q,. Ilpoussenenne npeacrasieHuit

E X E vumeer B 3TOM ciyuae GasucHble QyHKuUMH
P_,\,'Qx’ Pny’ Pny’ PyQy'

B 3TOM mnpocTtoM npuMepe JMHeHHble KOMOHMHALMH, TNpHHALJIexKallue
npencrasienusm A;, A, E, MoxHO HaiTu, paccMatpuBas Tabauuy.
TeM He MeHee Mbl MOJYUYHM 3TOT pe3yJabTal HenocpedCTBEHHO, uTOOHI
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noJyuille O3HAKOMUTbCH ¢ NMpPOHBBeleHHeM MNpejcTaBiaeHuft. B § 2 ra, 4
MBl BBIMHCAAM MATpHUB rpynnsl G, B mpeacrtaBiedun E:

E C,

Y P P P O [ A M AT

rie O6asucHbiMM OVHKIMAMM OBIM GyHKUMH M50 % u e—!%, ubo
X —41y uw x —iy, 6o P,+iP, u P, —iP, Bocnoibayemcs Tenepsb
cooTHoleHueM (5.4), 4To6bl HATH MATPHLL NPOH3BENEHHUS NpPeICTABNEHHN]:

2
C3 o, G, o,

E Cs C3
"1 0 0 07 Te 0 0 07 e 00 07
01 00 0 1 00 01 00
0 01 0 0 o1 0 001 0/
(000 1]l [o 00 el Lo o o e
(6.10)
Oy Oy~ Oy’
0 0 0 1 70 0 0 &7 70 0 0 g7
0 01 0 0 01 0 0 01 0
01 0 0 0 1 00 01 0 0|
1 0 0 0| 2 0 0 0 e 00 0|

Ile CTPOKM M CTOJOILH pachojokeHH B JeKCHKOTrpaduueckoM nopsixe.
3ameTuM, uYTO BO BCeX MATPMLAX CBA3aHB TOJbKO KOMMOHeHTH 11 u 22
1 komnoHeHTsl 12 u 21, B cuay 3Toro MaTpuuu npuBoauMer. MaTpuusi,
CBA3LIBAIOILMEe KOMMOHeHTH 11 M 22, aBaA10TCA MaTpuuamu NpeicTaBie-
Hua E, u moaToMy npouaBeleHus

(Px+lpy) X(Qx+[Qy) H (Px_'ipy)X(Qr—[Qy)

npuHaisexar npeiactaBieduio E. DBsss ux snuHeMHble KOMOMHALMH, MEI
CMOJeM TaK:Ke yTBepkaaTb, uTO

PQ,~PQ, w PQ,+PQ,

npunaagexar E. Ecau BarasHyTh Ha MaTpHIbl, CBA3HBAOLIME KOMIO-
1IEHTHI .12 H 2} [6asncusie  dynkuun (P, +iP,) (Q, —iQ,) wu
(P, —iPy)(Q,+iQy)], TO MOXHO 3aMeTHTb, uTO 1J1a MNpelCTaBAeHUH

E, C3, C2 ouu nMewT BHA
1 0
0 1)’
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a 174 mpeincTaBNeHHH Oy, Opr, Oy — BUL

01
1 0/°
B3siB B KauecTBe HOBHIX Gd3UCHBHIX GYyHKUME TvHeHHEe KOMOHHAUHUHU

(Px+[Py)(Qx-iQy)+(Px——[Py) (Qx+iQy)=2(PxQx+PyQy)

"

(Px+ iPy) (Qx - iQy) - (Px - ipy) (Qx+ iQy) =2 (Pny - Pny)y
MOXHO pa3/NOXHTb 9TH NPOHM3BeJeHWd HAa HeNMPUBOAUMBIE KOMIOHEHTHI.
Takum oGpasowm,

PxQx+PyQy
NPUHALJIEKUT NPeNCTaBIeHHI0 A,

Pny - Pny
NpUHALNEKUT NpencTaBleHuo Ay

PQ,+PyQ,

eCTb CKanapHOe NpPOou3BeaeHHe NOMAPHBIX BeKTOpoB P u Q (komnoHeHTa 2
MHBAPMAHTHA OTHOCHUTENbHO BCeX omnepauud rpynnet (3,) M, C/1e10Ba-
TeJbHO, SBJAETCS MHBAPHAHTOM (cKanspoM). Beawunna P,Q, — P,Q,
ABJAeTCA 2 -KOMIOHEHTOM BeKTopHoro npousBeleHuss P X Q. BexrtopHoe
npouasejeHre Npeobpasyercss Kak paiuyCc-BeKTOP NpH BpallleHuAX, HO He
MeHsIeT 3HaKa NPH HHBePCHH. BeMuHHB TaKOTO THMA HA3BLIBAOTCS AKCUAAD-
Holmu gexmopamu. Mb MOMeM cKa3aTb, TakHM 06pa3oM, uTO Z-KOMIO-
HeHTa mo0GOro aKCHAaJbHOTO BeKTOpa NPHHALJNEHHT NpeacTaBiaeHHio A,
rpynne Cg,.

ITo Ta6avue XapaKTepoB MEl 3aMeuaeM, 4TO 2 (a CJei0BaTe]bHO,
v P,) npuHannexuT npenctaBienmio A;. ITpouasenenne npexncTasieHHi
A, X E=E, no3ToMy THINHYHBIMK NapTHepPaMH, NMPHHALJIEKAIIUMH NPOU3 -
selennio A, X E, 6ynytr L2z (m6o TP, mbo +Q,), ymnowxennoe
Ha x u y (mbo Ha P, Py, 6o na Q,, Q). B pesyabrate mMb obHa-
PYKHM, 4TO X2z, Yz MNpHHaLZexaT npeacrasaeHdio E, To ke oTHO-
CUTCH U K

PP, PP, PR, PQ;

PzQx—'PxQz' Psz —‘PzQy'

C/en0BaTebHO, X~ H Y-KOMIOHEHTH BEKTOPHOro npouaselenus P X Q
npuHajaiexar NpeicTaBieHuio E Tak ke, KaK M X- W Y-KOMIOHEHTH
moBoro akcHaabHOrO BekTOpa. YacTo akcHaabHEIA BeKTOp 0603HauaoT
cumMposoM R (R — o03HauaeT BpauleHHe — THIMUYHbIA aKCHATbHHIA BeKTOp),
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B Ttab/uue xapakrepoB Mbl OyleM OTHOCHIbL KOMMOHeHTY R, K Npeln-
CcTaB/eHn0 A, B TO BpeMs Kak KomnoHeutsl R, n R, 6yayT npunan-
JewaTb npeiacraeienuio E,

PaccmoTpum Temneph npaBuaa 0T60pa B cayuae TOH ke camOi rpynmsl
cuMMeTpuu (i, MaTpuunble 37eMeHTH 3afaloTcid HHTerpaiamu (6.3).
Ecmn f=(x, y, 2), Mbl noayuuM mnpasuna OTOOpa I/ 3JeKTPUUECKOTO
OUNOMBHOrO M3JydeHus. PaccMOTpUM HHTerpasnul

f gy dr, (6.11)

roe [ npoGeraer 3Hauedus oT 1 mo n,, a j—ot 1 no n, Ilepexon
GyleT sanpellleH (1713 3JeKTPHYECKOTO AUIOJIbHOTO H3JIydeHusl) JHIUb MPH
YCJOBMH, €CM BCe 3TH MHTerpasnl o6paiiaioTcs B uyas. Janee Mbt cie-
naem craenywollee, M3 Tabiuup HaM M3BeCTHO, 4TO 2 MpHHAILJENKHUT Npei-
ctaBiennio A, rpynne Cs,. ITosToMy cuctena dpynkuui z(p(!}’)(jz 1, ..., nv)
obpasyer 6asuc npoussefenus A; X D™, Ecm A X DY e co-

JepuUT D™, 1o Bce uHTerpanel (6.11) ofpawawoTcs B HyAb. AHano-
FMYHO, X M Y MpHHAAJekaT mpeicTaBienuio E, nmostoMy cucreme! ¢pyHk-

uuit x(p(;’), y(p<!.V) (j= 1 ..., nv) o0pasyioT 6asuc npencrasiaedus E X D™,
Ecan E X D™ ne comepwutr D™, To Bce 5T MHTerpansl (MaTpHuHbie
3MeMeHTH X H y) o6pawawtca B Hy/b, CreloBaTenbHO, Mepexol MeXiy
ypoBHEeM, NpPHHALJIEKALUNUM MpPelCTABACHUIO D™, u yposuem, mpunanie-
sawwm npenctasienno D™ GyleT 3anpeueH (11 3JeKTPHIECKOTO M-
MOJbHOTO H3/IyYeHHS), eCAU HH AIXD(V), wu EX D™ ye cojepxar
npeicTaB/eHHS D®. Us taGmuus (6.7) Hattnem

A X A4 =4, A4 XA4=A4, A4 XE=E,
EX A —=E, EXAy—E, EXE=A + A,+E.

[Tepexonn A, <> A, 3anpelleHsl.
MArHMTHEA JIHMOMBHBIA MOMEHT fABJAEeTCA AKCHANbHBIM BEKTOPOM,
MO3TOMY MArHHTHBE AMMOJbHBlE Mepexoldbl OyayT 3amnpelieHbl, eClM HH

A, <D™, uu EXD™ ne comepkar npencrasrenns D™, Ms (6.7) umeem
Ay X A=Ay, Ay X Ay=A;, AyX E—=E,
EX A —=E, EXAy—E, EXE=A+ A-+E.

IMockoabky napel A, «>A4,, A, <> A, He BCTPevaOTCAd, MATHUTHBE 1M-
NOJbHbBE TepeXOdbl MeX1y IBYMS COCTOSHHAMH, MPHHAAJMEKAMMH Npen-
craBiaennio A, (uam A,), 3anpeuieHs.

CrelyeT OTMETHTb, UTO B Ciyuyae, KOTAa TPYNMOR CUMMETPHH CJYKHUT
IpyNna yMCTHX BPAalleHHH, HET HMKAKOTO DPAa3JMYM MEXIY aKCHAJbHBIMHU
M TOJAPHHMH BeKTOpaMu, M MNpaBuaa oOT6OpPa 179 3J1eKTPHUYeCKOro H
MATHMTHOT'O AMMOJbHHIX H3JyueHHH COBMNAJAIOT.

(6.12)

(6.13)
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B kauecrse BTOpOro npuMepa HafijeM npasuaa oTbopa /sl 3JEKTPHU-
yecKoro (M MarHMTHOrO) IMMOJBHOTO HM3Jy4eHHsd AJASl CHCTEMB C CHMMeT-
puet T. Bce KOMNMOHEHTH BeKTopa MNpuHalJeXaT NpencTaBieHHio [
(cm. Tab6a, 21). ITosromy MB cocTaBiseM npou3Bejelide TPeacTaBieHUi
FX A, FXE, FXF u, nonsaysace cootHoulenveM (5.15), BHuHc.1seM
XapaxkTephl:

T E GO Gy G
Fx A 3 -1 0 0
3 —1 0 0

FXE
X { 3 —1 0 0
FXF 9 —1 0 0

C nowmowpio 310 Tabauup! XapakTepoB U cOOTHOWeHHA (3.150) noayunm
FXA=F, FXE=2F, FXF=A-+E-+{2F. (6.19
CrenoBate/bHO, 3anpelleHHLIMH SBASIOTCA MepeXolbl
A<«>E, A<«>A, E<«>E.

B xauecTBe moc/elHero npuMepa pacCMOTPHM Tpynmy cuMMeTpuu D,,,
W3 TaGimuel XapakTepos Mbl BuauM, uto P, u P, aBf0TCA napTHepamu,
NpHHAAMeKAMMH npencTaBiennio E, a P, npuHalnemuT npeicrtasie-
Huio B,. [lpoussenenns KOMINOHEHT MNOJSAPHHIX BeKTOPOB TaKue, Kak
P.Q,, Psz, mbo PQ., P.Q, mb6o PQ,—P.Q, Psz—PzQy,
06pa3yioT napel nap ruepos, NpUHaiaekalux npeactasienuio E X By,=E.
Wrak, a1 moGoro akcnaapHOro BeKTOpa KOMNoHewTol R, u R, o6pa-
3yioT mapy NapTHepoB, mnpuhanjexamux npenctaBaenuio E. C npyro#
CTODOHE!, KOMIOHeHTa R, MpUHAl/NeKUT npeacTaBieHHio A,. (3To MoxXno
YCMOTpeTb U3 TFeOMEeTPHYeCKHX cOOOpaKeHHH C MOMOLUBIO MeTONOB Ti. 2.
PaccMoTpuM kakoe-HuOyap BpallleHHe BOKpPYr ocH 2. Yrto mpousoitnzer
¢ 9THM BpallleHHEeM, ec/JIH MH CHayajJa npoMaseieM nmoBopoT Ha 180°
BOKpYTI' HEKOTOpPOW TOPH3OHTAJALHOH OCH MM e COBepIUMM OTpaxellde
B KakoH-HuOynb BepTHKalbnOR niockoctH? Jlpyroit Mertol, KOTOpHIH
HalJeXUT UCnpobOBAaTh YMTATE/MO, COCTOHT B Pa3jTOMEHHH MATPHLL Npel-
ctaBjenus E X E Ha HenpuBO#MMBle KOMMOHEHTH, 4TO GLIJIO MPOIEMOH-
CTPUPOBAHO HaMH HA mpumepe rpynnu Cg,.)

UtoObl HaltTH npaBuia oTOOpa A/S 371eKTPUYECKOTO AHMOJIBLHOTO H3Jy-
YeHHs, MBI JOJKHBI ONpele/UTh, KaKHe MPEICTaB/ellHs CoAepKaTca B npo-
M3BeJeHHusX npencTas/eHuit By u E co BceMu npeicTaBleHUAMHU IPYNnel Dy,

By X Ai=B,, ByXAy=B, ByX B =4,

By X By= 4, By X E=E, EX A =E,

EX Ay=E, EXB,—E, EXBy=E,
EX E= A+ A+ B+ By

(6.15)
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3aseruM, yTo B TaKMX Tpynnax, kak rpynna D,,, rae HMeeTCsl BHI-

neleHHas oCb (HampaBJeHHe OCH 2), MaTpHuHble 3.JeMeHTH P, oTau-

YAIOTCA OT MarpuuHbiX 37eMentToB P, u P, Jro pasiuude HANOMHMHAET
pasInuMe MeXAy - U O-KOMIOHEHTaMH B OOBIYHOM cmexTpockonuu, Jia
KOMMOHEHTH /P, pa3pellleHHHIMH TMepeXxo1aMd OKAa3hLBalOTCA MepeXOibl

A, <> By, Ay <> By, E<«—>E,
B TO BpeMs Kak 11a P, u P, pa3pellleHHEIMH OKa3HBAIOTCS MepPeXolbl

Al’ AQ, Bl' BQ ('*)E

B csiyuae MaruMTHOrO AMMOJLHOTO H3Jy4eHUs R, NpUHALJIEKMT mpen-
craBnenno A, a R, u R, —mnpencrasrenmo E. Jlna R,

AQX A1=A2, A2>< A2= Al' A2>< Bl=82,
A2><82=Bl! AQXE=E,

MO3TOMY pa3pelleHHbIMH NepexonaMu ABJIAIOTCA

A Ay, B, <> B,, E<«>E.

Ina Ry, Ry, a Taxxke ana P, u P, paspelieHHbMH ABIAOTCS Nepexonl

A, A, B, By<>E.

3adaua. Haiinire npasuia orbopa A5 34eKTPHYECKHX U MarHHTHBIX AH-
MOJbHBIX [EPEXON0B, €CJH TPYINoH CHMMETpHH HBJAETCA a) rpynna Dy,
6) rpymma O.

[oabaysacy pesyabTaTamu, NMOJyYCHHBIMH B cayuae ,06%, ykawure paspe-
leHHble epeXxoabl 1aa CXeMH YpoBHeH, npiseleHHol B § 1 HacToswmeil riaaset.

[Tpy BHYMC/JIEHHM MATPHYHBIX 3JEMEHTOB, AHAMOTHYHBIX MATPHUHEIM
snementaM (6.3), Mb (akTHueCKH uMeeM JeJO C NPOU3BENEeHHeM Mpeln-
CTaB/NeHHH, COCTOALLMM M3 Tpex coMHowuTener. Pyukuus f B (6.3)
MOXeT NpoBeraTh MO GasuCHHIM (yHKUKAM OF HeKOTOPOro HempuBO.M-
MOTO MpeAcTaBleHus (HanpuMep, p-npeicTtasienus). COBOKYMHOCTb BYHK-
unit P° cosnanaer BO BCeX paccMaTpHBAEMBIX CAy4asX ¢ COBOKYMHOCTDHIO
byuxuuit \p(l.“), NO3TOMY €CJM Mbl BO3bMEM BCE IPOM3BeNeHHS, COCTOA-
nMe U3 Tpex oyuxuui lp(l.“’*ﬁg’)(p‘j"), TO NOJYYHUM KaKOe-TO MpencTaB/eHHe,
Kotopoe cienyer obosnaunts D® % D® s DY, To cux nop mam me-
TOJ CBOAMJCA K TOMY, uTOObl YCTaHOBHTb, COJEDKUT JH TNpPOH3BeleHHe
D" % D™ npencrasnenne D™, Ho npomussenenne Tpex mnpencrasienmit
MOXHO pasiararth B moGoM nopsake. OxoHuaTelbHbl pe3y/abTaT AOJKeH
BCerna MnojyuaTbCs ONMH M TOT Ke. Vinaue roeops, Mb Morau 6bl cHa-
yana BasTs npouasedesme D™ X DYy nocMoTpers. comepmmuTcs u
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B HeM mpeicTaBjeHHE D¥. (Ecmu noasluTerpajibHoe BhHIPAEHHe COCTOMT
H3 HECKOJbKHX COMHOXHUTesdel, YHCJIO MX MOmeT ObTb MNPOH3BOJBHBIM,
To O6lWMR MeTON COCTOMT B TOM, uToObl B3AThb NPOM3BeleHHe MNpeiacTa-

BreHHH, OTBeuaoWnx coMuHOwuTemam, D X D@ x DO % . u no-
CMOTpeEThb, COLepIKMT MM OHO elHlMulloe NpencTaBiaenxe.) Hanpumep,
B cayuae rpynns Dy, Mo o6pasyeM NpOH3BeleHHS, NepeuHCICHHbIE
B Taba. 23.

Tabauya 23

AXA =4 Ay X Az=A, ax8=8 (4x8,=8)[4XE=E]
Ay XAy= A, As X B, = B, AsX By = B,
B, X 8,=4, B, X B; =4,
Byx 8 =4,
(Exe=a+a+5+8)

Uto6nl HalTH nmpaBuaa oTOOPA A7 3JeKTPUUECKOro AHMOJLHOTO H3IY-
yeHHs, Mbl OTBICKMBAEM B pa3JOXEeHHH NpOH3BeleHwui mpeicTaBnenus B,
(Marpnunbit  snement P,) unu E (MaTpuunpiit  snement P, u Py).
B ta6a. 23 mepex0onbl nepBOro THMA 3aK/OHEeHb B OBaJbHbIE PAaMKH,
a nepexolp BTOPOrO THMA— B NPSAMOYTOJbHBIE DPAMKH.

PasyMeeTcsi, pe3y/nbTaThl NOJYy4alOTCa Te Ke, YTO H paHblle.

Sadaua. TlpuMeHuTE 3TOT METOJN K HAaXOMJEHHIO MpaBHi oTOOpa Aasd JH-
MOJABHOrO H3ay4YeHHS B C.Ayyae CHMMETpHH,rpynnu 7T,

Jlo cux mop Mel TIlaTeJbHO CJeNuJd 34 TeM, 4TOOBl BCe HAIUM (PYHK-
unu OblJIM He3aBUCHMMBIMH. Hanpumep, koriaa Mbl 3anHChHIBAJM MaTpHUYHBIE
9J1eMeHTH '

[ wprrepar,

TO MOIPA3ymeBaAH, 4TO V== |, HJIH ke, €CcAU - U V-NpelcTaBJeHHs
OblIM OJMHAKOBBLIMH, CUMTANH, 4TO GyHKuMH P U ¢ o6pasyioT ABe Heaa-
BHCHMble CHCTeMbl napTHepoB. ®yHKUMM P M ¢ OAHMHAKOBHE I AHAro-
Ta6ruya 24
Co |E G 0@

E 2 1 0
EXE 4 1 0
[EXE]l | 3 0 1
(EXE} | 1 1 -
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HaMbHBIX MATPHYHBIX 3/eMeHTOB omeparopa f. B 3ToM ciyuae Mbl 1OJIKHEL
paccMaTpHBaTh CHMMETPH30BAaHHBIE KpPOHeKepOBCKHe NpPOM3BeleHHns, 06cy-
JKIeliteM KOTOpHIX Mbl 3aHMMantuch B § 2 rua. 5. Yro6bl npouamocTpH-
pOBaTh, 4YeM OTJMYAIOTCA APYT OT ApPyra pas/u4HHE THIB MPOW3BeleHUH,
BO3bMeM 1/ mpuMepa rpynny (0,,. XapakTepbl pasiHuHBIX KPOHEKEepOB-
CKMX Mpou3BeleHHi npupenenbl B Ta6a. 24. Yrob6b npoaeMOHCTpHpO-
BaTh, KaK Mbl TNOJy4aeM Takyio TabJuly, paccMOTpuUM 3JeMeHr Cs.
Haitnem
Cs) = —1 1 (C3) = —1
KC=—1.  yC3)=—1,
TaK 4TO

[ X % €l = 5 [(—1)P— 1] =0.

Jlaa aneMeHTa O, XapaxTep

% (0,) =0,
HO
%(03) =y, (B) =2
H, C.’IeILOBBTe.’IbHO,

1
[% X % (0] = 5 [02+ 2] = 1.

Pasnaras NpOH3BeIeHHA Ha HEeNpPHUBOANMEIE l'Ipe,[LCTaB.’IeHHH, HMeeM

EXE=A+A,+E, [EXEl=A XE, [EXE}=A4, (6.16)

Haxoneu, ecau Mu nonoxkuM (==v, a ¢ynkunu P u ¢ Oyayr oxn-
HAMH ¥ TeMH ke GYHKUMAMH (yTo OyAeT MMeTb MeCTO B Ciyuae Juaro-
HaJbHBIX MATPHYHLIX SJIeMeHTOB), TO BCE€ AHTHCHMMETpHYHEIE npounssene-
HUs OYAYT TOXKIECTBEHHO pAaBHBI HY/JIO M MBI NOJYUYMM TOJBKO CHMMe-
TpHuHBIE MpOM3BeleHHs npeicTasienud. Hanpumep, x n vy B rpynne
SIBASIOTCA MapTHepaMH, MpPUHALNExALHMHU npencTasiennio E. Bass npous-
BeleHNd X M Yy, Mbl HE CMOXKeM INOCTpPOHTDH 6asuc MPON3BENCHUA npen-
crapiennfi E X E, a BMecTO 3TOro noiayuum 6asuc A CHMMETPHYHOTO
npousselenus npeacrasaenudt [E X E]. HesaBHCHMBIMH GYAYT TOJBKO
Tpu npoussenenusi: x2, xy u y2. PaHee npum paccMOrpeHuH NpaBua
oT6opa A/ MATHATHOTO IHMIOJLHOrO H3nydenuss [cM. (6.13)] Mb o6Ha-
PYXKHIH, 4TO 1Ba DA3/IMUHBIX COCTOSIHMS, MNpPWHALJIeKAUUX MpencTaBie-
HHIO E, 0Ka3aaucb CBA3AHHBLIMU MOCPENCTBOM KOMIIOHEHTH! Rz, npuHan-
nexauiefl npexncraBiaennio A,. Jlna MaTpUuHBIX IHArOHANBHBIX 3JEMEHTOR
IeJ0 06CTOHT HHaue. ﬂpyI‘HMH CJ0BaMH, BCE€ HHTEr pajbl

[wprrepa

015 oyHKUuMu f, npuHaniexaiei npeactaBienui0 A,, paBHbl HYmMO, U6O
* [«
ec/IM Mbl cHauana o6pasyeM npousselenns P'F) 11»(].5), TO TMOJYYHM CHMMe-

TpUuHOe MpousBenenne mnpeicrasrenntt [E X E], xotopoe [cM. Huie
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(6.17)] He conmepxuT npencrasieHds A,. ITOT pe3yabTaT GOPMyIUPYIOT
M MO-APYTOMYy: elMHHYHOE MNpPelCTaB/]eHHe He COLEPIKUTCH B MPOU3BEJe-
uun [E X E] X A,, X0T9 OHO U cofepxurcs B npoussefenun EXEX A,.
Koraa ¢yHkumu { 1 ¢ OLMHAKOBLI, Mbl BBIHYKIEHbI NMOJb30BATLCSH CHM-
MeTpUYHbIM npousseldeHdeM [E X E]. Panblie Mbl 1efiCTBOBAJIM B HHOM
nopsiKe: B3fB CHAauajla TNpPOU3BELEHHS fxp(f), NoJay4yaJd TpeiCTaBleHHe

E X Ay=E. (Tak kak A, u E — pa3auunble TNpeACTABJEHHH, TO 3TOT
Haw war Obla, Ge3yc/a0BHO, BepeH.) 3aTeM Jenanach MOMbITKA 00belH-
Hutb E X Ay—=E ¢ npeicTarieHueM, Oa3UCHBIMH (YHKIHAME KOTOPOTO
CIyxar tp‘iE)*, B pedy/ibTate Yero Mbl umeeM E X E=A4,+ 4,+ E. Ho

3TOT IUAT YXKe HeBepeH, MO0 (YHKUMH, TOJIYdYaOlikecs OT MNPOHU3BeJeHUs
E X A,, cBs3aub ¢ 0asucHbIME (yHKUMAMM npenx:TaBiedus E u pe3yib-
Tar [oMkeH ObITb CHMMeTpH30BaH. [IponamoCTpUpyeM CKa3aHHoe Ha
npuMepe rpynnet Cy,.

JL1s mepBOro ypoBHA BO3bMeM (YHKUHMH

E) — pl E)— p—1
lp(l)_etv u lpg)_e 9,

Ajsa BTOPOro —
(EY — ,-2i E) —- p2i
q)I —e P H q)(2 == g4t

u BblfepeM ¢GyHKUHMIO f= R,, TNpHHalle}KaWyl0 TpeACTaBJeHHI0 A,
Ecan M Oynem neficTBOBaTb TaK Xe, Kak ¥ paHblie, T. €. paCCMOTPHM
nepexoabl MeX1y STHMH [BYyMA YPOBHAMM, TO MOALIHTErpaibHble BhLIpa-
Kelusd HAIUMX MATPHYHBIX 3JeMeHToB OYAyT HMeTb BHI

3l
R,e=39 u R,exlo,

Yro6bl NOMYYHTb HHTerpas, He OOpamiaoufcs B HYJb, MbBl JLOMIKHBI
CyMeTh HaliTH Kakyl-HUOYIb JHHeliHYI0O KOMOMHAUMIO STHX YeThlpex
nponsseleHU QyHKUMH, KOTOpas mpuHAaliexana Obl eIMHHYHOMY Tpen-
CTaB/JeHHI0 A;. 3TO AOCTUraeTCH C MOMOLULI0 AHMUCUMMEMPULHON KOM-
O6uHauu R,sin3¢p. Ecax e Mbl BO3bMeM [HArOHajdbHble 3JEMEHTH A4
NepBOrO ypOBHSA, TO NOAbIHTErpajbHble BhIpaxeHHs OyAyT paBHbl R, H
R,et%9 4 MBl He CMOXeM COCTABHTb (DYHKUHMIO, TNPHUHALIEKAWYI enu-
HHUHOMY TpelCTaR/IeHHIO,

OO6wuil MeTOA HaXOkIAeHHs TNpaBua otbopa S [IHATOHAJILHLIX Ma-
TPUYHBIX 3JeMEHTOB COCTOHT B TOM, UTO CTPOAT CHMMETpPHYHOE MPOH3-
senenne [D™ X D™| ans xamaoro mempusozMMOro npescTaBieHms
TPYNNbl CHMMETPHH, TMOC/JE STOrO CMOTPAT, KaKWe NpPOHM3BeleHHs COLep-
’&ar TO NpelcTaBjeHHe, KOTOPOMY NPHHAMIEKUT f.

Hdaa rpynnet (3, Ml HAXOAMM CJAeLyIOliHe CHMMeTpH4Hble NPOH3Be-
AeHus:

(A X A4]l=4,, [A2 X A]=4, [EXEl=4+E. (6.17)

DNeKTPHUYECKHH INMOJbHLI MOMEHT TIPHHALMEKHUT NpelcraBientio 4, -4 E.
Tak kak npeacrasiaende A; u (Mad) npeacrasieHde E BXoAAT kamabiH
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pas B TMpaBylo 4acTb paseHCTB (6.17), Mbl 3aKJI04aeM, 4YTO HH OILWH H3
JMArOHANLHBLIX JEMEHTOB 3JIEKTPHYECKOrO I'MOJLHOTO MOMEHTa B HYJb
He ofpauaercs. MarHUTHbIA AUNOMBbHLIA MOMEH! TPHHANJIEKHT MpelcTa-
paennio A, E. Tak xax npeicrtasileHHe A, u (WIH) npeacrtasienne E
BCTpEYalnTCs TOJbKO B npoudseleHHn [E X E], Mbl NPHXOLMM K BHBOLY
O TOM, YTO [AHMATOHA/JLHbIE 3SJIEeMEHTbl MATHUTHOIO [HUMOJLHOTO MOMEHTA
ofpawaioTcs B HyJab An CoCTosHHH TMnma A, u A,

[ombaysick taba. 19, aaa rpynnet Dy, HaxoanM

Dyy [ E l C, | S:(2) | C: (2) | 04 (2)

[E><E]|3|3|—1 I 1 I 1
[4, X Al =[4; X 45]=[B; X Bl =[By, X Byl = 4,
EX E=A,+ B+ B,

DMeKTPUYECKHH IMMOJbHLIA MOMEHT NPHHAMICKHT TpeAcTaBieHnio B,—+E;
eNMHCTBEHHHIM HeoOpalwalowuMcsd B HYJAb AMarOHATbHBIM  971EMEHTOM
AB/SeTCA [AMarOHANbHBLIA 9JeMeHT A1 COCTOAHHA Thma E. MaruuTHHH
AMMOJbHLI MOMEHT MpPHHALIEKUT NpeictasieHHio A,—+ E; Bce ero ama-
TOHAa/JbHble 3JeMeHThl PaBHBI HYJIO.

(6.18)

Sadava. Halinute npasuna ot60pa And IHATOHAAbHBIX 31EMEHTOB 3JeK-
TPHYECKOTO H MArHHTHOTO [HIOJbHBIX MOMEHTOB, @CAH IpYHNoH# CHMMeETpHH
aBaderca a) rpynna Dgy; 6) rpynma O

PaccMorpuM nasee npasusna orfopa Ajs 9JeKTPHYECKOr0 KBaApynoJb-
HOTO MOMeHTa. 7TeH30p BTOPOrO paHra B TPeXMEPHOM NpPOCTPaHCTBE
ecrp, MO OnpelefeHdio, mMoOas COBOKYNHOCTb LeBATH BelnduH A,
(i, j=1,2,3), xoTopHe NpH BPAllleHHIX U OTPAKEHHAX NPeoIpasyloTCH
KaK TPOM3BeJeHHe KOMIOHEHT IBYX He3aBHCHMbIX BekTopoB. Tak, ecau
npeo0pa3oBaHHe KOODAHHAT HMeeT BHI

x| = ; @, %, (6.19)
1O

x;y’j=k2l Q1 @5 %,Y, (6.20)

M KOMMOHEHTLl TEH30pa BTOPOTO PaHra NOJHBI NpeoOpa3oBbiBaTLCA Clle-
LYIOLLHM 0O0pa3oM:

’
Aj= kZ[ . (6.21)

I'oBopsT, 4TO TEH3OpP CHMMeTpHYEH, eciH

A=Ay (6.22)
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CuMMerpHYHBI TEH3Op BTOPOTO pAHra B TPEXMEPHOM TNpPOCTPAHCTBE
MMEET lIeCTb HEe3aBHCHMBIX KOMIOHeHT. THNHYHEIA CHMMeTPHYHBIN TeH30p
1onydaerca M3 Mpou3BeleHHH KoopAMHAT X, Y, 2!

X2  xy xz

xy ¥ yz|.
xz yz 22

TeH30p KBaAPYMOJLHOTO MOMEHTa CHMMeTpHYeH, HO oOmajaer elle ©
JOMOJHUTENbHLIM CBOMCTBOM, COCTOSLIMM B TOM, YTO €ro Cjaej paseH

HYJIO, T. €.
A +A4y+A4,,=0,

NIO3TOMY HE3aBHCHMBIX KOMIOHEHT (chepuueckux ¢yHkuufl ¢ /= 2) y Hero
TOMbKO NATh. UroOw HafiTé npaBuaa 0TOOpa ANS 3/1eKTPHYECKHX KBaipy-
NMOJbHBIX TEpexXoa0B, Mbl AOKHBI CHayaja pacnpelieJUTb KOMIOHEHTHI
COOTBETCTBYIOLIErO CHMMETPHYHOTO TeH30pa MO pPAas3JHYHBIM HENPHBO-
JLUMbIM TIpeACTABIEHHAM TPYINNbL CHMMETDHH.

Tax e Kak B HallleM NepPBOM TpHMepe, Mbl BHOBL BhiGepeM rpymny Cy, .
[TOCKOALKY 2 TpPHHAMIEKHT NpeicTaBieHuio A,, 2% OyaerT Takke npu-
Hajexars npeacrasitennio A;. [Ipousselenust zx W 2y fABASOTCA NapoH
MapTHepOB, NMpuUHAlIeKaWnX npeinctasaenio A; X E=E. Tlpoussene-
Hud x2, xy, y? oOpasyoT 6a3uc CHMMETPHUYHOTrO NPOH3BeleHHs NpeicTa-
paenutt [E X E] = A, -+ E. Jlerko Bulets, uro x2 -+ y2 npuHanIeRuT 4,
a x2—y? u Xy COCTABJAIOT Mapy NapTHePOB, NMPHHAMJIEKAIUUX TpeacTa-
paenui0 E. VITak, KOMNOHEHTH CHMMETPHYHOTO TeH30pa pacnpelesioTcs
N0 TPENCTABIEHUAM CJeyOIUM 00pasoM:

AZZ }
A { i A9 HH ONHOH KOMMOHEHTHI;
UolAn 4y,

E: Ayz, A Axx——Ayy, Axy.

Caen TeH3opa KBaApPYMOJLHOTO MOMEHTA paBeH HYMO, T. €.
Axx_*’_Ayy_*’_Azz:O'

Ho nockoabky xomnowentst A,, u A, - A, He3aBUCHMO TPHUHALIENKAT
npeicTaBaeHnio A;, TO Ha pe3yabTaTe 3TO He ckaxercd. YrtoOwl HafiTH
npaBuga or6opa AAS KBaAPYNOJLHBLIX MNepeXOLOB, Mbl JOJMHBI 3HAT,

coepikartcs u npeictasaenns A; u (nan) E B npomasesennn D X DM
Eciv peub MIET O IAMATOHATLHBIX 3/]EMEHTAX, TO HYXKHO yMeTb OTBEYaTh

Ha 3TOT e BOMPOC M A1 CHMMMETPHYHOTO IPOHM3BEJeHHs [D(”)XD(”)].
Has rpynnu (35, MMeeM
AX A =4, AXA4h=4, A4 XE=E,
Ay X Ay=4,, Ay XE=E, (6.23)
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Mpul OTHCKHMBAaeM npenctasieHus A; ¥ (nam) E B npaBol 4yacTH paBeHCTB
(6.23) u ofHapymxuBaeM, YTO 3JEKTPHYeCKHe KBaAPYNOJbHHE Mepe-
xonn A; <> A, 3anpelteHsl. Touno Tak Ke A/ [HArOHAMbHEIX 3Je-
MelTOB Mbl 06pasyeM cHMMETPHUHBIE MPOM3BEAEHHS

A X A=A, A XAl=A4, [EXE=A+E (624

¥ oGHapyuBaeM, YTO HM ONMH H3 JHATOHANbHHIX 3/]EMeHTOB B HYIb
He ofpamaercs.

Hdanee Mul paccmoTpuM rpymny Dy, Tak Kak 2z NpHHAAMEKHT TNpel-
CTaBNEHHIO By, TO 22 MpHHALMENKHT By X By=A,. ®yuruun 2x u zy
ABJASIOTCA MAapTHEpaMH, TPHHALMEKAWHUMH npeicTaBiennio By X E=E,
dyuxunn x?, xy U y? npUHALIEKAT CHMMeTPHYHOMY TNPOH3BELEHHI0

[EXE]=A1+BI+BQ'

Jlerko ykasaTb, K KakuM TIPeACTAaBJIEHHAM OTHOCATCH Te WM HHblEe (QYHK-
uun: x2-}- 92 npuHannexut A;, xy npunaigexur B, x? — y? npunai-
nexut By, TakuM 06pa3oM, KOMIOHEHTH TEH30pa PACTPEAeSOTCA MO Npel-
CTaBJIeHHAM CAEAYIOWHM 00pasoM:

A
A [ “ }; Ay KOMIOHEHT Her;
Acrt Ay

By Ag— A4y By Ay E:r Ay, Ay,
YcnoBue paBeHCTBA HyMO CJela TEH30pa U B STOM CJydyde He BJHseT
Ha HawM pedyabraTol. Jlns 11epexon0B, KOTOpble LOJMKHB MPOHUCXOIMTDH
MeXI1y YDOBHAMH, NpHHAMIEKAHMH - U V-NPEICTABJIEHUAM, TpPOU3BE-
JeHHe D(”)X D™ nomxuo colepxkaTh Mo KpaHHe# Mepe OJHO M3 mpen-
crasienutt A, B;, By niu E. V3 Ttab6a. 23 BuIHO, 4YTO MNepexolLn
A, <> Ay, B <> B,y zanpement. M3 (6.18) BHTeKkaeT, 4TO BCJAeldCTBHe
CHMMETPHH JIHarOHa/bHble 9J1eMEeHTbl NOMKHE 00pallarbCs B Hy/b,
Boabiiuft uHTEpec mpeAcTaBaseT rpynma 7. 3aeck X, Yy, 2 —napT-
Hephl, NpHHaANexalle npeacrasiennio F. [lpoussenenue [F X F] umeer
xapakTepbl, paBHbie 6, 2, 0, 0, tak uro [F X F] = A 4+ E -} F. BunucsiBas
Matpuubl npouasedeHns [F X F], Mul Mormu Gbl HaliTH ¢yHKUMH, IPUHAL -
Jexaliue PasInYHbIM HENPUBOAHMEIM NPEeACTaBAeHHAM, HO 5TH XKe (GYHKLHH
MOKHO JIETKO MOy YHTh, 3aMETHB Clenyoltee. Mb BuauM, uto x2 | y2 4 22
NpHYHALTeKUT npeAcTaBaeHdio A, x>tey?-4+-€e?2? u x2-}-ely?-}-e2?
npuHantexur E, a xy, xz v yz npuxaanexur F. TlostoMy KoMmo-
HeHTH TeH30pa KBaAPYMOJbHOTO MOMEHTa MO NpeACTaBJEHHSM pacnpele-
JFI0TCA CeAyIOLHUM 06pa3oM:

A, teA,, te2A
A A+ Ayt A E:{ wxedyy e } Fi A, A,

P R A,
e Ayy+sAzz .
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Cren rensopa KBaApYNoJALHOTO MOMEHTa paBeH HYy/O; Ha Cel pas 3To
00CTOsATEILCTBO UMEET 3Hadenne: QYHKINA, KOTOPYIO Mbl NPHIHCAIH TIpe -
cTaBleHul0 A, Ha CaMOM Jesne paBHa Hy. 0. [l03TOMY mNpH HAaXOXIeHHU
npasua OTGOpPa Mbl LO/MKHBL OTLICKMBATL B MPOM3BElEHUM TpeACTaBJe-
uuti npeacrasienuss £ u (mmn) F (Ho ne A). ViMeewm

AX A=A, AXE=E, AX F=F,
EXE==EX2A, EXF=2F, (6.25)
FX F=A-+E-2F.

3anpewensl nepexoisl A4 <> A.
JL1a AnaroHanbHBIX 9JeMeHTOB MOJyyaeM

[AX A=A, [EXEl=A+E, [FXFl=A+ELF, (6.26)

BCJAEACTBHE YEro AHArOHAAbHBLI} 31eMeHT 114 COCTOAHHUS THIa A paBeH Hy 0.

3ada4a. Haligute npaBnna oT6opa 1aa KBaJpYHOJbHbIX NMEPEXOLOB, €CAH
rpynnofi cuMMeTpuu aBaserca a) rpynna Dgy 6) rpynna O

[TpuMeHsBIIHecs HaMM MeTOAbB MOXHO 000OOIMTL W Ha Ccayuyali TeH-
30poB GoJlee BLICOKOTO paHra. Mul ellle BepHeMcsl K 9TOH 3alave NosiHee,
nocae TOTO KaK PacCMOTPHMM TPYNNH BpalleHuH.

§ 4. CpasanHble CHCTEMBI

Pa3BuTeie HaMH coOOpaeHHs O NpPOU3BELEHHH NpPeLCTaBIEHHH MOKHO
TIPHMeHATh TaK:Ke ¥ K CBA3aHHHIM cHcTeMaM. HauHeM ¢ IBYX He3aBuCH-

MbIX CHCTeM C palHyCaMH-BEeKTOPAMH T H [ COOTBETCTBEHHO. ['aMHib-
TOHHAHBl O0eHX CHCTEM BamMHCHLIBAIOTCS B OJHOM M TOM e BHIE ¥ HHBA-
PHAHTHB OTHOCHTENbHO OAHOH H Toff e rpynnsl. Ecau mMb 6yneM pac-
CMaTpuBaTh KaKofi-HuOyAL Omeparop, NpHHAAIeKaWnH rpynne CUMMETPHH,
M OKaXercd, 4YTo STOT oneparop AeficTBYeT Ha KOOPAMHATHL MepBOHl cH-
cTeMsl, Mbl OyleM 0503HayaTh ero Op (onepartop npuHantexur rpynne G),
eC/IH e Oneparop AeHCTBYET Ha KOOPAMHATH BTOPOH CHCTEMbI, Mbl Oyiem

o6o3navate ero O (NpHHALIEKAT rpymne G). Dnementnt R u R 6yayr
0003HayaTh OMHO M TO Xe reOMeTpHyecKoe npeolpasoBaHHe, NPHUMeHsAeMoe
K cucTeMaM 1 u 2 coorsercTBeHHO. Ecam MBI paccMaTpuBaeM OTAENbHO

cucreMy 1, TO ee COCTOSIHHS MOMXHO KJIacCHUUHPOBATH MO - €€ TpynMe
(1)

cuMMeTpud. Ee BomHOBbe ¢yHKLUMH Mbl OydeMm ofo3Hauarb ;. AHaio-
THYHO BOJHOBbIE (YHKUMH CHCTeMbl 2 Mbl 0003HauHM IF(i“). Ecan cucteMsl
He CBf3aHH, TO NMOJHas# 9HePTHs PaBHa CYMMe 9HePrH#t OTAENbHHIX CHCTEM,
a raMuastoHnaH /H = H;-+| H, ocraetcs HHBapHAHTHHIM OTHOCHTEIbLHO
Bcex onepaunit O, Oy . (91 npoussenexus sneMentos rpynnst G u e~
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McutoB rpynnsl G 06pas3yloT rpynmy — npsaMoe NpOM3BeleHHe TIpymn
G X @. Caenyer oOpartuTh BHHMallMe HAa TO, 4TO oneparop R AeficTByer
Ha KOOPAMHATH TNepBOH CHCTEMLI, a onepaTop S NefiCTByeT TOJbKO Ha
KOOD/MHATH BTOPO# cucTeMul.) Ecau e Tenmepb 3TH cucTeMbl OyAyT CBA-
3alibl APYr ¢ ADPYrOM, MH 100aBUM K FaMHJIbTOHHAHY Y/eHBI, 3aBHCAILME
OT PAacCTOsHHS MeXAy 3THMH LBYMA ciicreMamu. Takue omepaTophl, Kak
OROS~, He OCTaB/AIOT 3TOT 4YJeH, YYUTHBAWOWHUA B3auMoAeHcTBue, HHBA-
DHaHTHBIM, 3@ UCKAIOWEHUEH MOo20 cayias, Kozda S=R, T, e, Koraa
ofe CHCTeMBl MOLYMHEHL OLHOH M ToH e onepauud cuMmeTpHH, Taxkum
00pasoM, NIpH HAIMYHH B3aNMOAEHCTBHSA IPYTNa CHMME TP HH TIOJIHOT O FaMUJIb -
TOHMAHA COCTOMT M3 TNpoOH3BeleHu#t BHAA OROE’ rie R ¥ R —o1Ha u
Ta e FeoMeTPHUECKas OMepalHs, NpUMeHsAeMas K KOOpAWHATAM cHCTeM ]
¥ 2 coorBercTBeHHO. (Jta rpynna usoMopdHa rpynne G, cocrosiue#t us
anemMeHToB R.) IlpeAnosnoxum, yTo He cBSi3aHHbIE Mexay coboft cHcTeMbl
HAXOAATCA B COCTOAHMAX C COOCTBeHHbIMH yHKUMaMK PI) xp(jv). BkJo0-

yeHHe B3aUMOLEHCTBHUS CHHXKEET TPYNNy CHMMETPHH OT COBOKYMHOCTH
Bcex omepaunfi O,Og- 10 HexkoTOpoH mnoarpymnsl onepauuit Op0s,
TakuM ofpasoM, Hallla 3a1a¥a CXOXa C 3alayaMH O BO3MYIUEHHAX, pac-
CMOTpPeHHEIMM B § 2 HacTofluef riaBbl, rie BO3MyLIEHHE NPHBOLHIO

K OrpPaHMYeHHI0 FPYNNB CHMMeTPHHM 10 OJHOH M3 ee noarpynn, [Ipous-

BeleHHS BOJHOBHX (hyHKUMHA lp(,“)t_p(}’), obpasywliye 6a3uc HeNnpHUBOAUMOTO

NpelcTaBleHHs TPYMNLI, COCTOAWed M3 BCex saeMentoB RS (mosToMy
9TH MPOM3BEJeHHs M JOMKHB NMPUHAATEKATh OLHOMY H TOMY e BHIPO-
MAEHHOMY COCTOSIHHIO), TaK)Ke JAl0T HaM HEKOTOPOE MpeiCTaBJIeHHEe MO~
rpynns, cocrosieft u3 smemerros RR. Ho srto mpencraBieHue Gyzrer
NPUBOAMMBIM, M BHLIPOXKIEHHHE COCTOSHMS OYAYT DPACIEnsTbCs 33 CYeT
B3auMoJelicTua. BrifepeM MaTpHubl mpeiCTaBieHHs OAMHAKOBBIMH H 1A

rpymnst G u ana rpynme G, tak uro DY (R) = DY (R). Toraa

~ o -
OROR"P(i”)‘l’ S —(OR‘P(;P))(OR ¢9V))_I§¢;“)¢§V)D‘k“) R ngj) R). .27
Mbl BunuM, uTo (6.27) dopManbHO COBMALaeT C NMPOM3BELEHHEM TIpen-
CTaBJEHHH, B KOTOPOM ¢YHKUMH  OTHOCATCA K OLHOH U TOH Xe cH-
creMe. YUrToObl HafiTH Te THNbL COCTOSIHUM MOJHOM CHCTEMBI, KOTOPHE CO-
JepikaTcs Cpell Tpol3BeleHUH l]]‘l.”)l[)(j"), MBl JOJKHBI (TaK e, KaK 3TO

AenanoCb paHblie) PA3JOKHTh TPOH3BeleHHe TNpeACTaBAeHHH D™ xx p™
Ha HeTpHBOLHMMbIE.

B 3ToM cayyae Mbl NpHMeHseM K KOHEYHBIM TDYNNaM CHMMETPHH
TOT K€ METOHA, KOTOpbH OOBLIYHO NPHMEHAT K rpynne BpaweHutt. Ecan
paccmaTtpuBaeTcsd rpynna BpaieHufl (T. €. SJIeKTPOHH HAXOIATCH B LEH-
TPaJbHOM MOJe aTOMa, Tie TPymnofl CHMMeTPHH fBAseTCA MOJAHAS TPynmnd
BpalleHHt), TO OTAENbHLIE 3JEKTPOHbH pACNPEleNfAlOTCs M0 MOMEHTaM
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KO/NHMYeCTBA ABMKEHHA (HENPHBOAMMBIM TNpeACTaBAeHHAM) [, [, u T. K.
Ecnu uMeoTCs u/eHl, ONHMCHBAIOIIKE B3auMoielicTHe, HaM TpeGyercs
HallTH, Kak mnpousBeleHHe ¢yHKUMH pacnajgaercd Ha JHHefHble KoMOH-
HAUMH, TIPHHALJIEKALIHE Pa3/HYHbBIM 3HAYeHHAM TOJHOTO MOMEHTa KOJH-
yecTBa IABHKeHHA L (T. €. pasnuyHbIM HEMPHUBOLMMLIM TPEACTABAEHHAM
MOJHOTO T'aMH/JIbTOHHAHA).

PaccMoTpuM, Hanmpumep, 39/EKTPOH B aTOMe, HaXOAAI(EMC B KpH-
cramne, Ecim Mpl mpenefpexeM B3auMOAeHCTBHeM MEXAY 3JIEKTPOHAaMH
B aToOMe M IpelNoJOoXHM, YTO TNOJe, CO31aBaeMOe HOHAMH pelleTKH,
BEJIHMKO, TO COCTOSIHMSl OTAEJbHHIX 3JEeKTPOHOB OyAyT KJaccHdUUHpO-
BAaTbCA MO MPENCTABIEHHAM TPYNNBEl CUMMETPHH MOJA BHYTPH KpHCTaana.
Byznem 0603HauaTh TNpeACTaBAEHHs NI OTIAENbHBIX 9JIEKTPOHOB MaJbIMH
O6ykBamu @, e, f, a 60JblINe COXPAHNM 33 TIpeACTaBAEHHSAMH BCEH CJCTEMBI.

[Ipeano/0XuM, 4TO TPYNNOH cUMMeTpHM fBaseTcd rpymna Ci,. IlycTs
TepBHl 9MeKTPOH HAXOAMTCA B COCTOSHHMH, NpHHAA/IeXalleM TNpelcTa-
BJEHHIO @, a BTOPOH — B COCTOSIHHMH, MPHHALJIEKALEM NPEICTABICHHIO e.
Cocrosnue Bcell cHCTeMBl B leJOM OyleT B 3TOM C/ydyae NPHHALJIEKATH
npeacrasaeHuto @ X e =E. (3ror pesyjibtar B Kako#-TO Mepe aHaio-
THYeH pe3yabTaTy AJs TPynnel BpaweHuf, koraa [; =0, Tak yro L =1,.
OIHAaKO SICHO, 4TO 3TO XapaKTepPHO N/ BCeX YPOBHel, MPHHALIEKALHX
ONHOMEDHBIM TNpeACTaBJIEHHAM KOHEeYHHX rpynn cvmmetpun.) Ecaum o6a
9JIEKTPOHA HAXOJATCA B COCTOSHHMAX, TMpPHHAANEKALUUX TPEACTABICHHIO e,
TO BCH CHCTeMa B LeJOM OyIeT NMpHHalIexaTb NPeNCTaBJEHHI0 ¢ X e =
= A, A, E. Cxema yposHe#t sHepruu Moraa Ou ObITh Tako#i, Kak
nokasaHo B Taba. 25.

Tabruya 25
CHibHOe ToJie BHYTPH KPHCTaaIa
OpueHTanusa OTIENAbHBIX BaaumonelicTeue
3NEKTPOHOB B KpHCTanle OpPHEHTHPOBAHHBIX
91EKTPOHOB
Qp, Qg == ~— =~ ——s——s—————ee Az
P Ay
y A
7’
7’
/I
88 ~—mmm— mmmammaecm oo n - Az
\\
\\
E

3necb MB He YuMTHIBAEM TOMNIECTBEHHOCTb 4acTHU (npuHuun [laymm).
Haiuu peaynbTaThl OCTAIOTCA CNPaBelJIMBLIMH, €CJIH OAHOYACTHYHBIE CO-
CTOSHUA, OT KOTOPHIX MBI OTNPaB/IAEMCs, He OAMHAKOBHL 1 00eHX CHCTeM.
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Mbr Mornm Obl Takike mMOMBITAaTBCA HAWTH AN B3aUMOAEHCTBYIOLIMX
CHCTEM BOJHOBHIE (YHKUMH, MNpHHAAJIEXAliHe AAHHOH CTpPOKe JaHHOTO
HeNpHBOJHMOTrO npexncrtasaeHs. MHa4e roBops, Mbl MOXeM 3al1ath BOMPOC:
Kakue JuHefiHble koMOMHauMu npomussenennit YIIPY onpenensior FiP?P
(K sTomy cBoAMTCA 3aaaya O HaxoxAeHHM Koadduuuenros Kaebua —
Foprana ana kpucrammorpaduyecKuX TOYEUYHBIX rpynm.) Jlas KOHeYHbIX
rpynm 3TH BGLIYMC/JIEHHS NMPOCTH (HAa CAMOM JeJie Mbl YiKe MPOBOIHIN 3TH
BblyMCIeHHs). HamoMHHM, 4TO Mbl HaXOIMJHM TpOH3BEJeHHe AOGHIX ABYX
NpeAcTaBeHHH TDYNNEl CHMMETPHH. 3aTeM Mbl DasJjaraid 3TO NMpPOU3Be-
JeHHe H MoJydaau Te JuHefiHble KoMOMHauMHM mnpousseleHHH QyHKUHH,
KOTOpble TpPHHAAMeKar pa3/IHYHbIM HENpPUBOIHMBLIM MpeCTaBJIEHHAM.
Hanpuwmep, ana rpynnsl (3, Me noayuuad, uro A; X A; = A4;. B Ha-
IIMX MOCAeAHHX 0003HAYeHHSIX 3TO NPOM3BENeHHEe 3amullieTcs B BHIE
a; X a;=A;. B tepmunax 6a3ucHeX ¢yHKUHH NoIydnM

1P‘(Al) ll)(a‘)ll) al) (6 . 28)
TouHo Tak me a;Xe—=—E, crenoBareibHo,
\P’(E) ll.)(al)ll)(e) H ‘P(QEJ ll.)(al)ll.)(e) (6 29)
HakoHelw Mbl MOJYYHJAH COOTHOLIEHHE
exXe= A+ A,+E;

IS 9TOTO MBI HAIIMK NpPOM3BeleHHe npeacrasieHHd (6.10) u pasnoxuian
€ro Ha HeNpUBOIHMLIE KOMIOHEHTH. B HaluMx HOBBIX 06O3HAYEHHUSAX TOT
peayabTat OyleT BEIMIALETb TaK:

Wi = o (R - 9. (6.30)
2 1 o b

W = 2 (R — ) (6.31)

TP =y, T =y, (6.32)

AuanornyHeiM o6pasoM ans rpynnbsl T Mbl HAXOAHM HYMKHblE JHHeHHbIE
KOMOMHAUMH TIpOM3BeleHHH GYHKUHMHA, TpHHAAAEKAIIHE NpeACTABIEHHIO
F (crp. 211). Tak, Mbl HaXxoLuM, uTO

Wamds) B I 0s)
Br P17~ by P -y s
MPHHALIEKUT TPEICTABICHHI0O A M, C/Iel0BaTelbHO,

WO LW W) ey
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Kpome Toro, nmeem

WP L R T G
H

W — _]_/% (WP + 2P +- ey ). (6.35)
Tak kax

fX f=A4E+2F,

TO CYLECTBYIOT [BE CHCTEMbl (yHKUMH (418 CBS3AHHBIX CHCTEM), NpH-
Haalewalne mnpencrtasiendlo F. (Takaa cuTyauus He BCTpeuyaerTca As
ABYX 4Y4aCTHL B CJIyYae LUEHTPAIbHOrO MOJf; MPH AaHHBX [; M [, Kaxnoe
3Ha4YeHHE MOMEHTA KOJHYeCTBa [ABHMXKeHus L BCTpEUYaETCA TOJbKO OILHH
pas. Ecau e Mbl uMeeM Ooablle ABYX 4YacCTHl, TO BO3HHKAET Ta Ne
npo6aema.) Bce, 4TO MBI MOXeM Clenarb, COCTOMT B 3aJaHHM ABYX CHCTEM
NapTHepOB, NPHHAAJEKAWMX TpencTaBlIeHHi0 F. B arom caydae co6-
CTBeHHble KOMOHHAILMH HYE€BOTO MOPALKA CAeLyeT HAXOAWTb, Pellias CeKy-
ASpHOE YpaBHEHHE, KaK Mbl YyXe YK&3HBanM B § 2 Hacroswe# riaswl.
Takum 06pas3oM, MOJYUHM:

\P(IF) = ll’(gj)ll?gj), HJIH lp(aj)"py)v
W = WD, mmm GO, (6.36)
\ng) = l\pgf)lp(zf)' HIH l‘p(zj)lp(]j)'

Badawa. PaccmorpuTe pas rpymnbl cumMetpun D,; Bce xomMGuHanuu

HHIHBHIYalbHBIX COCTOAHHA NBYX yacTun. Bripasute co6cTBeHHble QyHKUHH
COCTOAHHH CBA3aHHBIX CHCTEM YEPE3 BOJHOBHE (YHKIHH OTIENbHBIX UYaCTHI.
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CHUMMETPHUYECKAS T'PYIIITA

CuMmerpuueckass rpymnna S, — rpynna BceX NMepeCcTAHOBOK 7 CHMBO-
710B — UMeeT ¢YHIaMenTafbHOe 3HaYeHHWe KAK JJd MaTeMaTHKH, TaK H
s ¢n3nkH, Jlad MareMaTHka pelleHHe 3aayd O HAXOMXIEHHH HENpHBO-
IMMBIX TIpelCTaBJeHUH rpynmbl S, sBaAfeTcd OMHHM H3 KJIACCHYECKHX
NpHUMepOB HCMOJb30BaHMA anre6pandyeckux MertoaoB. Hecmorps Ha Bce
ycuaus, Kotopbie OBIJIM 3aTpadyeHbl HAa HMCCjelOBaHHE TPYNN MepecTaHOBOK,
MX M TOHbIHE MOXHO elle HCNOoJb30BaTh KAaK CPEeACTBO IS MOJy4YeHHs
HOBBIX 3aMeyaTeJbHHIX KOMOMHaTopHbIX ¢(opMyJ. PasGueHne teH30poB Ha
KJIACChl HEMPHBOAHMMBIX TEH30POB OTHOCHTEILHO JTHOOOH TPYNNBI JHHEHHBIX
npeo06pasoBaHuit B ciaydyde n U3MepeHH#l TPOBOLHTCA JIETKO, KOJb CKOPO
M3BeCTHbl TNpPeACTaBAeHHs CHMMeTpHYeckux rpynn. B ¢usuke, ecau Mbl
paccMaTtpHBaeM CHCTEMY, COCTOALLYI0 M3 £ TOXKIAECTBEHHBIX YaCTHll, Tpynma
CHMMETPHH TaMH/JbTOHHMAaHA Tako# cucrtembl GyleTr colepxarb rpymmy S,,.
Knaccudukanus aroMHBIX M flepHBIX COCTOSHHH CYLIECTBEHHO 3aBHCHT
OT CBOHCTB rpynmbl S,,.

B naHHOM riaBe Mbl HaliieM XapaxkTepbl M MATpPHULI HEMPHBOIHMBIX
npencrasaeHuft rpynnsl S,. K s1o#t 3anave Mbl 6yaeM MOAXOAHTb, HCMOJb-
3yl HEeCKOMbKO pAa3/iHYHBIX MeToAoB. HekoTophie H3 HMX OT/JHYAKOTCA
ype3BblyalHOM MOIHOCTBIO (M BHIIIAIAT O4eHb ,ydeHo“l), Apyrue ke
u3o0peTeHsl (HM3NKAMH M HCNO/b3YIOTCA MMM BMECTO XOPOLIO H3BECTHBIX
MATEMAaTHYECKHX METOLOB.

§ 1. BuBop xapakTepoB rpynnsl #3 XapaxTepos ee NMOArpy bt

B § 5 ra. 3 Mb ykashiBamM, 4ro eciM HaM yaaercd HaHTH NpOCTHE
XapaxkTephl [ HMHBapMaHTHOM noarpynnbl rpynnbl (, TO Mbl MOMeM
Cpa3y e BLIBECTH M HEKOTOpHE MpPOCTbIe Xapakrtepbl camoft rpymmel G.
OnHako 9TOT pe3yabrar He o0cCOGeHHO HaM mnosesed. [lpu n >4 cuM-
MetpHyeckas Tpynma S, MMeeT TOJbKO OAHY HMHBAPHAHTHYIO MOArpYymNmy:
3HaKonepeMeHHylo rpynny o, uunexca asa. M3 AByX OLHOMEPHBIX TMpel-
craBieHu#t ¢daxtop-rpynnsl S/, Mb BHBOAMM [Bd OYEBHIHBLIX OLHO*
MepHHIX mpeicTaBieHns S,; eAuHHYHOEe (CHMMETpHYHOE) TpeaCTaBleHHe
C XaDaKTepoM (MarpHiel), paBHLIM eNMHHLE 479 BCEX 3IEMEHTOB Ipynnu S,
H aHTHCHMMeTpHYHOe TNpeiCTaBleHHe ¢ XapakTepoM, PaBHHM -1 AJs
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YeTHEIX M —1 [/19 HEeYeTHHX 11epecTaHOBOK. Bce Apyrie IenpupoinMble
TIpeACTaB/IeHHs ABIATCA TOUHBIMH. HaM tpefyercs YCTAHOBHTL HEKOTO-
pYio CBA3b MEX1Y MPOCTHIMH Xapakrepamu rpynnsl G W NPOCTHMH Xapak-
TepaMi 20604 H3 ee MOArpynn. IJIy UeJb MOXKHO AOCTHYL C TOMOLILID
teopeMbl  Ppolbenuyca, K BHBOLY KOTOPO# Mbl Temepb M IPHUCTY-
naem.

[Tycrs rpynna G nopaaka g UMeeT Kakyio-T1o noArpynny H nopaaka 4.
[IpeanoJIOKNM, UTO HAM 3a1aHO HeKOoTopoe npeacrasenre D (G) rpynnut G,
Buifpas u3 Marpuu D (G) Te, KOTOpblE COOTBEICTBYIOT 3/eMeHIaM MOA-
rpynnel H, Mbl TOTYaC Ke TOJY4YaeM TpeiCTaBlIeHHe NOArpymnsl H.
[Ipencrtasienue noarpynnel f, KOTOpOe Mbl MOJMYYHM TAKHM CNOCOGOM
[6ynem HasmBath ero D' (H)], MOXeT OKa3arbCs MPHUBOLHMbIM, 1aKe ec/H
npeicrasieHue D ((G) ABseTCs HeNMpPHBOAMMBIM NpeACTaBJIeHHeM rpynisl G,
WHEIMH c/I0BAaMH, laxe B TOM CJydyae, KOr4a Mbl He CyMeeM HalTH noa-
MHOXeCTBA BeKTOPOB 0a3uca npeacrtasienus D (G), Koropoe ocTaBaaoch Gul
HIIBADMAHTHHIM OTHOCHTENbHO BceX mnpeoOpasosanutt D (G), Mbl, GbITh
MOJeT, CyMeeM HaHTH Takoe HX TNOAMHOMECTBO, KOTODOE OKAKeTcs MHBa-
PHMAHTHHIM OTHOCHTEJBHO dYacTH 3THX npeoGpasosauntt D’ (H). (Takoe
NpeBpallieHHe HENPHUBOAMMOrO NpeACTaBAeHHd B MPHBOAMMOE NPH MOHMXKe-
HUM CHMMETPHHM, T. €. NpH TNepexole K NOATpyNne TMepBOHAYaALHOM
rpyNnbl CHMMETPHH, ¥ TMOCHYIKHIO OCHOBOH I8 NpHMEHEHHS TeopHH
Ipynn K 3anadyaM TeOpHH BO3MylueHH# B ria. 6.)

[ToctarH 1 Temepb BOMpoc, oOpaTHHH BOMpOCY Mpeldbliyliero afsaud.
MoxeT cay<4HTbCA TaK, 4To HaliTH HeNpHBOAMMBIE TNPEeNCTABNeHHA nJ9
noarpynnel /1 okaxzartcs merde, yeM aas rpynnsl G (MOCKOJBKY TMOPSALOK
noarpynnsl H MeHblue nopsaaxa rpyminsl G). Moo M BbIBECTH Xapak-
tepsl rpynnbl 0 M3 XapakTepoB ee noarpynnsl H?

PasofbeM asementsl rpymnsl G Ha Kuaaccsl K3 UHCJIO 9JeMEHTOB
B kaacce K; paBHo g;. OGosHauuM TpocThle Xapakrtepbl rpynmnu @

yepes %%, a COOTBETCTBYIOLIME MPEACTABIEHHS — Uepe3 D™ (G). Hanee,

ABa 9JeMeHTa MOArpynnsl F{, KOTOphle MepBOHAYAILHO HAXOAMJIHCH B OX-
HOM M TOM e Kjacce K, B rpynme (G, MOTYT He TMpHHALIEXATH OLHOMY
¥ TOMy e KJjaaccy B rpynne H, NMOCKOJbKY 9/1eMeHT, KOTOPHH OCYy-
uieCTBAsfeT TNpeoOpa3oBaHHe, MOMET He TNpPHHALIexaTb NoArpynne Fi;
C/lenoBaTebHO, HEKOTOphle d/eMeHTH B kaacce K; B rpynne G xe npu-
nadrexcam noarpynne H. C xpyro#f cropoHbl, ABa 3/7€MeHTa, KOTOpbIE
OKa3blBAIOTCS B OJHOM M TOM Xe Kjacce B noarpynmne H, xnenpemenno
NpUHALIEKAT OLHOMY H TOMY e Kaaccy B rpynme G. Ilpu o6pasoBanuu
noarpynnst /4 u3 rpynnel G OO BLIGPAHO TOMBKO /; 3JEMEHTOB M3
ofliero 4ucaa MX ;5 h; W3 STHX 37EMEHTOB MPUHALNEKHUT Kiaccy le‘
h;, —xnaccy K; v 1. 1. B noarpynne H. OGoaHayuM NpoCTble Xapak-
Tepbl rpynnsl M cumBoaamu @), a COOTBETCTBYIOUIME NPENCTABIEHAS —

cumsonamn AW (H). Panee Mbl yae Bunean, uto ecan ucxoruts 3 DW (G)
M paccMaTpHBarb TOMLKO 3/eMeHTH R, BXoadwe B moarpynny H, to
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NOJy4YUTCA HEKOTOpOoe MpeicTaBiedde (BOOOLLe TrOBOps, NPHUBOLHMOE)
noarpynns H:

D'WR)= X a, AV (R); R npuuasrexur H, 7.1
hY

rae a,, — UeJIble MOJOKHTEbHbE YHCIIA.
Ecan no Kpaidwneli mepe onmH 3ieMeHT Kaacca K, rpynnua G npH-
Haaexut noarpynne H, to u3 (7.1) Mbl mosayuyaeM

W =2 a, 0 =2, ="... (7.2)

[peanonoxum, uto xu odur 3nement knacca K; rpynnu G He npu-
HamaexutT noarpynne H. Ywmuowas (7.2) Ha x(j“)* M CYMMHpYS TO W,

HaX04HUM
% Xsp)zx(tu) —=0= uzv awxg_u)(p(tvr) (7.3)

a8 Bcex kjaaccoB K; rpymmsl (G, koroprie cofepart mo Kpafinefl Mepe
OIMH 3JIeMeHT, TMpHHAalJexalwuit noarpynne H, u 414 BCeX KJIaCCOB K:T,

Ha KOTOpble pacnanalorcd 3JEMEHTH, Monajarmolue B noarpynmny H. Ho
9TO 03Ha4daeTr, 4Yro 444 BCeX KJIACCOB MNOArpynnbl H

g (% auvxgw*) PP =0. (7.32)
Tenepb YMHOXHMM 9TO paBeHCTBO Ha /qu)g))"/h M TpocyMMHpyeM mno R

(r. e. no Bcem kaaccam moarpynmsl f7). M3 cooTHOlIeHHH OPTOrOHAMIb-
HOCTH TIOJMYYHM

3 a, 4" =0 a1 Bcex p, (7.9
n

HJIH
) ) aupx(ju) =0 IS BCEX Q. (7 4a)
no-

PaBeHctBo (7.42) npuMeHHMO KO 8cAxomy kaaccy B rpynne G, Hu 0dun
97EMEHT KOTOPOro He NpPHHAAAexuT noarpynne . OGparumcs remepb
K PacCMOTpEHHI0 TeX KJaccoB rpynnbl (, y KOTOpHX 1O KpaliHe#i Mepe
OMHMH 3jeMeHT mpuHasiekur H. YmHowuM (7.2) Ha h’r(P("?‘ H TpOCYMMH-

pyeM mo 8cer Knaccam moarpynner F:
hayg= 2 b, GO, (7.5)

rie CyMMHPOBAaHHE DAacnpOCTPaAHAeTCs HA BCe KJIACCHl MOArpymne .
® 3
YMHOXUM Tenepb cooTHowlenue (7.5) Ha gx{™" n npocymmupyem mo i

hg, ? auaxgu)* = hiT(P(l?* IZ,' g:X(,-“)Xﬁm*=
_ Z h[.rq)(l‘_?*g6”= g[; h[rq)gz)t'
lT



220 Taasa 7. Cummerpuueckasn epynna

rie nocreiHss cymma Oepercs mo Bcem kaaccam K nomrpynnsl H,

KOTOpHIe BO3HMKAIOT M3 KaaccoB K, rpynnel G. [lepexons K KOMMIeKcHO-
COTIPSIKEHHHIM Be/JHYHHAM, TOJIydyaeM

ghi
w-Yoar—S G 0o
[ Kl

PasencrBa (7.2), (7.4a) n (7.6) conepxar nojHyio ¢GopMyaHpOBKY Hauiel
reopembl. Yucaa ay, B (7.2) ObUIM UEJLIMH MOJONKHUTEbHEIMA UYACTAMH,
B CHJTy 4ero Jepas 4actb paseHctBa (7.6) ecTb cocTaBHOH Xapakrep i)

rpynnet G. Ecau Ham u3BecTeH mM060# mpocrof Xapaktep moarpymnel F
(T. e. q)g':)), T0 paseHcTBO (7.6) o3nHauyaer, 4TO CyMMa, CTOflasl B ero

npaBoft 4actH, NOMKHA ObITh COCTaBHBIM Xapakrepom rpynmel G. DBonee
TOro, paBeHcTBO (7.4a) o3Hayaer, 4TO TMOJydYeHHHIHl TaKUM cnocobom
cocraBHOW Xapaktep Oy.Aer paBeH liyJ0 Mg BceX KJaaccoB rpynmel G,
KOTOpDHE He Colep¥ar HM OLHOTO 3JeMEHTa, TNPHHALIENKAUEero Moi-
rpynne H.

OueHb Ba)HbIH YacTHHIM cayvaft paseHctBa (7.6) COCTOHMT B ciaeayio-
weM. CylecTByer OIMH MpPOCTOH XapakTep, KOTOPHHM Mb 3HaeM AJs
J060ft TPYNNbl, a HMEHHO XapaKTep eAMHHMYHOTO MNpeiCTaBJIEHHS:

O=1 a8 BceX i.

Moaaras @ =1 ana scex I B pasencrse (7.6), noryuaem
T

gh 2 a0, a.mn
n

T. e. BeqNYMHb gh,/gh o6pasyioT cocraBHo#t Xxapaxrep rpynne G,

PaseHcrBo (7.7) MoxXHO npuMeHaTts K aw06Go# noarpynne H rpynnet G,
UroObl moayuutb f; U &, TpeGyercd NMPOM3BECTH JHIUb HECTAOXHBLIR MOA-
cyer. Heckosbko nosiHee B 9TOH rnaBe Mbl MOKAMXeM, KaK MOXHO BOC-
Nno/b30BaThcAd paBeHCTBOM (7.7) Ans noayuenus ¢opmyasl dpolbenuyca,
KOTODas BHIPAXaeT B 3aMKHYTOM BUIE BCE MPOCTble XapaKTephl CHMME-
TpUYecko#t rpynnsl. B 3toM maparpade Mbl OrpaHHYMMCHS PacCMOTpeHHeM
NPOCTOTO PEeKYPPEHTHOrO MeT0Aa, OCHOBAHHOIO Ha COOTHOWEHHH (7.6).
Mb! HafileM mpocTHe Xapakrepel rpymnbl S,, npuMenss paseHctBo (7.6)
K xapaxrepaM rpynnsl S,_;. Tak xe xak u B § 5 ri1. 1, me Gynem
0603HayaTh 4cpes (IGQBSV .. ) KIACC MepecTaHOBOK, UMEKUIMX O LHKJIOB
AAuHBEl 1, B UMKJIOB OJMHBl 2, Y UMKJIOB Lauubl 3 W T. A. [las mobon
rpynnst S, Mbl 3HaeM [BAa MPOCTHIX XApaKTepa: CHMMeTPHYHBEI Xapakrep,
paBHbI#l —}1 118 BceX NepecTaHOBOK, M aHTUCUMMETPHUYHBIH Xapakrep,
paBubifi 41 479 YeTHHIX M —] JJI9 HEYeTHHIX NMEPECcTAHOBOK (MpH yCa0-
BHH, €CJH TOJbKO 7 > 1),
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[pu n==1, 2 TpHBHATbHbIE PE3Y/LTATH COCTOST B CAEAYIOIIEM:

Sy
2 X(l)

X(Z)

rle YHCIO 3JIEMEHTOB B K/aCCe YKA3aHO PSAOM C CHMBO.IOM paabiueHus
yucaa. B ciywae rpynnbl Sy HaM H3BecTHA AMlllb yacTb TabaMIbl, H30-
OpaxeHHas 3/1ecb:

3 2

1
‘ (O CAS VI ¢
AL 1 1 1

e 1 -1 1
X(s)

St

PasyMeeTcs, nocieauu#i Xapaktep JeTKO HANMHCATb, €CJH BOCMO/b30OBATHCH
COOTHOLIEHHAMH OPTOTOHAIbHOCTH. Bocnonbayemcs, TeM He MeHee, paBeH-
ctBoM (7.6). Tlockonbky wkaacc (3) rpynmbl Ss lle MMeeT 9JEM@HTOB,
NpUHALIEKAINX ee MOArpynne S,, ero COCTaBHOH XapakTep paBeH HYIIO.
Haunem ¢ @M (1. e. ¢ xapakrepa ) B rpynne Sy). B 3tomM cayuae (7.6)
JaeT HAM CHeNylIUd pe3yabrar:

6 1 6 1

Yoy =75 7=3 ¥Yon=7 3="

Mbl nosayuaem coctaBHo# xapakrtep 3, 1, 0. Ianee,

1 1
O

otkyaa caeayer, 4ro () BXOAMT B j TOAbKO OIMH pa3, Bruuras,
noayuyaeM xapaxrep 2, 0, —I1. DTor Xapakrep npocrof, NOCKOIbKY

%[1 2243022 (—1) =1,
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CnenosarespHo, Hawa Ttabauna Aas rpynnel Sy UMeeT BHI

1 3 2
(1% 0 (3)
S3
X(l) 1 1 1
%@ 1 —1 1
X(a) 2 0 —1

PaccMorpuM temepb Sy xak noarpynny rpynne S, Ham usBectHa cie-
Aywolas yactb tabaMibl XapakTepoB rpynmbl Sy

1 6 3 8 6
(1% 2P 2% (CARY) 4)
S, :
x @ 1 1 1 1 1
%@ 1 —1 1 1 —1

MHoxutenn gh,/g;h, BxoadMe B cooTHolenne (7.6), pasun 4, 2,
0, 1, 0. Bosbmem cHavana ¢ (t, e, xapakrep ¥ ans rpynnet Sg) u
noJy4uM cocrtaBHoli xapaxrtep ¢: 4, 2, 0, 1, 0. B arom cayuae

g 1
E?IIP?:—QTII 4246-2243.02+8.1246.0% =2,

M, CAeNOBaTeJIbHO, \ CONepXHUT 1Ba MPOCTHIX XapakTepa, Kaxibf M3 ko=
TOpHIX BXOAHUT no oaHoMy pasy. CocraBHOfl Xapaktep ) COAepKuT Xa-
paktep % ¢ xoadduunentom, pasHuM 1, MOCKOIbKY

1
Y L=yl 446.2-43-04+8- 146.-0]=1.

Briunras ¥, nonyuaem xapakrep y@: 3, 1, —1, 0, —1. 3ro npocrok
XapaKTep, TAK Kak

1
E%—(XY")?= gp 18246+ 123 (—1)2 8- 0246 (— 1) = 1.

BosbMem, nanee, ¢ (r, e, %@ axa rpynnsl Ss) ¥ noayuuM Xapaxrep i
4, —2, 0, 1, 0. B aror cocrasHoli xapaxktep ¥ BXOAMT OAMH pa3,
NOCKOJIbKY

) 1
2%‘%&2’:‘2’4‘[1'4-1+6(—2)(—1)+3-0.1+
+8.1.146.0.(—1)=1.
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Buiuutaa %2, noayuaem mnpoctofh xapaxtep ¥®: 3, —1, —1, 0, 1,
Hakonen, sosbMem ¢ (r, e. %®) nas rpynnot Sy) u noayunm {: 8, 0, 0,
—1, 0. TIpoaenas BbluMCIeHUS, HaHdeM

N 2 1)) —
Y=gy 1 88— =3,
B CHJAY 4ero Xxapaxkrtep ¥ eCTb CyMMa TpeX Da3jMYHbIX NMPOCTHX XapaKre-

pos. [loayuennsli panee xapaxtep %M B xapaxktep \ BXOIMT OAMH pas,
TaK KaK

N EL ) = (1834040 0] =1
Y =g [1-8:3404040]=1.
Auanoruuno, ¥» BXOIUT B { TONbKO OAHH pas. Briuuras ¥ u y® us 1,

noayuaem xapakrep X®: 2, 0, 2, —1, 0, KoTOpHIfi ABASETCH MPOCTHIM
XapaKTepoM, MOCKOJbKY

1
() =y 11+ 2243+ @8- (—1P] = 1.

Met nonyuuan noauylo Ttabauuy xapaxtepos rpynmsl S, (taGa. 26).

Ta6ruya 26
1 6 3 8 6
1 (2 1% (29 (CARY) “4)
S,

A 1 1 1 1 1

%@ 1 -1 1 1 -1

%@ 2 0 2 -1 0

AR 3 1 —1 0 -1

% 3 -1 -1 0 1

[TpuMeHuM Teneps 3TOT ke MeTOA K rpynne Sy, paccMaTpuBas rpynny S,
Kak ee noarpynny. OTHOCHTeIbHO rpymmbl S; MH pacrnoJaraeM Caelyio-
wefl uHdopMauueti:

1 10 15 20 20 30 24
1% (@1 (25 1 @G 1y 3, 2 41 (5)
! 1 1 1 1 1 1 1
e 1 —1 1 1 -1 -1 1

Muoxutenn gh,/g.h B pasexctBe (7.6) pasuwo 5, 3, 1, 2, 0, 1, 0, Xa-
pakrep ¢ rpynnsl S, NPUBOAMT K TOMY e HaGOpY dMCeT, YTO M CO-
CTaBHOH XapakTep { rpynmbl S;, a HMEHHO:

1
E%IP?: g1+ 52 41032415 124-20 . 22430 - 12 = 2;
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¥ mo3ToMy b COAePKHMT ABA PA3NUYHBIX MPOCTHIX Xapaktepa, Xapaxrep

conepxut U, nockombky
\\ §
2‘—"; Py=1

sbiuntas ¥, Mp! nojaydaem npocroli xapaxrep x®: 4, 2,0, 1, —1,0, —1.
AnatornyHbiM 06pa3oM Mbl HaxomuM u3 ¢P mpocro#t xapaxrep y4: 4,
—2,0, 1,1, 0, —I1,

Hcxons usz ¢, ¥, @© coorsercrBenno, Mu 00pasyeM COCTaBHble
XapaxTepbl:

10, 0, 2, —2, 0, 0, O: Efgg_lpg:z,
15, 3, —1, 0, 0, —1, O: 2;‘;}_%2:3,
15, —3, —1, 0, 0, 1, 0: Z—g—;—lp?:&

Xapakrep ¥® BXOAMT BO BTOPOH XapaKTep TOIbKO OQMH Pa3; TOYHO TAK XKe
¥@ BXoautT B TpPeTMH XapaKTep TOJbKO OAMH pa3. Buluutas aru xapa-
kreps ™ n ™, nonyyaeM cocraBHble XapaxTepbl:

A @ 10, 0, 2, —2, 0, 0, 0,

%) 5™ 1, 1, —1, —1, 1, —1, 1,

%6 452 1, —1, —1, —1, —1, 1, 1,

KaX/IbIH M3 KOTODHIX CONePIKHUT JBa MPOCThIX xapakrepa. M3 nocmemnux
ABYX XapaKTepOB HaXO0IuM

‘X.(s)_‘x.((s): 0) 2' 0: 0: 2: _21 0:
KOMOMHHPYS C MEepBHIM XapaKTepoOM, MOJydYaeM

w®: 5,1, 1, —1, 1, —1, 0,
x®:. 5, —1, 1, —1, —1, 1, 0.

SateM Mbl HaxXOoouM

y™: 6, 0, —2, 0, 0, 0, 1,

TMoaxas tabauna xapakrepoB npuBeneHa B taba. 27,

B cayuae Sy peuwlenue 3ajaaud CTaHOBUTCA rpoMo3AkHM. Haww tpyn-
HOCTH Ha CaMOM Je/eé MpOHCTeKaloT M3 TOro ¢akrta, YTO Mbl HCMONb3O-
Ba1M TOABLKO MoArpynny S,_; rpymns S,. B nocieayioumux naparpadax
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Tab6auya 27
1 10 15 20 20 30 24
(1%) 1B @h G’ 62y G )
Ss:

) 1 1 1 1 1 1 1
(2 1 —1I 1 1 —1 —1
5@ 4 2 0 1 —1 0 —1
A 4 -2 0 1 1 0 —1
2 5 1 1 —1 1 —1 0
pA4) 5 —1 1 —1 —1 1 0
L 6 0 —2 0 0 0 1

Mbl MOKaXKeM, KakuM o0pa3oM oOllyl0 3alayy MOXKHO CBeCTH K 3alaue,
pellieHHe KOTOPOH OCYLUECTB/ISETCS MO Pas M HABCerAl YCTAHOB/JEHHOMY
aAropUTMY.

3adara, Bocnoabayiitech MeTO0M, H3MOXKEHHBIM B 3TOM naparpade, aag
noayueHns Ta6aulbl XapakTepOB rpynnsl Se.

§ 2. dopmyna Ppobennyca aasi XxapakrTepos
CHMMETpPHYECKOH rpymnmsl

B § 1 nacrostiefi riaBel Mbl MOJIYYMId CJAeayiOlnM# pesyibraT,

Hana rpymna G nopsaka g, uMeiollas g, sJeMeHTOB B Kiaacce K.
Ecau Hekoropas noarpynna H rpynnsl G nMeeT NOPANOK A U COMEPKUT A,
3/7eMeHTOB M3 knaacca K, TO COBOKYNMHOCTb YHCeN

. &8l
=55 (7.73)
o6pasyer cocraBHO# Xapaktep rpymibt G,

B sroM maparpade Mbl Mokawmem, Kak, ucxons ud (7.7), MOXKHO MoJ-
HOCTBIO pelNTh 3a1a4y O HaXOKASHHH HeNPUBOJAUMBEIX MpeicTaBleHui
CUMMeTpHYeckofi rpynnel. Hnes peweunns (raxke nprHaniexaimas $po-
GeHnyCy) cocTouT B caelytolieM. Pasenctso (7.7) sazaer Xapakrep y{h
st Kaxao#t BuiGpaHHOH Hamu moarpynnsl H rpynnm G (=S,). Paccmo-

Tpum J060e pasbueHue (A) = (A;, Ay, ..., A,) uHcaa n
Mttt oo +h,=n, (7.8)
M>2h> oo 2h,=0. (7.8a)

B coorercteun ¢ pasbuerineM (A) MOXKHO MOCTPOMUTb HEKOTOPYIO MOM-
rpynny rpynnsl (. Pa3oObeM cuMBOAH 1, ..., 7 Ha OTAENbHBIE KJAACCHI
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B COOTBETCTBMM C yKa3aHHbIM pasluenuem (A); mepBeIfi Kaacc Gyaer co-
JepkaTb A, CHMBOJIOB, BTOPOH KJacC — Ay CUMBO/IOB M T. I. (BBIGOp cuM-
BOJIOB BHYTPHM KaXIOro KJacca HecyllecTBeH). [TOCTPOUM Temepb cHMMe-
TPHUUECKY!0 TPYNNY M3 CUMBOJIOB NMepBOro kaacca U HasoseM ee Gy, To xe
npofesnaeM A8 KaXAOro M3 OCTaNbHBLIX KJaccoB. BoabMeM, nasee, npamoe
npousBeJeHHe BCeX TMOJAYYEHHBIX Trpynn (HanOMHMM, YTO OHM He HMelOT
o011MX CHMBOJOB). DTO MpsAMOE NpOW3BeleHHe UMeeT BUI

Gun=0), X G, X ... XG_ (7.9)

M sBasercd moarpynmo#t rpynmbl S,; momb3ysch paseHCTBOM (7.7), MH
MOeM IOTYYHUTh COCTABHON XapakTep rpynnsl S,, KOTophfl 0603Haunm *),
AHanoruuHbte orepanMd MOXHO MNpOJeJaTh ¢ KaxabiM pasbuenunem (M)
yucna n, [lockoabky uncio pasbueHduH 4YuCaIa 7 PaBHO YUCAY KJIACCOB
B rpynne S,, MH MNoayyaeMm MpH TOM COCTaBHble Xapaxkrepsl rpynmbl S,,
YUCI0 KOTOPHIX PABHO YMCJIY KAaccoB B rpymme S,. Mbl 10Okaxem, 4To
¢ — 1uHeHHO He3aBUCHMble BEKTOpDHL. B cHay aToro OHM AOMKHE! 1aBATh
BCe MpPOCTble XapakTepbl rpynnbl S,, ecan Opath HMX COOTBETCTBYIOILHeE
JAuHeHHble KOMOMHaUMKM, Mbl TakMe MpUBENEM OKOHYATENbHBIH peayabrar,
noayyeHnbtit ®pobenuycoM, — 3aMKHYTYI0 GopMyay, DALY BCE NpOCTHE
xapakrepsl rpynmet S,.

Uro6bl BOCMOMb30BaThCA (opMyI0# (7.7), HaM HeOOXOLAMO BbIYHCIHT
BeJMUMHBl A, A 1 g, TlpeanonoXuM, 4TO Mbl XOTHUM MOCTPOUTbL Xapak-
Tep, COOTBeTcTBYOIMH pasbuennto (A). U3 (7.9) caeayer

P T W W (7.10)

Paccmorpum  manee kaace K, rpymmbt S,. Kiace K, MOXHO onuchiBaTth,
3

sajaBas CTPYKTypy ero pasnokenus ma umkms (1%, 2°, 3Y, ...). 3ror

CHMBOJ O3Hadaer, 9YTO MePeCTAHOBKM, MPHUHaLTekaiue Kiaaccy K, co-

JepKaT ¢ UMKJIOB AAMHB 1, B LMKJIOB MJIMHBL 2, Y UMKJIOB MJIMHH 3 U

T. 4., Tae
at2%p+3y+ ... =n. (7.11)

Yucno mepecranopok B kjaacce K, Gblao uataexdo B ra. 1 [dopmyina
(1.27):

n!
1% 0128 p13vayt ..,

&= (7.12)
Benuunna A, ecrb uuca0 gaementoB B rpynne G, KoTopble obaanaior

CTPYKTYpOH pa3ioXKeHHsl Ha LMKJIB (1“, 2k, 3V ) Yrobul kakoit-mmbo
aaeMeHT rpynnsl G, o6.1anan 3ToH CTpYKTypoH, OH IMOJMKeH ColepKaThb

O UMKJOB Aauubl 1, B UMKJIOB AJAMHB! 2,
Y HUKJIOB MJIMHB 3 H T. A,
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TakoH 3JeMeHT MOXHO MOCTPOMTb COrJIacHO ¢opmyrae (7.9), ecau MHO-
KUTedb B MPAMOM NMpPOM3BeNeHHH, B3ATHH M3 rpynnbl Uy, COlepXkHUT

@, UWAKJI0B AquHBl 1, B; LUKAOB IAJUHH 2,
¥; UMKJIOB MMHB 3 © T, L.;

MHOXHTeJb, B3ATHH M3 rpynnel Gy, uMeer

0y UMKJOB IJIMHHL 1, B, UMKIOB MJIMHBE 2,
Yo WHKJIOB IJMHB 3 M T. L.

M, HaKOHell, MHOXHWTeJb U3 TpYIMb! G;v” uMeer

@, UMKJOB IMUHB 1, B, WMKJIOB NIHHE 2,
Y, UMKJIOB IJHMHB 3 M T. A.

an yCHOBHH, eCJ/In
n n n
So=a  Fp=p Fv=y wra (@113

Tak kak rpynna G;V COCTOHUT M3 MepecTAHOBOK A; CHMBOJIOB, uMeeM
o+ 28, +3v+ ... =\ (7.14)

Yucao nepectaHOBOK B rpymme G"i’ HMeIOIMX CTPYKTYpY pasbueHus Ha
UMKJIb BHAQ

(1%, ofi 3V, o))

npu (UKCHPOBAHHLIX Oy, B;, Yy ++ ., PABHO
Ay

la‘-GIIQB‘-ﬁt!

Bui6pas mo6oe pewenne ypasuenu#t (7,13) u (7.14), noayuum

| g

o 1% rofp

9JIeMEHTOB KJacca (lu, 2k 3v, ) CymMMupys Mo BceM pellieHHsM, Ha-

Xon4iM
|\ Azl
=Y ‘ : (7.15)
pa P :
0 B I,-[N-a;w‘-m!...
ui+gﬁi+'““7‘t
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[Moacrasass B ¢popMyny (7.7) cootnouwenus (7.10), (7.12) u (7.15), umeen

) ghl . Wl ol . ﬁ!
@ —glh" L afat...  Pylfet... "7 (7.16)
a;, Bl"'
ro;=a 3 f=P

0y +2B+ 0w =Ry

[Tpexde yeM NMepeXOAUTH JaJjbllle, Mbl XOTHM MPOMUIIOCTPUPOBATEL Halll
METO/ Ha OIHOM 4YacTHOM ciyuae, PaccmorpuM rpynmy S, n moctpoum
MOAIpYNNy, COOTBeTCTBYWOILYl0 pa3buenuio (22). B srom cayuae

Gy =Gy X Gy.

O6pasyeM CHMMeTpHYeCKyl0 rpynmy, AeHCTBYIOLLY!0 HA 3eMeHTHl 1 W 2,
¥ YMHOXHM ee Ha CHMMETPHMYeCKYylo rpynny, AeHCTBYIOILYIO HAa 3JeMeHTH 3
u 4: e, (12), (34), (12) (34). Ilopsnox »stofi moArpynmbl rpymns S,
pasen A=2!.2!=4, PaccMOTpUM pa3/nuHble KJaCChl B rpyune S,.
Kaaceol (4) 1 (31) He comepKaT 4aeHOB, KOTOpPble BXOAWIM Obl B rpynmy
Gy, BcaeactBue yero Qopmyna (7.7) Ajas 3TMX KJIACCOB AaeT HYJb,
Knace (2%) rpynnet S, sxoant B rpynny G oluH pas, kiacc (212) sxo-
JUT B 9Ty Tpynny ABaxasl, kjaacc (1) — oaMH pas, B CHAYy Yyero Mel no-
JAydyaeM cOCTaBHOM Xapakrep

1, @), @), @n, ),
6, 2 2 0 O

Bemnuunpl ¢fM) cayxar koadduuuenTaMn B HEKOTOPOM MOHHOME, K 1O~
CTPOEHHIO KOTOPOro Mbl ceffyac mpuctynuM. [IpeaAnookuM, 4To Mbl pac-
cMaTpuBaeM KJacc (1u2ﬁ3v . ) B rpynne S,. MHorouneH

(%4 %+ ... -I—xn)a(xf—-l—xg—l— —}—xf,)ﬁx
X434+ o a3y

OTHOCHTE/NbHO MNEPEeMEHHbIX X, ..., X, MOXHO pa3.lI0XKUTb TakK, 4T00bI
OH HMen BHI

1
2 ~Ll-—-xal N xa" 2 '—LXQBI . e xQﬂ” ——
al o a7 n 1

B! Bal n
(11, ...,(ln Bl""’ Bn
X Eul=a 2[3[=ﬁ
al pt
= 2 all...anlxﬁll...ﬁ,,!x"'
@5 [3[,
Yoy=a, LB=6, ..

a, 426,439, + ees a, 42 3 vee
coe Xoxp Bt 3y, X oo Xxgn Batdvpt eee,
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Co0epem renepb Bce KOS(QUUUEHTH!, CTOSAIUME NMPHU AAHHOM OJHO-
unene

iy By i
X11X2 ... X0
Toria paccMaTpuBaeMoe BblpaK€HHE MOMXHO Mepenucarb B BHle

VO " \Y ol p!
Z *1 ...x”ﬂ Z al....an!xﬁl .Bnlx...‘

Wy o, ﬂ,,
Yp=n Lo=a, HB B, ..
aﬁ B+ . ’“t

Bce oaHouneHn, KOTOpbie MOJYy4YaroTcs M3 OLHOU/JEHA

"y "
XU eoox,
NpH TMepecTaHOBKE lEPEMEHHbIX, HMEIOT OAHHAKOBbHE KO3(pPULUUEHTH,
[TosTOMy MBI MOKEM pACNOJOXKUTL MNOKa3aTeqau |4; B MOpsAKe yObiBaHUA
MX BEAMUYMHB M OTOXAGCTBHUTb MX C u/leHaMM paabuenus (A). 3areM,

noab3ysacb coorHoleHHeM (7.16), noayuaem

(X)X (Z=) .. =

\Y A A ) B!
= | S
24 oo X7 24 ....a,,! X paxX
n (h)e ul, [3[; e
0 BeeM \
nepeCTa}soaKaM Lu[=u- L B=B o

al+2[3[+. cemldy

=Yoo Y, xp.ddn @an
(h)

Io Bcem
nepecTaHOBKau

CyMMa OGepercs mo Bcem pasfuenusm (A) M BCeM pas3AUYHBIM OAHO-

9aIeHaM, MNOJyd4alluMMCcd Npd MnepecraHOoBKe TMEPEeMEHHBX Xy, ..., Xy
BBeleM Tenepb HOBLlE MepeMEHHHE !
-
s,=%x; (r=1, ..., n). (7.18)

Ins  kaxpgoro kJaacca [ co CTPYKTYPOH Das3/nomeHUs HA  ULMKJH

(1“, 2P 3v, ) Mbl 3alaluM elle TPeTuH HAdOp MepeMeHHHX, a UMeHHO
JeByl0 wacTb pasencta (7.17):

S = =ssf ..., (7.19)
rae (/) — knacc suna (1% 2P, 3Y, ...). Toraa (7.17) MoxHO mepenucars
B BUIEC

Sy =2 > XX, (7.20)

) (i) [Ip Bcen nepecranoBkay
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[Tepemennbie s,, 3anaBaeMbie opmynamu (7.18), npeacrasasor coGot
n GYHKIUHA OT 7 He3aBUCHMHX TepeMeHHbX X ;. [lepemennsie s, GyHKIHMO-
HaJbHO He3aBHCHMBl; MX AKOOMaHOM CJYXKHUT ONpelenurenb

1 1 1 ... 1 1 1 ...
2x, 2, 2x3 ... X1 X X3 ..
2 2 2 2 2
J— 3x2 3x2 3x ... |_ a1l ¥ X3 X5 |
n—1 n-1 n—1 n—1 n—1 n—1
nx! nxj nxf=t... X! X3 xi=t o,

=nl Il (¢, —xp. @21
1<y

[Mocnennuft pesysibrar noJyuaercs, €cJd 3aMeTHTb, YTO STOT OMNpeleH-
TeJb npeAcrasisger cobofl nosuHoM oOliefl crenenu

n—I1

0+1424 ... +(r—Dh=n—75—.
OTOT onpejejuTenb ofpaulaercds B HYJb, €CJAM COBNANAOT MoObe nBe
nepeMeHHble, H, CJAeN0BATE/JIbHO, CONEPXKHT BCE BO3MOMHEIE MHOMXHTE/H
(X, — X;), y KOTOpHX =~ j; NOCKOJbKY TaKMX MHOxUTeJIeH HMeeTcs
n(n—1)/2, M noaywsaeM paseHctBO (7.21) (3HaK B 3TOM paBeHCTBe
-1 -2 0
HAXOMAT MNyTeM BblYMCJIeHMs Ko3p¢uunenra npu x7 X375 .. xn).

Tak kak sxkobuaH J He paBeH TOMXAECTBEHHO HYJIO, BEIMUYHHBI §, MOXKHO
BBECTH B KadyeCTBe HOBHIX He3aBUCHMHX nepeMeHHbix, Kpome Ttoro,
BEJUUMHEL §(;), 3aJaBaeMbie paBencTBOM (7.19), /unelinO He3aBUCUMBEI
(160 ecan Ob ouM ObLIM JIMHEHHO 3aBUCHMBIMHM, TO M3 9TOr0 BhiTeKasa Ob
(¢hYHKUHOHAIbHAA 3aBUCUMOCTb MEXIY BeJHYHHAMH S,, KOTOpHIE, KaK MH
TOJABKO YTO J0KA3a/1M, SABJIAIOTCA HE3ABUCHMMbIMH nepeMeHHbiMM), Te xke
paccykleHus INOKa3bBAalOT, YTO BEJHUYHHBI

XML xhn
1 n’
ITo BceM nmepecTaHOBKAM
COOTBeTCTBYIOILlME pas3IMyHLIM pas3buenusm (), Takxe JMHeHHO He-
3aBucumbl, Takum oGpasom, eciu ([) mpoberaer ¢ Kaaccos B rpymme S,
MH TMOJyYdeM ¢ paBEHCTB, AHAJOTHYHBIX DPABEHCTBY (7.20) ¥ BHpaxaio-
IWMX ¢ JMHEHHO He3aBUCHMbIX BEJIHYHMH §(;) YePe3 ¢ MUHeHHO HE3aBHUCHUMEX

BEJIMYNH
A

XML xhe,
1 n
Ilo BceM népecTaHOBKAM
Marpuua npeo6pa3oBanus, MNO3BOJAAOLIETO MNepedTH OT OJHOH JHHefiHO
He3aBUCUMOM CHCTeMbl BeJMuYdH K JApyrof, HeBblpoxaeHa, Ilosromy
cronbup 3Toff MaTpUlbl, KOTOpble ABJAAIOTCA HE YeM HHbiM, KaK XapakTte-
pamn @) npu duxcHpoBaHHOM (1), AOMKHE ObITh HHEHHO HE3ABUCHMEIMH,
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B cuiy 9TOro ¢ mMpOCTHX XapaKTepOB JOJKHBI BbIPaXKaThCsl B BHIE

JUHEMHEX xOMOMHAUMH XapaKTepos cp%).

Il1s BmBONA OOWIMX YTBePXKAEHUH Mbl HMCNO/Mb30BAJAM 7 MepeMeHs-
HbIX X;. EaumncTBeHHoe TpeOoBaHMe, KOTOpOe cieayer coO/MolaTh NpH
NPaKTHYECKUX pacyetax, COCTOMT B TOM, YTO YMCJIO MepeMeHHHX X 10J-
KHO OHITb HE MEHbllle yucia yactell B pasGuenun (M),

[Ipumennm pasenctso (7.20) x rpynne S,. Toraa

O=0  spy=(s) = x) =T+ 42 3, +
+ 6 2 x2x2 12 D x2x,x, 24 X Xy X\ XX,

4
rie nox le ¥ T, 1. MOJApa3yMeBaeTcsi CYMMUpDOBaHHe IO BCeM Mepe-

CTAHOBKAM HHIAEKCOB, B pe3y/JbTaTe KOTOPHX TMOJyyalorcs pasanyHble
0JHOUeHH. AHajoruuio,

D=1 spm=8(s)f =(*{+ -+ FxD)(x+ - Fx) =
=[Z 4+ 22 x5 [ X 5] =
=D xi+4 2 D xdx,+ 2 X x4
+ 2 X3x,%3
D=2 S =(5f =(Z =X x+2Z <2}
D=0, 1 8 y=88= (X)X x) =2 %} + X xxys
Hh=@): Sy =13, = 2 *h

[Toab3yacs 3TUMHM paBeHCcTBamH, ofpasyeM MaTpULy M3 BeJUUYUH cpg}))

M TpAHCMOHMpYeM ee Tak, uyTo6b pas3buenus (A) 03HAYaAd CTPOKH,
a pasbuenus (I) — croabupi:

=9 @B (2 @1P 4

M=47 1 1 1 11
31) 4 2 0 10
(2)2 6 2 2 0 0 |. (7.22
(21)2 12 2 0 0 0
Al 24 0 0 0 0

Tenepb Mbl MorjM Obl TaK ke, Kak B § 7 HacTOslle#i riaaBH, HalTH

no 3TOH MarpHlle MPOCThie XapaKTepel x%’-

3adaxa. [lpuMeHnTe 3TOT MeTOA K rpynme S; U NOJAYYHTE Xapak-

tep ¢, Bocnoapayiitech Ta6a, 27 aas Toro, 4robu Beipasuts ¢'M B Buxe
JUHeHHBIX KOMOuHanu# IpoCTHIX XapaKTEPoB rpynme S,
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dopmyna (7.20) nossoasgeT Hav HaHTH mnoaHbIf HAaGoOp COCTABHLIX
xapaxrepoB @M s rpynnet S,. dpoGennyc nowesn Aajblie ¥ NOJYYHJ
dHanoruuHy!o ¢opMyay, KOTOpas [aeT HeMOCPeACTBCHHO BCe MPOCThie
xapakrepu %M, Ias 3ToH LeaHM MB BOCHOAb3YeMCS ONpee/iTe/IeM TAKOro
TWMA, KOTOPbIH yxKe Bcrpevascs B paseHctse (7.21), a uMeHno:

DG)=D(xy, --v xm) = I (ri— ) =

— m—1,.m -2 0

_géppxl xptooox, X0, (7.23)
rae P ectb mofas MepecTaHOBKA MepeMeHHbX x; M 8,== =1 B 3aBucH-
MOCTH OT TOro, fBAdeTcd /M MEpPecTaHoBKa P uyeTHOH WJM HedeTHOH.
3aMeruM, uto D (X;) ecTb 3HaKONepeMeHHas (YHKUMA OT X;, MeHsollas
3HAaK NpM MepeMeHe MecTaMu MOOHIX ABYX MepeMeHHbIX, Beanuunnt ()

B paBeHctBe (7.20) ABAAOTCA OTHOCHTEJbHO X; CHMMETPHUYHBIMH MHOrO-
yiaenamn [cM. (7.18) n (7.19)], nosromy npomssedenue Sy D (x;) Menser

3HAaK Tpu MoB0H nepecraroBKe ABYX nepeMeHHHX. Ecan Bunucarth pas-
noxenne S D (x;) B BULE CyMMbl ONHOWIEHOB X1, ..., x:’nm, TO OKa-

KeTCf, YTO HeT 4YJ/JeHOB, HMMeWLIMX OJUHAKOBbIE CTEeMeHH no MOGLIM
JBYM TepeMeHHbM, NMOCKOAbKY NMepecTaHOBKA TaKMX MepeMeHHbIX B Bblpa-
ke $D (x;) npueena On K TnepeMeHe 3HAKA BCeX UJEHOB Paafio-

JKEHUsd, B TO BpeMsd KaKk MepecTaHOBKAa OJHOYJEHOB He NMPUBOIUT K HU3Me-
HeHulo 3Haka. TakuM 00pa3oM, STH OLHOUJEHb NOKHEI HMeThb HyJeBble
K0a¢pduuuenTr, B cuay cka3asHOro nepeMeHHbie B OJHOUY/MEHaX MOXKHO
neperpynnupoBath TaK, YTOOE chawansa UM yYiaeHbsl Hanbosee BHICOKOH
CTeNneHd, 3aTeM uYieHb MeHbllefl cremerd W 1. A. [TOSTOMY BeJMUHHY
s D (x;) MOxHO 3anucath B BuAe

s(,)D(x)_Zx( Z0,Pxp" bt =t e (7.04)

7

[Mepsas cymma Gepercs mno BceM pasOuenusm (A) uncna 7, Bropas —
no BceM MepeCTaHOBKAM MNEPEMEeHHBIX X, ..., X,. $cHO, uTo Ko3ddu-
LHEHTH x(l) ABJIAIOTCA JMHEHHBIME KOMOMHAUMAMH GYHKUMH cp8~) Teopema
dpobeHryca yTBepkAaeT, UTO BeIMYMHH xg})) B (7.24) npencraBisor
co00ft B TOYHOCTH MPOCTHE XapakTepbr rpymnsl S,.

Mbl npuBedeM MHOTrO MNPHUMEPOB, MNOACHAOIMX CMECA COOTHOLe-
Hug (7.24), HO cHavasa Mbl M3JMOKUM J0Ka3aTEAbCTBO 3TOH TeOpEMHl,

BemunHe x%) Gyxyt npoCTHMH XapaxkrtepaMu, ecau [cm. (3.152))

(,) Eul%p [ = (7.25)

rae g — nopsmoK Ipymmel S,, a gy — YMCIO MeMeHToB B Kiacce (I).
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Tak e Kak MH BBOIM/JM INepPeMeHHbe x;, BBeleM Telepb BTOPOH
HaGOp mMepeMeHHBIX Y, W TOJOXKHUM, MO OMNpeleseHHUIO,

=2y, (7.18)

b= ... amm )=(° 2% 3Y,...). (7.19a)

' &) S /
24 g W -
U]

[Toabayace cootHowennamu (7.12), (7.19) u (7.19a), noayyaem

OGpasyem cymmy

\W & AN 1L
2% = Swtn = T 0 (52t oo (7:26)
RS R

[Tpocymumupyem tenepb no # ot 0 10 oo:

gu 1 1
2 _g‘i Sty = exp [Sltl + 5 Sty + 5 Safa .. ] - (7.27)
Io BceM pazbueruaM
BCeX n

[ToacrapuM Buipasmenus (7.18) u (7.18a) ang s, u ¢£,:

S ¥ 8
2 21 1

m {% (xlyj)r
2 hd T =

re=1 re=l i, j=1r=1
m m
n .
=— Y, In(l —x;y)=—In M a—xwp. 28
i, j=1 i, j=1

Wrak, npasas dyacth pasencrBa (7.27) paBsHa
1

— .
JL =)
Jlokaxem rtemepb, 4TO
D(x) D(y) :_‘ ’
m 1 -_— xrys ’

H (I—=xy)

i, j=1

(7.29)

rie D — onpenemntens, sagaunuit (7.23), a |1)(1 — x,y,)| — onpenesn-
Telb, rs-3jeMeHT Koroporo pasen /(1 —x y). Drot onpesemreny
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HMEEeT BU]I

A—x9)7" (I—x9)7" A —x997" ...
(1’—x2)’1)‘1 (1'x2)’2)—1 (1‘“x2)’3)—1

S R EEN G Y,

Bhiuntas M3 I-H CTPOKHM NEpPBYIO, MO.TyyYaeM

X, — X y
-1 -1 i 1 J
(I =x9)" —(0—xy)" = :
124 1] — — :
1 xY 1 xY;
Muoxurenr (x; — x;) sBAsieTcs OOWIMM A]d BCeX 3/MEMEHTOB [-H CTPOKH,
MHOXHTeJb (1 — X;y;) —O6UWKMM 11 BCEX 3/EMEHTOB j-ro cToabua.
BEIHOCA 9TH MHOXHTEJH, HAaXOAMM

1 1 1
Y1 Y2
(Ko — X)) (Ka— 1) ovn (xm—x) | T— %21 T — 02
< Y1 Yo .

BriuteM Temepb nepBHit CTOa6el M3 OCTaMbHBIX:

)’j . yl - )’j_yl 1
I—xiyj 1—xiy1 1—.*«:ly1 1—x

Yy

Mnoxutenb (y;~— y;) BHOBb OKa3blBaeTCs OOILUMM AJIA BCeX 3/eMeH-
TOB j-ro ctoJa6ua, a MHOXMTeab (1l — x;y;) — 149 BceX 9JEMEHTOB
[-# CTPOKM, MOITOMY ONpEJEeJHUTENb MOMXKHO MpPEICTABUTL B BH/[E

(xg—x1) e K —x) Vo= Y1) oo - O — YD) %
jl;[l(l -xlyj)lIEIZ(l-xiyl)

1 0 0 .
b4 1 1
T—xoy1 1T—uxpy,  1—x5¥3
X Y1 1 1

1 — x3y, I— x5y, 1 —x3y;
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H
1 ' .
1_xi'yf I, j=1,..., m
— (2—x1) . =) Wa—y1) oo Ym— Y1) l .
m m lyj l 2
J'I=II *1Y5) H (=) /= "

(7.31)

[ToBTOpAsa 3TOT MpoUECC MO HHAYKUHH, moaydaeM dopmyay (7.29). Ymuo-
xuB obe yactn pasencrsa (7.27) va D (x;) D(y;) ¥ BOCNOb3OBABIUKCDH
cooTHolenuen (7.29), Haktnem

E 29 sutaD (x) D (y) = | T:}”ﬁ l
h,n

Ho
-1 S
(1 —xi)’j) = Zox‘,-’y}’,
Y=
NOSTOMY
-—1 2 v Vo, Y
] T—xy; j= 2‘ 2 d,x 1y11x 2y ...xprztnymm' (7.32)
Vl, ceey vm=1 y2l

Bce noxasaTtenM v ROJKHB ObITb Pa3.IHYHLIMH, NOCKOJABLKY 9Ta (yHKuUHSA
MeHseT 3HaK NpH MmoOOH MmepecTaHOBKe ABYX MepeMeHHbIX. MIHIeKCE MOMHO

PACMIONOKUTL B MOPAAKE YOBIBAHMA, ) O3HAYaeT CYMMY IO BCeM mepe-
P

CTaHOBKAaM TMepeMeHHbIX X M y, a 8, paBHO 41, ecau mepecTaHOBKH X

M y MMEIOT OJlMHAKOBYIO YeTHOCTb, H —1 B MpOTUBHOM caydae. [lockombky

MOKa3aTenu V Terepb pPacnojoxeHb! B yOblBaoIleM MOpRL<e, ME MOXKeM
NOJMOXHTb V; = A, m —1{ M NOJY4uTbL CJELylolliee BbIpAXEHHE:

g k +m— 1 k +m=1 A A
2 (z> 50D (%) tD 226 gy
(U] M P
(7.33)

[Moncrasasta ciona BHpaxedne (7.24) M aHAJIOTHUHOE BLIpAXEHHE s Y
H CpaBHHBAA KOI(@UUHEHTH! NpH OLHOWIEHAX, COAEPKAWMUX X1, -+ -, X
Vs oo es Yy HAXOLUM

&
YR =0 mn %)+ W,
U]

— é’ﬂ M2 — 1;
Z R [%]

(U]

(7.25a)
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3TO M LOKasbiBaer, uto Qopmyaa (7.24) naer nam He3aBHCHMBlE MPOCTblE
xapaxkrtepnl. Pasenctso (7.25) ocraBaser euie 0AHY BO3MOMKHOCTb: BeJH-
YuHa ){,E}’) MOXer OIIHYaTbCcAd OT MPOCTOro XapakTepa 3HAKOM, HO MpH
HCNOAb30BAHUH HAIIUX Pe3yJ/bTATOB Mbl NMOKAXKeM, YTO 3HaK BhIGpaH mpa-
BHJILHO.

dopMyaa (7.24) BHIIAINT BecbMa CAOXIOM (TAKOBAa OHAa U Ha CaMOM
nenel), M MO3TOMY Mbl, UCXOLA U3 Hee, pa3pabarbiBaeM MeTOAH, OoJsee
yno6Hue B pabore.

§ 3. I'paduueckne meroanl. PemeTounbie nepecrarOBKH,
Cxemn HOnra. Ta6aunw IOnra

[pex e Bcero pacCMOTPHM eAdHWYHBIA 3dement rpynmel S,, T. e.
kaacc ([)=(1"). B atom cayuae neBas uacTb pasenctBa (7.24) pasua

npocTo
D (x;) (X x,)"

Bosbmem chauana D (x;) M YMHOKHM NOCAef0BarelbHO 7 pad Ha D X;.
[TockoabKy npou3BelneHHe HA KamJAOM 9rame sB.IAETCS 3HAKOMEpeMeHHOH
dyHkuMed, Mmo6oi 0LHOUJIeH, UMEIOLUH ABa PaBHLIX MOKA3aTe/si CTemeHH,
LOMAKEH BXOJAMTb B ITO MPOHU3BeleHHe C HYJACBHIM KO3 huuuenToM. Takum

o6p a3oM, X%’)') Oyzer xosdduunentoM B (7.24) npu dieHe

ka

A +m=1_A +m—~2
2
x2 m "

1
*
B kauecTBe MCXOAMOH Mbl BHOpanH GyHKIIO

m=-1_m-2 0
D(xi) = Z 0pPx1 ™ x9 e X (X
P

Eciu yMHOMHTBL ee Ha le-, TO OJMH M3 NOKasaresefl cremeHu yBeus
yuTcad Ha eauuuuy. Ho ecam Ha kakoM Onl TO HM OHJIO 9Tame BhblyUCE-

HU} 1BA MOKA3aTeas CTAHOBATCA PABHLIMH, COOTBETCTBYIOLMA unen 10/KeH
obpatutbcs B HyJb. [losToMy siCHO, 4TO, MOCKOJBKY Ha KaXIoM 3Tame
MBl YBeJHUYHBAeM CTeMeHb MOMMHOMA Ha eRMHHULY, Mbl BCeria LOJKHbLI
YBeAHUHBATh CTeMeHb MepeMeHHOH X, Mo KpalHel Mepe Cro/b xxe OLHCTPO,
KaK WM CcTemenb MepeMeHHOR X, M T. 4. Hawa koHeuHas uejJb COCTOUT
B TOM, YTOOH YBe/JMYMTh CTeNeHb X; Ha A;, cTemeHb X; Ha A,. B npo-
llecce BHIMOJHEHUs TOH 3aAauu (Kax b pa3 Mbl YBeJHUMBAEM MoOKasaTesnb
CTeleHH TOJAbKO y OLHOH nepeMeHHON) Mbi LOJKHbI ObiTb YBepeHHbIMU
B TOM, YTO YHC/JO Omepauul YMHOXeHMs, [POM3BeNeHHBIX HalL Xy, 60dblue
yucia OmepauHit yMHOMeHUs, MPOU3BELEHHHX HAL X HJIH PABHO eMy

u 1. 1. Obmee uucaI0 cnocofOB, KOTOPHIMH MOXHO JOCTHYbL Hallel LeJH,
paBHO x‘(ﬁl.), T. €. pa3MepHOCTH upenctaBaenus (A).

[pennonoxuM, HanpHuMep, 4To HaM TpeOyeTcs HAWTH Pa3MEPHOCTb He-
TPUBOAMMOrO MNpeNCTaBNEHHs Tpyinb S, COOTBETCTBYIOIIEr0 pasbHeHHI0
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(A)=(2, 1?). B stoM cayuae Mbl AO/DKHE YBeNHYHIb [OKa3aTedb CTe-
MeHH MepeMEHHON X; Ha 2, a MOKa3aTeNM CTeNMeHH Xy U X3 — Ha 1. MHaue
roBops, MH JOKHB NPUHTH K BBHIPAKEHHIO X2X,X,, YMHOXKad KaxXaui

pa3 TOJNbKO Ha OIMH H3 X-0B H CJiead BCe BpEMd 334 TeEM, 4yToOLl BeJIU-
yiH X; Obijio 00.blUe, YeM Xg H X3, U T. 1. JTO MOXKHO NPOLEJaTh CJe-
AVIOLIMAIH CIOCOOaMH:

2 —
X[X X ==X, X X, X5, X XX, X5, X X)X X, (7.34)

DTH YnopsloueHHHEe DPAacroNOKeHHs HeM3BeCTHBIX HOCAT Ha3BaHHe peuie-
MOUHBLX Nepecmaro8oK BhipaxeHna x2x,x,. Cyuiecryer Tpu Takux me-

PECTaHOBKM, [103TOMY pa3MeplOCTb NpPeLCTaB/IeHds, COOTBETCTBYIOLIErO

pasduenno (2, 1%), pasna 3. Dyzem Temeph BMeCTO X; FOBOPHTb ,TOYKH

B mepsoft cTpoxe®, BMECTo Xy — ,TOUKH BO BTOpO# cTpoke* u T. 4. B pe-

3y/AbTATE MBI XOIHM 1I0AYYHTb HEKOTOPHH 2pagh ¢ IByMs TOYKAMH B mep-
2 \ ]

BOH cTpoke (x‘) M OJHOH TOYKOR BO BTOpPO# N TpeThelt cTpoxax (x2x3),

npuYeM 4YMCJIO0 TOYSK YBENMUMBACTCHA KaXMABIH pa3 Ha eLMHHLUY M TaK, 4TO
Ha Mmo0oM 3Tane MOCTPOEHHS B KaXAOR CTPOKE TOUYeK He MeHblle, uyeM
B MOC/JeAYIOIMX CTPOKaX (TakHe rpacdbl HA3LIBAIOTCA APAGUALHBLMU 2pA-
gamu), Harnapgno rpad, KOTOPbIE Mbl XOTHM MNOJY4YMTb, MOXKHO H300pa-
3UTh TaK:

: * WJIH %D (7.35)

. L
Paabuenne (2, 1?)

(BO BTOpOH cXeMe BMeCTO TOYSK HCMO/JL30BAHH KBaapathl). Pa3menias
00beKTh (TOYKH WJAH KBAAPATbl) 70 00HOMY HA cXeMe U yOempasach Kax-
OB pa3 B TOM, 4TO 4HcA0 00OBLEKTOB B mepBO#t cTpoke OoJblue uHcIa
06bEKTOB BO BTOPOR CTpOKe MM paBHO emy M T. A. (T. e. y6exnasch
B TOM, 4TO Ipad MpaBUJeH HA KAXJIOM STane NMOCTPOeHMA), MBI MOJyuYaeMm
B pe3yabTaTe BCE TOUKM (MaM KBazpatel) rpada. Takas mpouenypa Ha-
3bIBACTCA NPABUAbHULM pa3meujenuem (Y3408, MmMouex, K8adpamos).
B Hawewm npumepe, ecau oO6beKThl HYMEpPOBATH B MOPSAKE WX MOSABJIEHHS
Ha rpade, Mbl NMOJAYYHM CJELYIOIiHE BO3MOMHBIE CJYYaH:

1 2 1 3 1 4
3 2 2 (7.36)

[To cytu nmena, rpadn (7.36) 03HaYalOT TO e, YTO U BohiparkeHus (7.34):
nepBeiit rpad o3nauaer, 4to Oepercsa ,mepBas CTPOKA, nepBas CTPOKa,
BTOpass CTPOKA, TPEThA CTPOKA“, T. €. X X;X9X3 M T. I.
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C noMowbio TOH iXe MpOUeAYpH M MOXEM HAaHTH pasMepHOCTH BceX
HeNMPUBOAMMEIX NpeicTaBAeHuft rpynnbt S,. Kaxaomy pasbuenmio uucna 4
COOTBETCTBYeT HEKOTOpHH rpag:

¢:  OJOOO
@, ) OJod
(]
2 1 D
(29: (14 @ (7.37)
(2, 12: [
-

BoaMoixHEle cnocoful mocTpOeHUs 9THX IrpadoB C MOMOILBID NMPABUIBHOrO,
pasMellieHHs] OT/AEJbHHX Y3J0B CBOIATCA K CJeLYIOLIHM:

“): [OElEE n=1,
@ 1 [EE @ LOEE =3
(4] (2] B
@» [ONE E) n=2,
384 (2][4]
@ 1) OE HNE OE n=3, (7.38)
(3] BT
@ @ @6

(14):

EE]

Peayabrarth, npuseseHdsie B (7.38), YKasHBAOT Ha BHYTPEHHIOK CBA3b
MEWIY CONPANCEHHBLMU, WIH QCCOYUUPOBAHHBMU, PA3OUCHUAMU, T. €.
TAKHMH IByMsi pasOHeHHsMH, KOTODHE MOJyualoTcs APYL M3 Ipyra 3aMe-
1ofl cTpok Ha cToabub: Hanpumep, (4) u (14, (3, 1) u (2, 1%). C npyro#
CTOpPOHHI, pa3bueHne (22) SABAAETCA CAMOCONPANCEHHBM, TPH 3aMeHe
cTpOK cTonbuaMu oHo mpeobpasyercd B ceOa. K3 (7.38) Mbl Buanm, uro
pa3MepHOCTH NpeiCTaBIeHud, COOTBETCTBYIOLIMX COMPAXEHHHM pasbue-
HUSIM, PaBHH,
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B kauecTse apyroro npuMepa HalleM Da3MepHOCTb NpeNCTaBJAeHUA
rpynnet S;, coorseTcTsyouero pasbuennio (4, 2, 1):

1234 1235 1236 1237 1236 1237
(1) 56 (3) 46 (5) 45 (1) 45  (6) 47  (8) 46
7 7 7 6 5 5
1234 1235 1245 1245 1246 1247
(2 57 (4 47 (9 36 (10) 37  (11)35  (13)35
6 6 7 6 7 6
1246 1247 1256 1257 1267 1256
(12)37 (14)36  (15)34 (17)34  (19) 34 (16)37
5 5 7 6 5 4
1257 1267 1345 1345 1346 1347
(18)36  (20)35  (21)26  (22) 27 (23) 25  (25) 25
4 4 7 6 7 6
1346 1347 1356 1357 1367
(24)27  (26)26  (27) 24 (29) 24 (31) 24
5 5 7 6 5
1356 1357 1367 1456 1457
(28)27 (3026  (32)25 (33)27  (34) 26
4 4 4 3 3
1467
(35)25 n=35 (7.39)
3

3adaua. Moctpofite cxeMH, aHanoruuyHple cxeMmaM (7.38) u (7.39), aas
BCEX MNpEACTaBJEHHH rpynmsl Ss.

Tabmuer (7.39) cayxar npumepoM mab.uy FOnza —rpados 3anaH-
HOH ¢opMbl (onmpenensemMolt pasbueHHeM), B pasHBHIX KJETKaX KOTOPHX
pasMemieHs uucaa ot 1 g0 n. Ecan kiaeTku 3ano/HeHs! B COOTBETCTBHH
C HAlUMM [PaBHJOM TNPAaBHJALHOTO pasMellieHus, To Tab/iuIla HasblBaeTCs
cmandapmuoll mabaugeli. Yucao craHzapTHHX Tabauy B TOUYHOCTH
paBHO pa3MepHOCTH npeicTaBeHuss. CranaapTHole TaOJAMLB MOXHO Ompe-
nejJeHHHM 00pa3oM YNOpPsALOYMTb, BLIMHMCHLIBAA BCe uyucaa NOLpsd, T. €.
BHIIMCHBAA CHauya/l1d NepBY CTPOKY, 3aTeM BTOPYW H T. A., 4 TOTQM



240 Trasa 7. Cummerpuueckan 2pynna

pacronaras samucanHeie Tak TaOJHUH B mopsike, ofpaTHOM JeKCHKOrpa-
¢duueckoMy: Hanpumep, Ttab.auua

1367
25> 1367254
4

Oyaer MATH nocae TaOaULb

1367
24— 1367245.
5

[ToapHee MH elie BepHeMCsl K CTAHLAPTHLIM Tab/HLAM M MNOKAXKEM, KaKUM
00pa3oM OHH MO3BOJAIOT HaM CTPOMTL OasucHHE GYHKUMH AAd Henpu-
BOIUMBIX TNpeacTaBAeHUH.

§ 4. Ipaduueckuil MeTOR HAXOKJEHHSA XapaKTepoB

Tor ke rpaduueckuit MeTol, KOTOPHIM Mh [M0Jb30BAAMCh LS HAXO-
XKAEHHS PasMEPHOCTH HENPHBOAMMEIX MPELCTABAEHHH, MOMXKHO MPHMEHATH
M [/ BHIYMCJIEHH XapaKTepoB. Mbl CHOBAa OyieM MCXOIUTb H3 paBeH-
ctBa (7.24). Uro6n HafiTh Xapaktep ¢, MBI 10JKHBl BHIUHCIUTL KO3~

(UM
duuMeHT npH

Ay+m—1_A 4+m—2 A
1
X, Xy2 cee X m
B BbIPAXEHUH
D(x;)sqy
3amuweM (I) B uuxanvecko#t dopme (I, [, ...) M OGyzeM yMHOXaTb

D (x;) nocrenoBare/bHO Ha
NY L l;
sy, :Z,xil, caey s,j:leJ.
i {
MB MCXOAMM M3 BHIPAXKEHHA

-1 -2
D(x,-)::;éppx{” X270 X x

H MNbITaeMCAd BHUYMCAUTL KOI(M@UUHUEHT npH

x?1+m—1x;2+m-2 xi;zm'
Ecin kakne-nuOyab [Ba MOKasaTeds B HEKOTOPOM 4Y/JeHe paBHH, TO
K03 dHUHeHT NpH HeM (Ha MOOOM 3Tane BHUMCAeHUH) paBeH Hy. 0. [Ipen-
MOJNOXHM, 4TO [} —3TO UMk AauHe 1 (kak 9T0 OBJIO B TOALKO 4TO
pasobpaHHOM HaMu caydae). Torna, yMHoxaa D (x;) ua in, MLl 00Ha-
pY?KUM, 4YTO €NMHCTBEHHBLIR 4/JIeH, KOTOPHH He paBeH HYMIO, Moaydyaercs
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B pesyabTaTe YMHOXeHUA Ha X;. [l03TOMy MB mnoMeliaeM OLHY TOYKY
B nepBoH ctpoke. [lpencraBum cebe, uto lj=2. B atoM cayuae Mul

JLOJIKHBl YMHOXaTh Ha fo CyuiecTByeT [iBa OTJAHYHHIX OT HYJA uneHa:
9TO Te, KOTOPhle MOJYYAIOTCA OT YMHOXeHHA Ha x? u x2. [lepBuift H3 Hux
NPHUBOIUT K W/eHY x;"“xgl‘? ... X, _;, TIOKa3aTeIH CTENeHH KOTOPOro

BCE ellle Pacno/oKeHb B yOHBawLieM nopaake. BTopo#d npUBOLUT K 4ieny
x{""xglxg“3 .+« X, |, Y KOTOPOTO MOKa3aTe/JH CTeMNeliH OKa3HBANTCA

HeynopsiodeHHHMH, Cpein MepecTaHoBOK X 0,P Haizetcsa Takas mepe-
2

CTAHOBKA, KOTOpAas pacmo/OXUT MOKasarean crenedeit B mopsike nx yGw-
BaHMsA, a UMEHHO TpaHcno3uuus (12), uaMeHswollag 3naK, B peayabTaTe
4ero Mbl MOMyuuM — XPPx[P=ixm=3 .. x .. DIOT pe3yAbTaT MOXHO

chopMyIMPOBATL CAelyIOIUM 00pa3oM: Mbl 100aBHM OAHY TOUYKY KO BTO-
poH cTpOKe, 3aTeM Oy TOUKY — K MepBOH M moMeHnseM 3Hak. [Ipn ;=3
Mbl Hawau Obl

m+24m—2 m-—-lym+lypm-3
Xy )C2 e X X7 )C2 x3 xm_l,

m=1*

m—lyem=2,.mpm-14
X x2 X3 )C4 xm_l.

Ot6upast U3 MepeCTaHOBOK ZGPP Te, KOTOpBle PacnonaraloT NoKasaTean
2

CTeNeHH B Mopsaake yObBaHMA, MOJYyYaeM

m+2,.m—2 o ym+lm=14m-3
XXy TR e X Xy TXS XS e X b

xmxp-lym=tym-1 . x .
DTH TpH pe3yabTaTa COOTBETCTBYIOT C/EYIOLIMM BO3MOKHOCTAM:

a) pasMelieHHMIO TPeX TOYeK B MepBOi CTPOKe,

0) pasMellieHHI0 OLHOR TOYKH BO BTOPOH CTpOKe M ABYX TOYeK B Mep-
BOR CTpOKe,

B) pasMellieHHI0 Mo OAHOH TOUKe B KamIOH M3 MepBBIX TpexX CTPOK.

ToT e MeTOL NPUMeHAOT U npH [, > 3. Mp BHAMM, UTO eC/AH COBO-
KYNHOCTb, COCTOAILYIO M3 /; TOMEK, pasMellialoT Ha HeYeTHOM YMCJe CTPOK,
TO 3HAK He MeHseTcs (4emHoe pa3meujenue), HO €CAH TOYKH pa3MellieHbl
Ha YETHOM 4MCJle CTPOK, TO 3HAaK MeHseTcs (Hewemwuoe pa3meujerice).
DTOT pesyabTaT CTaHOBUTCA elie Oosee HarjasaiHbIM, eCIH OTOPOCHTH
oOwiuit MHONUTENb X{*~! ... X . mocae 4ero yKasaHHLM HaMH TpeM
BO3MOMHEIM CyuaaM GyAyT COOTBETCTBOBAThb BhipaxeHud x3, — xix,,
X1X9X3. MOXHO cKasaTh, YTO TOUKM Mbl pasMelany caeiyoliuM ofpa-
30M: 1006aBa41M TOUYKH K moOo# cTpoke 40 TeX MOp, MOKAa YHCJIO TOYEK
He crano OOJblue yucida TOYeK HA Mpelublyuiell CTpPOKe Ha elMHHMLY,
3aTeM MepelTv K Tpelbliylilet cTPOKe M MOBTOPM/IM BCIO NMPOLELYpPY H
T. A. Tlocne TOro Kak Bce TOuKM A0GaBJEHB!, AO/IKEH MOMYUMTbCA rpad
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AONYCTUMOro BHAA. 3HaK OyleT mmocoM (MMHYCOM), €C/lH YMCJIAO COOTBeT-
CTBYIOIUX CTPOK HeueTHOe (4eTHoe).

PaccmorpuM Teneph m00Goft mocnedyolmui stan B mpolecce yMHOKe-
nud. Ilpennonoxum, uro mnociae no0aBieHua TOdYeK M Iy, Iy, ... Mbl
NPHLUIJIM K XapakTepHOMY (LOMYCTHMOMY) pe3y/bTaTy:

m-—1_m-2 v,y v v
1 2
‘J:(x1 X, ... xm__l)xI Xp? oo X0 xm

Ecau 9TOT pe3y/bTar OTHOCHTCS K YMCAY JLOMYCTUMEIX, TO JO/DKHO BLINOJ -
HATbCSl HEPABEHCTBO Vy > Vo > ... _>V,. Eciu Tenepb Mb OyneM YMHO-
KaTb Ha sr=2x;, YTO COOTBETCTBYET LMKAY IJAHHBE r, TO HEOOXOAMMO
Oyzer ydyecTb HdeHcTBHe YMHOMKEHHs Ha X Ecan kakue-nuOyabp nBa moka-
3aTe/sl CTAHOBATCA PaBHBIMH, TO pe3y/brat paBeH Hymo. [lpeanonosxum,
yTO

VporH(m —p4 1) >V (m — @)~ r > v, (m — p).

B 9TOM cayyae MH MOJyYaeM pe3yabTar

£ ntml xvp—1+'""”+1xvp+m 7. xvq+m"q+r e XV —
1 p-1 m
v -1 m-— 1 v - -
=2 XN L PP g e
p q p
v +m—q+1 v +m—q-1 v
| +1 m—
el X907 x4 cee X
. m-=1 m—-p+1 _m—-p m-p—1 v
=+ («] X, %, "%, T E 2 B
v v FP=at+r v, +1 +1 v +1_v v
-1 +1 .. ~1 +1 .. m
vos X P1X 4 x,p xpgrl S AT N x,m  (7.40)
Hattnerca u cCOOTBETCTBYIOUIMA 4/eH, B KOTOPOM NepeMeHHble Xy, ..., X,
pacnosioxeHbl B €CTECTBEHHOM TOpsAKe, er0 3HaK ONpelenseTcs UYHC/IOM
NepeMeHHbIX Xp, ..., X, NMOKA3aTe/]H KOTOPHX M3MEHHIHCH: MII0C (MuHycC)

B TOM cayyae, ecau (¢ — p) HedeTHO (4eTHO). TaKHM 4Y/IeHOM, BHIKCAH-
HbIM B HOBOM nopsiike, Oyner useH

g=p+1 m—1 m—p+l _m—-p v,
(£ (x1 X,y X, X _I)x1
Fp=gir V1 +1 +I v v
_-1 +1 -1 1
..xp xq X,p, xpg2 ...xq x4 xme (7.41)

Ha sseike rpaoB MOKHO CKa3aTh, 4TO Mbl_100aBASNH TOYKH K - CTpOKe
IO TeX Mop, MOKAa YMCA0 MX He CTalo Ha eAMHULY O60Jbllle YMCAa TOUEK
1
B npeawiaymelt crpoke (T. e. X9 mepewen B xja-1" ). a satem nosTo-
pHJIH TY e MpOUelypy ¢ Npeipayuwiel cTpokoft M T. 4., yGeluBIUHCDH
B TOM, YTO OKOHYareJbHHM DPe3y/AbTATOM pasMellieHHd BCeX r TOYeK
aBJseTCS NpaBuabHbI rpad. IJTOT NpoLecC HA3LBACTCA APABUALHBM
padmewenuem r moyex. OOliee NPaBUAO COCTOHUT B CIACAYIOLLEM.
YroOw HaWTH xapakTep B mpeactaBaeHud (A) kaacca (), uMelollero
UMKJAB  LAMHBE 4, l, ..., ¢TpOMM rpad pasbuenust (A) ¢ noMowbio Mg-



§ 4. Tpaguueckuil merod naxoxndenus xapaKrTepos 243

CJel0BATENbHBIX MPABMJILHEX PA3MellleHHH TOUeK, YHCI0 KOTOPHX PAaBHO I,
{, u 1. n. Xapaktep X(&“f paBeH YMCAY CnocOGOB, KOTOPBIMH MOXHO TMO=
CTPOUTb rpad, COoLepiKaluiui YETHOE YMCJIO OTPHUATENbHHX pa3MelieHHH
MHHYC 4YMCAO CNOCOGOB, MPU KOTOPBIX Fpad COLEPKHT HeUeTHOE YHCJIO
OTPUILATENLHEIX pa3MellleHHH,

B kauecTBe MepBOro NpuUMepa HaileM th %,’) [pexic BCEro HauepTHM
rpad pasbuennsa (3, 1):

jl || 7.42)

BuinonHuM mpasuiabHble pasMelieds 2, 1 v 1 Touek. DTH Onepaluy MOKHO
npoleabiBaTh B s000oM nopsske. PasvecTuMm, HanpuMep, cHavaza j1Be
touku (0003HaUMM HX cuMBOJOM 1), 3aTeM OnHY Touky (2) M ellie OLHY
TOuKy (3). JlBe TOUKH MOXHO PAaCMOJNOKHMTb ABYMsa cnocoOamu:

o 000 MO0
) n 0) 0] (7.42a)

[paBuanLHOe pasMelieHre TOYKM (2) MPUBOAMT K CJAeLYIOUIMM BapHAHTAM:
a) MO & O0E 6 @EO  (7.4206)
2] O [

ficHo, uTO Touka (3) moMeuiaercd B oOcTaBlueecss CBOOOLHOE MeCTO:

Gl0E] ] [J[2][3]
ay) ay) nz 6) 0 (7.428)

B BapuaHtax ,a;“ M ,a,* nBe Touku 1 pacnoJioxeHn B OLHOH CTpOKe,
MO3TOMY STH BAPHAHTH He COAePKAaT HedeTHHX paamewieHui. B cayuae ,6¢
To4kd 1 pacmoaaraioTca B o0eux CTPOKax, M mo3TOMY Bapuaut ,6“ co-
NEPMHT OJHO OTpHUATeJbHOe pasMelieHue. TakuM o0pasoM, Mbl moJay-
yaeM 4+ 1 u3 ,a;% -+ 1 u3 ,a,“ u —1 us ,6“

G h=+14+1—1=1 (7.43)

[Topsanok, B KOTOPOM BLIMOJHAIOTCA pasMellieHHs, He CyllecTBeH (XOoT4
pasymHbIft BHIOOpP €ro MOXeT 3HAauMTeJbHO COKPATHTL BbIYMC/AeHHA), Ha-
npuMep, Mpeino/OKUM, YTO CHa4azna pasMeliaercss onHa Touka (1), sarem
nBe Touku (2) m 3arem onHa touka (3). I[lepsywo Touky (1) Hamnexur
NOMeCTHTh B JIeBHH BepXHHH yroa:

L

=
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HoSasuM Tenepb aBe TOYKH (2). IlepByno TOuKy (2) MH He MOxeM 10-
MeCTHTb BO BTOPYI0 CTPOKY, MOCKOMbKY Halle NpaBuao TpeGyeT, 4TOOLI
Mbl MPOIO/IKAIH 3AMOJTHEHHE CTPOKH 10 TeX NOp, 1OoKa e GyayT KCNoJb-
30BaHL! BCe TOYKM 400 e YHCJIO TOYEK He CTAHeT Ha elMHMUy OoJblue,
yeM 4YMCA0 TOYeK B mpelpayinelt crpoke. CaenoBatenbHo, eAMHCTBEHHEIM
NpaBU/bHBLIM Pa3MellleHHeM sBAfeTCs

[1](2)f2)
L

H, NOMeUlad Crjla TPeThbI TOYKY, Mbl NOJAYyYaeM

[z

Mbl uMeeM TOJIBKO OIMH BapuadHT 0e3 OTpHUATENbHBIX pa3MmelleHHH, no-
ITOMY

31 —

1o ="+1

B kauectBe caelyoulero InpuMepa HaltzeM ng m Tpadp pasbue-
nua (2, 15 umeer BUA

[]

EEEEE

OZLHO pacmojoXeHHe COCTOMT H3 oAHOH TOukH (1), detnipex Touek (2),
ofHOH ToukH (3) H olHoR touku (4). Enunvua nonxHa ObiTh B eBoM
BepXHeM yray. Torna enuucrBeHHoe npaBH/IbHOE pasMellleHHe YeThipex
ABOEK [1aeT HaM

|
UJ

Tpoltky M 4YeTBepKY MOXKHO BnHcatb AByMs cnocobamu. B moboM ciyuae
yeThlpe [ABOHKH 3aHHMAIOT YETHOE YMC/AO CTPOK (HEYeTHOe pasMellleHue),

TaK 4TO

2,19
Wy =— 2.
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[MonbiTaeMca HafTH Xg;f’. T'pad pasbuenus (8, 2) umeer BiiL

HAREEEEE

Ecau pasMecTHTL NArb eAMHHL B MepPBOH CTPOKe, TO NOJAYYHICA cje-
nyoliee:

12
Lo

Ecant tenepn mbl OyaeM pasMmemiath NATb [ABOeK, TO MbI HAPYLWIMM Halle
npasu10, n6o Mbl JOJKHE HavaTbh O BIOPOH CTPOKM H NpPOAOJXKATL 3a-
NoANArL ee A0 TeX NOp, 110KAa YUCAO 3dHATHX KJAETOK He cTaHeT GoJblue
yucna 3anosiielHbBIX KJAeToK B nepsod crpoke. CnenosaTenbHo, 3TOT
MeTOL He MO3BOJACT NOCTPOHTL rpag ¢ MOMOUILI0 NPAaBUALHLIX DasMelie-
Huft. Jpyroft cnoco® cocTOMT B TOM, YTOOH NOMECTHTL MEPBYIO €IHHHLY
BO BTOPOR cTpOKe, a OCTajbHHeE YeThlpe €IL4HHLUL — B NepBOH:

nnDanEen
0N

Ho u toraa M He cMOXXeM NPaBHALHO Pa3MeCTHTb MATbL JIBOEK, YTOOHI
o6GpasoBatb rpad. IlostoMy He cyuecTByer cnoco6oB 006pasoBaius
rpaga ¢ NOMOIUBI0 NPAaBMJILHEIX pa3MelleHHil, BCACACTBHE uero
2 —
1" = 0.
20, 2, 1

B kauecTBe moc/elHero IpuMepa Hallem XEH:S: 1;' I'pad pasbue-

uua (20, 2, 1) nMeer BunI:

DEDDDDDDDDDDDDDDDDDD

ByneM npou3BoIMTb 3amojHeHHe B cJelylolieM nopsiixe: 1 touka, 8 Tto-
yek, 14 touex. Exmuuna ormpasaserca B aeBwft Bepxuu#t yroa. Toraa,
ec/id  pacmoJoXuTh 8 J[ABOGK B mMepBOH CTPOKE, TO Mbl HE CMOXMEM
NMpaBHJbHO PACHOJOXKHUTD TpOﬂKH. TouHo Tak XKe, €CJH Mbl HAYHEM C RABOEK
BO BTOpOﬂ CTpOKEe U NMOMECTUM JBe€ H3 HUX TaM, a OCTa/ibHble WEeCTb —
B MepBOft CcTpPOKe, TO Mycras KJeTka B TpeThbel CTpPoKe 6ylerT MewaTh
npapuaLHOMY pasMmelnenio Tpoek. CreloBaTesbHO, MH JOJMXKHB cHayand
NOMECTHUTL [JBOWKY B Tperbe CTpPOKe, 3aTeM JBe JABOHKH — BO BTOpO#
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H NATb 1BOeK —B NepBOH. UeTHpHAAUATH TPOEK 3aMOJHAT NEPBYID CTPOKY,
M MH MOJYyYHM MpPaBHIbHOE pas3MelieHHe:

[EEIERIEEEEEEEEEEEIEEEE]

OHO COZEepPXHT JHIUbL MOJOXKHTeAbHHE Da3MellieHHs, MO3TOMY

20,9,1)
X%msxi + 1.

3adayu. 1. Beiuucaure ciaepylourie XapakTepsi:

2 2
a) 3, 6) gy B) X35 1y
q, 3, I? 6, 2, 12 , 12
D GRS iy 9Ny

2. Jlokaxure CAELYOIYI0 TeopeMy:

TeorEMA, XapakTep kJacca (n) B HeNpHBOAUMBIX IpeJCTaBAEHHAX
rpynnsl S,, cooTBercTBYlOmuUX pa3bueHuaMm (p, 19), rae p-+g=n, paBeH
(—14 pna ¢=0,1,..., (n—1). B ocTanbHbIX HeNpPHBOAHMBIX HpejiCTaBJe-
HHSX XapaKTep 3TOrO KJacca paBeH HYJI.

[Yra3zanue, Tlonuralitecb NOCTPOHMTL NpPABHJBHOE pasMelleHue n TOYeK
I8 pasJuyYHbIX pa3bHeHHil; npoBepbTe YCAOBHS YETHOCTH H HEYETHOCTH pas-
MeleHus, |

3. BuiBegute caepytourie GopMy.asl:

{n—1, 1) a1
) 7((lﬂl, 2B, 3v I S L

n—2, 12 (e—1@—2
R
B) x((’]’(zi;ﬁ?)sv 3= (“_“1_)9}:& 4B —

[Tonpo6yiite 0606umuts 31H GOPMYbL

Henpusoaumoe mpejicTraBleHHe, COOTBETCTBYWOliee pasOuenuo (1),
ABJdeTCd €IMHWYHbIM MpEeACTABJIEHHEM, T. €, A1d BCAKOro Kaacca (f)
(m—1,
36
Tak kak ero rpad COCTOMT M3 OLHOH CTPOKH, TO MMEeTcd /ML OJAMH
cnoco6 noctpoeHus 3TOro rpaga ¢ nOMOUIbID MPaBHAbHLIX DasMelieHudt,
Henpupoaumoe mnpeicrapieHue, cooTBetcTByioliee pasbuenno (17),
AIBAAETCA 3HAKOMEPeMEHHHM MpelCTaB/IeHHeM:

gll))'Jrl
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ecan (I) — Kaacc 4eTHbIX NMEepPecTaHOBOK, H

n
xg) =—1,

ecan (I) — kJa1acc HeyeTHHIX NEPecTaHOBOK, JlOKa3aTeabCTBO 3TOTO O4YEHb
CXOXe ¢ J0Ka3aTelTbCTBOM TNpPHBEJeHHOR Bbille Teopembl, B 1anHOM
clyyde CYwieCTBYeT TOJABKO OAuH CToabeu, W HMMeeTcd JHUIb OIHH
cnoco® MpaBHIbHOTO mnocTpoeHus rpacda. Kawxabi#h umkia, conepxaiuit
YeTHOE YHCJIO0 CHMMBOJOB (HEYeTHas MepecTaHOBKA), MPHBOAMT K MOsABJE-
HWIO MHOMXMTed —1, YTBepKIeHHe TeOpeMbl BHITEKIET M3 TOrO, UTO
yeTHble (HeyeTHbie) MEepecTAHOBKM COJEpPKAT YeTHoe (HEYeTHOE) YHCJIO
UMKJIOB YEeTHOH IJIMHBL,

PaHee Mbl obpalliann BHHMAaHHe HA COMpPSKEHHble, HJIH ACCOLHHPOBAH-
Hote, pasGueuns. Jlpa pasOuenus (A) u (A) conpsKeHsl ApPYr € JApYroM,
eC/M CXeMa OJHOTO M3 HHX MOJyyYaeTcs U3 cXeMbl APYroro 3aMeHOH CTPOK
Ha cToa0ubl, [lpeacTaB/ieHHsd, COOTBETCTBYIOLLHE CONpPsIKEHHHIM pa3bue-
HUAM, TAaK)Ke HA3HIBAIOTCA CONPANCEHHBMU Npedcmasrenusmu, JLOKaKeM
Tenepb, 4TO XapaKTephl KJI4CCA B COMNPSKEHHbIX MPeNCTaBJEHHSIX DPaBHbI,
€CJIM KJIACC YeTHbI#l, H MMEIT MPOTHBONOJOXKHbIE 3HAKH, eCIH KJIAacC He-
4YeTHLIl#, T, €,

g n
=1l 744

Cyumecrsyer Muoro cnoco0os /10KasaTeqbcTBa cooTHoleHus (7.44).
Metoa, koTophift H30MpaeM Mbi, NMpeACTaBJAeT LUEHHOCTL ¢ TOH TOUYKH
3peHUs, YTO NPHYyaeT HAC MBICJAUTL B TepMuHax rpados u cxem. [lpeano-
JIOKHM, YTO Mbl CTPOHM HEKOTODBLI# rpad ¢ MOMOILbIO MpPaBHJILHBIX pa3-
MeweHU#t M NpuxoauM K rpady:

Bo3MOMXHble NpabMJbHble pa3MellieHHs TpeX TOYeK BO BTOPOH CTpOKe
yKa3aHbi Ha cXeMe, KJIeTKH 3aMOJHAIOTCA B CHelylolieM nopaixe: a, b, ¢.
Ha conpsxeHHO# cxeMe TO e pacnoJoxeHHe B nopsaike ¢, b, a Oyirer
BIOBb NPABHJbHbBIM.

[Ipeanonoxum, fOanee, 4YTO Mbi JOCTHTIH CIEAYIOUlErc 3Tana B Mo-
CTPOEHHH rpada:

Lo
D%_]L

(7.45)
O
U
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H NPAaBHJIbLHO Pa3MECTHIH 8 TOYEK, KaK TMOKAa43aHO Ha CXeMe:

PRI

FearTarsar *
[ T TR

OOOOC0 s
OO

NS
L]
[N

(7.45a)

Ha conpsxentoft cxeme pasMellieHHe TeX e TOYEK, HO B 0OpaTHOM
nopsAiKe, BHOBb OyaeT NpaBHJbHEIM;

(7.456)

OGpatvM BHMManne Ha ¢oOpMy 100aBKH K Halle#l TOJIOBOJOMKE C 3ur-
sarom. JloGapka Bcerna umeer ¢opMmy

—

C

Hukoraa ne ObiBaet 100aBoK Takux $opwm:

L

—
] L]

Wuave rosops, Kaxaas TOYKa HaxoauTcs nu6o B To# ke CTpoke, mau6O
B TOM Xe crtoafle, 4TO M NpeiuecTByiouiad eff, OOliee YHCIO DA3IHY-
HbIX CTPOK M CTOAOUOB, 3aHUMAeMbIX 7 TOYKAMH MPH NMpPaBHJIbHOM pas-
MellieHMH, paBHO r—+ 1, ub6O nepsasd TOYKAa HAYMHAET 3aMOJHEHHE WU
CTpOKM W cTonbia, a nocrelylouive TOYKH (KAK Mbl YK€ YKa3biBaJIM)
pacnonaraiotes au6o B To# ke crpoke, auG0 B TOM ke CTOAOUE, UTQ
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v npefwecrsyiomue uM. Ho us (7.45a) u (7.456) Mbl BuIuM, uTO
B Clyude COMPSKEHHbIX pa3OHeHH# pa3MellieHHs O3HAYal0T, YTO CTPOKH
3ameHso rca  cronbuamu, M HaobopoT. Takum 00pasoM, eCAH 7 HEYETHO
(r+1 wu4ertno), To oOLiee YMCIO CTPOK H CTOJAOLOB B CXeMe YeTHO, H,
clef0oBaTeNbHO, pasMellieHHs Ha COMpsHKeHHBIX Tpadax aubo oba noao-
wuteabubl, 1nb0 oba orTpuuaTeabHb. Ecan ke r yetHo (r 4 1 HeueTHO),

TO pasMellieHHe HAa Tpade, oTBeyarowieM pa3bHeHHIO (A), OTPHLATE/LHO,
ecIu pa3MellieHde Ha rpade, orTeevalieM pasbuenuio (A), MOTOKUTENLHO,
1 HaoOopot. Takum o6pa3oM, kaxaoMmy cnocoly moctpoeHus rpada (A)
s knacca (/) CooTBeTCTBYeT HeKOoTOPHH cnoco® nocTpoexus rpada (7&).
B ciyuae 4eTHBIX K/aCCOB YMCIO LMK/JOB € YETHBIM 7 YETHO, M MOITOMY
00a MeToJla MNpPHBOJAT K OIHOMY M TOMY e 4yHCAy, paBHOMY —+ 1 wam
—1. Ecau kmacc HedeTHHI#, TO YHMCIO LMKJOB C YETHLIM F HEYETHO,
No3TOMy Mbi mnoayuyaeM —1 B oanom ciaydyae u —1 B 1pyrom cayuae,

§ 5. Pexyppentnble GopMyJan njad Xapakrepos.
[IpaBuna BeTBJAeHUA

Eciu tpeByercs noCTpouTth NoApoOHLe TaOMMLbl XapaKTepOB CHM-
METPHYECKHX TPYINMN, TO MOXHO TaKe MOJb30BATLCA W PEKYppPEHTHHIMHU
¢GOpMy/IaMH, TaK 4TO XapaKTepbl TPYyNnH S, MOXHO ONpelelaTb MO yikKe
M3BECTHLIM XapaKTepaM I/ CHMMETPHYECKHX TPYMNN MeHbLUero nopsika.

PexkyppeHTHbie ¢opMy b BLIBOIAT H3 paBeHctBa (7,24):

soD (%)= (Z 1) 26 Pxptm =l ™=yt (7.24)

rae (/) — pasOueHHe uucaa A.

[lpeanonoxum Tenepb, yTo Mbl pacCMaTpuBaeM KJaacc rpynmot S, .,
KOTOpHI#t moaydyaercs npu AobOabiaeHuu Kk pasbueHui (/) OAHOTO uUMKAA
aauabl 7 (R)==((), r). B atom cayuae

i ne+m—1_po4+m-2 [
s(k)D(xl) = % X% ; 0,Px 1 X452 voo x,m (7.24a)

Ho

Sipy= S Sr, (7.46)
No3TOMY
S Sttt

=(xl+...+x')zxm’26 Pyl tm (7.47)

Buiuncaum tenepb k03dhdHUMEHTH NMPH OAMHAKOBHIX OJHOYNEHaX B JeBoft
¥ npaBo# yactax paseHctBa (7.47) M noayuum

X%’=%’i><§%’. e (B)=({), ) (7.48)
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4
a Y 03HAYaeT CyMMMpOBAHHE MO BCEM pa3GHEHHMSM (A), KoTOpbie Mbl
cefluac oxapaxtepusyem. M3 (7.47) acmo, uto Mbi Gepem Habop noka-
3arenelt

Mmm—1, g m—2, ..., A, (7.49)

M MO OvYepead YBeJIHYUBAEM OJMH M3 HHX Ha r, Mbl XOTHM, 4TOObI
BO3HMKAIOWIAA TNPH 3TOM MOCJIeJ0BaTeNbHOCTh MOAYYanach M3 MOCAeno-
BATENLHOCTH

Wtm—1, we+m—2, ..., u, (7.50)

¢ nomouipl0 HexkoTopo#t mnepecrtaHoBku. Ecanm 3T0 Tak, TO xg;’ Oyaet
BXOANTb B paBeHcTBO (7.48), a 3HAaK ero OydeT ompelensaTbCs TeM,
NoAyyalwTCcs JH nocaenoBaTeabHocTH (7.49) w (7.50) apyr w3 apyra uer-
Hott (+) niau HewyeTHOH (—) nepectanoskoft. [lockoabky Ha npaxmure
Mbl HCXOIHM U3 pasbuenus (U) W nocaeaoBateabHocTH (7.50), TO M3
KaXI0TO Y/JeHa Moc/a1el1oBaTenbHOCTH (7.50) Mbl MO OdYepend suyumaem r
M TO, YTO MpPH 3TOM MoJayuaercs, cpasHuBaeM ¢ (7.49). Urobbl craniap-
TH3UPOBAaTb Hally NpoOUeaypy, Mbl Bceraa OyleM BbiGMpaTb M paBHBIM
yucay yacTe#t B pasOMeHMM (W), XOTH BO3MOXHbBI H JApyrue BHGOpLI 1.

PaccMOTpuM, HanmpuMep, XapaKTep x% # 1) Mbl XOTHM BHPAa3HTb €ro0

yepes XapakTephl xt})’ rpynnbsi S, rae kaacc (/) nomydaerca u3 (k)
puiOpacEiBaHHEM OJAHOTO LMKIA AMMHb 2 (r ==2). BulupaeM m =25 u

BLIITMCHIBAeM mocaegoBareabHocTs (7.50):
8, 6,5 2, 1.

BblyteM Temepb Mo oyepeld M3 KAXAOTO 4HCIa MO 2 W 3anmuulieM Mojy-
yaomuecd NpH 3TOM TNOCJAe10BATeIbHOCTH. Jlas 9KOHOMMM Tpylda 3ame-
THM, YTO NpH Hawem BHOope m caenyer or@pocHutb noOyw nmocjeno-
BATEJIbHOCTb, COJepalllylo oTpHuaTelbHbie yucaa, Kpome toro, eciu
[BA4 4YHCAA B TOCHeNOBAaTEJbHOCTH, MOJYyYHBLIEHCS MOC/Je BHYHTAHUS 2,
paBHbl, M3 Hee YKe He MOMKeT MOJYYHTLCA NOC/IeloBaTebHOCTh (7.49)
H ee Takxe caeayet orbpocutb, Hamm mnocnenoBaTeIbHOCTH UMEOT BHI

6, 6, 5 2, 1;
8, 4, 5; 2, 1;
8, 6, 3, 2, 1;
8 6, 5 0, 1:
8, 6, 5, 2, —1;

s

MOITOMY Mbl MOXeM HCKIIOYHTb H3 DPACCMOTPEHHMA MEPBYI0 H MOCAeAHIOI
NoCAeA0BaTEAbHOCTH, PacnosoXuM 4Yuciaa B OCTABLIMXCA MOC/Je10BaTeNb-
HOCTAX B mopsaike yObiBaHuA, ByleMm noMedaTb MOCJAeA0BATEIbHOCTh 3HA-
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KOM - WJAH — B 3aBUCHMOCTH OT Toro, OyldeT /1M Heo6XOIuMas AJd
3T10r0 nepectaHOBKA YEeTHOM WM HeyeTHOH:

—8, 5, 4, 2, 1;

-+8, 6, 3, 2, 1;

—8, 6, 5,1, 0

[Tockonbky 3TM mMOCAENOBarelbHOCTH ABJAAIOTCA MOCAE10BATEIbHOCTAMH
tuna (7.49), Mbl MOayudM 3HAYeHMs A, BbiuMrad M3 NepPBOro yucia
m—1=4, u3 sBroporo m—2=3 u T. I,

—4, 92,2, 1, 1;
14,8, 1, 1, 1;
—4,3,3,0, 0.

OxoHyaTe/ bHO Hallld pekyppeHTHad ¢opMyaa OyaAeT uMeTh ClelyoWutl BUA:

4, 33, 1) {4, 22, 12 4, 3, 13) __ {4, 3
Koy =—wg 2 D x> g Y (7.51)
B kayecTBe BTOPOro mpuMepa Ha#iem pekyppeHTHYH (GopMysay, MO3BO-
JAOWYIO  BLIPA3HTh Xf7(;)6’4;r” vepes (). Bemnuunbr | paubl 7, 6 u 5,

=3, TaK 4YTO moc/en0BaTeabHOCTh (7.50) umeer Bua 9, 7, 5. BriuTeM
Mo oYepean H3 KaXAOro yucaa no 4:

[lepecraBuM u/eHb NOcnejoBareNbHOCTeR B mopsike yOupauus: —9, 5,
3; +9, 7, 1 u Boiurem 2, 1, 0, B pe3yabrare yero noayuum —7, 4,
3; +7, 6, 1, otkyaa

(7, 6, 5) — ~(7. 6, 1) __ (7, 4, 3)
x 20 g "

(@) 9
‘{peaauqaﬂuo BaXeH ciayyaft, korga Mbl or6pachiBaeM LMKI IJMHH 1
(r=1). B 3ToM cayyae MbB JOMKHBH NOCIEL0BATENbHO BHIYHTATH H3

KaXJ0ro 4neHa nocaegoBateabHoctd (7.50) no 1 u To, 4TO moayyurced,
oTOMAecTBHTL ¢ (7.49), Ha 3TOT pas ujseHb He MOTYT pacnosaaratbcs
B Gecrnopsixe (eIMHCTBeHNbi# HENMPUTOAHBLI A8 HAC Pe3yJbTaT MOXeT
3aKIIOY4TbCA B TOM, UTO [Ba Y/€HAa CTAHYT PaBHBIMHM), W MBI MOJyYaeM
BO3MOXHOCTb ONEpPHPOBATbL HEMOCPENCTBEHHO C BeJHUMHaMH A H U,
B peayabTaTe cpaBHeHHss Mbl MOJyuaeM K paBUAO BemMBAEHUS

Xfl(ll)) Hn= Z X(ul’ bl (7.52)

rie CyMMMpOBAaHHE TNPOBOIMTCA IO BCEM MOJyYaloUiMMcs pa3OHeHHaM,
KOTOpble MpaBuAbHH (T. €, TaKHM, M8 KOTOpPHX [, — 1 2>l 4y).
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[Mpeanonoxum, 4ro Mul otOpactiBaeM BTOpOR unka anunbl 1, Ilosropsas
HalllH pacCyXAeHus, noaydaeM

(n) o veny =2y 400 (Moo Bp=LnBo— 1,000
X, =" Z, wyr )+ ,ZS Gkt TR,

Re=220, 4y L
Hg=1>Hepy
(7.53)

rie @, =2, eclH TOALKO 7 H § He ABJIAIOTCH NOCAeL0BATEeNbHBIMU LEbIMH
YHCIaMH M |4, He PaBHO [i;, B MPOTHBHOM clydae a,, = 1.

Ilocneanee BoipameHuwe upesphivatHo rpomosiko. lopasao yaobhee
u3o0paxars ero rpadudeckH. UroOb mnepeBecTH 3TY pPeKypPeEHTHYIO
dopmyay Ha a3bik rpacdos, paccMOTPHM cHauaaa cayyatt (7.52). Ilpea-
NOJMOXKHM, 4YTO NPH NOoCTpoeHWH rpada pasbuenus (M) C NMOMOLIbIO mpa-
BHJIbBHOTO pasMellieHus Y3710B, cooTBercTByOliero kuaaccy ((f), 1), mbl
otOpackwiBaeM NpH MocCTeaHeM NPaBHALIIOM pasMellieHdH (OJHOTO y37a)
uMka  Aaueel 1. Tleped 9THM mnoOc/AedHHM LIATOM Mbl YXKe NOCTPOUIH
pasbuenns (;) uucaa # — 1 C MOMOILbID NPAaBUILHOTO pa3MellieHHs, H
Tenepb AR TOro, ytoObl MOCTPOMTL pasOueHHe (W), Mbi MbiTaeMcs pas-
MECTHTb MNOcCAed4Hft y3eld. ITO mnocjelHee pa3MellieHHe MOJOXKHTEIbHO.
Yucao cnoco0oB, KOTOPHIMH MOYHO MNOCTPOHTL pasbueHue (), paBHO
xapaktepy kaacca () ias storo pasOuenuns uncaa n—1. IToatomy xapak-
tep kaacca ((/), 1) s pasOuenun (U) paBeH cymMme XapaxkTepos kaacca (I)
BO BCeX MPAaBW/IbHEIX rpadax, nojayyaeMeix H3 (W) (MpaBUAbHBIM) BHOpachi-
BaHMeM oaHo#t Touku. Hlanmpumep, u3 cxemul

S
= (7.54)

L]

X

MOXHO yJaaautb M6yl u3 Touek (OIHY), MOMEYeHHbIX KPECTHKOM, H
No3TOMY

X(@( ):‘. 3, 2 — XE%, £, 3, 2) + X((% 4, 31, 2)+ XE% 4, %) + XE?)’ 2 3, 1)' (7543)

BuibpacbiBaHue ABYX UMKJIOB [JHHB 1, KOTOpPOe MNPHBENO K BbIPAXEHHIO
(7.53), rpaduueckH MOXHO OMUCATh KaK JABa MOCJeJOBaTeJbHBIX MNpa-
BUJbHBIX YAaeHHd N0 OAHOMY y3iy. M3 Haweft cxeMbl MOXHO yCMOTPeTb H
NPHYHHY TOTO, noyeMy Beipaxcende (7.53) cTob €I0KHO. MB yAanaiu
No OQHOMY Y371y cHAauana u3 CTPOKN 1, 3aTeM M3 CTPOKH 3, WIH HA0060-
poT, B pe3yabTare 4Yero mnoJydawlieecs pa3OHeHHe BXOANT B CYMMY
asawael, Ecau ke B3ATb cTpOKM 2 M 3, TO cHAyaza Mbl JDKHbl MpPO-
u3BecTH BuibpacbiBaHMe M3 CTPOKHM 3, a 3aTeM M3 CTPOKH 2, B CHJIY Yero
5TO pasfHeHue BOHAET B CYMMYy JHIIb OIMH pa3.
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BuiOpachiBalime LMKJIAa AMHHBL 2 O3HAYAeT MNpPaBHAbHOE ylaneHue 2
Toyek, UroOwl ynansemas nosocka Ob1a NpaBHAbHON, OHA 10TKHA HMETh BU I

0O HIH B (7.55)

rae rmnepBas MOJOCKAa MOJOXHTenbHa, 4 BTOpas OTpHUAaTeJabHa (YeTHOE
yucao c¢tpok). Takum oOpasom, B pasbHeHHH

EEuE.
EEEY
e
MOXHO YIadHTb JHIIb KOCO 3alUTPHXOBAHHLIE NOJOCKH H3 2-X KJIETOK,
TdK 4TO
5, 42, 2 5 e ®, 4, 2 5, 32, 2
w’y” = o P =g Y (7.56)
ITpn otOpachiBaHMM UMK/IA AJIMHBL 3 TPABWILHBIMH MOJOCKAMH ABAAIOTCSA
O OO E]]
oo O O 5 (7.57)
- - —

+

Boo6iie a5 UMKAA AJAdHB 7 cyliecTByeT 2'7! pasanMynbX MOMOCOK.

3adaua. Bocnoas3yifitecs peKyppeHTHBIMU MeTO,ILaMP[ I BBIYHCJAEHUSA

a) x{Qy ohs ecan mspectn 13 6) %{{y>s0y ecau wsmectun x{.

§ 6. Buluucaende xapaxrepoB mo dopmyne Ppobenuyca

ITocne nHUH MeTO I BHIYHCIEHUS XapaKTEPOB COCTOUT B HENOCPE A TBEHHOM
HCNOIb30BaHUH dopMy sl Ppobennyca (7.24). Ilpowanwoctpupyem sTOT
MeTO1 Ha HECKOTbKMX MPOCTHIX npumepax KOTOpbie MOHANOBATCA HAM
snocaeactsuu., Coraacuo (7.24), y% :X(l”) szg' jn-3 PaBibi co-

h

3 2
OTBETCTBEHHO KOS(QUUMEHTAM MPH X !'X,2...X ™ B BHIPAKEHUAX

Dy, oo )+ 4 x,)" (7.58)
D(xy, ..., xm)(xl—{—...—{—xm)"“2(xf—{—...—{—x,2n), (7.59)

rae
=M+ m—1 (7.60)
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Haynem ¢ (7.58). Kaxap#t unen B pasnowennn D (x;) umeer Bug

a- kR, k
Tagtx0m,

(7.61)

rie uyucaa k o0pasyioT HEeKOTOPYK MNepecTaHOBKY UeAbX 4yucesa m — 1,
m—2, ..., 0, 3HaK u1eHa onpenensercd TeM, OyleT 1M STa nepecra-

HOBKAa 4YeTHOH wiaM HeyeTHO#. YToObl noayuute u3 (7.61)
BbIpaXKeHHe, Mbl NOKHbI YMHOXHUTH (7.61) Ha

n! P h ok
1 1 m
(h] kl)!"'(hm—km)! xl ...xmm

TaK YTO MCKOMBH KO3(QHUHEHT paBeH

1

=n! 3 +
% ’”(/;)4 S b ey

rie cymma Gepercsa MO BCeM MepecTaHOBKAM uucea m — 1, .
CYMMa fABJISETCA PAa3JOXKEHHEeM OMNpeleauTens

1 1 1
fry— (m =Dt Thy—m—2T """ T

1 1 1
[he— (m —DIT Thy—(m—2JT """ hy!

X0=: n!

1 1 1

[ —(m—DIl [Ap— (m—2I1 """ hpy!
Bonoca muoxuteab 1/(hl. ..k, 1), nonydaem
n!

K= ThT. AT

hy—1) ... (ly—m—+2) B(—1) ... (By—m—3)...
hy(hy—1) ... (By—m—2)  hy(By—1) ... (By—m—3) ...

X

by (1) . (bt 4= 2) By (By—1). . (B —-3) . ..

TpebyeMmoe

(7.62)

(7.63)

.., 0. Ora

(7.64)

hy 1

by 1
(7.65)

Croabus onpepeautens (7.65) npeactaBasdioT COOOR MHOrOY/IEHLI CTe=
neay m—1, m—2, ..., 0 co CTapIIMM KO3(QHUHEHTOM, PABHHIM €1d=
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nute. CienoBaTenbHO, BHYMTas MOAXOAAWMM 00pasoM croabubi Apyr
M3 IApyra, Mol MoxeM npusectH (7.65) K BuLy

REY R o om
[ N T
L v B Nk

[ ik TR
HJIH

n!
to=H D v os Ba). (7.66)

YroObl BBIYHCIHTD
=y (N
X——X(2’ 1!1——2)’
npuMenum (7.66) x (7.59):

(hl! h2: se ey hl_Q: XXX} hm)

r=0—21%"2

AR =D A (7.67)
Ham norpeCyerca BeauuuHa
E= "—("2;11 L. (7.68)
0
Nz (7.66) u (7.67) umeeM
_ 1 mhl(hi—l)D(hx, Roy ooy Bi—2, vy By)
g—72 Dhn ..., hm) ., (7.69)

i=1

3uamenarenb B (7.69) apaderca 3HakonepeMeHHON dyHkuuett ot h; [cp.
3aMeuanHs, ciesaHHbe no noeoay (7.23)]. CyMma B uMcauTeNe TaKxke
ABAdeTcd 3HaKkomepeMeHHo# ¢yHkuuet ot £, [IIpoBepka Toro, uro
YHCJMTENb CONEPKHT BCe MHOXHMTenn (h; —h;), NpelOCTaBAAETCA UH-
tatemo0.] CreloBaTenbHO, HX OTHOLIEHHe JOMKHO OBITh CHMMETPHUHBIM
NOJIMHOMOM BTOPOft CTeNeHH OTHOCHTEJbHO /!

Dy (= DDy by ooy By =2,y By =
=D, ..., h)[AD W+ B X+ C Xk +F|  (7.70)
CpaBuuBas KoshdUUMEHTH B 1eBOft M MpaBo# 4vactax paseHctna (7.70),

Mw Moxem onperemute A, B, C, F. Ilpexne Bcero paccMOTPUM 4JEHBI,
B KOTODBle /; BXOAMT B cTenenn m—+ 1 wim m, a crenedb Ay Gosblue
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MM paBHa m — 2. B 7neBoft wacTH TakMe uieHbl BCTPEHAOTCA TOABKO
npu {=1:
m-—1 m-—-2
(h —2) (h —2)

1 -2 ARETE L ko) (77

by (B — 1)

rae lhg"—S o+« hy_q|—ONpeneMIeNb, KOTOPbIA MOJYyyaeTCs Mocie Bbi-

yepKMBaHUs H3 omnpegeautens D (k) nepsBbiX ABYX CTPOK M CTOAGLOB.
Pasnaras (7.71), nomyuaem

By —D[ag (B —2(m — AP —
— ! {h{"'2—2(m—2) R )R b | =
= — hR TR —2(m — ) AR T — BT L] X
X B3 kol (7.72)
B npaso#t yactu (7.70) 3TH YnMeHH BXOAAT JULIb B
(A =05~ — n72hg AR+ Bluha 4 Chy+ ... X
X| B2 0 ke (7.72a)
CpasnuBasg KO3QdHUHMEHTB], MOAYYaEM
A=1, B=0, C=—2m—1). (7.73)
Mocrosunas F ects kosbduunent npu AP 'mY ™2 ... hy_1 B mpasoh
yactH (7.70). O1oT oaHouneH B JeBo#t yactH (7. 70) NOMYYaeTcs TOJbKO

M3 raasHO{ AMaroHanu onpefedutend. B [-M caaraeMoM AMaroHasbHbIH
yjeH paBeH

BT k(i — D) — 2" B
tak uto Kod(QdHuMent npn Al AT ... Bm_, pasen
Q(m—z)(m—z—1)—{—2(m—t)=2(m—t)2

F=22(m—-—t)2—§m(m—1)(2m—1) (7.74)

[Toabsyacy (7.69) u (7.70), Haxomum
_ 1\, 2m—1 Y, m(m—12m—1)
=g Wk — = Y it : . (1.75)

IMoactaBum Tenepp k; u3 (7. 60) M TOJIYYHM

P 2 Doy (b~ 1)—}‘0&1. (1.76)

lm=l

3adasa. BocHoabayfitech coornoutenneM (7.66), uToOW HaiTu Hempubo-
JHMOE OpejCTaBJeHHe Ipynnb Sy, COOTBeTCTBYIIEE pa3bueHuio (4, 32).
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§ 7. MaTpuubl HenmpuBOAMMBIX MpPEACTABJEHHH Tpymnbl §,.
CumBoan SImanyun

N

OO6partuMcss Temepb K 3agaue MNOCTPOEHHs MATPHI HeNpPHBOIMMBIX
npeicrasaenut rpynnel S,. Mb Gynem cienosate cratbe flmanyum?),

Paccmorpum HenpuBoaumoe npeactaBaenve D (R), xapaktepuayemoe
pasObuennem (A). ByseM npeanosnaratb, 4TO HaM M3BECTHB HEeNPHBOIMMBIE
TNpejCTaBJIeHHs rPynnsl S,_; — rpynnsl NepecTaHOBOK CHMBOJOB 1, 2, ...
..., n—1, Bce nepecraHosku rpynnel S,, KOTOpble cOlepxarcs B 3TOH
noarpynne S,_;, of6nasalor teM CBOHCTBOM, 4YTO OHM OCTaBaswT Oe3
MaMeHenutt nocaeaHutt cumsoa n. IlostoMmy BCsakuft snement R rpynne S,
KOTOpHI# cogepxurca B S,_;, uMeer Bua ((I), 1) n, crenopatenbHo, MH
MMeeM TpaBo MNpHMeHATh MNpasuao BeTBaeHua (7.52). Pasenctso (7.52)
MOXHO BbIPa3HTb HA s3blKe NpelCTaBJeHHH: 11 s7eMeHTOB R, coxep-
Kauipxed B S,_,, Matpuua npeicrasiends D (R) paBHa CyMMe MarpHu
npexcrasienut D, (R), rae D, — HenpuBoAMMOe TpeACTABAeHHe TDYNMH

S, _1, cootBeTcTBYyIOIICe pasbuennio (A, Ay, ..., A, — 1, ..., A). B ma-
TPHYHBIX 0GO3HAYEHHSAX STO 3aMHULIETCH TaK:
DR)= Z, D,(R) (7.77)
}"f—l > }"f-f-l

a1 mobo#t mepectaHOBKM R, octapaswolieft 6e3 H3MeHeHHsA TNOC/eqHHH
cumpoa n. HanpuMep, B pasbuennu, ykasanHoM B (7.54), mobas mepe-
CTaHOBKa nepsblX 18 CHMBOJOB MMeeT MaTpHUY NpEICTaB/EHHA

D(R) = Dy (R)+ D3 (R)+ D4 (R)+ D5 (R), (7.78)

rae, Hanpumep, D, ecTh MarpHUa.B MNpelCTaBAeHHH, XapaKTepH3yeMOM
paszbuenuem (5, 4%, 3, 1). TlpeacraBreHne MOXHO BbBIOpaTh Tak, 4TOOBI
matpuua D (R) MMena K/JeTOYHO-AHarOHajbHbi# BHI, NMPHYEM Ha rjaBHOH
nuarodaan 6yayt ctosatb Matpuubl D,. VHiekc r no3po/seT HymMepoBaTh
Ha6op cTpok (cT0a6UOB), B KOTOPHX CTOHT Martpuua D,

1
1.3 ]
3
; 1 5 (7.79)
5

Ilna Tex 3meMeHTOB R, KOTOpble OCTaBAAOT 0e3 H3MeHeHHs 08Q CHM-
Boia n—1 ¥ n n, CcreloBareabHO, NpHHaiaexar S,_, Mmarpuua D,

Y Yamanouchi, Phys. Math, Soc. Japan, 19, 436 (1937).
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pacnanaerca nanswwe [cM. (7.53)] Ha cymmy mnpencraBienuit D ., coor-

BETCTBYIOLMX MPABHJIbHBLIM Da3OHeHHAM

Ay ooy A, —2, 000, A Py oo A — 1, oo, A —1, oo A,
(7.80)

HenprBoauMbe NpeicTaBjeHHs, MOJyvaloliecs NPH 3ToM, GHBAOT Tpex
THUIOB:
1) D,, (A, > A, 4,1+ 2) BcTpeuaeTcs oIMH pas,
2) D, ;= D, Bcrpeuaetca gBaxibl, ecmn A, — 1 >A a ud, —1 >4,
3) D, Bctpeuaerca, a D . HeT; 3TO MNPOMCXOAMT B TOM Cjyyae, eCa -
s=r—1un X _;=A,.

Hanpumep, paccMoTpuM eiie pa3 pa30uenue, ykasaHHoe B (7.54),
Ilna mepectaHoBOK R, OCTABIMOLIMX HA MecTe MOCAeIHME [ABA CHMBOJA,
noJyuaeM

D =D11+D13+D14+D15+ D31 +D32+ D34+ D35+ D41+
+ D43+D45+D51+D53 +D54+D55- (7-81)

(3ameruM, uto Marpuua D, tmna 2.) Jns TakuX nepecTaHOBOK Mbl pas-
6uBaeM r Ha rS, H MaTpHla MMeeT BHI

(7.82)

4]
43

45

-7 A I 1
53 :

54 “m__] J

55

|
Marpuupt 1060 nepectaHoBkM B rpynne S,_, uMewor Bun (7.82);
NYHKTHPOM MOKa3aHbl Matpuusl (7.79), OTBeyaloliHe 3/eMEHTAM TPyl
S,-1- B (7.82) M cHoBa BuGpamu 6asuc Tak, uTOGLl NpeNCTaBHTh
MaTPHLUY B KJETOYHO-IHarOHAaJbHOM BHIE,

i
1
{
]

Fe——
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Tenepb MbB XOTHM MOCTPOMTb MAaTpDHLY NPeICTABJEHHS TEX 3JeMeH-
tos R rpynnbl S,, kotopble He codepxcamcs B S,_;, T. e. TakMx
9JIEMEHTOB, KOTOPbie MePecTaBisaloT nocielHuft cumBoa n. [das storo
HaM noTtpe6yeTcs JMIIb MAaTPHUA TPAHCMO3HLHH (B — 1, n), KOTOPYI0 Mb
o6o3HaunM yepes U, u6o

(¢ n)=@nm—1, n){, n—D(@x—1, n). (7.83)

Tpancnosnuuss (f, n— 1) npuHaanexur rpynne S,_,, NOITOMY ee
MaTpuua usBecTHa. 3xad MarpHuy U, MH MOXeM NOCTPOMTL MaTpuuy
o1 mo60# TpaHCMO3HUMH (¢!, n), a caejoBaTeNbHO, M MaTpHLY AJf
moGo# mnepecraHoBkM. Matpuua V' npousposbHON MNepecTaHOBKH U3
rpynnsl S,_, MMeeT BHI, NokasaHHuH B (7.82):

vrs, g Vrs, rsérs, g (7.84)

[Mockoabky Tpancnosuums (n—1, n) KOMMYTHpDyeT €O BCEMH 9Je-
MEHTaMu Tpynnbl S,_,, TO
VU =UV (7.85)
HJIH

Vi, rsU =U 1%

rs, rs™ rs, pq rs, pq

pg pq (7 86)

L7s BCeX sjeMeHTOR rpymme S, . Marpuuw V, - n V g, pg CHYNAT

HETNPHBOJIHMLIMH TNpeCTABJIEHHAMH TPYNNbl S,_,, KOTOpble 3KBHBAMEHTHbI
aMWb NpH pg=rs umm pq=sr. CrenoparejbHo, no Jaemme LUlypa,
U =0, 32 HCKJIOUEHHeM cJyyas, KOTAa pg==rS WIM pq=—=Sr u

rs, pPq
U, 1s=0, ,E U E. o (7.87)

Irs: r8=rs, rs?
rie Ey,, ,, — €AMHMYHAA MaTPuLQ, CTOALAs HA NepeceyeHdH [m-CTPOK

H pg-ctoabuos B (7.82), a BeJMUYHHBl O — KOHCTAHTHI.
Eciau norpe6oBatb, uTOGB MNpeicTaBleHHe OBIIO YHHTAPHLIM, TO M3
BHIa MaTpuubl U/ MOXHO yCMOTpeTb, yTO ecaM r§ UMeeT Tun | wam 3, To

lcrs, rs [2= I, (7 88)

rss rs rs, sr GfSy ST

a4 eCJAH rS uUMeeT THO 2, TO
1G5, s P4 1075, or F=1. (7.89)

Urobu uatttm marpuuy U tpancnosuuun (#— 1, n), HaM HeoBX01HUMO
3HaTb JHLb KOHCTaHTHl O. Mx MoxHo Hatttm caenyouinm o6pasoM.

Panee Mbl nokasaan [cum. (3.168) —(3.170)], uTo ecaM mpocyMMH-
poBaTh MaTpHIL HENPHUBOAMMOTO mnpeNCTaBIeHMs MO BCEM 3JeMeHTaM
ka1acca K, TO MOJYyuyuwTCs MaTpHUA, KPaTHAs eIMHMYHOU:

2 U(R)=ﬂ”—5—. (7.90)
RCK ko
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rae E — enunuuHas MaTpHLA, Ny — YHMCIO 371eMEHTOB B kaacce K, yp—
XapaKTep 3TOTO KJacca M ¥, — PasMepHOCTb MNpeicTaBiaeHHs. [IpuMeHHM
3TOT pe3yJbTaT K Knaccy TpaHcnosHuuit. Jhaa rpynnet S,

EU(U) LA Lp—t, (7.91)
i<

rie §— BeJWYMHA, OMNpelle]eHHas cooTHoweHHeM (7.68) m BbluMCIeHHas
B (7.76). TOoYHO Tak e, eCIH PACCMOTPeTb HeNPHBOJMMBIE TpeicTaBie-
uus D, rpynnel S,_; u D, rpynnet S,_;, TO MOAyuHM

n-1 n—2
DUV H)=¢E, D UMy = E, (7.92)
i<j i<j

rae E, n E,;— ennunuunble MaTpuubl npeacrasirenuit D, u D, a g, n §
onpeneasawTcs Tak we, kak u §. M3 (7.91), (7.92) Mbl HaxoauM, uTo
Matpuia

n-1 n n—1
QU= RUE)— D UWH=A4, (7.93)
=1 <] i<y

KJIeTOYHO-AHaroHaIbHA, NMpHYeM Ha ee AuaroHanu [cm. (7.79)] croar noa-
MAaT pULH

(g _gr) Err' (7933)

[TosTOpss 3Ty mpouelypy M Hcnoab3ys o6a Bolpaxenus (7.92), noayuum,
YyTO MaTpHua

n—2
g}ua, n—)=A4,_, (7.94)

TaKXKE KJAETOUHO-AMArOHaJbHa, TNpHYEM HA ee JaMaroHamtn [cM. (7.82)]
CTOAT NOAMATPHILB

(gr - grs) Ers, rs* (7-943)
Yumuowus (7.93) Ha U (rn— 1, nr), Mbl NOJyunM

A, U(n—1, n)=12U(L“, nU@mp—1, n)=
=1

n—2
=121U(t, mU@n—1, n)+4+E. (7.95)
Ho

n-—2

U@ nU@m—1, n=
[ =l

n-2
=U@mn—1, n) [U(n—l, ny QUE U @n—I1, n)]:
I=1
n-2
=U(@m—1, n)‘ZIU(t, n—D=U@m-—1, n)A,_,, (7.953)
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C/1e10BATEbHO,

AU@m—1, ny—U@m—1, n)A,_=E. (7.96)

BosbMeM Tenmepp M3 3TOrO PABEHCTBA MATPHUUHBIH 3/eMeHT (pq, rs) M

BOCIOAb3YeMcs CcOoTHOWeHUsAMH (7.93a) u (7.94a). M3 paccmorpenus
9JeMeHTa S, rS Mbl TOJYYHM

E—E) Urs, s Urs, rs & — gm) = Ers, rs? (7.97)
a H3 paCCMOTpeHHﬂ 3JIeMeHTa rs, Sr ciaenyer
(g - Er) Urs, sr Urs, sr (gs - gsr) =0. (7-98)

[ToncraBass cooTHoweHus (7.87), HaxoauM

1
e ss—0, ecmm E—§ —E +E,+0. (7.100)
Bocnonbayemcsa Tenepb cootHouenueM (7.76). YmenbmuM A, B D, Ha [,
TOr1a

g (7.99)

o

E—E8 =X —r. (7.101)

IOas npencraBneHuit tina 1 (r=2s) HaM HeoOXoIMMO 3HaTL &, —§,,.
B D,, BeqnuMHa A, yMeHbllaeTca Ha 2, Tak 9TO

gr_grr=x’r_'_l_r

H
Opp o= 1. (7.102)
Ilpu r £ s
B —Es=A,—s, (7.103)
Nno3TOMY 175 NpejcTaBjJeHui THNA 2
1
Ors == Ors, s =77, Fs—r —  Osnsr (7.109)
3aMeTHM, uTO
g_gr=gs_gsr'

B pesysabTate uvero ycaosue (7.100) BbinoJHseTcs aBTOMaTtHuecku, Ha-
KOHell, AJs MpeACTABJeHMH THMNA 3, A4 KOTOPHX s =r — 1, A,_, =A,,
Mbl Haxolum H3 (7.104):

g =—1, (7.105)

IATRE)

Marpuua U (n— 1, n) ouenp npocra. M3 (7.102) BuTekaer, uTO ee
noamarpuua (rr, rr) — eaunuunas; u3 (7.105) caenyer, uto AMaroHadb-
Hble 3JeMeHThl NOAMAaTpHL (rs, rs) tuma 3 pasust —1, CoruaacHo (7.104),
B cJyyae noaMatpuu (rs, rs§) Tuna 2 [nMaroHajbHbE 3JeMEHTbl PaBHbI
eINHNLE, JeJeHHOH Ha Uesoe YMCJI0, a JMaroHaJbHbE 3JEMEHTHl MOIMAT-
pHL (Sr, §r) OTAMYAIOTCA OT AHATrOHAJbHBIX 3JEMEHTOB MOAMATPHL (rS, r$)
JHLb 3HAKOM. Bce 3TH 3aeMeHTHl cTOAT HAa nnaroHasM Marpuusl (7.82).
W3 ycnosus yuurapuoctd (7.89) BHIMM, yTO B ciayyae THna 2 Mbl IO-
Ayuyaem BHellHaFOHaJIbHle nonManHuy, KpaTHYI0 eJMHHYHOH MaTpHueE,

(7.106)

1 — —
rs sr V Grs rs rs sr Grs, errs, §r'
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L4
YHCTIO O, ,, BELIECTBEHHO, TaK Kak |0, .| < 1. Bui6op 3naka B (7.106)
NPOM3BOJIEH, €r0 MOXHO H3MEHHTb HA MPOTHBOIOJOXHBIA TPaHCHOPMH-
pOBaHHEM KJETOYHO-JAMaroHaIbHOH Marpuued, y KOTOpOR AMaroHajbHblE
3JIeMEHTBl B moAmartpHue (rs, rs) paBHbl —I1, a ocTajibHble AHATOHAJIbHbIE
37eMeHTbl paBHbl 1. Mul BbiGHpaeM aHak ,-+“. OnpenenuM Letoe 4YHCIO

1

Trs,rs::m:}"r_}"s'{_s_r’ (7.107)
TaK 4TO
2
V‘l’ —1
Orsy 15 = —__%?ﬁ_ . (7.108)

Marpuua U cozepxur, TakuM 06pa3oM, Ha TJaBHOH IHAaroHau JHILb
pauMoHaJbHBIE YMC/lA; BHE OMAarOHAMH MOTYT CTOATb KBajpaTHble KOPHH

2 _
VTrs,rs I . Tlockombky wMatpuua U/ yduTapHa M BelECTBEHHA, TO

UU =E, uo naa tpancnosnuuu U2=E, rak uvro U=U, u martpuua
OKa3blBAETCA CHMMETPHUHOHU

Ors, st = sz, rse (7. 109)

Llenoe wuucno 1, , =71, —=A~A, —A,—§—r HMeeT NpOCTOH reo-
MeTpHueckut cmbici. Ha cxeme IOHra Mbl aBuxeMmcs M3 KkBadpara r,
Jenas Wark no TOPU3OHTANMH M BepTHKaJM IO TeX NOp, NOKAa He I0-
CTHTHEM KBajapata §; T,, eCTb TOJHOE UYHCJIO ClelaHHbiX wWiaros. lilaru
CUHMTAITCS MOJOXHTEbHBIMHM, €CJAM HX [eJaloT BJEBO HMJH BHH3, H OTPH-
UaTeJbHBIMH, €CTH MX JeNAlT BNPABO WM BBepX. BenuumHa T,; HAa3H-
BAETCA QKCUAAbHBLM paccmossues OT r no S. IIpy 3alaHHOM n
YHCJIO T,, OydeT MaKCHMaldbHbIM, €CTH Ay =n—1, Ag=1 nm A, =2,
by= ... =%k, =1. B arom cayvae 1,,=n—1.

[onbaysce Marpuue#t U(n — 1, n) n marpuuamn (7.82) n71a saeMeH-
TOB S,_|, Mbl MOXEM C MOMOLIbI0 YMHOMNEHHS HaHTH MaTpHUbl, OTBEYalo-
uiHe 37eMeHTaM rpynnu S,. Becb npouecc MOXHO MOBTOPHTH A/ TPAHC-
nosuunn (n— 2, n— 1) u saeMeHTOB S,_o M MOJYYHTb MO HHIYKUHH
clenywolinft pesyaprar,

Bce maTpHubl HenpHBOAMMBIX MpeACTABJIEHHH TPyl S, MOXHO NO-
CTPOUTL C TOMOLUBID Bewjecmeennbx #ucen. JlvaronanbHble 3/7EMEHTHI
palHOHAIbHBl, BHEIHarOHa/JbHble 3JIEMEHTH CONEePXAT KBAAPATHbIE KOPHH
M3 LEJBbIX uuces, He MpeBbIIAWKX n2— 21,

B stom mnpouecce nociaenoBaTeqbHOH pelyKIMH MatpHl rpynnst S,
Mbl HCXOIHMM M3 JaHHOTO pa30MeHus M ylaiaseM OIHMH Yy3ea. IDTy npoue-
Iypy Mbl nOBTOpseM 10 TeX MNOp, NOKAa BCI CXEMa He OKAasplBaeTcd
HcuepnaHHO#. PaccMOTpHM cXeMy

DED (7.110)

]
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[Mpeanonoxum, 4TO Mbl YIAJHJIH OILMH y3es M3 TpeTbefl CTPOKH, TaK yTO
r==3; nocjie 3TOro Mbl NOJYuYHM MaTpuuy D,, COOTBETCTBYIOLLyl0 pa3-
6GHeHHI0

L
L

Ecau Temepb Mbl yAaauM OLMH y3ea M3 NepBOH CTPOKH, TaK 4To S==1,
Mbl TMOJyuHM MaTpuuy D, COOTBeTCTBYIOILYIO CXeMe

ad
@

Yananis nanee oAuH y3en M3 BTOPOH cTpokH (f==2), Mbl moJyuyaeM Ma-
Tpuuny D, COOTBETCTBYIOUWIYID CXeMe

00
U

Ecau Tenepb Mbl yAasMM MO OYepelH OAMH Y3eJa M3 CTPOKHM | M CTpOkM 2,
TO TOJAYYATCH CXEMb

D’

flcho, uyro noamarpuua D,y,,, KOTODYIO Mbl MOJyyaeM Ha MOC/EIHEM
9Tane, COLEPHUT OIHY CTPOKY H oIuH cToabel. B cuay camoro Merona
noCcTpoeHHs GasHcHas (YHKIMsA, COOTBETCTBYMOIias 3TOH cTpoke (CTOJG-
uy), o6Jjalaer TeM CBOHCTBOM, 4YTO fBJAETCS OasUCHbBIM BEKTODOM He-
NPUBOAMMOrO npeictasiexns (321) rpynmel Sg, npeacrasaenus (3, 2)
rpymnbl Sg, npeacTaBienHs (22) rpynmw S, mnpeacrtasienns (2, 1)
rpynnul Sz, npeacrtasaenns (12) rpynnsl S, v npencrasaenus (1) rpynnu .
Aty 6a3ucHY0 GYHKUHIO ¢ MOXHO 0003HauaTb, YKAa3blBas Te CTPOKH,
M3 KOTOPHIX MO ouepels OTOPOLUEHb y3abl. B HaleM ciyyae ee MOXHO
6bl10 6bl o6osnauute @[3, 1, 2, 1, 2, 1]. IlocaenomartenbHocThb

3, 1, 2, 1, 2, 1]

HaspiBaeTcss cumsorom Simanytu (Y-cumpoaom), Crenyer saMeTHTb,
YTO CyllecTBYeT NMPOCTasd CBA3b MEWAY CHMBOJAMH fIMaHyuu W craHaapr-
HeiMy  Tabauuamp HOura, B nawlem npumepe Mbl cHauasa yIanauam ysed
M3 crpoku 3, Bbu1 ylanen cuMBoa 6, mocie yero y Hac ocranach
rpynna S,. 3aTeM Mbl yIaJHIM OIMH CHMBOJX M3 CTPOKH | M MOJyuH/m
rpynny S,. flcHo, 4TO 3THM CHMBOJOM Gbla cuMBoa 5. Takum 06pasowm,
Hallla mepBOHAyajbHas TabaMUa MMeaa BHI

E
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CnenyeT Takxe 3aMETHTb, YTO Hall CHMBOJA SIMaHyuyH COCTOMT W3 Tpex
eNMHHL, JBYX 1BOEK M OLHOH TPOHKHM, UTO MNOJHOCTBI) COrJacyeTcs
¢ Ay =3, ,,=2, A;=1. Kpome TOro, ec1m Mbl npouteM yucia B CHM-
BOJIE CMpaBa HajleBO, TO 3aMETHM, YTO OHH O0GpPasylT peEILETOYHYIO mne-
pecraHoBKY uudp 1, 2 u 3. Hrak, cyuecTsyer B3aMMHO OIHO3HAYHOE
COOTBETCTBHE MeX1y CHMROJAMH $IMaHyuM, pEIeTOYHBIMM TMepecTaHOB-
KaMM M CTaHIapTHbIMM Tabauuamu. Hanpumep,

123 126
45 >[322111]; 35 —>[123211].
6 4

Ins gawnporo pasGuenns (A) Mbl moayyaeM HaGop CHMBOMOB $IMaHyuw,
YHCJIO KOTOPBIX PABHO pAa3MEpPHOCTH MNpeACTaBJICHHS D™, Ecam )=
=y, cevs Ay, Ay >0, TO IONYCTHMBIME ABASIOTCA Y -CHMBOJBI

(7, 7oy, --v, 1o 11,

rie r;— uensle yucra or | 10 m (uenoe yMca0 R BcTpeuaercs A, pas).
Ecau Mbl OyneM uMTaTh 3TH CHMBOJbl CrpaBa HaJeBO, TO MOJYYHM pe-
IIETOYHYIO MEePeCTaHOBKY

1M, 9k L e,

Tenepb Mbl MOXEM BHIPA3HTb pe3yabTaT JAeHCTBHS nNepecTaHOBKH
(n — 1, n) c nomouwbio pyHkuuit ¢. IToayuum

n—1,nelr, r,ro o ..., 1]1= r,r, ro_o ..., 11,
( )(P n—-2 +(P[ n—2 ] (7.111)
(n—1,melr, r—1, ro_e, ..., 1]=
=—0[r, r—1, r,_o ..., 1],
ecamn cumsoa [r—1, r, r,_y, ..., 1] Hedomyctum, u
(n—1, n)elr, s, ry_g, ..., l1=
=0,lr, s, ry_g ..., I]—{—VI—(G,S)Z(p[s, Iy, rp_o «v., 11,

ecan 06a CHMBOJIA JONYCTHMBl U § £ 7.

Haub6osaee ynoGHbiit cnoco6 ynopsnounTb Y-cHMBOJBI COCTOHT B TOM,
yTOOB PACMOJOXHTb HX B NOPslKe, 0OpaTHOM JeKCHKOrpadHuyecKoMY.
Tak, aaa cxembl (7.110) nonyctumele Y -CHMBOJB MMEIOT BHA:

322111, 321211, 321121, 312211,
312121, 232111, 231211, 231121,
213211, 213121, 211321, 132211,
132121, 123211, 123121, 121321,
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[TpeuMyectBO 3TOr0 cnocofa ynopsaaodeHHs COCTOMT B TOM, YTO OH
noMOraeT HaM HarJiAHO NPEACTABHTb MOCTDOEHHE MAaTPHI MPH mepexole
or S, k S,,,. TlepBbie NATe CHMBOJOB CJyxaT Ga3HCHBIMM (YHKUHMAMH
HEeMpHBOIMMOrO mNpeicTaBreHus (A)==(3, 2) rpynmbl S;, COOTBETCTBYIO-
LETO CXeMe

oo,
00

Nojyyallieicss nocjae TOro, Kak Mbl OTOPOCHIN CMMBOJ 6 M3 CTpPOKHM 3.
B 3TOM npeiCTABIEHHH MATPHLBl MEPeCTAHOBOK TPYNNBl Sy cayxar noi-
MaTpPHLAMM HallleT0 NpeicTaBJeHud rpynnsl Sg. Jlanee, eciH Mbl mpoiaeM
uugppsl 3 ¥ 2 B NMepBHIX TpeX CHMBOJAX H uuMdppel 2 M 3 B cHMBOJIaX
¢ HOMepamMH 6—8, MBI npuaeM K OJHHAKOBBIM I10C/€I0BATEIbHOCTAM,
COOTBETCTBYIOLHM CXeMe

L)
[]

rpynnel S,. ITocTporM wMarpuuy 14s nepecTaHoBkH (56) B 3TOM mpel-
craBaeHun (A)=(321). Iloaw3ysce cooTHolWenusMu (7.102), (7.104),
(7.105) mau (7.111), noayyaem MaTpHLUY

322111 [—4 e

321211 -3

321121 -1

312211 —3

312121 —1

232111 | 42 :

231211 LA !

231121 v i
|
|
|
|

3

af

213211
213121
211321
132211 Yis

132121 Yis

123211 3
123121 yal
121321 V3|

(7.112)

IlepecranoBkn rpynnu Sy (T. €. NEPECTaHOBKH, OCTABJSIOLIKE Ha
Mecte muppy 6) OyAyT uMeTb MAaTpHUHBE 9JEMEHTbHl TOJAbKO BHYTPH
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NYHKTHPHBIX KBaApAaTOB Ha [lyaBHOH auaroHaqn. MXx matpuusl yxe us-
BECTHH H3 paccMoTpeHuss rpymmbl S;. MaTpuupl nepectanosok (I6)
¢ [ <5 MOXHO NOJYUYHTb TPaHCHOPMHPOBaHHEM MaTpHub (i5), nmpuHan-
aexawet rpynne Sg, Matpuueit (7.112) nepectanoskn (56).

Buifpar 3a HCXOAHYW rpynny S;, MB MOXEM MNOCTENEHHO MOCTPOHTH
BELeCTBEHHbIE OPTOrOHAJbHHE MATPHYHHE MpPEACTAaBJEHHS TPynmbl nepe-
CTaHOBOK., Mbl npHBOAMM TabaMub 3THX NpeAcTaBaeHu#t 1o rpynns S
BK/IIOUMTEIbHO (Taba, 28). BcaencTBue CHMMETPHHM Mbl YKa3biBaeM JHLIb
T€ 3JIEMEHTH, KOTOpble PACMOJOMEeHb HA I'JaBHOH AMArOHAMM W HAad HeH.
Kpome TOro, Me BBINHCHBaEM MaTpPHLBl TOJBKO IJ5 TPAHCMO3HLIHH;
OCTa/bHble NPENCTABIEHHA MOXHO MOJYYHTb MEPEMHOMEHHEM 3THX MaTpPHL.

3adaya. Toapsyacy Tabanuamu (taba. 28), noctpoiite MaTpHILl AAs me-
pecranosok (23), (45) u (86) B npexncraBaeHusx (A)= (4, 2) u (3?)
rpynns Se.

Yxe caM ¢akT, yTO BCE HENMPHBOIMMble MPelCTABJIEHHA CHMMETPHue-
CKOH TpyNmbl MOXHO NPHBECTH K BellleCTBEHHOMY BHIY, NMO3BOJSET HaM
IOKa3aTb yIMBHTeJbHYI0 TeopeMy. Tak Kak Bce HENMpHBOAHMMBlE MpeicTa-
BJEHHA TPyNnel S, BEUECTBEHHH, Bce Beamunusl o B (5.88) paBb +1,
TaK 4TO

LE)=Xn,, (7.113)
m
rae {(E) —uncao petnenut R ypaBHeHHs
R:=FE. (7.113a)

WHaue rosops, Ajs rpynnel S, cymMma pasMepHOCTed BceX HENpHBOIH-
MBIX NpelCTaBJEHHH paBHA YUCAY KBaAPaTHBIX KOPHEH H3 €IMHHUHOTO
sneMenTa, Ytobul ynoBnetBopHTb ypaBHeHuwo (7.113a), aneMment R noa-
MEH COJEepKaTb JHMIUb UMKAE MaMHBE | B 2, T, e, cTpPyKTypa pasGuenus
Ha UHMKJIbl 9JeMeHra R- JOMKHA HMeTb BHI (IGQB), rie o-+2p=n.
Yucao 371eMeHTOB B KJacce (1“23) paBsHo

n!

£ = Toar 21 *

B cHy uero obuiee uMcia0 peweHui ypaBuenus (7.113a) pasuo

Z gI(IQB

a+2[3=
Ioacrasnss 3to Bepawenue B (7.113), moayyaeMm COOTHOLIeHHE
[n/2}
n o= o 7.114
; " Eﬂ al 28p! 2 2'36'01 B’ ( )
a+2’13=n

rae [n/2) —HanGoablree LUesOe yMCAO, He MpeBBILIAIONIEe uucad B/2.
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Cymma, cTosiias B npaso#i yactu paseHctsa (7.114), serko BhuHcaseTca
npu mo6om n. CpaBHuBast ee ¢ cymmoft (3.159), kortopas B cayyae cuM-
METPHYECKOM TPymnbl S, HMeeT BHJ

2nt=nl (7.115)
m

Mbl NOJYy4YaceM HEPABEHCTBO
" 1 T

_ —. 7.116

- 281 (n — 2p)! > n! ( )

Bemunup n, safawotca pasenctsamu (7.66) n (7.60). Iloncrasass
9TH Bbipaxenus B (7.114), MbH noJjyyaeM 3aMeyaTesbHYI0 GOpMYay CyM-
MHDOBAHHUA

1n/2]
\"

DM+m—1, hytm—2,..., Aw) __ 1
= Cim =D+ m—2)1 ... Ayt —%m——ggﬂ,(n_gﬁ),- (7.117)

(

§ 8. Metox XyHna

MeTol paccMOTpeHHS CHMMeTpPHYecKOH rpyNmbl, NpeaaoxeHHHd XyH-
noM 1), sBasercss ¢pU3UYECKMM BAPHAHTOM MAaTeMAaTHYECKOTrO MeTOJd, OCHO-
BAHHOTO HA PACCMOTPEHHH TPYNNOBHX anredp.

IMpennonoxuM, 4To MB MMeeM [eM0 C HEKOTODOH CHCTEMOH 3KBUBa-
AeHTHHX dyacTl. (IToa TepMHHOM ,9KBHBAJEHTHBIA® MBI TMOJpA3yMeBaeM,
YTO TraMUJILTOHHAH 3alayd, KOTOPHH MOXKET MO OTHOLICHHIO KO BCeH
3aflade B 1eJOM ObITb HEKOTOPOH anmpoxCUMalue#d, HHBAPHAHTEH TIPH
nepecTaHOBKe KOOPIMHAT TAKMX 4aCTHU. TepMHH ,TOXNECTBEHHHH® O3Ha-
yaeT, YTO MBI YBEpPeHbl TNPH HACTOALLEM YpPOBHE HAIIHX 3HAHMH B TOM,
YTO TOYHBIH TaMUAbTOHMAH WHBAapHAHTEH TPHM TEPECTAHOBKE 4YACTHIL.)
Ecian naM 3alana moGas cobctsennas ¢yukums $(1, ..., n), npunan-
Jexalllas HeKOTOPOMY HNAHHOMY COOGCTBEHHOMY 3HAYEHHIO TAMMJbTOHHAHA,
10 Mobas u3 n! NMepecTaHOBOK KOOPAMHAT 4YacTull OyAeT TPUBOAMTH
K COGCTBeHHOH (yHKUMH, TpuHaliexallel ToH xke sHepruu. (B samucu
¢byHKuMn P CUMBON | OB3HayaeT Bce KOOPAMHATHL MEPBOH YAaCTHUH H
T. A.) TaxkuM o6pasoM, nepectaBuB Mexay cOOOH KOOPAMHATH JBYX
NepBBIX YaCTHL B P, Mbl MOXeM MOJYYHTb JHHeHHHE KOMOuHaluH

(1,2, )P L, ) =E+AD)V(, 2, ..., n)
(1, 2., ) =@ 1, ..., =E—(12){, 2, ..., n)

KOTOphIe TaKKe SABJAIOTCA coOCTBEHHBIMH Cl)YHKLlHﬂMH U COOTBETCTBEHHO
CHMMETPUYHE M AHTHCHMMETpPHYHB mo uvactHuaMm 1 u 2. Onepatop

" (7.118)

') Hund F. Zs. Phys., 43, 788 (1927).
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nepectanoBkd e~ (12) HasmBaeTca cummempu3amopom, a ONepaTop
e — (12) —aumucummempuszamopos dactuy 1 u 2. Tlpomoaxas aTor
npoUecc, Mbl MOXeM TONBITATHCA MOCTPOHTb W3 HCXOAHHIX COOCTBEHHBIX
dyHKuMl b QyHKIUH, CUMMeTPHYHble (AHTUCHMMETPHYHBIE) OTHOCHTEJILHO
HaGopoB, cocTosLIMX M3 Oosbluero yucaa yactuu. Onepatop, CHMMeETpH-
3yl P OTHOCHTEJNbHO HEKOTOPOro Habopa 4YacCTHU, HUMEeT BUM

2P, (7.119)
P

rie CyMMHpOBAaHHE TPOM3BOJUTCA MO BCEeM INepecTaHoBkaM wvactuy P,
NpHHAJMEKAUM paccMaTpuBaeMoMy Habopy. ToYHO Tak e aHTHCUM-
Merpusarop AJs 3Toro Habopa MMeeT BHI,

> 8pP. (7.119a)
p

[TpuMenss k | onepatops, nono6ueie onepatopam (7.119) u (7.119a),
MBI MOXEM MOMBbITATLCA MOCTPOUTb BHIPOMEHHBIE COOCTBEHHbIE (YHKUMH,
obaanawolline pasanyHol cummertpuelh. YroObl ykasaTh CBOHCTBAa CHMMe-
Tpuu GYHKUMH, Mbl OyJleM MOMellaTh YaCTHIB, OTHOCHTENbHO KOTOPHIX
(YHKUHMA aHTHCHMMETPHYHAa, B (UrypHbele CKOOKHM, a YaCTHLH, MO KOTO-
peiM GYHKUMA CHMMETDHYHA, — B KBaapaTHbie CKOOKH. Eciu cHMBOJBI,
o0o3Hayawlre Kakue-auMb0 4YaCTHIb, CTOAT BHe 3THX ckOOOK, TO O CHUM-
METPHH TO KOOPIMHATAM 3THX 4YaCTUL HUyero He mnpenmonaraercd. Ha-
npuMep, GyHkuus

$({123}[45]67) (7.120)

AHTHCHUMMETPHYHA 1O YacTtuuaM 1, 2, 3; cumMMmeTpuyHa mo vactuuam 4, 5;
MO TNOBOJNY e €€ CHMMeTpuu JUGO aHTUCHMMETPUM 1O vactHuaM 6 u 7
HHKaKuX yTBepxaeHu#i He nenaercs. bBomee toro, a priori mMel He pac-
NOJAaraeM HMKAKMMH CBEJEHHAMH O TOM, CHMMETDHYHA WJIM AHTHCHUMMeE-
TpuyHa GyHKUMA TO MoObLIM YacCTHUAM, KOTOpbIE He BXOAAT B OMHH H
Te ke CKOOKH,

Bo BcaxoM caydae, uCXOAS U3 HalleH NepBOHAYaJLHONH COOCTBEHHOM
$YHKLUHH, MBI MOXEM BHINIOJHHTb TeEPECTAHOBKH M COCTABUTb JHHeHHbIE
KOMOMHaluK, 4YTOOH TOCTPOMTb 3KBHBaJEeHTHble COOCTBEHHBlE (YHKLUMH,
obnanawluye onpelneneHHOd cummertpue#t. Hanmpumep, B3sB 3a HCXOIHYIO
dyuxnnio Y (1, ..., 7), MOXHO NONBLITATHCS CHMMETPH30BATb P MO BCEM
yacTHuaM, npumensas cummerpusatop (7.119) ko BceM n  dYacTuuaM.
Mbl NOMy4YUM IKBUBAJIEHTHYI0 COOCTBEHHYIO (YHKIUHIO

$([123...n]). (7.121)

MoxeT npeacTaBuTbCA CAyhali, koraa nepBoHayaisHas pyukuus P (1, ..., n),
M3 KOTOPOH MBI HCXONMIM, TaKOBA, 4TO (yHkumua (7.121) ToxmecTBeHHO
paBHa Hymo. Tak mpousofizer B TOM cJydae, ec/qu HCXOAHAs PyHKuUuA P
AHTHCMMMETPHYHA TO JI0Go# mnape yactuu. Ecmm $([1 2 ... n])=0,
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MBI TIOTIHITaBMCA CUMMETPH30BaTh P no JMOOHM 7 — 1 yacTHuam, Hanpu-
Mep NPUMEHHM K MCXOJHOH (yHKLUMH p CHMMETPH3ATOp IO BCEM YaCTHLAM,
3a HMCKJIIOYeHHeM n-#, 3aTeM KO BceM uacTHUaM, kpome (n—I1)-# u 1. 1.
Ecau Bce moJsyyarouiMecs npH STOM (GYHKUMH 006pAlLAOTCA TOXIAECTBEHHO
B Hy/b, Mbl NONBITAEMCA CUMMETPH30BaTh VP MO (7 — 2) yacTHUAM W T. A.
Ecin nocne 9THX TAXKKUX TPYAOB Mh OOHADYXHUM, UTO He MOXeM TNpo-
BECTH CHMMETPH34LMIO HH MO OJHOH mape YyacTHll, TO TO NOJIKHO O3HA=
yaTh, YTO HaWld HCXOoAHAasA ¢GYHKUMA OblIAa MOJHOCTBIO AHTHCHMMETPHYHA
no BceM n yacthuaM. Brnosne aHajornyHo Mel Mor/u Obl MOMHTATHCA
AHTHCUMMETPHU30BaTh HalWy HcxoaHyw ¢yukwuio P(l, ..., 7) no BceM
yacTHLaM ¢ moMmolubilo onepartopa (7.119a) naa Bcex n dactuu. Ecau
nonydamwouancs npy stoM ¢yukuns ({1, ..., n}) TOXAeCTBeHHO paBHa
HYJ10, Mbl TIONBLITAEMCA AaHTHCHMMETPU30BATh HCXOAHYIO pyHKUMIO Mo (n—1)
yactHuaM. Ecau, npollomkas 3ToT mpolecc, Mb OOHApYXMBaeM, uro He
MOYeEM aHTHCHMMeTpH30BaTh P HH 1O OJHOM mNape 4YaCTHU, TO Hala
ncxolHas ¢yHkuus Oblja TMOJHOCTbIO CHMMETPHYHOM.

I npuMepa paccMOTpuM caydatt Tpex dactuu. HayneM c cobcTBeH-
Holt ¢yHkiuu P (1, 2, 3). Tlpumenum cumMeTpusatop u noayuuM P ({1 231).
Ecau 9ta ¢yHKUMA He DPABHA TOXIECTBEHHO HY/MIO, MBl CKaxeM, 4To
obaanaer cummempueli muna S(3). Ecmu P([1 23])=0, To MH mO-
NbITAeMCd CHMMETPH30BATh HCXONHYI0 (YHKUMIO TO JABYM 4YacCTHUAM H
MOMYy4YHM, Hanpumep, (YHKUHH

B([1213) n P([13]2).

Ecmn o6e 9TH dyHKUMH He 0OpAalaOTCAd TOX/JECTBEHHO B HYJb, MH CKa-
KeM, yto p o6nanaer cuMMeTpuelh Tuna S (24 1). Ecau ke ounu obe
PaBHBl TOXIECTBEHHO HYJI0, TO (PYHKUMA p AHTHCHUMMETPHYHA TO TpeM
yactuuaM u obmagaet cummetpuedt tuna S (14 14 1). TouHo TakuMm xe
006pa3oM MOXHO Obl1O OBl MONBITAaThCA AHTHCHMMETPH30BATH dyHKIHIO P,
[Tonyunnncy Obl chaenyoluye pesy/bTaThi:

P ({1 2 3}) — antucummerpus tuna A (3),
P ({1 2} 3) — antucummetpusa tHna A (2-+ 1),
V(1 2 3) — autucummerpua tina A(1 414 1).

B ofuiem ciayvyae Mbl MOCTynaeM TOYHO Tak xe. Mbl MEITaeMcs cUM-
METPHU30BATb HCXOJHYI0 (GYHKUMIO MO BO3MOXKHO 0OJblleMy YMCAY YACTHIL
Ecnmu MakcHManbHOe YMCJAO YACTHL, MO KOTOPBIM MBH MOXEM CHMMETDH-
30BaTh (QYHKUMIO P (He MOayYasds NPH ITOM (YHKUHMIO, TOKIECTBEHHO pPaB-
HYI0 HymO), DaBHO A;, Mbl MOKeM mnepeo6O3HAYNTh KOOPIMHATH TaK,
yToObl ITH YacTHUB HMeau HoMepa 1, ..., A, U MOJY4YHTb COGCTBEHHYIO
dynxunio P([1 2 ... A] ... 7). OcTaBuM Tenepb 5TH YACTHLB U TOMbI-
TAEMCA CMMMETPHM30BaThb MO BO3MOXHOCTH OO/bIIYI0 TPYNNY OCTABLIMXCH
yactull. TIpomonias 3TOT mMpouecc, Mbl, B KOHLE KOHIOB, MPHIAEM K 3KBH-
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BAJEHTHOW COGCTBEHHOM (GYHKUMH, uUMeIUEH B HopMaarvnol ghopMe
(S-ghopme) Bum:

m-—1 m
¢<[1 2 MM e A A . [EIAV-H, 2,7‘“])'
(7.122)
rune

M2A> ... >h, B DA, =n

[Toa HopMantbHOH GOPMOH Mbl MOAPASYMEBAEM C/EAyIOLlee: Mb HEe MOXEM
MpUMEHATb NMEePECTAHOBKM H COCTABJAThH JHHEHHBE KOMOWHAUMM A4 TO-
cTpoeHuss M3 P (YHKUMH, CHMMETPUYHOH OTHOCHTENBHO 60.tee der A,
yactun, Ecau ke Mbl 3aHHMaeMcsl mepecTaHoBko# yactuu A1, ..., n,
TO Mbl He MOXEM TNOCTPOHTb (YHKLHIO, CHMMETPHYHYIO OTHOCHTE/NBbHO
6osee vem hy yacTui u T. n. Ecau B (7.122) BuyTpu kpyramix ckoGok
HECKOJIbKO CHMBOJIOB (QUIYPHPYIOT B KOHLE OTIE/NbHO, Hanpumep

v(I[L[]...0—2, n—1, n),

TO TO 3THM OTIEJbHBIM CHMBOJAM GYHKUMA N0JMKHA OBITb aHTHCHMMe-
TpuyHo#l, T'oBop AT, 4TO dyHkums (7.122) NpUHALNEKUT cummempun muna

SM4hgt .. 4. (7.123)

3aMeTuM, 4TO MMEETCA TOJIHOE COOTBETCTBHE MExAy THMAMH CHMMETPHH
u cxemMamu IOHra, KOTOpPBIMH MBI TOJIb3OBAJIHCH DaHee,

AHanorM4YHBIM 00pa3oM MBI MOXeM MpPUBeCTH (YHKUMIO P K HOpMAAb-
HOl anmucummempuinoli dpopme (A-popme)

YA o {1 ) L), (7.122a)
npuﬂaﬂnemameﬂ armucummempun muna
AU+ oo 1. (7.123a)

Crenyer NMOMYEPKHYTb, UYTO K 3aJaHHOM (pYHKUUM 1P MBI MOXeM MpH-
MeHATb mo00# u3 AByX npoueccoB. Muave rosops, mo6as naHHas co6-
CTBEHHAA (YHKUMA TPHHALJICHKUT KAKOMY-TO ONpPEJe/JeHHOMY THMY CHM-
MeTpun S (A - ... -+ A,,) 1 KaKOMY-TO ONpeleNeHHOMY THIY aHTHCHMMET-
pun AU+ ... +1;). Eciu Mbl clenaeM TNPEANONOKEHHS O TOM, uTO
HHOTO BBIPOXIEHHA, KPOME TOr0, KOTOpOEe NPOUCXOAUT H3-3a IKBHBATEHTHO-
CTH YACTHL, HET, TO BHIPOMK/JACHHbIE (IKBHBANCHTHBIE) COOCTBEHHBIE QYHKUUH
JOJXHBI 00/1aJaTh OLHUM H TeM ke S-tumoM uan A-tunoM. Jlobyw cob-
CTBEHHYW (YHKIHMIO, NPHHALIEKALLYIO NAHHOMY COGCTBEHHOMY 3HAYEHHIO,
MOXHO MpEACTaBMTb B BuAe JHHeHHOH xOMOMHAUMM OasucHbIX GYHKLHH
onpesnestenHoro S-tuna Jan6o A-Tuna. (B CyL(HOCTH, K 9TOMY CBOJHMTCA
CIEJAHHOE HAMH paHee yTBEepHJAEHHE O TOM, YTO BBHIpOMIAEHHblE (PYHKUHH
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00pasyloT 6asuC HEKOTOPOrO HEMPUBOJMMOrO MPeICTABAEHHS TPYNNbl CHM~
METpHH.)
JokameM Tenepb HECKOJbKO MPOCTHIX TEOPEM O CHMMETPH3ALMH.

JIEMMa. Ecan coOcTBeHHas ¢yHKuus

V(12 A A1, ..., Adn] ..0) (7.124)

AHTHCMMMETPHYHA MO yactHuaM 1, 2, ..., A U CUMMETpDHYHA MO YaCTH-
uaM A+ 1, A+2, ..., A+ (xapakTep ee 3aBUCHMOCTH OT OCTa/b-
HbIX UYaCTHIl He INpPHHHMaeTCs BO BHHMaHWe), TO, BBIIOJHHUB Mepecra-
HOBKY dacTHu 1, 2, ..., A+ ¥ cOCTaBUB auHeliHble KOMOHHAUMH,
MbH MOXeM MOCTPOMTb OJHYy U3 dyHKuu# (Mo He o6e)

e({l12... A AF+11[A42, ..., A4-1] ...,
Y12 ... A—1}[A, A1, .00, A1) ...
Ins mocTpoeHusa @ HaM HeOOXOIHMO JIHLIb NMPOKH3BECTH MEPeCTAHOBKY

(7.125)

yactuy 1, 2, ..., A, A 1. Jlag mocTpoenns % HaM HeOGXOMHMO UL
NPOU3BECTH NMEPecTAHOBKY yacTuu A, A1, ..., A—p.
HokasaTEabcTBO. DBynem Bmecto 1, 2, ..., A nucate o, f, ... H
Bmecto A—41, ..., A+ p mucate x, y, .... Onepatop
A
e— ) (ax), (7.126)
a=1

OyAyuyd TIpUMeHeH K 1, 1aeT HaM {YHKLUHIO, AHTHCHMMETPHYHYIO MO
1, 2, ..., A, x. YroOb n0Ka3aTb 3TO, TPHUMEHHM BCe TPaHCNO3HLUH
YKa3aHHBIX CHMBOJIOB K (YHKUHH

N )
[e—Z(ax)an({l 2. A AT, oo A=) ).

a=1

Torna

A
(BY) [e - (ax)] b= (pY) [e —(px) —(vx) — X (ax)] V.
a=1 a8, v

Tax xak
BV Px)=x)BY) v ENY=—1,
HMEEM
®V) [e—(ﬁx) — (%) — X (ax)] v =
as=i. v

=[e—Z@n]@nv=—[¢—Z @]
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ToyHo Tak e, MOCKOJbKY
(Bx) (ax) = (ax) (af),
nonyyaem

A
(x) [e - (ax)] b= (px) [e —@x) — X (ax)] p=
a=1 aFp
=[®0—e— 3 @) @p]v
a#B i

TaxuM oGpasom,
(wﬂw—gwdw=

=[—e4 @2V —( > (ax)) (ap) = — [e - (ax)] .

a#B a

Moxer cayyuTbcd, 4TO TMPH JAHHOM BEIOOpe X (YHKUMA

[e - (ax)] b

a

TOXAECTBEHHO paBHa Hymo. IlokaxeM Tenepb, 4To ecau Mbl OyaeM Bb-
6upaTh X pasmuyHbIME cnocobamu (t.e. x =A -1, ..., A4 ), To au60
gce moJsydaoluuecs npu 3ToM GyHKUMM o0paTATcad B HYyab, JUGO HU 00HA
M3 HUX B HyJb He oOpartutcs. JleHCTBHTENLHO, €CAM TPH HEKOTOPOM X

dyHKLKs
[Ze~§(ax)]w=0.
TO, TMPUMEHA TPAHCNO3UUMIO (XYy), Mbl TOJYUYHUM
0=(xy) [e —-§<ax)} b=
=(xy) [e ﬂwa)] (xy) (xy) =

= (xy) [e — § (ax)] (xy) b= [e — § (ay)] b

npu Jo6oM y.
TouHO Tak e, MPHUMeHss K | omeparop

htp
P+-Z(wﬂ, (7.127)
N x=h+1 :
MbL MOJY4YHM (YHKUMIO, CHMMeTpHuHywo mo a, A—+1, ..., A4 p. C mo-

MOILbI0 MPOUEAYPHI, dHAJOTHYHOH TOH, KOTOPOU MBI MOJbL30OBAIUChH, TMOKA=
KeM, 4To aubo gce YHKUUU

A+u
[e + X (ax)] )

x=A+]
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TOMECTBEHHO paBHbl HYJI0, JHOO Hu 00H@ M3 HHX HE DaBHA TOXie-
cTBeHHO Hynw (a=1, ..., A).

Ilanee mnokaxeM, uTO JABa Tuna ¢yHKUMH, noayyawoluecd Npu AeH-
cTBuH Ha P onepatopoB (7.126) u (7.127), He MOryT o0no8pemeHHO
ObiTb paBHBIMH TOMXAECTBEHHO HY/II0. JeHCTBHUTENbHO, ecau

[e—Z(ax)]w=0
NMpH BCEX X H :

[e+§(ax>]¢=0

MpH BceX O, TO, CYMMHpPYA TNepBYI0 (GYHKUHIO MO X, a BTOPYW MO @ H
CKJIanbiBasg, Mbl moayyuau Obl, uTo (A— W) P =0, oTkyna crerosano Gwl,
YTO NMePBOHAYaNbHAA (PyHKUMA | ObLIa TOXKAECTBEHHO paBHA HYJIO.

Haxonen, nokaxeM, 4To 00e (GOpMBI He MOrYT CyllleCTBOBATb OJHO-
BPEMEHHO — OJlHA M3 HHMX JOJKHA OBITb TOXAECTBEHHO paBHOX HYJIO.
HeficTBHTE/NBHO, B MPOTHBHOM caydae (YHKUHIO

x ({12 ... h—1}[A A1, ..., Adpl...)

MOXHO TNPEJCTABUTL B BHAE JAuHeHHOH KoMOMHAUMM (PYHKLMH, NOayYaio-
LMXCA H3

o(l12...0 A+1}[A4+2, ..., A4p] ...)

NpHMEHEHHeM nepecTaHoBOK P (neHcTBylowunx Ha cuMBoabl 1, ..., A—-p)
W B3SITHEM JHHeHHbiX KoMOMHauu#, T. e.

x({12 ... A— 1A A1, oo, Adp] ..)=
=§app(p({1 2 ... A A1} A2, ..., Adp] L)), (7.128)

Ho Torna sico, uyTo no kpaliHe$l Mepe J1Ba CHMBOJA M3 YHC/IAa CHMBO-
a0B A, A+ 1, ..., AU, 3aK/I0UCHHBIX B KBaJpaTHbie CKOOKH B JIeBOHU
yacth (7.128), nosxkHel mnonacTb BHYTpb GHUIYPHHIX CKOGOK B NpaBoH
YacTH TOrO XNe€ PaBeHCTBA NOC/Je TOrO, KaK NepeCcTaHOBKY P NpHMeHAT

3
K @. HMHaue roBops, kaxabil 4/leH B cyMMe , CTodlleHd B nmpaBoH
y
P

YacTH, AHTUCUMMeETpPHYEH MO KpafiHe#t Mepe MO JBYM CHMBOJAM M3 4YHC/Ia
A, A41, ..., A4 . TlpuMeHuM Temepb CHMMETPH3ATOp, NeHCTBYIOLLUH
Ha vactuupl A, A1, ..., A+, k obeum yactam pasencrsa (7.128).
CrneBa MB noayunM nly, a cnpasa — HyJb.

[puMeHss 3Ty JeMMy, Mbl CMOXeM mepexoaurb oT S-popm Kk A-dop-
MaM, n HaobopoT. Ilpeano.ioxuM, HampuMep, YTO y Hac HMEETCH Hekas
HopManbHas S-dopma P ([123][45]). Tax kak 3ro HOpMaibHas S-dopma,
TO OHa JAOMKHA OBITh AHTHCHMMETDHYHOM TNMpPH MEPECTAHOBKE dacTl, 4
(umm we 5) m mo kpatiHel Mepe ool us uactuy 1, 2, 3. TTosToMy Mu
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MOXeM AHTHCHMMETDH30BATh €€, HanpHMep, MO yacTHuaM 5 u 3, u moay-
yate P ([12]4 {35}). Tlockonbky Hama HcxoLHas QyHKuua | Owiaa
cumMeTpuyHolt mo wactuuam 1, 2, 3 u 4, 5, MbBl He MOXeM MPOBOIHThL
AHTHCHMMETDH3ALUMI0 60/ee yeM MO ABYM YACTHLAM, TO OJHOM YacTHUE M3
KaXIOH mapel KBaapaTHeIX ckoOok B S-dopme). [1o seMMme MbH MOXeM
MOJYYUTh:

D Y([124]{35}) wm 2) $p(1{24}{35}.

Ecau 6bl mepBas anpTepHaTHBA Obl1a BO3MOXHOM, TO, BOCNOJIb3OBABIINCH
ele pa3 jseMMoff, Mbl CMOrJaM Obl MOJYYHTH:

a) V([1234]5) wm 6) p([12][345)).

Cnyuali ,a“ HEBO3MOXCH, TOCKOJAbKY M3 HCXOLHOH S-opMmbl caenyer,
YTO Mbl He MOXeM NPOBOJUTL CUMMeTpH3auuio 00Jjee yeM MO TPEM 4acTH-
uaM, a ciayya# ,6“ HeBOSMOXEH, MOCKOMbKY M3 HCXOAHOH S-dopuni cie-
JyeT, 4TO MBI HE MOXeM MNpOBOLMTh AHTHCHMMETpH3auMio Oosee 4yeM 1NoO
1ByM dactuuaM. TakuM o6pasom, u3 cuMmeTpun THna S (3 - 2) Mbl MOXeM
00pasoBaTh € HMOMOIILI NEpeCTAHOBOK M JHHEHHBIX KOMOMHAUMH TOJBKO
anTHcuMMerpuio tHna A(2-4 24 1). 3ameTuM, ytO 3TH pasbueHus co-
npsxennl. TIpexae dYeM NpPHMEHATb STOT pe3y/abTaT, LOKAMXeM clelryio-
1Yo TeopeMy:

Teorema. HopMasbnyio S-popmy tuna p([12 ... r][r 41, ..., 2r])
MoxHO mpuBectH kK A-bopme P ({la} (26} ... [rs]), rae a, b, ..., §
B3ATHl M3 MHOXecTBa r—1, ..., 2r,

Tak xak MH ucXoauM u3 S-GopMbl, QYHKUMS NOKHA OHITb AHTH-
CUMMETPHYHOH T[IpH TMEpecTaHOBKe CHMBOJAA 1 M KAakOro-to CUMBOJA U3
BTOpOH Mapbl KBajpaTHBIX CKOOOK, BCJAEACTBHE 4Yero Mbl MOxeM 06paszo-
BaTb (YHKLHMIO

v=({la}[2... rilr4+1, ..., 2r]).

IMonbiTaeMmcs NpOLOJKHTL 3ITOT TNPOLECC dHTUCUMMETPHUBAUHUK TI0 ABYM
yactuuaM, Gepsd MO ONHOMY CHMBOJY M3 MepBbIX KBaAPATHHX CKOGOK H
no ojAHOMy — u3 BTOpHIX. [IpennonoxuM, yro, Bbi6pas p nap, Mel oOHa-
PYXHAH, YTO HE MOXEM MpOJONKATb 3TOT Mpolecc Aadbiie, IJTO O3HA-
yaeT, 4TO QYHKiUA CHUMMETPHYHA 10 27 — 2p CUMBOJAM, OCTAIOLIUMCS
B ckoOkax. Ha atom 3Tame MB uMeeM

p({la) {20} ... {pp)[...]).

[MpuMeHss HawWy JeMMy K WIEHY, CTOALEMY B KBaJpaTHHX CKoOkaX, H
K KaX[IOMY u/MeHY B UIYpHBHIX CKOOKAaX Mo oyepenu, MbH YBHIHM, YTO MO-
HeM M3 Kawmao# mapel GUrypHBIX CkOoOOK OpaThb MO OANOMY CUMBOJY H
BO3BpAlLaThb ero oOpaTHO B KBajpaTHele ckoOkH. Ho Torjaa Mbl mosayyum
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GYHKIMIO P, CHUMMETPHUHY® N0 2r — 2p + p=2r — p CUMBOJAM.
3a HCcKMOYEHHEM TOro cayuas, Koraa p=r, T. e. Koria \p mpespa-

1iaeTcs B (PYyHKIHIO
({12} {20} ... (rs),

9TO MPOTUBOPEUYHT HalleMy TPEANOJOKEHHIO O TOM, YTO Mbl HCXOIUM
13 S-¢popMbl. 3aMeTHM, UYTO €CXH Mbl MepeCTaBMM JBe TPYMNbl YACTHL,
10 y p nospuTca MHOMHTENML  (—1),

Ham npeaptnyiunit pesyabTat o mepexofie oT S-dopmbl k¥ A-dopme
MOXHO 0000WHTb. PYHKUMIO THNA

Shyd-hod .. )=S®)

MOXHO C TIOMOLUBID TNEpPeCTAHOBOK H JMHEHHBIX KOMOMHAUMH TpeBpaTHTh

B (YHKLUMIO THINA
A+~ . ) =AW,

rie pasbuenns (A) u (u) compskensl. CyTb JOKAa3aTe/bCTBA COAEPIKUTCA
B HaweM mpeabiaylieM npuMepe. YroObl TOSICHUTb 3TO JAOKa3artelb-
CTBO, TpHBeldeM BTOpOHM npuMep. Bo3pbMeM 33 HCXOAHYIO HOpMAMbHYIO
dopmy P([12345][678]9). JelicTBys Ha 4acTHUB crnpasa, Mbl OOHapy-
MM, YTO Halla JeMMa TNo3BoJseT HaM o0O0pasoBaTh JuibL QYHKIUIO
Y([12345][67]{89)}). lMpumennm Teneps aemmy k [1 23 4 5] u {8 9}.
Mbi He MoxeM oOpasosatk [1 2345 8]9, Tak kak 3TO Hapywuiao Gl
HOPMaMbHOCTb GOpMbi, TOITOMY BHIBOAMM OJHH CHMBOJ M3 KBAaJApAaTHBIX
ck0BOK H mosydaeM
P([1234][67]{589)]).

MBl BHAMM, YTO NpOK3BENH AHTHCHMMETPH3ALUMIO MO MHOXECTBY, COCTOfA-
leMy M3 CHMBOJIOB, B3ATBIX MO OJHOMY M3 KaXIOH mnaphl KBaAPAaTHHIX
cxoGox Hamed HcxoILHOH HOpMaabHOH S-¢opMbl, MO3TOMYy BBOLUTbL ellie
kaxue-HHOy b cuMBoJIb! B {5 8 9} Mbl He MOxeM. OcCTaBUB Y/eH B PUIYPHBIX
ckoOKax, Mbi TOBTOPUM BeChb Npoliecc, onepupys Had uienamu [1 23 4] [6 7].
Hdo cux nop Mel nepecrasasan juwb 5, 8, 9. Ecau Opt Mbl Morau olpa-
soBath [1 23 4 6] 7, To, npuMeHsst epecTaHOBKY, 00paTHY0 1O OTHOLUe-
HHIO K Hamwel npelbiaylied onepauuu Has 5, 8,9, Mbl moayyuau Obl
pesynbTaT, NpOTHBOpevallu#i HopMmasibHocTH Hawe#h ¢opmbl. Cirenosa-
TeJbHO, Mbl CHOBAa OepeM MO OILHOMY CHUMBOJY M3 KawJAOH napml KBan-
parHbiXx CkOOOK M ToJydaeM

PY([123]6{47}{5809)).

Tor e mnpouecc Mbl noBropseM H ¢ unedoM [l 23]6 u mnoaydaem,

HaKoHeL,
P(12{36}{47}({589),

SGA43+1)->AB+2+24+141).

TdK 4TO
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flcuo, yTo HopMasbHele dopMbl S(A) ABASIOTCH Ga3HCHBIMH (YHKIUAMH
HenpuBofuMoro npedcrasienus (A). Tun cumMeTpuu moGo# 3amaHHOHK
¢yHKUHKH ompelenseTca 3alaHueM Ju6o ee S-HopMmaabHOH ¢opmel S (),
an6o sananueM ee A-HopMasibHOH ¢opMel A (u), rie (A) u (L) — conps-
AeHHble pasbueHus. ['0BODAT, 4YTO GYHKUMH  H @ HMEOT B83QUMHO
o6pamublli, WL CORPANCEHHBE, mun cummempuu, ecan uX S-¢opMul
(mu60 A-(OpMbl) COOTBETCTBYIOT COMPMKEHHBIM Pa3OHEeHHAM.

3adaya. Jloxaxure, 4TO WiaeHB! ¢ Pa3JAMUHBIMH THITaMH CHMMETPHH He KOM-
6uHUpYIOTCH, T. € €CAH P H ¢ 061aja0T PasAHYHbIMH THIIaMH CHMMETDHH U
¢byHKIHA f CHMMeTpHUYHA 1o BCeM 4acTHLaM, TO

J' VfpdQ =0.

§ 9. I'pynnoeas aareGpa

HecMmoTps Ha To yTO MeToA XyHAa MPOCT, OH He OueHb 3PexTHBEH
NpH KOHCTPYHPOBaHMM GYHKUMH Hanepel 3alaHHOTO THNA CHMMETDHH.
UpessbiualHO MOLUHBIA METOA pPACCMOTpPEHHS] CHMMETPHYeCKOH TIpymmh,
KOTOpbiH, Kak Mb! YBHIAMM B OJHOH U3 CJACAYIOLIMX [JaB, MO3BOJAET HAM
TaK)Ke HaXOIHMTb NpeJCTaBAeHUs TPYNN JMHEHHbBIX npeoOpa3oBaHull B 72-Mep -
HOM TIpocTpaHcTBe, Obta paspaboraH OHrom u dpobennycoM. ITOT MeTOA
OCHOBaH Ha oOlleffi mnpouenype aHaAM3a CTPYKTYPH KOHeYHOH aireGpbr.
[ToHsTHEM TpYyNNOBOK aareGpbl Mbl BOCMOJb30BaANCh B § 17 ra. 3, HO 60/b-
Y0 4acTb TeOpeM O MPEACTABJIEHUAX Mbl JOKAa3blBaJM ADYTHMH METOJAMH.
B ra. 3 mpet usberain 3Toro anre6panyeckoro MeTona, MOCKOJAbKY 00Jb-
IMHCTBO (u3HKOB O3 BCAKHX K TOMY OCHOBAHHH HACTOPOXEHHO OTHO-
CATCH K 3TOMY XaproHy u ¢popManuaMy. B naHHOM naparpade Mbl H3JOXHUM
TOT MeTOA B oOmMMX uepTaXx. [l1d TNpHAAHHA HEKOTODbIM M3 HAalIMX
yTBepikAeHuH Goubluero npapaonogotus Mel OyleM CChlJIaThbCH HAa pe3y.b-
TaThl M. 3, a AJ9 TOro, 4ro6el H36exkaTh H3MUIIHEH aOCTPAKTHOCTH
B M3JOXKEHHH, MbI BOCMOJb3yeMCS B KayecTBE NpUMepa CHMMETpHUeCKOH
rpynmoH.

HayneM ¢ cuMmeTpHyecko#f rpymmbl H pPacCMOTPUM MEPECTAHOBKH Kak

oneparophl, AeficTByrouine Ha ¢yHkuuio n nepeMenubix P (1, ..., n).
B pesyabTaTe TpaHCHO3UUUH ({f) MBI TOJyyaeM HEKOTOPYIO HOBYIO (YHKLUHIO
([j)lp(l, ek con Joo, =0, .o, Jyee iy e, n). (7.129)

Tak xaK TpaHCMO3HUMM nopoxjaaloT rpynmy. S,, paseHctso (7.129)
rOBOPUT HaM O JeHCTBUH JI0GOr0 OMepaTropa MepecTAHOBKH HAa (yHK-
uuio Pp. Ecom @y, ..., @, -— He3aBUCHMbie QYHKUMH, 3aBHUCALLIHE OT OJHOTO
Ha0opa TepeMeHHbiX, TO B KadecTBe | Mbl MOXeM BbIOpaTb NpoM3Bele-

Hue yHKUUuH
P (1) (2 ... 9,(n),
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rae 1, ..., n O3Ha4awT 7 pAa3IMYHBIX HA00pOB mepeMeHubix. Torjaa

N () oy () @ ()=
=q () ... 90) ... 9O ... p,(n). (7.129a)

[puMenss oneparopbl nepecTaHoBkH R Kk ¢yHkuuu P obliero Buaa,
MBl TOJYYHM COBOKYMHOCTb, COCTOAILYI0 M3 7! JHHEHHO He3aBHCHMBbIX
dyukuufi Rp. Ecau rtenepb Mbl COCTABMM JHHEHHble KOMOMHAUMH 3THX
$yHKUMHA, TO JIONYUYHM BEKTOPBI

ngxR(RlP) (7.130)

B BEKTOPHOM MPOCTPAHCTBE, UMEIOLEM pasMepHOCTD 7!, Koadduumentst xp
ABJASAIOTCA KOOPAMHATAMU (PYHKUMH X OTHOCHTEJIbHO O0asuca, oOpasosaH-
Horo GyHKkuuAMH Ry.

Ecan oneparop mepectaHoBkH S npuMeHHTh K (pyHKUnH X B (7.130),
Mbl TOJY4YHUM HOBYIO (YHKLHIO

’=Sx=S§xR(Rtp)= ; XpS (RY) = ngSRtp.

Monokus SR=T u R=3S"'T, Gynem nmers
x' = ;xs"lr (7).

4 CpaBHHUBasg C

x'= 3 x7 (T)),
T

HalinieM
Xi=x _1_. 7.131
T s~ir ( )
dopmyna (7.131) comocrasaseT kaxaoH mnepectaHoBKe S HeKOTOpoOe
JuHefiHoe peo6pasoBaHue B 7!-MepHOM BeKTODHOM mpoctpaHctee. (B § 17
r1. 3 MBI DACCMATPHUBAIH TOMbKO TAKHE BEKTOPH X, KOTOpble HMEIOT
POBHO OJHY HEHYJEBYI0 KOMIOHEHTY, M TOMy4ajad pery/spHOe Mpencra-
BReHUe rpynnni.) fIcHO, uTO omepatop 0 ¢S GyaeT npeacTABACH NHHEHHBIM
npeo0pasoBaHneM
(7.131a)

a cymma S+ U n1Byx onepatopoB nepecTaHOBKH — npeoGpasoBaHueM

x}_—zxs_lr—{—xu_lr, (7.1316)

OTKyJa CJeiyer, 4TO omepatrop ofliero BHAa

S= dagS
$
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OyneT npejicTaBjeH NpeolOpasoBaHuEM
= ; asxs_lr = % aTR— IxR, (7132)

PaccmarpuBas BBIMHCAHHBIE TOJABKO 4TO COOTHOLIGHHS, MBbl 3aMeyaeM,
YyTO Haauuue GYHKUMH P, ABAAOLIeHcs TeM O0DbEeKTOM, HAa KOTOpbIH Mor
Obl fefictBOBaTh oOnepatop, ObiIO HECYlleCTBEHHbIM [ pe3yJbTaToOB.
Wa 3anementoB R mo6off rpynnbl mopsiika & MBI MOXEM TOCTPOHMTDb
g-MEpPHOe JIHHEHHOE BEKTOPHOE MPOCTPAHCTBO BEKTOPOB

x= XN xpR, (7.130a)
R

rle Xp— KOODAMHATBI BEKTOPA X OTHOCHTENbHO 6asuca, KOTOpbIH moay-
yaetcsl, eCIH B KadecTBe OasMCHBIX BEKTOPOB B3fATb CaMH 3JEMEHTHI
rpynnbl. Bextop 2 =oax - py uMeeT KOMIOHEHTH!

2p=0xp—+pyp. (7.133)

[TpousseizHHe ABYX BEKTOPOB TaKxe TMPHHALJICHHT pACCMATPHBAEMOMY
BEKTOPHOMY TPOCTPAHCTBY:

x=ZxRR. y=2ysS
z2=(xy)= ZnySRS Z(Zx -1ys) Z(szy -1)

T

TaK 4TO
(xy); = g Kpgm1Vg = ; XVt (7.134)

JlunetiHoe BeKTOpPHOE TNPOCTPAHCTBO, 3aMKHYTOE OTHOCHTE/NbHO HEKOTO-
poro 3aKOHAa YMHOXEHHS, HasblBaeTCas a.2e06pofi. B namem cayuae,
IOCKOJbKY 3aKOH YMHOXeHMS OepeTcd U3 3aKOHA KOMIO3HUMH CPYIIBL,
KOTOpBIi accouMaruBeH, 2pynnosas asze6pa A aBiseTcS accoyUamus-
Holi aszebpoli.

Jluneinoe npeoGpasopanue (7.132) naer HaM HckOTOpOe MpeacTaBIe-
HHe rpynnoBo# anreGpbl A. DTO NpeacTaB/eHHe peryaspHoe.

Jlio6oe npencraBnende rpynnet G aBTOMarHyecKH JaeT HEKOTOpOe
npeacrasienne anrebpet A. Ecan

TO

D(s’)=§aSD(S). (7.138)

HaoGopor, nw6oe mnpeicraBaeHue ajre6pst A 3alaeT HeKOTOpOe Mpel-
crapienue rpynnet (G. KpoMe TOro, ecim OAHO H3 ®THX MNpeACTABJIEHHH
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NPUBOAMMO {MIH HENPHBOAMMO), TO ITHM K€ CBOMCTBOM o6aanaer H
Apyroe npejicraBleHHe,

M3 ra. 3 Mbl 3HaeM, 4To peryaspHoe npelicrasienue (7.132) snoaue
NPHBOIMMO M COJNEPXKHT KAXAO€ HeNnpuBOJMMOE MNpeJACTaBJ]eHHE C Kpart-
HOCTbI0, PaBHOH pa3MepHOCTH 3TOrO MNpeJ]CTaBJEHHUS.

[lon noodaisze6podi B anreGpbnl A Mbl NMOHUMAeM JMHelHOE BeKTOp-
HOe NPOCTPAHCTBO, COoAepxalleecs B A U 3aMKHYTOE OTHOCHTEJBHO YMHO-
’eHusd, 3afaHHOro B aarebpe A.

Ecau nojanrebpa B obnapaet teM CBOMCTBOM, 4YTO Ais M06oro u# u3
B u awboz20 sneMeHta § scefi aarebpnt A 3JeMeHT S# CHOBA MpHHAl-
nAexut B, 1o B HasbiBaeTcH 4e8uiM u0eanoM.

B cnyuyae peryaspHoro mpeicraBienus (7.132) nesmft ugean 9
ABASETCA WHBAPHAHTHBIM NMOANPOCTPAHCTBOM, MOCKOJbKY S§.% ==_%| Iis
moboro snemeHta § aarebpel A, Tak Kkax perynspHoe mnpeicrtaB/ieHHe
gnosne npusodumo, npOCTPAHCTBO A JOMKHO ObITh NPAMOH CymMoH
JeBbIX MIEaNoB, T. e,

A= 2 + .2, (7.136)
831=31, 832:320 (7137)

Beakutt anemenr aareGppt A 04HO3HAYHO NPEACTABASETCH B BHAE CYMMBI
3/eMeHTa, MpHHALNeKallero .%;, M 3JeMeHTa, MNpPHHALIeKalero .Fs;
eJMHCTBEHHBIM 3JIeMEHTOM, MNpPHHALJIeKALUM ONHOBPEMEHHO .y U P,
apasgerca 0. Marpuupt D (S) perynsipHoro npeacrtaBjgeHHs MNpPHBOAATCS
K BHLY

rne

D (s)= D, (s) -+ D, (s), (7.138)

rae  D;(S) —wmatpuua JaMHeHHOrO npeoOpasoBAHHA, HHAYLUMPOBAHHOTO
B %, YMHOXEHHEM cCJleBA HA 3MEMEHT §.

Enunnunbifi a1emedt e rpynnel G NpHHAATEXUT TPYNNOBOH anrebpe A
u o6Gnanaet TeM CBOHCTBOM, 4TO

es=Sge=s (7.139)
nas Bcex 3jemedHtoB S§ anarebpet A. Ecam A npencrasaserca B Buie
npsaMo# CyMMbl ABYX JeBblX HIeanoB, kak B ¢opmyne (7.136), To enu-
HHYHBIA 3JEMEHT e MOXHO eJMHCTBeHHbIM 00pasoM NpeACTABMTb B BHIe

CYMMBI
e=¢e;+ e, (7.140)

rie e; NpUHAAAEKHT &y, A ey NPHHALJAEKHT %5, AHanoruyHo mo6oft
aneMeHT § aarebpul A OJHO3HAYHO NpeiCcTaBAfeTCS B BHIe

s =54 s,. (7.141)
MMoxacrasaas (7.140) u (7.141) B (7.139), noayuaem
§=58;+ Sg==se==5(e; + eq) = se; - se,. (7.142)
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Tax kax &) U &, —-NeBbie HAeanbl, TO Se; NPUHALIEKHUT Py, a Se,
NpHHALJICKUT Py, TAK UTO

sy =Sey, 8§y = Sey. (7.143)

Eciu s npuHamiexutr .2y, 1o s==s;, S, =0, u coortHouenns (7.143)
03HAYalT, YTO MJIA BceX § U3 P

§=Ssey, seq =0, (7.144)
B uyactHocTH, Mad § = ¢,
— p2 —
e, =ej, e,e,=0. (7.1443)
AHanoruynbiM oOpasoM 4aa § U3 &, molyyaem

s=se, se, =0 e,=el e =0 (7.1446)

dneMeHT €, ABNSICTCH UOeMHOMEHMOM, T. €. e%:el; KpOME TOro,

upean 9y nopoxden 371eMeHTOM e;, TaK Kak NpH BceXx § u3 A 3je-
MeHT Se; NpHHamdexuT .&;. Ecin s npunagiexur %, 10 se;=s. To
’Ke 3aMeyaHHe CMPABENJHBO M IJs e, u3 .. Kpome Toro,

erey == eqe; =0,

Pasnoxenne enuHuysoro snementa (7.140) Ha yacTH, npuHamjIexa-
wue Py u P, naer HaM oOpasyiolllMe 3JeMEHTh! JeBHX HIealoB .F
u %, (pasaoxenue Ilupca).

B cBow ouepenp JeBme HAeann .y H %, MOTYT COMep¥aTh MOA-
anre6pbi, KoTOpble OyAYT NeBbIMH upeanamu, Ecau unean & He comep-
’KUT COOCTBEHHbIX MOAMACANOB, TO OH fABASETCA HEKOTOPBIM HENMpPHBOJA-
MbIM TpejcTaBieHneM aire6pbl A. Taxoff Hleas Ha3biBAeTCH MUHUMAAL-
noa. Tlponomkas 9STOT npouecc, Mbl MNPUXOIHM, B KOHLE KOHLOB,
K npeicraBneHuio aare6pul A B BHle MNpPAMOM CYMMbl MHHHMAJIbHBIX
JeBLIX HJeasoB:

A=L 1+ Lot .. +FLpe (7.145)
JleBLift naean .%; MOpOXKAAaeTCH HAEMIOTEHTOM e, M
el=e,, ee,=0 npu I ]. (7.146)

M3 Haummx npeiblAyliuX pacCymAzHHH fCHO, 4YyTO 0Opasyiollue 3JeMeHThI
e; MH HAaXoAuM, pAa3naras eNUHUYHBIH 3/JeMEeHT € Ha ero KOMMOHEHTH
B NpPOCTPAHCTBAX Zy, ..., P!

e=e;+e+ ...+ e, (7.147)
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WieMnoteHT € HA3bIBAETCA MPUMUMUBHbLM, €CNH €rO Henbss pasno-
KUTb B CYMMY MAEMIIOTEHTOB, YAOBAETBOPAOINX ycA0BuAM (7,.146), Mbr
NpefoCTaBIseM YMTATEN0 MPOCTOE NOKA3aTE/NbCTBO CJEAYIOLIEH TeopeMbl.

Teorema. EcaM € — npUMHTHBHBIA MIOEMNOTEHT, TO JeBHH Hjlean
.# = Ae wmunnManed, HaoGopor, ecan & — MuUHHMaNbHLIH JeBbIH
unean, 1O J00OOH 3MEMEHT, MOPOKIAAWOLIUH Z, NPHMHTHBEH,

DTH pacCyKAeHHs MOXKHO NPOJOJKUTD M BBIBECTH BCe TEOpeMbl . 3,
HO BMECTO 3TOrO Mbl OGpaTHMCHl Tenepb K Hallel 3amaye A YaCTHOTO
cayyas CHMMeTpHYeckoH rpymmsl,

§ 10. Oneparopmn IOura

M3 nocnennero naparpadga Mbl 3HaEM, HTO BCAKHH MIAEMNOTEHT e
NnopoxiaeT neBbf uAean .%;, 3ajlaioliufi HEKOTOpoe MNpeacTaBleHHE,
cojepaKallieecss B peryasipHOM MNpejcTaBieHuH, boaee TOro, nockoJbky
(OTAMYHBIE OT HYJIA) YUC/IEHHBIE KOIPPHIMEHTB! HECYIECTBEHHEL, 2IEMEHT €,
Y OBNETBOPAIOLIMA COOTHOIIEHHIO o2 == ae,, OyAeT Takxke MPHIoAeH A
HalleH leMH, MOCKOJbKY e;/e — HAEMIOTEHT,

PaccMOTpHM, B 4acTHOCTH, 3JIEMEHT

P= DR, (7.148)
R

rae cymma Gepetcs mo BceM mepectaHoskaM rpynnst S,. Tax kak nis
moGo# nepecTaHOBKH S npousseleHHe

SP=YSR=P, P’=nlP,
R

TO OTCKHa caeayer, yto P apagetcs oOpasywoliuM saeMeHToM. Ecmu P
YMHOMXHTb C/eBa Ha BEeNHUYHHY

s= S,

TO MOJYy4YHUM
sP = X agSP = (D ag) P.
S

TakuM o6pa3oM, JeBbii ufean AP, nopomAeHHBH 3/]eMeHTOM P, cOCTOUT
us wpatHux P. Wnean AP npencraBnser coGoff onHOMEpHOe BEKTOp -
HOe TNpPOCTPAHCTBO. YMHOXeHHE C/leBa Ha MepecTaHoBKY S He uaMe-
HAeT 37eMeHTa OF, TMOITOMYy B HalleM NpPeJCTaBJEHHH KAaXIOMY 3Je-
MEHTY TCpYINbl CTABUTCS B COOTBETCTBME uuca0 1; 3TO npeicrabBieHue
ABASETCA €NMHHYHBIM TpeJCTABJICHHEM,
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ToyHo Tak ke 37eMeHT
Q= DR
R
R
ABJAETCA C TOYHOCTLIO N0 MHOXHUTENd HIEMNOTEHTOM, TaK Kak
SQ=§6R8R=(‘)SQ,

OTKyZa

Q*=nrn!Q.

DneMeHT @ nopoxmiaaeT OJHOMEpHBIM HAean, cOCTOAMH M3 KpaTHbX €.
YMHOXHB c/leBa HAa 9MEMEHT rpynns! S, MOAYYMM 3HAKOMEPEMEHHOe MNpel-
CTaBJieHue,

Yro0bl HaliTu Apyrue HEMpPHBOJ iMble NpPENCTABJAEHHS, BOCIOAb3yeMCA
paccMOTPpeHHbBIMM HaMM paHee B 3ToH raase tabauuamu FOHra.

HOns xaxnoro paséuennss (A) uuciaa n  Hadeptum cxemy IOmra.
B xneTkn 3TOH CXeMp! BMNHIIEM B MNPOU3BOJBHOM mnopsaixe uucaa 1,
2, ..., n, B pesysabrare 4ero noayyuM Hexoropywo tabauuy FOura. Tlocne
TOrO Kak T1abauua (UKCUPOBAHA, DPACCMOTPHM [IBA THMA MEPECTAHOBOK,
lopusonmasbnsie nepecmanosii p — 3TO NEPECTAHOBKH, NPH KOTOPBIX
MEHSIOTCA MECTaMH TOJbKO CHMBOJBI, CTOfAlIHe B OJfHOH cTpoke, Bepmu-
KaAbHble nepeCMAHOBKE ¢ MEHAOT MeCTaMH TOJbKO CHMBOJBI, CTOALLHE
B oaHOM croalue. OOpasyeM BeJHYHHBI

P =D\ p — «CHMMeTpH3aTOP>, (7.149)
P
Q=2 8, — <aHTHCHMMETPH3ATOP, (7.150)
q

rie O,— 4eTHOCTb NePeCTaHOBKM ¢, a cymMma OepeTcs MO BCeM TOpH-
SOHTaJ]beIM nepecTaHoBKaM AaHHOM Tabauupt B (7.149) u no BceM Bep-
THKa/bHbIM mepectaHoBkaM B (7.150).
Omneparop lOwura
Yy =QP (7.151)

CYLLECTBEHHO HJEMIIOTEHTEH M MOPOKAaeT JNeBblfi Miean, AOCTABAAWLIA
HAM HEKOTOpOe HeMpHBOAUMOe MpejcTasieHue rpymnsl S,. Ilpencrasse-
HHUA, MONyyaeMble 3THM METOAOM, AJf DA3JHYHBIX CXeM HEIKBHBAJEHTHBI,
Pasnuunbie tabauubl ¢ oAHOM M TOH e CXeMOH MpUBOAAT K IKBHBA-
JEHTHBIM HENpPHBOJHMBIM NPEJCTaBACHUAM,

Ecan mb Bcerga OyldeM BbiOupath cTaHAaprtHble Tadauus § 3 Hacrod-
Lled raaBel, TO NPH ITOM Mbl OyJAeM MO/yYaTh MOJHOE Pas/OKeHHe pery-
JSPHOTO MpeACTaBAeHUS] Tpynne S,.

OTH yTBepKIeHHS JIOMYCKAIT H3sAllHOe NpAMOe J[0Ka3aTelbCTBO, Ha
KOTODOM MB!I He OyneM OCTaHABJMBATLCA, MOCKOJbKY OHO B OAHOM H TOM
e BHJE MPUBOAMTCA BO MHOTHX ydeGHHKAaX. BMecTo 3TOro Mbi MOKaXKeM,
K KAaKMM pesy/nbrataM OHO NPHBOAUT B HECKOJBKHX NpPOCTHIX CAyyasX,
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Ilpy n=2 3amaua TpuBHaibHa. Beauunust e—+ (12) u e - (12),
COOTBETCTBYIOLLHE CXEMaM

07
0zl « :
CYWECTBEHHO HIAEMNOTEITHDI:
le = (12)][e £ (1] =e2 + 2 (12)+ (12) (12) =2 [e + (12)].
Pasnomeﬂue €IJUHHYHOIO 3J€MEHTA HA HAEMIIOTEHTbl UMEET BHI

_e+d2) | e—(2)
6= 5 -+ 5

[Mepsuifi oOpasywoliuf 31eMeHT 3aJaeT eIMHHYHOE MNpeNCcTaBJeHHe, BTO-
poft — sHakonepeMeHHOe mpexctapieHne. Kaxadoe M3 HUX BXOJAMT B pery-
nApHOE MpeACTaBlAeHHEe ¢ KO3(P(HUUEHTOM, DABHBIM eJHUHHLE.

Cayvait n=3.

Tabauua

HBE

1

N
C onpenensioliuM 3J1eMEHTOM, pABHBIM EZR, 3aaaeT €IHHHYHOE
R

npejcTaBleHue,
Tabauua

0

1

C ONpeie/AONHM 3/IEMEHTOM, DPaBHHM & 0,R, mopoxaaer 3Ha-

&l 8¢

KOMepeMeHHOoe NpeJcTaBleHHe.

Onement e+ (12) U B 3TOM cayyae CcyLUeCTBEHHO HAEMIOTEHTEH,
TTocMOTpHMM, KakoH JeBuH Hiean OH nopowiaer. YMHOkuM e (12)
C/eBa Ha Kaxnayl0 U3 MepecTaHOBOK:

ele4(12)]=e+(12)=(12) [e+ (12)],
(13) e+ (12)) = (13)+ (123) = (123) [e + (12)],
(23) [e—+ (12)] = (23) + (132) = (132) [e + (12)].

Mbl BuAuM, 4TO 31eMenT e (12) nopoxnaer TpeXMEPHBIH JeBbH Hiean
.2, ¢ GasucumiMu BexTopamu e (12), (13)4 (123), (23)4-(132).
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Tax kak
e=gle+(12)] +5le—(12),
10 BenuunHa [e — (12)] nopoxpaer nesmi usean .&%,, Tako#, 4TO
A= 2+ 2.

JleBett unean ¥, umeer OasucHbie BekTophr e-—(12), (13) —(123),
(23) —(132). Us (7.144a) caenyer, uro

[e(1D][exx(12)] = 0.
Uneanst &7 u %, He MUHHMaibHbl, .%°| CONEPWKHUT HAEMIOTEHT
%ER, a Py CONCPIKUT HAEMNOTEHT %EGRR' Taxkum oGpasoM, &

3azaet eNMHMYHOE M KaKoe-TO JBYMEpHOe MPeJCTaBIeHHE, B TO BPEMs
Kak %, 3ajaeT 3HaKOMepeMEHHOe MpeJCTABJIEHHE M HEKOTOpOe aByMep-
Hoe mpen:raBaenue. [loayyaollleecs MpH TOM pasjokeHHE €JAHHHYHOTO
97E€MEHTa HMEET BUI

=L SR B[S LY A]

sl

TR

Ecau BMECTO TNOJYYEHHS €JIMHMUYHOrO pA3JOKEHHS Mbl IDOJOJKHM
BHIYHC/IEHHS MO HAlleMy pelenty, TO MOJYYHTCS CTaHmapTHas Ttabiuua

ge.
s KOTOpOH
P=e+ (12, Q=e—(13) u Y=QP=ce-+(12)— (13) — (123).
Hpyras craunaprHas tabiauua
NPHBOJUT K
P=et(13),Q=e—(12) u VV=QP =e—(12)+ (13) — (132).
Mb noaydaem crepyiolllee pasnoxeHHe €IMHHYHOTO 3JEMEHTa:

1 1 1 1
=5 L R+5 N0R+ gV +g V.

3adaua. IngBepre, uro oneparoph Y/3 u Y’/3 uaeMnotentHs u uro Y'Y’ =
=YY =0.



292 Taasa 7. Cummerpuseckan epynna

Cayyais n=4.

Tabauua
(EE
JaeT elMHHYHOE TMpeACTaB/IEHHE.
Tabnuua -
(]
[z]
(3]
[4]
IaeT 3HAKOMepeMeHHOe MpeNCTaBAeHHUE,
Jlas cxeMmbt
ton
O
cTanjaptHag tabauua
([z](3]

MMeer
Py =e—-(12)+ (23)+ (13)4- (123) +-(132),
Q=e—(14) n Y, =QPF;.

CranpaprHas tabauua

(DEIE

HMeer
Py= e+ (12) (1494 24) + (124) + (142),
h=e—(13) n Y,=Q,P,.

CranpaptHas tabanua
@EE
B

HMEET

Py== e+ (13) 4 (14) +(34) + (134) 4 (143),
CQ=e—(12) n Y3=QyP;
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Ina cxeMmsl

CTaHjapTHasd Tab/aMLa

uMeer
Py=[e+(12)][e+ BY), Q=[e—(13)][e—(24] n Y,=Q/P,

CranjaptHas Tabauua

(]
(2]

I

HMEET

Py=[e+(13)[e+(24]), Q=I[e—(12)][e—(BH] n Y;=Q5F;.

3adaua. Npu n=4 HafiquTe pasnoxeHue eIMHHIB! NO oneparopam lOHra.

§ 11. IlocTpoenne npou3peneHuss BOJHOBLIX ¢GyHKumii ¢ 3ananHo#
cumMeTpHe#t. Ycaousa nukauyeckol cummerpun doka

Hpeﬂl’lOJ]O)KHM, YTO Y Hac HMeeTCd CHUCTeMa, COAepialllag 7 3KBH-
BAJIEHTHBIX 4YaCTUL, U 4YTO THNHYHAA CcOOCTBEHHAas ClJYHKl.lHﬂ, npuHaunie-
Kalllasgs 9HEepruu E, HUMEET BH]

p=u()v@Q)w®d)...z(®).

Mebt npennosaraeM, 4YTO Bce OJHOYACTHYHble (YHKLUMH B NpPOHU3BENEHHH
pas/HYyHbl H OPTOHOPMHPOBAaHbl (MOCKOJBKY OHH SABJASIOTCA pEIICHHAMH
ofiHOro M toro e ypasHenus [llpeauurepa). Ilosanee Mb! U3YUUM CAyyaHd,
KOTa YHCJIO OJHOYAaCTHUYHBIX COCTOSHHH orpaHudyeHHo. Tak Kak dYacTHIbI
9KBHBAJEHTHbI, Mbl MOXeM CTPOMTb OasHcHbie coOOCTBeHHBIE QYHKIHH
C MOMOIUbI0 MEPECTAHOBOK M COCTABJAEHUS JAMHEHHBIX KOMOMHauu#. Mbi
XOTHM NOCTPOUTb O6asuCHble GYHKUMKH JJa8 pasaHyHbIX HENpPHUBOJUMBIX
npeacrapaenut rpynnet S,. Pemenne 3T0# 3aayn Opl1o jgaHo B § 10
HacTofwed raassl, HUTOObI MOAyYuTh GasucHble (YHKLUHM COOTBETCTBYIO-
llero HeNpHBOAMMOrO MpeJCTABJICHHS, Mbl MpUMEHSeM K (YHKUMH Omepa-
Topbel lOHra, oTBevalliMe BceM CTaHAAPTHBIM TaGaMLAM JAHHOM CXeMBL,
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Cayuait n=2.
HopmupoBanHad ¢yukuus ans tabiauib!

HUMEET BU]I

%[u(l)v(?)—{—u@)ﬂ(l)].

a OasucHas ¢QyHKuMA Ansd Tabauupl

[
HUMEET BUI

%[u(l)v@—u@v(l)@%

Cayuait n =23,

u(l) u()
v(l) v©@|

[ToNMHOCTBIO CUMMETPHYHAA (DYHKLUHMSA HMEeT BHJ

f1=VL€[u<1>v<2>w(3>+u(1)v<3)w<2>+u<2>v<1)w<3)+
Fue@v@wl)+u@v@ @)+ @) v()w @)l
4 MOJHOCTbIO AHTHCHMMETDHMYHOH GyHKUMeH saBiseTcS ONpeleNHTeNb
u(l) @ u@d
f2=~,}—g o) @ vE)
w(l) w@ w@)

YroObt Hatiti GasuCHLIC QYHKUMH JABYMEPHOrO MpeICTABJIEHUs, BOCNOJb-
3yeMcs onepatopamu Y u ¥’ § 10 Hacrosiielh raaBbl M MOAyUYHM

fs =-}; (1) v(2) w@)+u(Q)v(Hw@)—u @) v(2) w()—4(QvB)w(l)]=
=% @) {g(Dw@) —ua@ w4+ 4@ {v)w@)—v @) w)}];
f4 =% [4(D) 2 @w@)—u@e(DwE)+4@)r ) w(l) —u@)v() w ().

3adaxa. Tloab3yach omneparopamu lOHra § 10 Hacrosmell raaewl, no-
cTpolite anHeiHBIC KOMOHHAUKH MpPOU3BENEHHS BOJHOBBIX (QYHKUHH ueThpex
YacTHLl ¥ cOocTasbTe Tabauny O6a3ucHbIX (YHKUMH HENpPHBOIAMUMBIX MpencTa-
BAeHUH rpynnu S,
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Mgt mpeanonaranau, 4yTO BCE OMHOYACTHYHBIE BOJHOBLIE (YHKUHM #,
v, «- - paSJ]Pl‘IHbl. B 3TOM cnyqae Mbl UMEJU BO3MOXKHOCTH, npumeusm
NOAXOIsLIHE ONepaTopn!, MOJyYyaTb BCE BO3MOMXHLIC THUIBl CHMMETPHH.
Bo wmuorux ¢usuyeckux 3ajnayax 4YMCJAO PA3AMYHBIX OJHOYACTHYHHIX CO-
ctosHul orpanuyeHHo. Hampumep, ecnn paccmarpuBare CnuiloBY) (YHK-
{0 MHOTO3MEKTPOHHOH CHCTEMB KaK COCTAB.I€HHYI0 H3 MNPOM3BeleHul
OJHOYACTHYHBIX (YHKLUHMH, TO BO3MONHBI JHUlbL J1BAd CIUHOBBIX COCTOSIHHA.
TO‘IHO TaKHE Ke OI‘pElHPl‘IeHPlﬂ npumeﬂumu H K CHCTEMAM TOXIECTBEHHBbIX
YacTHI CO CMHHOM, OTJMYHBIM OT /o, JI 18 HYK/JIOHOB BO3MOXHB! NUIIb
yeThipe OMHOYACTHYHHIX COCTOSHMS (CNMH W M30ronuyecku# cnuuH). Ecau
YKCAO OJHOYACTHYHHIX COCTOSHHH OrpaHHye:io, MOTYT MOSABJATLCS He BCe
HEMPHUBOJMMbIE MpelCcTaBaeHns. Mbl KPAaTKO OCTaHOBHMCH HA 3TOM 31.eCh
M BHOBb BepHeMcs K 3TOH 3ajlaye mpu pacCMOTPEHHH (U3HUYECKUX TNpH-
JOWEHUHA .

[IpennonokuM, YTO Mbl MMEeM CHUCTEMY M3 # SKBHBANEHTHBIX YacTHLL.
Ecau BO3MOXHO OJHO OJHOYACTHYHOE COCrogHpe, ro Heo6X0J1UMO, 4TOOL!
NpOM3BEAEHHE BOJHOBBIX (PYHKLMH, KOropoe Mbl BbIOHpaeM 3a HCXOJHOE,
HUMEJ0 BHI

a(Da@)...uan). (7.152)

Jrta BOMHOBag (YHKUMA Ywe MOJHOCIbI0O CHMMEILPHYHA, TAK 4YTO €JHH-
CTBEHHbIM MpeACTaBJIEHHEM, KOTOPOe MOXeT MOSBUTLCA, sBJSETCH fipel-
CTaBJIeHHe, COOTBETCTBYIOLee pa3bueHuo (7).

[IpernnonoxuM, 4TO BO3MOKHB! 133 OJHOYACTHUHLIX COCTOSHUS, 4 U T.
HayneM c npoussenexns ¢yHxuuft

u(l)y...amovm-+1)... v(n), (7.153)
uan (B o6osHayeHusx Mertona Xyunua) c
Y([l... mlm—+1, ..., a]). (7.153a)

JlonycTuMble HENPUBOAMMLIE MpPEICTABAEHHA MOXHO MNOJIYYUTb IBYMS
cnoco6amMu. Mbl BUAMM, 4TO He/b38 MOCTPOMTb TalJHUBI, T'le YHCAO CTPOK
Oonblle 1BYX, Tak kak JM000H aHTHCUMMETPM3ATOp, JEHCTBYIOIIHY Ha
Gonee uyeM nBe 4YacTulk, oOpailaet ¢ynkimio (7.153) B uyap. [lo cym
Jena Te ke cooOpaxeHuss npumeHuMbl U Kk Qydakuun (7.153a) B Merone
XyHaa.

AHanornyHpiM 00pasoM Mbl HE CMOXeM MNOJIyYHTh pasbueHHe GoJee
YyeM C R CTDPOKAMH, €CJAM YHCAO pasNuyHbiX OJHOYACTHYHLIX COCTOAHUH
pasHo k. (B szepHex 3anadax aad 3apAAOBO-CNUHOBOW (YHKUMH BCTpe-
Y3l TCA pa3dueHHA, Yy KOTOphiX MMeeTcsa camoe (o blilee YeThipe CTPOKH.)

ITpy nocTpoeHHH KOOpAMHATHBIX BOJHOBBIX (yIKUMHA C OnpeleneHHON
CUMMETpHER 11 #-371eKTpOHHOH 3asayn POk uCnonb3oBan Meroj, 3a-
KI0YALWKACA B HAJI0XKEHUH HAa (PYHKIHMIO P CICAYIOLWHX YCJA0BHH:

1) anTucUMMErpHM NO NepBbIM R aprymedtaMm (k > n/2),
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2) aHTHCHMMETpPHMH MO OCTaNbHHIM 7 — kB apryMEeHTaM,
3) uUMKIMYECKOH CUMMeETpHH:

R
[e—-—E(ni)]lP:O. (7.154)
i=1
Jlerko mokasatb, yTo QyHKuMS p ¢ aHTHCHMMeTpueH B cMbicie XyHuIa
tina A (k- {n —k}) ynosnerBopser 3TuM TpeM yciobuaM. CooTBeT-
CTByIOLLAA el Tabauua HMeeT BUA,

1k + 1
. . (7.154a)
* n

K]

flcHo, yto dyHkuusa P, umeollada HopmanbHyio dopmy A (k- {n —k}),
ynosaetBopset ycaosuaM 1 u 2. Oneparop (7.154) coBnanaer ¢ omnepa-
TOpOM, KOTOpH# durypuposan y Hac B (7.126). Kax bl TaM nokasanu,
3TOT oneparop, OyAy4d npuMeHeH K 1\, AaeT OYHKUMIO, aHTHCHMMET-
puunyio no k-—-1 aprymentam 1, 2, ..., k, n. Tax xax ¢yHkuus P
uMeeT HopMmaibHylo dopmy A (kB {n—k}), rne k> n/2, To noay-
yaolascsd GYHKUMSA 10MKHA ObiTh TOXAECTBEHHO paBHA HYJIO.

Ycaosus doka moxHO copmynuposatb u B oOuem cayyae. dyHk-
uusg p obnamaer ompejeneHHofl cuMmmerpueft (t. e. saBasgetTca 6asucHOR
GyHKIME! OJHOrO M3 HENpPUBOJMMBIX TNpejicTaBieduft rpynnbt S,), eciu

1) oHa aHTHCUMMETpPHMYHA OTHOCHTENBHO Habopa, COCTOALUErO H3 A,
ApryMEHTOB, AaHTHCHMMETPHYHA OTHOCHTEJIBHO JApYroro Habopa, CoCToA-
1ero M3 A, aPryMEHTOB, U T. A.,

2) B pasluenun (L)

M2hh>...2M... 01 A
GbyHKUMA P YAOBAETBOPAET YCJAOBHAM LMKJAMYECKONH CHMMeTpHH

[e — > (ax)] p=0, (7.155)

@ NPHHALJECKHT 7&‘

e X MPUHALIEKHMT A; MPH BCeX KOMOMHAWMAX A; M A, NMpH KOTOPBIX
Ai > Ay

M cuoBa cooGpaxeHus, BbiTexawluine U3 ¢opMysl (7.126), nokasei-
BAIOT, YTO (YHKUMA, MUMelollas HopMasbHylo ¢opmy AR+ A+ ...),



§ 12. Brewnue npoussedenus npedcrasaenull 297

yaosiaetsopsieT ycaoBusaM doka. Onepartops! (7.155), OyLiyun npuMeHeHbl
K |, NOpoxAanT GYHKUMH BHIA

A+ oo Fh+DF oo 0 —DF ).

[Mockoapky ¢yHkuua p HMena HOPMaibHylo ¢opMy, Bce 3TH (yHK-
UMH TOXIECTBEHHO DPAaBHbI HY/HO.

[MpuBeneHHble Bble OOLIME YCJAOBHS OKA3BIBAIOTCA BECbMAa MOJIE3HBIMH
NpH BBLISICHEHMH CHMMETPHH KakOH-HHOYyIb KOHKDeTHO 3al1aHHOH (yHKUHMH,

3adaua. Jokaxute, uto oneparop lOura Y aas taba. (7.154a) auuyau-
pyerca onepaTopoM (7.154) wuKAMYECKOH CHMMETDHH, T. €.

k
[e— > (ni)] Y=o
i=1

TouHo Tak we JoKaxuTe, uTo onepatop lOHra aas Tabauubi obuiero BHAA
aHHYJIUDPYETCH ONepaTopaMH LMKJAHUECKOH CHMMeTpru (7.155).

§ 12. BHemHue mpou3sBereHUd npeiacTapJeHuit
cMMMeTpUYecKo#l rpynnsl

B cayuae cHMMeTpHYECKOH TpYyNNel KPOHEKEPOBCKHE MPOM3BEIEHHS
npeacTaBieHHH OObIYHO HA3BIBAIOTCA BHYMPEHHUMU NPOU3BedeHUAMU,
MOCKOJbKY OHM SBJSIOTCA NPOW3BEIEHMAMH JABYX TMpeLCTaBleHUl, Ka-
®/10€ H3 KOTOPBIX COOTBETCTBYET OOHuUM 4 mer osce dactuuam. Hanpue
Mep, paHee Mbl HAYYMJUCh [/ TpPeX YacTHL CTPOUTb TaKHe BHYTPEHHHE
npoussenenus, kak D% X D, rne B kavectse u @ u §, Hanpumep, cay-
KUT pasbuenne (2,1) aas d4acTHU, NOMeYyeHHBIX cuMBOJamH 1, 2, 3,
Kpome TtoOro, Mel Hayuuanch pasiarath BHYTpCHHee NPOU3BeJeHHE Ha
HenmpuBOAUMBlE KOMMoHeHThl. Hampumep, mng TOABKO YTO YNOMSAHYTOrO

cayyas
2. X2, DH=3)+ 2D+ 19).

Dro BHyTpeHHee mpousBeieHue (paanl Knebwa — opaana) Mbl paccMo-
TpuM noapobuee B caeiywlleM naparpade.

B cayyae cumMeTpuyeckoM rpymne! 18 MHOTMX ¢pU3MUecKMX 3ajay
OKa3blBaeTcsd BaXHBIM JAPYro# Tun npousselenus. IlpeacraBuM cebe, 4TO
y HAC uMeeTcs JiB€ OT/eJieHHble [OPYr OT ApPYyra CHCTEMbl, MepBas M3
KOTOPBIX COCTOMT M3 4actuu 1, 2, 3, a BTOpad COMEepKHUT YacCTHUb 4,
5, 6. Cumuraercss, 4TO BCe YaCTHUB 3KBUBANEHTHbl. [IDENNONONKUM CHa-
Yyana, YTO HAIUM CHCTEMbl He B3auMOdeHCTBYIOT Apyr C ApyroM. B artom
cayyae Mb! Obl KaaccHUUMPOBANM COCTOSHHS MePBOH CHCTEMB! IO HEMpH-
BOIMMBIM MpELCTaBACHUAM Tpynnbl S;, JeHcTsywoluelt HA Yactuup! 1, 2, 3;
TOYHO TaK € COCTOAHMA BTOPOH CHMCTeMbl Mbl Obl KjaccMpUUUPOBAJH
N0 mpeACTaBJAeHHAM CHMMETPHYECKOH rpynnbi, AeHCTByWOLIEH Ha YacCTHLB
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4, 5, 6. Takum 006pa3oM, Mbl MOT/AH Obl NOMYYHTh IBYKPATHO BbIpOXIEH-
HBI YpOBEHb CHCTEeMB! 1, COOTBETCTBYWOLHH CXeMe

]
[
¢ 0asucHbiMH QYHKUHAMH

M [IBYKDATHO BbIPOMAEHHbIH yDOBEHb CUCTEMB! 2 cO cxemoli

O
O

s

1 GasucHLIMH (YyHKUUAMH

[4)(5] [4](e]
(61 - [8]

Koraa e .1Be cucTeMmbl B3auMO/MeHCTBYIOT Memiay co6off, TO cOCTOf-
HHA O6'be,11HHeHHbIX CUCTEM HAILJIEWKHUT KJ]aCCHCl)HLalOBaTb no npeincrapae-
HUAM CHMMeTpHYeCKOH rpynnel, JdefcTBYOlled Ha Bce MIeCTh YacCTHIL.
B 3TOM cayyae Mbl ckameM, YTO HMeeM €0 C BHEWHUM nRpou3sede-
Ruem (00O3HAyaeTcs Q) IABYX npenactaBaeHHH

2.D&@2.1),

KOTOpOe C/elyeT Pa3/goKUTh HAa HEMPUBOIUMBIE PEACTABAEHUS TPYINbl Sg.
Caenyet 3aMeTHTb, YTO €CJM OrPAHHYMTLCA MEPecTaHOBKOHW CHUMBOJOB 1,
2, 3 mexay cob6o#f u nepecraHorko# cumBojaoB 4, 5, 6 Mexn1y cobof,
TO BHeIIHee MpoH3BeleHHe OyaeT HeMPHBOAMMBIM TNpEICTaBJeHHEM ToOH
noarpynnsl  rpynnst Sg, kotopad npu 3ToM mnoaydaerca. Ho ecau mpl
OyneM mepecTaB/alb BCe IISCTh HACTHL, TO BHellHee MpPOHM3BeleHHe Oyler
pasaaratbcs Mo npexcraBsenusM rpynnbl Sg. Mtak, utoObl HatiTh oObluee
yucao 6asucHbIX (PYyHKUMH BHeLIHEro NpOM3BENEHHS, Mbl MOXKEM paccy-
®IaTh caenyiouium obpasoMm. M3 mectu vacTvu BhIGEPEM TPH YaCTHLBI,
yT0o6B MOCTPOHTL NMEPBYI0 CHCTEMY, a OCTaJbHbIE TPH YaCTHUB! OOBeU-
HHM BO BTOPYIO CHCTeMy. JTO MOXHO MpoJeath Ca=20 cnocoGamu.
Tpu kaxiaoM BblOope Mbl noJdyyaeM [Be 6asughble QyHKUUH 1A KaKIOrO
npeicTaBieuud, Tak uTo oflliee UYMCAO npousBeleHMH ¢YHKUUA paBHO
2 X2 20=280. Peaynprar pasjioxeHHsa, NPABHAO KOTOPOTO Mbi Celi-
yac naldM, BBITJSTHT TaK:

@)% @)=+ +E) 26,2 D+
(3,19 (29 + (22 19, (7.156)
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IToacyuTas pasMepHOCTH NpeicTaBlAeHUH cnpasa, nalaem
94+104+5+4+2(16)+ 10 + 5+ 9=80.

Taxo#f moxcyeT CAYXKHT NOJE3HOH MPOBEpKO# B pas/iomeHUIX MNOLOOHOro
pona. IlpuseneM tenepb Oe3 JoKasaTeabcTBa ofliee ilpaBuao. Yro6u
HaHTH KOMIOHEHTb! BHELIHEro NPOU3BEAEHHS, HAYEPTUM CXEMY /A OAHOTO
U3 COMHOXUTeJeH. B cXembl APYrHX COMHOMXMIeNeld BOWINEM OIMH H
TOT Xe CHMBOJ, HANpUMEp &, BO 8C€ KIJeTKM NepBOH CTPOKH, OMMH H
TOT e CHMBOJM b BO 8ce KJETKH BTOPOH CTpOKM M T. A. Bynem tenepb
JonuchBaTh OYKBY @ K NEPBOH cxeMe. DyjdeM DaclIHpATh €€ BCEMH BO3-
MOXHBIMH COCOJaMM, HO TaK, 4TOOB! BBIMO.HAAOCH MNPABMJIO: HUKAKHE
nBe GYKBL @ He BXOJAAT B OAMH M TOT e croalei, a mnoaydaouiukcs
npu 3ToM rpag no/mkeH ObiTh NpaBUJbILIM. TO ke npoaenaeM H € CHM-
BosoM b. BBenem ellle 0NHO OrpaHMYeHHe: MOCJAE TOrO KAK BCE CHMBOJILI
noGasieHsl K cXeMe, NPH YTEHHH N00aBJeHHBIX CHMBOJIOB CHpaBa HaleBO
B MepBOH CTpoOKe, 3aTeM BO BTOPOH CTPOKe M T. A. Mbl JOJIKHBI IOJY-
YUTb peLIeTOYHYIO NMepecTaHoBky OykB a, b, ... U T. A.

UTo6bl MOACHUTH ITOT METOL, PACCMOTPUM pasnoxenue (7.156). Hau-
HEM C MEepBOH CXEMBI.

u BrnuweM OykBbl B KJETKH BTOPOH CXeMbl

a 2}

b

PaclinpuM cHayana MepBYID CXeMy, NPHCOeIMHHB K HeH 1Be OykBbl 4.
Bo3MOXKHBl creayOlMe caydau:

° . a a [ ] [ a ® * Q e ®
(1) o (2) » a (3) o 4 e a
a a
(3aMeTuM, 4YTO caydal
[ ] [ ]
[ ]
a
a

He ABasgercA nonyctuMbiM). Temepb NMpHcoeIWHMM k cxeme OyxBy b.



300 Trasa 7. Cummerpudeckan epynna

M3 (1) noayuum

e e (a a e e a a
o b .
b

(BameTuM, yto caydat
° e a a b

He SABJAETCH [OMYCTHMBIM, TaK Kak MNepecTaHoBKAa baa He sBasetcd pe-
LIeTOYHOMH.)
U3 (2) natinem

e o a e o 4
° a b L a
b

M3 (3) Oynem umerhb

e o Q e ¢ a
e b .
a a
b
Uz (4) nonyuum
e o e o
e a e a
a b a
b

yTo noartsepkaaer dopmyny (7.156).
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Yacto pasenctsa tuna (7.156) 3anuchiBaloT He B pasbueHusx,
a B cXxeMmax:

' ] L]
BI’]@BI’]Z HU+§DDD+T +2EH .

(7.156a)

Mu npuBenu ofliee npasuao 6e3 10KasaTelbCTBa, MO0 B ¢u3nye-
CKMX NPH/IOMKEHHAX BHelHHe NpOH3BeleHHs HACTOIbKO NPOCTHI, YTO pe-
3y/IbTaThl MOXKHO NOMYYaTb W C TMOMOIUbIO 3/eMeHTApHBIX METO/O0B.

Jlerko Ha#iTH BHeluHee mnpou3Bef2HHe JKOGOro mnpeactapiaeHus (A)
¢ IpelCTaB/JEHHEM, COOTBETCTBYIOLIMM TIOPH3OHTANTbHOH mnodocke. Pac-
CMOTPHM CHayana BHEUIHEE NPOU3BeNEHHE

Oe D

Ha ¢yukuun P (1) 1 @(2) He ObIO HANOKEHO HHKAKMX YCJAOBHM CHM-
METPpHH, TAK UYTO IPH NEPECTAHOBKE HYAaCTHI[ MbI MOXEM IIOJNYYHTb H CHM-
MeTpPHYHble M aHTHCHMMETPHYHble KOMOGHHAIMU

Yo v o).

Takum 06pa3om,
O O=00+ [Ej] (7.157)

PaccMotpuM nanee BHeliHee npousBelenue (A) u (1):

Q000
=

e

[
RN

Tak kak Ha BOJHOBYIO (YHKLHMIO OAHON N06aBJIeHHOH YACTHIEI He Halo-
EHO HHKAKAX YCJAOBHH CUMMETDHMM, Mbl MOKEM IOCTPOMTH (YHKUHH,
aHTHCUMMETPHUHblE MO BCeM yacTHuaM moboro crosbua (A) nmoc jpob6a-
B/ISHHAA YaCTHIQ, AMGO Ke Mbl MOMEM IOMECTHTb 3Ty YACTHILY B NEPBYIO
cTpoky (A). Takum oGpasom,

M R()= AZ(A, Y W L ) (7.158)
(]
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Bo BHemnem npousselenuu (A) @ (2)

N
0o
0 ® (U

0
RN

BO/JHOBAA (YHKUMA A1 [IBYX YacTHL B CXeMe
0

CHUMMETDHYHA 10 3THM JABYM YacTHLAM, HO HHKAKHX YCJIOBHH CHMMETpPHH
OTHOCHTE/bHO IEpPeCTaHOBOK 3TUX JBYX YacTHI[ C YacTHUAMH, BXOMd-
wHMH B (A), Ha Hee He HanOKeHO. I[0ITOMY MEI MOXEM [OMOJHHTD
cxeMy (A) IBYMSl K/IETKaMH BCEMH BO3MOMHBIMM CIOCOGAMH NPU Y CMOBUH,
YTO 3TW KJETKH He NMOMANAIT B OIMH M TOT XKe cTojbell.

AHaJOrMYyHO MBI BHIMM, 4YTO BHelIHee Nnpou3BeleHHe (A) H rOpU3OH-
TaAbHOW TOJIOCKH (m) nOMyyaercs NPHCOENHMHEHHEeM KJeTOoK (m) x ()
BCEMH BO3MOXHLHIMH CNOCOGAMH C TeM OrpaHHYeHHEM, 4YTO HMKAaKHe JBe
K/IETKH He [OJUKHbBI MONACTb B OAMH W TOT xKe cToJ6el. Ecau Mb nome-
HAEM DOJIAMH CTPOKHM M cTOJOUL M mepelleM K COMNPSAKEHHHIM NpelcTa-
prenuaM (cTp. 247), Mbl TOTYAC e MOJAYYMM NPABH/IO BEIYHCICHHS TPOU3-
pedenusa (A) & (1™) : m KneTok 106aBagi0TCA K (L) BCEMH BO3MOKHBIMHU CIIO-
co6aMu, HO TaK, uTOObl HuKAKMe ABE K/ETKHM HE NONATH B OMHH H TOT XKe
cronbel.

OTuM CnocoGOM Mbl BHIUMCAMM CJAEAYIOLUME BHEUIHHE NPOH3BEIeHHs:

MDed =000+HY (7.159)
D0 & 00 = 0000 + - + B (7.160)
oo

0O _ooo
00®g =g +E (7.161)
0 oo
0.0 0.0 .00 7.162
0®0 _E+EI 00 (7.162)

Tenepb Mbl MOXeM NOC/IeLOBATe/IbHO BBIYHCAATH GO/ee CAOMKHBIE BHELI-
Hue npousBeleHusa, IlocieloBaTenbHble BHELIHHe INPOM3BEJCHHA MOXHO
BHIYHCATL B JMI060M NOpAAKe

MEWEO=IRMB MWW=
=lWEMIBR) =B JIWI®W; (7.163)
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MMEET MeCTO IACTPUGYTHBHBIA 3aKOH
MBI+ M=R) @MW +R) WM. (7.164)
TakuM o6GpasoM, u3 (7.159) nosayuaem
MREH=M)R@)IMI—HRBB)=
=R 3@ —R) 33). (7.165)

Bo Bce Buipaxenus B npapo# yact (7.165) nobaBiaeHH TOpH3OHTAMbHLIE
NOJAOCKH, DTHM NpHEMOM Mbl IO/Jb30BAJHCh paHee, H MOITOMY BHellHee

NpoH3BeleH e
*) 3@2.1)
MBI MOYeM BBIYHC/IHTD,

3adavu. 1. Beiyucaure BHelnlie NPOH3BEAEHHA

» 00 - 00 O - 00
Mankin ° g-eqn

2. O606uiuTe pekyppeHTHbIH MeTon Ha cayuall (A)®(2,2) u (MR(S,1).
[MompiTaliTeCh BbiBeCTH OOIIee HPABHAO I BLIYUC/IEHHH BHEIIHHX HpOH3Be-
neHuft,

§ 13. BHyTpeHnne nmpousseneHus.
Pan Kae6ma—IopnaHa nas cHMMETpHUYECKO# rpynnbl

B ri. 6 Mbl paccMOTpe/aH pas/aoOXeHMe NPOM3BEICHHH HENPHBOAMMBIX
npeactasieHu#t naHHo#t rpynnel G. B cayyae cHUMMeTpHYECKO#U Tpynbl
TaKHe KPOHEKEPOBCKHE MNMPOH3BEICHHA HA3LIBAIOTCA BHYTPCHHHUMH NPOH3-
BEACHHSIMH, YTOOBl HX MOXKHO OBIJIO OTJIMYaTL OT PACCMOTPENHBIX HAMH
B MpeibliylieM naparpade BHemHuX TnpousBeneHuél. B rua. 6 bl noka-
3aJM, KaK MOXHO NPOHM3BOLMTbL Pa3OKEeHHe C NOMOLIBI0 rab/HLEl Xapak-
TepOB TPYNIbI; MPH 3TOM Mbl NOJYY4€M HEKOTOPYIO PasHOBMAHOCTb pas-
nA0)keHHs Pypbe. XOTA 3TOT METOL INPAMOH, OH HE NMPHUBOAMT K OGILHM
¢dopMyiaM. Mul 3naeM, uTo A4 rpynnsl Bpawenuft pag Kae6ma —Top-
NaHa (BeKTOpHad Molesb) N4eT BeCbMa OOILMH pe3y/braT:

1+
D'xD'= Y D- (7.166)
Le=[I=1")

[MpeacrapafeT MHTEPEC BOMPOC O TOM, CYLIECTBYIOT JIM aHATOTHYHBIE
obuiye ¢opMyabl 119 CHMMETpHYecko#t rpynnel, ClenyeT OXKHAATb, YTO
3TH ¢QopMyan OynyT ropasao cjaoxHee, ueM (7.166); cumMerpude-
CKaq rpynna TMpeicTaBafeT co6OH ropasao 60jee CI0KHYIO CTPYK-
Typy. 4eM TIpynna BpaileHu#t, HecMOTps Ha TO (WAM HMMEHHO BCJE]-
CTBHE TOrO), UTO MOCACAHAA ABIAETCA Henpepbmﬂog rpynno#. Caenyer
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TaK»Ke OTMETHTb, 4TO, WMes B BULy mpumep 4 B § 1 ra. 1, rpynny S,
MOXHO paccMaTpHBaTth KaK NOATPYMNNY TPYyNNH JMHEAHEX npeoGpa3oBa-
HHIt B 7-MepHOM IpOCTPAaHCTBeE.

Ta6auya 29
Pap Kne6wa — Copaana
n=+4
@ G @@ @13 19
4 3 X@E) 1 1 1 1 3.1) X (2%
(3.1) X (23 1 1 (3,1) X (2%)
(2% X (23 1 1 I (@) X@) v

a @’ @ Gy @

n=>5

G @&hH @2 1y &) @) (19

1) X (2,19
(4.1) X @241)
41 X313
(3.2) X (241)
(3.2) X (3,1%)
1 3,19)X (3,12)

A X@E | 1
(41) X 3.2)
(41) X G1%)
B XE | 1
(3.2) X 3,12
GIXE1) | 1

N =t ek ek ek g
[ N J SO
N = ot

—_ et

@) Q) @n @1y 632 GH O

[Tpsamoft MeTON pa3/oKeHUs: BHYTPEHHHX mpousseileHut (pal Knebma —
lopaana) 6bln npeasioxen MypnaranoM u I'amGa. Mbl He cTaneM Onu-
CHIBATb WX METO[, a JHIIb YKaMKeM HeCKO/IbKO OOWHUX (POpMY.sT M Npupe-
AeM Tabmauupl (taba. 29) Bcex HETPHBHA/IbHBIX BHYTPEHHHMX NpOHM3BEAeHHU
BIVIOTb 10 1 =25

—1LD)Xnr—1)=@n+r—1,1)+
+(n—2,2)+(n—2,12), (7.167)
r—1HXn—2=nr—1,)+n—2,2)+r—2,1+
+n—33)+1m—3,2,1 (n>4), (7.168)
n—1,DHXn—-2,1=@n—1,)+0n—2,2)+r—2,1H+
+((n—3,2, H)+(n— 3,19, (7.169)
(n—22)X (n—22)=m+(r—1,1)+2(n—22)+(n—2,1)+
+@m—33)+2(n—3,2, )4+ (n—3,19F(n —4.4) +
+(n—4,3, )+ (n—42%. (7.170)
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Ta6auubl 130T KO3I(GUUHEHTH B Pa3/OKEHHH BHYTPEHHHX NpPOHM3Be-
neru#t. [ npousseneHH#t, CTOAWMX C/eB2, KOIPPULUMEHTH OTHOCATCH
K pa3GHeHMsAM, BLIMHUCAHHBIM HAal CTOJOLAMH; [/ NpPOHU3BeeHHH, cTOs-
IUX CnpaBa, KO3pdULUHEHTH OTHOCAICA K pa3GUeHHAM, YKa3aHHbIM BHH3Y
noa cronbuamu. ITokasaHel He Bce BO3MOuHble caydau, He ykasauume
C/Iyyau JIETKO MNOJYYHThb C NOMOLIBIO MPOCTHX TEOPEM O CONpPSKEHHBIX
pa36HeHHAX, KOTOPBLIMH Mbl MOJb30BAJMMCh PaHbIIE U KOTOpPbIE IPHBOLUM
3fech elle pas Aad ynobetsa. Ms (7.44) bl 3HaeM, uto

W)X (1" = @) (7.171)
rie (7»)—pa36ueﬂue, conpsikenHoe ¢ pas6ueHueM (A). Kpome toro,
{MXWXOD=OX{WXW =R XMW XW. (7.172)

IMonaraa (v)=(1"), noayuaem

WX W= X @ =@ X W. (7.173)
N3 Broporo paseHcTBa, 3aMeHuB (A) Ha (X), HaXOJHUM
M) X (1) =}) X . (7.174)

B ra. 6 Mbl TakKe NOKasaau, ytTo ecau (A) X (U) coaepxut (v), T0 (A) X (V)
conepxkutr (W), u (u) X (v) conepxur (A). B camom nene, BO BCex Tpex
c1ydasx Ko3dduilueHT B Da3/NOXKEHHM eCTb He UYTO HHOE, Kak Ko3ddu-
LIMEHT eIMHUYHOro npeactabieHus (n) B (A) X (u) X (v). HUrak, Mbl BuanM,
yto (A) X () COMepKHT eIUHHYHOE TpeACTaBIeHUE (¢ Koagduluenmon,
PaBHbIM e0uruye) B TOM H TOJNBKO B TOM C/Iydae, ecau (A)=(n), a (A) X (W)
COJlepHHUT 3HAKONepeMeHHOe npelcTasnenue (1) (¢ ko3adduuueHTOM, pas-

HbolM eOunuye) B TOM M TONBKO B TOM CJyyae, ec/H R =mW.

Yxe npu n=1>5 rtabn. 29 nokaswiBaeT, YTO 3a/auyH, BO3HHKAIOLIHE
B CBAI3H C DAacCMOTpeHHEM CHMMETPHYECKOU TIpYMNNEl, MOTYT OKasarbcs
COBCEM HEMOXOMMMH Ha 3a1a4M, CBA3AHHble C IPYNNOYU BpallleHHH; HeKO-
TOpHlE NpeACTaB/eHus BXOAAT B PasJiOkeHre KPOHEKePOBCKOrO IpOH3Be-
JeHHd ABYX INpelcTaBAeHu#t ¢ KO3dduuneHTOM, Goabuum enuHuubl. Kak
MBl YBUIHMM NO3XKe, B C/lyyde FPYNNbl BpalleHHH C TAKHM sIBJeHHEM MONKHO
CTOMKHYTbCA JHMIIb NP PacCCMOTPEHHH NPOU3BENEHUN TpeX COMHOMXHTese#
(cMm. takxe § 8 ra. B).

BHyTpeHHHe NpOM3BEeNEHHS! MOKHO BHYHC/IATL M IpPadMuecKUMH MeTO-
naMu. Famba u Palukati C/AOMKHBIM NyTeM MOJYYHIH rpaduyeckuit MeTon
Las yactHoro caydas (A) X (n —1, 1). Mwu npusenem ropasio Goiee
NpOCTOH BHIBOL 3TOrO METOAA H YKaXeM, KAK MOXHO ero OOGOOLLHTb,

N3 sanauu 3 § 4 HacTosule# IIaBbl Mbi 3HaeM, YTO

Kok Dy =a-—1. (7.179)
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Yro6bl HaliTH KO3I(UUHEHT 4y, € KOTODLIM MpeacTaBleHHe (U) BXOIMT
B (A) X (n — 1, 1), Bocnonb3yemca papenctBaMu (5.107), (7.12) u (7.175%

Y 1
— - gL () =
G Z al 281 ... Loof )X(1<12I3 (o2, )
s

1 .
h 2 PIETTI (C (SR SN R

a-+2B+ ...“;n

CymmMa, croswas ¢ xo3dduuueHroM (—1), TOTYAC e BBIYUCASETCH € MO-
MOLIbIO COOTHOIIEHHS OPTOrOHA/MLHOCTH W OKasblBAETCA DaBHOU —§,,.
B cymMe ¢ xosdpuunentoM o Mbl npumensem k xM u ¥y npasuna Bet-
BJICHHSA:

S oo .
al 281, .. X(10‘2B )X(I"‘?B )
o Byov ...

a.+2[?+...=n

S E _____1— ) Xu) _
(a—1)1281 ., (1012B Do) T

gf?%-iﬁ Y <n
-
= X @ 1)12%' . > X(IO‘"‘?'3 )EX(IOl I
a0, B, v, .
a+264 ...=n
— \! 1 mn
- v BZ a’12PBY ... ZX(IG "off . ZX 12'98,,.)° (7.177)

a'+2ht . Y

rie Mo BBend o6osHaueHne o — 1 =a’. Pasbuenns (M) u (W) noay-
yaloTcd M3 pasOueHu#t (A) W (W) NpaBUAbHBIM YlaJeHHEM OJHOU KJETKH.
Ho Temeph Mbl BWIMM, YTO KAKJAOE MPOM3BEJEHHE B Y, X, MMEeT B TOY-
Ay

HOCTM Tako# BHA, Kako# HeoO6Xoaum Jad TO(FO, L t)n'o()bl MOXKHO
6LL10 MPUMEHATb COOTHOLIEHHE OPTOrOHANBHOCTH A/ # —- 1 YaCTHLEHL, 4TO
u naet 8. Hrak, kponekepoBckoe npoussenenue (A) X (n — 1, 1) Gyzer
collepumath (), eclu ynaneHHe OLHOW KaAeTKM M3 (A) M yldaneHue OLHON
KJAeTKH U3 (1) NPHBOAMT K OAHOMY M TOMy e pasOuenuno uucaa n — 1.
Mbl MoOxeM BHCKa3aTb u OOJee NPOCTOe YTBepIKIEHHe: KPOHEKEPOBCKOe
npousseleine (A) X (n-—1, 1) codcpxur (W), cCId ylaleliHe OLHOH
kaetku u3 (A) u noGaBieHue OJHOM KJETKM K NOJyualolleMycs pas-
6uenuo naeT HaM (W), O6beluHAs CKa3aHHOe C pe3y/IbTATOM, MOJYYEeHHbIM
ans MHOWuteas (—1), MOXHO yTBep:KaaTb: padbuenue (A) BXOLHMT B (A) X
X (n—1,1) ¢ koappuuuentroM N — 1, rie N ---4HC/JIO0 Pa3NUYHBIX A;.
Bce npencrapnenus (), rpadpl KOTOpeX nosayyawoTtca u3 rpada (A) Bo-
6pacbiBaHMEM OJHOU KJ/eTKM, BXOJAT B 3TO IPOM3BeNeHHe C KO03(ddu-
ugetirod 1. ’
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Hanpumep,

Ood . 0O L
0 XDD=%DD+E

OT10T rpaduyeckutt pesynbTaT COLepKUT Bce (GopMyan or (7.167)
1o (7.169) B xauecTBe YacTHHIX C/IyYaes.

Hcnonb3osaHHbIl BHIle MeTOA MOXHO 0606UMTL Ha /1060e NPOH3-
sefenne  (A) X (W), JAn4  KOTOPOrG Mbl 3HAaeM SBHbIE BHIpAXKEHHS
XapaxKTepos ,((M 5) OMNIOr0 M3 CcOMHOXMWTeNdeH uepes a, f, ... (B Bule

NOJMHOMOB). PaccMOTpHM, HanmpHMep, KpOHEKePOBCKHe IPOW3BEleHHs
(n—2, 1)} u@—2, 2)X (). B sanave 3 § 4 HacTOAwEH IIaBH
MBI HaULIH

(-2 1y - @—D@=2)

0 ) : 6. (7.178)
Aok ? | = G—De—2 tp—1. (7.179)

HepenumeM 3TH NOJHHOMBEI, pPa3/10KNB HX IO TOJUHHOMAM CHCTEMBI
I, a, a(a—1), a(@—1)(@—2),
28, 28 B—1), 2B@—1DE—2),
3y, 3y (y—1), 3¥yy—DEH—2),...ur7 14

JlBa BBIMMCAHHBIX TOJHHOMA colepxar 1, o, a(a — 1) u 2p. Buuucaus
(7.176) (rae pasHocTs o — | 3ameHeHa COOTBeICTBYIOLIMM IOJIMHOMOM),
Mbl TOJAYYHUM 4YJEHH, COJepikallHe MHOXHTedH 1 Man a (KOTOpble MBI
TO/MLKO YTO BHIYUMC/IH/M), OJMH UJIeH ¢ MHOMHTeNeM a(a — 1) u apyroft —
¢ MHOxkUTeneM 2B. OHM BHYHCASIOTCH OTAenbHO. MHOXuTedb o (o — 1)
IaeT B Qg BKJAl

. X 1 ) _
&= aﬁ}i al 28B1 ... o 1)X(l@?B )X(L;wﬁ D
a+’2[33rY’. Vi
- E L____ym o (7.180)
a1y (a-—Q)!Qﬂﬁ!... (1926 .. )" (1928...)
Tofr

[IpuMeHUM Temepb K X“‘) H X(”) NpaBU/IO BeTB/IeHMS [JAf IBYX NOCJ]ENO0-
BaTe/bHbIX Bb16paCbIBaHuﬁ onHO# KaeTkH (7.53):

/= N (u') _
a % ( 2)!2‘3[3[ ZX(Ia ~298,, )m‘,"X(la"QQB...)
o
U 1 TN
= _ (A"
Z QIIQBﬂ! ,,.}IJX(IG,ZB ZX 1 2'5 ) (7.181)
a’, B, v, W)

a’ +2[3+ n-2
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roe (A') n (W) pasbuenus, nosyyamoilkecs u3 (A) ¥ (W) TIpH IBYX Mo-

c/le10BaTe/IbHBIX BHOpAchIBAHMAX ONHOH KiaeTkH. B mpouaseleHuu
(A7) (1)
MbEl BHOBb MOXEM IPUMEHUTb COOTHOLIEHHEe OPTOrOHAABHOCTH (/18 TPYIIbL

S,_9) K KaXIOMy uieHy H, TakuM o6pa3oM, BBIYHCIHTL &',
AHanoruyno BKJald MHOXHTens 2B B ag,) pabeH
= ) ————( B %) x

e at 2Pt .. (1998 ,, )(1“2[3 )

— \! 1

a, |3>0 v,...
a+|3 =n

[IpumeHuM Tenepb K (K) M () NMpaBUJIO BETBJEHHA /A C/Iydas NPaBHIb-
HOTO yJaneHud LUMKJIA MIMHB 2 [cM. 06CysieHHe, Mpe/llecTBOBaBIIee
¢dopmyre (7.56)], uto nacT Ham

v X 1 \Y |+ _

¢ = 21 a!QB“I(ﬁ__])[.“Z( )X(102ﬁ I )EX(IOQB Ly
a:r%[io, V.o ()

a - e, =

O .
= Y W—\ ()2 ))<+>x ke (7-183)
LBV )

a+2[3’+ —n 2
Pas6uenua (M) u (W) B (7.183) nonyuedsl u3 (X) u () C TNOMOLIBIO
NPABHALHOTO BHIGPACHBAHMA LMKJIA IJuHbL 2, XapakTep BXOIMT CO 3Ha-
KOM IIIOC, eC/aM YylanfeTcs NOJMOMKUTeNbHas (FOPH3OHTa/NbHAf) NOJIOCKA,
M CO 3HAKOM MHHYC, eC/M yAa/deTcs OTpHLaTe/bHas (Bep THKa/bHas) NO-
Jdocka. $opmyay (7.183) MOKHO NOJMYYUTb BHOBb, MCINO/b3YA COOTHO-
ueHHe OPTOrOHAMBLHOCTH WA S, _,.

O6wuit MeTON 0/KeH ObITb fCeH W3 MNpHBelIeHHBHX BHIllE NPHMEPOB.

3adauu. 1. 3aBepuiMTe BHUYMCJAEHHS 3TOro naparpada H Noayyure psix
Kunebmwa —I'oprana pis npousBejeHHu it

a) (n—2, 12) X (A), 6) (n—2,2) X (A).

2. Mokanurte, 410 GOPMYyIbl A8 CAydaeB ,a* H ,6° B 3agade 1 MOKHO
NMOJYUHTH APYT M3 APYra ¢ MOMOMIBIO COOTHOUICHHS (7 167). [Yxasanue. Tlo-
cTpoiiTe TpoilHoe mpousBegeHne (A) X (n—1, 1) X (n—1, 1).]

§ 14. Kosdpduunentsr Kae6ma — lopaana
Ada cuMMeTpuueckoil rpynne, CpoiicTBa cHMMeETpHH,
PexkyppeHTHbie (POpMYJIBI

B srom maparpade Mb XOTHM paccCMOTpDeTb JBE 3a]auu:
a) BbIBOJA CBOUCTB CHUMMeTpUH Ko3dduuuenToB Knebwa — I'op nana
A CUMMETPHYECKOHU rpynmnmsl,
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6) BHBOJ peKyppeHTHbX ¢opMya Aaa ko3dpduunentos Knebmra —
T'opaana.

Ipu paccMoTpeHun TNepBofl 3adaunm Hawel Leabio GyneT noayyeHue
COOTHOIUEeHUH, AHAMOTMYHBLIX TeM, KOTOpble ObiaM HakieHsl B § 9 ra. 5
[popmyna (5.151)] ans npocro npuBoauMbiX rpynn. Bocnoabsosatbes me-
Ton0M § 9 ri. 5 Mb He MOXKeM, INOCKO/bKY NpH # > 4 CHMMeTpHYecKas
rpynna He fBASeTCS NMPOCTO npuBoinMoft, KpoHekepoBCKOe NpOU3BeleHHe
JIBYX HEINpHUBOJMMBIX NpencraBieHuft B obmem ciayyae 6yAeT cOJepxaThb
npeacTasieHus ¢ KO3pdHuueHTOM, OOJbIIMM eIMHMLBL, T. €. (Auv) > 1.
Ho cumMmerpuyeckue rpynnui SIBAAIOTCA YIEHAMH OJHOrO CNELHAILHOLO
K/acca Tpynm: BCe HMX NPeJCTaB/ICHHS MOXHO BbIPAa3UTh B BeLUECTBEHHOM
sune (§ 7 Hactodule#t riapul). Jaa TAakUX TpPYNI pasiHyue Mexay Kosd-
¢duuuentamu Kne6ina — I'oprana u (3/)-koadpduunentramu B (5.140) cso-
JMTCSl K TPHBHAIbIIOMY MHOMMHUTENO [/3], MOCKOMbKY Kamxaoe npeicrasJe-
HHe COBMNaJaeT CO CBOMM KOMIJIEKCHO conpsmkeHHbiM, [103TOMY Mbl 6yneM
nefcTBOBAThL Tak e, Kak u B § 7 rua. 5,

Hna 6o rpynnel, o6aaamollelt MUIIb BeujecmBeHHbl ML HENPHBO-

IUMBIMH TIpEACTABJEHHAMH, BCE MATPHULI NpelcTaBleHHH D(l}}) (R) Belue-
cTBeHHB, a Matpuupl DM (R) BellecTBeHHH W OPTOrOHAMBHEL

DY R DY (R) =6, . (7.184)

Mpbl GyleM npHIep:KUBaTbCA COT/MALIBHUA O CYMMHPOBaHWH MO NOBTOPSIO-
UMCA JTATHHCKHM HHACKCAM TaK Ke, KaK MBI 1e/4JH 3TO B § 5 HaCcTOdA-
e# r/aaBbl.

3anumeM koadduunentsl Knebma —loprana § 5 nacrosiiie#t raasn
B BHUIE

(], vi| Agys) =S, (7.185)

M 0003HaYHM DA3MEPHOCTb A-TpelcTaBleHHs yepe3 7,. B atux o6osnaue-
HUAX paBeHCTBO (5.114) BHIIAAMT clelyoliuM o6pasoM:

(0} AT P

Di;j (R)Dkl (R) S

= DU (R) SLTMY (7.186)

At
rie MaTpHLpl D( M (R) tak we, xak ¥ B § 7 ra. 5, BuOpaHsl 0OIu-
HAKOBHIMH 1] BCeX 9KBUBA/JCHTHHX TNpelcTaB/ieHu, COMepHALUXCA

B D(u)xD(V):
A A
D™ ry=D" (R). (7.187)
Ypaenenua (7.186) ans xoadduunentos Kaebma — [opaaHa npencra-

BJIAIOT c00O# /HMHe#Hble YDaBHEHHA C BELIECTBEHHBIMH KO3((rlHeHTaAMH,
H  nosToMy Ko3dduuuentsr Kiebma —opaaHa  MoxkHO  BHOpaTh
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BellecTBeHHbIMK, Takum 00pasom, matpuua kosdduuuentos Kiebma —
[ophana 6yleT BellleCTBEHHOH OPTOrOHAMLHOM MaTpHIied:

rT
8. M RSi U = Oacde < it (7.188)
A k
z S MRS ™M =8, Bun (7.188a)

Tenepp Mbl MOKEM IEPECIAaBHTb COMHOXMTEeIH B (7.186) M noayuuts
(5 115) u (5 116):

st MDY (R) Dt (RS = DU (R)duasbe o Buwr, (7.189)

DY (R) Dy (Ry= Zs* WG RS (7.190)

A
IMockombky D' )(R) — OpPTOroHaJbHag MATPHLA, NEPEHOC €€ B JIEBYIO YACThb
paseHcTBa (7.186) NMpUBOAMT K BHIPAXKEHHIO

AT AV

o RYSTMT — sy, (7.191)

Dts (R)Dz] (R)Du (R)S

aHanornyHoMy (5.146). Mbl MOXKeM TaKiKe BOCIOML30BATLCA COOTHOLIEHHEM

OpPTOrOHa/ILHOCTH, YTOGH NMepeHeCTH D™ B JIEBYI0 4acTb paBeHcTBa (7.186)
H HOMYYHTb

> D (R) DY) (R) Dyl (R)y=g Z SRS (7.192)

yTO aHanoruyno (5.149). Ecau tenepb momoxute s=¢, j=1i, =k n
NepecTaBUTb COMHOXHTENH B /eBOW uyacTH, TO BMecTO (5.150) Ml GyleM
HMeTb COOTHOIUEHHS CHMMETPHH

Z[s“*E‘Z — Z[s‘” Wil = D [siv =nr n (7.199)

Hannuue B cOOTHOLIEHHUAX (7.193) CYMM He TMO3BOJET HAM NPO/JABHHYTbCA
elle Jandbllle, Kak M 9TO fenaan B § 9 ra. 5, (BBecTH ¢asbl M Haao-
KHUTb Ha KO3(uuneHTH Kiebma — [opaana ycnosua cummeTpun). ONHEKO
Mbl BCe e B COCTOSIHMM CAenaTh 310, M60 Temepb (AUV) > 1, U MH HHYeM
He OrpanuyeHbHl B H3MeHeHHAX (Da30BbLIX MHOXKHUTe/lelt HAMX Oa3HCHBIX
¢yuxumtt. Kak wmm yxe ykaswiBaan B § 8 ra. 5 [pasenctso (5.117)],
MBI MOXEM OCiaBHTb MaTpuuy ko3dduunentos Kaebima —T'oplaHa selle-
CTBeHHOM H oOpTOroHaabHOW, He MeHf NPH STOM MATPHL NpelcTasie-

Hus D(M(R), ecay BO3bMeM /MO6ble JIHHeHHHe KOMOMHAUMKH OGasuCHBIX
AT
by HK LM g,
(M,») (xr;)
pr Zc Ay , (7.194)
5

, t}»T}\a $
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KO3(OUUMEHTHL ¢ ./ KOTOpHIX 06pa3yI0T BEILECTBEHHYI0 OPTOrOHaMbHYIO
AT

MaTpHLy
e e =08, . (7.195)
A

[TokaxeM Tenepb, Kak 3TOH [AONOMHHTeNbHOR CBOGOIOH B BLIOOpe Gasuc-
HbIX (YHKIHHA MOXHO BOCIOJB30BAThCH MV TOTO, YTOOH HAMOKHTL YCIO-
BUS CUMMETpHM Ha ko3dduuuenrs Kne6uma -— opaana.

[Tepenecs B npapyio yacth (7.186) MuoMuTeb D;evl) (R), noayuum

A A v _(A y
DY} (R) 8\ = 8,0 p (R DY (R). (7.196)
IL1a pasnoxeHHs NPOU3BEIEHHS
DY, (R) D) (R)

BOCIIO/Ib3YEMCSl YpABHEHHEM, AHAJMOTHYHBIM ypaBHenuwo (7.190). Hattnem
(n) AT, UV AT uv _eT AV _(8) eT_AvV
Dij (R)Ss ¥ji= 2S5 MiuSe 8Dyt (R) St €51 (7.197)
eT
£

IMoceaHu!t MHOXMTEAb B NPABOW YACTH MOXKHO INepPEeHECTH BJIEBO, B pe-
3y/AbTaTe Yero MoJMy4YHM

W A A A A
Dt} (R) S5 M18 o0 = Sy Mir st e Dl (R). (7.198)
N3 (7.198) mb BuAuM, uto Matpuua M c 3nemeHTaMH
A A
Mje=S78,"¢ (7.199)
YIOBJIETBOPAET YPaBHEHHIO
DY (R) Mj: = M, D¥)(R), (7.200)
TaK 4TO
D™ M= MD®, (7.200a)

Mo nemme Lllypa, M ects uynepas Martpuua, ecau npeacrapaenns D™
n D HeskBuBATEHTHH (M-~ €), M KpaTHA eMHHYHOM Marpulle, ecqu
u=c¢. Ilosromy Buipamenue (7.199) MOXKHO nepenucaTb B BHAE

W, Y (BT RV H (hu) v

Ss 1St S = My, 7, 8eud 1. (7.201)

o

I ynpolueHHsi NOCAeAYIOLMX BbKAALOK Mbi BBead B (7.201) MHOKM-

Telb, COMepKallui pasMepHOCTH INpeicTaBaeHuH. Matpiia m(,f}k’ff)uv KBan-

patHad, Tak kak (uvA)=(Avp). Bepxuue 3Hauku yKasnBawT, YTO Mart-
pulla m B3ABHCUT OT A, W, V H 4TO MLI NMEPeCcTaBU/IM NMePBHHt W BTOPOH
croabub & kosddunnenrax Kaebma — ['opnaua.
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B (7.201) nepeHecem B NpaByl0 YacTb BTOPOH MHOMHTE/b:

AT uv u'r Av
S =Y, mdy st S’ L (7.202)
V”k T, i u

PaBencrso (7.202) ¢ ¢uxcuposaHHO! MaTpuleh m(}”“)v, onpenenseMon

coorHoueHueM (7.201), BunoaHsercs npu Bcex §, ful. YMHoxum (7.202)

v
Ha aHaJOTHYHOE DPaBEHCTBO /4 S ;u Vn M Hattnem
5. X m“"v )y, (7.203)
y :
T = T, T TkTu

Tax kak koadduunents Kiebma — I'opaana BellleCTBEHHb, MATp LA mMY
BellleCTBEHHa W OPTOrOHa/MbHA, M e MOXKHO HCIOJb30BAaTh Las npeobpa-
3oBanus 6Gasuca npeactaBnaenus [cp. (7.194)].

Becb Ham BBIBOL MOXHO INOBTOPHTb, NepeHecd DY (R) B NpaBy1O
yacth (7.186). IlponenaB 3TO, NOJYYHM paBEeHCTBA

Mhuv T nh 7}: m

Ss MySe G =1 = AN ded 1 (7.201a)

Skr uv vr uk

kuv ls
I e ) 7.202a
Vﬂk 12 ™ an ( )

Y P Y

& =2 m™ mM (7.203a)

LNy T, v

PaccmoTpum cHavana ciyua#t, koraa A= pu==v. llpeanonoxum, uro
Koappuunenter Knebma — [oprana 3aiaHb npu HEKOTOpOM BblGOpe 6a-
auca. Toraa (7.201) onpenenser Marpuuy mr, ”) , KOTOPO!U MBI BOCIO/b-

3yeMmca 149 npeo6pas3oBanus OGasucHbBIX (yHKuui ‘I’s-M“)
dm w)vll’(m“) II’(;”") npu Bcex J. (7.204)
Tn

9ro npeoOpasoBaHHe HHAyUMpYeT NpeoOpas3oBaHue

k A L
mTuT)vSL;T ;;-»5 sy TpHu Bcex J, s, I, (7.204a)

TAaK YTO B HOBOM 0asuce paBeHCTBO (7.202) umeer BMI

ATy v
St _ S

V"_A Vny iy

urkkv

(7.205)
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Hesasucumo Mbl MOXeM BOCNOJIb30BaTbCA IS Npeo6pa3oBaHus 6a3uCHBIX
)

by HKUKH W( ) MaTpule# mMY, onpenenseMott cooTHolneHueM (7.201a).

Hosuie. Kosq)qmuuembl Kne6ma —Topaana 6yayT B 9TOM ciayyae yao-

BJIETBOPATb COOTHOIUEHHIO

S?Tk?y Svrkuk (7 205 )
— . . a
}f”k }f”v

[TockonbKy MBI IPEANOMOKMIH, UTO Uk V£ A, OPALROK MHOKHTENEN 1p<ju)1p<lv)

M T. A. B npousseleHuax ¢yHkuu#t Hecyuiecrsed. IloatoMy MoxHO cie-
JaTb TaK, 4TOOBI

S M =8,
A
Sy =8y, (7.2056)
VT uk VT, Ap
Sl js ——'Sl sf.

Pagenctra (7.205) — (7.2056) 3amensiior co6olt pasetctBo (5.151), BuiBe-
JeHHO€ [/ MPOCTO NMPHBOAMMEIX rpymnn B § 9 rua, 5.

Tenepb Mbl JO/KHB DPACCMOTPETb 0COOHle cayyau. Ilpeanonoxum
CHayana, 4yto A = W==v., Mbl Bce ellle MOXeM BEIIOJHHTL MEpPBOE mpe-
oGpasosauune 6asuca (7.204a) M nOJyuuThH

AT, pp Wty ku
5 }ll = S , (7.206)
Vflk flu

HO BTOpOe MNpeoOpasoBanHue Oasuca He fAB/feTcs 6O/ee HE3aBUCHMBIM H
YHHYTOXKaeT Je#CTBHe MNepBOro npeobpasoBanua. JeHCTBHTENIBHO, 3TC
BTOPOE Npe06pa3oBaHUe He HABIAETCH HEOOXOAMMBIM. Tak Kak B =1,
TO CcHMMeTpus Ko3dduunentoB Knebma — ['oplana npu nepecTaHOBKE
BTOPOTO H TPETbETO CTOJOLOB OMpelenseTcs TEM, COMEpIKUTCA /U Npo-

usBeneHHe (yHKUMH ‘PEM}”)
[D(u) >< D(u)] WK {D(u) >< D(u)}.

TakuMm 06pa3oM, Hall mnepBH# HIAT J0/KeH Obla OB COCTOATH B TOM,

AT
yTo6L yKa3aTb, KAKHE KOMIOHEHTH Wg ») BXOIAT B CUMMETPH30BAHHLIH,

a KaKHe B aHTHCHMMETPH3OBAHHBIA' KBAApaT NpelCTaB/IeHHS D™, Takum
o6pasom,

A A
sf“,‘t'__c Sy, (7.2063]

T
rie 61k=+1, €C/IM KOMIOHEHTHI II’g ») COEPKATCA B CUMMETPHU30BAH-
HOM TpOM3BeleHHH, H O , =1, ecM STH KOMIOHEHTEl CO/CpkKATCA
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B aHTHCHMMETPU3OBAHHOM mpowssenennn. Matpuuy m™" crenyer ompe-

JensTh nocae TOrO, KaK 3TO ycTaHoBiaeHO. Tak Kak A s= 4, nopaiok
COMHOXHTE/eH B NpPOHU3BENSHUH 1p(sl>1pfl“) HeCylleCTBeH, MOITOMY MOKHO

MOJIO XKHTb

Iy A
SEd =8, (7.2066)

KouGuunpys coorsotuenus (7.206), (7.206a) u (7.2066), nonyuaeM NoMHLIA
Ha0Op COOTHOMIEHHH CHMMETpHH:

At At T, A T, RA
S S Sl e
T P = — ==
Vn;» A Vllx V on, ny,
urk}»u 11, piA
Sl sj A

_ Pl s
_GTA Vnu 6’% V_ . (7.2068)

PaccmoTpuM, HaKoHeu, ciaydai, Korga A ==u =v. Hmeem:

A 7»7» AT, AA
¢ = 0., 8, (7.207)

AT
rie GTA=+ 1, ecan npowusselenns byHKuUR qf§ M COJlepKATCA B CUM-
MeTPH30BAHHOM KBalparte, U 61k=—1, eC/IM1 OHH COJIepXaTcd B aHTH-

CHMMETPH30BaHHOM KBajapare. B 3Tom cayyae auueHnbie ypasHenus (7.191)
1151 koadpduunenton Knebma — FopaaHa MMeT BUI

A AA
DY (R)DY} (R)Dyi (R) S = St ™ (7.191a)
HJIH
M»
[Anir, sj1 (R) — 08¢0 j0ri] Sy 71=0. (7.1916)

Koadpduumentsr B ypasHenun (7.1916) cuMMeTpPHUYHBL OTHOCHTE/IBHO OJIHO-
, AT, AA
BpeMeHHON 3aMeHBl f <[, § <> j, [lostomy ecan S; }‘/l eCTb pellieHHe,

AT, AR
T0o 0 Sy My ecTh pemenve, CyMma M pa3HOCTb 3THX J[BYX peileHuH
TaK)Ke ABJAAIOTCA pEIIeHUAMH, M caMOoe GOJbllee W3 HHX DPABHO HYJIIO.
[TosToMy (CHO, YTO MBI MOXEM Bcerfa CaesaTh TaK, 4YTOOBI
AT, AR eI
Ss A“/[ —ET}“S‘/ sl (7.2073)

rie eTk=i‘ 1. KoMOunupys paBeHCTBa (7.207) u (7.207a), nonayvaem
CHCTEMY COOTHOHIEHHH CHMMETpHH

M.’ AR M.’ AR AT M»
S ]L-—ér A lj—Erij st —

ATy AR ATy AR M AL
-’T—'ET}‘O Sj 1s =90, Sl ]s-*-—er}\é'r)\sl s7e (7.2076)
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Dru ceofcTBa cUMMeTpuH Ko3dduunentos Kaebia — 'opnana umeror
MECTO 118 /0604 Tpynnbl, o0ganawluiel moasio yeasinu (8eujecmsen-
HelMu) TPeNCTABIeHHAMH,

B ciyuae cuMMeTpuueckOH Tpynnbl Mbl BOCHOJb3yeMCsl OPTOTOHA/b-
HLIM npeacTaBideneM IOnra -—SImanyud, nosayueunsiM B § 7 HacTosLleH
rnaebl., Basuchuie (yHKUMH 3TOro mnpeicTaBieHHd Mul 0603HauuM [Al],
rie A osuayaet pasOuenue, a [-— cumbon Smanyum (¥ -cuMBOJST), HyMe-
pYOLMK CTpOKH npelcTaBieHds (A). Ecau B apryMeHT BXOIAT HECKOJbKO
He3aBUCHMBIX (YHKUMH, NMpHHaljexallMX OZHOH M TOH ke CTpOKe mpel-
ctaBsienus (A), Mel GyjaeM OT/IMYAaTL HMX, CTAaBf HITPHUX Haja Y -CHMBOJIOM,

MmMeercs HeckOMbKO 4ACTHBIX CJayvaeB, A KOTOPBIX MOXHO /€TKO
Halith Koappuumentst Kne6ma -— I'opaana.

Bo-nepBuiX, MH 3HaeM, 4ro npousBefenue (A) X (L) CONepKHT elH-
HHYHOE mnpeicTaBJeHde ¢ KO3(M(UUMEHTOM, PaBHHIM €IMHHMUE, B TOM H
TOJBKO B TOM caydae, ecad (A) =(u). Pasznoxenne NOJHOCTBIO CHMMET-
pHuHOH QyHkuMx no npousbelenuam [Ai] [Af]’ nourn ouesuino. Basuc-
Hele (PYHKUMH SBIAIOTCS KOMIOHEHTaMH B YHMT4PHOM BEKTODHOM MPOCT-
pPAaHCTBE NpeACTaBJeHHMs, a CKaldpHOe MNpOHM3BelleHHe BeKTOpa Ha Cebd
JlaeT MHBADHaHT, T. €. MOJHOCTbIO cumMeTpHuHO. Takum o06pasom,

R U I
(@} 11——-]/,1_&\[ (MM, (7.208)
HJIH
n 1
SO — = 8 (7.209)

rie n, — pa3MepHOCTb npencTasiedus (A). To, uto pHpaxenue (7.208)
MOJNHOCTBIO CHMMETPHYHO, TaKXKe JETKO MPOBEPUTh HEMOLpelCTBEHHO,
NpUMEHUB K HEMYy MPOH3BOJBHYIO NepecTaHOBKY R:

R ; [Ad) (M) = l;k[m [Ak) D (R) Dy (R) =
= D [Aj]1[AR) X DS (R) Dy (R) =
I I

= 2 [AJ1[R) 8, = D AJIIAJ) .
Ik /

Bo-BTOphIX, MBI 3HaeM, 4YTO mnpousBelenue (A) >'<(X) CONEpKHT aH-
THCMMMETPHUHOe npeacTasiende (1%), Onpenenum OGasuchyo (yHKUHMIO
[Al] Tak, uTOGH oHa Onna GasuchoH dymxumed npencrapnenms (A), Ta-
6/1M1a KOTOPOTO noJayyaeTcs U3 tabmuup [Af] npH mepectanoBKe CTONOLOB
¥ crpok. Hanpumep,

124 __ 136
[A{] =35 [A] =25
6 4
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Kak Mel ykaseiBaam B § 7 Hactosiulet rmiaBel, MOXHO OTpPaHHYHTBLCA
TPAHCMO3HUMAMH DALOM CTOALUIMX CHMBO/OB. JIerko BHIETb, UTO NpH Ta-
KHMX MNepecTaHOBKAaX

I
D>'

>
~
<

npu <], (7.210)

i ke L

>
~z

— D}, (7.210a)

KpoMe Toro, 3aMeTuM, 4TO HelMaroHa/lbHble 3JEMEHTHI D?‘,-(l:,éj) oT-
JHUHBEL OT Hy/as JHUIb B TOM CJyyae, ecid Y-cuMBoaml aid [ # j mo-
JyyaloTcsl [Ipyr M3 Apyra TPaHCNO3MLMeH [BYX COCeIHHMX uHCesl, BXO-
aawux B V-cumBon. Hanpumep, tpancnosuuus (23), npumeHeHuas
K ¢yHxumu [AQ], BeinucaHHo# Beume (Y -cumBon [3212111), npuBoaut
K MaTpHYHOMY 3JeMeHTy V3/2, COOTBeTCTByWOUeMY (yHKUMH ¢ V-cumM-
BoqoM [321121]. Onpenennm Tenepb HEKOTOPYIO AHAarOHAMbHYIO MaTpHLY
¢ AMaroHa’bHbIMA 3aeMentaMu A} crenyouinm 06pa3oM.

AY= %1 B 3aBucumoctn or toro, no/ayyaetcss A4 Y -CHUMBOM [ u3
Y-cuMBo/ia, y KOTOpPOTO BCe 4MC/a, O3HAYAIOLIMEe HOMEepa 4acTHl, pac-
NO/IOKEHE B €CTECTBEHHOM MOpsLKe C MOMOLLbI0 YETHOTO WM HEeYeTHOro
yucaa TpaHcnosvuuf. ITomHOCTBIO aHTHCHMMeTpHuHAad (QYHKUMSA HMeeT
BHI

(1", 1]—V_\ Al A T, (7.211)

HiH, uvepe3 koadpduuyentsl Knebma — [opnana,

sU — V_ LIV (7.211a)

HmeeTcss HecKOMBKO BHIOB CHMMETDHH, KOTOphlE ABASIOTCA Xapak-
TepHOH 0COGEHHOCTbI0 CHMMeTpHYeckod rTpymnn. HMx noayuawoTt ¢ no-
MOLUBIO paccyxiaeHnH, CXOXHX C TeMH, KOTOpble TMO3BOMHIH MOJYUATH
(7.211) n (7.211a). Mu 3naeM, uTO

M XAHY=@), [(M+@),

Mo3TOMy Mexay OGasucHbiMM Qynkuuamu (A) M (L) CyLleCTBYeT B3aMMHO
onno3Haunoe cootBercrBue. M3 (7.211a) u (7.205a) uMeem ’

T (1 "X
Sia‘t(ll)=s 1 ik _ 1_ A}ém
V’K V”(In) an

OTKyAa
A (7.212)

(A =AY A1 (", 11 (7.213)
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BeipasuMm ¢yHkuuio [yi] yeped dyHKuUUH (&)x(ﬁ) [cnoMunte (7.174)]:
[vi] = ]ZkS,V%%: [a]] [pR) =
= zsyEEAgmaﬂ Be1 [(1%), 1][(1"). 1],

[vi] = ZSf‘jf ASA (a1 pRY, (7.214)

rle Mbl CHayaja BOCMOJb30BAIHCh COOTHOWleHHeM (7.213), a sarem 3a-
MmeTud, udto [(17), 11[(1"), 1] — nOJHOCTBIO CcHMMeTpHUHas (PYHKUHA,
Koapuumentsl Knebma — 'opnana MOKHO mnepeHecTH B JeBYI0 4acThb
pPaBeHCTBA, B Pe3y/bTaTe Yero TNOMYUYHM

[a/] [BR) —A"AB ZS,M [yil. (7.215)
Kpome TOro, umeem

[a/][Bk) = ; SYf i, (7.215a)

TaK yTO, CPaBHMBAd KOI(PUUMEHTH NpH OPTOHOPMUPOBAHULIX GABUCHEIX
$YyHKUMAX B JBYX MNOCJENHHX PABEHCTBAX, HAXOIUM

va @ A Bovep

SISE = ASARSY. (7.216)
Ilpyrve ¢GOpMBL 3TOTO COOTHOMLIEHH CHMMETDPHM MEI TNOJYYHM, 3dMeHsAs
l'IpellCTaBIIeHHH COl'IpH}KeHHbIMH C HUMH l'IpellCTaBIIeHHHMH HJIH Ke IO~
BTOpSA BCe paccyxXleHuss U Gepsd B KayeCTBE MCXOLHOTO COOTHOHIEHHE
BHIA

[vi] = jZ S8 101 (BRY.

Mbl HafileM cienyioliye COOTHOLIEHHS CHMMETPMH:

B _ AYABgYP

S5 fj ¥ = ATASTT (7.216a)
as B

S%‘;k AJAST (7.2166)

Coornomenns cumMerpun (7.205), (7.205a) u (7.2056) u (7.216),
(7.216a) n (7.2166) nosBoAsOT HaM COKpaTuTh paboTy, CBA3AHHYIO
¢ HaxoxleHHeM Koadduuuenror Kne6ma — I'opnana. Ecau pacnonoxuts
pa3buenus B mnopslKe YOmBanua oT (n) 4o (1%), To HaM nonaxobarcs
JMb Ko3gdHuMeHTH a5 Tex npoussenenuft () X (u), rae () pacno-
J0KeHO noc/le pasbuedus (A), HO He janbliie, 4eM CAMOCONpSKEHHbHE
pa3fueHns uucaa nm,

Tenepp Mbl XOTHM YyOeluTbCs B TOM, 4YTO 3TOT MeTOL 3aMeHAET XO-
pOIIO M3BeCTHble DekKYyppeHTHble OPMy.bl, CYyLieCTBYIOLHe AJIS TPYMNH
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spawenni. Ilpu paccMoTpelus 3TOH 3anaud HeT HeOOXOIMMOCTH YKaskl-
BaTh B ABIIOM BHJe Ty cuCTeMy (yukuuit ‘I"g“k), KOTOpO# MBI NOJb3yemMcs,
[ToatoMy BMecTo TOro, 4robn npuberate K 0603HaueunsaMm (7.189), mul
MOXMeM 3anucatb npeobpasoBaHue D" DP B kaeTouHO-AMArOHANBHOM
BUIE

D SVabDG (R) Dby (R) Sheg = Dl (R) dyp. (7.217)

aec,g

Jlnsg CTPOK pasnvuHblX nNpejcrapneHuft Ham Tpebylorcs Gosee mon-
pobHble o603HAYeHHs, M MOITOMY Mbl OyleM NpH 3anucH kosdduuuen-
toB Knebma — I'oprana noap3oBarscs 1BOMMBIMM HHIEKCAMH, HANpH-
Mep S?,‘;,,E,. [lepBas 6ykBa B Kax1OH nape HHIEKCOB O3HAauyaeT MepBhIf
CHMMBOA M3 UHMC/IA BXOIAWMX B Y-cuMBOA, a BTopad Oyksa oO3Hadaer
OCTaJbHBIE CHMBOJEI, BXoaduHe B Y-cuMBoa. B 3mx o0603navenusx
(7.217) MOXHO 3amucaTth CrefyOLIMM OOpasoM:

A

’)st?jib'ifDZo, D%y, ghSklgd;,[}h =D}; rdy.- (7.217a)
ab, ¢
ef, gh

CHauana Mbl OTpAHHUMMCH MepPeCTAHOBKAMH, BXOAALIMMH B CHMMeTpHUYe-
CKYI0 Tpynmy d neHcTByHOIMMH HA #— 1 CHMBOJ, T. €. MEPeCTAHOB-
KaMH, OCTaB/AIOLIMMH Ha MecTe NOCAelIHHH cuMBoa. [lag taknx mepe-
ctaHoBOK (7.77) B HauIMX HOBHIX OOO3HAUeHHAX 3aMUIIETCH B BUME

DZo,cd=DZ§6aC’ (7.218)

rie @, — NpejcTaB/leHHe CHUMMETPHUYeCKOH rpynmbl, JAEHCTBYWOIUEH Ha
n -—1 cuMBOI, KOTOpOe MoayuyaeTcs H3 @ BHOpachlBaHMeM MNOC/eNHETO
CHMBOJIA M3 CTPOKH @ cXeMbl. (3TO He UYTO HMHOe, KaK MNPaBH/IO BeT-
pienns.) IloncraBnas B (7.217a) BMmecTo BeavuuH D UX BhpameHus
suna (7.218), nonyuyaem

yaBna,nB ra B __ Ny
abzcdSljabefDbgD}‘iGacéegSklcdgh = Dji5,,0,, (7.219)
ef, gh
1160
yaBpnae nb,craB _ Yy
abzdsijabebengiSkladeh - D]'félkéyk' (7‘21 93)
e}‘:h

Jlna cuMMeTpHYecKOR TpyMNNbl cTemeHH 72 — 1 Mbl MOXKeM HamMcaTbh TaKiKe
ypasuenne Buna (7.217a):

dghsi%'B}DgéDﬁ;sz’%'%’ = DYByr, (7.220)

rle HITPHXH CAYKAT HAMOMHMHAHMEM O TOM, YTO 5TH pa3bMeHHs ABJAOTCA
pasOuennamu uncaa n— 1, a HHIKHME 3HAYKK CJIyKat (n — 1)-MeCTHHIMH
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Y -cuMBOSIaMH, COOTBeTCIBYIOLUMMH BTODHIM HHAekcaM B (7.217a). Ilepe-
Hecsa Hekoropele umeHd B (7.220) B mpaByio 4acTh, NOJYUYMM
D§aDY= 2 S4%5 DYSYY5. (7.2202)
Y.rq
IMoacrapum (7.220a) B (7.219a), pubpas o’ =aq,, p' =4, W Halnem

yaB ove,B,ny oveB,ocraB __ Y
ab, 4 hS’tjabefS p lglferqu daheskladelz - ngétkéyk' (7‘221)

YPsq

Cuavasia mepeHeCeM NOCJEIHHH MHOXHTEJb BMPABO:

yap oveb,nv ovieb, vevaep
g Sijabefo -0 f qusq I = ; Dletladeh‘
Y'.pq
3aTeM Mbl MOXeM ellle pa3 Mepe¢HeCTH BIPABO INOCJAeIHHH MHOXKHTENb:

vyaB ove,B, ny v;evaBovae,B
b;pstjabefsp £#D,,= lgﬁfostladehSq P (7.222)

Tenepb Mbl MOXeM ONpeIEJHTh MarpHuy
Y o P

N B ova,B
M, v =Y, 8808V eab, (7.223)
e b f

! a

PasencrBo (7.222) osnauaer, 4TO
v __ ¥
Ep, Mjprq = Zz ,D].;Mlq.

MDY = DUM. (7.224)

HITH

[Ipumensis nemmel Llypa, momyuum, llTO/ManHU,a M=0, ecmn y'+vy,
MM KpaTHA eI1MHNYHONW MaTpHiue, ecnM y =—Yy;; C/el10BaTe/bHO,

’ Yy o §
yap ove,B,
b,zf SiiaverSy ’?fe_év’wéiﬂK [i a e] ' (7.225)
MM JKe, MepeHOCs BTOPOH MHOMNHTENb B MPABYI0 YacTb, MOMYUHMM
vap __ v oo p v, B
Siiaver =K L- s e] Ny s s (7.226)

YpaBuenue (2.226) osHayaer, 4ro MaTpHua

oo
) a ¢
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no3possieT ldi N0.ayuare kosddrumentsl Knebma — l'opiana ana n,
auas koadduwnenrsr KaeSwa — l'opnana naa 7 — 1. Takum o6pasow,
(7.226) saMensicT COOTRETCTBYIOMYIO PCKYPPEHTHYIO GOPMYIY AI% TPYyNmbl
ppautenutt. Mayuum cpoiicta Marpnun K. Ilo anasormn c (7.226) sa-
MHLen:

-,
Y aB Yoo By v a8,
Si'f'al)&f::[( ttl a :]S]l b f'

nepeMHouHM 3T0 ypapHenwe u (7.226) # mpocy» mHpyeM no ab u ef:

v’ y (o a ﬁ Y/ a
Z Sl']'uba txjabgj——ZK‘ }K [., ﬁ:\ X

ab,ef a ¢ i a ¢

- Y048, vraB
XDZ]SJ’DIS’D] (7.227

[puMensss k oOeuM 4acTaM pABEHCTBA YC/JOBHE YHHTAPHOCTH, MOayyaeM

yop] Y ap ,
GW'GU’GU':}:K [[ a eJ K [i' a e]é(vivi’)éﬂ“
a, e

WM ke, monarag j==j" u y, =Y, naxomnm

}‘K\aﬁK Burdrir, 7.228)
; L"ae_W” .

Baxno orMerarth, 4ro paselcTso (7.228), sax/mouaiouee B cebe
nepsoe yCIOBHE YUMTAPHOCTH MaTpuubl K, OTHOCHTCA TOJBKO K TeM Y,
KOTOpHE OTIeNAfI0ICd OT OAHOTO H TOTO Ke MpelcTaB/IeHHs Y;, NeH-
crByollero na n— 1 cumsosaos. Yrobel Iokazarb, 4ro Marpuua K yuu-
TapHa, MB JO/KHB BBIBECTH BTOPOC YC/IOBHE, COOTBETCTBYHOUIeE paBeH-
cry (7.188a). ¥Ymuoxum temeps (7.226) Ha aHanoruyiioe BblpameHue

oo B - Yo ﬁ
élja’b’[e’f':: l:

i a e
M IpPOCyMMHpYeM 1o vy, £, J:

EK Yaﬁ K Ya [5 Svlaaﬁé\a'ﬁ'__
l ae La e jot 1t

Vi

‘Y(A. rB
Sisa’fs

\" 3
= Z Sz\')jgbL/S}’jZ’b'E'f' =04a0000¢c0syrs  (7.229)
YL ]

rjle Ipu BHIIOJHEHHM MOC/enHero npeoOpasoBaHHMs MBEl BOCIOAb3OBAIHCH
ycaosreM yuuTapiocTH (7.188a). YMHOxuM Tenepn o0e 4aCTH PABEHCTBA Ha

S\,uf“ \(,’»r
kb fSkl)' !
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M npocyMmmupyeM mo b, f, &', f":

vyo B
; [l ae]K[t a’ e’]

SY2PegY 048, \! SY e B, gV By

|\

Jo s TRE S et Ot =
b!/ bl,fV
Yyap ya B
=EK[[ aQ e}K[[ a’ e:]é(y Y[)é]k—
v 4
yap ya p N v bcve b
E K [[ JK [i a’ e/J = 044000 S: gafeS: (;a Por =
b, f
V[=V
S
baarter YL (] =08,
b, f
T. €,
yap ya B’
= 0aq'Oce’» 7.230
EIK[t a e]K[l a’ e’J Baadee (7.230)
ey

AT0 — B TOYHOCTH BTOpOe ycioBMe yHUTapHocTH Matpuubt K. Takum
06pa3oM, y HAac HMeITca yc/ioBHs yuurtapuoctd (7.228) u (7.230), He-
obxoavMbie s onpenenenns Matpuuer K. Jlo cMX mop MBI OrpaHuyH-
BAMUCh MEpeCcTaHOBKAMM, He MEHAIPLUMMH MOJOMKEHHe NMOC/eIHero CHMBOA.
[MpuMennm (7.190) k rtpancnosuuuu (n, n— 1). (IIpy 3TOM BO3HHKAET
Heo0XOIHMOCTb BBEIeHHs TPOMHBIX HMMHHMX 3HAUKOB: MepBble ABAa CaAyKaT
MepBEIMM JIByMst CHMBOJIAaMM B Y -cHMBOJIe, a TpeTHH# 03HAYaeT OCTa/JbHBEIE
CUMBOJIBI, BXoIdwHe B V-cuMmBoa.) ITockoabKy TpaHcnosuuus (n, n— 1)
BO3JeHCTBYeT JHIIb Ha MepBLie ABa CHMBOJA B Y -CUMBOJe, TO NMOSAB/SIOTCA
JIMUIL MaTPHYHBIE 3JEMEeHTH BMAA DZ,,,, car- Kpome toro, us (7.111) mu
3HAeM, Y4TO MaTpHyHble 3JEMEHTH /18 TPAHCHO3HUHMH (72, # — 1) UMEIOT BUL

Dior var = FarPudat Earduddser (7.231)

rae f‘;b—-BenquHa, o6paTHaa akcuaibHOMY paccrosuuio a—b [B (7.111)
BMECTO f MBl HCNOJI30BAaJMH CHMBOJ O], a

V=T
[Moacrasum (7.231) B ypaBHeHHe

Z Syjtabrestabr carDbss, ghs = 2 DYyt rieShisarons  (7.232)

a,e
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MOy unM
B 8 B -
ab‘zefsyjt(;brefs [befeféaeébdGegéfh + begeféaeébdGehégf +
+ &/ Eféadébcéegé mt 8as8t B derder]| =
= kzl A S;ltgdrghs (7.232a)

HIu
yaB ca B vyap oB
Sl jtedrghsf cdf gh + Sl J tcdrhgsf edg hg +
vyap o B vaep ja B __
+ S tacrgnsBact gn S jtacrngsBacrg =

v B YyovaB
=/ jSTjtgdrghs +g;,S })itcdrghs‘ (7.2326)

TloncraBnas B 10 cooTHoweHue MarpHubsl K u3 (7.226), Haxonum

k)00 sttt )0 | s+

yap b 6 yap 8 8
+K I:[ d g:lsﬁgl"ihgggcfgh-*_[( [l d h]sjﬁ‘fgﬁggcghg=

=K [Y ¢ ]s’ff“cf‘ggY . (7.233)

J ¢ g | wdms®uy
IMockoaeky ko3dduunentol Kiebma —Toprana nanms n—1 uactuy
M3BeCTHBl, paBeHCTBO (7.233) M yc/iOBHA YHHMTAPHOCTH, HAJOXKeHHLIE
Ha K, no3Boasi0T HaWtH Matpuuy K M ONpeNenuTb ¢ MOMOLIbIO COOT-
Homenuna (7.226) koadpduunentst Kre6ma — lopaana,

dakTHUeCKOe BHIUHCIeHHe peKyppeHTHOH wMatpuuu K upe3BeIYaliHO
TPYMOEMKO, HO BCE e ropasillo Mnpoule, YeM HenocpeiCTBEHHOE BHIYMC/IE -
uve xodpdanuentos Kre6ma — Foprnana, B npouecce oOThHICKaHHA Ma-
Tpuusl K ypasuenve (7.233) Oyner uMeTh (Yop) pelieHuft, ecsium Mbl
NpHIeM K paccMoTpelHio cayuyas (yap) > 1. Obutero kputepus s ot6opa
pellleHHil He CYLIECTBYeT,

[Tpy Manblx 3nauenusx n KodpduuueHtn Kne6ma ——Toprana MoxHO
BBIYMC/IATE MO0 HemocpeACTBEHHO, JMGO Ke, UTO Jdaxe elle Jerde,
13 Matpuusl K. Mbl He cTaHeM BHIMMCHIBATL HUKAKHX OOLWMX dopmys,
noJayyeHHHX A48 MaTtpull K, a BMeCTO 9TOro npuBeleM OIWH M3 Gosee
NPOCTHIX pe3y/bTaToB, BHyTpeHHee npoussenenue (n—1, 1) X (n —1, 1)
colepxHuT mnepecranoBky (n — 1,1) ¢ koadpduunentom enmnuua. Ecam
0003Ha4uTh 6a3UCHYI0O (PYHKIHIO, UMEIOLLYI0 CHMBOJ { BO BTOPOH CTpOKe
cxemul, yepes f; (wm F)), To

n-1
1 ’ '
Fosm ey [(n—Q) f”f”—»gflf,}. (7.234)




Ta6auya 31

Ta6auia xapakTepoB AJ¥ CHMMeTpHYeCKHX rpynn

n=3
Kaace
Pa3zbunenue [ 3 9
(19 (I, 2) 3
3) 1 1 1
@ 1) 2 0 —1
(13) 1 —1 1
n=4
Knacc
Paabuenne [ 6 8 3 6
(14 (13, 2) (1 3) (2) [C)]
) 1 1 1 1 1
3 1) 3 1 0 —1 —1
(22) 2 0 —1 2 0
@ 12) 3 —1 0 —1 1
(1% 1 —1 1 1 —1
n=2=5
Kaacc
Paabuenne 1 10 20 15 30 2 24
(1% (1% 2) 13 3) 1, 2 1, 9 [A)] (5)
() 1 1 1 1 1 1 1
4, 1) 4 2 1 0 0 —1 —1
3, 2 5 1 —1 —1 1 0
@3 12 6 0 0 —2 0 0 1
(2% 1) 5 —1 —1 1 1 —1 0
2 19 4 —2 1 0 0 1 —1
(15) 1 —1 ! 1 —1 —1 1
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[Mpn wMaaeix n Tabauubel ko3¢pduurentosB Kaebwa — loprana MoxHO
BBHIMHCATH B IBHOM BMIE, HE 3aTPauMBas NMPH STOM C/JMIUKOM MHOTO Tpyla.
Hanpumep, noanas Tabauua aas npoussenenus (2, 1) X (2, 1)=(3)+
+ (2, 1)+ (1%) BBHIMIAANT TakK:

[211] - [211) [211] . (121)’ [121]- [211)’ [121] - [121y

[321] 0 1wz —1/VZ 0

[211] V2 0 0 -1/VZ

[121] 0 —1/VZ —1/VZ 0

(111 12 0 0 1wz
(7.235)

Kak npumep Gonee CI0MHOrO Cayuas Mbl mpHuseleM TabaHuy Kosg-
¢uumentos Kaebwa — Ioprana a4s

@, 19X @, 1)=E)+* D+2@, +@, 19+
+2(2% D+ (2, 194-(19

(raba. 30). B kauecrBe 1ByX cHcTeM yHKUMH 117 npousseneHus (3, 2)
6bl1v BHOpAaHb YACTHBlE pelleHUss PeKYPPeHTHHX YpaBHeHH#. Bmecto
HHUX MOXHO B3ATb JI0Oble 1BE HE3aBHUCHMBbIE JHHefiHble KOMOWHALMH.



rJ1ABA 8

HETIPEPBIBHBIE T'PYTITBI

§ 1. Kparkult 0630p pe3yJbLTaTOB,
MOJYYEHHBIX JJAl KOHEUHBIX TpyNn

Jlo cHX nop MBI OrPaHUYMBAJIHCH PACCMOTPEHHEM OIHMX JIMILb KOHeY-
HBIX [pynmm, T. €. CPYNN, COCTOALUMX M3 KOHEYHOrO YHC/IAa S/CMEHTOB.
PaccMOTpeHHble HaMHM TOUYeuHble TPYNNbl CHMMETPHH OBbLIM KOHEUYHBIMH
NOArpYNNaMH TPynNbl 3epKajbHBHIX NMOBOPOTOB B TPEeXMEPHOM MPOCTpPaH-
CTBE, & HaWieHHble HamH NnpenacTaBJACHHA O6HIIM KOHEYHBIMH noarpynnamu
MATPHYHOM TPYNNBE B 72-MEPHOM NPOCTPAHCTBe. ['PYNNbE! CHMMETPHH MHOTHX
(bM3MYECKHX CHUCTEM COCTOAT He M3 KOHEUYHOro, a M3 GecKoHeuHrozo uMcia
3/7eMeHTOB, Hanpumep, KpHcTa//Hueckas peleTKA OCTAeTCH HeHM3MeHHOH
npH IeHcTBHM OeckOHeuHOro (co3) HaSopa TpaHcasuuf. [aMHUIbTOHHAH
9/1eKTPOHA, HAXOIALIErocs B LEHTPaJbHOM MOJe, MHBAPHAHTEH OTHOCH-
TeJbHO BCeX BpalleHu#t. Takum o6pasoM, 3azau¥ (H3MKH NPHBOIAT
K HeOOXOIHMMOCTH M3yuyeHHs TeOPHH NpeiAcTaBAeHUH rpynn ¢ 6eCKOHEUHBIM
YHC/IOM 9/IEMEHTOB,

Ias paccMOTpeHMst TakMX GeCKOHEUHBIX PYNN MMeeTcs elle H Apyras
npuunHa. OTHICKMBAS MpPeACTABJCHHS TOUYEUHHX TPYNMH, Mbl HALUIX FOMO-
MopgHoe oToOpaxeHHe 9/7eMeHTOB Toueutod rpynnet H B rpynny
H' matpuu n-ro nopsaxa. Ho rtoveunas rpynma 1 saBasercs moarpynno#
rpynnsl G 3epKaibHbX MOBOpPOTOB. [loaToMy ecaM MH Halidem Kakoe-
HHGYIb MpeAcTaBienne rpymnsl G ¢ nomowsio Matpuy G’ n-ro mopsika,
TO MBl TeM CaMbIM MOJAYYAM HeKOTOpOe Mpel.TaB/leHHe ee moarpynnsl H
B Bule moarpynnst H' rpynnet G,

Hawa 3azaya cOCTOMT B TOM, uTOOBl MepeHecTH Ha GeCKOHeuHble
rpynnbl Te TeopeMbl O NPEACTAB/JCHHAX KOHEUHBIX FpYMM, KOTOpble OHUIH
HaMH yxXe BbiBedeHbl, UT06B 06/erunTh paccMOTpeHHe BO3HHKAIOLIMX NpH
9TOM npob/eM, Mbl CHauaja HaAMM KpaTkuit o630p pe3yabTaToB MO KO-
HEYHBIM TPYNNaM B TAKOM BHIe, B KOTOPOM 3TH pe3dyabTaThl Jerko 6yner
06061MTE M Ha OeCKOHeuHBle TPYMIBL,

Koneunas rpynna G nopsaka g COCTOMT H3 g 9/EMeHTOB Ry, ..., R,.
Mbl MOxeM paccMaTpHBaTh STH £ 9/EMEHTOB TPYNNB KAK COBOKYNHO.Thb
»TOueKk“ — zpynnogoe mnoz000pa3ue. Kpome TOro, Mbl MOXeM nepe-
HYMepOBaTb TOYKH HEKOTOPOr0 MHOXKeCTBAa Ue/IbIMM uYHcaaMd oT 1 10 g
M Ka}JAOHM TOUYKe B TAKOM MPOCTPAHCTBE COMOCTABHTb HEKOTOPHIM 9aeMeHT
rpynnel; HaupuMep, Touke, 0003HAYEHHOM UHC/IOM @, Mbl MOCTABMM B CO-
OTBeTCTBHe 3JeMeHT rpynnbl R, (MHaue ropopsi, MepeHyMepyeM 3/eMeHThHI
rpynnel ¢ TNOMOLIBI TNapaMeTpa, NpHHMMawllero g 3HaueHu#). Ecan
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B MpOH3BeleHHH R,R, uucio a ¢HKCHpPOBaHO, a 3aeMeHT R, mpoberaer
Bcio rpynny G, T0 npousseieHMe R, Takxke npoGeraer BCIO rpymmy.
CyTb Tab/uubl rPYANOBOrO0 YMHOMEHHS COCTOHT B TOM, UTO OHa yKasbl-
BaET TMpH BCeX 3HAYEHUAX 4 M b 3HaueHHe MNapameTpa ¢, KOTOPOMY
COOTBeTCTBYeT IpousBelenHe R,R,=R,. MOXHO ckasaTe, 4TO rpyn-
nosas Tabnuua ompenesseT ¢yHKLUHIO

c=¢q(a, b). 8.1

[TapaMeTp, COOTBETCTBYIOILUMH NPOH3BELEHHIO S/EMEHTOB [pYNMH, eCTb
(YHKUMA NMapaMeTpoB, COOTBETCTBYIOLUUX COMHOXHTEAM.

Ha rpynnoBoM MHOrooGpasuu Mbl MoxeM 3azaBath ¢yHkuuu. Tak,
KAXAOMY 9JIeMEHTy R, (MIM KaXIOMy 3HAueHHI0 4 JMCKPETHOro mapa-
MeTpa) Mbl MOXeM CTaBUTh B COOTBETCTBHe HeKOoTopoe uMciao f(Rp),
Wi ke f(a). B sToM ciyuae HaluM ¢YHKUMKM OYyAyT OMpele/eHbl
B £ Toukax (paHee Mbl Ha3bIBaAM TakHMe (YHKUMH BeKTOPAMH B HallieM
£-MepHOM mpocCTpaHcTBe). HanpuMep, npH paccMOTpeHHM TEOPHM Mpeld-
CTaBJACHUA BEAHUYHHLL

DY) (Rs) = D¥ (a)

fip# (UKCHPOBAHHBIX W, I, j OblaM GYyHKUMAMM, 3a1aHHLIMH Ha PYNNOBOM
MHOroo6pasuu. TOYHO TaK e NMPH 3aAAHHOM U XapaKTephl

W (R,) = (™ (a)

flopoxiann ¢yHkiMM kKaacca ¥ (@), 3alaHHEE Ha FPYMMNOBOM MHOrO-
ob6pasun. Xapaxrepnt 064azanu ocoObiM CBOMCTBOM: onpeienseMas UMM
GYHKUMA TMpHHMMada OLHO M TO e 3HaueHHe HA BCeX 3/MeMeHTax, NpH-
HaA/ekalUX OZHOMY M TOMY e kaaccy. TaxuM o6pasoM, dyHkums ¥ (@)
eCTb yHKKUA Kaacca, T. e. Takas GYHKIHA, UTO

W (g (a, b)) =21" (9, a)) (8.2)

npu Beex a W b,

B § 11 ra. 3 ™o moxasanaM, 4To BCAKOE NpekCTaBieHHe KOHeUHOH
rPynnst SKBHBA/NEHTHO HEKOTOPOMY YHHMTapHOMY npejcrasieHHio. Kpome
TOrO, Mbl CMOI/M MOKa3aTh, uto a060e MpeACTaB/AeHHe KOHEUHOH rpymmbi
BINOJ/IHE MPHBOJAMMO M BBIpAXKaeTCd Yepe3 HeMpHBOAHMMBIE yHMTaprIe npea-
cTaB/lenMs. HenpuoinMoe yHHTapHOe NMpeacTaB/ieHHe D™ pasMepHOCTH 7,
3alaeT Ha FpynnoBOM MHOroo6pasHH n"’ YHHTapHO=-0PTOrOHA/IbHBIX (pny-

I D[) @ ¢ j=1,.... n). d)yHKuMM, ompeaensieMsle pasaduHbIMH
HeSKBHBA/JEHTHBIMH HENMPUBOAMMLIMM TPEACTaBAEHHIMH, B3aHMHO OpTO-
FOHA/BHBI

201 () DS (a) =120 ; zbw———- "’6”5 > Y1 (3.143)

a
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To4HO TaKk e I/F XapaKTepOB HeSKBMBAMEHTHHIX HEMPUBOAMMBIX Npen-
CTaB/leHHH BBHIMOJHIIOCH COOTHOLIEHHE

; X*(u)(a) X(v) (a) == GHV g = GHV ; 1. (3'147)

KpoMe TOro, Mbl mnokasamM, 4to (YHKUHH D(,-‘j)(a) 00pasyioT MoJaHyIo
cucteMy, T. e. MoOyo ¢yHKUMIO f (@), 3alaHHYl0 Ha FPYNNOBOM MHOrO-

00pa3HH, MOXHO PAa3JIONKHTb 110 yHKLHAM D(,-‘})(a). AHanornuxo, mobyio
GYyHKUMIO Kaacca £ (@) MOXKHO Pas3/oXMTb MO NMOJMHON CHeTeMe GYHKUMH
kaacca x™ (a).

IIpu BLIBOJE COOTHOLIEHMH, O KOTOPHIX 1U/AA peub BhLE, Mbl B ABYX
MECTAaX MO/Jb3OBAMUCH TeM, YTO PACCMATPHBA/MM MMEHHO KOHEUHYI0 rpynmy.
Bo-nepBEIX, CYMMHDOBAaHHE MO [CpyMNNe 03HAYANO CAOKEHHE KOHEUHOro
yucaa BeauunH. Ecam ke Ml MMeeM 1en0 ¢ GeCKOHe4HOM AUCKpeTHOH
MW HempepbiBHOW Tpynmo#, HaM ele cieiyeT MOHATb, KAK 3aMEHHTb KO-
HeYHYI0 CYMMY OeCKOHEYHOW WM ke MHTerpaaoM. Bo-BTOpBIX, MpH BHI-
BOJE COOTHOLUeHHH opToroHamsHocTM (3.139) M B § 11 ra. 3 [paseH-
ctB0 (3.101)] MBI MCMOAB30BAaAH pPe3yaAbTAT, COCTOALUMHA B TOM, UTO €C/H
J(R) — byHKuua, onpeneneHHas Ha PpYNnoBOM MHOrooOpasu, TO

; f(R) =§ fSR), (8.3)

rie S -— npousBOJbHBIA 9/eMEHT rpynmbl. JTO yTBepiKIeHHe, OUYeBHIAHOE
A8 KOHequH rpynnsl M3 ee rpynmoBoH Tabauuw, rtpebyer HOMOJHH-
TEALHBIX MOACHEHUH A5 TOTO, YTOOH ero MOXHO ObLIO MpUMeHATh K Gec-
KOHEeYHBIM MJM HempephBHBIM TPYNNaM, e€C/M HaM NpHAeTCs LOKAa3blBaTh
COOTHOLUEHHS OPTOrOHANbHOCTH.

§ 2. BeckoHeuHBie NHCKPETHbIE FPYMIBI

PaccMoTpuM mpexde Bcero 6eCKOHeYHble AMCKpETHble TpYNIbl, die-
MeHTbl pynnel R, nepeHyMepoOBaHb C TMOMOLIbI0 HHIEKCA @, MNPHHH-
MalOliero te/0YHC/AEHHbE 3HAauYeHHd, Hampumep 1, 2, ..., oo. Ipymno-
BOE MHOI000pa3He NpeicTaBadeT cofoit CueTHOe MHONKECTBO ,TOYeK® R,.
Hamu s1eMeHTH MBI Morau Ol mepeHyMepoOBAaTb JHOO € NMOMOLILIO BCeX
ueabix yucea (MOMOWUTENbHBIX, OTPHUATEJbHLIX W Hyas), aubo ¢ no-
MOLULIO 3/IEMEHTOB /M050ro cyeTHoro MHoxkecTna. (Iloa cueTHHIM MHOwe-
CTBOM Mbl NMOHMMaeM MHOXECTBO, KOTOPOE MOXHO MOCTaBHTb BO B3aHMHO
0ZHO3HaYHOE COOTBETCTBHE C MHOXECTBOM NOJOKHTEIbHBIX LE/BIX YHCel.)
Tak, 3anuch

01 —1 2 —2 ...
2R 2R 2R 2N H T
1 3 4 5 ...

YCTAHABAMBAET COOTBETCTBHE MEM(Y MHOXKECTBOM BCeX LEJBIX YHCET H
MHQXEC IBOM TOJIOKHTE/BHBIX LebX unce, 3akoH KoMnosuumn R,R, =R,
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naeT HaM ¢y HKUHMIO, KOTGPAas MO3BOASET HAHTH NapaMeTp 3/eMeHTa FpynmH,
CAy:alero MNpoM3BeAeHHEM A3yX 3JIEMEHTOB, MO 3HAYEHWSAM MAapaMeTpOB
COMHOXHWTEJEeH, T. €,

c=¢(a, b). 8.1
HanpuMep, coBOkynmHOCTb npeoOpa3oBaHUi KOOpIAHHAT
R, x'=x+n, (8.4)

rie n —uenod uHcao, obpasyer rpynny. I[IpeoGpasoBaHHeM, 0OparHbiM

-1
npeopasoBannio R,, cayxut (R,)" = R_,, enMHMuHbl} 3/eMeHT OTBe-
YageT Hy/neBOMY 3HAueHHIO mapamerpa. drta rpynna alenesa:

c=q(a, b)y=¢®, a)=a-b. (8.5)

dro#t rpynne npeoSpa3oBaHuil M3OMOpQHA rpynna Bcex LE/BX Yuces
C OOBIYHBIM C/OXKEHHEM B KayecTBe 3aKOHA KOMMO3WLUHH.

IinckpeTHbie OeCKOHeuHble rpynnbl 00/a13l0T OZHON 0COGeHHOCTHIO:
4yToOB NepeHyMepOBaTb HMX 9/EMeHTbl, HAM BCerla AOCTaTOYHO OIHOro
JOMCKpeTHOro mapameTtpa. PaccMoTtpum, HampuMep, pynny JuHeHHHX npe-
o0pasoBaHuit BHAA:

x'=x-m
4
y=y-+n

TIpK Tako# 3anMMCH eXMHMUHBIH S7EMeHT MMeeT BUA Ry, 37eMeHTOM, 06-

-1
patHbiM 3nementy R,,, Oyaetr (R,,)” =R_, _, a mnpoussencHHeM
R,.R, . OyreT snement Rm+m,’n+n,. OIHAaKO fICHO, 4TO Kaxylywocs

3aBUCHUMOCTh OT ABYX MapaMeTpPOB /EerKO MCK/MIOUMTH. B paccMatpuBaemom
c/lyyae TOYKAMM TpYMNOBOrO MHOrO00pAasM CaAYMKAT TOUKH JABYMepHOH
peeTKH:

—2,1 —1,1 <0,1 1,1 2,1
A
0
A

—2, —1 —1,—1 -0, —1 -1, —1 -2, —1

R, } m, n— lUeqabe Yucaa. (8.6)

v
—2,0 —1,0 0,0 1,0 2,

Ho Te ke osieMeHTHl Mbl MOXeM MEpPEHYMEpOBATH C MOMOLUBIO HEMBIX
MOJIOKUTEIBHEIX YHCed CACAYIOHM 00pasoM:
00 1,0 1,1 0,1 —1,1 —1,0 —1,—1 0,—1 1,—1 2,—1

R A S 2 2 S S S ZE
i1 2 3 4 5 6 7 8 9 10

H T. 4.

M 3aKOH KOMIO3MUMM 3alaTb 3aHOBO YXe ¢ MQMOILbIQ TOJABKO OIHOTrQ
HOBOrQ nmapameTpa,
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IpyruM npuMepoM cayxHT rpynna npeo6pasoBanunit
R,: x'=rx, 8.7

rie r-— HEKOTOpOE MOJIOXHTe/AbHOE palMOHaAbHOe uucao. MoxHO ycTa-
HOBWTb B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKAY PAaLMOHANbHBIMH uMC-
JaMM M UE/BIMH MOJOXHTE/IbHBIMK YMCAAMM. 3anuwieM, HampuMep, pauuo-
Ha/lbHOE 4YUCJIO 7 B BMAe r=—m/n, TAe M W 1 — B3aUMHO NpPOCThie
lie/ible MOJIOXHTE/NbHblE YWC/Aa, 3aTeM Mbl MEepeyuc/aHM BCe 7, A/ KOTO-
peix m—+n=2, r.e. m=1,n=1, r=1. Ycaiosne m 4+ n=3 nacr

1 2
uMcaa 5, T (cHayana Mbl BEIGHMpaeM re HHC/4, Y KOTOPBIX /M MeHblue),

1 3
3ateM ycaoBMe m-+n=—4 nacr uucaa TT (Ml omyckaem M3 pac-

CMOTpeHHs MO6YI0 Napy uucea m, n, UMelollMx oOwwuit AeauTens, mno-
CKO/IbKY COOTBETCTBYIOIEe MM 7 AOMKHO Obl10 Obl BCTPETHTLCA paHblie,
Korga m ¥ n OblIM B3aMMHO NMPOCTHIMM) M T. A. AHaNOrMYHBIM 0Opasom
Mbl BCErHa MOXEM IepeHyMepOBaTh NPOHM3BOMbHYI AMCKPETHYI0 Gecko-
HEYHYI0 TPYMNMY C MOMOLUBIO LEJBIX MOJOXHTEAbHBIX uYHMCel.

IpyruMu npuMepamu AUCKPeTHBIX OeCKOHEUHBIX TPYNN C/IYKAT TPYIIbL
npeobpa3oBaHuit

x'=x-+n

Y = y-2n } n — 1e/0e YUCJIO0,

x' =rx

, } r — PauMOHAa/AbHOE HUC/O, OTJAMYHOE OT HyJs.
y=ry

Mb! 10/KHB! YKa3aThb elle OAHY OCOGEHHOCTb TAKHX CYETHBIX TPYMN.
PaccmotpuM rpynny npeo6pasoBaHuit

x'=x-4n, n — 1e0€e UYHCIIO,

Ecan npucoeiuuuTs K 9TOH rpynne npeoGpasoBanne x' = — x u obpa-
30BaThb BCe NPOM3BEAEHHS 3/eMEHTOB PACIUWPEHHON TPYMIMbI, Mb! NOJYUYHM
rpynny npeo6pa3oBaHuit

x'==t x+4n.

S/eMeHTB 9TO# HOBON TPYNMBl MOXHO NMO-NMpPeXHEMYy HYMePOBaTh Le/bIMH
MOTOXKHUTE/IbHBIMK UHC/IaMH, €C/AH B Mpoliecce HyMepalMH CTaBHUTH MOC/e
Kamaoro npeo6pasosains x'= x -+ n npeolpasoBaHue x' = — x4 n.
MOXHO cKa3aTb, 4TO IHCKPETHOE MHOXECTBO COJEPHHT CTOJBKO ABPOK,
YTO BCeria ecTb MeCTO, KyJda MOXHO A06aBHTb OIMH, [Ba MM Jaxe
CUeTHOE MHOMXECTBO 9/JEMEHTOB, M T€M HE MeHee MHOMXECTBO OCTaHercd
CUeTHBIM, Mb! yBMIMM, UTO B 3TOM OTHOLUEHMH HeMpepbIBHblE [PYMIH
CH/IbHO OT/HMYalTCa OT OecxOHeuHblX AHCKPETHBIX [Py,
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§ 3. HenpepriBHbie rpynnbl. ['pynnsi Jlu

[oBopaT, u4TO rpymid Henpepvgia, €CIM Ha SMEMEHTH [PYNNOBOro
MHOroo6pasus HaaoXeHO Kakoe-ab6o o6o06iueHHOe onpepenenue 6.~
30CTH, WM HempephBHOCTH. Mbl Tpedyem, utolbl ,Ma’noe H3MeHeHue
OIHOTO H3 COMHOXHUTEIeH B MPpOU3BCACHHH MNPHBOIAHWJIO K MAajJ0OMy H3ME-
HeHHIO mnpousBeleHHs. B cBoem Hanbosee oOblieM BHIe, B OGCY:KIeHHE
KOTOpOro Mbl He GyleM BiaBaThesl, 3T0 TpeBGoBaHMe MPHBOAMT K ompe-
IeJeHHI0O MOonoao2u4ecKoll epynnet, T.e. TPYNMb, TPYNHOOBOe MHOTr000-
pasue koTopoH o6pasyeT monoaodureckoe npocmpancmeo. Mu orpa-
HUunMcst Gonee TPOCTHIM C/ly4yaeM, KOrAa 3/AeMeHTbl FPYNMOBOr0 MHOrO-
06pa3Hs MOXHO 331aBaTh JHOO C MOMOLUBID KOHEYHOrO YMC/IA HempepHBHO
M3MEeHSIOIMXCSA NapaMeTpoB, JAHOO C MOMOLUBI0 HEKOTOpPOro HaGopa dyHk-
uuft. Hanprmep, coBokynHOCTb npeoGpa3oBaHuit

"=ax+b (8.8)

ob6pasyer rpynmy. JiBa mapaMeTpa @ WU b H3MEHAIOTCH HeMpepHIBHO OT
— 00 10 -} co. MH roBOpHMM, uro Takas rpynna sBJASeTCS IByNapaMert-
pHuecKolt HenpepbiBHOW rpynno#i. B oblieM cayvae sneMeHTs! r-napa-
Mempuneckoli Henpepol8Holi 2pynnsl 3ajalOTCA C MOMOLUBIO ' Hempe-
PLIBHO M3MEHSIOILNXCA BeMjecmBeH s x NAPaMeTpoB a,, ..., @, TaK 4TO
3/IEMEHTH! TaKOM CPYNNbl MOXHO NPeACTaBUTh B BUAE R(ay, .. ., a,)=R(a).
[pynnsl, 3/1eMeHTH KOTOPHIX MOMXHO 3alaBaTh C MOMOIUBI0 KOHEYHO20
YMC/A HEeNpepHBHO H3MEHSIOLIMXCS NMapaMeTPOB, HA3BIBAIOTCH KOHEHHb MU
Henpepuisrotmu zpynnasu. Ilpelens, B KOTOPHX HM3MEHSIOTCA mapa-
MeTphbl, 3apaHee He yKasbiBaloTcs. [lapaMeTphl MOrYT M3MEHATbCH OT — OO
40 -} 00 MM ke ObITh OrpaHUYEHHBIMHU HEKOTOpON KOHeuHOH 06.acTbio.
Ecan obnacth M3MeHeHMS mapaMeTPOB KOHe4Ha, TO TPYNMNOBOE MHOrO-
06pasHe HasblBAOT KOMRAKMHbGLM.

Ias r-nmapaMeTpHuecKo# CpyNMbl HeMpepbLlBHOCTH BblpamaeTcs yepes
paccTosiHMA B MpOCTpaHcTBe napaMerpon. JiBa saeMeHTa rpynne R (@)
R (a’) pacnonoxeHns ,6AM3K0“ ApYr OT IpYra, €CaM pacCTOSHHME

[é’l (@, — “;)2] "

Mano. Ecan sneMeHTH rpynmul 3afaHsl € noMowpio Habopa ¢yHKUMP M3
HEKOTOPOro (YHKIIMOHAABHOTO MPOCTPAHCTBA, TO ,6/HM30CTB® FPYNMOBBIX
3/IEMEHTOB BBIPAXAETCSd C NMOMOIUBIO PACCTOSHUS B 9TOM (byHKUHOHATBHOM
npoctparctBe (cM. § 1 u 12 ra. 3).

Ycaosusa toro, uto sneMmeHThl R (@) 06pasyloT HeNpephIBHYWO Cpynmy,
TaKHe e, KaAK M B Cayyde KOHEUHbIX rpynn. Bo-mepBuiX, noMMkHa cy-
IECTBOBATh TakKas COBOKYNMHOCTb 3HaueHWH napametpos af, urto

R@R(@=R(@)R(@)=R(a) (8.9)
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aas BceX a. JaeMeHT R (a% sBaseTCs eAMHUYHBIM SJEMEHTOM [PYMMHL.
B ofuem cayyae Mpl OydeM B CBOMX pacCyxJeHHSX aas yaobcrtsa HO-
aaratb a®=0. J[anee, 141 M0O6GOro 3HAYEHUS 4 Mbl MOMEM HAHTH He-

KOTOpOe 3HaueliMe @, TaKoe, uTo
R (@R (@) =R (a) R (a) = R (0). (8.10)
B Takom cayuwae 3seMeHT R(E) ecTb 3/eMeHT, o6paTHH# 3ideMeHTy R (a):
R(a) =[R(a)1". (8.11)

[TpoHaBeseHHe JBYX 9JEMEHTOB PacCMATPHBAEGMOTO MHOMKECTBA JO/KHO
TaKxe MPHHALMCKATL STOMY MHOXecTBY. Ec/n 3HaueHHs napaMeTtpos ¢ 1 b
3alaHbl, MB MOXeM HalTH COBOKYNMHOCTb 3Ha4YeHWH NapaMeTpoB ¢, TaKyl,
uTo

R(c)=R(®) R (a). (8.12)

[TapamMeTpbl ¢ ABJAIOTCA BeECMBEHNBMU BYHKUNAMH Bewyecmeen bl
napameTpoB a Hu b:

ck=({)k(dl,..., ar; bl' ey br), k=1,..-, r, (8.13)

nan B obluieM BHAe
c=op(a; b). (8.13a)

Jo cux nop ycnoBusA, HajnaraeMble Ha HEKOTOPOE MHOMXECTBO I/ TOrO,
uto6s OHO OBIJIO Trpynmo#, ObIAM TAKMMH e, KaK M 14/ KOHEYHHX WM
CYeTHBIX [PYMM, HO TeMepb Mbl JAOMOJHHTENbHO motpebyeM, uToObl napa-
METPEl MPOU3BEAEHHS OHAM AHAMMTHYECKUMH (DYHKUMAMH NapaMeTpoB CO-
MHOXHTenel, T.e. ¢pyHkuMa B pasencrse (8.13a) p0/KHZ MMETh MPOH3-
BOJHLIE BCeX INOPSAIKOB MO KawAOMYy H3 CBOMX apryMeHToB. TouHO

TaK ke Mbl norpebyem, uToOn mapametp a B dopmyae (8.10) Gria aHa-
JAWTHYeCKOH (YHKUHEH napameTpa a. B pe3ysabrare Mu nojyuyuM r-napa-
Mmempuneckyro apynny Ju,

Ecan MB TOBOPMM, 4TO y HAac WMeeTcs r-napaMetrpuyeckas rpymna,
Ml MOApPa3yMepaeM MOA STHM, 4YTO BCe 7 MAPAMETPOB CYUECMBEHHbL.
3TO 03HauaeT, YTO Heab3sl HalTH TaKOM HAabOp HenmpepBIBHBIX MapaMeTpOB
dy, «+., @y, YAOBAETBOPSAIOUHMA YyC/I0BHIO m < r, KOTOPHH oOka3ancs Ow
AOCTATOYHBIM 1/ OAHO3HAYHOTO 3ajaHHs 3JeMeHTOB rpynnel. Ecan 6wl
3aJaHHe r-NapaMeTpUYecKON TpyNmel C NOMOLIBI M 9/1eMeHTOB Obll0
BO3MOXHBIM, 3TO 03Ha4an0 O, 4YTO HEKOTOpHH HAaGOp HYHC/EHHBIX 3Ha-
YeHUW NapameTpos @, ..., O, OAHO3HAYHO ONpPEIE/AeT KAKOH-TO 37e-
MeNT rpynmel, TdK 4TO r NapaMmeTrpos &, ..., @,, KOTOpHE 3alalT
TOT K€ 3/MEMEHT rPYNmbl, AOMKIB ObTh CBA3aHB C MapaMeTpaMH & CO-
OTHOLUEHHSMH BH A

G =01(Qy, «+ vy Gy +er, Op=0,(a;, ..., Q,), (8.14)
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rjie Be/HUMHBl ® O3HAYAIOT HEKOTOpHe (GYyHKUMH OT a. I 1a moboro 3a-
IdaHHoro Habopa 3HaueHu#t « /10060e pelleHHe ypaBHeHHH (8.14) nosso-
JSeT MOJAYYHUTh COBOKYMHOCTb Be/JHYMH @, KOTOpHE 3aaloT TOT e 3Je-
MeHT rpynnsl, TakuM 06pasoM, eclM NapaMeTphl HECYLIeCTBEHHB, MH
MMeeM OGCKOHEYHO MHOrO HeMpephiBHO HM3MeHSIOLUXCA 3HaueHW# napa-
MeTpOB 4y, . .., @,, KOTOPble COOTBETCTBYIOT OJHOMY M TOMY e 3/EMEHTY
FpymmL. B kauecTBe TPHBHA/IBLHOrO MpUMEpa paccMOTpHM npeolpasoBaHms
—x-}a-b. JBa napametpa a W b He ABASIOTCA CYIECTBEHHBIMM,
TaK KAk Mb! MOXeM HaHTH OAMH mapaMeTp ¢, KOTOPbIH, M3MEHAACH le-
npepblBHEIM 006pasoM, 3ajaeT Bce npeobGpasoBanus sTo#t rpynnsl. Tak,
NpH 3a1aHHOM 3HayeHMH ¢ moOble 3HaueHMs a M b, yAOBJAETBOPAOLIME
paBeHCTBY @~} b =, NPHBOAAT K OJHOMY H TOMY e NMpeoSpasoBaHHIO.
CrenoBare/bHO, B AeHCTBUTENBHOCTH 3Ta Ipynma oOAHOMapaMeTpHuYecKas.
Hac O6yayT HHTepecOBaTb B OCHOBHOM Tpynnu NpeoOpa3oBaHu#, H
Mbl BCe HallM pe3y/bTaTH 3aMHILEeM elle pa3 CneytanbHO A/ STOrO Cay-
yas. 31ecy r-napamempuveckas zpynna Jlu npeo6paszo8asuil -- 310
rpynna npeoGpasoBaHui

x;=ft(xl,..., X ‘11"-"‘1,) (=t ..., n, (8.15
WIH B BEKTOPHBIX OGO3HAYEHMUAX
x'= f(x; a), (8.15a)

rae GYHKUMM f; SBASIOTCA AHAJIMTHUECKUMH GYHKUMAMM NMapaMetpos a.
Ilpeanonaraetcs, 4TO 7 BeLleCTBEHHbIX MaPaAMETPOB @; CYLECTBEHHH.
Ecan sTH napaMeTpbl He ABJAIOTCA CYLIECTBEHHBIMM, TO, kak Obl10 MO-
Ka3aHO paHee, B OKpeCTHOCTH moboro Habopa 3HaueHult a4y, ..., @, 3THX
NapaMeTpOB MOXHO Ha#tTH Apyrde HabOpH MapaMeTpoOB, 3aAAOLIHUX TO Ke
camoe mpeo6pasoBaHue. VlHaue roBops, ec/iM MapaMeTpbl HeCYLUECTBEHHb!,

TO HaljyTcs TaKHe 3HAUCHHA NAPaMETPOB @y ~-€;, ..., @, —€,, Tde €,
03HA4al0T MPOM3BONLHO Majble Be/JHYMHBI, 3aBUCALIME OT &y, ..., &,, UTO
filxes @)=f,(x, a+¢) (8.16)

MpH BCeX 3HaueHMAX x. Pasnaras no MaiabiM QYHKUHAM €,, NOJyuaeM

0= Z e (a) M—-{— Haens! 60s1ee BEICOKOrO MOPAAKA MO €y
k=l (817)
(i=1,..., n).

EcaM ¢yHKUMM €, YCTPeMHTb K HY/IO, MX OTHOLIEHHS B Mpelene Gyayt
CTPEMHTbCA K HEKOTOPOMY HA00pY (YHKUMH OT @, MOITOMY Mbl MOXKeM
3anMcaTh [MOCKOJAbKY u/ieHb 60/ee BHCOKOro nopsika B (8.17) ob6pa-
TATCA B HYJab], 4TO

}dxk( a)—-—"— df‘(x 2) =0 mnpuscex xua (=1,...,n), (8.18)
k=1
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rie (@) — coBOKYnHOCTh r QyHkun# o a. Ilapamerpw @, ..., a,
CYLIeCTBEHHBl TOrAa M TOJABKO TOrAa, KOrjaa Heab3ss HaWTH r ¢yHKUMA
¥ (@), KOTOpHIE yA0BAETBOPAAH Obl paBeHCTBY (8.18) mpH Bcex 3Haue-
HUAX I, X U a.

[peobpasopana AO/IKHBL YAOBAETBOPATH BCEM AKCHOMaM [pYMMpl.
Tak, ecan 3a1aHO HekoTOpOe mnpeobpasoBaHMe, OTBeualOllee COBOKYm:
HOCTH napaMeTpoB a [dopmyna (8.15a)], Mbl MOweM HaliTH COBOKym-

HOCTb napameTpOB a TaKle, 4yTo
x'=f(x"; @)= f(f(x; a); &) =x. (8.19)

310 o03Hauaet, uTo ypaBHeHHs (8.15) MOKHO paspelliUTb OTHOCHTE/bHO
MepPeMeHHBIX X, BHIPa3HB MOC/IelHHe uepe3 X;. YCI0BHe pa3peliMMOCTH

COCTOMT B TOM, 4TO AKOOHAaH HO/KeH ObTb OT/IMYEH OT HyJs:

Of of
ox, "' ox,
R Y (8.20)
Ofn . Ofn
0x; T 0x,

Ecau nocaenoBaTebHO BHIMOJHATCA 1Ba npeobpasoBaHHA M3 MHO-
#KeCTBa
[P .
xl—-fl(xl, T " ar),

4

” ’ 8.21
xl=—_fl(xl,...,xn; bl,...,b,), ( )

TO Mbl TpeOyeM, uTOOB pe3y/bTHpywllee NpeobpasoBaHHe Takke ObLIO
3/1leMEHTOM MHOXecTBa. MHaue roBops, 10/keH CYLUeCTBOBATb TAKOH Ha-
60p 3HAueHWN MapaMeTpoB ¢, ..., C,, UTO

X =f (xl, caey X Cpy ey c,). (8.22)
[MapaMeTpsl ¢ AO/KHBl ObITb (PYHKUHAMH napaMeTpoB a H b:
ch=qp(ay, .... a; b, ..., b). (8.23)

Mpul npeanonaraeM, 4TO (YHKUHMH @p aHAJAHTHueCKMe H (YHKUMH @ B pa-
BenctBe (8.19) aHanuTHueckne ¢yHxuvn ot a. Kpome Toro, nomxex
CyllecTBOBaTh HaGop 3HaueHMH napameTpoB g% COOTBETCTBYIOLMH TOXK-
AeCTBEHHOMY npeopasoBaHHIo

x'= f(x; a% = x. (8.24)

B obuux paccymigHMaX Mbl OyieM noaaratb a’ PaBHBIM HYJIQ,
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AKCHOMBL TpyNnBl HAAaraloT CHIbHBIE OFPAHMYEHHs Ha QYHKUMH f,,
3anucas noapoOHO BCe YTBepKACHHMA, COJAepiallMecs B COOTHOIUEHHAX
(8.21) — (8.23), nmoayuum

T=f5 O=f,(f1(x: a) «o.y fr(x5 a) b)=

= fi(x; O=fi(x; 9(a; b)); (8.25)
C/1e10BATe/IbHO, B COKpALIEHHHX 0603HaUYeHHIX 3aMHCh
F(f(x: a), b)=f(x; ¢(a; b)) (8.26)

03HaudeT TOXKIAECTBO OTHOCHTE/NbHO X, @ H b.

CooTHoluenHe (8.15) MOMHO paccMaTpWBaTh ¢ APYroff TOUKM 3peHHs,
UTO MO3BOJUT MOHATH Pa3/HuMe MexJdy KOHEUHBIMH M GeCKOHEeUHBIMH He-
NpepeIBHEIMM rpynnamMu. Base cooTHoweuns (8.15), Mbl MOxeM mpoaud-
¢epeHUNpPOBaTh (PYHKUMH X' MO X W MOJAYUHTH CHCTEMY YpaBHeHWH, M3
KOTOPON MOMHO MCK/IOYHTb KOHeuHblf Habop napametpos a. [locae
3TOF0 MBI MOJYUYMM KOHEYHYI0 CHCTeMy AHdbdepeHUHaNbHBIX YpaBHeHUH
C HYACTHHIMM MNPOM3BOAHBIMM OTHOCHTeIbHO X', KOTopas He OyldeT ywe
COLepkaThb HMKAKUX MPOM3BOJBHBIX 37eMeHTOB. KpoMe Toro, ofuee pe-
IieHHe 9TOH cHCTeMbl IMddepeHUHANbHBIX ypaBHEHHUH ¢ YaCcTHBIMH MpO-
M3BOJAHBIMH OyleT 3aBHCeTb B TOHUHOCTH OT r MPOM3BOJBHBIX MOCTOSHHBIX,
T. €. MBl CHOBa BosBpallaeMcs k (8.15). PaccMOTpHMM, HampHMep, Hemnpe-
pBIBHYIO Tpynny

n
x;=/21al/x/+at (=1, ..., n.

Tak kak 9TH npeoOpasoBaHHA JHMHeHHBl, BCe BTOpblE NMPOW3BOLHBIE
¢yskumit x; ofpalwlawTcs B HYJAb, TaKk yTO Halla cHcTeMa AuddepeH-

UHAAbHBIX ypaBHeHMﬂ ¢ YacTHBIMH NMPOHU3BOIHBIMH HMeeT BHI

2.7
A ¢ j, k=1, ..., n
0xj0xp

M He COIePMMT NPOHW3BOJBHBIX 3/eMeHTOB. EcC/aM pellieHHs KOHe4HOH CH-
cTeMbl IUddepeHUHANbHBIX YpaBHEHWH ¢ YacTHBIMH MpPOH3BOAHLIMH, He
COICPKALUMX TMPOU3BOJILHBIX 3/eMEUTOB, 3aBHCAT OT KOHEYHOrQ 4Huc/aa
napaMeTpoB H 06pasyloT rpymny, Mbl CKayeM, 4TO 3Ta rpymnna ecTb KO-
HeyHasi HempepbiBHas rpymnna. Cayua#, Koraa ykasaHHble yC/OBHS He Bbl-
MOJHAITCS M MBI MOJAYyuaeM COCKOHERHAYI0 Henpepusryn 2pynny, co-
CTOMT B caedyiwouleM, Hain auddepenumnaibHble YPaBHEHHH HMEIOT BHA

o, .

'a—&=0 (lﬁékz—'l,..., n).
WX pelueHHs 3aMHCHIBAIOTCA B BHIe

W;=F;(x1) t=1, ..., n),
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QOueBnaHO, 4YTO 3TH pellieHHs 06pasyloT rpynnmy, HO ¢yHkuuMM F; npo-
M3BOJbHBI, B CHJAY Yero Mbl He MOXeM 3a71aBaTb NpPeOBPasOBAlHA C IO~
MOLIBI0 KOHEYHOrO HYHC/Ia napaMeTpOB.

§ 4. Ilpumepn rpynm Jlu

l'Ipe)Kne YyeM NpPOAOMKHTL Halle paCcCMOTpPEHHE, OCTAHOBUMCH Ha He-
CKO/IbKHX NPpHMEpAX HenpepbiBHBIX rpymnm.

[Tpumepn
l. x’=uax, a+0:
EAMHUUHBIY 3/eMeHT: g=1.
AneMeHT, 0OpaTHHI 3/eMeHTY a: E:—}l—.
[Mponseenenne aneMeHTOB: ¢ = ba.
310 oxHOomapameTpHueckan abeneBa rpynna, ¢ — aHaJMTHYeCKas GyHKLMA

oTr a u b.
2. x'=a;x+ay a, % 0:

EAMHHYHBIA 3/7€MeHT: a=1, a,=0.
- 1 - —a
DneMeHT, OOPATHBIN 3/eMeHTy 4! 4 =—, 8= 2
1 1
[TpouaBeaeHHe 3/1eMEeHTOB: ag=0ba,, cy=0,+4 ba,.

310 ABynapaMeTpHueckas HeabeseBa rpynna.
3. Juneiinas epynna 8 cayiae 08yx usmepenuli GL(2):

x'=a,x+ ayy,
Y =a3x +a,y.

a a
12#:0‘

a; a,

Bce ueThipe napaMeTpa cyluecTBeHHbl. [[LOKaxMTe 5TO, MO/B3YACh KPH-
TepHem (8.18).] Ecan x u y paccMaTpMBaTh KaK KOMIOHEHTHl BEKTOpa r,
TO Npeo6pa3oBaHHUS MOXHO 3aMUCaTh B MAaTPHYHbIX 0003HAUYEHHMAX:

=0 al
r'=Ar, = .
y 3 Q4] LY

JluHeHinas rpynna B ABYX HM3MepeHHsX H3oMopcdHa rpymme Matpui 2 X 2
C MaTpHYHBIM YMHOMEHHeM B KaueCTBe 3aKOHa KOMMO3MUMH,

10
EIMHWUHBIH 3/eMeHT: A = [0 1] =1.

-1
O6paTtHbift smeMeHT: A=A .
Ipouseenenne snementon: C == B4,
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JluHelfiHas rpynna B cayuae ABYX M3MepPEHHMH SBIAETCHA uyeThlpeXMmapaMeT-
pHueckolt HeabeseBOH rpynmof.
4, Jlunelinan 2pynna 8 caysae n usmepenuli GL(n):

x/=Zatjxj (t=1, ce e, n), laij]:léoﬁ
J
WIX B MATpHYHBIX 0603HaYeHHAX
r'==A4r, detA 0,

31ech OKAa3bIBAIOTCA NPHMEHHMHIMM pe3y/bTaTH MNpuMepa 3. JIMHelHas
rpynna B cayuae n uaMepenuit Heabenesa (2 > 1). YUncao cyumecteenHbix
napaMetpoB pasHo n2, TlapaMeTpbl MOPYT MeHSTbCS HEOrPaHHYEHHO,
BC/AeACTBHe yero rpynna GL(n) He aB/seTCs KOMNAaKTHOH.

5. Cneguarvnan aunelnas zpynna (YHUMOOYAAPHRAA 2pYNNa)
8 cayiae 08yx usmepenuli SL(2):
3Ty rpynny MOXHO MOJAYHHTb M3 NpHMepa 3, ecau mortpe6oBarh, uTOOHI
onpele/nTeNb npeoOpasoBaHHs Obl paBeH eAWHMUE: 4,4, — Q,a3=1.
AT0 orpaHHueHHe NMPHBOAHT K OAHOMY (YHKUHOHAIbHOMY COOTHOLUCHHIO
MeXIy YeThpbMA mapameTpaMu. TakuM 0o0pa3oM, MBI NOJYy4aeM Tpexmapa-
MeTpHueckylo rpynny. [pynmoBbie CBOHCTBA COXPaMAOTCA, MOCKOJBKY
npeo6pa3oBaHle ¢ oOmnpele/HTe/eM, PaBHBIM elHHHLUE, WMeeT oOpaTHoe
npeo6pa3oBaHHe C OMNpele/HTe/eM, TAKXKEe DABHBIM eIHHMLE, a MPOU3Be-
IeHHe ABYX YHMMOZLYJAAPHbIX MNpeoOpa3oBaHMit eCTb CHOBAa YHMMOLY.JAp-
Hoe mpeoBpasoBaHHe,

6. Yuumooyaapnan epynna 8 caysae n uzmepesusi SL(n):
ByzeM paccmatpHBath JMIIb Te M3 npeoOpa3oBaHHi nmpumepa 4, y koTo-
pbIX oOnpele/HTe/b paBeH eAMHHUE, YHCAO CYLIECTBEHHBIX NMapaMeTpOB
pasHo n2— 1.

7. Ipynna 00HOMEPHUX npoeKMuUsHuX npeobpaszosanui:

’— ax+a,
azxt-a, "

3adaua. Paccmotpute rpynny npumepa 7 u HadaMTe mapamerpsl obpat-
HOTO 3JEMEHTa H NpOH3BeleHHA 37eMeHTOB. CKOAbKO CYIleCTBEHHBIX Mapa-
METPOB HMeeT 3Ta rpymnma?

Mpumepb (npodorscenue)

8. Hsymepras opmozonaasuan zpynna O(2):
PaccMoTpuM TOMBKO Te mpeobpasoBaHHMa mnpHMepa 3, KOTOpHE OCTa-
BASIOT HHBapHaHTHOM topmy x?—+ y*
24y = (@rx 0P+ (@x +- ay9P = x2 32,
— 2 __ —
gita=1, agta=1 ao+aae=0
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Ha wuerblpe mnapaMerpa Ha/MOmeHO TPH (YHKLHOHA/ABHBIX COOTHOLUEHMS,
BC/EACTBHE UEro Mbl MMeeM OJIHOMapaMeTPHUYecKyio rpynmy. 3TO rpynna
BpaileHHit BOKpyr ocH 2. IlpeoBpasoBaHMss Trpynmel MOXHO 3anMcaTh
B BUIe

x'=xcosp— ysing

Yy =xsing 4+ ycos ¢ 0Se s

rie ¢ — yroil NOBOpoTa BOKPYr ocH 2. ['pymna abeseBa; yroa, coot-
perCrBYIOLIMIA MPOHM3BeAeIMIO ABYX NpeoOpa3oBalui, paBeH cyMMe Yr/oOB,
OTBEYAIOLIMX KaXIOMY M3 COMHOXMHTe/leH B OTAENBHOCTH.

9. Tpexmepras opmozonaasvsan zpynna O (3):
PaccMOTp UM TO/MBKO TakHe NpeoBpasoBaHusa TpexMepHON nMHefiHON rpynmel,
KOTOpHIE OCTABJSIOT HHBAapHaHTHOH ¢opmy x2— y2 -4 22, Dto ycaosHe
MHBAPHAHTHOCTH HAK/AAABIBAET HA 1eBATb MNApaMeTpOB IUECTb YC/AOBHH.
Takum oOpasoM, Mbl MOJyyaeM TpexmapaMeTpHuecKylo rpymmy.

10. n-mepras opmozonaavuan zpynna O (n):
U3 Bcex npeoGpasoBaHuit moaxo# aMHe#iHoft rpynnsl OydeM paccMaTpH-

n

BAThb JIMIIb T€, KOTOpPble OCTABJHAIOT HWHBAPHAHTHON hopmy fo Tem
i=

CaMblM Mbl HaKaaAeBaeM n— (n/2)(n — 1) ycaoBuH Ha n? napaMeTpos,
B pe3yabTate yero noayuyaem n(n — 1)/2 cyllecTBeHHHX MapaMeTpoB.

Jlo CHX mOp Mbl pacCMaTpHBAa/H JHLIb BelleCTBEHHbE NPeoOpa3oBaHHs
BeleCTBEHHBIX NepeMeHHHX. Ecan B npuMepe 4 bl OyneM CuMTarb, yToO
X; — KOMIIEKCHbiE MEpPEeMEHHBIE, a @;; — KOMIIEKCHBE KOI(BOHUMEHTHI,
TO YHC/O CYLIECTBEHHBIX (BELeCTBEHHBIX) NMapaMeTpPOB CTAHET PAaBHLIM 2n?
(MOCKO/IBKY BeLleCTBEHHAas M MHMMAA 4acTH KOS(QHUHEHTOB g;; ABIAITCA
He3aBHCHMBIMHM TapaMeTpamH).

11. Jdeynepras yauumapuas epynna U (2):

X, a — KoMmnJjekcHeie yuchia, detAd < 0,

Iorpe6yeM, uto6u BhipaxenHe | x| |x,[? Obl10 HHBapHaHTHO OT-
HOCHMTe/bHO npeoOpasoBanuit rpymnu. Torza

B |2+ | xp |2 == |+ ax, F+ | a21x1+a22x2|2z | x| iz‘H %y A
| @ ,2‘+‘|‘121,2= 1, |‘112,2+ I ‘122]2: 1, apa},-+aya,=0.

Hrak, Mbl WMeeM ueTHpe «YHKUMOHAMBbHEX COOTHOIIEHHA (MOC/elHee
COOTHOIUeHHe B AeHCTBUTEAbHOCTH ﬂpeﬂCTaBJIHeT COﬁOH AB4a COOTHOIlE-
HUS) Mexdy BOCEMblO MapaMeTpaMH, MO3TOMY FPYMNa 3aBHCHT OT YeThlpex
CYILeCTBEHHBIX BELIECTBEHHBIX MapaMeTPOB. IJTOT pe3y./bTaT NMpeACTaBiafeT
cO50M mpocTo noApOGHO 3aMHCAHHOE YC/AOBHE YHHMTAPHOCTH MaTPHILH
AAt =1,
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12. n-mepras ynumapsas epynna U (n):

r=Ar, AA'=1.
YcnoBHe YHHUTApHOCTH HanaraeT n—+ 2n(n— 1)/2 ycaoBuft Ha 2n?
BELUECTBEHHBIX NapaMeTPOB, B pe3y/bTaTe yero OCTaeTcss 72 BelleCTBEeH-
HbIX CYIIECTBEHHbIX MapaMeTpoB. Tak Kak yC/AOBHS YHHTapHOCTH TpebyioT,

uTOGH |a;;|*=1, mpl BHANM, uTO |a;;|*<1 npn Bcex 3Hauewusx I
]

u j. Takum obpasom, napamerpsl rpynnsl U (%) M3MEHSIOTCA B Of paHH-
YeHHBIX Mpelenax W YHMTapHas rpynna komnaktHa. CienoBaTenbHO, BCe

P'(z")

O(Iﬂ) Yo, Zg)

Gur. 70.

MOArpYNNbLl YHHTAPHOHM rpynnel (Takue, Kak BellleCTBEHHAast OPTOrOHaAbHAsA
rpynna O(n) M yHHTapHAs YHMMOLYJAApHas rPYNNa) TaKme KOMMAKTHBL,
13. I'pynna esriudo8ux 08uNCEHUE 8 mpPeX MePHOM NPOCMPAHCMEE:

Za” j+a, (=12 3)

3
3zecb mbl TpebyeM, utobH hopmMa Z(x(ll)——x(f))2 oCTaBalacb  HHBa-
i=1

pHaHTHOH. [pynna 3aBMCHT OT LIECTH CYLIeCTBeHHBIX mNapameTpoB. OHa
npeacrasageT Cco6o#  koMOMHauMi rpynnm  BpalleHMH W TpaHCasuMi
B TPeXMEPHOM MpPOCTPAaHCTBE.

14, Ecan rpynny, npHBeaexHylo B npumepe 13, 00beAMHMTH C mpe-
obpasoBaHusMM BHAa X;=@ax, W 00pasoBaTb BCe NDOM3BEICHHH, MbI

MOMYUHM CeMHNapameTpPHUeCKylo rpynny npeoOpa3oBaHni noaosus.

15. Ecan o6beauuutb rpymny npuMepa 13 co Bcemu npeoGpasopa-
HUAMM OOpATHRIMM paanycaMu (cM. ¢Mr. 70), Mbl MOAyYMM AeCATHnapa-
METPHUYECKYI0 Ipynny KOHhOPMHbIX npeobpasosanuii: P (x) — P’ (x’), rae
OP . OP'=1r% uentpoM coepsl X, ¥, 2, MOXeT OblTb mobas Touka
NPOCTPAHCTBA, @ paAMyC r cdepbl NPHHMMAeT BCE 3HaueHMs, OoubluHe
HY /15,
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§ 5. Hsomopdusm. Toarpynner,
CMmelanuble HenpepbiBHLIE TPYNNH

[Monb3ysick STHMH NpHMEPaMH, Mbl MOMEM PACCMOTPETb HEKOTOpHIE
M3 TOHATHH, O6CYKIaplIMXCA paHee AaA KOHeuHmx rpynn. TlpeoGpasosa-
HUS r-MAPAMETPHUECKON HENpepulBHON rpynmbl SBJAAIOTCH GYHKUMAMH 7
nepeMeHHbIX X; M r napaMeTpoB a,. CTpykTypa TakoH rpynmel He 3a-
BHCHT OT YHC/Ja NMEPEeMeHHBIX X;, a4 3dBHCHT TOJBKO OT YHC/a MNapaMer-
poB a, M dyukumnit ¢ B dopmyae (8.23). Iise rpynnsl Moryt ObiTe M30-
MOpGHBIMM, HECMOTPS HAa TO UTO YHC/IO MepeMeHHbIX Y HHX PasiHyHo,
eC/H TOMbKO YHC/IO MapaMeTPOB M 3aKOH KOMMO3HMLUMH MapaMeTpoB B 06enx
rpynnax OAMHaKOBbl. TPHBHAJIbHBLIM NMPHUMEPOM C/YHKHT H3OMOPGH3M ABYX
C/Ie IyIOLIHX FpYN:

x'=ax,
x'=ax wu { ,
y =ay.
Ecan e Mbpl BO3bMEM ABYMEPHYIO YHMMOAYJASDHYIO CpPymmy (TpH na-
paMeTpa)
x'=ax -+ by,
"= cx+dy,
TO MOXHO ONpeleqHTL HOBYIO NepeMeHHyl &= x/y, As KOTOpo#
§ = a5
c¢t+d°

Mbl MoayynM mpu STOM rpynny OLHOMeDHBIX NPOEKTHBHBIX Mpeobpaso-
BaHHUH.

PaccMoTpuM Tenmepb TMOHATHS COMPSIKEHHBIX 9/EMEHTOB, KJACCOB,
MOArpYNNn W MHBapHaWTHHIX moArpynn. [pynna npumepa 2:

R,: '=a,x+ a,

— 9TO ABynapaMeTpuueckast Heabesnesa rpynna. Kakue sieMeHTul rpymmml
comnpsimeHsl C AaHHBIM 3jeMeHTOM R,? YT06bl OTBeTHTH Ha 3TOT BOMPOC,

Mbl GHKCHpYeM 31eMeHT R, M o0pasyeM NpoHu3BeneHHe RyR.R;’, rie Ry
npoberaeTr BCO rpymny:

Ry x'=bux—+b, R;'t *'= %(x—ba,
1 ” /
M= —b), X =ax'fa=gl@ b+,
x" = by 4 by= b [ 5 (& — b) + @]+ by =
=alx—{—b2—{— 02b1 —albg.
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-1
Wrak, snementom RyR,Rp aBasercs npeoOpasoBanMe
x' = ax + byt ahy — a,b,.

Ecan cdukcupoBarb a; M @, U H3MeHATb b; W by, TO KOSPDHULUHEHT NpH X
OCTAaHeTCA paBHBIM @;, a CBOOOAUBIH u/MeH OyAeT NPUHUMaTb BCE BO3-
MOXHBble 3HaueHHs. TakuM o6pasoM, npeoOpasoBanHs x' = a,x + a,
¢ (MKCHPOBAHHBIM KO3ddHUHeHTOM @) oOpasyT kJaacc, Ilpu kamaoM
3HAYEHHH @, MBI MOJYyudeM K/JacC COMPSKEHHBIX 3/1eMeHTOB. B paccma-
TPUBAeMOH Tpynne KAacChl 06pasyioT MHOXKECTBO MOLIHOCTH KOHTHHYyMa.

[pynna napanneibHblX NMepeHocOB X' = x - a, sABaseTcs OZAHOnApa-
MeTpHueCKo# abeneBOW MOArpYMNoO# pacCMOTPeHHON Bolie rpynmbl. [lo-
CKOJBbKY KO3((HUHEHT NpPH X y BCeX NEPeHOCOB OAMHAKOB, MNOArpymnna
COCTOMT M3 OAHOrO K/AaCCa HCXOLHOM TPYNNBl M B CHJIYy STOFO HHBapH-
autHa. C Ipyroft CTOPOHB, OAHOMapaMeTpHueckas abeneBa moArpymnna
x'==ga;x He WHBapHAHTHA.

YuuMoLyAfpHas Fpynna B Cayyae n W3MepeHHH OKkasblBaeTCs HHBA-
pHAaHTHON moArpynmnof JAMHEHHOH rpynmel, TAK KaK ONpede/HTENb NMPOH3-
peleHus Matpuit ASA™' coBnamaer ¢ ompesenMTeneM MatpHusl S.

JIByMepHaA YHMUMOLY/ApHAd rpynna COAEPXKHMT ABYXMapaMeTpHUeCKYIO
noiarpynmny

4

p 1
x'=ax-+by, y =—).

dra noarpynna HeabesneBa W He MHBAPMAHTHA. YHHMOAy/spHas rpymnna
COLePKHT TAKKE OAHOMapaMeTpHUECKYI0 MOArpynny

1
,__ ,__
X'=ax, y=-—

koTopas sBasgercst abenepot, HO He HHBAPHAHTHA, U OJHOMAPAMETPHUECKYIO
rpynny BpalleHHH, KoTopas Takie abeseBa, HO He MHBAPHAHTHA.

3adaua. JokaxuTe TMNpHUBEIEHHbIE Bbllle YTBEPXKIEHHA O MOArpyMmax
YHHMOAY AApHOR rpyNMbl.

Mbl ywe BHZeaH, YTO NMOArPYNNBEl MOMHO MNOJyyath, Tpebys HHBA-
PHAHTHOCTb HEKOTOPOM (YHKUMM, 3aBMCHlledt OT koopiauHat. Hampumep,
noTpe6OBaB MHBAPUAHTHOCTb GYHKUMM X2 Y2, MBl MOAYUMJAM H3 IBY-
MepHOH /MMHEeMHOH rpynmel MOArpymny OPTOrOHANBHBIX mpeoBpasoBaHHit.
ToT ke pe3yabTaT OCTaeTcs B CHile M B n-MepHOM cayuyae. Ecau Mu
o6pasyeM M3 KOOpPAMHAT JBYX TOUeK MJOCKOCTH X, y M §, M BBIpame-
HHe X1 — YE M moTpebyeM, uTOOBl 3TO BHIpAMEHHE OCTABANOCH HHBApH-
AHTHHM MPH JHHEeHHBIX NpeoOpa3oBaHHAX, MBI MOJYUHM

xM — '8 = (ax +by) (cE+dn) — (cx +dy) (aE + bn) =
=(ad —bc)(xn— yE)=(xn—yE), ecam ad —bc=1. (8.27)
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Wtak, BHpameHHe X7 — Y& HMHBAPHAHTHO npH nNpeoOpa30BAHMAX, YIO-
BAETBOPSAIOLIMX YCAOBHIO ad — b¢ =1, T. e, npeoOpa3oBaHUAX YHHMOZLY -
JAPHOH rpynmnbl.

3adaya. PaccMoTpuTe ueThipeXMepHylo auuelinylo rpynny. Ecau nas aio-
6BIX 1BYX TOueK X H & MOTpe6OBaTb MHBAPHAHTHOCTb OuaHHeHHOH (opMut
X80 — X081 + 2384 — x4E5, TO Mbl MOAYUHM HEKOTOPYIO MOArpyNny JauHeHHOM
rpynnel. Ckoabko MNapaMeTpoB XapakTepHayeT 2Ty mnoarpynny? Iloayuure
o6l pe3yabTaT 1A 2n-MepHOro cayuas. [dTofl noarpynmo#t sasaserca
CHMIIIEKTHUeCKad rpynna Sp (2n).]

Yacto BCTpeuawoTCs CPYNNH, B KOTOPbIX, YTOOB OZHO3HAYHO 3aAaTh
BCE 3/EMEHTHl, KpOMe HeNpepbIBHBIX MapaMeTpoB, TpeGyerca elle M AM-
CKpeTHbI napaMeTp. TakHe rpynnbl HAa3BBAOTCH CHMEUWAHHHMU HENpe-
pbiBHBIMH rpynnaMu. Hanpumep, rpynma G

x'=*x4a

(paHee MBI paccMaTpHBaIM ee AJA CaAyvad, Korlaa ko3dPuuMeHT a npH-
HUMa/l LE/JOYMC/IeHHble 3HAYEHMs) HABASETCH CMEIUaHHOW HenpephIBHOH
rpynno#t ¢ OIHMM HelpephIBHBIM MAPaMeTPOM, eC/AM 4 HM3MeHAeTCs He-
NpepeIBHO 0T — 00 10 — oo, [pynnosoe MHOrooGpasue COCTOMT M3 IABYX
HeCBA3HbIX uacTelt, TIpeobpasoBanns x’ = x 4 g o6pasyior noarpynny H,
mo6Goe NpeoOpa3oBaHHe KOTOPOH MOXHO MOJYYMTb HeNpepHIBHBIM HM3Me-
HeHHeM mapaMerpa @ OT 0 (ToxaecTBeHHOe npeoOpasoBaHHe) 1O ero Ko-
HeuHoro 3Hauenus. IMoayunte mpeoGpasopanns x’ = — x - a U3 TOxle-
CTBEHHOrO NpeoOpa3OBaHMA MyTeM HeNpPepHIBHOTO HW3MeHeHHs TNapaMeTpa
Helb3d. OTH npeoOpasopaHWs COCTABJAAIOT Ty 4acTb npeoOpa3oBaHUi
rpynnel G, KOTOpHE He BXOAAT B moarpynny FH M NOAyvawTCd, eciH
B34TH NPOM3BeJeHWe MOArpynmsl M MHBepcuu [: x' = — x. Urak,

G =H- HI,

H ectb uHBapHMaHTHas noarpynmna rpynnsl G, Mopaaok ¢akTOprpynim
paBeH IBYM.

TOYHO TaK e OpPTOTOHA/AbHAs Fpymna COCTOMT M3 ABYX uacred,
a MMeHHO M3 npeo6pasoBanui ¢ onpelennteneM A =1 u npeoOpasosanui
¢ onpezeauteied A= —1, COBOKYNHOCTb TNepBHX MpeoOpa3oBanui
o6pasyet noarpynny O% () opToroHaabHoH rpynnsl (COGCTBEHHBlE Bpa-
WeHHa). ITH npeo6Pa3OBAHUA MOMXHO NMOAY4HTb, LBHUrasgch NO HENpepbiB-
HOM TPAEKTOPHH M3 eIWHHYHOrO 3/AeMeHTa. Jra MOArpynma HHBAapHAHTHA
OTHOCHMTEMBHO MNOJHON rpymnul BpalleHuit. O6palllaeM BHMUMaHHME Ha TO,
YTO B C/Ayyae HeNMpepbIBHBIX PYMN He CylleCTBYeT cnocoba o6beaHHeHHUs
pas/qMUHBHIX WX yacTe# B elMHOe LenOe Tak, YTOOH BCe 3/eMEHTH MOXHO
6b/I0 3alaBaTh, MO/Ab3YACH JMIUb OAHMUM HellPepHIBHBIM MAPAMETPOM.
B kOHTHHyyMe HeT ABIp, B KOTOpBE MBI MOrAH Gbl NOMeCTHUTH AOMOJHH-
TC/AbHbLI¢ FACMEHTHI,
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§ 6. OxgnonmapamerpHyecKHe TpyNmH.
Haduuuresumanpusie npeobpasoBanus

B pascHcTBe (8.23) MBI BbIpasH/iM mapaMeTpel ¢ NMPOH3BeleHHs npeol-
pasoBaHMit uepe3 mapameTpel @ M b coMHOxMTene#. M3 sTtoro cootHo-
ILeHHS MapaMeTphl @ AOJKHE BbIPAXATbCHA yepe3d b M ¢, a nmapaMeTpsl b
ILO/DKHBL BLIpAXaThCA uepe3 a4 M c¢. Ina sroro Tpebyercs, uTtOoGBl HH
OIMH M3 AKOOMaHOB |0Q./0a;| n | 0¢,/0b,| He obpawancsa B Hy1b. TOuHO
TaK XKe COOTHOWeHHe (8.26) BhIpaxcaeT YC/AOBHSA, KOTOpble C/lelyeT Ha-
JOXHWTb Ha YHKUMM f;, 3anailoine npeoOpasOBaHMA, eCaM MOC/elHHe

’

x
8a

' +dz’
G+da x

Qur. 71.

DO/DKHEL 00pasoBHBaTH rpynmy. B ToM BHMIe, KaK OHO 3anMMCaHO, COOT-
HoweHue (8.26) ecTb TOXIECTBO NO X, @ M . HO ero Takxe MOXHO
BHIPA3HTh B BHIE TOWAECTBA MO X MM x’ M MoOHX ABYX M3 Tpex na-
paMmetpoe a, b, c.

Tpeobpasosande x' = f(x; 4) NMepeBOAMT BCe TOUYKH TNPOCTPAHCTBA
M3 HX HAyalbHOrO MOJOXEHUS X B KOHeUHOe nojomenHe x’. Buao 6w
60J/1ee eCTeCTBEHHO PacCMaTpHBATh NMOCTENEHHOE NepeMellleHHe TOYeK Npo-
CTPAaHCTBA MO Mepe TOTFO, KaK Mbl H3MeHSeM HeNpephiBHHIM 0OpasoM na-
pameTpbl OT HX Ha4aJbHBIX 3HaueHM# @ =0. Taxkad TOuka 3peHHA TNpH-
BOIMT K MOHATHIO MH(MHMTE3MMAJbHBIX NMPe06pa3OBaHHH. IDTOT METOH Mb
NpOAeMOHCTPHpYEM CHAuaJa Aas OAHOMApaMeTpHUeCKOH rpynnbi ¢ OAHOM
nepeMeHHoMt x (cM. ¢ur. 71). Tlpeanosoxum, uto npeobpasopanHe ¢ na-
paMeTpOM @ MepeBOIMT TOUYKY X B mnojoxexHe x’. CocelHee 3HaueHHe
napaMetpa a -+ da GyaeT nepeBOAMTL TOUKM X B TOukH x’'—+dx’ (tak
KaKk f -— aHanMTHueckas ¢yHKUMS napametpa @). Ho Mpl Taxie MoweM
HalTH 3HaueHMe napaMetpa Oa, ouenp 6/M3kOe K Hymo (T. e. npeol-
pa30BaHME, OYeHb G/M3KOE K TOXAECTBEHHOMY), KOTOpOe MepeBoauT x'
B x'+4dx’. Urak, Mbl HMeeM Ha BHIGOp 1Ba myTH M3 x B x' 4 dx”:

an60
x'+dx'= f(x; a+da), (8.28)

an6o
'= f(x; a), x'+dx'=f(', ba). (8.29)

Pagnaras B psa nocC/enHee paBeHCTBO, MOJyuaeM

¢ da

¥

dx — (M) ba = u(x")oa. (8.30)
a=p Y
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Ypasnenue (8.23) osHauaer

a+da=qg(a; da), (8.31)
TaK uTO
__ (99 (a; b)
da_(——ab———)b=0-6a, (8.32)
MK
da =1y (a)da. (8.33)
IMoacrasass (8.33) B (8.30), uMmeem
dx'=u(x)}(a)da, (8.34)
dx’
Ty = P (a)da. (8.34a)

CoorHouenne (8.34a) npouurterpupyem or a=0 10 a. Hauanbnoe
snauenHe x’ ectb x. OGo3nauns uepes U (x') uurerpan ot 1/u(x’),
NoayuumM

a
UE)—U@= [ @da. (8.35)
0
Ecau BBecTH HOBble nepeMeHHble y == U/ (x) M NOMOKHTH

fll)(a)da=t,
0

T0 cOoTHOlueHHe (8.35) OyneT MMeTb BHA:
Yy —y=t. (8.36)

Ho, xax Mp yime BHZeAM B Cilyuae KOHEUHHX rpynm, npeoOpa3oBaHHe
KOOpJIYHAT WM BBEIECHHE HOBBHIX NMEPEMEHHHX TNPHBOIMT JHMIUb K TPaHC-
¢opMalMH BCeX 3/EMEHTOB TPYMNMbl OAHMM M TeM Xe NpeoOpasoBaHHeM.
Mbl nokasanM TakuM 0OpasoM, YTO OZHOMApaMeTPHUECKAas HeNpephiBHad
rpynna SKBHUBA/JIEHTHA CPYNMe TPAHCAAUMHA W 10MkHA ObiTh abeneBoi. 3a-
M@THM, YT K CMEILUaHHON rpymMne 9TOT pe3yabTaT He NIPHMEHHM, NOCKOAbKY
NMOC/AeIHUN 1ar B HalleM AOKa3aTe/]bCTBE [e/a/cs B MPeANoa0MEeHHH, UTO
paccMaTpHBAEeMBIt 3/EMEHT TPYNMb! CBA3dH C €JHHHUHBIM 3JIEMEHTOM He-
npepuBHON TpaekropHed. (Mul pasobpaan mnpocrefiuMi cayua#h oaxoH
nepeMeHHONR, HO NerkO AaTb A0Ka3aTeJbCTBO A/ OAHOMApaMeTpHueCKOH
rpynnel ¢ MOGBIM YHC/IOM TNEepEeMeHHBIX.)

Badaya. IlpoBenute n0KasaTeabCTBO [ TpeobpasosaHnit ¢ ABYMS Iepes
MEHHBIMH.

Mul npoBesM 10KAa3aTeNbCTBO /8 OJHONAPAaMeTPHUUECKOR FpYMIbl mpe-
obpasopannii. PesyabTaTel, OTHOCHlIMeCH K CTPYKType TCpymnmnul, He 3a-
BHCAT OT ee KOHKpPeTHOM peanusauuu, Takum 00pa3oM, MH MNOKa3a/H,
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yTO A48 OJHOmapaMerpHueckoft rpynmut JIM BCerna MOXHO BBeCTH KQHO-~
Huwecxuli napamemp t Tako#, uTo

Rt RE)=R(H+ 1),

8 (8.37)
[ROI™ =R (—¥.
AHAn0rMyHeM 06pa30M DAa3/NONKMM Tenepb HaluM PYHKUMM B OOLleM ciayuae:

x1'=fz(x1' NP Y SN a,) (=1,..., n, (8.38

xjt+dx;=f (%], -, X5 Oap, ..., ba.); (8.38a)

dxi—= 2'1‘ [af, (x1, ...,a.zi:; ay ..., a,) 1a—0 da, = }:“ Uy (x") 0y, (8.39)
k=l e k=l

a+da,=q,(a, --., a,; day, ..., 0a,), (8.40)

da; = 2,: [a(p, o L b e b) 10_06a,,,= 2 O, ()02, (8.41)
m=1 - m=1

npu a =0, 0,,(0)=2,,. Bripasus Beanunnbl 6a uepes da M3 COOTHO-
wenHs (8.41), noayunm

r
da, = 121 ¥y () day, (8.42)
rae Matpuusl W M © ynoBieTBOPAIOT YCJAOBHAM
1F®= 1, "pkl (0) =6kl' (8423)
IMoacrasags mojayueHHoe BhipamexHe aas Oa, B (8.39), HaineM
T
dx, = ‘l‘_‘, an (x") by (a) day, (8.43)
HJH ’ 7
ox] _§ ,
= B 14 () by (@), (8.44)
k=1

IMepemennwe x’ B (8.44) MOMHO paccMaTpHBarh Kak OYHKUMM napa-
MeTpa @. KOOpAMHATBl X CAYKaT HAaualbHLIMA 3HAUEHHAMHM KOOpIMHAT X’
npu a=0.

Ec/M H3MeHseTCs TO/ABKO OAMH M3 mapaMeTpoB (OCTa/bHHE PaBHH
HY/10), BO3HHKAET HeKOTOpask OJHOMApaMeTpHueCKas MOArpYymna H Kakoe-To
MH(DHHNTesHManbHOe Tnpeobpasopane. Jlo6oe HHPHHHTE3HManbHOE mpe-
o6pasopanne npeiacrapaseT COG0OH MMHeNHYI0 KOMOWHALMIO r JMHEHHO He-
3aBUCHMHIX MHDHHUTE3UMANBbHLIX mpeoOpasoBanuii. Ecan Mbl paccMoOTpHM
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u3MeHeHHe yHKUMH F (Xx) npH nHHHMTE3HMaibHOM Npeobp asoBanuk (8.38),
T0 OOHapyxHM:

n n r
2: oF 21 oF 2:
dF = 'a—xidxl——' -a—‘x; u”(x)éal=

l=1 =] L1

r ! n r
i P
=26(1[(L u”(x)a_xl F=26(11X1F. (8.45)
L1 i=1 el
OnepaTopbl
< 9
Xy= Y, t,(x) o (8.46)

i=1

Ha3bBAIOTCH UHPUHUMEIUMAAbRH MU One pamo pamy rpyNnsl, OnepaTopsl
1+ ‘p‘_‘, X, 0a,

Mano OT/MYAIOTCH OT TOMIAECTBEHHOro oneparopa. Ecin B kauecTse QyHK-
uun F BeIGpaTh OAHY M3 MePEeMEeHHBX X;, TO

x;=[1 —{—%Xpéap] x,=x,-+ ; uy,(x) da,,

TaK 4TO MH CHOBa Bo3BpauiaeMcs k (8.39).

3ameTHM, uTOo eCaM npeHeOpeub ujneHaMH Gojee BBEICOKOrO MOpAlKa
OTHOCHTE/bHO GeCKOHeYHO Ma/bX BeJHUMH 04, TO HMH(BHHMTE3HMA/bHblE
npeobpa3oBanus OyLyT KOMMYTHpPOBaTb IApYyr ¢ ApyroM. B camoM zene,
pe3y/bTaT noC/AeAOBATE/NbHOrO BHIIOJHEHHA [BYX HH(MHHTE3HManbHBIX
npeo6pa3oBaHHit NMPOCTO COBHaZaeT C CYyMMOM 3THX AByX npeoGpasoBa-
HH# (ec/m MBI mpeHeOpexeM ugeHaMM GoJee BEICOKOMO MOPANKa).

B xauecTBe npumepa pacCMOTpHM rpynmy

x'=ax—+b.
[MapaMeTpbl eIMHHYHOrO 3jeMeHTa paBHe: a=1, b =0. Hupnnnresu-
ManbHble NpeoOpa3oBaHMA MMEIOT BHA:
x'=(1-+0a) x+ 0b=x -+ x . 0a-}0b;
dx=x 0a-+0b.

TakuMm 06pa3oM, HHQUHHTE3NMA/IbHBIMM ONMEpPaTOpaMH [CpyMNNbl  Cayxar
onepaTopH

3aMeTHM, uTO KOoMMYMAMop
i}
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He TPUBOAMT K HOBOMY ONEparopy, a SBASIETCA JIMIIb OAHMM M3 MHOH-
HUTE3UMaNbHEX MpeobpasoBaHUN [pYMIH,
B kauecTse ApYroro mpUMepa pacCMOTPHM rpymmy

x' =ax,
3 = by.

Y eaMHHyHOro 3/eMeHra @ =0 ==1. MndunnreanmanbHble npeobpasona-
HHSL HMelOT BHI:

X =(+0)x=x-+x-0a,
y=01+40) y=y+y-0b,

BC/E]CTBHE 4ero HHGHHHTE3UMA/bHBIMH ONEPATOpaMH CPYNMNBl  CaAYKAT
oneparopsl

90 ., 90
Xl—xa—x-, Xz—-y-a-y—.

M B 3TOM cCiayuae Mbl 3aMeuaeM, uTO KomMyTtatop [X,, X,] He naer
HHYEro HOBOrO, TaK KaK
(X, X]=0.

B cayuvae oaHomapamerpHueckoit rpynmel
x'=ax,
s 1
y R
EIMHMUYHBIH 3/1eMeHT MMeeT mapaMeTp 4 = 1; HMH(QHHHTE3HMAanbHOE npe-
o06pasoBaHHe MMeeT BHI
' =(140a)x=x-+ x - da,
’ -1
Y=>0+40) y=(1—0a)y=y—y-ba,
a MH(HHHTE3HMAJbHEIM ONEPATOPOM CJYXMT ONeparop

0 9
X=xW—y5;-.

PaccMoTpuM, Aanee, ABYMEPHYIO JHHEHHYWO rpynny
x'=ax-+by,
y =cx-+dy.

[TapaMeTpbl eIMHMYHOTO 3JeMEHTa MPHHUMAIOT 3HaueHHs a=d=1 u
= ¢=0. VHdMHMTesnManbHble Npe0Opa3OBAHHA 3aMHCHIBAIOTCA B BHIe

X' =(N40a)x+0by=x+x-0a+ty- 0b
y=0x+ (146 y=y+x-6c+y-0d.
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YeTrlp bMA HHPUHUTE3HMA ILHBIMIL ONEPaTOP aMH FPYMNEL CAYXKAT ONEPATOP Bl

0 0 0 0
X1=xd—x-, X2=ym', X3=xW, X4=yw,

EC/AM COCTaBMTb KOMMYTarOphbl WHOHHHTE3UMANbHLIX ONeparopoB, TO
OKaXeTcs:

(X1, Xol= — X, (X1, X3l= X, (X1, X=0,
[Xo Xpl =X, — X\, (X Xyl=—X,, [X; XJ=X,.

Mbl BHAMM, YTO BCe KOMMYTAaTOpbl MOXHO NMpPeACTaBUTb B BUJE JHHEKHBIX
koMOUHAUU#t CaMUX HH(HUHUTE3UMAIbHBIX ONEepaTopoOB,
Jas AByMepHO# Tpynnel BpallleHu#

"=xcosp— ysing,
Yy =xsingp—+ ycosg

Mbl TOJy4aeM HH(QUHHTE3HMaAbHble NMpeo0pasoBaHUA, pasJaras CHHYChl H
KOCHHYCH 1O ¢ BO6an3n ¢ = 0:

X' =x— y- 6({):
/
Yy =x0p+y.
WHpUHHTE3UMATbHEIM ONEPATOPOM SBJAAETCA ONEPATOp

d 15}
XN=x5r—Y5x

y

T. €. ONEPATOP MOMEHTa KOJHYECTBA JBHKEHHS,
OpToroHanbHble TPeoGpa30BaHU MOXHO OXapakTepH30BaTh Kak Tpe-

00p a30BaHKS, ¥ KOTOPLIX MaTpHia A, TDAHCMOHHPOBAHHAR MO OTHOLUEHHIO
Kk Matpuue A npeoGpas3oBaHus, CoBnagaer ¢ oOpaTHOH MaTpuleH

AA=1.

Co6cTBeHHEle  BpallleHHs HWMEIOT ONpefeauTejb, paBHbIR equHHIE,
BC/I€ICTBHE Yero MaTpHUa MH(HHHTE3UMATbHBIX BpaleHH# HMeeT BUI

A=14+2B,

rae 1 o3HayaeT eQUHUYHYI0 MAaTpHIY, a BCe S/MEMEHTH MaTpulbl B Ha-
XOAATCA B OKPECTHOCTH HYy/d. YC/IOBHE OpPTOTOHAJIbHOCTH TpebyeT, 4TOGH

1=AA=(1+B)(1+B)~14B+85,
B+ B=0.

HJIH
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Orcioa MaTpuua B 10/kHa GbTb KOCOCUMMETPHYECKON MATpHIER C Tpems
He3aBUCHMBIMH KOMITOHEHTaMH:

0 —& —m
B=]| —{ 0 t], rae &, 1, { —KOHCTaHTH,
n —& 0
VnduHnTe3nMaIbHbIe BPAlEHHS HMEIT BHA
dx =yl — zn,
dy= —xL—+ 2§,
dz=xn— g,
a MHQUHHTE3NMAILHEIMH ONepaTOpaMH CJayxkar
X1=z§—y—y§—z, X2=x§?-—z—;;, X3=y-‘%——x—§y—

— KOMITOHENTHl OlepaTopa MOMEHTA KOJH4YECTBA JABHXKEHUA MO TpEM KOOp-
JAHHATHBIM OCHM, KOMMYTaTOpr 9TUX HH(pHHHTCSHMaJIbeIX 0onepaTtopos
NMPUBOAAT K XOpOWIO H3BECTHHIM COOTHOILUEHHSAM

[Xl» X2]"—"-‘X3- [X2» X3]=X1- [Xa- X1]=X2-

§ 7. CTpyKTypHBIEe KOHCTAHTHI

Tenepr MHl MOKaMeM, 9TO CBOHCTBO, OOHapYMEHHOe Ha 3TUX KOH-
KPeTHBIX TMpHMepax, fBASeTCs OOLIMM: KOMMYTAaTOPH HHHHHTE3UMATbHBIX
OIepaTopoB MUHEHHO BHIPAMKAIOTCH Yepe3d HHPUHUTE3UMA/IbHbIE OMepPaTopHl,
B (8.38) Mb Hayaau ¢ Toro, uro norpeGoBaid, yToOH TpeoGpasosa-
HUs f 0OpasoBLIBaIM TPYNNy C r CYUECTBEHHHIMH NapameTpamu, 3t0
O3HayaeT, 4TO u;, B (8.39) /MHeltHO He3aBHCHMEI. 3aTeM, BOCIO/B30-
BABIHCb 3aKOHOM KOMIIO3HUMH TapameTpoB [cooTHomeHue (8.41)], Mu
noayuyuan ¢opmy.au (8.44), KoTOpHE BLIMHMIIEM 3JeCh ellle pas, MPHYEM
BMecT0 x’ OyleM HCIO/Mb30BaTh MepeMeHHble X:

ox; =1, ..., n),
T =t @ba@ 8.47)
31ece MBI BBeJM COTJIAllleHHE O CYMMHMPOBAaHMH MO NOBTOPAOUIHMCS
uHlekcaM, YpabHenue (8.47) ONMHCHIBaeT JBHXEHHE TOYKH X H3 ee Ha-
yaibHoro mnosoxenus x (0) (xoria a =20). Ecin xe u3 ypasHeHutt (8.47)
Tpefyercs MOAYyYnTb ypaBHenus (8.37), 3anatoline npeo6pas3oBaHus ¢ Npo-
H3BOJbLHBIMH HaYaAbHEIMH YCJIOBHSIMH, TO JOJKHBL BBIMOJHATHCA CiAEAyl0-
WKHe COOTHOLUEHHS:
0%x; 0%
0a)~ 0au - 0au 0ak '

(8.48)
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HJH
0 0
W [utulpuu.] - 'a__' [utulpm,] =0,
Ohyy Oy ] Oy, Ouy,
“[ 0a, ~ Oa, + b 7 oay — ¥ —azu—= 0. (8.48a)

BeHuuHbL #;, TMPEACTaBAfAOT COOOH OYHKUMH OT X, 4 yepe3 MepeMeH-
HbHle X OHM 3aBucaT ot 4. [losromy

0111“ 0u,-u 0Xj 0ulu
T = Ty w0y ©49

rie MpPH BHIIOJHEHHH TOCAeAHer0 MpeoOpPasOBaHUA MblL BOCMOMbL3OBAIHCH
dopmyott (8.47). Tloacrasnsa (8.49) B (8.48a), umeem

g 0 d 0
[1Puu \m] [u;v a'im 4y a’:j]%%_o (8.50)

Hs (8.42a) creayer, uToO ¢uu®ux=6m' OTKyla

| "9a, da,

Ougy Oujg a‘l’uu Oy,
by — e ={ e ]GMG)Mu e (@) u,, (), (8.51)
rage
op Y
e, (a)=[——a;: — ‘,a’; ]@ o (8.52)

Ecan cootrowenue (8.51) npoanddepenunposats n0 @, W TPHMEHHTH
K HeMy omeparop (0x,/0a )(0/0xu) KOTOpHIft AeficTByeT TOJIbKO Ha mepe-
MgHHBle X, Mbl NOJYYHM

ac%,

-ﬁp_”luz 0. (853)

Tax kax ¢yHkuMH 4, (%) JIMHERHO He3aBUCHMEI, MH 3aKJI0OYaeM, YTO
BE/MYHHBL €% He 3aBHCAT OT 4 M ABAATCA KOHCTaHTaMH. B atom ciyuae

cooTHolenus (8.51) u (8.52) npuHuMalOT BUI

0111 011[

o Gy T iy Croie (8.51a)
Obyy O
oo, 9, = “ioVnuVor (8.52a)

3TH ycaoBHA BBITEKAOT M3 Haliero Tpe(GOBaHUA, 4TOOH ypasHeHus (8.47)
Oblin uHTerpupyeMbl. HHQUHHTesuMaibHbIE OMepaToOpH, HMEWLIHE, TO
Olpeje/leHHio, BHI

d
X,= 2 g s (8.46)
i
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06/12a10T TeM CBORCTBOM, YTO HX KOMMYTATOpHI

(X, Xol=X,X;— XX, (8.54)
YAOBJETBOPAKT COOTHOILIEHHUAM
0 0 0 0
Ko Xl = o Ty 0 ey — o gy Mo 3, =
Oujy 011]9] i}
= | T — 10 e ;-

Bocnoansosasiince ¢opMyaot (8.51a), moayuum

=" —_—c®
[Xp, XU]_ Chl . ox; cpoXu. (8.55)
Cootroutenue (8.55) o3Hayaer, YTO BCe KOMMYTAaTOpH JHHe#HO BHIpa-
KawTca yeped HuHHHTe3UMaJbHEle OMepaTophl. Ko3ddHuHEHTH Chy Ha-

SHIBAIOTCA CMPYKMYPHBMU KoHCMakmamy tpynns Jlu, OueBHAHO, YTO
Chy = — Choe (8.56)

Ecau (8.55) moacraButh B TOMAECTBO $IKOGH
[([Xp Xol. XA+ 11X Xl X)X Xl Xo1=0. (8.57)

MEl Hatiaem

cgocxr—{— cgrc;p—{— cl;pcﬁg =0. (8.58)

[TosTopuM KpaTKO Bce, 4TO MH cleland. OTHpaBAsAch OT TPYMIH Tpe-
o6pasopanutt (8.38), Mul noayuwnu ypasHeHns (8.47), 3areM COOTHO-
menus (8.51a), (8.52a) u, HaKOHel, COOTHOIIEHHS MJs CTPYKTYPHBIX
koHcTaur (8.56) u (8.58). Jlu moayuyus saMeyarenbHLIlt pesyabTaT, €O-
CTOALMK B TOM, 4TO 3TY MPOUEAYPY MOMHO BHITOJHATb B OOpaTHOM MO-
psilke, T. e. eCIH Mbl HaliieM KOHCTaHTHl, YAOBJeETBOpSIILHE YCJO0-
BusiM (8.56) u (8.58), To cMoxkeM HafiTh dYHKUMH 4 W P, YAOBJAETBOPAIOLIHE
cootHowenusim (8.51a) u (8.52a), a 3areM cMOXeM HafTH (PYHKIHMH, KO-
TOpHe SABJAIOTCA HHTerpajaMu ypaBHenu#t (8.47) m oOpasyioT rpynmy.

§ 8. Aare6pu Jln
Bocnosnb3oBaswce cooTHouieHHeM (8.46), MOXHO 3amMcartb YypasHe-
nue (8.47) B caenyiolueM Bule:
Ox X — 8
B, = b (@ XX, P (0) ==0,,. (8.47a)
Jlio6oe 1tpeobpa3oBaHue TPYMIE MOXHO TMOJAYYHTb, €CJH U3MEHATh NMapa-
METpH @, BIO/Jb HEKOTOPOR MpaAMOK
a, = 8§t r=1 ..., n, (8.59)
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Tle S, — BellecTBeHHbllt BexkTOp. Jlpn t=—0 Mbl mosyuyaeM TOXAECTBEH-
HOe mpeoGpa3oBaHue, PasHble 3HaueHHs T 3afdI0T PA3JAHYHLIE ONMEPATOPHI
npeoOpasobanusa S (1):

x; (=S (1) x;(0), SO)y=1. (8.60)

[Toacrasnas Bulpawenus Aas @, H Xx; B (8.47a), nosyuaem

dx; 0 d
= =TZ Th = 5, (5,) X, %, (8.61)
HIH
4s
9 21 (0) = syiby (5,7 X, S (1) x, 0), (8.61a)

OTKylda cJelyeT, 4TO onepaTop mnpeoGpasoBaHus S (T) yAOB/IeTBOPSET
JuddepeHuNaILHOMY YpaBHEHHIO

S
2200 510, (5,7) X,S (0. (8.616)

IMpu 1=0

ds —_—s X

o | =X (8.62)

TakuM o0pa3omM, passoxeHue B pan Teftiopa omeparopa S (1) umeer BUI
SOH=141,X,+ ..., (8.63)

;=041 X, + ...)x;(0). (8.634a)

N3 ypaBHenus (8.616) MH BHAMM, 4TO HMH(PHHHTE3HMAaJbHHHN ONMeparop
5,X, OJHO3HAYHO ONpeje/]feT onepaTtopsl npeobpasoBanHus S(T), B TO
BpeMsi Kak YypasHeHue (8.63) mokasviaeT, 4TO omepatop S (T) OLHO-
3HAYHO ompeflenseT HHQUHUTE3UMaTbH:I omeparop §,X,.

Ecau Temepb Mbl paccMOTpHM BTOpPOH BEKTOp £, 3adal0lUHit HHOPUHH-
TeauManbublfi omepatop £,X,, TO COOTBETCTBYIOLUHe OTepaTOphl Tpe-
o6pasosannsa T (t) OyAYyT YAOBJETBOPATb YDaBHEHHAM, AaHAJOTHYHLIM
ypasHenusM (8.61) — (8.63). IIpoussenenne S (1) 7T (T) MOIKHO PasdI0KUTL
B pan Tetiopa

a4+ X+ .. )A+w T, 4+ ...)=
=1+T(su+tu)Xx+ cee. (8.64)
Orcwoaa caenyer, uro mpousBeneHue S (1) 7 (T) cooTBETCTBYeT HHOUHHU~
TE3UMaNLHOMY ONepaTopy
S+ 2,0 Xr

T. €. CyMMe HHQHHHTE3HMATbHHX OlepaTOpPOB, COOTBETCTBYWOIHX S (T)
u T (t). Kommyrarop omeparopos S(t) u T (T) ecTh omepaTop npe-
006pa30BaHHg

STOTTMSMT (1),
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KOTOpHH AomyckaeT pasgoxeHue B psn Teftiopa

(1 —1,X,+ ..00 —164X,+ )t X 4 )X
XA4+tu,X,+ ... )=141[s,X,. LX)+ ...; (8.65)

TakuM 00pasoM, HH(HUHHTE3UMaJbHEIR OMeparop KOMMyTaTopa mnpeoGpa-
3oBanuft S(1) u T(T) ABASETCA KOMMYTATOPOM WH(PHHATE3IUMATbHEIX
oneparopoB, coortBercTByOWHX S (1) 1 T (1). [H3 pasioxenns (8.65) Mbl
BHIHMM, 4TO B AH(pdepeHlHaTbHOM yPaBHEHMH A/ KOMMYTaTopa cJjelyer
HCMO.1b30BaTh NepeMeHHyl 12.] Ecan omeparopu S (1) u T (T) KOMMyTH-
pyloT, TO HX KOMMyTarop o0paluaercs B TOX/JeCTBeHHLI Omeparop, a AJs
COOTBETCTBYIOIUMX HH(PHHUTE3NMAMLHEIX ONEPaTOPOB BLINOJIHSAETCH COOTHO-
lieHHe
5, X, 6,X,1=0.

DM pe3y. bTaThl MO3BOJAIT OMNHCHIBATH Pa3/qUYHbIC CBOHCTBA TPYIMIMH
Jlu ¢ nomoublo HHOUHHTE3UMAbHEIX ONepatopoB. Ecam rpynma G aGe-
JeBa, TaK YTO BCe ee 3IJeMeHTbl KOMMYTHPYIOT ApPYyr C JAPYroM, TO

[X,, X;]=0 & A=1, ..., 1),
HJIH e, eC/HH BOCMO/Ib30BATLCA CTPYKTYDHBIMM KOHCTAaHTaMH,
=0 (% A p=1,..., 7). (8.66)

Ecmn  H — p-nmapamertpuueckas mnoarpymma rpynnbl (I, Mbl  MOKeM
BEIOpATh P WHPUIHTE3UMANbHEIX OMepaTOpPOB, COOTBETCTBYIOLUHX 3J/eMeH-
tam noarpynnsl H. Torma r — p ocrajbHEX HHQHHHTE3UMATBHEIX OIe-
patopoB OyayT oTBeuyaThb 9ieMeHTaM, BxoasuwuM B G — H Tak kak
H ectb rpynma, TO KOMMYTaropkl HHGMHHHTE3HMAJAbHHIX ONEPaTOPOB
X1, ..., X, LODKHE BEIPaXaTbCsl TOJILKO Yepes omeparopbl Xy, ..., X
TaK 4YTO

3

=0 (A=1,...,p; p=p+1,...., 7). (8.67)

Ecau noarpynna H uHBapHaHTHA M S — NPOM3BOJLHEIE 3/EMEHT, TPHU-
HaaJexawuih H, 10 sneMeHT T7IST raxxe npunagaexur H gas moGoro
snementa T Bceft rpymne G. Ho torma noarpynne H mnpHHaanemut
u saement ST'TTIST. Us pasnoxenus (8.65) Mbl BHOMM, 4TO KOMMY-
tatop [s,X,. £.X,;] 10/mKeH BHpaxaTbCA B BHIe JAuHehHON KOMOHMHAUMH
MHOUHHTE3UMAIbHBIX OMepaTOpOB OAHOK auumik moarpynnsl H. Takum
00pa3oM, A1 MHBApHMAHTHOR MOArpymIIH

=0 @m=1,..., p; p=p+1, ..., 1) (8.68)
Ecau rpynna G sasjasercss npsambiM npousseienueM H n G — H, 10
=0 mmm »w=1,.... p; p=p+1,..., 1

W s x=p-+1,...,r p=1,..., p. (8.68a
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I'pynmna G Gyaer npocroft (He GyaeT MMeTh COGCTBEHHBIX WHBApUAHT-
HEIX ToOArpynm), eciu ycaosuio (8.68) Heab3s yAOB/IerBOPHTb HH TpH
kakoM Bbibope Gasuca X, Touuo Tak e rpynna G GyaeT noaynpoctof
(He Gyner uMeTh abe.eBbIX HHBApPHAHTHLIX TOATPYNM), eC/JH DaBeHCTBAM

=0 (% A p=1,..., p) (8.686)

v papenctBaM (8.68) Henb3s yA0OBAETBOPUTL HH TPH KAakOM BHGOpe
Gasuca X,

Crpykrypa abcTpakTHOH rpynnbl JIH MOJAHOCTBIO COMEPHKHUTCHA B COOT-
uoweHun (8.23), 3adalolleM 3aKOH KOMIO3HUMH BELIECTBEHHHIX Mapa-
MeTpon a, # b, COMHOXHTele#f, MO KOTOPOMY HaXOAAT BellleCTBEHHEHlE
mapamerpsl ¢; mpoi3BeleHus. Ilpn peanusauuu aGCTpakTHOR rpymmbl Jlu
B BHje rpynnb npeolipa3opaHuit mepeMeHHble X; MOrJH Gl GhiTh Belle-
CTBEHHHIMH MJM KOMIUIEKCHEIMH, B CHJY 3TOrO HHOHHHTE3UMAJbHLIE Olle-
paTtopbLl Takxe MOrJH Obl 6blTb KOMIJIeKCHeIMH. HoO moOble cOOTHOLIEHHS,
KO10DbE OMUCHLIBAIOT CTPYKTYPY TPYNNBL, AO/KHE CONEPXKATh JHIb
Belllec rBeHHble KO3(pHIHMenTs. [105TOMY M CTPYKTYpHble KOH TaHTBL €8,

JOJIKHE OBITh BEILECTBEHHBIMH UYHCJAMH,

Mbl HawsM, 4TO a9 r-mapamerpuyeckofl rpymnmel mpeoGpa3oBaHut
cyliecTByer r JAHHe#tHO He3aBHCHMBIX HH(MHHTe3HMaJbHLIX OMNepaTo-
pos X,. Ms srux omeparopos MOXHO COCTaBHTH JHHeHHEle KOMOMHauLMH
U TIOJYYHTb r-MepHOE BEKTrOpHOe mNpocTpaHcTBo. Ecam Mu paccMartpu-
BaeM 3ajlaud, CBA3aHHBHE CO CTPYKTypo# rpynnsl Jlu, HaMm ciaegyer
BHIGHPATh TOJIBKO JIMHefiHble KOMOHWHaUMM ¢ BelleCTBEHHBIMH Ko3(du-
uxesraMi. MBbl 1O:KHBL paccMaTpuBarb, TakHM OCpasoM, BellecTBeHHOe

BEKTOpHOE€ TMPOCIPpAHCTBO BeJTHYHH Zapo, riae ap—BellleCTBeHHble

yucaa. CoorHoinenue (8.55) 3alaeTr B 3TOM NPOCTPAHCTBE &IpOU3Be-
JeHHe», TaK Kak CTPYKTYpHble KOHCTAaHTHl BellleCTBeHHbl. Eciu Tenepb
OTBJIEYLCA OT KOHKPeTHOW peausaudd rpynmel JIM, TO CTaHeT ACHO, 4TO
r-napaMeTpuyecKkoy rpynne JIu OTBeyaer BellleCTBEHHOE 7-MEDHOE BEKTOP -

HO€ TNpOCTPAHCIBO BEJHYHH Zapo, 3dMKHYTO€ OTHOCHTEJbHO YMHO-
P

HeHHs, OMpele/feMOro ¢ NOMOILUbI0 cooTHouweHu# (8.55) — (8.57). 1o
" ects aszebpa Jlu rpynne Jlu,

BeutecrBennas anre6pa Jlu cocToUT U3 BeauduH A, B, ..., U3 KOTO-
PHX MOXHO 0GPa30Barb JdHeHHble kKOMOuHauuu aA -+ bB ¢ BelllecTBeH-
HbeIMM KO3dduuuenramMu. Ilponssegenne saementoB A u B pasHo [A, B]
H COJEPIKUTCS B TOM e BelIeCTBEHHOM BEKTODHOM TPOCTPAHCTBE.
[IpousBesenue ynoBaeTBOpsieT cOOTHOweHHAM (8.56)— (8.57):

(A4, Bl= - [B. 4], (8.56a)
(A, [B, Cl1+(B, [C. A]l]=IC, [A, B]|=0. (8.37a)
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Bce snemMeHTHl A MOXHO BbIPA3UTL 4epe3 CUCTEMY 7 0a3HCHBIX BEKTO~
pos X
A= % a,X,. (8.69)

Ecay Mbl cOCTaBHM JIHHEHHBle KOMOWHAlUMH BeqMYUH A U B ¢ KoMm-
MJeKCHHIMH KO3hdullMeHTaMU W ompepeauM npoussegenue [A -+ 13, C]
Tak, 4ToGel OHO 6b10 pasHO [A, C]-i[B, C], Mbl NOAYyYHM KoMn.1eKC~
Hoe pacwuperue BellecTBeHHOH anreGpwl Jlu. KowmmiekcHoe pacuimpe-
HHE MOXKeT OKa3aTbCcsl yAOOHHIM B paloTe, OJHAKO YTBEPKIEHHS OTHOCH-
TeJbHO CTPYKTYpH rpynnbl JIM caegyer AeaTh HCKJKYHUTENLHO HA OCHOBE
BellecTBeHHOR anreGpul Jlu.

MoxHO Takxe cdopMyaupoBaTh H oOparHylo 3agauy. [aHa selle-
cTBeHHas aJire6pa JIu ¢ 3alaHHBIMH CTPYKTYDPHHIMH KOHCTaHTaMH c;‘o

[yroBaerBop siiouuMu yciaoBHaM (8.59)]; moctpouts rpynny JIu, kotopast Gul
UMe/a ZaHHylo aare6py cBoeft aareGpoft Jlu. Ecan chopmyauposats ee
B TepMHHax mnpeobGpasopaHuft, TO 3Ta 3afaya CBOAUTCH K TOMY, YTOOH
HafiTH TyTeM HMHTErDUDOBAHHA KOHEYHble TpeoGpa3oBaHUsA, HCXOAd
U3 Hamepel 3aJaHHEIX COOTHOLUEHH! KOMMYTauMu A4 MHPUHUTE3UMAID-
HbIX oOmneparopoB. Mul chopMyHpyeM pesyabtat 6e3 H0Ka3aTeabCTBa.
Beakott anre6pe Jlu cooTBeTcTByeT HeKoTopas rpymma JIu; cTpykTyp-
HBIMH KOHCTaWTamu rpynna JIM onpegensercs Julib JOKajibHO (T. e.
B OKDECTHOCTH E€IHHHUYHOTO 5/EMEHTa).

TepMuHO/IOTHSA, NpUMeHSieMas B TEODHH TPYIILL, MCIO/JIb3YeTCs TaKkKe
u B Teopuu airebp Jlu. Tak, ecinm BuMOoJaHseTcs ycJaopue (8.66), roso-
par, 4ro aare6pa Jlu G abenepa. Ecau BumoaHsercss ycaosue (8.67),
anrre6pa H HasbiBaetcs mnogaareSpott airebpwt G, Aare6pa H Haswi-
BaeTcsi WHBapHaHTHOR moxaireGpofi, ecau BuinoJHsercs ycaosue (8.68),
Ecan  Buimonusiercs ycaobue (8.68a), amreGpa Jlu G Oyxer mnpsamoit
cymmott aare6p H w G — H. TouHo rtak xe aarebpa Jlu G npocras,
€C/IH He/ab3sl BHIMOJAHUTL ycaoBu#t (8.68), u moaympocras, ecau Hesbsd
yaoBaeTBoputh yciosuam (8.68) u (8.686).

§ 9. Ctpykrypa aareGp Jln

Beioa Bcex BO3MOWHHX CTPYKTYyp aare6p Jlu mpeacrasiser coGof
Ype3BHIYARHO CJAOXHYI MaTeMaTHyeckyl mnpobieMy. VYKameM /HMIIbL Ha
HEKOTOpHle CTOPOHL 3TOR MPOLELyPH.

ITpoGrema coctout B TOM, 4TOOBI NPH KaXAOM 3HAYeHHH r HalTH
BCE BO3MOXHHE BellleCTBEHHbIE pellieHHs ypaBHeHus (8.58)

chs c" -k eV At v =0, (8.58)

ot pp 07 ue

yaoBreTBOpsioLHe ycrosuio (8.56)

€y =" Copr (8.56)



§ 9. Crpyxrypa arzebp Jlu 357

TpyaHOCTL 3TOH 3amayu OOycC/OBJIeHA TeM, YTO CHCTeMa ypaBHeHuft (8.58)
KBaJApaTHYHA OTHOCHTEJIbHO HeH3BeCTHHX. Kpome TOro, MHOrHe pelieHHs
OyayT 3KBMBAJIEHTHH ApYr 1pyry, nGO ecin Mbl 3aMenuM OGasuc X,
6asucom

Xy =amwXy (8.70)

(MaTpHua @,, HeocoGeHHas), TO NOMYYMM HOBble CTPYKTYpHbE KOH-
CTaHTHI c";, KOTOpHe Takxke OYAyT YIAOB/IeTBOPATL yc/a0BHAM (8.56)
u (8.58):
LN Y A ’ 14 _
CoeX =X, X =[80wX s 8y X ]=
=008, [X, X,]= a,,8565X

PV AT VA o

7
—cman
NO3TOMY
¥4
cmaw @0, 860C0 (8.71)
YMHOXHB HA MaTpuluy, oOpaTHYl0 MaTpHlle g, NMOJAYYHM
7K W -]
Cos = Coy@2Cor Gy * (8.71a)

Badaya. NokaxHTe, 4TO onepaTopHl X"), 3ajaHHble cootrHomeHueM (8.70),
yIOBJAETBOPSAIOT ycaosHaM (8.56) u (8.58).

IMpu r=1 Bce sneMeHTH amre6pu JIM KpaTHH OJHOMY H TOMY Xe
6a3nucHoMy BexkTopy X, BC/IeACTBHe Yero BCe KOMMYTaTtophl ofpaimaiorcs
B Hyab, CooTBercrByiowlas rpynna JI4 ecTh OgHOmapameTpuyeckas ale-
JeBa Tpymma.

[Ipu r=2 wMb uMeeM jaBa Ga3HCHHX 3jeMeHTa X, X, M KOM-
MYTaTop

(X1 Xol=aX,+0X,.

Ecim a=5b6=20, T0O
[X;, X;]=0.

B sToM cayuae anreGpa alesneBa M coBmajgaeTt ¢ MpsAMOH CymMMol anre6p,

MOpOMIAEeHHHX SdeMeHTaMd X; M X, Ecau ke, Hanpumep, @ +0, 10
Ga3uCHBlE 3/EMEHTH MOXHO 3aMEHHTb 3/eMeHTaMH

Xi=aX\+bXy Xi= X2,

L1 KOTOPHIX
/ N
[Xh X 2J = X;.
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Mbl BHIMM, YTO Mogaare6pa, MOPOkIaeMast s1eMeHTOM X |, HHBAPHAHTHA
u alesneBa, ¥ TMO3TOMY cofepxkallad ee aiarebpa Jlu He sBJseTCa mosy-
npoctoti. Mtak, npu r=2 Mu He nonyuaeM noaynpoctux aire6p Jlu.
[Tpumepom rpynne Jlu npeoOpasoBaHnuit, cooTBeTcTBYloLlelt aareGpe Jlu,
y KOTOpOH

[XI! X2]=0r
CAYXUT TpymMa

x'=x-a, "= y-4b.

OnHa fBjfieTcsl TPHAMBLIM TPOH3BEJeHHeM OJHOMApaMeTPUYeCKUX TpYNH H
B COOTBETCTBHH ¢ § 6 HacToslue#t r7aBel ee BCerja MOXHO TpeNCTABHTDH
B BHAe TPYMNH TPAaHCAAUUH B JAByMepHOM NpocTpaHcTBe. flcHo, yTO A9
r-MepHott anare6pu Jlu, y kotopoft

[Xi' )(]]=0
npu Bcex { u j, rpymna Jlu (10KanbHO) H3oMopdHA r-MepHOR rpymie

tTpaucasuuih. I'pynno#l npeolpasosaHutt, y kotopo#t aireGpa Jlu yaosie-
TBOpSIET COOTHOIICHHI0 KOMMYTallHu

(X1, Xol= X},
sBJISeTCs TpyMIa
x'=ax-+0b.
B arom ciyuyae
X -9 a X —xi
1™ ox ’ T ox

Tpancasuuu x’ = x b, xKoTOpHe MOpoOKAaAOTCA onepatopoM X, obpa-
3yloT ale/eBy HHBApHAHTHYIO MOArPYMNIY.

3aodaxa. Tlpounterpupyiite ypasHenus (8.47a) naa mOcJAeJHErO u3 pac-
CMOTPEHHHX CJAyuaeB H IOJAYYHTe CHOBA KOHeuHHe NMpeoOpa3oBaHHA TpYIIITHL

Ham sneMeHTapHbIi NMOAXOL 4YpE3BHIYAKHO OCAOKHAETCS YyXKe TpH
r=23, notoMy 4to ypaBHeHHe (8.58) mPUBOAMT K TpPEM KBAaAPATHYHLIM
COOTHOILIEHUSIM, KOTODBIM JOJ/KHHE YIOBJETBOPATb CTPYKTYPHHIE KOH-
cTaHTH. HO 3THM NpOCTHM METOAOM MOXMHO ellle MOJAb30BaThbcd. B ypas-
HeHuu (8.71a) MOMOKUM O =L H NPOCYMMHDYyeM O M:

o -1 ® o — n — Ao,
Con = BBy @5 Cop = apvéﬂcvk = @, (8.72)

A

BEHYMHBL ¢}~ mpeo0pasywTca Tak e, KaK BeKTOP [PH HM3MeHEHHH
Gasuca. Marpuua a,, — npou3BO/bHas HEOCOOeHHas MaTpHua, MOSTOMY
Mbl BCerjaa MoxeM mnpeo0pasoBaTb BekTOp ¢k, Tak, uYTOGH OaHa ero

KOMIOHeHTa Oblj1a paBHa eavHHIle, a4 OCTaJbHBIE — HYJIO, EQMHCTBEHHBIM
cJy4yaeM, Korja Taxkoe npeoépaaoaa}me HEBO3MOKHO, ABJIACTCA cnyqaﬁ,
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KOTJla BeKTrop ch paBeH Hymo. FiTak, MB Bceria MoxeM BhiGpath $a3uc
Y Ao Y

TaK, uyToOb 16O a) cm—l, cvk—O, v+ 1, mbo 0) cvk_O npu
BCEX V.

[ToacraBuB 3rM 3HaueHHs KoHcTaHT B (8.71a), Mbl HalizeM, uTo 144
clyvyas «a» KBajJpaTHHle YpaBHEHH CBOJATCA K JIMHeHHHIM, NMpHueM
1ol — ol — A —
Chy = €5, = €5y = 0. YuHTEIBast 9TH pe3yJbTATH, Mbl 3 ypaBHenuh ¢t =0

— 3 2 .

npu v=2 H 3 MOJAy4uM, 4TO €5, = ci, = 0. Takum oBpasoM, X; KOM-
Mytupyer ¢ X| U X, n nopoxmjact abeleBy MHBAPUAHTHYI0 MNOArpPymNmy;
oTCloja CcJelyeT, YyTO B 3TOM cJayyae rpymna Jlu He siBAsieTcs MOJY-
npoctofi. Mu noJyyaeM J[Be BO3MOXHBIE CTPYKTYpHI:

(X, Xol=[X, X;l=[X; X;|=0, (8.73)
[Xy, Xol =X, X, X3)=[X; X|J=0. (8.74)
Has cayuas «6» ypasHenus (8.71a) BHpoxaaloTcs B ToxAecTBa. [Ipous-
BOJS OCTajbHble BelleCTBeHHHle JHHeliHble NpeoOpa3oBaHus, HalleM,

NOMUMO CTPYKTYD, Yke IOJYUYEHHBIX HAMM paHbllie, CTPYKTYPBl TO/JIbKO
IBYX He3aBHCHMBIX Mexay co0of THnos:

(X1, Xol= X5, [Xy Xjl= X, (X3 Xil=X,, (8.75)
(X1, Xol=X;, [X,, X3l=— X, [X3 Xil=—X, (8.76)

OGe aJreGphl MPOCTHLE.

3adawu. 1. JoBenute 10 KOHL@ HaMeueHHbIH BBIIIe BBLIBOL H MOKAKHUTE,
4TO MpH r =3 CYMeCTBYIOT TOAbKO 4YeTHIDE HE3aBHCHMBIE CTPYKTYDHl AJf
BernecTBeHHol anarebpor Jlu.

2. INokaxute, 4TO BemecTBeHHad aarebpa Jlu

[X) Xy] = X, [Xo X3] = — X4, [Xs, X;] =X, (8.76a)

HMEeT Ty Ke CTPYKTYypy, 4to H aiarebpa (8.76).
3. Hokaxure, uto aare6pu (8.75) u (8.76) mpocrthie.

Ipynno#t JIu, uMetome#t ctpyktypy (8.75), sB/seTcs BellecTBeHHas
oproroHanbHas rpynna O(3) B TpexMepHOM MPOCTpaHCTBe. JTa Tpynna
OCTaBJseT WHBADHAHTHOR KBagpaTuuhylo ¢opMy x2— y2— z2, Ee unpu-
HHTE3HMa/TbHbHE OMepaTOpH HMET BHI

0 (/] (/] (/] a a
Xi=zgr—yg XN=xoi—250 XN=yg—*50
(8.77)

['pynna BelllecTBeHHHIX JHHeHHHIX npeoGpasoBaHuii, OCTaBATIOLIHX
HHBAapHaHTHOM KBaApaTHUHYIO popMy X2 - Y2 —2z2, uMeer cTpykTypy (8.76).
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Ee MH}pUHHTE3MMa/bHBIE OMEpPATOPHl 3AMHCHIBAIOTCA CAEAYIOIHM 06pasoM:

9 9 _ @ )
M=z tyg Y= g tig:
0 0
X3=yW—xW. (8.78)

dra rpynna mpeacrasiaser cobofi AByMepHylo ,rpynmy Jlopenua®.

OcoBeHHO BaXHO MNOAYEPKHYTb, YTO Mbl pAacCMaTpHBaeM HCKJ/IIOUH-
TelbHO BellecTBeHHble aareOpwl Jlu, EcaM ke Mbl mepefizeM K KOMI-
JIEKCHBIM paclIMpeHusM, TO anreOphl, 3alaBaéMblie cooTHoweHusMH (8,75)
u (8.76), Oyayt uMeTh OAMHAKOBYK CTPYKTypy. Hanpumep, ecan Mu
3aMenuM omnepatop X, oneparopoM —I[X,, a oneparop X oneparo-
poM —IX; TO ypaBHenus (8.76a) npespatarcs B ypaBHeuus (8.75).
Ananoruyno, ecan B (8.78) 3aMeHHTb 2 Ha [z, MBl MOJAYYHM HH(HHHTE-
3uMajbHble omeparopnl (8.77). 3OTO mNOACTAHOBKAa NPHBOAMT K 3aMeHe
kBagpaTHuHOH opMul X2+ y2— 22 Ha KBagpaTHUHYIO dopmy x2-4 y? 4 22,
Takoe BBeJAeHHe MHMMOH mepeMeHHON B KauecTBe ,BpeMeHHOH} KOOp AHHATH®
aBaseTcs OOLLENDHUHATHM NpU paccMoTpeHuu rpynn Jlopewia, ofHaKO OHO
MOMET TMNpPHUBECTH K OWMOOYHBIM 3aK/IOYEHUSIM MO MOBOAY CTPYKTYpPH
rpynnel. Ilapamerpu BeluecTBeHHO# opToroHansHolt rpynnsl O (3) uaMens-
I0TCS B OTrpaHHueHHOH o00aacTH, TaK UYTO Tpynnosoe MHorooOpasue
B STOM CJyyae KOMMAaKrHO, B TO BpeMsi Kak napamerps ,rpynnu Jlo-
penua* (8.78) u3MeHslOTCA HEOrPaHUUYEHHO.

B kauecTBe Apyroro npuMepa pas/MHyHs Medy BelueCTBeHHOH aire6-
po#t Jlu M ee KOMMJIEKCHHIM pacliUpeHHEM pacCMOTPUM TNpexje BCero
rpynny O (4) BelllecTBEHHHX OPTOTOHaJbHLIX NMPeoGpa3oBaHUi B yerupex-
MEPHOM TNpPOCTpPAHCTBe. JTa TpYMNNa BelleCTBEHHHX JAMHEKHLIX npeolbpa-
30BAHHI OCTaB/sieT MHBAPHAHTHOM KpBaxpaTtHuHylo dopmy X2 y>--22--£2.
lllecTb HH}pHUHHTE3UMATLHBHX OMEpPaTOPOB MOXKHO BLIOpaTh B Buje

A1=z%—ya—i, A2=xa—az—-z%, A3=ya—i—x%;

(8.79)
Bl=xoit‘—t%. B,=y %—t%, Bgzzo—at—ta—az.
BHlYHC/IMB KOMMyTAaTOpH, MOJAYYHM COOTHOMIEHHSA

(A Al = Az, [Ay, Asl= Ay, [As, A= AQ» (8.80)
[Br, Bol=A; By, Bsl=A,, [B3 Bl= A4, (8.80a)
(41, Bl =14, Byl=I[4; B3]=0, (8.806)
[A), Byl = Bs, [A1. B3l=—8,, (8.808)
[Ag, Bil=— B;, [Ay B3]l=218,, (8.80r)

[A3, B)l=B,, [A;, Byjl=—B,, (8.801)
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KOTOphle OMHUCHBAKT CTPYKTYPY COOTBETCTBYWOLUEH 3TOH rpynmne anreGpoi
Jlu. Ecau ¢ nomowpio aunetinoro npeoGpasoBaHus mepeHTH K Gasucy,
COCTOfILIEMY H3 ONEparopoB

A B; A
Ji=_’%, Ki=~{‘iz_2_’£, (8.81)

TO COOTHOIUEHUA KOMMYTalMH NPUMYT BHUI

[, Ll =, Vo, SHl=4, [, fl=4, (8.82)
Ky, Kol=Kj3, [Ky Kil=K;, [K;, K\l =K, (8.82a)

CrenosaressHo, rpynna O (4) 10KalbHO H30MOp BHa MPAMOMY MpPOH3BE e -
HUI0 JBYX TPYNN, Kaxaas u3 KOTOPHX Hu3oMopdua rpynme O (3).
PaccMoTpum najtee rpynmy JlopeHua BellecTBeHHHX npeoGpaszoBaHui,
OCTaB/AIOIMX HHBAPHAHTHONH KBaipaTHyHyl dopmy X2 24 22— f2,
B kayectBe HH(HHUTE3HMA/BHBIX OMEPATOPOB MOMKHO BHIOpATh OnepaTopl

0 (/] 0 (/] 0 J .
h=2or Vo h=rgmp g A=y rgy

0 0 (/] 0 (/] 0
Bi=sortitgy Bi=yotigy By=zg+tg. (8.8

Crpykrypa coortBercTByMOllelt areOpbl JIM 3ajaercs COOTHOILIEHUSIMH

[4;, Al = A3, [Ag. Agl = Ay, (A, Al = Ay, (8.84)
[Bi. Bil= —A;, [By, Byl=—A,, [Bs Bil= — 4, (8843
[Ar. Bl = [Ag, Byl =1[A3 B3] =0, (8.8406)
[4,, By] =B, [4;, Byl =— B, (8.848)
[Ay, Bil=—Bs, [A4,, B3jl=5,, (8.84r)
[4;, Bi1=28,, [4;, Bjl= —B,. (8.84n)

Ecau Tenepb Mbl MOMBITaEMCA BOCMOJAB30BAThCA MOAcTaHoBKo# (8.81),
TO OKaxXerTcs, yTO Ha 3TOT pa3 aireGpa JIu He pacmaldaerca B mpsaMyio
cymmy. U gefictBuTenbHO, B MOcCae[Helt IjiaBe MPU PaCCMOTPEHHH TPYMMBL
JlopeHua MBl JaadM NpsMOe 10Ka3arelbCTBO MNPOCTOTH 3TOH TPYNNH.

3aodaua. Paccmorpure rpynny JlopeHua ¢ ABYyMs ,MPOCTPaHCTBEHHHIMH
MepeMeHHBIMU® U IBYMf ,BPEMEHHBIMH MepeMeHHHIMU®, T. €. TpyMNNy BelrecT-
BEHHHX NMpeobpasosanuit, OCTABAAIOUIMX HHBAapUaHTHOH dopMmy x2+}y2—z2—f2,
Haitizure aHaxoru coorHomenuit (8.79) u (8.80), (8.80a) — (8.80x). ITokaxure,
yro ee airebpa Jlu MpeactaBaser CO00d MpaMyl cyMMy aByX aarebp Jlu,
KakJas H3 KOTOPHX HMeeT CTPYKTYPY (8.76).
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Ecan 6n Ham paspeliasoch Je/aTh KOMIJIEKCHbHE MOACTAHOBKH, TO
noacraHoska B;—iB; npupena Ob K TOMYy, 4TO cOOTHOWeHus (8.84),
(8.84a) —(8.841) mosHOCTLIO coBmanu ¢ coorHowenuamu (8.80), (8.80a)—
(8.801). Has rpynnw JlopeHua omeparopkt

f= AL B @59

2

yaoBaetsopsaau Obl coorHoweHusam (8.82), (8.82a) u (8.826). flcho, uto
BCE TPH TOJBKO YTO PAaCCMOTpeHHBlE BellleCTBeHHEle atrefpr JIu umesan Gul
OAHO U TO e KOMIJEKCHOe pacliHpeHHe, XOTS HX CTPYKTYDbl COBEPIIEHHO
pAa3IHYHBL,

3ametuM Tarcke, yro rpynna O (4) komnaktHa (cM. npumep 12 8 § 4
HACTOdLe} TJ1aBh), B TO BpeMs Kak mapameTphl rpynnel JlopeHua Meus-
10TCS HEOFpPAHHYEHHO.

§ 10, CTpykTypa KOMINAKTHBIX MOJYNPOCTHIX
rpynn Jln u nx aaredp

B stomM naparpadpe Mbl chopMyaupyeM Oe3 A0Ka3aTeJbCTB TeOpEMEHl,
KOTOpLIE MO3BOJAT HAM HaWTH CTPYKTYPY MOJYyNpocThiX rpynm Jin. Mul
y2Ke UCIONbL30BATH TEPMHH ,KOMMAKTHAs rpynna“ npu onucauuu rpynm Jlu,
napaMeTpnl KOTOPHIX H3MEHAIOTCA B orpatuyenHulx npegesnax. Camo rpyn-
noBoe MHOroo6pasue (T. e. COBOKYMHOCTb BCeX 3JEMEHTOB rpymmel JIu)
Ha3bLIBAETCA B STOM CJyyae Komnaxmuurm. B oblueM ci1yyae MHOxecTBO M
KOMNAXTHO, €C/JIH BCAKOe OeCKOHeYHOe MOJAMHOMeCTBO B M comepxur
noC/e1)BaTe/IbHOCTb, KOTOPAas CXOJAHMTCA K HEKOTODOMY SJ/IEMEHTY MHO-
xkectBa M. Hanpumep, .mofas 0061acTb KOHe4HON MNPOTHANEHHCCTH
B eBKJHAOBOM MpPOCTpPAHCTBe KOMNakTHa (Teopema bBosbuano — Beitep -
wrpacca). C Apyro#t cTOPOHH, 03/acTb €EKMHA0BA MPOCTPAHCTBA, NpPO-
cTHpaollascs 10 GecKOHEYHOCTH, He KOMMNAKTHA, MOCKOJAbKY OecKoHeyHas
MOC/IeJ0BATENLHOCTE TOYEK Py, Pg, ..., ¥ KOTOPOH OAHA uau GoJee H3
KOODAHHAT p, CTPeMHTC K OeCKOHEeYHOCTH, CXOAMThCA He Oyner.

MoxHo n0Kasarth, 4To HenpepbiBHAsA GYHKUWSA, 3a1aHHAs HA KOMIIAKTHOM
MHOXecTBe, OrpaHuyeHa. (ITOT (aKT MOKHO HCMOJIbL30BATH B KaueCTBe
elle OJHOTO onpejeneHus koMnakTHocTH.) [locse 3TOroO MOKHO MOCT)OUTD
Hallexalllee olpeje/eHHe HHTETpHPOBaHHA Ha MHoxectBe. Ecmu mipa-
MeTpul rpynnbl JIM U3MEHAOTCA HEOrpaHWYeHHO, JErKo MOCTPOUTH NPHMEp
HenpepblBHEIX QYHKUUI OT MapaMeTpoOB, KOTOpHIE He GYAYT OrpaHUYEHHEIMH.

Anre6pa JIu xomnmakTHO# rpymnel JIu Taxkxke Ha3bIBa€TCAd KOMIAKTHOM.
B nmpennayuweM naparpage Mbl HalimH, YTO NpH r =3 KOMMNAKTHasa
rpynna O (3) u HekoMnakTHas rpynna JlopeHua (8.78) uMeOT OAnHaKO-
Bhle KOMILJIEKCHEE pacliMpeHus. Jlasee Mbl OOHAapy»kHJHM, 4TO KOMI/IEKC-
Hble pacliMpeHHs BelllecTBeHHbIX aareOp JIM Tpynm, OCTaBJIAOLHKX HH-
BapHaHTHbIMH GopMbl x2—-y2F 22412, x2 y2--22—¢2 n x24-y>—22—£2,
COBNANAlOT, HO KOMNAKTHA /HIIbL NepBas W3 rpynn, ITH NpHUMepbl ABjA-
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10TCA  YAaCTHBIMM CJAyyasmMH oOlllero pesy/bTara: Kau[ias KOMIJIeKCHas
noaynpocrag aiare6pa JIi MMeeT DPOBHO OdHY KOMIAKTHYH BelLleCTBEH-
Hy10 ¢opMy.

Kaxnomy snaemeHty A aarebpsl JIn Mbl MOXEM CONOCTABHTb HEKOTO-
poe auHeHiHoe npeoGpasoBaHue. Jlaa moGoro sneMeHTa S KOMMYyTaTOp
[A, S] oka3sblBaercs BHOBb 3JEMEHTOM anreGpbl, B pe3y/bTaTe YEro Mhl
onpelejsieM onepaTop p,, KOTOpbld, Gydyun npHMeHeH K 3jeMeHTy S,
MOPOKAAET BEKTOP

paS=[A.S]. (8.86)

Ecan M1 BoiGepeM Hekoropblff 6asuc, B koTopom A=a,X,, S=s5,X,,
TO HalileM Marpuuy oflepaTtopa p, B 3TOM (a3uce:

(PaS)y Xy = copa,85,X , = (P a)apSeX o

(P A)ap = 5. (8.87)
Ecan Ttemepp Mel OyleM NpDHMEHSTL ONEpaToOp Py, COOTBETCTBYIOLU(HMH
3/JeMEHTY B, TO MOAYYHM
poAS::le I.Av S]]

n
(poA)vB = cﬁac%ﬁbuav. (8.88)
Cnen npeoGpasoBaHus ppp, paBeH
te(pgp )= cﬁacgﬁbuav = £,0,0, (8.89)
rie
B =8 = cﬁac%ﬁ. (8.90)

Pasenctso (8.89) nosBoiseT HaM COMOCTaBUTb MOOBLIM IBYM 3JEMEHTaM
anreOpbl HEKOTOPY0 CHMMETPHYHY0 OH/nHeHHYI ¢(opMy, KOTOpYIO MBI
Has3oBeM cKaaapHuM npoussedenuesm (A, B) snemedtoB A n B:

(A, By= g, b0, (8.91)

Ecau ot onnoro 6asnca Mu mepefineM K ApyroMy c nomollpio npeo6paso-
BaHus (8.70), 1o, moab3ysack cooTHoweHuamu (8.71a) u (8.90), nHatizem

gllw =0,,048p= ap.agaﬁlzﬁvv (8.92)

TaK 4TO &, MNpeobpasyeTc Kak CHMMETpHYECKMH TeH30p paHra IBa,

a ckanspHoe mnpousseneHne (8.91) ocraercs vHBapHaHTHEIM. TakuM 00-
pasoM, B HallieM BEKTOPHOM MNPOCTPAHCTBE g, HrpaeT poJb MeTpHue-

ckolt matpuubl. ITosbaysace (8.58), MOXHO MokasaTh, 4YTO BE/HUYHHEL

c (8.93)

= [
Apv 4 Apcuv

AHTUCHMMETPHYHBI OTHOCHTE/IBHO M060H1 nepecTaHOBKH HHIEKCOB.
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3aodaua. dokamute, YTO BENHUHHH Cjyy AHTHCHMMETPHUHB OTHOCHTENBLHO
MoGOH MepecTaHOBKH HHIEKCOB,

[Mockonbky g, — BellleCTBEHHAs CHMMeTPHYeCKas MaTpHUA, ee BCeria
MOKHO MPHBECTH K [MaroHaJbHOMY BHAY C MOMOLUBIO BelleCTBEHHHIX Tpe-
obGpasoBanuit, T. e. MyTeM HekOoTOpoH 3aMennl Oasuca [(8.70) m (8.92)].
[lpn aToM creunadbHOM BEIGOpe Gasnca MatpHua g, MMeeT BHI

8uv=2¢,0,,» (8.93a)
rie

g,2=-+1 mpu p=1, ..., &, g,=—1l mpn p=~k—+1,..., 1
g, =0 nmpu p=Ii+41,...,r

Ecan matphua g, HeocobenHas (detg=0), ee kaHoHHyeckn# BuA (8.93)

e COMePHHT Hy/lel, H MBI HMeeM R HarOHa/bHEIX 3/1eMEHTOB, PaBHHIX +1,
M r— k 1naroHaibHeIX 3/eMeHTOB, paBHhXx —1. TeopeMa KapraHa
T/1acHT Caenylollee,

Yro6bl aare6pa JIn Oel1a noaynpocTo#t, HeoOXOLMMO M LOCTAaTOYHO,
urobn det g0.

310 yca0BHe MOXHO chopMyauposats mo-Apyromy. Ecam det g =20,
TO ypaBHeHHs g,.a,=0 HMeOT HeTpHBHaAbHOE pelenue. g Takoro
sexkTopa A W moboro b, Mel noayuaem g,.a.b, =0, otkyna carenyer,
yro (A, B)=0 npu Bcex B.

[Tostomy kpurepn#t KapraHa MoxHO cdopMyaHpoBaTh CJedyIOLIHM
00pasoM.

Anre6pa Jln noiynpocta B TOM H TOJMBKO B TOM C/yyae, eC/]H He
CyllecTByeT 3jeMeHTa A 3TOH aiarebpbl, KOTOpbH Obla OB OpPTOroHaJeH
Bceft anrebpe [B cMbic/e CkaispHOro npowusBeleHHs (8.91)].

Ecan matphua g, OTpHLATENbHO OMpeleseHa, TO B ee JHaroOHaib-
Ho#t ¢popme (8.93) Bce AuMaroHajabHble 3aeMeHTH O6yAyT paBHbl —1. MoXHO
IOKa3aTb Caenyiolilee.

IMonynpocras anrebpa Jln KOMNAakTHa B TOM H TOJBKO B TOM CJyuyae,
ec/aM Matpuua g, OTpuuartenbHo onpeneneda [r. e. (A4, A) <0 nrs
KaXJaoro ajaeMedHta A aare6psl],

3aMeTHM, HaKOHel, 4TO [/s KOMNakTHOH mosaynpocro#fi anreGpet Jin
MOXHO BHOpaTh 6asuc TaK, 4ToObH guv=—6uv. B sroM 6asuce B co-
OTBETCTBHH C (8.93) CTPYKTYpHbE KOHCTaHTHl cf, OylyT aHTHCHMMETDHY-
HEIMM OTHOCHTE/bHO JI000# nepecTaHOBKH HHIEKCOB,

daxTHYeCKHH aHaMM3 CTPYKTYPHl KOMMAKTHBIX MOJYMPOCTHX aarelp
JIn BBHIXONMT 3a paMKM 3TOW KHHMIH, ONHAKO KpaTKH{ mepeyeHb pes3yiabTa-
TOB, TNpHBEINEHHHX 31eCb, MO/HKEH NOMOYb YHMTATEN0 NPOCAENNTb 3a
nolpoOHeiM H3jaoxeHHeM B kHurax [lontrpsrmHa v Paxa,
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§ 11. Jlndeiiible npeactasBiaeHus rpymn Jlu

Jlunefinsle npencrtaBiaedns rpynn JIm omnpelensioTcs TaK ke, Kak
JVHeHble MNpeiCTaB/eHUs KOHeydnX rpynn (cm. ra. 3). KaxmoMmy sze-
MeHTy R rpynnu MbB CTABUM B COOTBETCTBHE HEKOTODHIM JMHeHHbIN
onepatop D (R). Oneparops D (R) Ie#CTBYIOT Ha BEKTODHl ) B KOHEUHO-
MEpHOM €BKJMIOBOM WM THAb6EPTOBOM NMPOCTpaHCTBE, B KOTOPOM 3alaHO
MOJIONKHTE/IBHO OMNpelesneHHoe CKalapHoe npousseferve (P, Po). ITH
onepaTopel LO/IKHbl YIOB/ETBOPATb OOBIYHBHIM TpeGOBaHHUAM:

D (R) D (Ry) =D (RR)), (8.94)
D (E)= 1. (8.942)

[Torpe6yem remepb, u4ToBbl omeparopsl D (R) Guliu o2panutennsimu
onepamopamu [1. e, 4TOOH ckanspHoe npoussefedne (D (R) P, ) 6u10
KOHeYHBIM I/ Bcex Y] M 4ToOH ckanaspHoe mnpoussererue (D (R)Y, ¢)
Obl10 HempepblBHON ¢yHKLUMEH mapaMeTpOB 3jeMeHTa rpynnbl R,

K pemennio 3alaun O HaxXOxJAeHHM NMpelcTaBieHuH rpynns JIM MOXHO
NpHCTYNHTh MO0 HenocpeiCTBeHHO, JAMOO e BMeCTO 3TOH# 3amayu pac-
CMOTpeTh TECHO CBA3aHHY0 C HeH 3alayy O HaXOMIEHWH MpeicTaBaeHHH
ee aarebpel Jln. B nociaenHeM ciayuae KaxaoMy ajdeMeHTy A aare6phl
MEL CTaBHM B COOTBeTCTBHE JMHeliHbllf oneparop D (A) B ruanbeproBom
npocrpaHcTBe H TpebyeM, uTOOH

D(A+B)=D(A)+D(B), (8.95)
D (0 A) =aD (4), (8.95a)
D({A, B)=DA)D(B)—DB)YD(A) =I[D(A), D(B)]. (8.956)

Ho Ha camom geJje 145 HAac npelcTaB/seT HHTepeC JHIIb HaXOxuJeHHe
npeicrasneHuit rpynnel JIM, a npeacraBseHHe ee aaredpbl Mbi HCMOJb-
3yeM Kak MnpoMexxyTouHeit stan. ITosTomMy MEl NOJMKHH H3YyYHTb Npen-
cTaBjeHus anre6pei JIH M MOKa3aTh, KaK HX MOXKHO 0B06IMTL, UTOOHI
NO/My4UTh MpencTaBAeHHe rpynnu Jlu, yHOBJeTBOpSiOllee HAaMOKEHHbIM
Bhllie TpeOOBaHHAM.

Jl1s onHomapaMertpuyeckoft moarpynnsl JIH Mbi MOXeM BBECTH KaHO-
HUyecku#t napamerp £ Tak, 4TOOHI

R(t,+t)=R()R(t), R(O)=E. (8.37)

Oneparop npeacraB/eHHs, COOTBETCTBYIOWMN 3neMenty R (f), Mu Oynem

0603HayaTh TEM e CHMBOJIOM, 4TO M 3JeMeHT, W ypaBHenue (8.37) pac-

CMAaTpHMBAaTh Kak oneparopHoe ypasuenue. Ecau ypasuenue (8.37) mpo-

AuddepeHLHpOBaTL MO £, a 3aTeM MOJOXHMTL £ =0, {, =1{, TO NOY4HM
dR dR

= I o -R()=RR (). (8.96)
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Onepatop R —1

=lim i

t>0

R = (8.97)

dt \;_q
B MpOCTPAHCTBE npencTas/ennsa CBfA3an C HH(pHHHTeE}HMaJIbeIM oneparo-
pom rpynno Jlu, nopowxieHnbiM omeparopoMm R (f) [cM. (8.62)]. [Ipen-
MOJTOXHM, 4YTO

t)—1
RO-L,

CyllecTByeT I/ CHCTEMBl BEKTOPOB \p, KOTOpas BCIOAY MJOTHA B TH/b-
OepTOBOM MpOCTPaHCTBE, Tak uTo oneparop R (Mo HenpepblBHOCTH)

BnojHe onpeneneH, Torma ypasuenve (8.96) mMeer CMHIC/I, H €r0 MOKHO
HCMO/b30BATh, 4TOOH BLIPA3UTb omepartop R (f) uepes R:

R (t) =R, (8.98)

Ecan Mbl XOTHM NpPOJOJKHTL NOCTPOEHHE mpelcraBieHuft anreSpn Jln,
TO NOJKHB MOTpe6OBaTh, YToOB OMEpaTophl, COOTBETCTBYIOLUME 3JeMEH-
taM rpynnel JIM [MX MOXHO HaxoIMTb ¢ mnoMouliplo ¢dopmy.an (8.98)],
OBLIM OTpaHUYEHHEIMH OMEPaTODAMH.

[Tpencrasienne rpynnel JIM yHHTapHo, ecad omepatophl R (£) ynu-
Tapubl:

limn
t->0

RGO, RO Q)=(b. ). (8.99)

IuddepeHunpys no ¢ n nosaras £ =0, HaxoduM

(R, @)+ (h, Rg)=10

NpH BCeX @ H 1P, TaK 4TO

R+R"'=0. (8.100)
Hrak, yHutapunle onepatopel, CaAyxalllMe MpelCTaBJeHHAMH 3/1eMEHTOB
TPYNNbl, OKAa3biBAOTCA CBA3AHHLIMM C aHTHIPMHTOBLIMH ONepPaTOpaMH
B mnpeicraBleHud aare6pnl Jlu, Ecaum peectH o603Hayenne R =iH, 1o
H=H" R@®=¢" (8.100a)

Hanpumep, nas rpynnu O (3)—TpeXMepHOH OpPTOrOHAMNLHOM TPynILl —
OnepaTopel npeicraBieHns ee aare6pbr JIM LOMKHB YOOBIETBOPATH CO-
oTHomeHusM (8.75):

(X1, Xol=X35, [Xo X3l=X), (X3 X)=X, (8.75)

Ecan nonoxuts iX,=J,, 10
[N, Ll=ikh, [f KBl=i), [ Sl=1/. (8 1ol
Ecan onmepartopel J, 3pMHTOBL, TO mnpexcrasseHie rpynmu Jin Gyrer
yHUTapHeIM. Kak Mel yBuauM nanblie, BCe NpeicTtasienua rpynnm O (3)

9KBHWBAJECHTHLl YHHWTApHBIM 1pE€ACTraBJeHHAM, TaK 4Yro B 9TOM cayude
YLOOHO nepedTH K SPMHUTOBHIM OMepaTopam J,.
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§ 12. UnBapuanTHOe HHTerpHMpoBaHue

Yro6bl OMpeaeNHTb XapaKTephl H BLIBECTH COOTHOLIEHHS OPTOTOHA/b-
HOCTH, Mbl JIOJLKHBL MOLYYMThb N181 HEMPEepPhIBHLIX TPYNN aHAJ0T (HOPMY bl
(8.3). Tlpu BuiBone ¢opmyar (8.3) cywecrBenlslM 6610 TO 06CTOATEND-
CTBO, YTO BCEM 371eMeHTaM R KOHEUHOM Trpynmbl Mbl MPHUNKHCHIBATM pAaB-
Hole Beca. B cumay 3Toro, ecas MB CyMMHpPOBAJIH KaKyio-HHOYIb (YHK-
UMD N0 HEKOTOpPOMY noamsoxectsy IR, Beanumna Zf(R) Oulna,

n

OYeBHIHO, paBHa Zf(S R) rie SN osnavaeT COBOKYNMHOCTb 3/eMeH-
S

TOB, MOJYYAOUMXCS M3 MOAMHOxkeCTBa I mpu /1eBOM CIBHre C MOMOLLBIO
saemeHra S. BmOpas B kauectse moamuoxectsa I BCio rpynny G, no-
JyudM M3 paBEeHCTBA

2DfR)=X7(S'R) (8.102)
pifl SR

yTO
§f<R>=§f(S“R)- (8.3)

B cayyae rpynnbn JIM Mbl JOMKHEL YEM-TO 3aMEHHTb YTBepiKIeHHE
O TOM, 4TO BeC, NMPHUMHCAHHbIH 3/eMeHTy A, paBeH BeCy, NMPHINHCAHHOMY
snemedty BA, mnoayyawolneMycs M3 A npH aesoM ciasure. Kaxaomy
Habopy 31eMelroB, MPHHALIEKAIHNX OKPECTHOCTH A, Mbl XOTHM NMOCTABHTb
B COOTBETCTBME HEKOTOpHN 06zesm (Mepy) dT, Tak, uToObl Mepa dig,
COBOKYMIOCTH 31€MEHTOB, KOTODHE MOJAYyYalTCH M3 NepBOHAYa/IbHbIX
3JIeMEHTOB NPH €BOM CABHTe C MOMOLUBI 3/7eMeHTa B, Oka paBHa 47T,

dig, =d7,. (8.103)

Kax T0/bkO BBCICHA 2£80-UHBAPUAHMHAA Mepa, M3 Hee TOTHAC ke
caenylor anamoru ¢opmya (8.102) u (8.3):

_fdrAf(A)# fdrBAf (B7'4)= fdrAf (B7'4), (8.104)
R BN B

[avar = [av,r(87a). (8.104a)
G G

3HaueHHs mapaMeTpos MHOxecCTBa N, mNpHHaLTekKALETO OKPECTHOCTH
anemMeHTa A, OJHM3KM K 3HaueHMAM mnapaMeTpoB 3jemeHTa A. EcaM na-
paMeTphl 37eMeHTa A Mbl 0003HauMM cumBOJOM a(ay, ..., a,),

COBOKYMHOCTb 3/€MEHTOB MHOxecTsa N OyiaerT B npOCTpaHCTBe mapa-
MeTpoB 3aHMMatb 00beM da. Ecin Hamy 3THM MHOXCCTBOM Mbl [IDPOM3-
BeleM J/IeBHIf CABHT C MOMOLIbI0 3JeMeHTa f3, napaMeTph KOTOpPOro
paBHbl b, TO mapaMeTpel MHOxecTBa BN, BO3uMKAWLEro B pedyabTate
aTO#f onepaunH, 6yayT npUHALNEeKATE OKPECTHOCTH BEJHYHH Cp = @, (a, b),
3anasaeMpix cootHowenneM (8.23). Mrak, napametpm MHOwectBa BY
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6ylIyT 3aHMMaTb B NMPOCTpaHCTBe napaMetrpoB o0bem dc¢, BelHYHHY KO-
TOPOrO MOXHO BBIYHCJHTL C TNOMOLIBIO cooTHoweHus (8.23). Yrobui
cmenaatb oaMHakoso# Mepy 3szementoB rpynne IR u BIR, sBenmem ¢yHk-
UMI0 NJOTHOCTH P (@) Takylo, 4TO

dipy=op(a)da=0p(c)dc =d1sy. (8.105)

GyHKUMIO MJIOTHOCTH P HaWlTH Jerko. B OKpeCTHOCTH eIMHHLbI MOMKHO
npoM3BOJILHHIM 006pa3oM 3amath 3HauyeHuwe p(0). JleBriM CaBHrom ¢ mos
MOLLbI0 3/eMeHTa B MHOXeCTBO, NMpHHAlJexKalllee OKPECTHOCTH eNMHHMLEL,
nepeBOIMTC B 001aCTb MNPOCTPAHCTBA MapaMeTpoOB, PpAaCHOJ/OKEHHYIO
B OKpeCTHOCTH 3HaueHus napamerpa b. Ms (8.23) caenyer

b=, (0; b), (8.106)
r
O [ 90 (a5 8)

db,= ¥, [T]a=0da,. (8.107)

[=1

ITosTomy ssnementapubnie o0bemsl dd m da B mpOCTpaHCcTBE NAapaMeTPOB
OKa3bIBAlOTCA CBA3aHHBHIMH Mexly COOOH COOTHOLUeHHeM

op, (a; b) 0p, (a; b)
Oal a=0 001 a=0
db=| . - « « + < .. . lda=Jb)da. (8.108)
oq (a; b) 0g, (a; b)
oa, a0 oa, =0
O603HaynM
_ 0
p(b)—m, (8.109)
Toria
p(b)db=p(0)da. (8.110)

Wrak, 3nHauveuns ¢yHkuun maotHocty p () mns Bcex b momyuamoTcd
MeBLIM CABHTOM C MoMoUiplo 3iemedTa B. Hame onpeneneHne Hempotu-
BOpEYHBO, HOO ecAM Mbl OT 3JeMeHTapHOro o61beMa, pacrno/oKeHHOro
B OKDPECTHOCTH /OGOTO 3HaYeHMs napaMeTpa @, MEpPeXOIMM K ApYroMy
3HAYCHUIO MapaMeTpa ¢ C MOMOLULID MNpeoOpa30BaHHs C MapaMeTpoM &,
T. €,

c=@(a; b),

TO 3Ty OmMepauMio Mpl MOXEM MPOBOIAMTE B [Ba 3Tama: CHAayaJa BHINOJ-
HUTE NpeoOpasoBaHHe, 0OparHOE MNpeolpasoBaHHID C NapaMeTpoOM a (UTo
BEDHET HAC B HAayan0 KOODIMHAT), a 3areM — npeo0pasoBanMe ¢ napa-
METPOM ¢, KOTOpOE M MpHBejeT HAc B TOYKy c¢. Tak Kak Haiie onpe-
Iesenre BHIMOMHACTCS HAa KaKAOM 9Tame, TO OHO e QCraercs HempoTH-
BODEYMBBIM U I/ BCErQ MPOLECCA B UeJOM,
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[IpuBenem HeCKOJBKO MNPOCTHIX MNPHMEPOB BHIYHC/ACHHA (YHKUMH
nA0THOCTH p(@). B rpynne x' =x-+a

c=¢q(a b)=a-+b, @_%_{7)_

TaK 4TO (YHKUHS NJAOTHOCTH sB/AsteTcs KOHCTaHTOW, IIpHM MHTEerpHpoBaHHH
¢yHKUMM f (@) Mo rpyhne Mbl NOJKHBI BEIYMC/STH HHTErpal

fda f(a).

PaccmotpuM nanee rpynny x’ = ax:
0p (a; b)
da a=1

=1,

a=0

c=o(a; b)=ab, == 0,
dyHKUMA MIOTHOCTH HMmeeT BHMA p(b) =1/b. ToT xe pesyabrar noay-
yaeTCs M AAS TPYNnbl
x' =ax,
1
/—__.
y==J
B camoM nene, M3 Hamimx paccyxIeHMH BHIHO, 4TO (YHKUMH MJIOTHOCTH
117 M30MOp(HBIX Tpynn BCerja COBMAAAIOT.
Eule omHMM npuMepOM CAyXHT rpymna x’ = a;x -+ a,, A1 KoTOpOH

a=o(a; b)=0ba, cy=q,(a; b)=0by+ba,,
G| 00 9| — 5
oa; al=1_bl’ _da_z_— oa, =0 oa, al=1_bl’ 6) = bi.
a,=0 ay=0
YHKLUMA MIOTHOCTH HMMeeT BHI p(b)=1/b¥. ITpn wuHTETpHpOBaHMH Tpe-
6yeTcsl BBIYHUCJHTD

2

J’ da;da,
aj ’

B cayuae nBsymepHo#t rpynnbl BpalleHnt ¢ =a-| b (mapamerpom
CIY:KHMT YTOJA MOBOPOTA), BCJAeACTBHe Yero MJOTHOCTb MOCTOAHHA, Jlas
HHTETPHUPOBAHHSA MO TpYMMNe HYKHO B3ATb HHTErpan

J’ do.

3adava Bbluucaure (QYHKUMIO NAOTHOCTH A IByMEpHOH auHedHOH
rpymIsl,

B nameM onpefeneHHH ¢(YHKUMM MJIOTHOCTH 1s Cayyas TDYTNbl
x" = a,x + a, uMeeTca ONHA TOHKOCTb. [ITOTHOCTb MBI OMpeleaMAH Tak,
yto ecan ¢ =@ (a; b), 10 p(c)dc=p(a)da. B ocHoBy Hawero onpe-
JeseHus, eCAN pacCMaTPHBATh er0 C TOYKH 3peHHd TPYMNOBHIX omepaumui,
Obl/IM MOJIOXEHBl JIeBBle CIOBUTM C MOMOLLUBIO 3JeMeHTa rpynnbl . Haii-
AeHHas HaMM NJIOTHOCTb MMena BuL 1/a}. Ilpeanosoxum Tenepb, utQ
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BMECTO Hallero MepBOTO OMNpele/NeHHs Mbl 3alalH (YHKLHIO MAOTHOCTH,
NO/b3YsCh NPABbIMM CIBHraMH, T. e. moaaras p(cydc=p(a)da, riae Ha
3T0T pas ¢= @ (b; a). [lponeaars aro nerko. Mul noayuum p(e) = 1/a,.
HHaue rosops, ecad ¢yHKUMS MJIOTHOCTH ONpefleJieHa TaK, 4YTO Mepa
MHBApHaHTHA OTHOCHTeJNBHO J/IeBEIX CIBHrOB, TO 3Ta Mepa He Oyler
MHBApHaHTHOM OTHOCHTENbHO NMpaBblX cIBUroB. TakMM 06pa3doM, B oflueM
cayyae Mbl HalileM LIS TDYNNbl 2680-UHBAPUAHMHYIO W NPABO-UHBA-
PUGHMHYIC Mepy, TIDHYEM 3TH [BEé MepH He COBNANAlT APYT C APYroM.

Jlnf KOMNakTHBIX TPYNnm STH JIBe MepPbl COBMAfAal0T, H MO3ITOMY Mbl
MOXeM 3alaTb Ha rpynne o0OXY HHBADHAHTHYI0 Mepy. YroOn moKa3athb
3TO0, PACCMOTPHM HEKOTOpOe MHOkecTBO IR B OKPECTHOCTH edMHHLL.
CoBepwiuM J/eBblf CHBUr C MOMOLbK 3/eMeHTa S, B pe3yibrare Yero
Kawanit s1eMeHT A MHoxectBa I mepettner B BA, a muoxectso M
B ueqoM Tmepeitner B MHOwectBO BIN B oKpecTHOCTH 3jeMeHTa
B. TlpousseneM, naiee, mnpaBbil CIBMT C NOMOWIBI 3jdeMeHta B,
B peayabTate uero asjgeMent BA nepefizer B siement A’ =BAB”,

a MHoxectBo BIM nepetiner B Muokecrso BMB~'. Muoxectso BMB™'
BHOBb pacMO/IOKEHO B OKDeCTHOCTH eIMHMUBl, M MapaMeTphl dnemeHta A’
NoJyyalnTCa U3 NapaMeTPOB 3/eMeHTa A nHeliHbIM npeobpasosanveM D (B).
Takum 00pasoM, KauIOMy 3JeMeHTY 5 rpynmel CTaBHTCS B COOTBETCTBHE
nnHetinoe mpeoGpasosanne D (B). Us toro, uto A’ =BAB™', M Buanm,
yro Matpuubl D (B) odpasywotT HeKOTOpOe MpelCTaB/eHHe TPYMMEL.

JlBa onpenejeHuss Mepb OyIyT COBNanatb, ecad oObeMb B NPOCT-
paHCTBe MNapaMeTpoB, 3aHHMaeMble MHOXECTBOM BMB™' n M, pAaBHHL,
Tak OyzeT TONBKO B TOM CJyyae, KOria abCcoMIOTHOe 3HaYeHHe Ompefe-
aurens wmarpuubl D (B) pasHo eaumHuue. Jlokaxem Temepb, UYTO ecau
rpynna KOMNAKTHA, TO STOT ONMpeleHTe b paBeH eautunue, Ec/u snement B
MMeeT KOHeuHe! nopsimok, tak uro B =E, 10

(DB =D@B™ =1

|det D(B)|=1.

Ecan xe aneMeHT B aBasercs 3/7eMeHTOM OeCKOHEWHOTO MOPSAKa, TO
pPaccCMOTPHM MOC/AeNOBaTENLHOCTb 3jdeMeHToB B"(n=1, 2, ...). Ecan
rpynna KOMMAaKTHA, TO 3Ta MOC/JAeNOBATEIbHOCTb 3J/EMeHTOB HMeeT mpe-
aej P, npuHalnexawumit rpynnosoMy MHoroo6pasuio. Pynxums det D (B)
HempepblBHA HAa KOMMAKTHOW TpyNne W MOSTOMY OrpaHHYeHHa, M3 yero
caenyer, uto u det D (B) orpannuen. Kpome toro, det D (§)==0, rax kak
MaTpHLbl MpelncTaBaeHus HeocofeHuble. Ecan

|detD (B)| > 1,
nocaen0BaTeAbHOCTD
|det D (B")|=|det D (B)|", (8.111)
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KOTOpas NOMKHA crpeMutbcs k detD (B), Oyaer Ha camom fHele ctpe-
MHTbCA K OeckoHeuHoctH, Ecam ke

[det D(B)] <1,

10 nocaenoBateqsHocTs (8,111) Oyder cTpeMHTbCs K Hymwo W He Oyner
cxoautbes K | det D (B)]|. CaenoBartenbHo, s KOMNAKTHOW rpymmu

[detD(B)|=1.

§ 13. Henpupoaumeie nmpeactaBJetus rpymn Jin
n aare6p Jiu. Oneparop Kasummupa

Ecan orpaHHyMTb Hallieé pPAaccMOTpeHHe KOMMAKTHBLIMH Tpynnamu Jlu,
TO WHBapMaHTHOE HWHTErpHPOBaHMe, BBelleHHOE B MpelblAylleM naparpade,
NMO3BOJINT HAM MepeHeCTH Ha cayualt komMmakTHbIX Tpynn JIn Bce Teopemsl,
KoTopue OblIM BHBeleHBl B T, 3 A8 KoHeyHmx rpynn. Wuterpan or
HenpepbiBHO! GYHKUHH MO KOMMNAKTHOM rpymne BIOJIHE OMnpefesteH, H /s
IoKa3are/AbCTBa TOTO, YTO BCKOE mNpelcTaB/eHHe KOMMAKTHOH TpynMmel
SKBHBA/EHTHO HEKOTOPOMY YHHTApHOMY MNpENCT4BJEHHIO, Mbl MOMKEM Mo-
BTODUTb 10Ka3aTe/bCTBO, AaHHoe B § 11 ra. 3. JlokasarenbcTBa COOT-
HOlWeHnH OpTOTOHA/BHOCTH M TeopeM O XapaKTepaX MPOBOAATCA TaK e,
KdK M A1 KOHeuyHbX rpymn, HakoHel, MOXHO [M0Ka3aTh, YTO BCAKOE
npeiacTras/elie KOMNAKTHON TPYMnb passaraercs B CyMMY HempHBOIHMMEIX
npencrtaBae.if, Kaxaoe H3 KOTODHX HMeeT KOHEYHYl0 Da3MepHOCTb, H
YTO peryJaspHoe NpelCTaB/eHHEe COJEPIKHT BCe HeNpHBOIMMBLIE NpeacTa-
BJIEHHS.

Jlng HeKOMNAKTHHIX TPYNN BO3HHMKAIOT PAa3/HMYHOTO pola TPYIHOCTH,
Hanpumep, rpynnma tpaucasuni x’ = x -+ a oGnagaer npeicras/eHHeM

1 e° 8
a— 0 | (8.112)

KOTOpO€E, OYEBHMIHO, ABJIAETCA MPHBOLMMEIM, HO He Da3/araercs B CyMMY
npencrasaeHuit Te ke TPYAHOCTH OYAYT BO3HHKATh H B TOM CJy4ae, KOT1a
rpynna Jln coldepxuT HMHBapHMaHTHyl0 aleseBy noarpynny. Jas moay-
npocioff rpynns JIu MOMHO 10OKa3aTh, 4TO BCAKOe ee MpelaCTaB/eHHe
KOHEYHOH pasMepHOCTH BMOJHe NpPHBOIMMO,

B nponecce HaxomAeHHs HENpHUBOAMMBIX MPENCTABAEHHH MOJYNpPOCTOH
amebpnt JIn upessniualiHO noJaesHo#t okasbiBaeTcs TeopeMa Kasumupa,
J s vakux aareGp Merpuueckas Matpuua g, [cM. (8.90)] neBmipoxaena
¥ uveeT obparHylo gHv:

"8,y =1b,,, (8.113)

KOTOpas, KpOMe TOrO, CHMMeTpHuHa. Ecanm 00o0sHaunth cuMBOstamMH X
Ofepalopbl, COOTBEICTBYIOLIHE Oa3HCHbLIM 3/eMeHTaM amelpbl, TO Omepa-
topoM Kasumupa, no onpenesienmio, 6yner orejarop

C=gmX, X, (8.114)



3r Frasa 8 Henpepoiguoie 2pynns

Ecan cocraBHTh KOMMyTatop onepatopa C ¢ NMPOM3BOJBHHIM Omepa-
TOPOM TNpeACTaB/JeHHs, TO MNOJYUYHM

[C' X‘r]=gp0 [XpXU’ X‘r]=gp0Xp[XU’ Xrl+gp0 [Xp’ X-r] XU=
=gk X X, +8%c) X, X, =g ch X X, +g%ch X, X =

=gMch. [XpX,\ -+ X,\Xp].
Nz (8 93) nmeeM
ck =ghe ., (8.115)
TaK 4TO
C, X =g g"Meyo [X, X\ + XXl
Tak KaK Cyg = — Cgy;y TO MHOXHTENb nNepel CKOOKAMHM aHTHCHMMeT-

pHYeH OTHOCHTENbHO 000N nepecraHoBkH HHAekcoB P u A. CKoOKH
CHMMETPHYHBl MO O M A, TaK YTO MNpOHM3BeIEHHe MOJKHO 0OpALATBCA
B HY/Bb:

[C, X =0, (8.116)

1. e. omeparop C KOMMYTHpyeT CO BCeMH OMepaTopaMH NpeiCTAB/AEHHS.

Ecan Tenepb Mbl pacCMOTPHM Kakoe-HHOYIb HeNnpHBOAMMOe MpelcTa-
BaeHne, 10 oneparop C 6yler KOMMYTHpOBaTb CO BCeMH OlepaTopaMH
npelcrtaB/jeHus M, no jemme Lllypa, 6ylder KpaTeH eIHHHYHOMY OMepaTopy.
TaxkuMm 006pasoM, I NaHHOTO HeNPHBOIHMOTO NpeNCTaBJeHHS Omeparop
Kasumupa C xapaktepH3yeTcsl HEKOTOPBIM BNOJHE ONpeleJeHHBIM YHCAOM,
KOTOpPBIM MOXHO MNOJb30BaThCA, YToOb 3a4aBaTe 3TO HENPHBOIMMOE
npenCTaB/IeH e,

J115 KOMNAKTHBIX TP YN B CMeUHaiLHO noao0paHHoM Basnce gPo9——HP0,
u oneparop Kasmmupa samuwmercst B BHIe

c=> Xx. (8.117)
P

Ina rpynmsl BpaweHu#t O (3), ecim B KadyecTBe HHOHUHHTE3NMaMbHBIX
onepartopoB BbIGpaTh OMepaTopsl J,, onpelesembie cOOTHOWeHHeM (8.101),

oneparopoM Kasumupa Oyner omeparop
C=n+ A+ A (8 118)

T. €. KBaapaT ,MOJHOrO MOMEHTa KOJHYeCTBA ABHXeHHs“, OH KOMMYTH-
pyeT ¢ oneparopaMM Ji, Jy, J;, a ero 3HaueHHe XapaKTepH3yeT HernpH-
BOAMMOE TpelCTaB/eHHE.

B o6uieM ciayyae, yToObl OXap aKTepH30BaTh MOJHOCTBIO HEMPHBOIHMMOE
npeicrasiaeHne, tpebyerca G6oJbue oneparopos. Hanpumep, Ang rpymms
O(4) [cM. (8.82)] nBa omepartopa

F=XJ  G=2K, (8.119)
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KOMMYTHPYIOT CO BCeMH omepatopaMH. Yepes omnepatopsl A, u B, 3th
OllepaTOPEl BLIPAKAWTCA CACAYIOLHM O0pa3oM:

F=X A +XBi, G=AB, (8.120)

3eoaqu. 1. Tlocrpotite oneparop KasuMupa nas rpynnsl, 3agaHHOH ypas-
HeHusaMu (8.76).

2. Hatinure aHaasoru omneparopos F u (G B coortHomenuax (8,120) paa
rpynnut JlopeHua, onpefejeHHo# cooTHomenveM (8.83), M N TpyMMb, ocTa-
BJasioiled UHBapHaHTHOH dopMy x?+4- y?—22—£2

Uucao omeparopoB, HeOOXONHMMEIX IJf 3a[JaHMA TNOJHOM CHCTEMHI,
paBHO parey aarebpel, KOTOpEIf OnpelenseTcs ClelylOLlHUM o6pasom,
Ilns npoM3BOJMBHOTO 3/eMeHTa A HaXONMM BCe HE3aBHCHMHIE DellieHHst

ypaBHeHHus
[A, X]=0. (8.121)

D10 ypaBHeHMe BCerla MMeeT mO KpaliHe#t Mepe omHO pemeHne: X = A.
[Tocne 3toro Mm BapbupyeM 3jeMeHT A, 4ToOBH CBeCTH 10 MHMHHMYyMa
YUCNO He3aBUCHMBIX pemeHu#t ypasHenus (8.121). 310 MHHHMa/bHOE
yncao ! HasblBaeTcs paHroM aare6phl, M A 3aNaHHS HEMPHBOLMMOrO
npencrasjaeHns Tpebyercs [ omeparopoB THna omepatopa Kaaumupa,

§ 14. MHoro3Ha4YHbie mpejcTaBJeHHUs,
YRuBepcaJabHas HaKphiBaOUlas rpynna

[Tpu onpeneneHnn npencras/neHuit HenpepbBHOU Tpynnbl Mbl Tpe6OBaH,
y1OObl MATpHYHBlE 3/EMeHTbl MpelcTaBaeHHs OblaM HeMpepbIBHHIMH (PYHK-
UMMM Ha TpynnoBoM MHOroo6pasuu, CpenH HempephiBHbIX PyHKUWH, 3a-
JanHbIX Ha rpynne @, MOTYT OmTb M MHOTO3Hauuble $yHKUMH. [Ipu 3TOM
BO3HHMKAeT BO3MOXKHOCTb MOABJAEHMS MHOTO3HauHbIX Npenctasiaenutt. [pen-
crasneHve rpynnu U HasbiBaeTCHd M-3HAYHBIM, €CJAH KaXXIOMY 3JeMeHTY
rpynnb COOTBETCTBYET m pasauuHelx omepatopoB D) (R), ..., D, (R),
npHyeM [1Js TOro, yTo6H MNpencTaB/]eHHe OHIO HEMpephHBHEIM, He06XO-
IMMO PAaccMaTpHBaTb BCe 3TH OMepaTopbl ONHOBPEMEHHO.

PasyMeercs, KawxIOMY O3JeMeHTYy KOHeYHON WJH NHUCKpeTHOH rpymmml
MBl TaK)Ke MOTJH 6bl MOCTABHTb B COOTBETCTBHE HECKOJBLKO ONEPaTopOB,
ONHAKO OTCYTCTBHe KaKWMX Obl TO HH Onisi0 TpeOOBaHHMH HempepbIBHOCTH
no3Bo/n/10 Obl HaM pa3GUTb 3/eMEHTHl TPYMIMbl HA OTIe/bHble MHOXECTBA,
B KOTOPBIX Ha KaJAbl# 9/1eMeHT TpYMIbl NPUXOINTCH POBHO OJIMH ONeparop.

BoabMeMm HenpepblBHYIO Tpynny H paccMOTPHM Ha Helf HeNpephIBHYIO
¢yukuyno f (R). (B wacrHoctn, Takas ¢yHkums f (R) moxer ObThb Mar-
DHYHBIM 3/EMEHTOM KaKOro-HMOyIb NpencraBieHus.) Bynem Temepb npu-
ratecfi M3 HeKotopolt TOYKM R Mo HeKOTOpo# KpHBOH B TpynmnoBOM
MHOT000pasHH: KaxIOMy 3HAUEHHIO BellleCTBEHHONM mepeMeHHOW = MEl CO-
MOCTaBHM HEKOTOpPYW TOYKY g (T) TIpynmnoBOro MHOrooOpasus, mNpuyeM
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g (1) — HenpepuibHas ¢ynxuua ot 1. [lpn 1=0 g (0) =R, mnosromy
HAalIA KpHBAs H4auyMHAeTca B Touyke R. DBylleM paccMaTpusaTe 3aMKHYTHE
KpHBHIE, T. €. TaKWe Kpuene, y Kotophx g (1)=R. Hac 6,nyr wuure-
pecoBaTb 3HAYEHHs, KOTOpbIE NMpHHMUMAaeT pyHKuMA f[g£ (7)] BlOb 3aMK-
HyTO# KpuBOH. Moxer npencraBHTbcs cayyalt, Korja npH HM3MeHeHHH
napamerpa T ot  do 1 HenpepuiBHO M3MeHswOuaAcs QyHxuus f He BO3-
BpallaeTcs K HMCXONHOMY 3HaueHWo. [Iposenem Bce BO3MOKHble 3aMKHY-
Thle KpuBoie & (7). Ecan, Bo3spawasce K 3jeMeHTy R, Mbl HatineM m
pas3aHyHblIX 3HAaueun# GyHKUMH f, MB CKaxeM, uTO GYyHKUHA [ m-3HaAUHG.

ficno, uTo Bcerla MoOkHO BEIOparb PyHKUMIO f Tak, 4ToOb OHa Gblia
0lHO3HAYHOH, TaK Kaxk MOxHo Bu6paTh ee B Bule f(R) =1 naa ncex R,
Ho nac wuHTepecyeT HMEHHO MAaKCHMa/JbHO BO3MOXHAs MHOr03HA4YHOCThH
HenpepHBHEX GyHKUMH HA rpynne, ITO YUCAO ABAAETCH CBOHUCTBOM Irpym-
noBOro MHOroo6pasua wuan (4as rpynn JIn) mpocTpaHcTBa mapaMeTpos.
Ecan 3aMKHYTY10 KpuBYI0 & (T) MOKHO Hempepbisiolt nedopMaumelt cTaHYTH
B TouKy R, TO 3amaHHas Ha Helt ¢yuxuus f 10.DxHA mocte o6xola KpH-
BOM BO3BpALLATBCA K HMCXOAHOMY 3HaueHuo. Ecau 3To MpoucXoaut mpu
mo6oM BbiOOpe 3aMKHYTOH KPHBOH Ha rpynne, TO TpynnoBoe MHoroo6pa-
3Me OJAHOCBfI3HO, a BCfKas HelpephiBHAA QYHKUMA Ha TakoH rpynme AoJ-
KHa ObITb OLHO3HAYHOMH.

3aMKHYTYI0 KpHBYI0O g (T) MOXKHO HemnpephiBHBIM INpeoOpa30BaHHeEM
CTAHYTb B TOUKY R, €C/IM CYLLEeCTByeT NOC/e 10BaTeALHOCTb KPUBHX & (T, A),
rie g — HenpephiBHas (PyHKLUMS NepeMeHHBIX T M A, TaKas, 4TO

g, )=g® n g, Hh=R.

TouHO Tak ke IBe KpHBbe £(T) M &£9(T) MOXHO HempepnBHO Aedop-
MHpOBaTb IPYT B ApYyra, eciH

g (M=g(@ 0 n g@®=g(x 1)

Ecau uMeeTcs m 3aMKHYTHX KDHBBIX, KOTOpble Hesb3fl 1edOpMHpOBaThb
Ipyr B Apyra, TO MHorooOpa3swe m-c83H0, H MOTYT CYleCTBOBAaThb
m-3HauHble HempepblBHbIE (YHKLHH,

[Tpn Gonee noaApoGHOM paccCMOTpeHHH OT/e/bHbIX HeNpepbiBHBIX IpyNN
HaM MpHIETCS paccMaTpHBaTh M BOMpOC 00 MX CBA3HOCTH. [ToKa ke Mbl
TIpUBeJeM HEeCKOIbKO MPOCTBIX INPHMEPOB, UTOOB MPOMJIIOCTPHPOBAThH
TO/MBKO YTO JaHHbie omnpelesennsi, JIByMepuas rpynna spaileHni napa-
MeTpH3yeTCsl € MOMOULLIO Yria MOBOPOTa (p, MO3TOMY €e IPYNI0BOE MHO-
roo6pasHe COCTOHT M3 TOUCK, JCKAIIMX HAa OKDPY:KIIOCTH, T. €. RBJAIETCH
cepoit B AByMepHOM MpOCTpaHcTBe. PyHKUMS

f (@) =¢e'",

rae [ — BelllecTBEHHOE 4YHCJO, ABASeTCA HenpepulBHOH dyHKuUMel, ompe-
feneHHol Ha 3Tod rpymne. Ecam umnciao [ uenoe, dyHKuua f olHO3HAUHA;
ecaH [ —- panMoHanbHOe YHCJAO W PaBHO 5/f, The § M f— B3AHMHO MpO-
cTole uMcaa, ¢yuxums f GyleT f-3HauHa; ecM ke ! — MppauHoHa/IbHOE
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yncao, gpyukuus f GeckoneyHosHaua. [IpocTpaHcTBO, cocTOfAlLee H3 TOUEK
OKpYxHOCTH, GeckoHeuHOCBA3HO, Takue KpHBLIE, KaK

r=gmM=11—n.
SaMKHyTbI H HX MOXHO CTﬂHyTb B TOlle. KpHBaﬂ
p=g ()=2n1

npeicTaBaseT cOOOH OAHOKPATHYIO 3AMKHYTYI0 MET/II0, H €€ Yxke Helb3d
CTAHYTb B TOYKY HempephBHOK Aedopmauuet. [locienopaTebHOCTL 3aM-
KHyTle KpHBbIX

=g, ()=2mn1

npeicTaBiseT co60H MoCAelOBaTe TbHOCTh 3aAMKHYTHIX KPHBBIX, COCTOALIHX
M3 n meTeqb, KOTophie Heab3s Aed)opMHPOBATHL APYT B Apyra.

B kauyecTne ApYroro npuMepa Mbl MOKaKEM, YTO 7-MEPHOE €BKJMIOBO
NpOCTPAHCTBO OXHOCBA3HO. Jl06yl0 3aMKHYTY0 KPHBY0, NPOXOAALIYIO
yepe3 HAyan0 KOOPIMHAT, MOXHO 3anucaTb B BHAe r=r (1), rle T —
pajiuyc, HAYILIHN U3 Hayana KOODAMHAT B TOUKY KpuBoH, u r (0)=r (1)=0.
CeMeHCcTBO KPHBHIX

r(t, Ay=1—M)r ()

COCTOMT M3 3aMKHYTHIX KDHBBIX, AedOpMHDYEMbIX HempepbiBHO OT r (T)
npu A-=0 10 Touku r=0 npu A==1. 3aMeTUM TaKwxe, 4TO BHOGPACHI-
BaHHE OTIE/JIbHBIX TOYEK H3 MNMPOCTpPAHCTBA HEe HN3MEHAET CBA3HOCTH (ECJIH
Pa3MepHOCTb MPOCTPAHCTBA GOJbllIE €LHHHLbI).

Ecin Mexxay TOYKAMHM IBYX MPOCTPAHCTB MOXKHO YCTaHOBHTbL B3aHMHO
OJHO3HAYHOE COOTBETCTBHE, 3TH NPOCTPaHCTBA 00/a5al0T OAHHAKOBOHU
cBa3nOCThIo. Ecan Toukm R’ BbIpamaloTcs yepe3 TOUKM R C MOMOLULBIO
¢yukuua R’ =h(R), to kpuBans R = g (1) ompele/seT co6OH COOTBeT-
cTByllIyl0 KpuByw R’ =h[g (1)].

n
2
3adaxa. [lokawure, 4TO mnpu n > 2 n-MepHasa cdepa Z x7 =1 oaHo-
i=1
cBa3Ha. [Yrasanuwe. Bocmoabsyiitech crepeorpaduyeckoit mpoekuueit aad
YCTAHOBJICHHS B3aHMHO OJHO3HAYHOrO COOTBETCTBUSA 3TOH cdhepnl ¢ (n — 1)-mep-
HbIM €BKJHJIOBBIM MPOCTPAHCTEOM.]

Ecan rpynnosoe MHOrooOpasWe m-CBS3HO, MOXHO OXHMA4Th, YTO He-
KOTOpblE K3 HENPHBOJIMMBIX MpejcraBeHud O6yayT m-3naunbiMu. CoOTHO-
IeHHs: OPTOTOHAJLHOCTH M CBOMCTBA XapaKTepoB OblAH MOJYYeHH NpPH
HesIBHOM TMpeJNOJ0XKEeHHH O TOM, 4TO Mbl HMMEJH [e/i0 C OJHO3HAUHBLIMU
NpelCTaBAeHUsIMH, M IiepecTalor ObITb BEPHBIMH, €CAH HEKOTOpble U3
HUX MHOro3Hauubl, C Ipyrod cropoHbl, STHMH MHOTO3HAYHLIMHM Mpej-
CTABTEHHSMH He/ib31 MPOCTO NMPeHeGpeyb, MOCKOJABKY OHH HrpaioT BaXHYIO
POJb BO MHOrMX (PM3HYECKMX 3alayaX. ITa TPYAHOCTb Mpeo10.aeBagTcy
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32 CUeT pAacCMOTpeHHUs YHu8epcarvHol Haxpusawowel zpynns. MoxHo
nokasaThb, 4To jaJs /050K MHOrocesaHod rpynnel G HalieTcs OQHOCBA3-

nast rpynna G (YHuBepCaibHasi HaKphiBaolas rpynna rpynne G) Takas,
yro G MoxHO roMomopdHo oTo6pasuTh Ha (. I'pynna G colepKuT du-
cKpemnyi0 MHBapuauTHylo noarpynny N Takylo, uro G usoMopdHa G/IN.

Hanpumep, ecau rpynna G — 1ByMepHas rpynna BpaiueHH#, To G —
rpynna BelleCTBEHHbIX YHCEA X, B KOTOpOﬁ 3aKOHOM KOMMNO3HLUHH CJOYKHT
o6b4HOE c/10:KeHHe. Bce gucaa X cABHMramT Ha BeJHYHHY, KpaTHylo 27,
YyTOObl MPHBECTH MX K MHTepBaay 0 — 2m. I'omoMopdu3m 3ajnaeTcss OTO-
Opa:xeHHeM

X

x—>cp=x—2n[-27], —oo L x <400, 0L9K2m,
rie [x/2n] — HauGoablIee Uea0e YHCAO, He MpeBocxoisulee x/21, PyHk-

uvu e!® na G 0JHO3HAYHHI,
Bceskoe HempuBOAMMOe npeicTaBieHue rpynmnbl G (0JHO3HAYHOE MJHM

MHOTO3HAYHOE) CJAYKUT OJHO3HAYHEIM MpeicTaBieHueM rpynns G. Yrobul
HalTH BCe HellpUBOAMMblE npeicTas/enus rpynnet G, ucciaenyem rpynny G-

Ias onuocsssHol rpynnel G Bce mpe/cTaB/eHHs OIHO3HAYHE, H NMO3TOMY
COOTHOMeHNs OPTOTOHAALHOCTH M MOJHOTHI BBHIMOJHAITCA,
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AKCHAJ/IbHASL K1 COEPMYECKAA
CHMMMETPHS

JlBa BHAa CHMMeTpHHM — aKCHa/lbHaf H cdepHyeckas — NMpHHAAIEKAT
K uucay HauboJ/ee BaXKHBIX BHJOB CHMMETDHH, BCTpeuyalOLIMXc B (hH3H-
yeckMx 3anayax. Jlna paccMOTpeHHMs TaKMX 3ajJay Mbl JOJ/KHB HAaHTH
npeicTaB/eHHs JBYMePHOH M TpeXMepHOW BellecTBEHHOM OpTOroHasn-
HOW Tpymmbl.

§ 1. Fpynna BpaweHu#t B ABYMepHOM HpOCTpaHCTBE

PaccmoTpum rpynny BpauleHHH BOKPYT HeKOTOpOH (PMKCHpOBaHHOH
ocu (ocH 2), T. e. AByMepHyw rpynny uucTex Bpaumenui C_. Tlpmu-
MuiIeM KaXAOMY MpeoOpa30BaHHK) HEKOTOpOe 3HaueHHe OLHOTO Hempe-
PBIBHOTO MapaMeTpa (¢—YyT./a NOBOPOTa, H3MEPAEMOrO, HAMPHUMED, OT OCH X!

x'= xcosp— ysing,
y = xsing 4 ycos@.

Kak 6wvi10 mokaszawo B rja. 8, 3Ta rpynma abesieBa, 3jeMeHT oObeMma
B STOM cJayyae paseH 4@, a HHPUHUTESHUMAJIbHBIH ONMepaToOp 3amHCH-
BaeTcs B BHIE

©.1y

—xl g2 0
=*% 7Y% T ¢ -

Tak kak rpynna afeneBa, BCe e€ HEMPHBOAMMHlE MpelCTaB/eHH OLHO-
MepHbl, H MO3TOMY MaTpHUB NpenCTaBJeHHH M XapakTephl COBNAaLaioT.
Otclona caenyeT, yro Aas /MoGHX JABYX YIJAOB ¢y H ¢ XapakTephl
JO/KHBL Y LOB/AETBOPATH COOTHOLIEHHIO

% (@ 92 =% (@) % (D). 9.2

Ecau noTpe6oBaTh, 4TOOH MpeicTaB/aeHHe ObLIO HeMpepbIBHBIM, TO pellieHHe
3TOro (hYyHKUHOHA/JILHOTO ypaBHEHHs LOJXHO HMeThb BHI

X (@) = eme, 9.3)

Ecan xe, Kpome TOro, Mb XOTHM, YyTOObl NpeicTaB/eHHe ObIO OJHO-
3HAYHBIM, [OJ:KHO MMeTb MecTO paBeHCTBO ¥ (2m) =1 (0), oTkyna BhiTe-
kaer, yto m =0, 1, 2 u T. a. [Ecau Mu nonyckaem 2-, 3-, ..., -3Hay-
HBIC l'lpeﬂ,CTaBJleHHﬂ, TO MBI MOTJH 6bl l'lOJIyllHTb TaKxXe H pemeHHﬂ
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L(p)=e!mP2 im0 y 1, 5, Ian LBYMepHOM Tpynnsl BpallleHHH BCe
3TH MpeicTaBjeHHs J0NycTHMBl. OLHAKO eCc/AH HCXOLHTb H3 HEKOTOpOH
TpexMepHOH ¢H3M4YeCKOH 3ajmaud W Or Hee MepelTH K MoArpynme Bpa-
uleHHH B [IBYMepHOM MpOCTpAaHCTBe, Mbl HalieM JHUIb OJHO3HAYHBIE H
JIBy3HAuHble MpelACTaBJeHus.] IDTH :Ke pe3y.bTaThl MOJIYYalTCT M C TMO-
MOLLBIO OOLIYHOrO KBAHTOBOMEXAHHUECKOTO MeTO1a, MCTIOAb3YIOLEro HHOHU-
HUTe3HUMaNbHEY onepaTop 0/0¢. Tak Kak mpeicraBjeHHe OILHOMepHO, MEI
JOJIKHBl MMeTb

1,

Jo M,
OTKyla M caenyeT (9.3).

CootTHoOlIeHHe OPTOrOHAJABHOCTH MPUHUMAET BHJ

2n
.{‘ d(PXa(rll) ((P) X(m') ((P) = 21t '5mm' . (9 4)
0

O6pawasice K Teopuu pagos Pypbe, MH BHIMM, YTO XapaKTepH OLHO-
3HAUHEIX NMpeJACTaBJAeHHH O6pasylOT MOJHYW CHCTeMy; APYTMX HeIKBHBA-
NeHTHHX HEMPUBOLMMBIX MpeACTaB/eHuH, KOTOpHe ObiIM Obl OMHO3HAUHEL,
e cywecrsyer, basucHOH ¢ynkuue#t nas npencrasaenus D™ caymut

dyukuus
q;(m) — e—im‘v_

Beakylo  04HO3HAUHYIO (TepHOAHUecKY0) (YHKLUHMIO MOXKHO DAas/OmHUTh
B psl TtO 3THUM Oa3HCHBIM (YHKUMAM. 3aMeTHM, YTO XapaKTephl TNpej-

crasaenut D™ u D™ komnsekcHo conpskennbie. TTOITOMY MBI AO/KHEL
©00BbeIHHUTL X B OLHO [ByMepHOe mpejicTaBienue (cm. crp. 146).
Ecan Mbl paccMOTpUM KaKywo-HHOYyAb JHHEHHYI0 MOJeKyldy B TOM
NpuG/INKeHNH, B KOTOPOM f1pa COCTaB/AIOIMX ee aTOMOB CYMTAIOTCA
pacnoOKeHHEIMH HeMOABMAKHO HAa OCH MOJeKy/bl, TO 3/JeKTPOHH OyayT
IBUraTbCsl B aKCHA/JIbHO CHMMETDHYHOM MOJe STHX sfep. JJeKTPOHHHIE
COCTOSIHHA TaKOH MOJeKyJabl KJacCHOHUMPYIOT 1O HelpHBOLMMBIM Tipej-
CTaB/eHHAM TDYNNH aKCcHaabHOM cuMMeTpHH. COCTOslIMA C KBaHTOBHIM
'mcaoM A ==|m|=0 HasbiBalOTC Z-COCTOAHHAMH; COCTOfHHA ¢ A =1
naspiBaioTca Il-cocroanuamu, cocTosuus ¢ A =2 — A-cocTosHusaMH H
1. A. Ilone, ofpasyeMoe sapamu, He TOJbKO aKCHAJbHO CHMMETPHYHO,
HO TaKxe H HHBAPHAHTHO OTHOCHTeJbHO OTpaxelus (0,) B MOOOH MJjO-
CKOCTH, MNpoXojislled 4Yeped OcCb MoJjekyaul. TakuMm 06pasoM, Trpynmno
CUMMeTpHH, npelCTaB/asiolled HHTepec ¢ (QU3HyecKOH TOYKHM 3peHus,
apaserca rpymna C_,. 9Ty Tpynmy MOXHO MOJYyuHTb u3 rpymnbl C,
NPHCOEIMHHB K TMOC/JelHell OTpaxeHHe O, B NMJIOCKOCTH x2. (OOpaTum
BHMMAHHE HA TO, 4TO 3Ta npoueiypa coBnajaeT ¢ NpOUelypOH, HCMOJb-
30BaHHOH HaMu B ra. 4.) OTpaxeHHe MeHfeT 3HaK yraa @, Tak yro

O—veiA(Pze—iA‘P’ O've_iA(p:eiAq), (95)
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TakuM 06pa3oM, npu A == 0 npelcTaBaeHus D™ w DM o6veaunsiorcs
B OLHO IByMeplioe HeNpuBOLMMOe mpelcTaBienne. ['pynma C_, yxe
He Gygser aGenesoH. IloBopoTel Ha yram @ M — ¢ 06pas3ylT Kaacc.
IMpy A #0 wmarpuusl A-npelcraBienus (ecaM BOCNO/Ib30BaThCA Gasuc-
HEIMY QYHKUUAME e*!AQ) pMel0T BHI

e 0 0 1
C (p): [; e—“\‘l’}’ o, [1 0]. 9.6)

Jlas apyrux OTpakeHHH MatpHUBl noayyaloTca M3 marpuy (9.6) Tpauc-
GOpMHPOBAHHEM C TMOMOLLLI0 COOTBETCTBYIOLIEro BpauieHus. [1ockoabky
BCe BEPTHKA/IbHHE TMJOCKOCTH OTpa)XeHusi SKBUBATEHTHB (MX MOMKHO
COBMECTHTb, MOBEPHYB HAa MNOIXOLALIMH yros), Bce OTpaKeHHs NMpPHHAL-
Jexar OJHOMY M TOMY e KJ4cCy M MMeIOT OJMH H TOT e XapakTep.
Kpowme Toro, u3 (9.6) Mbl BHIMM, 4YTO

YA (@) = 2 cos AQ.

[lpy A =0 orpaxenue ne MeHsieT BUJ1a 6a3UCHOH (YHKUHH, HO, MOCKOJIBKY
npeofpasosanue (0,)2-— TOXIeCTBEHHOE, OTPa:KellHe O, MOXeT NPHBECTH
JUUbL K YMHOXeHHIO OasucHod ¢yukumn na T 1. Urak, onHoMmepHoe
Z-mpencrasaenue rpymnbt (3, HPMBOAMT K BO3HHUKIIOBEHHIO ABYX OJLHO-
MepHLIX MNpeicTaBjeHHd rpynmnsl (., a uUMeHHo X' M X7, KOTOpHe
MHBADUAHTHBl OTHOCHTENTBbHO BpALIEHHs M YeTHH M HeYeTHH COOTBET-
CTBEHHO OTHOCHTE/JbHO OTpakeHus. XapaKTepbt NpelcraB/jeHHd JaHbl
B Taba. 32,

Tabauya 32

Coo s | £ C@® o

Al,2+:z; x24-y% 22 1 1 1
Ay TR, 1 1 —1
Ey, Mi(x, y); (x2, y2) (Ry, Ry) 2 2cos @ 0
Ey, A (x2—y2 xy) 2 2 cos2¢ 0

Ecau fHHeHHas MOJeKy/Ja CHMMETpHuHAa OTHOCHUTE/JbHO CBOEro UEHTpa
Macc (HanpHMep, B TOM cJayuae, KOrja ML HMeeM [BYXaTOMHYI0 MOJe-
Kyany, y KoTopol ofa aTomMa OAMHAKOBEIE), TO MOTEeHUHa/], AeHCTBYOLIHU
Ha 9JEKTPOHBI, TaKke Oy/J1er HHBAPHAHTHBIM OTHOCHTEIBLHO OTpaKeHHs
B MJIOCKOCTH, KOTOpas NMPOXOAMT yepe3d LEHTP Macc M NepneHAHKYASpHa
ocu Monekyist (0,). B stoM cayyae Mu noayuaem rpynny D_,. Tlo-
CKO/bKY TNepBoHayaibHas TpPyNna CoOmepkUT foBopoT Ha 180° Bokpy'
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BEPTHKA/ILHOM OCH, TpHCOelMHEHHEe K Hell OTpaxeHHs B TOPH3OHTAILHOH
NIOCKOCTH MPHUBOAMT K MHBEePCHH. MH MOXeM 3allucarb, YTO

Dooh = eoo‘v >< el HJ/IH Dooh = ecn‘v + I- emv'

[Mocae atoro Tabauua xapakTepos Aas rpymmsl D_, (taba. 33) serko
noayyaercs M3 Ttaba. 32. B sTo# Tabauue COCTOAHMS, YETHHIE OTHOCH-
TeNLHO MHBEPCHH, OOO3HAUEHB! CHMBOJOM & COCTOSIHHS, HEYeTHble OTHO-
CHTe/JbHO HMHBEpCHH, 0003HayeHbl CHMBOJAOM u. daementsl [C (@) npen-
CTaBAAIOT cOGOH 3epKaibubie NMOBOPOTH S (@); 3/71eMEHTH /0, — MOBOPOTHI
Ha 180° BOKpYr TOPU3OHTAJLHHX OCeH.

Ta6ruya 33

D, E C (9) 0y ! IC(p) oy

Z;‘ x4y 22 1 1 1 1 1 1
st oz 1 1 1 1 —1 —1
3 R 1 1 —1 1 1 —1
ST zR, 1 1 S [ — 1
M, : (Rx, Ry); (x2, y2) 2 2cos @ 0 2 2cos g 0
M,: (x,9) 2 2cos @ 0 —2 —2cosg 0
Ag o (XT—y% xy) 2 2cos2g 0 2 2 cos2g 0
Ay : 2 2cos2¢ 0 —2 —2cos2¢ 0

B ta6a. 32 u 33 nokasaHo pacnpeneneHHe KOMIOHEHT 3/eKTpHue-
CKOTO JAHMMOJBHOTO M KBajApyNOJBHOTO MOMEHTOB MO Pa3/HYHBIM HerpH-
BOJMVBIM NMpeicrap/eHusam. YToObul yKasaTb, K KAKHM HEMPHBOAUMBIM Mpe -
CTaBJIEHUAM OTHOCATCS Te HJM HHblE KOMIOHEHTHl aKCHa/JbHOTO BEKTOpA,
pACCMOTPMM B KayecTBe MpPOTOTHNA aKCHAaJbHOTO BEKTOpa BEKTOpHOE
npoussenenne. Ero 2z-komnouenTa R, wumeer Bui xy — x'y, wim
sin(¢’ — ¢). Y13 BTOpOM 3amucH 3TOM KOMIOHEHTH Mbl BHIHM, YTO
KoMNoHeHTa R, WHBADMAHTHA OTHOCHTENBLHO MOBOPOTOB BOKPYT OCH 2 H
MeHseT 3HAK TMpH OTPaXKEHWH B BepTHKa/JAbHOM MaockocTH. F3 neppon
¢opMbl 3anMcH R, Ml BHAMM, YTO 3Ta KOMMOHEHTa MHBAPMAHTHA OTHO-
cuteapHo MuBepcuH. KomnowenTst R, u R, BEKTOPHOTO NMDOH3BELEHHS
no ocsM y U x uMmewT Bua x2' —2zx’ wn yz’' —=zy’. Oun cozepxar
6a3ucHble QYHKUMH e ‘P ¥ no3TOMY CBSI3aHbl APYT € APYTOM .HOO MOBO-
pPOTOM BOKDYT OCHM 2, /AMGO OTpamxeHHeM B BepTHKanbHOH ocu. Tak Kak
06e KOMMOHEHTH CcOJep:KaT MpOuU3BeNeHHMS JABYX KOOpIMHAT, OHHM HHBa-
DHaHTHBL OTHOCHTENbHO HHBEpCHH. TalGaHua XapaKTepoB (OCTAB/CHA
H3 OCHOBAHMM HMMEHHO TAKHUX PaCCyxKICHUH.
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Tenepb ¢ MOMOLbI0 METOJa, MPHMEHSABIIErOcsl B I, 4, MOXHO NOJaYy-
yuTh Mpasuaa oTOOpa A4 pasJHYHLIX THIOB MEPEXOI0B.

3adaya. Halizute npaBuaa or6opa A4 3JEKTPHYECKOTO H MaCHUTHOTO
JMNOJNBHOTO H 3JEKTPHYECKOTO KBAAPYNOJbHOTO NEPeXoioB [Js TPynll CHM-
MeTpu Coy M D 4.

§ 2. TpexmepHas rpynna spauieHHi

Kak mb ysuzeanm B npexnbayuied raaBe, TpexmepHas rpynna O (3)
BELIECTBEHHHIX OPTOTOHAbHBIX MNpeoOpasoBaHUi sBASETCS Tpexnapamer-
pHYeCKOH rpynno#. ITo — rpynna Bcex npeo6pasoBaHHH C BelleCTBeH-
HEIMH KO3 ¢HULMEHTaMH, OCTAB/AIOLMX HHBApHAHTHOH dopMy X2 y2—-22.
Marpuua A OpTOroHaibLHOrO NpeoOpas3oBaHUS [OMKHA YAOB/ETBOPSATH
YC/I0BHIO

AA=1, 9.7)

roe A — wMaTpuua, TPaHCNOHMPOBAHHAs IO OTHOIIEHHID K MaTpHUe
A (A;j=Aj;). 3aMeTuM, 4YTO BeUIECTBEHHAs OPTOrOHa/lbHas MaTpHUa

yuurapHa. Tak kak omnpelenuTe]b TPaHCMOHHPOBAaHHOW Marpuubl det A
copmajaer ¢ omnpeneauteseM Matpuusl A, u3 (9.7) nosayyaem, 4rto

(detA)2=1, wnau detd= *1. 9.8

MBI OrpaHH4UMcsl paCCMOTPEHHEM cO0 CmBenHblx OPTOTOHA/IbHLIX Mpeodpa-
soBanni O (3), ans koropuix det A = - 1. (OHHM COOTBETCTBYIOT UHMCTHIM
BpallleHusM.) PacCMOTpHM 3anauy O HAaXOx/IeHHH COOCTBEHHLIX 3HAYeHHH
H COOCTBEHHBLIX BEKTOPOB MaTpHUbl A. Mbl MOMLITaeMcs HaHTH BEKTOp
M KOHCTaHTy A TakHe, uToOb neficTBHe NpeoOpas3oBaHus A Ha BEKTOp &
OTPaHHYMBAJIOCh YMHOMXEHHEM 3TOTO BEKTOpAa Ha A, HO He M3MEHSIO ero
HanpasJeHus:

3
Au =\, _ZIA,.jujzxu, (=1, 2, 3). (9.9)
js
YcaoBue TOro, YTO 3TH YpaBHEHHS MMEWOT HETPpHBHAJALHOE pellleHHe, 1aeT
HaM ypaBHeHHe 11 COOCTBEHHLIX 3HAYeHHH

del (A — A1) =0.

310 ypaBHelHe, ec/¥ 3amUcaTh ero noapo6Ho, Byser KyOuueckuM (OTHO-
CHTeNbHO A) C BelleCTBEHHbIMM Ko3adduuMenTaMH (Tak Kak MaTpuua A
BelllecTBeHHas)). B cuay sroro ero kopHu (coGcTBeHHEIE 3HAueHHA) AHOO
BElECTBEHHE!, JAHGO ABa M3 HHUX KOMIUIEKCHO conpsikeHbl. Kpowme Toro,
TIOCKO/MBKY MaTpHLa A yHHTapHa, ‘

(¢, w)=(An, Ay)=(hu, hu) = [M[*(u, u),
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otkyaa |A|=1. Hrak, aas n000ro BelIECTBEHHOTO OPTOrOHAJIBHOTO
npeoBpasoBaHus ¢ onpejennTeneM -1 coOCTBEHHBLIMH 3HAYEHHSAMH CJYXKaT
yMcaa

W=1, @P=.% W= (0o (.10

CoOTBETCTBYIOLIHE MM COOGCTBEHHble BeKTOpbl oGo3HaumM &V, 4@, 4(3),
TlepBbift M3 HUX YIOBJETBOPSET ypaBHEHHIO

AuD =u(”,

KOTOpOEe 03HAYaeT, YTO BEKTOp COBEpLIEHHO He M3MEHSeTCs MpH AeHCTBHH
npeo6pa3oBaHusi A ¥ NMOSTOMY COOTBETCTBYET HaNpaBJIEHHID OCH BpaLIEHHS.
CofcTBeHHble BEKTOpbl B3aHMHO OPTOTOHAJBHEL M HOPMHp OBaHBbI:

@, uhy =3, 9.11)
Tak kak AuV =4V, 0

AuV = £AuV) = 4,

OTKyJ1a
(A —_ A) u(l) = 0’
HIH
(A — Aa) u(21)—1‘— (A1z— Az 4y =0,
(An — Ap) of’ 4 (A — Ag) uf’ =0, (0.12)
(Ast — A) t) + (Agy — Aga) =0.

Peiias sTH ypaBHeHHs, MoJyuaeM

u(ll) N u(gl) N u(g,” == (A23 —_— A32) N (A31 —_ A13) N (A12 —_— AQ[). (9 1 3)

3adaxa. Nokakure, 4TO y COGCTBEHHOTO OPTOTrOHAJABHOTO npeobpasosa-
HMA (BEHIECTBEHHOTO HJM KOMIIEKCHOTO) B HEYETHOMEPHOM NpPOCTPaHCTBE
BCerza MMeeTcs och (T. €. HeKOTOpas npsMas, BCe TOYKH KOTOPOH oOCTaloTcs
HENoABUKHBIMH).

Pasenctso (9.13) nossoaser no kosd¢duumeHtaM MNpeoOpasoBaHHs HaHTH
nanpasiaenne ocu Bpauienusi. Co6ecrenHbii BekTOp 4(1) BCerga MOkHO
BBIOpATh TaK, YTOOLI OH ObL1 BElIECTBEHHEIM, YTO/ (p TaKke MOXHO HalTH,
3Has MaTpuLy A, Tak Kak cyMMa COGCTBEHHBIX 3HAYeHHH paBHa CJjely
MaTpuusl A:

A+ Ayt Apg=1-+e%4 e~ =11 2cosq. (9.14)
B cuay Toro, urto
Aud = u?, Ay D= Aul" = ¢—1v 4F,

HMeeM
u® = 4@, (9.15)
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Ecan B kauecTBe GasHCHBIX BEKTOPOB BHIOpATh (KOMIUIEKCHBIE) BEKTOPbI
eV, o2 43 MaTpuua A craHer AMATOHAALHOH MaTpHuUeH:

1 0 0
A=|0 e 0 . (9.16)
0 0 e~io

Marpuuy, npeoGpasyulyo MaTpHuy A K AHaroHaabHOMYy BHAY A, MOxHO
HaliTH U3 CJAelyolIHX coobpameHHd. DyneM MCXOINTb U3 ypaBHeHUA /A
COOCTBEHHBLIX 3HayeHHH

24 =1 = 3l (05 ). ©.17)
J
Beexem maTpuunt U u A:
Ujk = u(f), Ajk - K(k)bjk. (918)

Toraa A ecth AuaroHanbhas MaTpuua (9.16), a wmartpuua U ects
MaTpHla, CTOJIOLAMH KOTOPOH CaywxaT cobGcTBeHHbie BekTophl. Ma (9.11)
Mbl BuauM, uro Marpuua U yuurtapha. IloacrasuB (9.18) B (9.17),
MOy UMM

AU =UA,

a YMHOXHB 3TO COOTHOIIEHHE Ha MaTpuuy, obpathylo U (Tak kak Mar-
puua U yuurapHa, oOpaTHas MaTpHua CYLIECTBYET), HalieM

U='AU = A.

Orciona cneayer, yto marpuua Uy, npuBoput matpuuy A k auaro-
HaabHoMy Buay A. Hautu nosbie Gasucune BekTopn a{l, 4@, 4@
KoMmeKcHul. TTOCKOJBKY HAac HMHTepecyT MpeoOpa3oBaHus BelnecTBeH-
HBIX KOOpIMHAT, YAOOHO MepedTH K BellecTBeHHHIM Ga3HCHHM BEKTOpaM.
(Pasymeetcs, sTo 03HayaeT, yTo Temepb Hallla MaTpuua MNpeoOpasoBaHus
yxKe He OyneT NMaroHaiAbHOH.) ITOT mnNepexoi MOMXHO BBHINOJIHHTL C NMO-=
MOLIbI) YHUTApHOH MaTpHubl V

—

1 0 0
0o L L

v=|" V3 V3 |. 9.19)
o L —=¢

L V2 V2
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-1
[lpeo6pasoBanne V'~ AV 3anuwercss B Buue

rlL o 0O 771 0 0O 7771 o0 0 7 -
1 1 ¢ 1 i
0 — — 0 ei® 0 0 — —
V2 V2 V2 V? |=
—1 i 1 —i
0 — — 0 0 e—'e 0 — —
Lovz vall 2L v2 vzl
1 0 0

=0 cosp —sing |=R. (9.20)
0 sing cos@

B nocneaneM npeoGpa3soBaHHM Mbl C JETKOCTBIO y3HAaeM MOBOPOT BOKPYT
nepso#t ocn Ha yroa ¢. Takum oOpasoM, napamerp ¢, QUrypupyoLIHH
B COOCTBEHHBIX 3HAYEHHAX, £BJAETCS Yr/JOM TMosopoTta, I[lpeobpasopa-
uue UV npuBoaMT Matpuuy A K ee okoHyaTelbHOMy Buiy. HMa (9.19)
HMeeM

_ | ; -
uf) V_T(u(‘2) + ) V_f(u(‘2) — uf)

1 {
W=l g +a) =) | 02

o) 75 (D) () — )
MpeobGpasopatine UV spiseTcs npousseleHHeM IBYX YHHTapHbIX nMpeolpa-
3oBaHui M nosromy yuurapuo. Kpome toro, u3 (9.21) u (9.15) suzno,
yTo npeoOpasosanue UV BemectsenHo, nostomy Marpuua UV Bewe-
CTBeHHa M opToroHaiabHa. Mrak, MH nmokasanu, 4TO /106y BelleCTBEH-
HYI0 MaTpHLY C NapameTpoM (YI/OM) ¢ MOXHO C MOMOLIbI0 HEKOTOPOTO
BELIECTBEHHOrO OPTOrOHAMBHOTO Mpeobpa3oBanHs (T. €. MOBOPOTOM) MNpe-
obpa3oBaTb B 1100y IpYryl MaTpHUy C TeM ke napamerpoM ¢. [loso-
DOTH Ha OAMH H TOT K€ YroJ BOKPYT M0GOH OCH SKBHBAJEHTHH M MpH-
Hal/dexaT K OJLHOMY M TOMY e KJaccy,

HanpaBnenne OCH BpalweHwss H yroa ¢ MNpeicCTaBassioT coboH Tpu
napaMmerpa, C TOMOLIBID KOTOPBIX MOXKHO 0XapaKTepH3OBaTb MOBOPOT.
B kauectse napameTpoB MoxHO B3aTb Kommouents uVe, #Vg, ufle

BEKTOpa, AJAHHA KOTOPOrO paBHA ¢, a HamnpaB/eHHE COBMajaeT ¢ Hampa-
BJEHHEM OCHM BpalleHus. [lapaMeTpsl TPYNMbl BpalleHHH SBJSIOTCH, TAKHM
006pa3oM, TOYKAMM BHYTPH C¢epbl pAIHyCcOM 7T C LEHTPOM B Hayane Koop-
aunat, Kaxno# Touke BHyTpH 3TOH Chepbl COOTBETCTBYeT MOBOPOT BOKPYT
HaNpaBJ/eHUs Palnyca-BeKTOpa, NPOBEIEHHOTO W8 LEeHTpa, HA YTO/, PaBHLIH
pacCTOAHMIO OT 3TOH ToukM 10 uentpa cdepn. Hanpasaenne spaiuenus
GyneM BEIGHpaTb, NOJb3YSCh MPAaBHIOM NMpaBOM pYKH. 3a HCK/IOUYEHHEM
yraa @ =7, 9TH NapaMeTphl OAHO3HAYHO OMpeAe/sioT BpauleHue. Uro xe
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Kacaercsl JBYyX NHAaMETPaJbHO MPOTHBOMOJOMXHBIX TOYEK, TO OHHM 3aJalT
OLHO M TO ke BpauleHue. I109TOMYy MBI JOJNHBI MPEACTABAATL cebe 3Ty
chepy Tak, CJAOBHO ee MPOLIMAM HACKBO3b, U TOYKH, MPHHALJIEWALIHeE
NPOTHBOMOJOKHBIM KOHLAM JHaMeTpa, COBMAJH.

®yHKUHIO NIOTHOCTH [1/15 HHTETpUPOBAHHS MO TPYNNE MOXHO BHYHCAUTD
TeM CMocoGOM, KOTOpBI paccMaTpHuBajcs B npeiblaylied riase. Hamumu
napaMeTpaMH CaAYXaT TPH [eKapTOBLIX KOOpPIHHATH TO4YeK BHYTPH cephl
pamMycoM T, MAM ke cdepHyecKHe KOOpAMHATHL 3TuX Touek, Q6.acTb
H3MeHEHHs MapaMeTpPOB KOHEeYHa, MOSTOMY IUIOTHOCTH, OMpejesieMble
C TMOMOLIBI0 JICBHX M INpaBblX CABHTOB, JOJIKHBI COBMaiaThb. [lapameTpwl
TOXAECTBEHHOTO mnpeoOpa3oBaHusi uMeloT 3HayeHus 0, 0, 0. Ecau wmml
paccMOTpHM mnapaMeTpbl &, 1, { B OKpeCTHOCTH TOXJAECTBEHHOTO Mpe-
06pasoBayus, TO MaTpHLA MOBOPOTA, COOTBETCTBYIOLIETO STHM GeCKOHEYHO
Ma/nblM 3HAYEHHSIM napaMerpoB, OyIeT HMeTb BHI

co1 ¢ -
S= r 1 —& |. (9.22)
LL—n g 1 4

Tenepb MH XOTHM HalTH NapaMeTpbl NMOBOPOTA, KOTOPBIH MOJIYYHTCH,
eCJH MOC/Ae TaKOTO HH(QHHHTE3MMAJLHOTO MOBOPOTA MNPOM3BECTH MOBO-
pOT Ha KakoH-uuOynb yrox . B TakoM cayuyae Mbl HatiaeMm sikoOuan
HOBBLIX MAapaMeTpoB MO mapameTpaM &, M, { M MOJYYyMM (YHKUHIO MJIOT-
HocTH. TTOCKONBKY BCe OCH BpallleHHs SKBHBAJMEHTHBI, ACHO, YTO (GYHKLHS
IIOTHOCTH MOMKET 3aBHCETb TOJMbKO OT yria . [losToMmy Halue spalieHHe
MOHO BHIOpaTb B BHJLe NPOCTOTO BpaweHus R, ykasauHoro B (9.20).
Toraa npeofpasosanne RS 3anuercs B BHAe

— ) ¢ . -
Lcos@-msing cosp—Esing —Ecose—sing |. (9.23)
L {sing—mncosp sing—4-Ecosp —Esing-f-cosq |

Tak kak napaMetpbl &, 1, { Manbl, GyleM BCIOLY YIEpKHBATb TOJIbKO HX
nepsuie crenedd. Jas Haxoxieuus yraa ¢’ mpeoGpasosanus RS Boc-
nonab3yeMcs ¢dopmyaon (9.14):
14+2cosq’=1-}2cosp— 2¢sing, ¢ =¢@-+E&  (9.24)
dopmyna (9.13) no3poauT Ham HaHTM OCb BpauleHHs:
UV = —2tcosp—2sing; 4 =Csing —n(1 +-cos ); 6.5
4} = —msing —Z (1 --cos @). 29)

Bektop #()' caesyer HopMupoBaTh Ha eamuuuy. Ero anuwa mo ¢op-
Mmyse (9.25) ¢ TOUHOCTbIO A0 U/NEHOB MEPBOrO MOPSAKA BK/IIOUHTENBHO
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papHa 2% cos p—}-2sin@, nNOITOMYy HOPMHpDOBAaHHBIH BekTOop (!’ MMeeT
KOMMOHEHTH
&, m (O+cosq) M & (I14-cosq)
L 5 +3 sing  ’ 7+2 sing  °
Ob6beanuas 3TM peayabrtaTel ¢ (9.24), HaXOAMM napameTphl NpOM3Bele-
g RS (C TOUYHOCTBIO 10 UJEHOB MepBOro NOpsAKa):

o+t o[- EpRUteme) g1 L (desn )

sing sin g

flko6Man npeoOpa3oBaHUs paBeH

1 0 0 I
14 cos ¢) ¢ .
_|o pltcea —2 9
J= 2 sing 2 = m )
0 9 9 (14-cosg)
L 2 2 sin g A
OTKyla ¢yHKUMS MIOTHOCTH P(¢) pasHa
2
p(cp)=(p—2(1 — COs Q). (9.26)

Yro6bl NpPOMHTErpHPOBATh KAKYIO-HHOYAb GYHKLUMIO 1O Tpynne, Mbl
JOMKHBl COCTABHTbL HHTerpan

J.cp"’dcde[% { —coscp)]f(cp, Q)=
=2 J.d(def((p, Q) (1 —cos¢), (9.27)

roe  o3HayaeT HanmpasieHMe OCH BpauleHHs. Bce nosopoTH Ha onuH
M TOT X€ YTOM ¢ NpHHALJIeKAT ONHOMY M TOMY e Kaaccy. [lostomy,
eCc/M Mbl HMeeM JIeno ¢ ¢dyHKUMeH kjacca, M B YACTHOCTH C XapaKTepOoM
NpeACTaBJAEHHS, HALl HHTErPajJ MOXHO 3amMUCaTh MPOCTO B BHJIE

8n J. doy, () (1 —cos @). (9.27a)
0

[Moanbit «0GBeM» TPYINL paBeH
k11
8 f d (1 — cos ) = 8n2.
0

CooTHollleHHe OPTOTOHAJIBHOCTH [/l XapaKTepOB HeNPHBOAHWMHIX Npex-
CTaBJeHMH TPYNNBl BpaleHUH MOXHO 3anuCaTh CJAEAYIOLHM O0pa3oM:

b

1 *

o | 40 (1 —cos @) x®" @) 4 @) =8, 9.28)
0
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B ra. 8 Mbl ycranosMiH, yro rpynna O” (3) npocras. ATOT pesyabTaT
MOXHO NpelACTaBHTb cefe C MOMOLIbI0 C/AENYIOLEro HAarMsAHOTO MeTona.

b
[poctpanctBoM napameTpoB rpynnel O (3) CIYKHT BHYTPEHHOCTH Chephl
paxHyca n. PasHbie M NpOTHBOMOJMOXHO HanpaB/ieHHble BEKTOPbl, HCXO-

AsitiHe M3 UeHTpa cdepbl, COOTBETCTBYIOT NMOBOPOTAM HAa OAMH H TOT Xe
yron B NPOTHBONOJOXHEIX HanpasaenHsx. Ecan rpynna O (3) comepxur

dyr. 72,

COGCTBEHHY0 HHBAPHMAHTHYW MOATPYNNy, TO 3Ta NOATPYNNa MAONKHA
COLepiKaTh KaKOe-TO BpallleHHe, OTJIHYHOE OT TOXIECTBEHHOTO, HANpHMep
BpauleHHe, o0o3HayeHHoe uMppoH 1 Ha ¢ur. 72. Ho ecnnm MHBapHaHTHas
MOATPYNNAa CONEPXKHT BpauleHHe |, TO OHA MO/MKHA TaKMke COLepKaTh
M BCe BpallleHHs, nomyuyawuifecs H3 1 ¢ noMowpw TpaHcPopMalHKy,
T. €. BCE REKTOpPHl, KOHUbl KOTODHX pAacCrnoJOXeHsl Ha NYHKTHpHOH

©--C

&ur. 73.

cepe. B cHry ckasaHHOro MHBAPHAHTHAS MOATPYNNA CONEPIKHT BEeKTOp 2
(oGparubit BekTopy 1), a Takxe HEKOTODYI0 OKDECTHOCTh BeKTOpa 2.
Ecnn Mbl ofpasyeM npoM3BeleHHe BeKTOpa 1 M BeKTOpPOB, KOHUBI KOTO-
pBIX JexaT B OKPeCTHOCTH BeKTOpa 2 Ha NyHKTHpHOH cdepe, Mbl
NOMYYHM 3JEMEHTH MNOLrPYMNMbl, CKOJIb YroiHO O/H3KHe K TOMAECTBEH-
HOMY npeo0pa3oBaHH0 (UeHTPY cdephl). Bpalnenus, nonyyaeMmele H3 3THX
3/M1EMEHTOB C NOMOWbI0 TpaHcHOpMAUMK, 3aNOJHAIT HEKOTOPYH Malyio
cdepy, UEHTP KOTOpOH COBMajaaeT ¢ UEHTPOM wcxnaHol. Ob6pasys npoHs3-
Bejietiiss ApYyrMX BpauieHHWH, Mbl 3aNOAHUM BCIO C¢epy, NO3TOMYy HHBA-

pHanTHas noarpynna cosnagaet ¢ O (3).
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Ceszsocts rpynnet O (3) Takke MOXHO HAWTH, HMCXOAs H3 3THX
HarIaAHBIX MpeacTaBieHHH, YUToO6b HAHTH CBA3HOCTL MPOCTPAHCTBA Mapa-
METPOB, Mbl JIO/KHBl HaWTH UYHMCJIO Da3/NMYHBIX THNOB 3aMKHYTHX NyTeR,
KOTOpble He/b3s HenpephBHO AedOpMHpOBaTL APYr B JApyra. Kak noka-
3aHO HA (HUr. 73, 3aMKHYTble MyTH NepBOTO THMNA MOXHO CTSHYTh B TOUKY.

Qur. 74.

(Bo H3bexanHe HenopasymeHHH Mbl H3oOpaxaeM BCe KpHBble B BHIe
NJAOCKHX KpHBBIX.) BTOpO# THNM 3aMKHYTBIX KPHBBIX MpeicTaBaeH NPAMOH,
pacnosoxeHHOR BXOMb HEKOTOPOro AHaMeTpa ctephl (pHr. 74). Tak Kak
ToukH P M P’ u360paxaiT OfHy H Ty Xe TOYKY, 3Ta KPHBas 3aMKHYTa.
Ecad MB nbiTaeMcs HenpepbiBHO AedOpMHpOBaTbL 3TY KPHBYM0, TO OKa-
3biBaeTcsl, 4To MoBGoe cMelueHHe ONHOTO KKOHWA» K TOuke Q NMPHBOAMT

@ p'

&ur. 75.

K CHBHTY «IPYrOr0o KOHU@» B TOYKY Q’, pACMOMOKEHHYH IHAMETPATbHO
NPOTHBONOMOKHO Touke Q M OTOMXIECTBIEHHYW C Hel. Bce ocrTanbhble
3aMKHyThle KPHMBHIE COBMANAOT C KPHBBIMM 3THX JABYX THMOB (20 MOMONHbI
uM). HanpuMep, 3aMiHyTyio KpHBYW0, Yy KOTOpoH B ABYX MecTax mnpo-
HCXOAMT MepecKoK B JIHaMeTPadbHO MNPOTHBONO/OXKHBIE TOYKH, MOMXHO
CTAHYTb B TOYKY, Kak nokaszaHo Ha ¢ur. 75. TOUHO TaK Ke HETPYAHO
BULETb, YTO TOMOTONHBI BCe 3aMKHYThle KDHBHIE C He4YeTHHIM YHCIOM
TOYeK TNepeCcKoKa B JHMaMeTPaJbHO TNPOTHBOMO/OXKHHE TOYKH. ['OoMo-
TOMHBIMM OKAa3HBAOTCH M BCe 3aMKHYThle KDHBHE C YETHBIM 4YHC/IOM
ToueK Mepeckoka. TakuM oOpa3oM, rpynnoBoe MHOTOOOpa3He IBYCBS3HO,
H Mbl MOXeM HMeTh (He 0osiee uyeM) IBY3HAuHble MPENCTABAEHHS.

Jo cHX nop Mbl BbHIOMpaqH nNapaMeTphl TaK, YTOOE OHH HAXOLM/IHCH
BO B3aHNMHO OJHO3HAaUHOM COOTBETCTBHH ¢ BpalEeHHAMH, QNHAKO BO MHOTHX
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clyyasx 9TO He oO0g3aTe/bHO, H GoJee YAOOGHB JApYrue napaMeTphl,
[Ipeo6pasoBanie (BpalEHHE), KOTOPOE NepeBOAHT TOYKH TPeXMEPHOTO
NpOCTpaHCTBA H3 HEKOTOPOTO HA4yaJdbHOTO B HEKOTOpPOE KOHEUYHOoe
nonoxeHue, yAOOHO OMNMCHIBATL C MOMOUIBIO yrioB dinepa o, B, V.
Ha ¢ur. 76 ocu xoopamHat OX, OV u OZ 3axpensieHbl HenoIBHIKHO,

Z

our. 76.

[TpeoOpa3oBaHHe MOXKHO TNpPeACTAaBHTb KAK pe3yabTaT BBINOMHEHHS TpeX
NnoC/ael0BaTeNMbHBIX NMPOCTHIX Onepalyi:

1. TloBopor Ha yroan o Bokpyr och OZ (yron ¢ NOMOXHTeeH,
ecM TOYKHM NOMOKHTedbHOU noayocu OX IBHKYTCA K NOJOKHTENLHOHU
nonyock OY, M u3MeHseTCs B npelenax oT — 7 10 - w). B pesynbTare
3TOTO MOBOPOTAa TOHYKHM, NepBOHAYa/bHO pacno/oxeuusie Ha ocH OV,
nepexonsaT B sununo y3aios OL.

2. Tosopotr Ha yron B Bokpyr npsamod OL, B pe3dyabTaTe KOTOpPOTO
ToukM mnoayoch OZ 6Gyayt nsuratecs K npsmod OM, kak nokasaHo
Ha ¢urype; yroa p usmensierca ot 0 no m. Ilocne BhmoaHeHHs TOH one-
pauuH TOUKH, JMexapliMe Ha ocH OZ, nepedayr B ToukH OZ’,

3. TlosopoT Ha yroa y BOKpyr npaMol OZ’. YcrosHe ians BhGopa
3HaKa yraa TO e, UTO M B MepBOH omepauMH, M CHOBA — A~y 7,

CooreTcTBHe MexIy 3THMHM NapaMeTpaMH M BPALIEHHAMH He ABISETCA
OLHO3HAYHBIM; HanpHMep, NpH P=0 MH NOJyYaeM MOBOPOT BOKPYT
ocH Z Ha yron o.—v.

O6osHaunm npeobpasoaHie cuMBonoM R (¢, B, V) M NokaxeM, 4To
€ro MOXHO ONHUCHLIBATH, 3aJaBas MOBOPOTHI BOKPYT ocet OY u OZ,
Hawe#t nepsolt onepauteft 6bi1 noBopor Bokpyr ocH OZ, KOTOPHI# Mbi

nasoBeM R,. O6o3nauym BTOPOH nQBOPOT Ha yroa B BOkpyr ockh OL
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’
CHMBONMOM Rj. 3TOT NOBOPOT ABAAETCA HEKOTOPOH TpaHcdopmalheit
noBOpoTa RB Ha yroa P Bokpyr ocu OY. B camoM nene,

Rp= R.ReR:",
TaK 4TO

RgR, = R.Rs.

7
ToyHo Tak ke ecid Ry, —noBopoTr Ha yroa Yy Bokpyr ocu OZ’,
a R, —nosopotr Ha yron y Bokpyr ocu OZ, To

RyRgRy = RoRgRy.

[TosToMy, KpOMe NpHBeJeHHOrO BhIle, MOXHO JaTh euwe OJHO ONHCaHHe
noeopota R (a, B, V):

1. TToBopoT cHcreMbl KoopiaHHar Bokpyr och OZ ua yroa v,

2. TloBopoT Bokpyr ocu OY Ha yron .

3. ToBopotr Bokpyr och OZ Ha yrona d.

Kax 0o6miuHo, Mb conocTas/sieM npeoGpasoBaHuio R (x” = Rx) onepa-
top Op TakoH, uro

Orf (¥) = f (R 'x),

OTKYAa .
Op @ g/ F)=FIR(—¥, —B, —a)x]. (9.29)

3adaya. Hatfinure marpuny npeobpasoBanusi R (o, B, ).

§ 3. HenpephiBubie ONHO3HAUHBIC NpEeACTABJCHHSA
TpexMepHoit rpymmsl BpauleHHH

[lo cyTm nena HempephiBHBIE OAHO3HAYHBIE MPEACTABICHHA TIPYINMbL
BpalleHHH XOpOWIO HAM HM3BECTHB NOJA ADYTMM Ha3BaHHeM. PaccMoTpHM
ypasnenve Jlannaca

Vip =0. (9.30)

JlannacMaH MHBapHMaHTeH OTHOCHTE/bHO BpallUeHHH, TIOITOMY ec/H P — pe-
weHMe 3TOro ypasHenns, To Opp Takxke Oyjer ero pemendeM, Pac-
CMOTPHM TaKHe PelIeHHs ), KOTOpPbie SB/SIOTCA OJHOPOMHBIMH NOJHHOMaMH
cTeneHn [ OTHOCHTeNbHO X, ¥, 2. Tak Kak BpauweHHe R npexcrasiaser
cobolt mHHeHiHOe npeoOpa3oBanHe NepeMeHHHX X, ¥, 2, Ogp Takxe Gyser
ONHOPOMHBIM NOJHHOMOM cTeneHH [. WTak, omHopoiHble TMO/IHHOMEI CTe-
neHn [, ynoB/ieTBOpsOME ypaBHeHHMo Jlan/iaca, nMpH BpaueHUAX npe-
obpasyloTcs JApyr uepes Jpyra M nosToMy 00pa3yioT 6asHC HEKOTOPOTO
npeacTaBAeHHs rpynnel BpauweHHd, Yro6w HaUTH pasMepHOCTb MpencTa-
BJIeHHs, 6GasHc KQToporo o6pasyloT OAHOPOJAHHE NOJHUHOMbI CTeneyH [,
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Mbl JOJKHB HAWTH YHCIO HE3aBHCHMbIX NOJIMHOMOB. B camoM oflueM
c/lydyae MOJMHOM cTeneHH [ MO X, Yy, 2 MOXHO 3anHcaTth B BHIe

P= %cab(x%iy)” (x — iy) zt=a-o, 9.31)

Ecan 310T nosnuoM nomken ObITh peuiendeM ypasuenHs Jlanmaca V2P =0,
TO

0= 3 ¢y [4ab (x4 iy)" 7! (x — iy)' M2t et
a, b

- U—a—b)(I—a—b— 1) (x + i) (x — iy)’ 2-a=0=1],

H ero Kos@@HUHeHTsl N0/MkKHB OyAyT yIOBIeTBOPATL peKyppeHTHOH dop-
My e

4@+ DO+ qputU—a—0)(@—a—b—1)c,=0. (9.32)

V3 dopmy sl (9.32) Mel BHIMM, YTO Npu (PHUKCHPOBAHHON PA3HOCTH MeKALY
MHJeKCAMH & — b KOI(DDHUHEHTH C,, OKA3BIBAIOTCHA CBA3AHHBIMH JADYT
c IpyroM. Bce TakMe kosddHUMeHTH MOXKHO BbLIPA3HTL ucpe3 KaxoH-
EHOYdb OAHH KO(PQuUHEHT TOro e THna. Tak Kak pasHocTb @ — b
MOXeT npHHHMaTb BCe 3HayeHMs oT —I 1o !, cywecrByer 2/ 1
JMHeHHO He3aBHCHMBIX peuleHM# ypaBHeHMs Jlaniaca, MMeOLUX BHI OJHO-
POIHBIX MOJHUHOMOB [-# cTeneHH, Ec/aM nepeHTH Kk ciepHyecKHM KOOpL[H-
Hatam r, 0, @, TO NOMHHOM cTeneHW [ 3amMWeTCs B BHIe npoM3BeneHus r'
Ha ¢yuxunio ot 0 M @. IDrUMH QYHKUHAMM, B3aBHCALIUMH OT YTJIOB,
ABJIIOTCA XOPOLIO H3BECTHble CdepHUYecKHE (DYHKUHH, KOTOpbIE MBl 3anHu-
HieM B BHIE

Yt (0, cp)__V* P (0) e m=—1 ..., 4+
unpa m>0
NI desinQIB
P, ©)=P,0)= in™ 0 . 9,
O)=FPnO)= 2 sin” d (cos B)/ t™ (-33)

rue
¢ [ —m)l 2A417h
No=[Fmr—

~— HOpDMHPYIOLIHA MHOXHTenb, Noao6panHbLf Tak, YTOOLI

(Po)sin0do=1. (9.33a)

o‘_ﬁﬂ
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Huxe npusoaarcs HopMHpoBaHHble chepHieckre QyHKUHH P, ({=0,..., 4):
Pg =1,

P0_1/3coso Pl= 1/_sme
P§=1/£(7c0526——2—), Pl= l/ l“ls—sinecose,

Pi— -KE sin? 0;

P8=1/72—(% cosse——;icos 6), P?:l/;—}-(% cos%—%)sin 0,

105 70
Pi— V‘1105 P Vs

szl/g a cos“e—lT5 c0529+—g—) '

Pl=3 1~ VIO (7 cos®0 — 8 cos B) sin B,

.2 . 3
sin” 0 cos 0, sin” 0;

P§=3—-V—é(7 cos’® — 1)sin’0, Pj=3 VB% cos 0 sin’ @,
Pi=3 1/—5

sin? 0.
U3 (9.33) Mt BHINM, uTO
l !

Pi=N{ P,=0 npn m=+0. (9.34)
[pn sananHom [ chepuueckre QyHkuuu oOpasyior 6asuc (2[-f- 1)-mep-
HOTO TNpeJCTaBJeHHs DY rpynnu spamenntt, CTpOKH MaTpHLUH npencra-
BJIEHUS 3aHYMepOBaHBl HHIEKCOM M1, KOTOPHMU npoberaeT 3HayeHus oT — !
10 ~}-I. B kavectBe napaMeTpOB, NO3BOJSIOLIMX 3a13aBaTh BPALLEHHS,
6yneM HCNOMbL30BATL YI/bl DHnepa M 3/eMeHTH TPYNNH BpalleHHH 6ylaem
3anuceiBath B BULe R (¢, B, Y¥). Tax, R (@, 0, 0) 6ydeT 03HayaTh NOBOPOT
Ha yroin « BOKPYr ocH Z, BpameHns 3TOro 4YacTHOTO BHIAA He MEHSIOT

yroa 0, a yron ¢ saMensioT yrioM @~ d. IlosToMy u3 ypasuenus (9.29)
HMeeM

PL ()
! {
ORr (¢,0,0Y m = OR (q, 0, 0) —l—/’i‘—Qz.n—e e
_PL® i
(9-a) —imay !
==e Ym (9.35
V2:rr, m )

B o6weM cayuae

Ore,p, w¥m (0, ®)= 2 Yo 0, @ Didrm (0, B V), (9.36)
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rae D(,fl)r,,,(a, B, Y) — maTpuua, oTBevawouias Bpaulenuo R (a, B, y)
B NpeJCTaBICHHH D", Gasuc KoToporo 06pa3yloT chepuueckue GYHKUMH
nopsaka . s (9.35) n (9.36) Mbl BHIAMM, YTO MAaTpHUbl MpenCTaBIEeHHA,
OTBeyalollle BpaLICHHSIM BOKPYT OCH Z, NHArOHAa/bHBI:

DY (@, 0, 0)=e""" i,
i a-lle
e—tU-Ng
D% (a, 0, 0)= . . (9.37)

elle i

Mbl XOTHM 1OKA3aTh, 4TO 3ajiaHHHe Bhille mpeactasaexns DY HenpH-
BOJAMMBHL. JIns 9TOrO HaM Heo6XOAMMO /HLIb NOKa3aTh, 4To Mw00as Mar-
pHlUa, KOMMYTHpYW0OLIAas CO BCeMH MAaTPHUAMH NpelCTaBJIeHHMs, JO/KHA
ObTh KpaTHa eNMHMYHOM MATpHue. DTO JIETKO [10Ka3aTh, pacCMaTpuBas
IuaroHanpHble MaTpHuH (9.37) u matpuuy R (0, B, 0) noBopoTa Ha yro. p
BOKpYT ocH Y, PaccMorpuM TOukH niockocTH ZJX. JIaf HHX asuMyT ¢
paBen Hymo. [Tosopot R (0, B, 0) nepeponut Touky 6, O B Touky 04, 0.
[MosTomy, Bocnonb3oBaBmIKch ellle pas dopmyaoft (9.29), nomydum

Or( 8, 0P (6) =Pl (0 —B) = 2, Pru (8) D2 (0, B, 0). (9.38)
m’
Ecau nonaoxuts 6 =0, to

Po(—p) = X DY (0, B, 0) Phyi(0). (9.39)

m!
Bocnonssosasmnce cooTHoweHusamu (9.34), Haltnem
Pr, (—B)= Db (0, B, 0) No. (9.40)

!
TMockonabky ¢yHkuus P (—B), BooOllle rOBOpS, He paBHA HYMO, MbI
3aK/m0yaeM, 4YTO SJeMeHThl, CcTodulHe B (m = ()-0 CTPOKe MaTpHULI

D(’)(O, f, 0), OTIHYHB OT HY .
Ecan Marpuna A KOMMyTHpyeT ¢ MarpHlef D(’)(a, 0, 0), onpene-

asemolt (9.37), To
[4D% @, 0, 0)],,,,, =[D" (@, 0, 0) 4]

Amm,e—lm'a — e—imaAmm,'

mm'?

nosTomy Matpuua A AomkHa ObITH JHAroOHaALHON MATpHUEH, T. e.

An;m’ - ambmn;’g
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Ecin A xoMmyTHpyeT ¢ D(”(O, B, 0), To
[aD® (0, B, 0))pe=[D" (0. B, 0) A)o, mpm Beex &,

Wi
a,D) (0, B, 0)= D) (0, B, 0)a,.
Tak Kak
D) (0, B, 0)=0 npu Beex k&,
TO

ak = ao.

3To o03HayaeT, YTO BCe NMATOHAMbHBlE 3/€MEHTH MATPHUUB A paBHH, H
MaTpuua A KpaTtHa eIMHMuHOHM Marpuue., TaxkuM o0pa3oM, BCSKOe mnpef-
crasaenue DY ({=0,1, 2, ...) uenpusoauMo. Kpome TtorO, pasmep-
HOCTH ITHX NMpeNCTaBAeHHH PAa3/HYHE, B CHIY YerO OHH He IKBHMBAJEHTHHL,

Tak Kak XapaxkTep BpAalleHMs 3aBHCHT HCK/IIOYMTENBHO OT YT/a MOBO-
pOTa M He 3aBUCHT OT HAMpaB/JeHHS OCH BpalleHHs, MBI MOXeM HaHTH
XapakTepHl, Noab3ysck npoctodt Marpuueit (9.37). HUs (9.37) Buauo, uro

!

x(’) (p) = E etm? = 1--2cos 4 ...

m=—1

__ sind+')o
+2cosl(p_——simw—22. 9.41)

[IpoBepHUM, YTO COOTHOLIEHHE OPTOTOHANABHOCTH (9.28) BHNO/HAETCA:

11
1 sin((4 ) esin(’+/2)
r J. dp(l —cos ) + 2Sir12 072 Pt =
0

— % Jitdcp sin (l—}-——;—) cpsin(l'+-—21—) o="0y. (9.42)
0

[TokaxeM Tenepb, YTO NpeACTaBIEHHS p® 06pasyloT MOJHYI0 CHCTEMY,
T. €. He MOXeT OBTb HHKAKMX JADYTHX HEe3aBHCHMBIX HeNpHBOINMBIX
npelicTaBleHUH, KOTOpble OBIIH OB HenpepbiBHBIMH H ONHO3HAYHBIMH.
B npotmBHOM ciyyae XapakTep HOBOTO NpeacTaBiaeHHs Y () Oma 6w
oproroHased ko BceM ¥ (q):

11
[@ot—cospu® @x @ =0 npu beex |,
0

MK )Ke, eCJH B3ATb Pa3HOCTH /s MOCJAedOBaTe/NbHHIX 3HAYeHHH [,

j dp(1 —cos @) [x“D) () — x W (@) % (@) =0 npu Bcex [,
0 .
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Ho
A O@=1 n ¢ (@)—x" (p)=2cosly,

NOTOMY NpPH BCeX 3HAYEHHAX [ MBI NOAYYHUIM Obl

[ de1(1 — cos @) x (@)1 cos Lp=0.
0

Hrak, xosdduunentnr dypbe dpyHkuHH (1 — cos @) % () AOMLKHB GblaKM OBl
obparutbcsl B Hyab, IlOCKOABKY Ha OTpe3ke OT 0 40 7 QYHKUMH cOS [
06pasyloT NOJIHYI CHCTeMY, M3 3TOTO ClenoBajno Owl, yTo XapakTtep ¥ ()

paseH Hymo. TakuM 06pa30OM, MBl MOKA3aaH, YTO MPeACTAB/IEHHs DO, p®
M T. 1. 06pAsylOT NOJIHYI0 CHCTeMy (OJHO3HAUHBIX) HelpHBOLMMMBIX Npen-
craBiaeHnit, Jlo6oe ONHO3HAYHOE MpeACTABJIeHHEe MOMXHO 3aMHCATb B BHIeE

CYMMBl npeacTaB/eHAl D®. llna nambueHiiero 3aMeTHM Taioke, uTO
DP@, 8, V=D, 0, D (0, B, 0) D” (@, 0, 0),
DY (@, B, ) =e""""¥DY., (0, B, 0y e~'™, (9.43)

M 19 NOMydYeHHUs MOMHON MAaTPHLBI HAM OCTAeTCA JHUIb HARTH D(,,,”r,,, (0, B, 0).

l
OTMeTHM Takxe cB3b cdepHueckHx OyHkuu# YV, ¢ xoabduuMeHTaMu
npeCTaBIeHHAS:

Or @ 6,v/m (0, ®)= g} Yo 0, 9) D (@, 6, V=Y (0, —¥),

rle NepBOe paBeHCTBO ecTb paseRcTBO (9.36), a BTOpOe nNoOAyuaercs
¢ nomowpio (9.29). Ma (9.33) u (9.34) nomyuum

2141 ; 2l
vho, —n=1 L e-my, =1/ TE s,
. 21
Vi 0. 9 Dm0, =1 ZEL s,
m’

*
YMHOXHB 3TO paBeHCTBO Ha Dsﬁ,,(cp. 0, ¥) ¥ npocymMuposas no m,
Hat neM

Hrak,

1/2z-|-1 Ye (0, ¢)=D (@. 0, V). (9.44)

§ 4. Pacuwennenue aTOMHBIX ypOBHe# B moasx
BHYTPH KPHUCTAMIOB (OAHO3HAYHLIE MpeACTABJCHHA)

Ilpexae uyeM nepexoAHTb K PACCMOTPEHHIO IBY3HAYHBLIX NpeICTaBe-
HUH TPYNNbl BpaimeHWd, Mbl XOTHM NpPHMEHHTH NOMy4YeHHble HAMH pe3yJb-
TaThl K 3ajlaye O PACLIEN/JEHHH ATOMHHX YpOBHefl B MOJAX BHYTPH KpH-
crannos, (TloaxHee Ty ke 3amauy MB PacCMOTPHM M IS ABY3HAYHBIX
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npeacrasnennii.) Ilpexae Bcero 3aMeTHM, YTO TaMHJIBbTOHHMAH 3/EKTPOHA
B UEHTPAJIBLHOM [MOJE aTOMa MHBAPHAHTEH He TOJbKO OTHOCHTE/BbHO BCEX
BpalleHHH, HO M OTHOCHTE/NbHO MHBEDCHHM B Hauane KoopiuHaT. MHaue
roBopA, rpynnod cHMMETPHM 3JeKTpOHAa B aToMe cayxuT rpynna O (3),
NOMYyYaoAAcs 3a CYeT NpPHUCOEAHHeHH HHBepCHH [ K Tpynme 4HCTHIX
Bpawennit., Tak kak /?=FE, To MaTpHua npeicTaB/eHHs, OTBedYalowas
HHBepcHH [, MoueT OHTb TOJABKO eJIMHHYHOH MaTpHUeH, YMHOXeHHOH
Ha -1 nan —1. Tak ke kak B ri1. 4, Kaxioe npeicTaB/JeHHEe TPYNNb
YHCTHIX BpAWIEHHH NPHUBOAMT K JBYM MpEACTABJIEHHAM MOJHOH Tpynnul
3epKaabHEIX NMOBOPOTOB. BMecTo mpeacramienus DY mb nonyuaem Tenepb

asa npencrasaenns D) u DU

DR (@, B, V)=D"" (R, B, V)=
=D"(R(@. B, V)=—D""(UR (@, B, v)). (9.45)

!
[pencrasnenns D' s KOTOpHX HHBEPCHH / COOTBETCTBYeT MarpHua -1,

{—
HABHIBAIOTCA TMOJOKHTEAbHBMU npeicTaBiexusmu. Ilpencrasrenns D¢,
B KOTOPHX HMHBepCHM [ COOTBEeTCTByeT MaTpHua —I, HA3HBAKOTCA OTPH-
1aTebHBIMH MpeJCTaBACHHAMH, AHAMOTMYHO, YDOBHH, NpPHHALIeKallHe

I~
npeACTaB/ICHHUIO D(”)(D( )), HA3BIBAIOTCS NMOJOMUTENbHBIMH (OTPHLATE /b~
HBIMH) YpOBHAMH. MTaK, OJHO3HAUHLIMK MPEeACTABIEHUAMH MOJHOR TPYNMH
BpalleHH# CmykaT NpencTaB/eHHs

of, 07; 1%, 17 2%, 27: m1 oL

Kaxnu#t ypoBeHb cBOGOIHOrO atoMa OyjeT NpHHAAIEKATb OJHOMY
M3 HenpUBOJMMHIX TNPEACTABJEHHH NOJHOH rpynnel BpauieHHH (eClM HET
cayyahuoro BhpoxJIeHHd). EcaM ke aToM nNOMecTHTh B KpPHUCTANI, TO
nose BHYTPH KPHCTaAna, T. €. 3/JeKTPHUYeCKOe IoOJe, KOTOpOe CO3Aal0T
B TOM MecTe, I'lé HAXOIMTCH aToOM, APYTHe aTOMhl B KPHCTa/le, BEIZOBET
BO3MYLllEHHEe B JBHXEHHH 3JEKTPOHOB. DneKTpHueckoe mnose Oyper obna-
J1aTh CHMMeTpHe#l ONHOH M3 KpHCTALJIOTpadHUeCKHX TOYeYHHX TpYyNM.
B cuiy 3TOro MHl CTajqkHBaeMcA € 3ajaved TeOpHH BO3MyLueHHH, aHaxo-
THYHOH TOH, KOTOpas paHee Oblsa M3ydyeHa B ra1. 6.

B paccMaTpuBaeMOM Tenepb C/Ayyae YPOBHH HEBO3MYLUEHHOH CHCTeMbl
KkAaccubUUMPYIOTCS MO  MNpeACTaBIEHHIM TNOJMHOM Tpynnbl BpalleHHH.
Hanpumep, yposenb, npuHasiexawu# [ -npeactasienmio, 6yAer HMeTb
(2/—+ 1)-xparnoe BhpOxAeHue. Ecnn aTOM nOMecTHTL B KPHCTaAI, 3TOT
ypoBeHb pACIUENUTCd HA YPOBHH, NMpPHHAL/IEKALME DA3IHYHEIM HENpHEO-
JIMMBIM NpeCTaB/AEHHSIM KpUCTaaorpaguieckolt ToueuHott rpynnul. Tak xe
KaKk B T/1. 6, MH npexje Bcero HallieM XapakTeph 3/EMEHTOB KpHCTa-
norpacdnueckolt Todeuno# rpynnbl B /*-npencrasnenun. 3areM, no.b3ysch
ypaBHeHHeMm (3.150), HallleM KpaTHOCTb, ¢ KOTOPOH KaxJoe HeMmpHBOIH-
MO€ NMpe]CTaBNeHHE KPHCTALIorpaduyeckofl TOYEUHOH TpYNNEl COAePKUTCA
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B [T-npencTaBieHMH, M TeM CaMBIM ONpeldejqHM, KK PAcLIenyseTcs Hauw
ypoOBeHb B MOJe BHYTPH KpPHCTasna.

Taxk kak kpHcTamtorpaduyeckHe TOUeuHBIE TPYNNB MOTYT COUEpKAaTh
NOBOPOTH TOMLKO HAa yIabl m, 27/3, m/2 u m/3, cHayana BHIYHCIMM Xapak-
rep xV(p) mrs ITHX 3MeMeHTOB, nose3ysice ToxaectsoM (9.41).

IMockonbky
y( (Qn) __ Sin[(+-1/2) @a/n)]

n sin (n/n)

14

MEl BHIMM, YTO cayd4all [=n nosropser pesyabrar a1a [ =0, nostomy
Mbl HO/KHBE 3aTaby.JMpoBaTh XapakTepw ToAbkO amd 0-<CI[ < n. ItH
pesy/bTaThl NpeicTaBieHH B Taba. 34. 3aMeTHM Takke, uTO

2n 2n 2n
(D22 = —yln=t-D( 22} — __ w(ma-i-1)[ 22
S e = I

rle m — moboe 1e10e YHCIO,
Ta6auuya 34
{ | 0 1 2 3 4 5

wW@e) |1 -1

@@y 10—

B (Cy 1 1 —1 -1

D (Ce) 1 2 1 -1 —2 -1

CHayaza pacCMOTPHUM KpHCTannaorpadHyeckyo rpynny, COCTOSLLYIO
TOMBKO M3 YHCTHX NOBOPOTOB. T/ npHMepa BO3bMeM Ipynny oxTasapa O.
Y3 ta6a. 35 BuamM, uto rpynna O cOAEpXKHT KJIacCH

E; C;@8): Ci(3); Cy(6); C,(6).

SneMeHTHl Ci # C2 B rpynne O He3KBHMBAaJNeHTHH, OJHaKO B MOJHOH
Tpynne BpauwleHHH OHH SKBHBANEHTHH, HOO MNPeACTAaBAAT coGOH MoBo-
pOTH Ha OOHMH M TOT e yroa m. Bocrmoawayemcs tabn. 34 Ans Haxox-
NeHHA XapaKTepOB 3THX 3/MEMEHTOB B MNpeJACTaBJIECHHH DY, a 3atem
pasexcTBoM (3.150), uro6bl HaliTH npencTasnenus rpynnsl O, Ha KOTO-
pHe pasnaraeTcsl NpeiacTaB/leHHe p¥ (Tabn. 35). 3aMeTHM, UTO XapaKTephl
B Tabn. 35 o6aagawT uednM pagoM oOwHx cBo#cTB. Ilockosbky
rpynna O cozeput noBopoth C,, Ci C,, a HauMeHbllee OOlllee KpaT-
Hoe uhcen 2, 3 U 4 pasuo 12, Mb Buaum u3 taba, 35, uro npu [=12
XapakTepn BceX BpaileHu#t paBunl - 1. Kpome Toro, TOXIeCTBeHHOMY
npeofpasoBaHni OylIeT OTBeuaTh XapakTep

¥ (E) == 25.
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Ta6ruua 35
XapaxTeps wJaaccos rpynnun O B()
2{ 1+ 1)-MepHom npenctasaenun D
( rpynnsl BpauleHdA Hl;aggg;x::oufuSggnrcl;g:éa;g:ﬁeﬂg ygél;:gﬁ
5 rpynnsl O
t E ¢ € €y €4
0 1 1 1 1 1 A, 1
1 3 0 —1 —1 1 F, 1
2 5 —1 1 1 —1 E4F, 2
3 7 1 —1 —1 —1 A+ Fi+F, 3
4 9 0 1 1 1 AA+E4F+F, 4
5 11 —1 —1 —1 1 E42F, +F, 4
6 13 1 1 1 —1 A+ A+ E+Fi4-2F, 6
12 25 1 1 1 1 | 24,4 A,+2E+3F,+3F, | 11

ITostomMy npu /=12 XapakTepn OKa3blBalOTCA CYMMOH JBYX CjaraeMhiX:
1) Bcex XapaxkTepoB, paBHBX -1, T. e. XapaKTepoB eJIHHHYHOrO mpen-
crannennn, W 2) Xapaxrepa % (E)=24 (nopsamok rpynnet O); Bce ke
OCTAJIbHLIC xapaKTepr PaBHBEL HYJIO. Jto — peryJdpHOe npencras/ieHue,
Kotopoe Mbl o0o03nauand cumsosoM reg. Kak Oweuto noxasawo B § 17,
ra. 3, Kaxjaoe HeNmpHBOIUMOe NpeNCTABJIEHHE COINEPKUTCA B PEryJnsipHOM
NpelCTaBJeHNH C KPATHOCTBIO, paBHOH pa3MepHOCTH 9TOrO0 HeNPHBOIM-
MOro mnpexncrasiaenus. Ilosromy nas rpynns O peryJaspHOe npenacrasie-
HHe

reg=A, + Ay-+2E +3F, +3F, n D™ =4, +reg.

AnanornuHo npu [=12m nonyuaem B39TOE m pa3 peryaspHoe
npeicraBleHHe NIOC eJMHHYHOe npencrasiene. Ilpu & <12

DR — (reg) -+ D™, 9.47)

W3 pasenctsa (9.46) MBI BHAMM TaKXe, YTO NOCKOAbKY uyHuCI0 12 KpaTHO
yhcnam 2, 3 U 4, O

w0 () 4 g1-0(Z) =0, xO@ I E) =24,
CJAeA0BATENBHO,
DY 4 D1 =D = reg. (9.48)

[To sToit mpuumHe pesyabrathl B Taba. 35 Heo6X0AMMO NMPHBOAMTb JIHILIb
1o [=25. Hanpumep, mna [==10 nmeem

D(10)+ D(I) =reg,
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OTKya
pio — A, Ay~ 2E - 2F, -3 F,.

Jlpyroit HHTepecHblff pe3y/bTaT COCTOMT B TOM, YTO HH OXHO MNpeicTa-

Brenne He moxer sxomuts B DV (! < 12) ¢ kparHocThIO, Gosbliel TOH,
C KOTOpOH OHO BXOMHT B pery/sfpHOe NpelacTasieHue. ITOT pe3yJbTar
crenyer H3 paseHcTBa (9.48) u Toro daxra, 4TO CyMMa NpelCTaBJeHHH
HMeeT TOJbKO MOJOXHTENbHEE KOI(DEPHLHEHTHI,

YpoBHH, npHHAaAJekalIHe pPA3JIHYHBIM IpelcTaBAeHHAM DY, o6muno
oGosHavaor Oyksamu S, P, D u 1. A, aaa [=0, 1, 2 u 1. 1. Us
ta6Ga, 35 Mbl BHAMM, 4YTO FP-YpOBHH He pacWenadnTcAd MpH IedCTBHH
rpynnel  cumMeTpu Q. (PH3HYECKH 3TO OYEBHAHO, MOCKOJBKY KOOP.IHM-
HaTH X, y U Z SKBHBAJEHTHH OTHOCHTEJIBbHO NMpeofpa3oBaHui KyOHueckoH
cuMMeTpun.) Ilpm [ > 2 Bce ypoOBHH pacllenisioTca B INOJie BHYTpH
KpHCTaJIa,

Jlo cux mop Mue He paccMaTpuBanM wuuBepcHH. EciM Mp BO3bMeM
NOMHYIO TPYMNNY 3epKa/JbHHX MOBOPOTOB, HALIMMH NpeLCTaBleHHAMH Oy ayT

npeacrasaesus O', O u 1. 4. Taxk kak rpynna O He COJepPXHT

MHBepCHH [, npelcTaBleHus D) OyayT pasnaratbcd TakMM xe 0o06pasoM.

[peanonoxum tenepb, 4TO MBI paccMatpHsaem rpymny O, =0 X C;
(xyOnueckass ronosapuyeckad cumMerpua). B rpymnne O, kaxnoe npen-
craBaenne rpynns O pasoObeTcd Ha JBa npelcTaBJeHHs, COrJNACHO TOMY,
Kakoe 3HaueHHe Mbl BuiGepem naa ¥ (/): -1 wam —1. B nauHom cay-
yae Mbl elle MOMeM BOCNOJb30BATHCA BCeMM peayabraraMu Taba. 35.
[Ipn sTOM ciaefyeT NWLIb CYUTATh, YTO BCe MOJOMXKHTEe/bHHEE (OTPHLATENb-
Hble) COCTOSIHMS TPYNNB 3epPKajbHBIX MOBOPOTOB OTBEYAIOT MOJIOXKHTENb-
HbIM (OTPHLATE/BHEIM) MpeCTaBAeHHAM KPHCTanjaorpadbuyeckod ToueyHol
rpynnet. Hanpumep, B rpynne O,

D) = Af 4+ E* 4+ Ff +F§, D®)=E~ 4 Fy7.

Tenepr MBI MOXeM HAMETHTb XOJI BbHIYHCJAGHHH B o0leM cJayuae.
Ecan xpucrannorpaduyeckas rpynna comepXHT HHBEpPCHIO /, HAM HYXHO
paccMarpUBaTh TOJMBKO TaKYH ee HHBAPHAHTHYI0 MOATPYNNy, KOTOpas He
CONEpXHT HHBepCHMH [, a 3aTeM COMOCTABHUTb MNOJIOXHTE/bHBIE (OTpHLA-
TeJbHble) COCTOSHHA MOJHOW TPYNNBl BpalleHHH NOJOXKHTEAbHBIM (OTpH-
LaTe/bHBHIM) NpelcTaBleHHAM KpHcTaajorpaduyeckolt rpynnel. Hanpumep,
eClM MBl pacCMaTpHBaeM paclienIeHHe YpoBHeH B mnoje BHYTPH KpH-
cranna, obnarawouwero cummerpuelt rpynnsl T, =T X &,;, T0 He06X01HMO
paccMarpusaTth ToOJAbko rpynny T. Tak kak B NOJHOM rpynne BpalueHHH
Bce OCH ABYCTOpOHHHE, siementsi C3 u C3 rpynnsi T umeor B DY
OJMH W TOT Xe Xapakrep. Peay.abrartel Anq sToro cayyad npeRcras/eHbl
B TaGn. 36. 3ameruM, uto B rpynne T npencrasienne E B ne#cTBH-
TeJbHOCTH OKa3bBaeTCA CYMMO# JBYX OIHOMepHHIX MNpEeACTaBACHHH M
T0TOMY BXOJMT B perynsipHOe MNpeACTaBJeHHE TOJbKO OAMH pa3, [anee
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Ta6ruya 35

XapakTepn kaaccos rpynus T s
@+ I)'Mig;:xﬂnggiﬂ:::;““ o® Pasnoxenne npencrasienus D() Yneno
Ha HeTPHBOXMMBIE TIPELCTABAEHHS ypopHeH
2 rpynnun T
1 E ¢ ¢
0 1 1 1 1 A 1
1 3 —l1 0 0 F 1
2 5 1 -1 —1 E4F 2
3 7 —1 1 1 A42F 3
4 9 1 0 0 A+EH2F 4
5 11 -1 —1 —I1 E+-3F 4
6 13 1 1 1 2A+E+43F=A-reg 6

MBEl [I0Jy4aeM paBeHCTBO, aHanaoruuxoe (9.48). Ias rpynnbl T 31O paBeH-
CTBO HMeeT BHI

DY DD = reg. (9.49)

CpasuuBas Ttabnuuy aas rpynnel T ¢ tabauueft maa rpynne O, MH
BHIOMM, YTO pe3yaAbTaThl A4 rpynnel 7 MoxHO 6b1o OB MOJYYHTL M3
pe3yabTaroB And rpynnsl O, ecaM CYMTaTh, YTO NpeicTaBiaeHne A; COB-
najaer ¢ npeiacrasiaenneMm A,, a npeacrasBieHHe F; coBnajgaer ¢ npen-
ctaBieHneM Fy.

Hakoneu, kak yxasano B Taba. 22, rpynna T4 u3omopdHa rpynne O,
NOSTOMY pe3y/AbTaThl, NOAyuyeHHHe Aad rpynnsl O, MOXHO NPHMEHATH H
k rpynne Tz Mbl Hauuik, TakuM o0pa3oM, paclienieHHe aTOMHBIX ypoO-
BHeH BO BCeX KpHCTalanax KyGuuecko cucremb (cM. § 9 ra. 2).

PaccMoTpuM llanee rekcaroHaiabHyio cucteMy (cuctemy VI § 9ra. 2).
I'onosapuyeckas rpynna

D6h =D6 X @i'

no3TOMY HaM Heo6x0auMO 3atabyauposarts ToJbko rpynny Dg. (M3omopd-
nble rpynnsl (g, U Dgj, HMeEOT ONMHAKOBBIE MpENCTaBJAEHHA.) IDNEMEHTH

Cg, Cy, Cy npexacrtaBiasioT co60H NOBOPOTH Ha Yroa 7 M B MOJHOHU

2
Tpynne BpalleHHit npHHamiexat orHoMy khaaccy, Cg — MOBOPOT Ha yron
2n/3. PeayabTath npuseseHsl B Taba. 37, I'pynne

@Gh =@6 >< @[ H @6
HE HYXHO pacCMaTpuBaTh CNELUMAMbHO; TaK Kak STH TpYNIbI aﬁeﬂeBbl,

kaxnoe (2[4 1)-mepHoe mnpeicTaBiedHHe TPynMNbl 3epKaJbHBIX NMOBOPOTOB
pacnanaerca Ha 2!+ 1 npocroe oxHOMepHOe NpENCTaBIEHHE,
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Tab6auya 37
XapaxTephl KJaccOB rexcaro-
HanapHOW rpymnel Dg B

(2! + 1)-vepHOM npencTaBie-
nuy D) rpynmel BpaureHuH Paanoxenue mpejxcTaBJeHUs DU na yenpusosumue | Hucno

npeACTaBAEHHUSA CeKCaroHAJAbHONH rPynNnH yposuen
I E ¢} clocg cpey
01 1 1 1 11 A 1
1 3—-1 0 2—1-1 A+ E; 2
25 1—1 1 11 A+ E +E, 3
37—1 1—1-—1-1 Ay+ B, +B;+E +E, 5
49 1 0-2 11 A+ B+ By+E; +2E, 6
511 —1 —1 —1—1—1 Ay+ B+ By +2E, +2E, 7
613 1 1 1 1 124, +A,+B,+By,+2E +2E,=A +reg| 9

Hanee paccMOTpuM TeTparoHaibHylo cucremy (cucremy V B § 9 ra. 2),

T'onosapuyeckas rpynna

D,, =D, X .

Paccmotpum rpynny D, (Hawm pe3yabTathl OyILyT Takke NPHMEHHMBI M
K u3oMopdueiM el rpynmaMm G, U D,;). B pesyabrate Ml nosyuum

taba. 38. I'pynne

Cr=CiXC, 1 C,

abeneBbl, MOSTOMY KaXIbIH ypOBEHb paclieNHTCAd HA NPOCTHIE YPOBHH.

Ta6auua 38
XapaxTepH KaacCoB
TeTparoHanbHO# rpynnul D,
B (2/+ 1)-MepHOM
npexctasaenun Dl Paanoxenue npencrasnenna D) na nenpusomumme  |Jucio
rpynusl Bpauenuit npeicTaBAeHUS TeTParolalpbHOH rPyNOH YHPe(;f"
1 E o, ¢y cy
01 1 1 1 1 A 1
1 3 -1 1 —1 —1 A+E 9
25 1 —1 1 1 A +B +B,+E 4
37 —1 —1 —1 —1I Ay+ B+ By +9E 5
49 1 1 1 1 9A, + Ay + B, + By +2E = A, + reg 7
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Hakoneu, B cayuae pombuueckoft cuctemsl (cuctemer III B § 9 ra. 2)
paccmoTpum abeneBy rpynny V', kaxibfl ypoBeHb MOJAHOCTBIO paclien-
asgeTca Ha 2/-1 npocTHX YpoBHeH.

Tenepe yHTaTeJb YXe AOMKeH CYMeTb CAMOCTOATENLHO PacCMOTpeTh
Te WJH HHEE MHTepecylolIMe ero rpynnsl C MOMOWIBI0 H3JIO0MEHHOTO HaMH
MeTola.

Badawa. Tlocrpolite Tabauuy, KOTOPas MOKa3biBaaa Obl, KakKMM o6pa3oM
YPOBHH MOJHOH I'pYNMNB 3€PKajJbHBIX MOBOPOTOB PAacUIENJANTCA B MOJE Kpu-
cTanla ¢ cuMMerpueil rpynnbl Djy.

§ 5. Moctpoenne cobcTBeHHBIX GYHKUMI AJA KpUCTALIOB
¢ pasauyHoOi cuUmMeTpueil

B ra. 6 Mb yxe paccmorpenu 3amayy O HAXOXIeHMM COOCTBEHHBIX
BOJMHOBHX (YHKUMH B HyJeBOM NopalKe TeOpPHH BoaMmyuwelnuHl. Ta xe
3alaua BO3HHKAeT M Temepb, M eCAH B pasnoxeHue npercrasienua DV
HH OJHO mnpeiCTaBJeHHe He BXOAWUT C KpaTHOCTBIO, GoJblieH eXMHHLEI,
NOJMHOe pellleHHe 3TOM 3afayd MOXHO MOJYYHTb, HCXOAA H3 coolpaxke-
HuH cumMerpuu. Ecam ke ONHO M TO XK€ HeNpHBOAMMOe mnpelcTaBleHHe
KpHCcTantorpaduueckoif Tpynnel BXOAMT m pa3 B pa3/NOXeHHe mpencTa-
prenns D)) To 1S HaXOXIAEHHA COGCTBEHHBIX BOMHOBHIX DYHKUMH HYyJe-
BOrO MOpAAKA MBI JOJDKHB PELIMTH CeKYJApHOE YpaBHeHHe Mopsjika m.
PaccMOTpHUM Ha nNpuMepaXx MeTOL HaXOXAeHHA COOCTBEHHBIX (YHKUUH
B HY/NEBOM MOpAlKe TEOPHH BO3MYIUEHHH NS S/MEKTPOHa B NMOJAAX BHYTPH
KPUCTAA/NOB ¢ pa3nnuyHol cuMmerpuel. (YacTe 5TOH paboThl B TOYHOCTH
MOBTOPSAET TO, YTO MBI AeJaJ¥ MpH KJIacCHUKALUMH KOMMOHEHT AHMIOJb-
HOTO H KBafipyNoJbLHOrO MOMEHTOB MO MpPEeACTaBJeHHAM KpHcTaaiorpadu-
YyeCKHX Tpyni.)

Bribepem BoAHOBEIE GYHKUMK CBOGOAHEIX aTOMOB B BEILECTBEHHOM BUIE

VEPL O mo.

Torza Bce OTpaXeHH CBOAATCA MPOCTO K YMHOMXEHHIO TaKOH PyHKUMH
na 1. TloBopoT Ha yron & BOKpYr och X MeHdeT ¢ Ha —@, a yroa 0 —

!
Ha yron m—0. Us onpenenenna ¢yukuun P, (0) M BHAMM, uyTO 3Ta
onepauld NPHBOAMT K YMHOXEHHIO Pf,, Ha (—1)"”’

Pl (n—0) = (—1)'""P, (0). (9.50)

dTa onepaums oCTaBAfeT Cos/m@p Oe3 H3MEHeHHd, & Sinm@ yMHOXKaeT
na (—1)™. Bo Bcakom ciayuae, NOBOPOT Ha Yrol X BOKPYr ocH X He
NPHBOIMT K BO3HHKHOBEHHMIO CBA3ed MexI1y pasJMYHBIMH BOJIHOBHIMH
byHKUNAME,
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PaccMoTpHM CHauana TeTparoHaibHble TPYNNBl Ha NpHMepe rpynnst D,
Bce sieMeHTBl 3TOH TpyMNBEl MOXHO MOJY4yHTh M3 MosopoTa C, BOKpYyr
ocu 4-ro nopanka Z u nosopora C, Bokpyr ocH 2-ro nopsaika X. Kak
Mbl Buaean Bbime, C, He CBA3bIBAeT pA3NMuHBIE BOMHOBBlE (YHKLHH.
IMosopor C, He wMensger yroa O, Ho samenseT QyHKUHIO C;nsmcp byHK-
cos
sin
MOXET MPHBECTH caMoe Gosblree k mepeMeHe 3uaka. Eciu e m neuetno,
TO 9TO MNpeoOpasoBaHHe IepeBOAMT (YHKUMH COSm@ W sinme apyr
B Apyra.

dyHKUMA P(l) MHBAPHAHTHA OTHOCHTENbHO Noopora C,, nosopot xe C,
YMHOXAeT €€ Ha (—1)’. [TosTomy P} NPHHALNENKNT MPEACTABIAEHHID A,
(cM. Taba. 19) npu uetHom ! M npenctasnenuio A, npu HeuetTHom [, Tor
JKe pe3y/bTaT OCTaeTCad B CHJe H 14

V2 Picosdpp  (u=1, 2, ...),

et m (¢ -+ m/2). Takum oGpa3oM, NpH YeTHOM /1 3TO ipeoOpa3oBaHHe

TaK Kak
cos4u (cp -+ g—) = cos 4pg.

bynkund
Ve Pf,u sin4peg

Takke He HaMeHseTcsl Npu npeoGpasosannu C,; npeoGpasosaune C, yMHO-

141
waer ee Ha (—1)'"". TlosToMy 3Ta (YHKLMA NPHHAANEHKHT npeacrasne-
HHIO A, NpH ueTHHIX [ ¥ npelacCTaBieHH0 A; npu HeuwertHeix [. [lpomon-
kafd STH pacCyxleHus, Mbl NoiydaeM Tabn. 39, B KOTOpPOH yKasaHg,

Ta6ruya 39

Co6crBeHHble DYHKIIHH HENMpPHBOAHMbBIX
npeacTaBJeHHA TeTparoHaJbHOH IPYNmbl

IpencTasaenus

Cob6cTBeHHble PYHKIHH

HeueTnble [| deTHme !

Ay A, Pi V2 Pl cos dpg

A A, V2 me sin 4ug

B, B, Ve P, gcos (4p+2) ¢

B, B, V2 Pj, osin(@n+2)¢
! cos

E E V2 Pyt g, @nt+ Do
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KakuM 0Gpa3oM BONHOBHIE (PYHKLMH PACMpelesioTcsa MO pas/IHYHbIM npe-
CTaB/eHUAM TeTparoHaiapHo#f rpynnsl. Bocnoasayemca TaGauue# M Beinu-
IIeM B SIBHOM BHJe COGCTBEHHBIE GYHKLUMH 1S HECKOJBKHX MEPBEX 3HA-
yeHHi I:

l=0. A; P} I=1. Ay Py
E: VQ PICOS
[=2. A P} [=3. Ay P}
By: V?P%cos?cp Bu: VQ_PS’cos 2¢
Bi: V2 Pisin2¢ By V2 Psin2g
E: VQ chos VQ Ps cos
E: (9.51)

VE R,
l=4. A Pg, VQ_Pﬁcos 4¢
Ag: V2 Pisindg
By: VQ_ P3 cos 2
By: VQ_ Pé sin 2¢
E: V2P e VI 30

Ipu [ <3 xaknoe HenmpHBOIMMOE NpeNCTaBJeHHe BCTpeyaercd B pas-
J0EHHUH TOJBKO OAMH pas, CJAeNOBaTebHO, COOCTBEHHBIE BOJHOBbHIE
GYHKUMH B HYJEBOM MOpsAKe TEOPHH BO3MYIUEHHH s STOTO cayuas

Mbl yxe mnoayuumnn. Ilpu =3 npencrasnenue D® COJEpXKUT mpen-
craBnenne E pBaxnnl. Takum o6pa3oM, cOGCTBEHHBIE QYHKLUMH B HYJleBOM
nopsjiKe TeOpHMH BO3MYylIeHHH nns mnpeacrasaeHudt A,, B; u By — 310
Te GYHKUMH, KoTopble mnpuBeldeHn B (9.51), Ho ana npencrasienns E
HaM NpHIeTCA pellaTb CeKy/JAsipHOe YypaBHeHHe. 3aMeTdM, YTO TOMBLKO
cos® U cos 3¢ (sin@ u sin3¢Q) oka3bIBAOTCA CBA3AHHBIMHM APYT C APYrOM,
NOCKOJBKY OHHM NpHHALNEXAT OIHOH CTpOKE MNpeAcTaBieHHda. Peluenne
CEeKyJApHOTO YpaBHEHHA NPeLOCTaBJASETCA YHTATeNql0 B KayecTBe 3alaul.

3adava. Pemnure cexyaspHoe ypaBHeHue n Hafizure co6CTBeHHblE QyHE-
UMK B HyJAeBOM MOPAZKe Teopuu BO3MYylUeHuH naa E-ypoBHelt npu [ =3

Hamr ocHOBHOH pesyabTat COCTOMT B TOM, UTO COOCTBEHHBIE GYHK«~
UMM B HY/NeBOM nopsike He §yayr Gojee MNOJHOCTBHIO ONpeleNaATbCA
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COOGpaXKEeHHAMH CHMMETPHH. IJTH (QYHKUHHM 3aBHCAT OT MNPUPOLBL BO3MYy-
wawwero nond. Ilpn /=4 Mbl TO4UHO Tak e AOJKHB Obliu Gbl pewraTs
cekyaspHoe ypasHenHe mna A,-yposHs W E-ypoBHa.

Hanee, HattaeM coOGcTBeHHbIE PYHKIMM AN KPHCTaana, oSaafalollero
reKcaroHanbHOH CcHMMETpHEH, HanpuMep cumMerpueit rpynner Dg. Mu
paccyxk/laeM TaK e, Kak B C/lyyae TeTpParoHa/ibHOH T'pynnsl.

3a HCKIIOYEHMEM TeX CJyuyaeB, Koraa m KpaTHO 3, Cosm@ H sinm@
HA 3TOT pa3 OKa3HBAWOTCA CBA3aHHHMH Mexay coloH. CobcTBeuHbe
GyHKUMM pa3anunbiX NpelictapseHndt rpynner D¢ manet 8 taGa. 40. Mu
CHOBA BHIMHLIEM 3TH (YHKUHH A HECKOJNBKHX MepBbIX 3uaueHHH [:

l=—0. A;: P} I=1. Ay P}
. Icos
Ex: VQ P sin P
[=—=2. A P? =3, Ay P}
Ex V2 P Cs?rsl 20 Bi: V2 Picos3g
Ex V2P e By V2 Pisin3e

R 5 p3 COS
Ex V2 P2
E: V2 P C°Scp (9.52)

l—4. A P}

By V2 Picos3¢
Bi: V2 Pisin3e

Ex V2 P2, V2P 49

) 1cos
E: V2P sin

IMpn l==4 ™Mb [0MXKHel OblMM OBl pellaTh CEKYJAPHOE ypaBHeHHe s
E,-ypoBHeft.

Yraosoe pacnpelenedde NJOTHOCTH 3apsiia IS BHPOXIEHHOrO CO-
CTOSIHUA HAXOIAT, BBIYMCAAS CYMMY KBaJpaTOB MOJyJefi BOJNHOBEIX (pyHK-
UMH MpH Ppa3/NHYHBIX 3HAYEHHAX /M, COOTBETCTBYIOLIHX NaHHOMY COCTOf-
Huo. Taxkum 0o0pasoM, MJAOTHOCTL 3apaja OKka3biBAETCA PaBHOH CyMMe Btex
cepryecknx (GYHKUMH, mpHHaaleXawMX 3aJaHHOMY 3HauyeHuio /, ¥ Bcaen-
CTBHe 3TOro cdepHyeckH cuMMerpuuyHa. B nosne BHyTpH KpHcTanna
YPOBHH, NpHHALIeXalMe NAHHOMY /, pacluenfloTCA, B CHAY 4Yero pac-
npeneneHne 3apafa nepecraet OBTh CHepHUECKH CHMMETPHUHbBIM. ACHM-
MeTpHSl paclpele/ieHMs 3apsaaa CBfA3aHa CO CTPYKTYpOH KpHCTanaa.
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B cayuae TeTparoHanbHOM rpynmsl CHMMeTpHA KPHCTal/la CKasblBaeTcs
npexie Bcero Ha P-coctosnud. Jiaa A,-ypoBHA 3apal COCpPelOTOYEH
BAOAL OCH Z (rnaBHOM OCH), TaK KaK MJIOTHOCTb €ro H3MEHSeTCAd Kak
cos?0; ans E-ypoBHA NMIOTHOCTb u3MendercA kak sin®0 M sapan cocpe-
notoued B muaockocth XVY. B cBo6GoanoM atoMe 06a 3TH COCTOMHHMA
6yAyT HMeTb OJHY M Ty e SHepruio, HO HEeIKBMBANEHTHOCTb OCH Z H
ocet X M Y B KpuCTalle CHHMaeT BhipoXAeHHe. B D-cocTosHuu Mbl

Tabauya 40

Cob6crBeHHbie QYHKIIUH HENPHBOAHUMbIX
npeAcTaBjieHUHA rekcaroHailbHol rpynmbl

IlpeacTaBaeHus
Co6eTBentse QyHKIMH
neveTnue I| deTHule [

A, A P§ V2 PL, cos 6ug

A A, V2 P, sinbug

B, B, V2 P, scos 6+ 3) o

B, B, V2 P, 5sin(Gp+3)9
5 pl Cos

E, E, V2 PGHiZSm 6ux2)¢
5 pl cos

E, E, V2 Pgyiq g G Do

noayunM By~ W B-ypOBHH, 114 KOTOPHIX MAOTHOCTb 3apAla HM3MEHAETCA
kak sin*0cos?2¢ u sin*@sin?2¢ coorsercrBenHo. B ofonx cayuyasnx sapan
COCpENOTOYeH B MJOCKOCTH XV, HO Aas By-ypoBHA NJIOTHOCTH BhIIIE
1oL ocel kpucraina X M YV, a ana By-ypoBHf — BLOJb NPAMBIX
=45 u 135°. AHnanoruunsle CcOOOpaXeHHd NPHMEHHMBl W K pacnpe-
Je/JEHHI0 [UIOTHOCTH 3apsja B CIy4Yae reKcaroHaibHOH CHMMETpPHH KpH-
craana. ITOT BHI CHMMETPHH MNpeX/le BCero OTYETIHBO MNPOABJAeTCS
B YpOBHAX, BO3HHKAIOIHX M3 F-cocTosHMA CBOGOIHOTO aToMa. Bonnoseie
OYHKUMH Ans By~ u By-yposHeH cOCpelOoTOYEeHBl B OCHOBHEIX TeKCaro-
HaJbHEIX MJIOCKOCTAX, HO B Cayyae B,-ypOBHA MJIOTHOCTb H3MeHAeTCH
Kak cos?3(¢ M MakcHMalbHa npH @ — mm/3, B TO BpeMs Kak Aad B,-ypOBHS
MJIOTHOCT M3MeHseTca Kak sin?3¢. Kpome Toro, Bca kapTHHa pacnpe-
JefleHus MIOTHOCTH Ml By-ypoBHA cABHHYTa Ha 30° OTHOCHTENBbHO Kap-
THHBl pacnpele/eHHs MIOTHOCTH AN B;-ypoBHA.

PaccmoTpuM, HakoHel, ciayyall kyOuueckoft cummerpuH (rpynna O)
CyluecTBeHHas 0COGEHHOCTb 3TOH CHMMETPHH COCTOHMT B SKBHBAJEHTHOCTL.
KQOpAMHAT X, ¥ H 2. Meron wnaxoxieHus ¢GyHKUMH HYJNEBOrO HOpANKA,
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NPHHALMEKAUUX Ppa3/JIMYHEIM HEeNPHUBOLHUMBIM NPeACTaBJeHHAM, 3aKJI0-
yaercd B caenywoileM. Ilpn naHHoM [ Bblpa3uM (yHKUHH

r'Ph ©) ‘;?; me

B BHJE MHOrOY/JEHOB OTHOCHTe]bHO X, Y M 2. [IpomsBeleM BCe BO3MOX-
Hble MepecTaHOBKM NepeMeHHBIX X, y M Z. MHOrouneHsl, KOTOpele MNpH
3THX NepecTaHoBKaX npeo{pasyloTcd ApYr B Apyra, MpHHaLJIeXaT OdHOMY
H TOMY Xe HeNmpHBOAMMOMY npeacTasaeHHo. IIpu / =0 Mbl HMeeM MHOIO-

0
uned Py=1, npuHainexaiiuii ejAMHHYHOMY npexnctasiendio A,. [lpu

I=1 (P-cocrosaHHe) MHOrouJell rPy=2z npeobpa3yercs B MHOTOU/IEHbl X
M y NpH NepecTaHOBKAX KOOPAMHAT, OTKYJa C/lefyeT, 4TO £-ypoBeHb
nojieM BHYTPH KpPMCTallda He paciuenasercss. YToGsl pewinTs BONPOC, MpH-
HaAMeXKNT JH T4 CHCTeMa MHOTOYJIEHOB MpejCTaBiaeHHaM F, uan F,, pac-
CMOTpHUM J1eHcTBMe Ha Hee omepaunn C, (moBopora HAa yroa /2 BOKpYT
ocH Z), KOTOpas MPHBOJAMT K 3aMeHe x HA Y, ¥ HAa — X, 2 HAa 2. Xapak-
Tep paseH 1, MO3ITOMY 3TH MHOTOWIeHBl npHHaadexar F)-yposuio. [lpu
=2 ™Mbl HayHeM C MHOTO4YJeHa

roio =1 2 (37—3):
B peayibTate MepecTaHOBOK MOJYYUM MHOrOQHJEHBI
T@—1) 1 y@y2—1).
O6a 9TH MHOTOYJIeHa MOXHO NpPENCTaBUTb B BHJE JHHEHHBLIX KOMGHHALMH
MHOTOUNeHOB 7 P5 cos2¢ u rZPg:
3x2— 1=23sin’0cos?p —1 =%sin26-{—%sin76c052cp— 1=

= 3 sin2 (3 o2 )
== 5 sin 0cos2¢ -(7cos 6——5).

ToyHO Tak e, eCJH HAYaTb C
22
r'Picosg, wm zx,

TO B p€3yJAbTaTe NEPECTAHOBOK NMOAYHATCA MHOTOYJIEHBl XY U Y2, KOTOpHIE
NnponopLUHOHaJdbHb COOTBETCTBEHHO

sin® 0 sin 2¢(= Pjsin 2¢) u sinfcos@sin o(= Pising).
Ipumenus onepaumio C,;, nosyuum
Cixy)=—xy, Ci(x)=yz, C,(y2)=—xz,

OTKyZa crefyeT, 4to Xapaktep C, paseH —1 M paccMaTpuBaeMbie QyHK-
WHH MPHHANIENKAT Fo-yPOBHIO,



Tabauua 41

Yposens npneélﬂc;:f’- Co6crenn.le GYHKINH Kpi CTaLIa
2
@ =P
Dy E 0

@y, =V7Z P} cos 29

(2e); = 1473 P% sin2¢
D, F, e);=V2 P cosg
(2e)y3= Ve P% sin@

Fy A, (38) = V2 P3sin2p

(38), = P3

= 5 3
Fs F, 3%, =V72 (]/§ Pg cos 3¢ — ]/§ P} cos cp)
5 5 3 3 s
(30);=V2 § Pasinde+7/ ¢ Pising

(3e); = V2 P3cos2g

- 3 5
F F, @Be)y=V?2 (]/% P§ cos 39+ ]/@ P} COS(P)
— 3 5 )
Be)y=V2 (]/ % P} sin 3¢ — ]/§ P} sin q))

10
Gq A, (4a) = ]/ - Pi+ i Pjcos 49

(4y); =V'2 Pjcos2¢

5 14
(4Y)2=]/'1§ Py— vl Pjcos 49
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IIpodosxcerue

Mpencra-
Yposenb BreHHe Cob6crBeHHNe QYHKIMH KDHCTaAAa

(40), =V'2 P;sindg
I'a

7T T
Gy F 4d) = V % P} cosg— ]/T P‘Sl cos 3¢
(4d)3 = ]/-—‘Zl- P} sin ¢+ ]/--i— Pj3 sin 3¢

(4e); =V72 Pysin2g

Ge F (4e)2=]/-lw P cos g+ ]/% P4 cos 3¢

(4e)3=]/—% P sinm—]/% Pj sin 3

Mbl cocraBuan TabaHWY QyHkuu#i B HyJneBOM nopsike npH [ =4
(taba. 41). OGosHaueHHs ypoBHeH B KpPHUCTaA/le M COGCTBeHHHX (yHKUUH
3aMMCTBOBaHH y berte.

B ciyyae xyGHYECKOH CHMMETPHH BHOBb NPOSBJSETCS BJAMSHHE CTPYK-
TYPH KPHCTania Ha MJOTHOCTb 3apana. Tak, [D-3neKTpOH aroMa B KpH-
crTanie KyOuueCko# cHMMeTpuu OyneT HaxoluTbca auGo B E-cocrosium,
A160 B F,-COCTOAHHH B 3aBUCHMOCTH OT TOFO, KaKOE M3 3THX COCTOS-
HHUA uMeeT MeHblUuylo 3Hepruw. Ecam takum cocrtosHHeM okaxercss £-co-
CTOsIHHe, TO YIJIOBOE pacrnpeje/eHde MJAOTHOCTH 3apsia OyleT UMeTb BHA

(P42 (P%)2 cos? 2¢ = % (-3— cos’h — %)2 + —185—sin4 0 cos® 2¢.

Sr1a MJIOTHOCTL 3apAna AOCTHrAeT CBOEro MAaKCHMANLHOrO 3HAYeHWA Ha
ocax 4-ro mopsaka. Baoab ocet 3-ro mopaaka (cos0=1/V3, o=mn/4)
ona Oynper o6pawatbcs B Hyab. C JApYrol CTOPOHH, €C/AH 3JEKTPOH
HAaXOIHTCA B Fy-COCTOSHHH, €ro NAOTHOCTb 3apsjAa AOMKHA ObITb A0MOJ-
HeHHMeM K TUJIOTHOCTH 3apana 1as E-coctosuus (MOCKOJBKY MX CyMMa
BOMKHA OHTb CPepHyeckH CHMMETPHUYHOH), MOSTOMY MNAOTHOCTH 3apsaia
B F,-COCTOSHHN Oy AeT PABHA HYMI0 BLOJb KOOPAMHATHBIX OCEH H LOCTHraThb
MaKCHMalbHOTO 3HAYEHHS BAOJb OCel 3-ro mopsika.

3adaxu. 1. Hatinure Bomosele GpyHKuun B HyaeBoM nopsaxe npn [ = 3 nas
KPHCTaMI0B KyGHuecKoH cuMMerpuH.

2. Onumute MAOTHOCTh 3apAAa A1A COCTOAHUR KPUCTANAa KyOHUECKOH CHMs
METPUH, BOSHHKAKIUX H3 F+cOCTOAHMA CBOGORHOrO aTOMa.
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§ 6. /IBy3HauHble mpejacTaBAeHHsA FpPYIibl BpauieHuil,
JlBymepHasi yHHTapHas yHHMOAYJAspHas rpynna

Kak Mbl MOkasanu, npencraB/eHHs pY rpynnel BpaueHu#t o6pasyoT
MOJHYI0 CHCTeMYy, eClH NnoTpeGoBaTh, 4TOObLl HAIUM MaTPHUB GHIAH OLHO-
3HAYHLIMH QYHKUMAMH napaMetpoB rpynnu. Ho Mui 3naeM, uto cyuue-
CTBYIOT CHCTeMBl (PYHKUMH, Y KOTOpHIX TpaHCHOPMAUMOHHBIE CBORCTBA
NpH BpALUeHHH OTJHYATCA Or CBOHCTB cdepHueckuX ¢yHkuu#, obpasy-
1owux 0a3ucel NpencTaB/eHHHA DY Hawmn NpenCTaBAeHHs GBHUJIH TOJMYUYeHB
NPH PAacCMOTPEHHH (QYHKUHHA OT NpPOCTPAHCTBEHHBIX KOOpAHHAT X, Y,
Ham uacto npuxonutcs HMeTb 1es10 C QUSHUYECKHMH CHCTeMaMH, KOTOpHe
061a0al0T IONOJHHTENbHBIMH BHYTPEHHHMH CTeNeHAIMH CBOGOIbI (CITHHOM).
[lpu BpalleHHH B NPOCTPAHCTBE H3MEHAIOTCH HE TOMBKO MPOCTPAHCTBEH-
Hble, HO H BHYTPeHHHe KOODAHHaThl Tako# ¢usHueckoft cuctemel. Ecan
MBl COBEpIUMM INOBOPOT HA yroa d@ Bokpyr ocH Z, molas ¢yHkuus P,
3aBHCALLAA OT NMPOCTPAHCTBEHHBIX KOOPAHHAT W BHYTDEHHHX TePEMEHHBIX,
M3MEHHTCA Ha GeCKOHEeYHO Manyw BeJHUHHY O (MponopuHoHatbHO Og).
TaxuM 06pasom,

= i, pde, (9.53)

rie J,—3pMHTOB HH(UHHTE3UMA/IbHEI OMeparop NMOBOPOTA BOKPYT OCH Z.
ToYHO TaK e MH BBeleM HHPHHHTE3HMaJbHHE ouepartopsl J, u J,,

OTBETCTBYIOlIHE BpallleHHAM BOKpPYr APYruX KoopauHaTHex ocelt. Coort-
HOIEHHS KOMMYTalUMu 148 oneparopos J, 3anawrca ¢popmynamu (8.101).
Kak nokaswiBaeTcs B yyeGHHKAX KBAaHTOBOH MEeXaHHKH, H3 3THX COOTHO-
IeHHA KOMMYTalUMH CJelyeT, uro CcOOCTBEHHBIE 3HAYEHHS ONEepaTopos J,
06pasyl0T CHCTEMy uYHCel, H3MeHSOWHUXCH oT — j 1o -/ ¢ warom 1,
M 4YTO j LOMKHO ObITH JHGO LesbiM, AuGO noayueasiM. IlpencTaBienus,
KOTOpHE MBI LO CHX MOp PAacCMaTpHBA/MH, COOTBETCTBYIOT UEHM j (MO-
MEHT KOJIHYeCTBA J[BHKEHHH paBeH LeJOMy uucay). Temepb MB XOTHM
paccMOTpeTb APYroi cJayuaH, koria 4HCJA0 OGasuCHBIX (YHKUMHE HenpH-

BOAMMOTO npeicTaBienus ueTHo. Hauwem ¢ mpocrefimero cayyas j ==,

MOCKOJbKY, KaK MH BHIEJNH NPH PACCMOTPEHHH CBA3aHHBIX CHCTEM, BCe
OCTa/JIbHBIE CJAYYaH MOXHO TIOJYYHTb, COCTaBJfAf TMNpPOHW3BeLeHHA Tpen-
CTaBJ/EHHUH.

PaccMoTpuM Kakoe-HHOYIb MNpeNCTaBAEHHE, MOJAb3YACL IBYMA KOM-
NJAEKCHBIMH TIepeMeHHEIMH #, U. IIpH npocTpaHCTBEHHBEIX BpAlUEHHAX nepe-
MeHHBIEe ¥ W U TepeXOAAT B JHHeHRHble KOMOHHALMH

u' = au-+ bv, v' = cu-+dv. (9.54)

Kosdduiinentsl npeofpasoBaHHs 3aBHCAT OT TOMO KOHKPETHOrO Bpalue-
HHA, KOTopoe paccmartpupaercs. C ¢usnueckoH TOYKH 3pPEHHS MBI XOTHM,
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4ToGbl NAOTHOCTh BepOATHOCTH |u|?—|v|* Gbina MHBapHaHTHA, BCJAel-
CTBHE 4ero [I/f Hac NpPeACTaB/AfIOT HHTepeC TOJbKO yHHTapHbie npeolpa-
3oBanns. Kpome TOro, 3aMeTHM, UTO ecJAM B3ATb IBe Napel QyHKUHHA
u;, Uy U Uy, Uy, KadJag H3 KOTOpPHX mnpeolpasyerca no (9.54), o B pe-
3yAbTaTe TAKOrO MpeoGpa3oBaHHA OYHKUHA UUy— 30, OyIdeT NpocTo
ymHOmaTbcs Ha (ad — bc). Takum ofpasoM, yHxkuUMS ©,Uy— uy,v, 06pa-
ayer G6asHc OIHOMEPHOrO TpeICTaBJeHHs TpyMIbl BpalleHHH, KOTOpOe
NO/MKHO COBMANATh C TOJAYuYeHHHM HaMmu panee npencrasnenneM DO
TMockonbky 6asnchas ¢yukums npenacrasaenns DO MHBAapHaHTHA OTHO-
CHTe/IbHO NMPOCTPAHCTBEHHBIX BPALUEHHH, Mbl BUIHM, UYTO C/IeLyeT HAaJNOKHT
tpeGoBanne ad — bc=1. Ilocie 3TOro Mbi MOJYYHM TPYNIy ABYMepHBIX
YHUMAPHOLX YHUMOO0YAAPHHLX TIpeoOpasoBaHuit — rpynmy 9L,. [dpyroe
oBoaHaveHre 3to# rpynnsl SU (2).] Has takux npeoGpasopanut

aa* 4 bb* =1, et 4 dd* =1,

9.65
a*c+b6'd =0, ad —bc=1. (9.59)
Paspewmns noc/enHee ypaBHEHHE OTHOCHTENLHO d H TOACTABHB MOJAYYeH-
HOe 3HayeHHe B OCTaJbHBIE COOTHOIUEHHS, HahleM

a*c aa*c

d:‘—-——-, I

bi

—bc=1, ¢=-—¥b, d=a"

Mbl NPHIIIH K PACCMOTPEHHIO TPYNNHl 9, NMpeoGpa3oBaHuiH

v =au+bv b1 5
,Ul:_btu_’_atv (aa + - )» (9 6)

KoTOpas O0G/Janaer TpeMs He3aBUCHMBIMH BelUeCTBEHHHIMH TMapaMeTpaMu.
Teneps Mbl JO/MXHBI HalTH HENPHUBOAMMBIE NPENCTABNCHHA YHHTAPHOH
rpyNnsl W 3aTeM TMOKa3arTh, KAK 3TH NPEACTAB/CHHS IPYTIBLL 9|y NO3BOASIOT
noay4aTh TNpeJCTaBAeHHs TPYMNbl BpalUeHHH.

O1HO TpeiCTaBAeHHe TPYNMBl 9|, AalOT HaM MaTpHUH (9.56), a UMeHHO
NpeiCTaBjleHHe CAMHMH MATPHUAMH rpymnsl 9l,. O6pasys cHMMeTpHuYHBlE
NpOH3BeJleHHss 3TOrO NPeACTABJCHHS C CAMHM COOOH, MH MOXeM CTPOHTbH
Ipyrue npelicrasiends. CHMMeTpuuHble npousBelenus 42, uv, v?(= x|,
Xg, X3), OyIyud OJHODOIHBIMH MHOTOUIEHaMH OTHOCHTENBHO 4 H U,
npu npeoGpasosanuax (9.56) npeofpasyiooTcs Apyr uepe3 apyra. Has
(9.56), B3B npou3BeNeHHA, HAXOLUM:

1= a%x,+ 2abx,+} bx.,
xy= — ab’x,+ (aa® — bb*) x,+ a*bx,, (9.57)

2 2
xé =b"x, — 2a‘b‘x2—+— a* X5,
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[TepenuiieM 5TH paBeHCTBA, BBIPA3MB MX uepe3 X; = xj, Xy

X — X = (a2 —b") x,+2(ab—4-a*v*) x,+ (6* —a*) X, =
=4 (@ — 0" 4+ 0 — &™) (1) 4 )+ 2 (ab+ @'b") 5+
—+—-%-(a2 — b — 2t a*) (%, — x3),

(4 2y = (a3 07 B2 %) (5, x,) 4 2 (ab—a"B) %, (9.58)
+ (a2 — 0% 46— 8%) (o, — x),
Xo=x -%n (8% — ab®y (x,+ x3) + (aa® — bb*) x5 —

— (@b ab") (5, — x3).

ITycts Teneps

1 1
x=5(x1 — X3), )’='27(x1+x3), 2= Xy,

TOr aa
¥ =5 (@— 0" — )+
_+_% (az —b'2—+— b2 — a‘z) y—+ (ab—+a*h") 2z,
Y= t@t o ——a)x g (9.59)

g (@207 B 0®) y—i (@b — B 2,
2'=—(abt+ab*) x+i(a"b—ab*) y+ (aa” — bb") 2.

HaM ynanock conocTasuth Kamiao# MaTpuue TpyMmsl 9, HEKOTOpOe
npeoGpa3soBaHue TepeMeHHHX X, y, z. KpoMe TOro, Ml BHIMM, uTO BCe
ko3 uunentr B (9.59) BemectseHnsl. Ecan o6e yactu pasencts (9.59)
BO3BECTH B KBaIpaT, MOUJIEHHO CJOXHTb H BOCNOJMb30BATHCA COOTHOLlE-
HuaMu (9.55), TO mMoayuHM

2y 2t = a2t 2

c/efoBaTe1bHO, npeoGpasoBanue (9.59) ecTb BelueCTBeHHOe OPTOrOHaJb-
Hoe TpeoGpa3oBaHHe MepeMEHHHX X, Y H 2z (C ompejle/uTe]eM, pABHHIM
eIHHHLE) M TIO3TOMY MpeLcTaBiseT co6oH uncroe BpalleHHe. Mrak, ecan
HaM 3alaH0 KaKoe-HHOYIb YHHTapHOe YHHMOLYyAsipHOe npeoGpa3oBaHue
(9.56), ™Mbl MOMXeM BOCIOJb30BaThCH npeobpasoBanueM (9.59), urobH
HaiTH CBH3aHHOE C 3THM TNpeo0pasoBaHMeM TpexMepHoe Bpaiienve. Tenepp
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MOKaXeM, 4YTO TaKHM Crnoco6OM BCe BpallleHHd MOXHO CONOCTABHTH
KAKHM-TO YHHTAapHbIM TNpeo0pa3oBaHHAM. DBpalleHns XapakTepuayiorcs
yraamu D#nepa a, B, y. Ecan Mbl BoiGepem yuutapHoe npeoGpa3oBaHue
C mapaMerpamu

a =ele?, b=0,
10 coorHowenns (9.59) cBenyTcs K COOTHOLIEHHAM

x'=xcosa —ysina, y =xsina+ycosa, 2'=2, (9.60)

T. e. BHOpaHHOe HaMH TpeoGpasoBanue GyleT nosoporoM R (a, 0, 0)
H4 yroJ @& BOKpYT ocH Z:

gl cosa —sina 0
[ 0 e—iaﬂ] — | sing cosa 0/, (9.61)
‘ 0 0 1
Ecan BbIGpaTe mapaMeTphl
a::cos—g, b=sin—g—,

To npeobpasosanne (9.59) npumer BUA
2/ =2zcosp —xsinp, x'=zsinp4+ xcosp, y =y. (9.62)

T. €. 3TO NpeoGpa3opaHHe mpeicTaBaseT cofoit nosopor R (0, B, 0) Ha
yroa B BOKpYr ocu V:

Cos£ smﬁ cosp 0 sinp
2 2
B e L (9.63)
—sin7 0057 —_sinp 0 cosp

HMrak, Bpawtenuio o0liero Buia
R(@ B W=R(. 0, OR(0, B, O)R(a, 0, 0)

Mbl CTaBHM B COOTBETCTBHE YHHTapHO€ npe06paSOBaHHe

[ei\’ﬂ O ] COS% Sin ‘g— {:e[a/z O :I 9 4
- _ ) (9.64)
0 e b cos% 0 e-ion

2
HIH
cos g (D@ sin _g-e(iﬂ)(v—a)
p B —>R(@, B, V). (9.65)
— sin 5 e (a~vy) cos7 e—(1/2)(a+y)

Mbl nONyyHau B pesyabTare roMoMopdHOe OTOGpaxeHHe YHHTAPHOH
rpynnel U, Ha rpynny BpamleHH#. Mpl LO/KHEL ellle OTBETHTb HA BO-
NpoC, CKOJMbKO 3JIEMEHTOB rpymnel 9}, oToOpaxaercs B @UUHHIY TDYTIH
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Bpailenst, k3 (9.65) M BUIMM, UTO B €JMHMYHBIA 3/MeMEHT rpymmul
BpallleHHA OTOGPAKAIOTCH IBe YHUTApHblE MaTPHILH

L
o[

[TosToMy 3TH ZBa 3JeMeHTa 00Pa3yl0T MHBADHAHTHYIO MOATPYNNY TpYMNH
U M NMPOH3BEAEHHA 3THX 3JEMEHTOB H /MIOGOr0 3J]eMeHTa Fpymmel Y,
OoTO0pa}aioTcs B OLHH W TOT e 3JeMeHT Tpynmnbl BpaiwleHu#. Takum
00pasoM, KaxAOMy 3/EMEHTY TDYNNH BPAlleHHA COOTBETCTBYIOT 1Ba
3/1eMEHTa YHUTADHOH TPYMNNE, KOTOphle OTJHYAITCA JHIL TeM, 4TO BCe
HX KO3(dHUMEHTHl HMEIOT NP OTHBOMNOMOMKHBle 3HAKH. DJleMEHTH TPYNNOBOro

MHOT0O0pasus Tpymnsl 9}, HAXOAATCH BO B3aHMHO OIHO3HAYHOM COOT-
BETCTBHH C TOYKaMH MOBEPXHOCTH C¢epbl B YeThipeXMEPHOM TP OCTPaHCTBe

la P+ |b2=1. (9.56)

[Tockoabky cdepa onHocBs3Ha (cM. 3anady B § 14 ra. 8), rpynnosoe
MHOrooGpasue TpyMnsl 9|, ONHOCBA3HO. 9}, HMEeT TOJBKO OLHO3HAUYHbIE
npencrasiaeHus (cM. § 14 ra. 8) U CAYyMHT YyHHBEDCaJbHOH HAKpHIBAIO-
wef rpynno#i rpynnel O (3).

Ecan Mbl monyunM Kkaxoe-HHOYIb TNpeiCTaBJAeHHe TPyNnsl Y, TO
MaTpHUBl 3TOrO TpeACTaBJeHHs OGYyAyT CBfA3aHB C COOTBETCTBYIOLLHUM
3/7IeMeHTOM TpyMNNsl BpaweHu#. ITOCKOAbKY KBA#paT 3JeMeHTa

"o ] |
o 1]

OTBeYawllas eMy MatpHua B M0OGOM INpeiACTaBAeHHH IOJMkHA ObITh paBHA
eAMHMUHOA MaTpHlle, B3STOR CO 3HAKOM IUIOC WM MHHYC, T. €. B J11000M
NpeJcTaBNeHHH YHUTAPHOMH TpYTMLl

D(—)=xD(). ’

YHHTApHOH rpymnnel paseH

Ecau B paccMaTpuBaeMOM TpelCTaB/eHHH
D(—1)=D(),
TO0 ANA MOoGOro 3/MeMeHTa ¥ YHHTapHOH TpymNNEl

D(—u)=D (u),
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NMO3TOMY Kaxbit 3/JeMeHT TPYNMNbl BpalleHHH OKA3HIBAETCH MOCTABJEHHBIM
B COOTBeTCTBHE eNMHCTBEHHO# MaTpuue. Takue oOAHO3HAuYHBlE Tpencra-
BJIEHHS TpyNMsl BpallleHu# AO/MKHBl COBNAAATL ¢ HAWIEHHHIMH HAMH paHee
NpencTaBleHHAMH D), Ecan ke B KakOM-AuGO TpeacTaBAeHHH YHHTap =~
HOH TpynNIbl

D(—D)=—D(),

TO AJ% KaXAOTO 3/MeMeHTd X YHWTADHOM Tpynrbl
D(—uw)=—D(w,

M Ka@MIOMY BpAlleHHI0 OKAa3bIBAIOTCH TOCTABICHHHIMH B COOTBETCTBHE IBE
MaTpPUUB. DTH IBY3HAUHble NIPEACTABACHHS IPYNINbl BPALUCHHH He SBAAOTCH
NpeACTaBNeHHAMH B COGCTBEHHOM CMBiC/e H K HHM HeNpPHMEHWMHl BhIBE-
IeHHble HaMH paHee COOTHOIUEHHS OPTOrOHaNLHOCTH. Kak Mbl yBHINM
najee, NMPH PAaCCMOTPEHHH ABY3HAUHBIX TPeNCTaBJAeHHH I'DYMNNsl BpallleHHH
MBl Ha CaMOM [leJie TlepeXOIHM K YHUTapHOR rpynmne (418 KOTOPOH 3TO
NpeiCTaBAeHHe ONHO3HAYHO) H U3y4yaeM ee BMeCTO TPYNIbl BpalleHHH.

Hama nepsas 3anaya cocTOMT B TOM, 4TOOBI HAHTH BCe HEMPHBOAHMbIE
NpeLCTaBNeHHs YHHTapHOH rpyMNnel. MeTol NOCTpOeHWA TNpencTaBaeHHH
CHOBA 3aK/I0YAeTCs B TOM, YTO Mbl OGpasyeM CHMMeTPHYHHE TNpOHM3Bele-«
HHS TaK e, KaK Mbl JelaJH 3TO B HaCTHOM CJyuYde B Hayaje 3TOrO
naparpada. Bass nepemenHble # H U W Tpeo0pasoBaB MX NMo ¢(oOpMy-
aAam (9.56), paccMOTPUM COBOKYIHOCTB IIPOHW3Be 1>HHH

wl, wdi-lo, W?-%2 ., wv¥-1 oY, (9.66)
WIH

Im

. uj+m.vj——m
VT FmTG—m)!

rle j NPHHUMAET Lejble WM NMoaylesble 3HaueHHs. [UHCIOBble MHOWHTENH
B (9.67) mnonoGpansl Tak, uTOOB TpeNCTaBJeHHS ObiMM YHHTApHBIMH,]
Ilpn UKCHPOBAHHOM j ONHOPOJHBE NMOJHHOMHL f, TpeoOpasyTcs Ipyr
yepe3 Ipyra, ecC/H NMepeMeHHble # M U TOIBepraTh JHHeHHbIM Npeobpaso-
BauuaM (9.56). IloatoMy 3TH moauHOMbl obpasyior Gasuc (27 - 1)-Mep-
HOrO MpeiCTaB/eHHs YHHTapHOH rpynmnsl, Hanpumep, npu j=1/2 umeem

fy=u  J,=v
H HAliMM JBYMepHBIM [pENCTABJIEHHEM VHUTAPHOH TpyNNE ABAAETCSH
coBokynuocts Marpuu (9.56). Ilpu j=1 umeem
=48, fi=uwv, [ =7,

¥ MH TOJyuaeM TpeXMepHOe TpejcTaBienue (9.57). Ilpencrasnenns yHH-
TapHOH Trpynmnel 6yneM 0GO3HAY4aTb CHMBOJAMH D(j)(a, b), rie a nb—.
ko3adduurentsl B dopmyse (9.56), Xapakrtepu3yiouiHe 3MeMEHTH TP YL

(m=—j, —j+1, ..., J—1, j) (9.67)
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(aa*—+bb" = 1). Yro6sl HAHTH MATPHLBI ITOCO NpeICTABJEHNA, NPHMEHHM
K f,, npeo6pasosanne (9.56), koropoe oGosHauuM R (a, b):

1

- R@ O In=yeTmto—n

(au + by T (— b*u—+ a*v)
(9.68)

Bocnoab3oBasiunick pasnoxeHueM no ¢opMysne OGHHOMA, TOJMYUHM

U+ m)!
R@ Ofn= X, V—m—_m); WU Fm—m

W V=0
X (aw)’ T (pv)t bu) "™V (a*v)Y =

X

ST (—

_ 2 V(H—m)l(J—m)z v,
Mt U+m—pipt () —m—v)tvl

X @l PR () TR, (0 69)

Ham HeT HeOGXOIMMOCTH yKasblBaTh BepXHHE Tpele/ibl H3MEHEHUs W M V,
MOCKO/bKY (aKTOpHajbl B 3HaMeHATesJe OOPATAT pe3y/bTaT B HY/Ab, €C/AH
MBl BHILeM 3a HalJexallHe npeleisl. BrlpasuMm Tenepb NMpaByi uacTb
9TOrO paBeHCTBAa uepe3 ¢yukuuu f,. Ilycts

v=j—p—m,

TOTr o4
2f—p—v=j+m, wtv=j—m'
H
_\ [J+m)t(J—m) (4 m)(J—m)l%
R, b)fm—}-ifm' T+m =Wl G—m — W —m+mT <

p,__

¢ gl tmbgri=m’ ~Eph(_pY) ""‘+”_Zf D(”f;),m (2, b), (9.70)

HJIH

() — (+m!(G—m(+m)(—m)'
Dirm @, = LT m— et —m =Wl —m -7

S @l Hmpgrd=m b“)’""'””- (9.71)

3ameTnM, uTO 6asucHHe (GYHKUMH f, HE3aBHCHMBH H

J+m, J—m|2 1
IS’ T = lul Lo p, @72

‘¢fenoBaTelbHO, CyMMa X | f, | MHBADMAHTHA OTHOCHTENBHO YHMTaPHBIX
m

npeoGpa3oBaHyit, K Hall¥ MPEACTABJIEHHS YHATAPHH,
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i)
fAswoe suHpaxente (9.71) Aas  MaTpHu D(,,’,rm(a, b) 4pessbiuatiio
croxHo. B wactHOM cayuae npu m’=j wmuoxuresn (f —m' — u)!
B 3HdMeHartele oOpallaeT B HYJAb BCE uleHbl, 34 MCKJIOYEHHEM uJeHa
cu=>0

(7 _ @nt ; wj-m
Djn(a, b) = 1/ -+ mi( —ml artm (=67 (9.73)
Wz (9.73) Buano, uro Marpuydeie KO3QGHUHEHTH D(’) (a, b) B obuwem
cilyuyae OT/IMUYHE OT HYIA.

B uactuom cayuae a==e'%? b=0, B cootHowennn (9.71) ocraercs
TONBKO uieH ¢ W==0, U Mbl 1107yudeM

D (/%7 0) =8, e’ ™. (9.74)

[Moabayacy marpHuaMu yacrdoro Buaa (9.73) u (9.74), Moxii0 moka-
3aTh, YTO TIpEACTaBJeHHs pY (a, b) nenpusoauMel. MeToL ocraerca Ta-
KHM e, KaK TOT, KOTODHM MH TNO/Ab30BAJMCL B CJAyyae MpenCcTaBie-
auit D rpynns Bpawenu#. Ecian marpuua A KOMMYTHDYeT C 1#aro-

io/2
Ha1bHOH Marpnuen )(’)(e /, 0) TO OHAa N0JiXKiida HMETb TOJbBKO
JuaroHasibhble 3J€MCHTHI!

Aprm == amém’m .

Ecin A xoMMyrupyer ¢ yuuTapuod marpHue# D(”(a, b) obwero puna,
TO, B39B KOMMOUEHTy jnm mpousBenetuit AD u DA, noayuum

(
D(/,g,__ Df}an upu Bcex m.
W3 (9.73) caenyer, uro
(J) N+ 0,

NO3TOMY

a,=a; TpH BCeX .
Met nokasaau, TakiM 006pa3oM, UTO MaTpPHUA, KOMMYTHpYIOWIAS
CO BCEMM MAaTPUUAMM Hauiero Hpejcranfenys, KPaTHA eIMHUYHOK MATpHUE.
B cuay storo mnpeacras/eHus DY (a, b) menpuso MBI [Ipn pasanudux j

pa3MepHOCTH TpencTaBlennit DY OyLyr pas3/duHbiMH, TO3TOMY 3TH
NpeCTaB/AeHHs HEIKBHBAJIEHTHBL.

Yro06b! HaliTH XaDaKTePB! Pa3AHUHBIX NpeacTaseui pY (a, b), 3aMe ruy,
YTO BCAKYIO YHUTADHYIO YHAMOLYMAPHYI0 MAaTPHLUY MOXHO YHHTApHHIM YHH-
MOLY/IAPHEM TipeoOpa3osatiieM NPHUBECTH K AMAaroHaJbHOMY BHAY H 4TO
coOCTBEeHHBIE 3HAYEHMS TAKOM MaTpHUbLI MpencTaBAsioT cOOOH napel KOM-
NAeKCHO COTIPKEHHHX uMced. Takum 06pasoM, KaxJAad YHHTApHAHd YHM-
MOLYJPHAS MAaTpPULA SKBHBaJeHTHA OJHOW M3 MaTrpHLl BHIA

elar2 0
{0 e~ [“/2]
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U B 1000M TpeACTaBJIeCHNH HMeeT TOT Ke XapakTep, UTO M 9Ta MaTpHula.
Ha (9.74) nMeem

]
N \" in(j+!
K (elo?, Q) = }_‘jefma:%u, (9.75)
me=—

rie o u3Mensetrca ot 0 mo 2m.

. IllpeacraBnenns pY (a, b) 06pa3yoT NOJHYI0 CHCTEMY HeNPHBOAHMBIX
npeictaBaeHufi rpynnn 9q,. Xapakrtep mo6oro Apyroro mnpeicTaBleHUd
(nocyte YMHOXeHHd Ha QYHKUHMIO MJIOTHOCTH TPYNNH) A0MKeH ObiTh OpTO-
roHaleH BceM Xxapaktepam (9.75). Baas pasuoctH, Halizem

x O (gl Q) =1, (W =2 COS% . D —y® =2cosq,

3(1
() — () — o
¥ X!_QCOSQPIT.IL.

It ¢dyHKiuK ob6pas3yoT Ha oTpesake oT 0 L0 27 MOJMHYIO CHCTEMy, NO-
3TOMY HHMKAaKUX JAPYrHX He3aBUCHUMBIX MNpeAcTaBjeHuit ObiTh He MOMET.

Ipexacrasacuns D(")(a, b) yuurtapHo#f rpynnel nalOT HaM npejcTa-
BieHna rpynne spameHu. [loabayacs (9.65) u (9.70), nomyuaem

D(mj)',,l (@, B, V)= D(”{)r"l (COS —g-e(l'/g) (aty), sin_g_ 3(1/2)(\’—‘1)) =
\ fem—
=Y (=)
N

[(J4+mt(—m! (4 m)(—m)"

X THm=—mw G —m =W " = m w1
FETT 2f+m—m’'~2 i m'— -2,
X e*m degtmy (cos %) " " (sm —g—) ™ u. (9.76)

Ecau Tpebyercs, Mbl MOXeM HCKMOUMTL H3 dopmyan (9.71) n (9.76)
muoknTedb (—1)™ ™™, nepelind ¢ MOMOWIbIO TpaHCOPMALMM MATpHLEH
Om'm(—1)" K 3KBHUBANEHTHLIM TIpeCTaBAEHHAM.

XapakTephi 3/1eMeHTOB TPYNNH BpallieHHH MOXHO NOJAYYHTb M3 4acT-
Horo ux suaa (9.78), rre a=¢q, p=y=0~0:

J

. \' in (j4-!

D) (@) = }_"eimcpz%é?ﬂ, (9.77)
m=-j

[Ipn uenoM j 3TH XapakTeDbl COBMAZAOT C XapakTepaMH npejacTaBie-
autt DY, NOJNYYEHHBIMH PaHee, TaK YTO MPEACTABIEHHA DY npu uesaom j
cosnagaior ¢ npeacrasaennamun DV, Tlpn nonyuenom j kamaoMmy Bpa-
WEHHI0O CONOCTABJAOTCA [BE MATPHLULI NPenCTaBIeHHs iD(i)(a, B, V).
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Baxio uMetb B BHAY, UYTO NPeACTABJAEHHS D' geezda ansoTcs onmo-
3HAYHBLIMK TNpPEACTaBJEHHAMH yHMTapHoM rpynnei. JBy3naunbie ipeicta-
BJIEHNA Tpynnbl Bpameﬂnﬁ A NOJyUeTbiX j BO3HUKAWOT BCAENCTBHE
TOro, UTO KaxXIOMY BpalUieHHI0 COOTBETCTBYIOT ABE YHHTApHbLIE MaTp HILbE
npeACTaBJAEHHSA, OTMHYAIOLINECH TOJNbKO 3HakoM. JIBysnaunocTh IlpeicTa-
pAeHua o6ycaoBleHa cyliecTsoM pnena. Ecam R m S-— nsa Bpauenws,
TO Mbi MOMKEM 3anucaTh JHLIb

PP RDP S =£DVRS) (j=7. S 1) ©78)

M He MOeM BHGpaTh 3iaK elMilCTBeHHBIM 00pa3oM. B kauecrse mpumepa
pacCcMOTPHM TPYNIy, COCTOALLYI0 M3 TOMAECTBEUHOTO npeobpasoBaHus £
u nosopora Cy Ha yroa & BOkpyr och Z. TOKACCTBEHHOMY mpeobpaso-
BalMi0 E COOTBETCTBYIOT [BE YHHTApHbIE MATPHLUbI

10 —1 0
o1 o ]
B TO BpeMd Kak, cornacuo (9.61), nosopory C, COOTBETCTBYIOT MAaTpHIbI
i 0 —i 0
o ol

Ecnn MaTtpuubl npencTasieHdui BhiOpaTh B Buie
D (E 10 D i 0
=10 1|+ PEI={o —4f-

) 0
D(E)D (Cy)= {O B i] — D(EC,) =D (Cy),

TO

HO
—1 0
D(CQ)D(CQ)={ 0 _1]=~—D(C§):-—D(E), (9.78a)

3nak ,+¢ B (9.78) cymecTseH, M TNPOH3BOMLHBIM BRIGOPOM HCKIIOUHTD
STy HeOoNpeleJeHHOCTh Hesb3d.

[lepexona K rpynne 3epKajbHbIX NOBOPOTOB, Mbl BKJKOUAEM B IPymmy
BpauieHu#t uuBepcuio /. B ciayuae yHHTapHOHM rpymnmbl COOTBETCTBYOIMH
NPOLECC MOKHO OCYLIECTBHTb JHIUbL TPH YCIOBMH, 4TO Mbt Oylaem pac-
CMaTpuBaTh €€ Kak ab6CTPaKTHYW TPYNNy M NPHCOENHHATb K Hel sme-
MeHT [ TaKoH, 4TO [? paBeH eIMHMUHOMY 3JIEMEHTY YHHTapHOHK TpYmibi,
npuueM [ KOMMYTHPYeT €O BCeMH SJeMeHTaMH YHHTApHOH rpymmbl.
B mo6GoM npencTaBieHMH yHMTapHOH rpymnmbl MaTtpulla, COOTBETCTBYIOUIAsA
3/1eMeHTy {, HOMKHA ObITb paBHA eIMHMYHOHN MaTpHle, B3ATOH CO 3HAKOM
nIoc Mau MuHyc. To ke cnpaBeiqnBo M 4 [. 3aMertuM, YTO COOTBET-
cTBHe {—> [ ABAAeTCA eOUHCMBEHABM CNyuyaeM, KOTJa SJEMEHTY IPYNiibi
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3epKabHBIX NOBOPOTOB COMNOCTABMEH e0UHCMBEHHOLY Si1eMeHT (pacliu-
peHHoM) yuutapuoH rpynnui. Ilpn uenoMm j Mbi HOAyuuM Te ke pesyb-
TaTH, 4TO M paHplie. Bpawennio R cooTeercTBYetT MaTphUa l'lpellCTa-
B.IEHHS D’)(R) ecan snaeMeHty [(/) coorBerctsyer Martpuua (1),

smarpuita DV’ (RI) cosnanaer ¢ matpuuett npencrasaenns D' (RY; ecan e
gnemeHty (/) coorserctByer marpuua (—1), TO MarpHua D”)(Rl)
COBNALaeT ¢ Marpuueh DY (R) (B COOTBETCTBHH C IPOBEAEHHDLIM HAMM
PACCMOTpEHHEM MOJOMHTEMbHLIX H OTPHUATENLHBIX npeﬂcmnnennn) Ox-
HAKO TPH nonvuenom J npeicTasmenueM sieMeHTa R Gyler caykuTh

napa Marpui nt (R) B pe3yJbTaTe YEro NpH MO60M BuiOope MaTpHLLL,
COOTBETCTBYIOIIEH 9JIeMeHTY [, MBI MOJIYUHM

DRI = + DV (R).

§ 7. PacmenjeHHe aTOMHBIX YDOBHel B NMOJSIX BHYTPH KpHCTAJJOB.
JBy3Haunbie npeacTaABJAEHHA
KpHCTAMJIOTpadHueCKHX TOUYEUHBIX Tpymnn

Teneps Mbl LOMKHB PAaCCMOTPETb TY K€ 3aLauy O BO3MYIUEHHH, KO-
TOPYIO Mbl H3yuanu B CJAydae ue/biX npelcrasmenutt. [{ax paciuenasercs
ypOseHb KAaKOro-HuGyib aToMa, KOrAa CHMMETDHS LOHHKAETCH Lo CHM-
METPUH OLHOK M3 KpHCTaIOrpaddyecKrHX TOUeUHBIX rpynn? Mel He »Mo-
KeM IDUMEHATb B 3TOM CJIyyae Te MeTO/bi, KakHe Mbi itDUMENIIH paHblie,
100 COOTHOLUEHHA OpTOTOHANBbHOCTH NMPUMEHHMbI TOJLKO K OLHO3HAYHBIM
npeiacTasaenuaM. Ilpexne Bcero Mbl JOMKHE HaWTH ABy3HauHble npej-
CTaBJeHUd KDHUCTAAMOrpaduyUecKUX TPYIII TAK e, KAaK Mbi HallJId [BY-
3HauHbBie TpelCTaB/JeHHA TMOJHOH Fpymnmnel BpalieHUH.

Mertozn, xoTophi#i OOBUHO H3jsaraeTcd IJ HAXOXIEHMS BY3HAHBIX
npeicTaBneHu#t kpucTajiorpadMyecKkMx TpPymn, HOCHT BeCbMa HCKYC-
cTBeHHm# xapaxtep. IlombitaeMcd 1oKasaTb, 4YTO OH mpaBaonoxoGe:.
Korna Mbi XoTMM HalTH 1By3HAuHblE l'lpeJlCTaBJIeHPIH rpynnbt -

[cM. (9.78)], mMm paccmaTpupaeM rpynmy e, COCTOALIYH H3 4YeTHpex
VHHTApHBIX MaTpdl, T. €.

/BN /N
E R C, C,R

1 0] [—1 0 i 0] [-10
[0 1]’ [ 0 —1]’ [0 -z}' 0 z]' ©-79)

H HaxoIMM ee mpencTaBieHusa. Bcakoe mpeacTasieHue, B KOTOPOM 3Je-
MeHT R uMeeT TOT XKe XapakTtep, YTo H 3jeMeHT E, OyleT OLHO3HAaYHbIM
npelcTapienneM rpynnet C,. Ecnym ke xapaxTtep saementa R paseH Xa-
paxTepy asemeHTa E, B34TOMY €O 3HAKOM MHHYC, TO MBI HMEeM [eJo
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¢ IBYy3HA4HLIM TNpeicTaisiedHeM rpynnbl (G, YToOB moayuuth Bce mpen-
cTaBienns rpynnbi 3y, HaM HeOOXOMMO HAHTH mpeACTaB/eHus rpymmbl (g
YHHTApHBIX MaTpHL, KOTOphle ykasanbi B (9.79). IToT MeTold HaxoMIe-
HAA TpeicTaBieHH#l ToYeuHOM IpynnLl mpasuieH, HO obmazaer TeM HeLO-
CTATKOM, 4YTO MBI TepAeM HHTYHTHBHOe TIpencTasleHre o0 3JeMenTax
Fpynnel KaKk Q reoMeTpuYeckux omnepauusx. [losroMy Mbr nmbitaeMcs ¢op-
MaJbHO PacCMaTpUBATbL FPYNNY, COCTOALLIYIO M3 4eThipex onepauui (9.79),
Kak COBOKyIIHOCTb reoMeTpHUecKkkX npeobpasosanu. M3 (9.79) mbi BrauM,
410 Cj= R; mocJesoBaTeMblible NOBOPOTH! Ha YroA 7 BOKPYF 3aiaHHOM
OCH HE TIPMBOAAT K TOXJecTsehHoMy NMpeobpasosannio. K obudiolf rpynme
BpauieHu#t Mb ¢opManbHO A00apisieM sieMeut R, COOTBETCTBYIOLUMH MO-
BOPOTY Ha yroJl 2m BOKPYT OCH, H 06pa3yeM BCe BO3MOXKHbLie NpPOM3BE-
neHuss 37eMeHta R ¢ 9leMeHTamMM rpynnbi ppautesih. [Ipy 9TOM M
noJjyyacM TO, 4TO Ha3LIBAETCH 08odnoll epynnofi, COOTBETCTBYIOLLEH
nepBoHavYa bHOW rpymmne BpalieHHH.

B kauectBe pyroro npumepa paccMoTpuM rpynny D,. 3ra rpynna
abemena, OHa COZePKMT YeThipe 3djiementa C,, Cy, C,, E, npunannexa-
mUx deTblpeM knaccaMm. Yro6n Halty Bce npencrasdedus rpynnet D,
(uense u nonyﬁenble), MBl JOJKHBI TIEpeliTH K TOK MoArpymmne rpynmst 9o,

Kotopaa coortsercTyer D,. 3Ty noarpynny D) MOXHO HaHTH w3 9.61)
u (9.63):
v By AN v v Cry

E R c, C,R Cy Cy’? c, C.R

I O I [ I | B P R B I G

4
3ameruM, 4Yto rpynna D neabenena:

—i 0 {0
cey=|, ,|=CR cCc=|, _,|=C.

Kpowme Toro, )
Ci=C,=C,=R,

NOSTOMY NOC/AENOBATEMbHBE TOBOPOTHl HA Yrod 2m BOKPYr 060K ock
NPHBOAST K 97eMeHTY R, KOTOpHH Mb! OyjleM paccCMarpHBaTh KaK IOBO-
por na yroa 2x. Uz (9.80) taxie MoxHO BuieTb, uto RZ=EFE. Takum
oOpasom, mABOHHYWO rpynmy D2' MOXHO CcYuTath rpynnod BpauieHut,
B KOTOPOH Mbl BO3BpaliaeMCs K TOXAeCTBEHHOMY NpeoOpasoBaHHUI0 JHIlbL
nociae nosopora Ha ‘4m. Temepb Mbl MOJAYUYMM BCe TpeACTAaBJICHUA IPOH-
HBIX TPYININ, COOTBETCTBYIOLHe PAa3JMYHBIM TOYEYHBIM rpyNNaM,

Y106kl HaKTH Bce npeacTaB/eHud rpynn (2,, Mo NepelineM K LBORHBLIM

rpynnaM Cp, COLEPKALMM 2 3IEMEHTOB
Cn C: ..., Ch=R, CiR, CiR, ..., CAR=C¥
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I3
Isoiubie rpynnbt (G, ABAAIOTCA UMKJIMYECKUMH abeJsieBbIMH TDYMNNaMHu,,
NOPOXIEHHHIMH 3JeMeHTOM C, € NEPHOIOM, Tenepb yxke paBHbIM 27

4
Tak kak (O, abeneBa rpynna, oHa HMeeT 24 OLHOMEDPHLIX NpeLCTaBIEHUH..

/
BasncHbIMM (YHKUMAMH Da3aMYHHX mnpelcTaBaeHuH rpynnnt @G, cayxar
GYyHKUHH

1, ef®”  plw  g3l0R elin-12)q (9.81)
Ipumensas C, k mobo# u3 OasncHHX (YHKUMK, nOdyuaeM
C;:elmcp — e—2nim/ngimg (9.82)
ITpn nenom m
Cgelm(p:elm(p,

TaK YTO MBI NPHUXOAHM K OLHO3HAYHBIM NpeLCTABIEHHAM, NepeuuCaeHHbM
B tabmuuax ra. 4, Tlpu nonyuenoM m HMeeM

Cre'™ = — '™,
YTO TMPHBOAMT K IBY3HAUHBLIM NpeLCTABACHHAM TPymmbt C,.

/
B cayuyae rpynnm (; Gasucuble ¢dyskuun 1 n e*® 3anainT oaHo3Hau-~
Hble TpeicTaBaenuda. Jas ¢ynxuuit e®2? u e—197?2 paxomum

C2eilq;/2= e (i) (@-1) — T L'e_tlcp/2.
JBysHauHble (KOMIJIEKCHO COMPSAXKeHHble) TpelCcTaBIeH!s UMEWT BUI
ey ' E R C, GR

1 -1 i —i (9.83)

Llitpux osuavaer 1By3uayuoe npexncTaBdenne. OTMeTHM OJHO ofuwee
cBOHCTBO: B OJHO3HAYHOM NpeAcTABJAEHHH MOGOH 3meMeHT S U aement SR
HMEIOT OAMHAKOBBE XapaKTepH, B JIOGOM Xe BY3HAYHOM INPelCTaBAEHUH
XapakTephl STHX SJIEMEHTOB HMEIOT TIPOTHBOTIOJOXHBIE 3HAakH, Takum
00pa3oM, xapakTeph! IBY3HAaYHBIX MpPeICTaBleHHH ABTOMAaTHYECKH OKa3bi-
BAOTCA OPTOTOHAMbHBLIMU XapaKTepaM OAHO3HAUYHBLIX MpenacTaBaenuit, Toduno

! ! !
TaKk *e MOXHO paccMotpers rpynnsl Gz, C1 u Cs.
3adaya. Hafinure pBy3HauHpic NpeicTaBleHus [pynnu (.

[Tpu paccMOTpeHHH ONHO3HAYHBIX TPeEACTaBAEHHA TOUYEYHBIX FPYNN MbI
obpaliany BHHMaHWe Ha ABYCTOPOHHOCTb oceli. Ecan uMenach ock 2-ro no-
paaka (BpaweHne U,), neprneHaukynspHas OCH n-ro TOpsiKa, TO 3Je-

k -k
MeHTH Cn u Cp ™" NpHHALMEKAMH ONHOMY M TOMY Xe KaacCy, MOTOMy uTO

UCtUs' = U Chuy =2k,
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Tot e pe3yabTaT Mbl NOJyHaJaun M TOraa, Koraa mJA0CKOCTb OTpaMKeHHs

NPOXOAMTA 4Yeped OCb A-TO nopanka. (DTOT cayyalh CBOLMTCA K mpenbl-
B -1 % iy

IyLieMy, TaK Kak Op=1I[Us 0 0,Cn0; = [U.CrlUs=Cp"", nockoabky

onepauns [ KOMMYTHpyeT €O BCeMH 3JeMeHTaMHM rpynnul.) B nBofnbix

rpynnax saemMeHTOM, o6paTubiM 3jeMenty Uy, oxaswBacted He U, a UgR,

k
BCNeICTBHE 4Yero 3JeMeHTOM, 3KBHBAJEHTHHIM C,,, ABJACTCA 3JEMEHT
k n—k
U ChoUR=C7"R.

k —k
B rpynnmax D, ocb Z AByCTOpOHHs, mostomy saementst Cp, u Chp
NpHHAAMEeNRAT OILHOMYy M TOMy e KJaaccy. Ecau e Mbt paccMOTpuM

’ k n—Rk
asofiayo rpynny Dy, 1o saementt Cp, n Cp” R oOKaXyTtca B OLHOM
n—k R
Knacce, a sneMentt Cp~" n C,R —3B gpyrom. Wrak, BooOGuwie rosopd,
IBOKHAA TPyNna WMeeT BABOe OoJbllle 9/eMeHTOB, NMPHHALNEKALIMX BLBOE
60JbIIEMY YMCAY KJaaccoB. YHCIO KJIaCCOB He ynBaWBAaeTCAd B OJHOM 4acT-
nj2

HOM caydae: ecan n detHo, 1o Cp° (noBopor Ha yroa m) obpasyer

B rpynne D, knacc, coctodlinfi TOMAbKO M3 3TOrG 3JeMeHTa, H, Clelo-
’ 2
BaTeJbHO, NopoXkIaer B ABOHHOH rpynme D), elHHCTBEeHHBIH KJacc C;',/,

CZ/2R. Hannuwe ocu 2-ro mopsaka NMPH YETHOM 72 MPHBOLUT K TOMY, 4TO
YHCAO KJACCOB B IBOKHOW Ipymnne OKAa3niBaeTCsl MeHbLUE yIBOEHHOTO 4HC/a
KJ4CcCOB B TNepBOHavalAbHOH rpymme. -

/
OcranoBuMcs Ha rpynne Dy, KOTOPYIO MB yXe PACCMaTPHBATH paHbllle,
I3
B sToM ciydae BCe OCH JBYCTODOHHHMe, NMOSTOMY JABoKuas rpymna Dy
MMeeT BOCEMb 3JIEMEHTOB, MPHHALMEKAUIMX O KiaccaM:

E, R, C,, C,R; Cy, CyR; C, C,R.

N
CyuiectByeT NATb HeMPHUBOAMMBIX NpeiCTaBdeHHR rpymnet Do, u
5
2
X ni=38.
I=1 {

W3 sTMX NpelCTaBleHMH MBI yKe HAlIIHW OAHO3HAYHbBIE, B KOTOPHLIX 3Je-
venTaM £ M R cTaBHTCA B COOTBeTCTBHe OJAHA M Ta e MaTtpula. Takux
npeacTaBAeHHH OHJIO dYeTHpe, MpHYEM Bce OHH ObIM  OJIHOMEPHBIMY,
TaxkuM 06pa3oM, OCTaeTCd OJHO HOBOe JBYy3HauyHOe MNpeiCTaBleHHe, pas-
MEpHOCTb KOTOpOro paBHa 2:

22+12+124-12412=8.
Ero matpuun ykasans B (9.80). Xapaxtepn! mpHBOIATcA B Tabaule:
Cy Cy C,

Dy| E R Cy R CyR C.R

. (9.84)
E’ l 2 -2 0 0 0
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OTMeTtnM elie 0lHO oOLiee CBOKCTBO ABY3HAUHBIX MpeAcTaBaenn#, Tak kax

DSR)=—D(S),
TO

X (SR)=—x(S).

[TosToMy ecan sneMentTel S M SR mpuHaLnexar OLHOMYy M TOMY e
Kaaccy, xapaktep ¥ (S) LomkeH ObiTb paBeH HYI0. DTO OYAET BBLIMOIHATLCA
Aag moboro moBOpoTa Ha yroJ & BOKPYr ABYCTOpOHHEH ocu. BasucubiMu
GYHKUMAMH ABYMepHOro mpenactaBieHus £/ apamortcad dyuwuun e*ie?,

Ipynna Dg vMeer © smeMeHTOB, MpHHaAJeKauwux 3 kmaccam. JIBotH-

/
Has rpynna D3 wMeer 12 sneMmedTOB, KOTOpHle MpHHALIEKAT § Kaaccam:
E; R; Cs CiR; C3, C3R; C;(3) C.R(@3).

[Tockombky 3Ta rpynna He cOLEpKHT MOBOPOTOB HA yroJ 7T BOKPYT IBY-

CTOpOHHeH ocH Z, Mbl yIBaHBaeM M UHCJO 9JEMEHTOB H YHCIO KJ3CCOB

W MOJMy4aeM TPH HOBBIX (IBY3HAYHHX) NPeACTaBAeHnd pasMepHocTu 1, 1, 2.
B omHOMepHOM NpeiCTaBieHHH

% (C3) = Ix C)P%s

2
HO, MOCKOMbKY SieMeHTH C3 u C3R mpuHaijaemar OLHOMY H TOMy e
Kaaccy,

1(CH = —x (Cy),
$Co=—1.

TOuHO TaK Ke, MOCKOJbKY

OTKyZa

Ci=R n 1R)=—1,
MBI MOJMyuYdeM
v (€C,)= %1,

YTO [1aeT HAM ABd KOMNJEKCHO CONpPSKEHHBIX OIHOMEPHBIX NpeiCTaBJe~
Hus. Tak KaK y Hac MMeeTcs JHLBL OLHO ABYMEPHOe NpeACTaBJIeHHE, €ro
XapakTepbl LOMKHbI ObITh BellieCTBeHHBIMH. Hanpumep, ans saementa C,
MAaTpHLA mnpeiCTaBAeHMs HMeeT COGCTBenHble 3HayeHHs = {, KpaTHOCTH
Kawaoro M3 Hux pasHa 1, orkyza cuxexyer, uto ¥ (C,)=0. Tak kak
C3=R, 10 cobGctennble nayenns Cy paBubl — 1, ¢*%3, B permectsen-
HOE MpeJCTdBJeHHE N0JIKHA BXOIMTb Mapa COGCTBEHHHIX 3taueHuit oL /3,
M3 Yero CJelyer, uro

% (C3)= eln/3+ e—-ln/a___ 1.
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XapakTepb!l ABY3NauHbIX MNPEACTABJIEHHK TpyMObl D3 naubl B Tabamue:
c, Ci
Dy |E R CiR CR C,.(3 C,R(3)

(9.85)
1 —1 -1 1 i =i
El
! { 1 -1 -1 1 —i !
E, {2 -2 1 —~1 0 0

Jpyro# Meron COCTOMr B HCMONb3OBAHMM coOTHoweHHud (3.173). Ecan

4
kaacce! rpynnot D3 Mbl NepenyMepyem B TOM Ke MOpPALKe, B KAKOM 3TO
clenaio B rtabna. (9.85), ro

H5=(C,+CiR)}’=Ci4-CiR’ + 2C:R =
=C§+C3R+ 2E=(%‘4+ 2(’%‘1-

OTKyZa
0334 e 1 2] 0331 = 2

IMonbaysacy coorHowennem (3.173), Haxonnm

47,;23 == X] (2X4+ QXI)
Taxk Kak
y=—%3 H Xa=n,

Yi=n (— 2%+ 2n).

IIpn =1 BuinonnswTCA paBeHCTBA

nonyuaem

1
A324-2x,=2 u y,=—1 mnm X3 = 7+

[Tockonbky 3HadeHne 1/, HcKMoOuaetca (B OLHOMEDHOM IpelCTaBJIEHHH
XxapakTep y LOMKeH ObITb KOplieM H3 enuiuubt), TO 06a OAHOMEPHBIX
NpeiCTaB/IeHHS MMeEIoT

%= — 1.
Ilpn n =2 noayyaem paBeHCTBa
43+ A, =8,
TaK uTo
Ya=1 nm y3=—2.

3HaueHHe — 2 HMCKMOYAETCA, NMOCKOIbKY CYMMa KBaApATOB XapaKTepoB
Oei1a Ol B 9TOM Caydae GoJblle Mopsiika rpynnbl. TakuM o6pa3om, Mbl
CHOBA MOJydaeM Te€ e pe3yabTaThl, MOAL3ysICh MeTOAOM, OT/IMYHEIM OT

NPEANQXKEHHQrO patiee. HPHMeHHM Teneph 3TQT METOL K rpymnnam Dfl H Dé.
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Hpotiraa rpynna D’; uMeer 16 seMenTOB, NpHHaLIeKamuX T KaAaCCaM:
Ci [Ci [Cl|C@ [Cx (@
CiR|CiR|CIR|CoR(2)|C2R (2)

TFpynna D, uMeer 8 sneMeHTOB, MpHHAAMeKAWMX & Kiaaccam, M moay-
yaeM J1Ba JBYMepHHIX [BY3HAauYHbIX mpeictaBieHnda. Tak Kak BCe OCH IBY-
CTOpOHHHE, HMeeM

EIR

ks = Xo =% =0
Kpome Toro,
K= (Cy+ CiR)? = C2 CIR 1 2CIR = '+ 24",
OTKyAa
L35 =1, Caq == 2.
Tak kak js=0, npu =2 Mbl nosaydaem
Xg — 4, XS = i 2'

YyTO JaeT HaM JABa NpeiCTABJEHHS.
Ananormuno B cayuae rpymmbt D¢ Mol umeeM 24 siementa, npu-

Hadmexamwnx 9 kmaaccam:

Co |C5 |C8 |Co |C8 |C® |Cu(d

CeR | CiR | CsR | CER | C3R | C2R (3) | €2 R(3)

Fpynna xe Dg uMeer 12 snmeMeHToB, nmpuHalnewauwux 6 kmaccam. Ilo-
CKOMbKY B STOM CJydae HMMEWTCd TDH J[BY3HAuHbIX MpPEeICTABJAEHHA H
n?—-ni+ni=12, oun BCe MMewwT n=2 B 5TOM Ciyuae CHOBa

K7 =Yg =% =0.

HAi= 200, Tpu n=2 xi=y,-+2. Ho o= — Ao
orkyna 5+, =2 u y,=1 nm x,=—2.

I3y = I+ 45 Tlockombky ¥, =0, Mbl NOMyuaeM Y ), == X,
npu n=2, otkyra y,=1, ecan tombko ¥z 0. :

J3=H 294, B otoM cnyuae i =1y,+2; y,=Ft V3 mnpn
¥a=1, y=—2 npu y3=20.

Takum 06pa3oM, Ml TOMYYHM TPH NpeiCTaBAEHHd, KOTOpble NpHBE-

Jensl B Tabn. 42,
IpotiHas rpynna 77 uMeer 24 3sjeMenrta, MpUHAaLTeKaWIKX 7 KJaaccam:

E|R|Cs(#)|CsR ()| CI(H)|CIR )| C,(3), CR (3).

B 1o e Bpems rpynna T umeer 12 sieMeHTOB, MpHHALTe}auiux 4 Kaac-
caM, BCJIENCTBHE 4Yero Mbl MOJMyuaeM TPH HOBHIX [BY3HAuHBIX MpeiCcTa-
pagHad. Tak KaK KOMIIEKCHHE IDeACTAaBNeHHS MOABMFIOTCA MAPAMH, TO




Tabauga 42

Ta6nuua xapakTepoB [ABY3HAUHBIX TPeICTaBIEHUH KPHCTENNOrpadHIecKAX
TOYeYHBIX Fpynn

¢, C, C,

a)
Dy | E R CR C,R CR
E ‘2 -2 0 0 0
6) c, Ci
Dy |E R CIR C,R C,.(3) C,R(®)
ST =1 —1 1 i =i
£ { -1 -1 1 —1 i
E, {2 —2 1 -1 0 0
B) c, C C,@» €, C
Dy |E R CiR C,R CR(® CyR(2 CiR
El |2 —2 2 =2 0 0 0
Ey |2 —2 —2 2 0 0
r) C, C: ¢ Cci ¢ C,3 C.®
Dg| E R CJR C{R CR CIR CIR CyR(3) CyR(3)
EEl 2 —2 V3 1 —V3 -1
Egl 2 —2 V3 1 V3 —1
E | 2 =2 0o —2 0 2
) C.(3)

vl E R C3(4) CR(@) Ci4) CiR(® CyR(3)

E’ 2 =2 1 —1 —1 1 0
G’ ! 2 =2 € —€ o— g2 0
e? —¢? —¢ [ 0

,
8
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I1podoancenue
e) C,( Ci C,(3 C:@3) Ci@) Cy6)
O |E R CiR() CsR(4) CiR(3) C,R(3) CIR@B) C,R(E)

Ef |2 =2 1 —1 Vi —vVZ 0 0
E, |2 =2 1 -1 —V2 Ve 0 0
G |4 —4 - 1 0 0 0

no KpakHel Mepe OIHO M3 3THX IpelCTaB/ieHHH [OJKHO HMETb Belie-
crBeHHble xapakrtepbl. Ecanm saement C3; B IBYMepHOM INpeACTaBJIeHHH
IO/KEH MMeTb BEIECTBEHHBIH XapakTep, TO MBI AOMKHL BEOpaTth COO-
cTBeHHBle 3HadeHust el y e~¥B tak, uto y(C;)=1. (Ecan 6b Mbl
BoIOpanu ABa pasa mo —I, TO CyMMa KBAaapaToB xapakTepoB Gblia Gbl
60.blie MOpAAKA TPYMMLL,) 3 NPHUBOANTCA K [MArOHATBHOMY BHIY OJIHO-
Bpemenno ¢ C;. Ilostomy

% (Cg) — e21n/3+ e.—2in/3 =1

u xapaktepn pasin 2; —2; 1; —1; —1; 1; 0. Tlpocrefuut cnocob
MOAYyYeHH OCTAAbHBIX JABYX NpeACTaBJeHHH# COCTOMT B TOM, 4To6H 0O6pa-
30BaTb MPOM3BEAEHHA TOJbKO 4YTO HAWAEHHOrO INPELCTaBACHHA H OLHO-
MEPHBIX MPeACTaBAeHHH, XapaKTepbl KOTOPLIX pPaBHBI COOTBETCTBEHHO 1|
1; e, 6, e ¢4 1 n 1; 1; €2 €2, g € 1. B pesyibrate MH nmoaydnM
COBOKYMHOCTb Xxapaktepos 2; —2; g; —e; —¢e% €% 0 u 2; —2; €%
—g2 —g e 0

g2, —e¢; g 0.

3adaya. Ioab3ysch cootHomenueM (3.173), HalnuTe Xapakrepnl ABy3Had-
HbIX MpeacTaBAeHud rpynno 77,

[poituas rpynna O’ nveer 48 3neMentoB, MPUHALIEKAIMX 8 KaaccaM:
C:(® |CI@) [Ci®) |Ci®) |Ci®) | Ca(6)
CIR(4) | CsR(4) | CIR(3) | C4R3) | CAR (3) | C2R (6)

Fpynmna O umeer 24 sjemenTa, NpuHHALJIeKAWHX & KiaaccaM, MOSTOMY
CyIeCTByeT TPH JBY3HAUHHIX MpPEACTABACHHA, H

nf—{—ng—}—ng: 24,

Hsa us yrux npeicTaBAeHHH IByMepHble, TpeTbe -— YeThlpexmepHoe, Ilo-
CKOJBKY CYLIECTBYeT JHMIIb OAHO YETLIPEXMEPHOE MpENCTABJIEHHE, €ro
Xapakrepbl 1OMKHB ObITb BelleCTBEHHBHIMH. B 11000M npeicTaBAeHHH

X1=%=0, Xe=——%s U Xg=—Xa
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CyMMa KBaApaTOB XapakTePOB HEMPHUBOAMMOrO I[PEACras/eH’s JOo/MKHA
ObiThL paBHA MOPSAKY IPYNNb!, B CHIY Yero

42 4 (—4)? 4 162+ 1252 = 48,
42+ 3yl =14.

Ecan marpuua C, npureieHa K IHATOHAMLHOMY BHAY, TO 4 AMArota/JbHEIX
371eMeHTa cjaelyeT BHOHpaTh Cpeni! COOCTBEHHLIX 3HaucHHU

HJIH

et iml g px3in)t

ExuHcTBeHHbI#t cnoco0 NMOJAYUYHTL BeIiECTBEHHMIHt XapakTep, He lapyuias
Noc/Aeier0 BLNHCAHHOO HAMH COOTHOUIEHHS, COCTOMT B TOM, YTOOH
B3ATb B KAayeCTBe JHArOHA/JbHBIX 3/EMEHTOB BCe UeThipe COOGCTBEHHBIX
suadenns. B otom cayuae y(C,)=1yx;=0, caenosarebHo, =1,

y3== 1 1. Ho C; umeer cobcTBetible 3HaYeHHs

—1, exinB

HO3TOMY cJelyeT Tak BLIOpaTb H3 HHX deThbipe 3JeMeHta Marpuubl Cs,
yrobnl ee caen Oua BellieCTBeHHBIM. Ecau Mbl BO3bMeM mapy e*in/3
NBAXIL, TO ¥ OyLeT MMeTb CJIMUKOM OOAbIIYI0 BeJMUMHY M He 6yleT
YLOBJAETBOPATL ycaoBHio ¥z== 1t 1. Mbl pomkubt BhGpatb uucia —I1,
—1, exinB uro nact y3= —1. Mrak, Mbl moaydaev ckCTeMy xapai-
tepos: 4; —4; —1; 1; 0; 0; 0; 0. YroOb! HaliT nNByMepHblC MNpelicTa-
BJISHHSI, BOCIO/b3yeMCcsl TENPCMOH, COriacHO KOTOpPOR MX XapaKtephi
LOMKHB! GLITH OPTOrOHALIL XAPAKTEPY TOJABKO 4r0 HOAYIEHHOr O Ye Fplp eX-
MepHoro mpencrasienus. [Tockoabky B 9THX nmpelcTaBIeHHAX

r(E)=2, (R =—2,
nMeeM COOTHOULIEHHE
4. 24 (—4)(—2)-—16%3=0,

OTKYZa
x3=1.

[azee, npupaBHAeM CyMMY KBaJpaTOB XapakTepoB NMOPAIKY TPymmbl, T. €.
4-+4 416 4 12y =48,

xs— £ V2.

18 ynoGCcTBa IBY3HA4Hble MNPEeACTABAEHHS TOWEYHbHIX TpYyMn JAaHEL
B taba. 42,

Temepb Mbl MOXEM peLINTb 33aJa4y O pacliefjeHHH yposHeft B moae H
BHYTPH KpHCTA&Mia Ias CAydas, KOrjla paccMarpHBaeMbt ypoBeHb NpH-

OTKYyIa
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HaJUIEKUT ABYBHAYHOMY [IPEACTaB/IeHuio rpynnsl Bpauenntl. [Ipexcae Bcero
ICHO, 4YTO B PasnOKeHHH OynyT NPHCYTCTBOBATH TOJbKO JBY3HAYHbiE
TPECTaBICHNA KPHUCTAMIOrpaduyeckolt rpynmne, MOCKOMbKY OAHO- H LBy~
3HaYHbie MPELCTABNEHHA BCErJa HMEIOT OpPTOrOHa/ibHbiE XapakTepbl, JLas
HaXOXJEHHS XapaKTEPOB 3/JeMEHTOB ABOHNOH TP YNmLt B MOAYLEbIX Tpel-
craprennsx DY) wmu BocmoabsyeMcs dopmynott (9.77). Ina Terparo-
Ha/IbHOH npoHHOH rpynne D) u3 (9.77) noayumm

Yeoar
=0 wu=2/+1 fe=—1x%;
=" As=A=¥=0;

[ VT mpn j=5  (mods).
in (j+1/5) /2 3
(p=%; 32%: 0 npu i= %(m0d4).
l—]/Q_ npn ]__:_% (mod 4),
Xs = —Xas-
(9.86)

[TockoMbKy eIMHCTBEHHBIMH He3aBHCHMBIMHM XapaKTepaMH ABJAIOTCA ¥
H g, HaM HeoOXOZMMO MpPH Pa3/NOKEHHH 3aNHChIBAThH TOALKO HX. Pesy.b-
Tarbl, MOJMyYeHHble ¢ noMowpi (9.86) u Ttaba. 42 B, mpencTaBleHb
B Taba. 43.

Tabauya 43
Xopawrepu raaccon rpymun Dl,} B (2f 4 1)}-vepHoOM Pasaoxenie npescraBienus
npeACTaBJEHNH FPYNNp BPALLeHHL DUJ) Ha nenpusozumme q"”?U
NpeACTABACHAS FPYIINbL D[’} ypoBHEeH
j K, K,
1 _ ,
2 : & Ey 1
3 , , 2
2 4 0 E 4+,
5 _ , , 3
7 , ,
2 8 0 2E| 4 2F, )
A+ 827 +1 To we, 110 o (E{ + E;) + Unen it l
b ]/ o j, .

!
Ilas rexcaroHansHo#t rpymnel Dg XapakTephl KJACCOB B MOMylE/bIX
npeicrasaennsx DU) paBHbl COOTBETCTBEHHO:
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Yeoa
=0 =2/ +1, %o=—¥;
Pp=r X7:X8:X9=0; 1 ;
' ]/3 npu jz7. 5 (mod6),
_x. _ sin(j+1,) n/3 ! 5 1
=3 BT anwe | J=%, 5 (mod6),
e R 7 9
l VB ﬂpH ]_—_——2‘. 7 (m0d6),
(9.87)

1 npwu jN_2 (mod 3),

2, SnUHYnom

=3 17 sin 7t/3 —1 npu jzg(mod?:),

..._._A_—.—_

l 0 mnpu jzz%(mod?:);

Xs= —%3* Ko= —XLx

B passomeHHe MH JIOMKHB BKJIIOYaTh TOJBKO X, %3 M ¥4 Bocmombso-
I3
BaBUIMCL CHOBa Tabaule#t xapaxkrtepoB Ajas rpymnbl Dg (Taba. 42r), Mul
MOAY4UM pe3y/abTarbl, NMepeyucaeHHue B Taba. 44.
Ilns kybudecko#t aBofuoft rpymmet O’ xapaxTepe MMEIOT ClglyloliHe
3HayeHus:

Yeon
=0 u=2/+1, x=—1I
p=r X7=X8:0;
'l 1 npwu jzé(mod?:)
2n sin (f 4 1/,) 2n/3 3
=5 Xaz_—__*“"(jsjr:n% n :!’ —1 npn j==- (mod3),
| o mn j=3(mod3); (9.88)
l ]/5 npu /E—;- (mod 4),
I si 1/,) /2 R 3 7
P=g K= -%%’)—-L 0 mpn j=<, - (mod4),
[—VZ mpu /Eg(mod@

Ya= —X3» Y= —Xs-

Pesyabrarbl COOTBETCTBYIOLUHX pA3JIOKeHHH NpuBeueHbi B Taba. 45.



Ta6auya 44

Xapaktepr KAacCOB TFPYRNB! D; B (2j | l)-McpHOM Pasnoxcnne mpeacrasie-
[IPeACTABACHMH TpYINH BpawlenHil mst DY) ra nenpupogimme y]‘){g‘;ggﬁ
N NpeACTaBACHHS TPYUIbI D3
J K K, Ky
% 2 4 1 Ef i
3 4 V3 1 Ei+ & 2
3 6 0 0 E 4 Ey+ Ey 3
z 8 —V3 1 Ey 42,4+ E 4
> T V. S Ey+2E, 4 2E; 5
—121 12 0 0 2F| 426, + 2E; 6
62 - j’ 2j+1 To xe, uto ana j' 23 (E;+EQ+E§)+ j—|—i
—+ Yaenwr nas j’ 2

Tabauya 45

XapakTepsl kAaccoB rpyRnsl O/
B (2/4 I)-MepHoM npexcraBieHHy

PasaoxeHue npencraBaeHus D)

rpynnel BpaulcHAH Uucno
Ha HenpHBOXHMBI@ MPERACTaBACHHSA ypOBl{eﬁ

rpynns Q'

/ K; K, Ky

1 5 ’

o3 2 1 V2 E| 1

3 /

5 4 -1 0 G 1

5 /75 ! ’

5 6 0 —V3 E)4-G 2

7 ’ ’ ’

- 8 1 0 E,+Ej4+G 3

9 . 5 ’ ’

5 10 —1 V2 E{+2G 3

11 ! ’ ’

& 120 0 E\+ E;+2G 4

64/ E|+ Ej+2G' + Unenst | 44 Uncno
aas j', B kotopix Ey u E, ylll)n0§11ﬁH
, , TnepecTap/eHnl MecTaMH
122 +] 24 (Ey + E;+2G") + Unenst | 8 -{- Yucao
ans j’ ypoBteil

aaa j'
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3adaya. Bunuummte pasjomelins aBY3HAUHBIX TpeACTaBJAeHHH rpyuIn
BpallleHuil Jaf KPHCTAAN0B, O6aanalmux cummerpued rpynn Dj u T.

§ 8. Cea3aHHbIe CHCTEMBI,
CnoxeHHe MOMEHTOB KOJIHUECTBA JBHKeEHHA.
Koaddunnenrsr Kne6ma — loppauna

Korzaa ¢usuk paccmaTpuBaer 3aaady O CBSI3H ARYX MOICHCTEM, TaMH/Ib-
TOHWaHbB KOTOPLIX HMHBAaDHAHTHLI OTHOCH1€/bHO TPYNNH Bpauieuufl, oH
CKJIAALIBAET ,MOMEHTLl KOJHMYECTBA ABHKEHHT® STHX MOLCHCTEM, 4TOOLI
NONYyYHTL MOMEHT KOJHMYecTBa [BHmeHHA BCeH cucreMbl, Mul Hamepe-
BaeMcs mpex{ie BCEro MOKa3aTh CBSI3b MeXKAY STHM METOAOM, HCHOAb3YIO-
wiM arebpy JIM, H HallMM MeTOLOM, HCNOAL3YIOWMM rpynny Jlu.

Tak ke xak 1 B § 4 ra1. 6, paccMOTPUM 1Be NOACHCTEMB, 0603Ha-
ucnHble uugpaMu 1 ¥ 2; y KawIOK W3 HHX B OTAS/bHOCTH FaMHIbTOHHAH
MHBADHAHTEH OTHOCHTEAbHO rpymnbl BpalieHmd. Kawaomy spauennio R,
nepsoft cucTeMbl comocTasaeH HekoTophift oneparop Og, B ruaLGCPTOBOM
MPOCTPAHCTBE CHCTeMH 1, M aHAJOrMYHO KaXXAOMY BpaweHuw S, BTOpOY
CHCTeMbl COMOCTaB/i1eH HeKoTophi# omeparop Og, B ruibOepTOBOM NPO-
ctpaictBe cuctembt 2. Jlna oneparopo Op, MOMYYMM COOTBETCTBYIOUIHE
UM uHpuunrTe3nManbHsie onepatoput Ji (V1. Jiy, Ji,), neficTByouine Ha
BEKTOpPHl B THALOEPTOBOM NpocTpaHcTBe cucTeMbl 1. Touno Ttak we Ans
CHCTeMbl 2 HaliieM unHHHMTe3UManbhible onepaTope Jo (Jy,, Joy. Jop).
Kawamtt nabop onepaTopoB yILoBAeTBOPSieT MPaBHIAM KOMMYTALMK

[Jnx' Jnylzijnz’ v

ny* J”Z] = i‘]ﬂ—l” [‘lnz' ‘1/1):] =il

iy (9:89)

KpoMe toro, nockoabky omepatoph J; H Jy nedcTByloT Ha QyHKUMH
PAa3IHYHBIX MEePeMeHHbIX,

[Jl' J2] =0. (9.90)

Ecan MLl paccMOTpHM OLHOBpPEMEHHO IBe He CBSI3aHHBIE Mexjay coOoft
CUCTEMB, TO MX TAMHJALTOHMAH OyJAeT MHBAPHAHTHHM MpPH MOOGOM KOMOM-
HUPOBAHHOM BpameHnd R S,, rae R u S —Bpauienus pasiuuHbX CHCTEM,
I'nab6epToBo MPOCTPAHCTBO MNpejcTaBaenns GyLeT NpoM3BeJLEHHEM TMPO-
CTPAHCTB MOLCHCTEM (T. e. OyleT cOCTOATb M2 MpOU3BeleHHH (yHKUu
Las noxackcteM). Onepartopul Og Og,, IeHCTByOLiMe B STOM NPOCTPaH-
cree, OYAyT AapaThb HENPHUBOAMMOE NpPeCTaB/IeHHe TAKOT O NMPAMOro MpOH3-
penenus. [ookuB S paBHHIM TOXKLECTBEHHOMY {IpeOOPa30BAHMIO, MLl
CMOXEM MOJYUYNTb HHOHHHTE3WMANLiLie oucparopu J;, a mnoaowus R
PaBHLIM TOKAECTseHHOMY mpeobpasosaniio, HaftieM J,. Mrak, nus npgs
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MOrQ MPOM3BELEHNS HMEeM IIeCTb HE3aBHCHMBIX MH(pHHHTE3UMA/bHHIX Ole-
patopoB J;, J,. Ecan cucTeMbl cBfizgaHbl ApYr ¢ IPyroM (K TaMH/JbTO-
HHaHy 100aB/eHbl UIEeHbl, 3aBHCALLIHE OT PACCTOANHA Mek Iy cucTeMaMu 1
W 2), TO MOJHHH TaMHALTOHHaH He Oyler Oosiee MHBAPHAHTHHIM NPH
pasfie/bHEIX BpallieHHAX cucTeM | u 2. ['pynna cHMMeTpHM MOHH3HUTCA U
BMeCTO mpsMOro npousBeieHns RS, OyleT paBHa npoussenennio R R,
(cucreMet 1 ¥ 2 noBOpauyMBAOTCA HA OLMH M TOT K€ YroJa). BmeciTo
onepatopoB Og O, MH IOJKHH Te€Nepb PACCMATPHBATL MOATPYNNY Onepa-
10poB Og Og,. Il1 3TO# MOArpyNNE NPAMOrO MPOM3EELEHHS CYIECTBYIOT
TOJAbKO TPH HHOHHHTE3UMA/JbHLIX OMepaTropa

J=J1+J2. (9.91)

Onepatopt J; u J, yaoBaetBopsioT cootHowenusM (9.89) u (9.90), n
MOSTOMY oOnepaTopsl J LOMKHL YLOBIETBOPATb COOTHOWEHHaM (9.89).
Ecan ruabGepToBbl nmpocTpaHcTBa 1 M 2 COOTBETCTBYIOT HEMpPHBOIMMLIM
NpelCTaBICHHSM, TO Halla 3a/a4a CBOAMTCA K TOMY, uToObl HaliTH, Kakue
HEMpHUBOJNMEIE MpeACTaBleHuss J colep:arca B MPOM3BeJEHHH 3THX MpO-
CTPaHCTB.

AHaMOTHYHO, €C/AH MBI CBA3LIBAEM s CHCTEM, TO TeM CaMbiM COBep-
maeM MepeXol OT mpaMoro mpouaselenns Op Og, ... OTr K OpOpg, ...
ORr H or 3r uHDUHWTe3UMAIbHEX onepatopoB J;, Jo, ..., J

K TpeM Omeparopam

r

I=21J. (9.92)

Kak noxaaaﬂo B § 13 ra. 8, cobcTBeHHEe 3Hadenus omeparopoB Kasu-
MHupa RS O XapaKTepH3yloT HempHBOLNMHe l'lpeILCTaBJIeHPIﬂ ITpu

3a1aHHBIX COBCTBEHHBIX 3HAYeHHAX omepatopos Ji, ..., J7 coGcTBenHbie
3HaYeHusi oneparopa J? BHUKHCJAIOT TaK, Kak 3TO OObIllHO JenaeTcs
B yueOHMKAX MO KBAHTOBOH MEXaHMKe,

Ioab3ysich xapaxkTepamu

]
@)= 2 elme, 9.77)

HeTpyaHO Hafiti pal Kaebwa —lopaawa aas rpynnst BpameHuft. Xapak-

Tep MNPAMOro MPOM3BeJCHHUA DU‘)XDUZ) IBYX HENpHBOJAMMBIX MNpENCTa-
BJEHHH paBeH

my=-J, my==j,



§ 8 Caasannste cuctemor CAONCeHue MOMCHTO8 KoaudecTsa Osuswenus 435

B ¢BfI3aHUBIX CHCTEMaX Mbl J0/DKHBl PaCCMaipHBATh TOJIbKO Te 3JEMEHTHI,
ISl KOTOPHIX () == (g = @, TaK UTO

/i J2 ] J2
X(];Xh) ((p): 2 etm@ 2 etm.p — 2 2 et (Mtm) ¢ —
mp=-nh my=—J my=—J my=~Jy
Jid J2 J it 12
= 3 X eM= 3 yU(@). (9.93)
J=ln—hi M= J J=l1—nl

Pan Knebwa —'opaaHa nosroMy uMeeT BHI

Ji+ 712
DU pW— B pv, 9.99
J=\J11—J2}

B npousBeieHHe IBYX HENPHBOAMMHX NpeACTaBJeHHA Kax/0e HelpHBO-
IMMoe TpencTaBTeHHe BXOIHT caMoe Oosbiiee oiuH pas. ['pynna Bpaute-
Huft mpocro npuoauMa (cM. § 8 rn )

B ¢u3MueCKHX TNPHIOKEHHAX HCIOABL3YIOT TJAaBHHM 00pa3oM Ko3d-
¢puuuents Kiedwa — 'opaana a/s rpynnel BpaiieHntt ITH K03 HULHEeHTH
ABAAIOTCH KO3(dULHEeHTAMH B Pa3/IOokeHHH 0asucHuiX GyHKuuf W npen-

J
crapaenus DY) no mpousseneHnIM ll)'r’n[[q)}’nzz 6a3ucHbIX (QYHKUHMR HenmpHBO-

IUNBIX TpEaCTaBIeHul pY y DY B § 7 1 9 ra 5 MH paccMoTpenH
ofuLyio 3a1ady 0 cHMMetpui kosdduunentos Knebma —I'oprana Ofuwian
dopMyna 3THX Ko3(Qd4UHeHToB s TPynnel BpaileHAR (KO03(hPUUHEHTEH
BEKTOPUOro CJIOMeHNs) 6bla BhiBeNeHa MHOTHMH ciocofaMu. [1prsoanMbift
31eCb METOI fIBJIIETCS CaMbIM INIPOCTHIM M3 BCeX METOHOB.

Bmecto ToOro urtobn pabotaTh ¢ rpymnoft BpalleHH#t, pacCMOTDHUM ee
YHHBEPCANLHYI0 HAKPBIBAIOULYI0 TDYINNY — YHUMOLY/AAPHYI0 YHHTapHYIO
rpynny l,. Vs § 6 HacToAe#t r1aBbl BHAHO, YTO PACCMOTPEHHe TPYINb 9 q
IaeT HaM BCK) HeOOXOAMMyi0 HHGpOpMaumio O rpynne BpaiieHuit. Ecan
IBe TepeMeHHHe U, Uy Npeodpasyiorcs no (opMy.am

[ —
uy = au, + bu,

ul— — 0*u, + a'u, (aa” 60" = 1), (9.56)

nin (B MatpuuHot ¢opme)

' =mu u= “ m== a 0 (9.95
u = mu, - 0y ) = —v a |’ . )
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ro ciicteMa Qyuxuui
”{ Hnuzj—m
VG+mtG—m]

o0pasyet 0a3HC HCUPHDOAMMOrO TIPeIC rapJeHHs DY, PaccMotpum Tenepn
IBE TepeMellibe X H X, KOTOphie Npeobpasyiorcs caeayiowuM o6 pazom;

fm n:'_j' “j‘i_l"".j‘l' ./) (967)

xy=a'x +b'x, xj= -bx + ax,; (9.96)

x'=m'x. (9.96a)

Tax kak
mtm=1,

10

mt=m-1,
OTKyIa

x'=m1x. 9.97)

[TepemenHme x;, X, NpeofpasyioTcs MO CONMPMKEHHOMY NpeACTaBICHHIO
(KOMMJIEKCHO CcOnpshkeHHoe mpeiacTaBienne; cM. § 3 ri. 5). B uexoro-
pbiIX yu4eOHKKAX TOBODSAT, 4TO KOHMPABAPUAHMHSELE TIepeMeHHbe X Npe-
obpasyworcs Konmpazpeduerimno TEPEMEHHHM 4, a JpYTHe nepeMellHbie,
npeofpasyouyecs Tak ke, kak nepemenHsie & [cM. (9.56)], HasmBawTCA
Kozpeduenmno (WIH KOBAPUAKMHO) NPe0l0pasyoILUMUcs.

U3 (8.56) u (9.97) Mu BuauM, 4TO

' =xm \mu = xu, (9.98)
¢JIe10BaTENbHO,
xu= X1 -} xXqly

MHBADHAHTHO. 3aMeTHM TaKxe, 4YTO €CJH MepPeMeHHHe (i, i) 3aMEeHUTb

nepeMeHHbHIMH (#,, — 1), TO (9.56) nepefizer B npeobpasosanue (9.96).

[Tepetinem OT mnepeMeHHbXx (4, ;) K KOHIDABADHAHTHHIM IepeMeH-
HEM (49, — u;) € TMOMoMbi0 npeobpasosanus

Uy’ 01 uy” u
— = 9.

g B B | ) B A PR

01 9.100

E=1—1 o] (©.100)

Ecny y Hac nMeeics eule OAMH Ha0Op KOBAPHAHTHHIX TIEpEeMEHHLIX (U, V,),
TO MNpousBejelye

f uy 01 u, ~
(v, 'Ug)'__lll]:(ful, Uy) [_1 0] [ug]:fugu (9.101)



§ 8. Coasannoie cucremovt. Caomcenue momenros Koaudecrsa Osuscenus 437

Oy IeT HHBapHAHTHO OrHOCHTe/ibHO Npeodpasosanust m. a3 (9.99) u (9.100)
MBI BHIMM, UTO MarpuHla g WrpaeT poOJb METpHUUeCKOH MaTpHILIbI.

PaccmoTtpum Tenepb yHKUMH, aHaJOrHyHble (yHxuuam f, ns (9.67)
(ans vuX J=j u j=Jjo)

u{l* ’"1u2fl“"ll v!z - mzvh—"lz

h = . y h): —
VG m)T G —m)! q"” V Uzt m)T (e — ma)!

(9.102)

Ins mo6uix 3nauenwntt J ot |j; — jy| A0 j;—- j, MOCTPOMNM MHOrOUJIEHH

+h-J —jat+J fa—
A;= (4,05 — 112'01)]' J (”1)51‘}—”2)52)1l /2 ("’1x1+"’2x2)h j'H,

(9.103)

rae Xy U Xy -— Mapa KOHTPAaBApHAHTHBIX nepeMenHnX. CTeneH MHOro-
yieHa A; paBHa 2/, N0 mNepeMeHHBIM u; M U, (TaKaﬂ e, KaK M cre-
neHb yHKUHH lprfnnl); cTeneub ke A, 7O MepeMeHHHIM U, M U, PaBita 2/,
(Takas xe, KaK cTeneHb ¢yHKUAR lp{nzz). CreneHp 3TOrO0 MHOTOUJICHA 10
KOHTPaBAPHAHTHLIM IcpeMeHHBM X; M X, paBHa 2J. CornacHo (9.98)
u (9.101), Besnunnn, crosuue B (9.103) B ckoOkax, HHBADHAHTHE OTHO-
CuTeNbHO npeoOpazoBanufl, NpHHALJAEKAIUUX Tpymue 9l B CHAY 4yero
nomuHoM A, nHpapuanteH. Ecanm pasnowuts A, Mo CTeNeHAM X, U X,
TO MOJYYNM

J
MZ WX, (9.104)
=-J
riae
o MM

M= YT LT =

(9.105)

Koapduunentni W/fn SIBJAIOTCA MONMHOMAMH 10 uy, Uy, Uy, Uy CpaBHUM A,
C MHBApHaNTHOK BeMNTYHHOH

B,= (%, + ”2x2)21 =

J
1

24 JTEmTT =) uf+ Mo+ Mud =M =M =

= (2/)!

J
= @)1 Y, ThXh (9.106)
My

Tlockoabky M koadpduuuentss Wi b (9.104) u ¥ 8 (9.106) npeobpa-
3yI0TCA KOHTPABAPMAHTHO MO OTHOMIEHWIO K X%, TO M Te M IApyrue
npeo6pasyloTCs ONMHAKOBBLIM CIIOCOOOM, B CHJIy 4ero Kos(duuments Wi
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006pasyioT 6a3uc npeacTaBIeHAs DY) Yro6u BruncmTs Wiy, pasnownm Ay,
noJbL3yfack (GopMyaoft Guiioma:

(mvy — ”2’”1)jl+j2_! =
jl+j%—.] . . J .
= }d ('_l)h(h—l—#_ )(”1"’2)1'4 h_J_l(”Q”x)k.
A
(”1x1+”2x2)j'_j2”=
Ji—J2+J j . ._|__J
= 2 ( 1 {1.2 )(u‘x‘)j’_h”_”(ugxg)”,
uw
(v, 5, 4 Vo) = (9.107)
Ji=Si+J

= 2 (j2_{,l+J)('Uxxx)jz_jlﬂ_v("hxz)v,

AJ=A§V(_1)L (j1+{2—~/) (fl—iz—l-f)(jg—j\':—l—J) >

X u?J.l_h_uué"*‘ufZ]‘j?*jl+-,_v+}~tvéil+ Jo=J =2 +vx¥_]—u—vx5.+v

¥ BBeleM HOBOE CYMMHDOBaHHE 10 MepPeMeHHBM m,= j; —A — L,
my=J— j,+A—v. Torna

K Gy ol (e [V

X afir Mg fi~ Mgt Mg LMy gl magfom-ma - (9.108)

my, mg, h

BocnoabsyeMcs Teneps cooTHouweHuaMu (9.102) u (9.105) u nafinem
A,= Y X

my, my, A

Ui Jo—= I Gi—Jo DV o —Jy + !

x| X /g oy Sy gy Y ey e TR

{1 mD U — m)! Uy 4 m)! (o — mo)! (J + M) (J — M)} ] >

T—Ja A m) (s — A m)I(J— i + A — my)!

X il X)L (9.109)

X

TNoaoxus m, 4 My =M, nonyunM kosapuuUneHT npu X% B (9.109)
X X il (9.110)

my, My
my+my=M
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riue

Ny [k )t Gy = m)t Gt mt o= gy
oy = 2 1) [ G F T =T =T
(V4 M — ]
X T FTm G a T U= T a—=mpr|- C-11D

[TpeoGpasosanne, M03BOJAKLICE TMEePeHTH OT npouaseneHHH lpjllprf"ﬂ
2

K O0asHCHBIM YHKLHIAM W, CTaHOBHTCA YHHUTapHLIM 32 CYeT BBelCHHS
B (9.110) HOpMHPYIOUIErO MHOMHTENA P, TAaKOro, 4TO

v =0, > ¢l OBl 9.112)
m,r-;’-“r,nzrle

€CTb YHUTApHO€ npeoGpasonaHHe, yA0BAETBOPAIOLLIEE YCIOBHIO

lo,f X e P=1. (9.113)

my, m
my+my=M

[TockoAbKY 4YHCAO @, OT M He B3aBHCHT, Mbl MOMEM BBHIUHCISATH €ro,
Bbxénpaﬂ M B (9.113) Hanbosnee ynoOuniM obpasoM. [TomowuM B (9.113)
M=J n Bocnoib3yeMcs BmipaxenieM (9.111). B kosdpduumenrax ¢’

nym;
daKTopHai
(h — A —my!

o6paTHT B HyJAb BCe 4YJeHH, [IJAf KOTOPHX A > j; —m,, a dakTopuan
(—A+r—m)l=A—{/; —m})!

o6paTuT B Hydb BCe UJMeHb, Y KOTOpwX A < (J; —m;). B pesyabtaTe
OCTaHeTC OJMH WIeH, Y KOTOporo A= j, —m;, M KosdpdHuueHT c{nm
17762

NpUMET CJelyounit Bua:

i yhem Y @n!

O =Tt T X
Gt ) gk m Ve o
[(jl—ml)!(jﬁ—mﬁ)!] =(=DTX

J
C"’x"’z -

X

@ Yy
X[(J—j2+jl>!<f—jx+j2)!] X

X[(/:’+m1)(1:2—|-m2)]'/2 (m4my=J). (9.114)

Je— My ) \J1— My
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B 3TOM uacrHoM ciydae

2 Mlmz lz —

m,y, Mo

my+-my=J
= @n! htm\ (fotmy
T U—h it = ! ME (,-2_,,,2) (jl_ml). (9.115)
g
[Toab3ysick COOTHOLUEHHEM "
PO —2)=gr 9.116)

3TY CYMMY MOXHO YNpDOCTHTL. bByzneM paccmaTtpuBate BCe (aKTOpHAJb
kak I'-pynxunn. Torna

(x)_ x! . U(x+41) _
y T yte—yt T yIT(x—y+1)
. 4 sing(x—y+4+1) T(y—x)
T sinm(x+ 1) 7 yIr(—x)
_ YT —n

y y—x—l)
Y =D ( ; . (9.117)
Bocno.b3oBapmdce 3THM peayabTaToM, nepenumeM (9.115) B Bune

2 = (=1t 1T o1 %
"""’2  —Jot+ it —ji+J2)!

<8 (T ) e

my, my
my+my=J

my, nm,
my+my=J

[Ipumensia qopMysy GHHOMa, Mo.ydaeM

(1+x)r(1+x)s=§(;)x“26(;)xﬁzEﬁ(;)(g)x“ﬁ_—.

3

OTKyaa

(ers)z E (;)(E) (9.119)
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[TpnuMensis 310 cooTtnowenne k (9.118), naxoaum

2 C. (=D + =d oy [ —2/—2 }:

. T U ARFINU=hF i Liv 41—
m,Tlr,nzn——i.I
. @n! S+ I+1
”‘(J—j2+j,>'.u-jl+jz>![ hdd—d |, @120

rie Npu BHIIOJHEHHH MOCJAENHEro npeoOpa3oBaHHA Mbi CHOBA BOCMONbL30-
samicy (9.117). Y3 (9.113) umeem

@I DU — Ja b I — i I Gy fae DT
or=| G+ LTI TD [IRRRCAED

Koadduuments Kaebma — "opaana pasHu

(jlmljzmQIJ/M)=chJ (M:mx—}—mQ), (9.122)

myn,

npudeM o, sanaercs dopMyroh (9.121), a c{"lm — cdopmynoft (9.111),
2
BunncanHble TOAbKO 4TO (DOPMysbl 4pe3BHIYAHHO CHOKHBI, HO B He-
KOTOPHX 4YaCTHBIX C/yd4asX OHH 3HAYHTENLHO YMPOLIAKTCA.

a) J=j, 4 jo. B (9.111) ocraerca nump usen ¢ A=20, n

o =[ (J + M) (J — My! J/
I (fl“|“mx)!(jl_ml)!(j2+”12)!(j2'mz)! ’
_ 2! 2j)!
b= o
( 25 )( . 2j, ) e
Urmofomagl J == ji— Jp Mys=| M=M= el |0 (g 193

(=)

6) J=j,— Jj;- B (9.111) ocraerca amumb uieH ¢ A= j, —m,y,

—(1ytm U1 4 m)! Gy — m)! a
Chm, = (=1 [(j2_|__m2)1(j2'nlz2)!(.l/—}—A’;)'-(J'M)!},

" O — A2
0 =1/<2J+1>!<2jz>1 @129
d @it

lpu jo=1/

. 1
J=]1i7,
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NMO3TOMY 3TH A8a 4YaCTHBHIX Cjaydas AanT HaAM NMOJHYIO CHCTEMY KOSq:)qI)PI-
LHEHTOB.

Kosdpdnurentnl Kne6ma — Fopaana npu j, =1/,

My My =
2 2 2
_ 1 /1+m1+1 /1—m1+1
J_jl+2 ]/ 2/1“|“1 2/1“|“1

jl_i __1/11—m1 ‘//l"l“ml
2 2ji+1 2j,+1

Ceoficta koapduuventos KneGma — 'opaana noapobHO HayueHH H
COCTaBJEHH MX TaOmMLbL.

Mbl o6HapymM/IH, YTO K KOMIJIEKCHO COINDPAMEHHOMY MpeICTaBJICHHIO
MOXHO TPHHTH TNOACTAHOBKOR uy{ —>u,, #y—>—u;. IIpH 3TOK nox-
CTAHOBKE

Bl (=1 (9.125)

¥ yHKUMH lpj_m npeo0pasyloTcs MO NpeACcTaB/eUHIO DY”. Ys (9.125)

H (5.140) MBl HaXoAHMM COOTHOLIeHHe Mew 1y 3j-Ko03(hHLUHEeHTaMH H Koad-
¢uunentaMn KieOwa — ["op nana:

Jv T2 T s
(mI s m3> (=D @A 1) Gimiymy | o —my). (9.126)

CsofictBa cuMMeTpnu koaduunento Knebwa — [opaaHa MowHO HafiTd
M3 MOCJEJIHer0 paBeHCTBa M pesyabTaToB § 9 ria. 5.



FTABA 10

JIMHEVHBIE 'PYIIIH B n-MEPHOM
[TPOCTPAHCTBE; HEINPUBOJWMBIE TEH3OPHI

B sToft rnaBe Mbl BBeJEM Olpele/ieHHEe TEH30pOB, INpeoldpasyioIunxcs
no jio6oft rpynne G nMHefinbix npeoOGpa3opaHuit B 72-MepHOM NP OCTPaHCTBE.
Tensopbl padra r o0pasyi0T BEKTODHOE MpOCTPAHCTBO PasMepHOCTH n’
M ABAAIOTCS 0asucOM HeKoToporo mnpeictasienus rpynnsl G. [lombaysach
OnepaTopaMH mepecTaHOBKM (cHMMeTph3atopamu HOHra), Mbl MOMEM pas-
JO¥HTL 3TO NpPEACTaBJIEHHe Ha HENPUBOAMMble NpencTaBieHuda rpynns G.

1 HeKoTOpHX mnoarpynn obweft anHefiHo# rpymnst GL (n) Takux,
KaK oOpToroHambHas rpymna O(n) M cuMnaekTHyeckas rpynna Sp (n),
MOXHO OIpEeIeJUTh MNPOLECC CBEPTKH TEH30pa, 4TO IMO3BOJUT IIP OBECTH
JanbHellliee pa3OwmeHHE.

MeToan, npHMeHseMble B 3TOH TriaBe, TeCHO CBfi3aHbl C paccMoTpe-
HHeM CHMMeTpHueckoft rpynnbl B ri. 7. Bo MHOrHX c/ydyasx pesy/bTaThi
ra. 7 OyayT cpopMyaMpOBaHbl MOBTODHO B HOBOH TEePMHHOJIOTHH.

§ 1. Tensopw, npeoGpasywiinecs no rpymne GL (n)

B § 1 ra, 5 Mel paccMoTpesH, Kak CTPOHMTCS Ip OM3BEIEeHHE mpen-
crapienuft. IlpeamonoxuM, uyTo HaM 3anaHa rpymna G JMHe#HHX mpe-
obpasosaHuft B n-mepHOM mnpoctpaHctBe R, (rpynna G, B 9acTHOCTH,
MoxeT ObITb TOYHHIM MpPEICTaBJeHHEM HeKOTOpO# abCTPakTHOH TpynmH).

BekTop X B npoctpaHcTBe R, HMeeT KOMIOHEHTHl Xy, ..., X,. IIpe-
oBpasosanne a rpynnst G npeoBpasyeT BeKTOp X B BEKTOp X':
[ [ A— ;] —
X'=ax, x;j=a,;x; =1, ..., n). 10.1H
PaccMotpum Temeps n? pemuunn x,;y; (i, j=1, ..., n), KoTopue

MOXHO COCTaBHTb H3 TNpOHM3BEJCHHH KOMIOHEHT [BYX BEKTOPOB X H Y
B R,. Ecin npeobpasoanne (10.1) npuMensiercs K BekTopam B R,, TO

COBOKYIIHOCTL BEJHYHH xlyj noasepraeTcs npeoépasoaaﬂmo

74y
XY, =a,a,x,y, (10.2)
B BHJMM, 4TO #? BeJHYHH X,;y; Npeodpa3yloTcd B COOTBETCTB npe-
M MM 2 Y, Op asy CTBHH €

obpa3oBaHHeM a X a — KPOHEKeDOBCKHM KBajpaTOM npeolpa3oBaHus a.
Cosokynnocts n? penynd F;, npeolpasyiounxcs no 3aKoHy

F;j.= aikaﬂFkl, (10.3)

ofpasyer menaop F .. 8mopoo paxza.
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[pynna G npeodpasoBaHuit B n-MEPHOM mpoCTpaucTse R, HHIyLH-
pyer rpynny npeobpasosaunil a ) a B n?-MEpHOM [P OCTPaHCTBE TEH3O-
poB & ... B sanannoM Gasuce TeH30p & ., OMHCHIBACTCHA CBOMMH 7% KOM-
MOHCHTAMH F; ;.

KOMIOHeHTaMH TeH30opa BTOPOTO paHra CJIykaT n? BeMMUMH XV,
obpasoBalHLIX M3 KOMIOHEHT J/I00bIX ABYX BEeKTOPOB X H Y, mpHHanne-
wawux R,. B 4acTHOCTH, B KayecTBe BEKTOpPa X MOXHO BHIGpATh BEKTOP,
U-f KOMIOHEHTa KOTOpOro pasHa 1, a Bce OCTaabHbie KOMIIOHEHTHI
pasusl 0, M, aHaJIOTHUYRO, BHOpaTb BEKTOP Y, y KOTOPOrO V-1 KOMIOHENTa

panHa 1, a BCe ocTaibHble pasHsl Hymo. Tewsop BTOporo pamra "'(xy),
MOCTPOEHHLIft U3 9THX IBYX BEKTODOB, HMEET Oy HeHY/EBYI0 KOMIOHEHTY:

uv(xy)ijzéiu(‘)jv (104)

3acrasaag [, v mnpolerarb 3Hauewds 1, 2, ..., 1, MH MOAYUHUM
n? HesaBMCHMBIX TEH30pPOB BTOpOro panra. Bce Tensopn BTOpOro
paHra & .. MOXHO BHIDasHTb B BHJe JHHeHHHIX KOMOMHauMH GasHCHEIX
tensopo "V(xy).

Mbl eme pas nomYepKHBaeM, UTO TEH30PH oF .. NpPeOdpasyoTes
no zpynne (G, Tak Kak 3akoH npeofpasosanus (10.3) omnpenensercs
cootHouiennem {10.1). Ecau Mbl BbIDepeM Apyryio rpynmy JavHefiHBX
npeoGpa3oBaHnit B 7-MepHOM MPOCTPAHCTBE, TO MOJYYHM dpyzoe Mpo-
CTpPaHCTBO TeH30pOB BTOPOro paHra.

Touno Tak e MOXHO ONpEIEJHTb TEH30p r-ro paHra, npeobpasyio-
wHica no rpynne G, Ecan pexTops X noaseprars npeo6pasosantio (10.1),
To n' BeJIHUHH x(t.‘l)x‘f; cooxlD (=1, ..., n,p=1, ..., r), ofpa-

T

sopanHbiX M3 r pektopos x(}, x?, ..., x(, npuHammewaunx R,
npeoBpasyinTcs CAeLyiOmUM 06pasoM:
V' x@ X =a

2

i

xWx® o x0 (10.5)
1 Ir

a .. a
L 117, Ld w7
Tensop r-20 paxza & . .., .— 3TO BeJMyMHA, KOTOpas B AAHHOM
6asnce onHchiBaercAd n’ KOMIOHEHTaMH F’l’s""r 1 npeobpasyercs Kak

NpousBeCHHe r BEKTOPOB:

4 —
Pty et =000, 4 F gy oy (10.6)

WuuniMu cloBaMHu, npeoBpasoBaHHe a B R, HuAyLUMpyeT npeolpasoBaHue
aXaX...Xa (r coMHoxHuTenel) B MNPOCTPAHCTBE TEH30POB 7-r0
paHra.

Cravyana B KadectBe rpynnbt (G Mbl BhiGepeM O0OlYy0 JHHEHHYIO
rpynny GL () BCeX HeBHPOWASHHBIX JHUeHHEX npeoBpa3oBaHiit B n-Mep -
HOM mpocTpanctse. [lo3nHee B 39TQH riase Mbl PaCCMOTPHM HEKOTOpbie
noarpynnst GL (r).
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3adayn 1. TlokakuTe, 4TO BCAKHI TEH30p r-ro paHra MOKHO JHHeHHO
BHPA3HTh 4Yepe3 MPOH3BeLeHHs, IOCTPOEHHLE H3 ' BEKTOPOS B R,

2. Tlokawure, 4TO MaTpHyHBle 3saeMeHTH mpeobpa3oBaHuil TEeH30DPOB
r-ro paHra ImpeicraBasioT co60li OFHOPOIIBIE MHOrOYACHbl CTENElH + OTHO-
CHTEJNLHO MAaTpHYHHIX 3JeMeHTOB mpeoBpasosaunii rpymus G.

§ 2. KoHcTpyHpoBaHMe HeNpHBOAHMMBIX TEH30pPOB,
npeolpasywmuxca no rpynne GL (n)

Haunem ¢ Teusopos BToporo paura, B § 2 ra. 5 6ma0 nokasado,
YyTO KpOHeKepPoBCKMH kpaapaT a X a npusoauM, Ilepecraniss HHIEKCH
iy, iy Tensopa Fyy,, MB NOAy4aeM TEH30PHl

(Fi,+Fui) v (Fig,— Fu).

KoTopile 06pa3yoT 6asHc CHUMMETPUYHOTO M AHTUCHMMETPHYHOrO IPOH3-
BeJleHUs MpeiacTaBjeHnit cooTBeTcTaeHHO. Taxum o6pa3ov, NepecTaHOBKa
MHAEKCOB H B3ATHEe JHHeHHLIX KOMOMHALMHA pasnaraeT TPOCTPAHCTBO
TEH30POB BTOPOr0 paHra Ha [Ba HHBAPHAHTHHLIX MOANPOCTPAHCTBA,

Merol, KOTOPHIM MBl BOCNOJAB3OBATHCL B 3TOM NPOCTOM CJay4ae,
MOM(HO OMNHcaTbh cJaenywudM obpa3oM. Kawmo# nepecraHoBke p, npu-
Hamexaied cHMMeTpHuecKoft rpymne S, Mbl COMNOCTaBHJI OMEpaTop p,
IeHCTBYIOLMA 1A TeH3ops Broporo pavra F; ;. Oneparop p, NpUMeHeH-
Helft kK Tensopy F, nmaer teHsop pF, rae

1 2
(pF)[ltz :Ft np” p:<1/ Ql)‘ (10‘7)

iy

Oneparop p JnellctByer Ha HHOekcsl 1, 2. PaccmorpuMm, Hanpumep,
teHsop Fi;, npu n=4. KounoHeHra teH3opa Fj3, HMeeT HHIEKCH
iy=23, iy=14. Oneparop nepecraHoBku p npu p = (12) nepesoaur
B iy, @ iy B i, T. e. mepesonutr 3 B 4, a 4 B 3:

(PPl = .
TouHO Tak ke N7 KOMIOHEHTH Fy € HHAeKCaMH [ =2, I, =3 HMeeM
(PP = Fy.
Ilns xoMuonentH Fi3 ¢ HHIEKCAMU i — iy =3 MoJyyaeM
(PF)3s = Fa
CuMmerpiuecKkHe M aHTHCHMMeTpHUYeCKHe TEH30pH
Fig, £ Fuy,

MOXHO 3anuMcatb B BHIe
(te £ pl F),,,
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rie e — TowJdecTBeHHHH omeparop [Ipumenss onmepartopn e X p, mu
MoJydyaeM pasjioxeHHe NPOCTPAHCTBA TeH30poB F;;, Ha HHBAPHAHTHbIE
noanpoctpadctda Ho, kak Mul BHiean B § 1, 2 ra. 7, aTH omeparophl
ABJAAIOTCA  cMMMerpusatopaMu [Oura, nopomIa0IMMH  HENpHBOAHMBblE
1pelcTaBJeHHs rpynnb S,

Omnepatop p rommymupyem c npeobpasosanuamu (10.3) s npo-
CTPAaHCTBE TEH30DOB:

(pF’)Mz= F:zh: a F =

atz.h bt e

=a,,8.,F.,=
=atljlahh(pF)hh, (10.8)
HIH B COKpalleHHOH 3amucH
p(axXaF=(a X a)pF. (10.8a)
[IpuunHa 3TOrO COCTOMT B TOM, 4TO NMPOHM3BelcHHE a,,8,;, Gucumme-

Mpu4ro: eClM K Iy, Iy U ji, Jo NPUMEHSIETCA ONHA M T4 e NMepecTaHOBKa,
TO MpoH3BeAeHHE HE H3MEeHAeTCH.
3akon npeo6pasoBaHHs 1/ TEH3OPOB r-rO PaHra 3afaeTcd COOTHO-
IHeHHEeM
v —
F‘ltz ST all’la’zfz o a‘r’rFflfz -y (10.6)
KOTOpO€ Mhb 6yﬂeM COKpalleHHO 3anHchiBaTb B BHIE

Fio=1au,Fuy (10.6a)

1 2 ...r
pP= o9 .. )

NpHHaJIexallelt cHMMeTpHUeckolt rpynme S,, Mbl CTaBHM B COOTBETCTBHE

onepatop p, NeHCTBYIOIUHK HAa HHIEKCH TeH30pa F,h,,,;r:

(pF)llt2""r=F11'12' ...trrEFp(,)' (109)

Kawnoft nepecranoBke

HJH COKpElLLLeHHO
PPy =F,u- (10.9a)
Tornga
CFYy=Fpwy =00, pFrp=

=850 ) PHH=
=aq) () PPy (10.10)

rie npH BHIMOMHEHHH BTOPOro mpeobpasoBaHus Mul Hcmoabsopanu (10.9),
a NPH BHIMOJHEHHH mOCAenHero — TOT ¢akT, uyTo mpeolpasoBaHHe TeH-
30pa GucumMempuuno:

Y0NS = atlyjlyatTj?, atr 1,,= alljlatzjz az,J,Ea(t)(j)' (10.11)



§ 2. Koncrpyuposanue nenpusodumeix Tenzopod 47

Coornomenne (10.10) nokaswbiBaeT, 4YTO ONepaTOPH MEPECTAHOBOK P
KOMMYTHPYIOT CO BCeMH OHCHMMETPHYHBLIMH npeoOpasOBaHHAMH B MpoO-
CTpaHcTBe TeH30pon. Ilo3TOMy Te TeH3opbl r-ro paHra, Koropsle oGna-
JA0T Kako#t-n1160 ocoboft cummerpueft, 6y ayT npu npeobpasosanusx (10.6)
nmepexOJuTh B TEH30PHl C TakoR ke cuMMeTpueft. B cuay storo ace
MPOCTPAHCTBO TEH30POB 7-r0 pavra pasnaraeTcs Ha MOANPOCTPAaHCTBA,
COCTOfILLMe M3 TEH30POB C CHMMeTpHeft Ompeje/IeHHOro THMA.

YrobL monyuHTb TEu30pw r-ro  padra, ofnanaiolue cHMMeTpuef
onpeje/eHHOro THIMA, Mbl NMPHMEHHM K TeH30py ofbllero BWia F‘1 i

cumMetpusatopnt IOnra (cm, § 10 ra. 7)., Kawno#t cxeme lOura

%
Ay - Al <3Iler DA = r)

=1

r

COOTBETCTBYeT HEKOTOPH# OCOOHH THN CHMMETPHH TEH30pOB paHra r,
Yro6Hr yKaspiBaTb THN CHMMETPHH TeH30pa, Mbl OyAeM 3amHCHBATL ero
MHIeKCH B KjeTkax cxeMsl [Owra. Hanpumep, npu r =2 cummetpuuye-
CKH}f TEeH30p 3anuiieM B BHIe

a HHTHCHMMeTpH‘leCI(Hﬂ TEH30p — B BHIE

F
]

[Ipu r =3 cyuiecTByer TpH KJacca CHMMeTpHH:

F ? F . ! F
BE® @ l%]’

yro coorsercTByeT pasGuennaMm [3], [21] u [111]. Tensop r-ro paura
C CMMMeTpHefl, omHCbhiBaeMO#i pasabuenueMm [A; ... A,], HMeeT Bujx

F

‘
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TeH30phl 9I0TO THNA CHMMEIPHH MOPOXJIAIOTCS 32 CYeT NPHMEHEHHS
K TeH3aopy oOuiero BHaa r-ro paura omeparopa lOura

Y=QP,

rae P — onepaTop ropH3oHTa/MLHLIX 1EpPecTaioBOK B cXeMme, a Q — one-
paTop BepTHKAILHEX nepecTaHoBOK (cM. § 10 ra. 7). CiuexosaTeibHo,
Tensop F Gyler aHTHCHMMETPHYECKHM MO BCEeM HHAEKCaM, KOTOphie CTOAT
B onHoM croabue. Jliobas KoMIOHeHTa TeH30pa, WA KOTOPOH HEKOTOPHIH
HHIEKC B 0IHOM cTon0le BCTpeyaeTCs ABAMAKI, AOJiKHA OLITH PaBHA HYIK).

Yro6ul MPOWJIIOCTPUPOBATL 3TOT METOJH 10JyYyeHHS TeH30pOB 3aiaH-
HOH CHMMETPHH, Mbl HauHeM ¢ TeHnsopa Uiz, W NMOCTPOHM TEH3OP

Omneparop tOura pas 3to#t cxembl HMeer BuI Y = QP, rue
P=le-+(1]le+@BH]. Q=[e—13)l[e — (2]

{Toaromy
—_— | 3
(PG)z'ligl’,h_ Gili2i3f4+ G[;i,fszﬁf‘ U/'Ii_,iﬂa_i_ O/gi,m«

H
F@B B (Qp(l)lllzlald = Gililisil - Giaiziliq - Gl1i4iaiz —l_ Gi'%idili2+
@[JJ + Gi,l,im - Gilz‘,i,h - G[u‘,/‘az’g -+ Gum,fz -+

+ O, ™ Orirg, = Gty G+

-
_’_Giz[,i.,ls G, Gi4illzi3+Gi,i,i,Zl'

3adaqu. 1. Haditu teHsop

noaydawmuics H3 TeH3opa Gixizlald obulero BHpa.
2. Tonb3ysch pesyabratamd § 10 ra. 7, pazaowuth Tensop G
IEero BHIA B CYMMY TEH30POB € CHMMeTpueil OnpeneieHHOro THIA.

B
iyisdals O

B cayuae ofueft auneinoft rpynmut GL (1) Ha 3J1eMEHTH MATPILbL g,
He HAJM0XKeHO HHKAKHX OrpaHHYATe/LHHX YCJAOBHH, MOSTOMY €AHHCTBeH-
HBHIM MPOUECCOM Pa3.10MelHs [POCTPAHCTBA TEH3OPOB CJAYMXHT UCMOb-
3yeMuif HaMu npolecc cHMMeTpH3auuu. TeH30pH r-rO paHra 3alaHHoOH
CHMMeTpHH 00pasyloT GasHc HenpusoauMOro npeacrasieunus rpynnst GL(n),
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HHaue TOBOpPS, OHH SABJFIOTCA HENPUBOOUMBMU MEH30paAMU, npeodpaf
syoujunaca no zpynne GL(n). Tloandee Mbl YBHIMM, 4TO A/ HEKO-
TophHx noarpynn rpynnst GL (n) BO3MOXHO M JajbHelilllee pasjiokeHHe.

Kakue THmbl CHMMeTpHit pea/iH3yIOTCA NpH 3alJaHHHX 3HaueHHAX 7
n r? Ecin cxeMa Oura colepwur Gosee YeM n cTpOK, TO MO Kpalielt
Mepe ONMH HileKC NOJIKeH MOBTOPATLCA B MepBOM CTOGLeE, Tak uTO BCe
TEH30pH CHMMETPHH 3TOrO0 THNMa JOJXKHbB ObTb TOMIECTBEHHO paBHH
Hymo. [To3TOMY MOXHO OTpaHHYMTBCH CXEMaMH, YHCJO CTPOK B KOTOPHX
pPaBHO -caMoe GoJsbLiee 7, W 3amMCbIBATH pa30HeHHs B Bue

Ay .. ALl
rae
Mo A,=r, A ... S>A4,>0.

Ecan cxeMa couepwut Gonblie YeM £ CTPOK, TO HEKOTOpHIE H3 uHces A
PABHH HYJI0 M NPH BHINMCBIBAHHH pa3GHeHHs MX MOXHO ONYCKaTh.

Kpome TOro, MOXHO nOKa3aTb, YTO peajMayercd BCAKad CXeMa, YHCAO
CTPOK KOTOpOH MeHblle WM PaBHO N, T. €. YTO CYLIECTBYIOT HeHyJeBhie
TEH30pH ¢ cuMMeTpueft Bcex TakuxX THnoB. Paccmorpum cxemy IOnwra T
C uMC/aOM CTpOK m < n. ByneM Hcxomutb u3 TeHsopa @, Bce KOMNO-
HEHTH KOTOpOro, 3a MCKJIOYeHHeM OJHOH, B HeKkoTOpoM Oasuce paBHH
HYTO:

G =1

(10.12)

ses Ly M
.

MM« e

Wunexch sToro TeHaopa ynopsaoueHH B COOTBETCTBHH Co cxeMo#t [Onra T,
Korna mb npumensem cumMerpusarop Y =QP k cxeme T, omepatop P
octasisier Tenzop (10.12) Ge3 uaMeHeHHMR (C TOUHOCTBIO 1O MHONKHTEJA).
Oneparop Q nepectaB/ifeT HHEEKCH B KawaoM cT0/0Le B OTIE/NbHOCTH.
[TosToMy (C TOYHOCTBLIO 10O YMC/JOBOTO MHOMMHTEJS) KOMMOHEHTH TEeH30pa
F=YG pasus: -1 mif MHIEKCOB, MNOJYYAOIIUXCH M3 HHIEKCOB TEH-
3opa (10.12) npu ueTHBX nepecTaHoBKax, —1, €C/H HHIEKCHl MOJNYYeHH
HeueTHO#f mepecTaHOBKOH, W 0 —B Jpyrux cuayuasx. Takum olpa3ou,
BCE HenpHBOAHMMble MOAMNPOCTPAHCTBA LJIS CXeM, ¥ KOTOpbIX m <N, pea-
JIH3YI0TCA.

TpanchopMaluonHbie cBOHcTBA TeH3opa oOLEro BHAAa r-ro pawra
(10.6) OblIM TaKMMH Ke, KAK M Y NMPOW3BENEHHS KOMIOHEHT r BEKTOPOB
(10.5). Idna cHMMeTpHYeCKHX H AHTHCHMMETPHYeCKHX TEH3OpOB r-rO paHra
MOMXHO NOCTPOMTb NpPOCTHie TEeH30pH W3 NPOM3BEIEHHH KOMIIOHEHT BeK-
TOpOB. UTOOH MOJYUHTb MOJHOCTHIO CHMMETpHYeckufl TeH3op r-ro pawra,
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pmbepeM Bce BekTophl x'9 B (10.5) paBHBIMH OOHOMY H TOMY e BeK-
TOpy X. B 3roM ciyuyae Mbl MOJyYHM CHMMeTPHYeCKHH TEH30P C KOMNO-

HeHTaMH xt. xl. e X CO6HpaH BMECTEC BCE€ MHOXHTEJH C OIHHM H
1 2 r

TeM e 3HAYEHHeM HHIEKCa, Mbl CMOXeM MepencaTb KOMINOHEHTH B BHIE
al 02 a
x[1xy2 ... X8, TIe
a+ay+...+a,=r.

HanpuMep, npu r=2 Mbl NOJMyyaeM KOMMNOHEHTH x% (=1, ...,n)nu
xpx; (< Jj, i=1, ..., n—1).

AHTHCHMMETPHUYECKHH TEH30p BTOPOr0 pPaHra MOXHO MOCTPOHTH M3
aByx pektopoB x u x(2, BumuuleM MaTpuuy

— ) g~
x x@
1 2
x® x@
a @
xi,) x[l)
L (10.13)
(1 @
xh) x,z)
a @
- x'l) xll) o
MuHop, colepxkaliuit nBe CTPOKH
(1 (2) =7
xh> X
W x@ |
2 12 —
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r-ro paHra MOXHO OépaSOBaTb H3 MHHOpPOB mnopsaikKka r MaTpPHLUB

Fxh x93 00 x0T
[xOx®@ ... x]=| . . . . (10.14)
1 (2 (7
XD X xn)_

Ilpu r=n MB noJiyyaeM TEH30p C OJHOH HE3aBHCHMOH KOMIOHEHTOH —
NOJHOCTLI0 AHTHCUMMeTpHYecKH#t TeHsop r-ro panra. [IpeoOpasosanne a
B npocTpaHcTee R, NPHUBOAUT K YMHOMEHHIO 3TOrO TeHaopa Ha deta,
Ecan orpanHuuTh(q moArpynnaMH, COAEPHALIMMH TOJbKO YHHMOLYJAPHbLIE
MaTpHUH, TO aHTHcHMMMeTpHueckHR Tensop [x(1) ... x] okasmBaetca
MHBADHAHTHLIM TIPH BCeX MPeoOpa3OBAHWAX H KPATHLIM e0UHUHHOMY aK-
MUcCUMMEMPULECKOMY MEH30PY N-20 PAH2A

—+1, ecan 4, ... I,—ueTHad NepecTaHOBKa
| uucen I, ..., n,
|
€11y, 1, =1 —1, ecan il ... i, —HeueTHas nepecraHoBka (10.15)
| yucean 1, ..., n,
[ 0, ecan xako#-aM60 HHAEKC MOBTOPAETCH.

KoMnoHeHTs TeH30pa €1, ... 1, MMEIOT 00HU 4 me Jice YNCJIOBble 3Ha-
yeHHd B JioGoM Oasmce.

(O3

3adayu. 1. TMokaxure, uro tensopn [xV ... xV] o6pasywr 6asuc mrs

aHTHCHMMETPHYECKUX TEH30DOB /-F'0 pAHra.
2. Tlokaxure, 4TO TEH3IOpH Xp Xy oo x, ofpasyor 6asuc nas CHM-
2 r

METPHUYECKHX TEH30POB /-I'0 paHra.

§ 3. PaamepHocTb HeNpHBOAHMBLIX NpeACTaABAEHHH
rpynnsl GL (n)

B arom naparpade Mbl HalleM UYHC/0 He3aBUCHMHX KOMMOHEHT TeH=
30poB, 00/1aJ1a01IMX CHMMeTpHefl oOmpenesieHHOTo THna. [lpexne ueM
NPHBOAUTL O0LLYI0 HOPMYIy, PaCCMOTPHM HECKOJBLKO MPOCTHIX MpHMepOB.

[Mpu r =3 TteHsopH

dnizs

CUMMETPHYHBI 1O BCEM TpPeM HHAeKcaM, BCJeACTBHe uero Mbl MoJyuaeM
Oy He3aBMCHMYI0 KOMIOHEHTY NpH MoGoM BbIGOpe HHIAEKCOB i), Iy, I3
HE3aBHCHMO OT HX nopsaka. B kavecrBe TunHuwo#t He3zaBHcHMoft KoMno-
HeHTbl BbiGepeM KOMMOHEHTY, HHAEKCHl [y, Iy, I3 KOTOPOH OTBEYawT
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N

cTaniapTHo#t tabavue (cm. § 3 ra. 7), T.e. ynopsiiOYHM HHIEKCHl TaK,
yTobn I < iy l;. Hanmpumep, nmpu n==1 cyuwecrByer TOJbKO OnHa
KOMNOHEHTa

Fomm

Tlpu n==2 unjexcw ! MOTYT OHTb paBHH TOJbKO | WIH 2, H YeTHPbMA
HE3aBHCHMBIMH KOMNOHeHTaMH OyayT

Fomm ‘ooz fopey foEe

Sty npouelypy serko o006LIMTL HA CJAyYalk MOJHOCTBI0 CHMMETPHYECKOTrO
TeH3opa r-ro panra A/ npou3BOJbHOTO 7. BhiGepeM Hé3aBUCHMbie KOM-
MOHEHTH TaK, YTOOb OHH COOTBeTCTBOBa/MH cTaHAapTHO#l Tabiuue, T. e.
yro0n i K<< ... < !,. Torna

ll<12+1<13+2< ...<l,+r—1

CyTb pas.iuirsie ueasle uncia ua Habopa 1, 2, ..., (n+r—1). B cuny
3TOTO YHCJO He3aBHCHMBIX KOMMOHEHT paBHO YWC/Y CNOCOGOB, KOTOpPHIMH
MOXHO BHIOpaTh r pa3/IMyHLIX YHces H3 HaGopa 1, 2, ..., (n—r —1),
T. €. YHCJIy coueTaHutt U3 n—r —1 no r:

ndr—1

( r )

Mpu n=2, r=23 no/JyudM UYHCJIO KOMIOHEHT, paBHOE (g)=4,

YTO COrJacyeTc C NMpHBeleHHLIM Bbillle MOACYETOM,
[Ipn r=23 mb paccMOTpHM Jajiee CHMMETDHIO THMa

don
[14]

Oas pa36uenns [21] B cumMerpHueckoffi Tpynme S; CYlECTBYIOT IBe
CTaHAapTHble TaGJaHub

e -

B Tensop

F,

BMECTO /MOBGOro M3 MHIEKCOB I, Iy, {3 Mbl MO¥eM MOIACTAaBHTL /00Oe H3
uncen 1, 2, ..., n. Hx creayer pacnonoxurb B €CTECTBEHHOM NOpAIKeE.
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Ecm ly =a <Il,=b <l3=c¢, TO cTaHIapTHbie KOMIOHEHTbH HMEIOT BHI
F F
T O
2]

AnanornunbiM 06pasoM Mbl MOMeM MOCTYNHTb H B TOM cJlyyae, ecJIH He-
KOTOpble H3 uHcen § coBmanaior. [Ipu cTaHZapTHOM pacHOJIOKEeHHH Jio-
6oro Habopa uucen 1, Iy, {3 OHH He JO/KHbH yOBIBaTbL npH [BH-
MeHHH MO CTPOKe CJeBa HampaBo H JLOJKHb YObLIBATb NpPH NBHMKEHHH
no cronbuy cBepxy BHH3. (Tak KaKk TeH30p AHTHCHMMETPHYEH MO apry-
MEHTaM, CTOAIMM B OMHOM CTOJ0UE, KOMMOHEHTH C JABYMS DaBHBIMH
HHIeKcaMH B OJHOM cTOJ0ue obpawaiTcd B Hyab.) EC/IH Bce HHmeKchHl
pas/iHuHBL, TO NMPH KawAOM BbIOOpe TpexX pas/HuHbLIX uucea iy, iy, I3 U3
Ha6opa 1, 2, ..., n MH mOJyuMM ABe CTaHIapTHbie TaJHLBI, YTO NMpH-
BOIHT K YHCJy He3aBUCHMBIX KOMMOHEHT, PaBHOMY

n
2-(%)-
Ecan nBa ungekca paBHb (HanpuMep, 112 uan 122), Mb noayuum oduy
CTaHpapTHYO TabiaHLy
( 11 12)
HJIH .

2 2

Takum oOpa3om, Mbl moJjyuyaeM n(n— 1) He3aBHCHMBIX KOMIOHEHT 3TOr0
tTHna. KoMnonenThl, y KOTOPHX BCe TPH HHIEKCAa PaBHH, AOJKHH oOpa-
THTbcA B HyJb. [103TOMy pasMepHOCTL NMPOCTPAHCTBA TEeH30pOB

F

paBHa

2. (5)+n—n="2020

HHKOHeLl. s aHTHCHMMETpHUYECKHX TEH30pOB

i
&
@)

CylieCTByeT OIHa CTaHlapTHas tabauua NMpH KawIoM Buéope HHIEKCOB,
M B HeHyJIeBOH KOMMOHEHTe BCe HHAEKCH IO KHH OHITD pa3/IHYHbIMH.
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Taxkum 06p.’:13OM, pa3MepHOCTL NMPOCTPAHCTBA AHTHCHMMETpHYECKHX TEH30-

pOB TpeTbero paHra pasHa Auanornunble paccyXIeHHS MOKa3bl-

n

3

BAIOT, YTO pa3MEPHOCTb NPOCTPAHCTBA AHTHCHMMETPHUYECKUX TEH3OPOB
n

r-ro paHra pasHa (r

3adava. Vcnoap3yHTe 3TOT METON AAS OTHICKAHHMA DPa3sMEPHOCTU MO~
CTPaHCTBa TEH3OPOB

()]

[Tepeuucaure Habop HE3aBHUCUMBEIX KOMIIOHEHT AAfi caydaeB n=3; n=4.

Bropo#t meTtoa, KoTophi#i 0cOGeHHO MOJIe3eH NPH MajbiX 3HaYeHHUsX T,
OCHOBAaH Ha pAasJIOXEeHHH BHeUIHMX npouaBeneHuft (cM. § 12 ra. 7). Kowm-
MOHEHTH X, BEKTOPa X B NpocTpaHcTBe R, 00pas3ylOT TeH30p MepBOro
paHra, cooTBeTCTBYIOLHHA cxeme FKwura

a

TIpousBeneHHs KOMNMOHEHT X; M KOMIOHEHT y, BTOPOro BekTopa obpa-
3yI0T BHelllHee NMPOH3BejeHHe

OO

KOTOpPOE MOXHO Pas/NONHTb CJeLyIOLIAM 00pas3oM:
- g 10.16
Oe0=00+0 (10.16)

T. €. Ha CHMMeTpHYeCKHH# H aHTHCHMMeTPHUYeCKHH TeH30pbl BTOPOrO paHra.
YHc0 KOMMOHEeHT B JieBoft uacTH cooTHowenHs (10 16) pasHo n?, uro
coBnagaet ¢ cymmoft pasmepHocre#t n(n— 1)/2—+n(n—1)/2 aByx He-
NPHBOAIMbIX MpeACTaB/eHHH, CTOALMX CNpaBa OT 3HaKa paBeHCTBa,

PaccMoTpuM 1ajee NpOH3BeleHHA KOMIMOHEHT CHMMeTPHYECKOrQ TeH-
30pa BTOPOro paHra M KOMIOHeHT KaKoro-uHOyab BeKTopa:

DeO=000+ H- (10.17)

UHC/IO0 HEe3aBMCHMBIX KOMMOHEHT B JIeBO# YACTH ITOrO PAaBEHCTBA PABHO
n-n(n+1)/2]). Crommuu# cnpasa CHMMETPHYECKHH TEH30pP TPeThEro
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3
yuc/la BTOpOe, HafineM, YTO NMPOCTPAHCTBO TEH3OpPOB

s
0

n—+ 2\
panra Hmee"r( + ) He3aBHCHMBIX KOMMOHeHT. DBbluHTas H3 nepsoro

npeobpasyolinxca no rpynne GL (), HMeeT pa3aMepHOCTb
ANy n2(n2+1) . n(n—{—l%(?n—{—l) _ n(n23—1) . (10.18)

229 R

YTO cOrJacyercl ¢ HaWIHMH npsAMbIMH moicueTaMH., Yrto6n 0603HauaTh
pasMepHOCTb MPOCTPAHCTBA TeH30pOB C CcHMMerpHeRt [A; ... A,], Mu
nonbL3yeMcst CHMBOMOM

nN[AI...A"]-
AHaJ’lOI‘H‘lHO U3 BHEUIHEr o nponaseﬂeHHﬁ
(Pl @[I=Ip+1l+41Ip, 1] (10.19)
HaxXoaHUM
n 1i n _1 n
Nipu=n-"Nig—"Nipeg=n ("T2=H— (£ 1) (10.20)

HanGonee MoLIubifi MeToX OThiCKauua paaMepHocTH "N COCTOMT
B HCNOAb3OBAHHH TNPABW/IA BETBJEHHsA, aHAJOTHYHOrO NpaBHIY BeTBJEHHA
s cUMMerpHueckoff rpynnbl (cM. § 5 ra. 7). Mbl KpaTKO HaMeTHM XOn
paccyxieHu#t H chOpMynHpyeM peay/bTaThl.

Fpynna GL(n) comepMT MHOrO MNOATPYNN, KOTOpble H30OMOpQHb
rpynne GL(n — 1). Takue rpynnbl Mbl, HampHMep, MOJYuYHM, ecJaH orpa-
HHYHMCH TeMH npeoOpasoBanuaMH M3 (L (n), KOTOpble OCTABJIAIOT KOM«
MOHeHTY X, HeHaMeHHOH. HempusomuMoe npencraaenHe rpynnel GL (n)
OyneT pasnaraTbcfi B CYMMY HENpPHBOAHMBIX MpeACTaBJeHHA MOATPYMME
GL(n —1). TlpeanonoxHM, uyTO HEeNpHBOAHMOe MpelCTaBJEHHe TPYIMMH
GL (n) cootserctayer cxeMe Onra [A; ... A,l:

B Y

x]

HesapHcHMbie KOMNMOHEHTBl TeH30pPa — 3TO Te KOMIOHEHTH, KOTOpHIE CO-
OTBETCTBYIOT CTaHAAPTHON Tabnnue. Ecan MHAeKC n BCcTpevaeTcd B CTaH-
JapTHOR Tabauue, OH MOXeT NOfABMTLCA TOJABKO B TNocaedHel suefike
Kaxaoro croabua CXeMbl, KaK 3TO YKa3aHO Ha (Hrype KpecTHKaMH.
Muave rosops, HHIEKC 7 MOXET MNOABHTBCA TOJABKO B TeX sueHKax, KO-
TOpHlE BXOAAT B ,H3OBITOKY KaXAOH CTPOKH MO CPaBHEHHIO C MOCJAeLyio-
mel. Korna Mbl nepexoaum k moarpymne GL(n— 1), HHIEKC n MOXeT
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HCYE3HYTb M3 TalaHLbEl. B 3TOM cayyae M MOJMyYaeM BCE BO3MOMCHHIE
cxeMH ¢ (7 — 1) cHMBOJaMH, KOTOPHIE MOXHO MOJYYHTb H3 NMEPBOHAYAIb-
HOM cxeMul. TaknuM 00pa3oM, HENPHBOAMMOE MpejAcTaBaeHHe rpynmu GL (n),
COOTBETCTBYIOLIEE CXEMeE

[}‘I e }‘Il]’

pasnaraercss B CyMMY HEeNpHBOIMMBIX npeicrasiednil rpynnsl GL (n — 1),
COOTBETCTBYIOLHX CXeMaM
4 4
[},I cen An_l],

AMSMSASM> . A >A  >h. (10.2])

[TpupaBunBas pasMepHOcTb npenctasienus rpynnsl GL(n) cymme pas-
MepHOcTeft mpenacTasieHH#t B NOJYYEHHOM pa3jiOeHHH, HaloeM peKyp-
peHTHYIO dOpMyay

-1
Vo=, 2, " Nw )

riae

(10.22)
10 hpod
rae cymma B3dra no BceM HaGopaMm Af, ..., A’ |, YLOBJETBOPSIOLIHM

coornouenuaM (10.21).
IInf cHMMeTpHUeCKHX TEeH30POB HMeeM peKyppeHTHYI (opMy.y

"Nin="""Nin+"""Ny_y=+ ... +""'Ny, (10.23)
a 11l aHTHCHMMETPHYECKHX TEH30pOB —
"Ny ="V + " Ny (10.24

Ins nonyuenns o6uiero BHpPaxeHHs 1 pa3MepHOCTH "N MOXHO BOC~
N0/b30BaThCA MPABHAOM BeTBJeHHA. B pesysnbrare nmosyunm

AN Dy ..., Ip)
Niy= Din—1,n—2...,0) ' (10.25)

rie l;=A;~+n—ju D—onpenenurenn, 3aianHuit cootHomennen (7.23).

§ 4. HenpuBoaumele mpeacTaBJeHHs NOArpyNN
rpynant GL (n): SL (n), U (n), SU (n)

B stom naparpade Mbl MOKameM, YTO HeMPHBOAMMbie NMPENCTABIEHHS
rpynnet GL(f) OCTAOTCH HENPHBOIMMBIMH, KOTJAA ME NMEPeXONHM K He-
KOTOPHM ee NMOATpynnam.

DneMeHTH MaTpPHL HeNpHBOIAMMOrO nNpeAcTaBienus rpynnsl GL(n)
TEH3OpaMH r-ro paHra OyIyT OAHOPOAHBIMM MHOTOYNEHAMH  CTe-
MeHH 7 OTHOCHTE/NbHO 9JEMEHTOB @,; MaTpHlbl Npeo6pasoBanHs a
[em. (10.1)]. Ecau npeicrtaBieHwe noirpynnsl H TakWMH MaTpHUAMH
OKa3blBAeTCA MNPHBOIAMMHIM, TO €ro MaTpHLUH C MNOMOLIbI0 MOAXOAsleH
gameHnl 6asnca MoxHO mnpuBecTH K Buay (3.113). Dto npeobGpasopauue



§ 4. Henpusodumnie npedcrasienus nodepynn epynne: GL(n) 457

6asuca He GyleT NPUBOANTb MaTPHLE BCceX NpeobGpasosanuit rpynnu GL (n)
K TAKOMY e BHLY, TAK KaK MH HCXOIHM M3 HENpPHBOLMMOrO MpelcTa-
saenua rpynnu GL(n). Tlpn npeoGpasoBauuu GasHca MaTpHYHEe 3Je-
MEHTHl OCTAIOTCA OAHOPOIHEIMH MHOTOY/IEHAaMH CTeMeHH 7' OTHOCHTEJBHO 4.
Takum o6pa3om, npeicTasieHde OyleT NPHBOLMMEIM 1ad noarpynnsl H,
eC/H HEeKOTOpPHH HaGOp OAHOPOAHHX MHOrouleHoB P, (a) cTenenn r
obpamaercd B HyJb NpH BceX NpeobpasoBaHusx a M3 H, HO He obpa-
waercA B Hyab npu Bcex a u3 GL(n).

I'pynna GL(n) cOCTOMT H3 BCeX HeBbIPOXAEHHHX JHHeWHHX mpe-
o6pa3oBaHH#t ¢ KOMNJEKCHHMH Kod¢p¢uunentaMu. [Ipeanonoxum, 4To
H —noarpynna rpynnst GL' (n) sewjecmeennsx niHeHHHX npeoGpa3o-
sanuit, TlpusomuMocts mnpeoGpasosanni rpynnet GL’(n) oanauaer, 4ro
Ha6op monMHoMoB P, (a) obpaimaercs B HyJdb NPH BCeX BellleCTBEHHbIX
3HAuEHHAX CBOHX apryMeHToB a;;. Ho M3 TeopeM, KOTOpHe MOXHO HAaHTH
BO Bcex YyueGHHKAX aareGpbl, c/elyeT, YTO eCJH HaGOp MHOTOUJIEHOB
obpaltaeTcs B HyJIb NPH BCEX BEU4eCMBEHHHX 3HAUEHHAX CBOMX apry-
MEHTOB, TO OH JIO/iKeH O6pallaTbcsl B HY/Ab H NPH 8CeX 3HAUEHHAX apTy-
MeHTOB BOoOOue., [losTomMy ecaH Kakoe-TO mnpeicTaB/ieHHe OKa3blBaeTCs
npusoIuMbIM s GL' (1), TO OHO pOMKHO OBITb NPHBOAMMEM H A4s
rpynnel GL (n). O6paTHO, HempHBOAMMOe mpeicTas/ienne rpymnsl GL (n)
OCTaeTcA HeMPHUBOAMMBIM, €CJH Mbl OTPAaHMYMMCA BelleCTBEHHHIMH Tpe-
06pa30BAHHAMH.

PaccmoTpuM Iasnee ynuMmonyaspuyio rpynny SL (r). Jlio6yio Marpuuy a
rpynnsl GL (n) MOXHO 3anHcaTb B BHIe

a=uab,
The
detb=1,
eCJAH TMOJOXKHTD
a = (det 2)".

Takum o6pasom, kamxno#t Matpuue a us GL(n) cooTBercTByeT HeKOTOpas
matpuua b ua SL(n). [lpeamonoxum, uro Muorourews P, obpawanTcs
B Hyab NpH npeoOpasoBaHHAX yHHMoxyasapHo# rpymnu: P, (b) =0 npu
Bcex b u3 SL (n). Ipu mo6eix npeobGpaszoBanusx a, npuHamiexawnx GL (n),

Pv (a)=a’Pv ),

rae b npuuaanexut SL(n). Cnemosarensno, P, (a)==0. Orcioaa BHTe-
K4eT, YTO M3 NPHBOIMMOCTH NpefcTaeieHHs rpymnel SL(n) caeayer ero
npusoguMocts s GL (n). OG6partHo, HeNnpHBOAMMOE mnpelCTABJeHHE
rpynnsl GL (n) ocraercs uenpuBoaMMuM H i SL (n).

3ada4a. Jlokawure, 410 HeNPUBOAUMOe IpencraBiende rpynnul GL (n)
OCTAHETCHA HeMpHBOAHMLIM, €C/H Mbl NepefjeM K nOArpynne BelleCTBEHHbIX
yHHMORYASpHBIX npeoGpasoBanui SL (n).
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Te e peayabTaTbl MOXHO MONYUHFb, PACCMAaTPHBad MpenCTaBJeHHA
anre6psl Jlu rpynnu GL(n). WNudpuuntesnmaionuiMu Mmatpuuamn GL (n)
ABJSIOTCA MATPHLBl, BCe 37eMEHTHl KOTOPHIX PaBHBI HYJI0, KPOMe 3Je-
MeHTa, cTofllero Ha MecTe ({/) M pasHoro eauuuue. basuc aare6pn JIn
obpasyer nabop siemedToB X, (i, /=1, ..., 1), YNOBIeTBOPSIOLIHX
COOTHOILEHHAM KOMMYTaLHH

[Xti’ Xkl]:éikth_éilej' (10.26)
JneMenTH X ;; MOXHO NpPeACTaBHTb AH(PdepeHLHATLHEMH ONepaTopamu:

0
th=xi“5;j-. (10.27)

Anre6pa JIu COCTOMT M3 BCeX 3JIEeMEHTOB

Za”XU.
ij

Oas rpynnu GL' (n) koadpdpuumenTH 0;; JOMKHE ObITb BellleCTBEHHEIMH,
B cayuae rpynmet GL(n) ko3dpduuHeHTB @;; MOTYT MPHHHMAaTb MI00ble
KOMIIeKCHBe 3HauyeHHA. TlpeamonoxuM, uto mpeacTaBleHHe

XU—>DU

€CTb MPeACTaBJIeHHe, B KOTOPOM 0a3HCHbIM 37eMeHTaM X ;; COOTBETCTBYIOT
marpuupt D/, Torma o6iweMy saementy aare6pbl GyleT OTBeuaTb MaTe

pHua
Z G“-DU.

Ecan npeacrasienve npusomuMo aas GL'(n), To MoxHo HatTH GasHc,
B KOTOPOM MaTpHLbl
L
Y a;;D

umeior BUA (3.113) npu BceX BelwleCTBEHHBIX 3HAYEHHMAX «;;. Vnaue ro-
BOPA, eC/M MpexncTasienue npusoiuMo s GL'(n), To HekoTopuf HaGop
NHHeHHBIX GOPM OTHOCHTENBHO O,;; OOpaiyaercs B HY/b NMPH BCeX 8euye-
CMmeenHbxX 3HaueHusx a;;. Ho ecin 370 Tak, TO 3TH JMHeHHble (HOpMbI
AOMKHEL 00paliaTbCa B Hy/Ab NPH 2/006lX KOMNACKCHBLX 3HAYEHHIX O,
M npeicTaBjiedHe OKasbiBaeTcd mnpuBomuMmbiM H aasa GL(n). O6patuo,
eC/H npencTaBledHe HeNpHBOAHMO s rpymnu GL (), TO OHO MOMXKHO
6uTh HenpusoauMbiM aas GL' (n).

3adaua. [lyTeM paccMOTpeHHs NpeacTaBJeHHs aJare6bpbl Jlu gokawure,
YTO HeNpUBOJMMOE NpejcTaBiende rpynnsl GL (77) OcTaercsl HENPUBOJHMbIM
nas rpynn SL (n) u SL” (n). (Vrasanue. ITokaxure, 4TO YCJAOBHE YHUMOAY-
AAPHOCTH TIPUBOJHT K eI OAHOMY JHHEHHOMY COQTHOWIEHHIO MEWLY KO3(-
duuuenTamu a;;.)
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Yuurapnas rpynna U (n) onpelenserca yc/JOBHEM
UUT =1.
DneMeHTH ee B OKPeCTHOCTH eMMHHIBH HMEKT BHA
U=1—1S,

rae S — HHGHHHTe3UManbHas Matpuua. M3 ycaosua UUT =1 naxommw,

uto S— ST =0. TakuM 06pasoM, HHPHHHTEIUMATBHBLIMH MATPHLAMH
rpynnset U (n) caysar 3pMHTOBH MarpHubl., BoiGepeM B kauecTBe Oasmuc-
HBIX 3JeMeHTOB anre6pel Jln n? 3/MeMeHTOB:

k7 X® 1 ana snementos (kj) u (Jk);
BCE OCTajbHblE 3JeMeHTH paBHbl 0.

X"*D: i nna snementa (kj), — i nnsa 3ne-
MenTa (jR), Bce ocTambHue 91eMeHTnl  (10.28)
paBHbl Q.

. kR
k= /; X% 1 na mecre (kE), BCce ocTa/MbHBlE
s7eMeHTH paBHbl 0.

DneMentaMu aarebpul Jlu rpynna U (n) cayxat Bce JHHeHHHe KOM-
6unaumn Gas3ucHeIX 37eMeHToB (10.28) ¢ sewjecmeennbomu KodQdHLIHEH-
tamu, KoMmniekcHoie ko3addHuHeHTH 130T HaM aare6py JIu aas rpynnet
GL (n). Tlopropsas paccyxaenus, KOTOpble MPOBOAHANCH 1as GL'(n), Mbl
BHIHM, YTO HeNpHMBOAHMOe mpelcTasieHHe rpynna GL(n) ocraercs He-
npusomuMuM ansa U (n).

3adaxa. Jlokaxure, YTO HENPHBOJUMHEE MpejcTaBjAeHus rpynnel GL (n)
OCTAIOTCHi HENPUBOJHMBIMH [IPU NEpPexOfie K YHUTapHOH YHHMOIYJAspHOH moj-
rpynne SU (n). [Yxasanue. Ucnoabsyiite pesyabTat, cocToswui B TOM, YTO U3
HENPHBOIUMOCTH MpeAcTaBieHHs rpynnsl GL (n) caelyer €ro HenmpuBOJHMOCTh
aas SL (n). 3arem oT SL (n) nepexopure yxe k SU (n).]

M3 4310%eHHHX Bblllle paccy:LeHHA Mb 3HAeM, YTO HelNpPHBOIMMble
npedcrasienusa rpyun SL(n), U (n) u SU (n) —3T0 Te mnpencraB/eHus,
koTOpHe OLIH Haftmennl B § 2 macTosied raasm. OnaHako Ans ykasaH-
HEIX moArpynn rtpynnu (GL(n) 3TH npelcTaBleHHd MOTYT M He GHTb
He3a8UCUMbL MU,

CxeMa IOnra [1”%] nMeer oany cTanaapTuylo Tabauuy, H COOTBETCTBYIO-
Ilee HeMpPHBOAMMOe NpeiacTaBleHue rpynnbl GL (n) oanoMepHo. B kaue-
cTBe GAa3HCHOTO BEKTOPa STOTO MpPeICTABACHHS MOXHO B3ATh TeH30p
[xD ... x®] u3 § 2 nacrosmet raapu. Ecau Mul cosepluaeM npeoGpaso-
BaHHe C MaTpHUeH a, 3TOT TeH30p yMHOucaeTcsd Ha deta.
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3adaua. Jlokaxure MOCJe/Hee yTBEPXKJEHHe, BHIMCHIBAA Npeobpasosa-
HHe anTHcHMMeTpuueckoro Tewsopa [xV ... x\™)],

Awanornuno g cxemsl MOuwra [27] cywecTsyeT oIHa cTaHgapTHas
Tabauua

[21E)

A
e

¥ OIMH He3aBHCHMHIH GasHCHBIft sneMeHT. DTO NpelicTaB/eHHe OLHOMEPHO,
Ecan MBl BHINOJMHAeM NpeoGpasoBaHHe C MaTpHLed a, TO TEH30p YMHO-
Kaerca Ha (det a)?.

B o6umem cayvyae Ana cXeMbl [s"] MpencTaBieHHe OXHOMEPHO, M TEH=-
3op yMHOoxaeTca Ha (deta)’, ecam Mbl npou3soiMM npeoGpasoBanHe
¢ MarpHue#t a.

[TpeanonoxuM, yto HMeeTcd npelcTaBienHe rpynmst GL(n) co cxe-
MO# [A; ... A,]l. Ecan k cxeMe 106asuTb cTo/6ey H3 7 KJETOK, TO elIMH-
CTBEHHBIM HAaGOpOM HHAEKCOB, paclo/JOMXEeHHBHX B CTaHAAPTHOM NOpsIKe,
KOTOpBIH MOXHO BNHCAThb B 9TOT JLONOJNHHTe/NbHBIt cTOMOel, GyleT Habop
1, 2, ..., n. TakuM 06pa3oM, YHC/IO CTAHIAPTHBIX TabJHL [J1f HOBOTO

npeacTaBaeHHs
Ar1, A1, ..., A, 411

TO e, YTO H 1J9 npeicTtasnenus [AjA, ... A,]. EnuncrBeHHoe HameHe-
HHe B MaTpPHLAxX MpeiACTaBJeHHs COCTOMT B TOM, YTO OHH YMHOXAaIOTCS Ha
o6wHA MHOxHTeab deta. Touno Tak e ecau Mn n06aBHM § CTONGLOB
LJHHBL 1 K cxeMe [A; ... A,], To HoBas cxeMa [A; s, Ay S, ..., A, S]
6yleT MMeTb TO e YHCJIO CTAHNAPTHHX Tab/HL, YTO H cXeMa [AAg ... A,].
MarpHubl 3TOTO HOBOTO MpelCTaBJeHHA OT/IHYAIOTCA OT MATPHL NpencTa-
BaeHHa [A; ... A,] Ha MHOXHTenb (deta)’.

Ecan Mbl paccMaTpHBaeM yHuMouny/spHble noarpynnsl GL(n) Takwue,
kak SL(n) wnn SU (n), 10 deta=1 ¥ mnpelcraB/ieHHs, COOTBETCTBYIO=
wHe cxeMaM [A; ... A, v [A s, Ay, ..., Ay~ 5], 3KBHBAMEHTHBL
B cayuwae yHHMoayJspHBHIX Tpynn HeoOXOZHMO paccMaTpHBaTh TOJbKO
TaKHe CXeMH, ¥ KOTOPBHIX YHC/JO CTPOK MeHblie n:

Phg oo AJ=[M —Ap Ag—Ap +vvy Agr—Agl  (10.29)

CymeCTByeT ele 0JAHO COOTHOUIEHHEe 9KBHBAJEHTHOCTH, KOTOpOE BCTpe-

-1
ygeTcs B Ccaydae yHHMoAyJaapHeix rpynn. Cxema [1” ]nMeeTn CTaH-
LapTHBIX Tabauu., Uncao O6asHCHBIX (YHKUMA A8 3TOTO NpeicTaBleHHA
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B TOYHOCTH TO e, YTO M AAs npelcTaBienus co cxemoft [1]. Ilpu yuu-
MOAY/APHHX NPe0oO6pa3OBaHHAX 3TH [Ba NpPelCTaBJeHHA SKBHBAJEHTHBI:

[1" =11

Jadaza. [lokaxure, 4TO AJA YHHMOAYJAPHHIX mpeobpas3oBaHHMH
(17=11=11).

O6unit peaynbTaT M chopMyanpyeM Ge3 nokasaredbcTBa. Jas yHu-
MOLYMSPHEX Npeo6pasoBaHuit

g - oo A=A —Ay A —RA, 1 ooey A —Agl.  (10.30)

CxeMa, NMOKa3aHHad CIJIOWIHBIMH JIHHHAMH Ha 3TOH IMarpaMme, SKBHBa-
JeHTHa NYHKTHPHOM cXeMe, ACNOJHAIOWEeR ee 10 MNpAMOYTOJbHHKA.

B uyacTHOCTH,
[1*"]=m w» [1""]=[1"].

§ 5. OproroHajbHaf rpynna B n-u3MepeHuX.
Ceeprka. TeH30pH ¢ HYJEBHIM CJEAOM

Ecan Mbl OT nuHetHol rpynnb GL (n) nepefieM K ee OpTOTOHA/LHOH
noarpynne O (n), TO NpeACTaB/eHHs C MOMOLWBI0 TeH30pOB, 06/1aalOLIHX
CHMMeTPHell 3allaHHOTO THNA, He 6yayT Oosee HempHBOAMMBIMH, IIpHunHa
STOTO COCTOHT B TOM, YTO, KPOMe ONepalUHH CHMMeTPH3aLHH, KOTOpPOR
Mbl T0/Ib30Ba/JHCh NMPH MOCTPOCHHH HENPHBOAMUMBIX NpeACTaB/IeHUR rpynnbl
GL (n), nospiseTcs HOBasg ONepaLHs C8epmKu, KOTOPas KOMMYTHpYeT
C OpPTOTOHA/MbHBIMH NPeoOpasoBaHHUAMH.

[Tpeano/oxHM, YTO paccMaTpHBaeTC MPOCTPAHCTBO TEH30POB 7-TO
paHra ¢ KOMIOHEeHTaMH F,l¢2,,,¢r. B cayuae suHeftHo#t rpynnel GL(n)
eJMHCTBEHHBIMH OMNepaLMAMH, KOTOpble KOMMYTHPYIOT C KPOHeKepOBa
CKOM r-# cTeneHblo npeoGpa3oBaHMA @, fBJSIOTCA NepeCTaHOBKH TeH30P-
HbIX MHAeKCOB. B § 2 Hacrosief raaBbl Mbl BOCNO/b30BaJHCh OMNepaTo-
paMH MepecTaHOBOK [IJfl TOTO, YTOOBI Pa3/NOXUTb MPOCTPAHCTBO TEH30=~
POB r-ro paHra Ha NOANPOCTPAHCTBA TeH30POB 3alaHHON CHMMETPUH.
B cayuae opToroHajabHblXx npeobpa3oBaHuft

81015 = 05105 =0 (10.31)
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Ecnu, HanpuMep, NpHPaBHATL MepBhHe JABa HHAEKCa TEH30pa F,I,Z,,,,
r
H NMpPOCyMMHpPOBATH MO BCeM BHAYeHHAM ;= 1i,, TO Mbl MNOJYYHUM cC4ed
men30pa no nepsuim 08YyM UHOEKCAM
12) _
FEP o = Fu, .1 =8 Fiii .1 (10.32)
[Mpouecc cBepTKM Jaer HOBHH TeH3op (r —2)-ro paura. Onepaums
CBEPTKH KOMMYTHpYeT ¢ npeo6pa3oBaHHeM TeH30pa:

r’
- Fru, ..o, =ai 015 «.aijFjj .. ;. (10.6)
A(12)
Fl

!
g F”’s e =01 By Qi) a’r’erljzjs TP M

r
=51.1,at Jg o013 Fpggty 1, =
12
=a,3;a . a; j F(j ..j —F([ ) (1033)

Onepaunio CBepTKH MOXHO NpPHMEHATb K 060 nape Muiekcos. B cuay

8TOr0 CcywecTsyer r (r —1)/2 cnenos F,‘f[a) c<pa p=1 ..., 1

TeH3opa r-ro pasra.

BeiGepem Tenmepb H3 NPOCTPAHCTBA TEeH30POB r-TrO paHra MOAMNpPO-
CTPAaHCTBO TeH30POB, ¥ KOTOPHIX €20 no /006l 08YM UHOEKCAM paBen
#yaro. U3 (10.33) Mbl BHANHM, YTO 9TO NOANPOCTPAHCTBO HHBAPHAHTHO;
MEeR30Pbl r-20 paK2a, Yy KOMOPuX cie0 pases HYA0, NEPEXOMAT APYT
B Apyra npu npeo6Gpa3oBaHHAX, HHAYLUHpPOBaHHLIX rpynno# O (n). B camom
Aefie, MOXHO MOKa3aTh, 4TO BCAKHA Tewsop F; ..., AOMycKaeT 0JHO-
3HAaYHOe pasioxmeHue Ha TeHzop FU, y KOroporo cjel paBeH HY/O, MJOC
TEH30p BHIa

12
@ . i—6ttG( ).tr+"'
—+—6tt l...t [, et

-1a+!

rir—1
a-tlper e br (—-i?—) ‘UleHOB) . (10.39)

Uro6bl nOKa3dTbh 9TO, PACCMOTPHM MOANPOCTPAHCTBO X BCEX TEH30-
pos @, YcaosHe ,0pTOroHabHOCTH* TeH30pa F 3TOMY MOAMpPOCTpPAHCTBY,

(F, O)= Fi ... ,r(l)t =0 ans scex @, (10.35)

ek,

03HauaeT, YTO Cjel Tensopa F no Jio6GbIM IBYM HHIEKCAM HO/MxKeH ObTh

12
pasen Hymio. [Boi6epem TeHsaopnl @ Tak, uToGbl TO/NBLKO cJaraeMoe gt
6blIO OTJHYHO OT Hyas. B sToM caywae ycaosue (10.35) npusoauT
K COOTHOLLUEHHI)

Fiu, .1 G0 =0.

12
[TockonbKy KOMMOHeHTsl TeH3opos GU'*) MpOM3BO/BHEI, MBI IOMKHBI HMETb
Figg ... 1, =0,
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Auanornyno, seibupas @ Tak, uTOGH TOJBKO cjaraeMoe G'® 6bL10 OT-
JHYHO OT HyJs, NOKaMeM, YTO c/lel TeHsopa F mo mo6Go#t mape MHIek-
cos (of) pasen Hymo.] TakuM o0O0pa3oM, COBOKYMHOCTb Tensopos FY,
Yy KOTOpHIX cjlel paBeH Hymawo, o0OpasdyeT MOANPOCTPAHCTBO, OpTOTOHA/b-
HOE NOAMPOCTPAHCTBY X, a BCe MNPOCTPAHCTBO PasnaraeTcs B MPAMYIO
CYMMY 3THX IBYX MOANPOCTPaHCTB

0
Friot, =D . i, Fi . (10.36)

[Tpoctpanctso 3, onpenenennoe B (10.34), ecTb HHBapHAHTHOE MNOL-
NpOoCTpaHcTBO. B caMoM gene, Kaxa0e M3 CAAaraeMblX B OTHEJbHOCTH NPH
OpTOTOHAMBbHLIX NMpeo6pa3oBaHUAX MEPEXOAHT B cJaraeMoe TOrO e BHIA

a2y
Qi Qiyly v o+ a’rjr(éf 120,3 e Jr )

=81y, e @y OG0y =0, GV . (10.37)

Jgeeel

Takum o6pasom, pasnoxenne (10.36) ocTaeTcsd HHBapHAHTHBIM NMPH OpPTO-
TOHAMLHBIX NMpPeo6pa3oBaHUAX.

Mu npueenem npumep pa3noxenuss (10.36) mpu r=2. Ona Ten-
sopa F;; BTOpOTO paHra nMeeM

1
Fiy= Fudij+ [FU — Pty =i + Flj. (10.38)

Tensop
1
Fij=F; — — Fradyj

HMeeT cjel, paBHblft Hy/ai0. Paur Tensopa

(12) 1
G =— Fie

pasen
r—2=0.

[lpn r =23 sanmmem Ttenaop F; gy, B BHAE
Figg,= F?li,z,-i- H;8; 4,4+ K000, + L1041, (10.39)

u noTpeGyeM, uToGb TeHzop FU muMen ciel no J06oH mape MHIGKCOB,
PaBHBIA HyMO.

Cnen no nape wuunekcos (12): Fyy,=nH; +Ki, -+ Li,.

Cren no mape unmekcos (13): Fipu=H; + nK; —+ Ly,.

Cnen no nape MHIEKCOB (23): F1;1i=‘H[‘+K[l+anl.
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Pewast stu ypaBHeHnﬁ, noJyuaem

A, =nz+,, [+ 1) F — P — P,
K, =ﬂ2+n s[—F3 4 (4D FP —FP (10.40)
L :m[ F P 4 (1) F).

3adaya. Hafinute Bripawenue 14s coctaBaswoineit FO Tedsopa ueTseproro
paura F;, ,, uepe3 KOMIOHEHTH 3TOrO TEH30pa.

§ 6. HenpuBopumeie npeacrasienus rpynnu O (n)

3aMeTHM Temepb, YTO NEPECTaHOBKA HHIEKCOB NepPeBOIHT OJHH TeH-
30p, cJel KOTOpPOro paBeH HyJ/0, B Npyroff Tensop, o6Jalalouiuf TeM
we coficTBOM, TlosToMy, uTOGH MOMYUHTh TEH3OPH C CHMMeTpHe#l 3anaH-
HOTO THNA, ¥ KOTOpHIX CJAEd PaBeH HyJI0, 33 HCXOAHOe caelyeT Oparb
NOANPOCTPAHCTBO TEH30pPOB r-TO paHra C HYyJEBbHIM CJEIOM H MNpHMe-
HATb K HHM cuMMeTpH3atopbl [Owura. [HeficTBys TakuM oO0pasoM, Mu
MPHUXOJHM K HeNpHBOIMMEIM mpeacTasiexnaM rpynnu O (7).

Hrak, nenpuBomuMmoe mpenctasiende rpynnsl O (n) Okas3nBaeTcs CBS-
3aHHEIM co cxeMod FOmwra [A; ... A,]l, roe A +A,+ ... +A,=r.
Ouanako He Bce cxeMul IOHra sBasioTcs nonyctumeiMi, Jas uenoro kaacca
CXeM TEH30phi, C/a€d KOTOpPbIX paBeH HYyJ/I0O H KOTOpHIE HMEIT onpele-
JEeHHH THN CHMMETPHMH, TOXIECTBEHHo paBHH Hymo. O6waa teopeMa
TJACHT CJeaylouiee.

TeopeMA. TeH30pH ¢ Hy/MeBHM CJAEIOM, COOTBETCTBYIOIHE CXEMaM
IOnra, uMewWNM cymmuy Oaur nepsux 08YX cmoa64os Gorslie n,
LO/KHE OHT mogicOecmeenno pasist HYo. MHaue roBops, TeH3ophl

F y

(10.41)

rae a +b > n, nomkHe HMeTh BHA (10.34).

Mbi e 6yneM NpHBOAMTL [OKAa3aTeabCTBAa B obuieM cayuae, BMecro
3TOrQ MH JaJHM HOKAa3aTe/JbCTBO B HEKOTOPBIX MPOCTBIX YAaCTHHIX CJayYasX.
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HauneM ¢ n=2. CummeTpHuecKHH TeH30p

Fam

uMeeTr @+ b=2. Tak Kak S5TO YHCJO He NPEBHIUAET == 2, MOXHO
NOCTPOHTb TEH30P, y KOTOPOrO C/Ael PAaBeH HYMI H KOTOPHHA o6janaer
Tako# cumMeTpuelt. HeaaBucuMuIMH OyayT KOMNOHEeHTH Fj; u Fiy. OcTanb-
HEE KOMNOHEHTbl BHIPAXKAIOTCA Yepe3 HHX:

Fou=—Fy n Fy=Fy.

2]

a—+b=2. [1o3ToOMy TeH3opH HaHHOrO THNA, ¥ KOTOPHX CJ/el paBeH
Hy/JI0, CYLMeCTBYIOT. B caMoM 1ene, TaK Kak 3TOT TEH30D aHTHCHMMETpH-
yeH no { M J, ero ciaeld Lo/mxeH OHTb paBeH HYJIO.

[Tpn r=3 TeH3op C Hy/eBHM CJEIOM

dooe

HMEET He3aBHCHMble KOMNOHeHTH Fyy;, F|,. Ipyrue cTaHmapTHHeE KOM-
MOHEHTH 3aJal0TCS COOTHOLUIEHHAMH

Fiu+Fip=0, Fj9+ Fyp=0.

Tak kak n =2, BCe TeH3OpH, OTBevalolue pasbuenno [111], pasHbl
HY 0.
TeHaop

Jas cxeMbi

F
(1]

HMEET TOJBKO [BE€ HEHyJ/ieBble KOMIOHEHTHI:

Fu H F12.
2 2

Ho ecin Mbl notpeGyeM, uToObl cjield TeHaopa O6b1 paBeH HYmMo, TO
NOJYYHM ypaBHEHHs

0=Fu+ Fu=Fn, O0=Fp+Fu=Fn
2 2 2 2 1 ¢
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TaknuM 06pasaoM, TEH30pHl

For
HIEl

C HyJeBbIM caefOM O6pamaloTcs B HYJb TOXAECTBEHHO B COOTBETCTBHH
c ofwe# TeopeMofl (@ H=3 > 2). Mb TaKxe BHIMM, UYTO Te 3Ke
paccyxIeHHs NMPUMEHHMBl K TeH30paM

e

C HyJEBHIM CJAeIOM M C /IOOBIM YHCJOM [OMONHHTENbHBIX HHIEKCOB
B nepsoft ctpoke cxeMbl lOwura. Ilpu kawmaoM dukchposanHoM HaGope
3HaYeHHN [OMOJHHTENbHBIX MHIEKCOB MpPHBENEHHBE BhilllE PACCYKIAEHHA
MOKA3bIBAIOT, YTO TEH30D paBeH HY/IO0, €CJH CJelbl MO nape HHIEKCOB
@j) n (jk) pasHH HymoO.

Nz o6uieft cxembl (10.41) MBI BHAMM, UYTO YHC/IO HE3ABHCHMEIX TeH-
30pOB, MOJYUYEHHBIX C MOMOWIbIO CBEPTKH MO Mape HHIEKCOB, OYeHb MAJjo.
Tak kak Tensop F aHuTHCHMMeTpHued 10 iy, ..., i, TO caen mo I, u I
6yleT OLHHM M TeM Xe (32 HCKJAoueHHeM, ObiThb MOXET, pa3/Huls B 3HaKe)
Ans BCeX 3JeMeHTOB [, mepeoro croibua. TaknM oO6pa3oM, nmpH cBepTKe
HaM HeoOXOIMMO BHIOHpATb OMMH NMPOH330JbHBI HHAEKC B KaXAOM cToa6Le
(HanpuMep, MOXHO NPOH3BECTH CBEPTKY TOJAbKO MO napaM MHIEKCOB
B MEpPBOH CTPOKE CXEMH),

[Tpu n =3 paccMoTpuM TeH3opbl [22] ¢ HY/IEBBIM C/I€AOM, ¥ KOTOPHIX
a—+b=4>3. Ycaosus oOpaieHus cjena B HyJb MOTYT OHTb ABYX
THIIOB:

NF,=0, rae k+#1l, n XNF,=0.
i 124 i kE

.

B cayuae ycaosuft nepsoro THma, Koraa k M [ 3amaHel, [ MOXeT NpH-
HHMaTh eIHHCTBEHHOe 3HAaueHHe, He paBHoe k, [, OTKyJa Mbl MoAyuyaeMm
TaKHe YpaBHEHHd, Kak

Fi,=0, Fup=0 nTt 1
23

JIns yCAOBHH BTOPOTO THNA HAXOIUM ypPaBHEHHS
Foy+Fyp =0, F+Fyp=0, Fy+ Fp=0.
i it 22 2 33 4

Tak kak TE€H30p AHTUCHMMETPHUEH MO ApryMeHTaM OIHOTrO cTonbua, 3TH
YpaBHEHHA MOXKHO llepenHcaTb B BHIEC

F11+F11=Ov F11+F22=Ov F11+F22=0-
2 3 2 33 k& &
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HX ennHCTBEHHBIM pELIEHHEM ABJAIOTCA

Fyy= F;;= Fpp=0.
22 a3 33

TakuM 006pasoM, Mbl OOHApy:KHBAE€M, YTO TEH3OPbl C HYJEBHIM CJENOM,
oreevalolne cxeme OHra [22], TOxIecTBeHHO pPaBHBL HYMIO, YTO COrJa-
cyeTca ¢ obuieft TeopeMofl.

3adauxa. TlpuMeHHTe 3TOT MeTOH NPH N = 3, 4TO6BL NOKA3aTb, YTO TEH-
30pH C HyJeDHIM C/AeioM, OTBeyawiue cxeme [Onra [31], obpamawoTes B Hyab
TOXIECTBEHHO.

[IponenaiiTe TO e IJf TEH3OPOB, OTBevawuWUxX cxeMe IOura [221], npu
n=3 u n=4. Y10 npousofizer npu n= 5?

U3 npeasiayuefl obuied reopeMbl Mbl 3aK/JIOYaeM, YTO AOMNYCTHMBIMH
ABJAIOTCA JHIUL T€ CXEMBIl, JUIA KOTOPBIX CyMMa I/HH NEPBLIX IBYX CTO/NG-
1I0B MeHblUe H/H paBHA n. JonycTHMble CXeMbl MOXHO pa36HTb Ha mnapbl
conpancennox cxeM T u T’ caefyommnM o6pasom: IJHHA nepBoro cronbua
B cxeMe T MeHblue HWAH paBHa n/2, a < n/2, NAMHA mepBOTO CTOAGuUA
B cxeme T/ pasHa n—a, a Bce ocTanbHble cTonGubi B cxemax T u T/
HMEIOT OAHHAKOBYI0 MIHMHY. Tak Kak Ajas JONYCTHMOR cXeMbl

a+b<n nu a>hb,
HMeeM
n—a>b n (n—a)+b<n.

Orciona crenyer, uro cxeMa T’ 1omycThMa, ecjH fonycTAMa cxeMa 7.
Hanpumep, npu n=23 cxeMmbl

00000 OO0 O g
0 O
(5] (511; (1} (11
T T’ T T (10.42)

conpskeHst. (Boo6we pasbuenns [r] u [r, 1] conpsxensl.)
[Ipu n=>5 conpsiKeHH CXeMbl

Lol Ooo0ooo %DDD E]H:]DD
]

LOc

(6] (6111]; (41 [411]
T T/ T T (10.43)
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[Mpu n=4 conpsxeHn CXeMhl

O L]

('

(5] (511]
T T’ (10.44)

OIHAKO NpU 4emHBX 3HaueHHAX N HUMeeM

O3 = -
O O

T d (10.45)

Ecau n vetHo (n=2v) u a=1/2n=v, 10 cXeMsl T u T’ cosma-
naor. Tosopar, uyto T — canmoconpasicennas cxema.

TaxkuM oOpa3oM, 4toObl omucaTb cxeMy 7, MOXHO BOCNOJL30BATHCH
CHMBOJMOM (lby, Mo, ..., W), TAe Py > Wy > ... >, NpHYEM HEKOTO-
pbie u3 uucel B MOryT OuTbh Hyasmu. Cxema T codepxut py -+ po—+
<+ ... +p,=r uunexcos. CxeMa T’ conepxur Goablue HHAEKCOB,
€CJH TOJbKO cxeMa 7 He sBJAAETCA CaMOCOMpSKEHHOR.

Bce nomycTHMble CXeMbl A 3aJ]aHHOTO 3HAYEHHs N MOXHO HCYepnaTh,

nonaraa r==0, 1, 2 ... u or6upas BCé HeOTpHLUATEeNbHHE 4YHCIAA M,
YA0BJETBOPAIOLIHE ypaBHEHHIO
Wb+ ..o HRy=r. (10.46)

3neck n=2v, ecau n vetHo, H n=2v—-}+ 1, ecau n HeyetHo. [Oaa
kaxaoro peluenua ypasHeHusi (10.46) mbi monyyaem cxemy T u CTPOMM
conpsikeHHyio et cxemy 7/, Ecau n HeueTHO, TO Kakjaas cxema noJy-
yaetcs TOMLKO ONMH pa3. Ecau n vyetHo u cxema T conepwur v=n/2
ctpok, To cxeMa T’ cosnanaer ¢ T,

HuBapuaHTHOE MNOANPOCTPAHCTBO, ONpeJensieMOe JAOMYCTHMBIMH CXe-
MamH, HenycTo. C MoMowpI0 MeTolda, aHAJMOTHYHOTO MeTO.y, HCHOAb30-
BaBlueMycd B § 2 Hacrosueit raasu [ypasHenne (10.12)], MOXHO MOCTPOUTD
TEH30pbl C HYJEBHIM C/1eA0M A moOo# JomyCTHMO# CXeMHi.

Jlo cHX mop Mbl pacCMaTpHBalH NMOJHYI0 opToroHaasHyw rpynny O (n).
Ecan Mm orpaHuuuMca cobcTseHHo#t oproronanbHo#t rpymmot O™ (n),
ans xoropo#t deta=-+1, 1O npeicrasieHus, COOTBETCTBYIOLIHE COMpPH-
KenuoiM cxeMaM T u T, cradosarca sxsusasenmusisy. TIpu HeueTHOM n
npeicTaBleHHe, COOTBETCTBYIOLUee CcaMoconpsikeHHo# cxeme T, pacna-
JaeTcsl Ha 1BA HESKBHBAMEHTHHX HENPHBOIAWMHEX MNpEACTAB/ICHHA,

B xauecTBe MPOCTOro NpHMepa 3aMeTHM, YTO NpH =23 cxeMa T =]
ONMUCHBAET BEKTOPHI, a cXeMa T ==[11] omuchIBaeT KOCOCHMMETpPHYeCKHe
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TeH3opbl. [IpH cOOGCTBEHHBIX OPTOroHaJbHbIX Npeobpas3oBaHuax o6a THna
BEMMYHH MpeobpasyioTcsa OAHHAKOBHIM 06pasoM, Tak 4TO cXeMbl T u T
9KBHBaJNEeHTHH. IIpH HecoOCTBeHHHMX MpeoOpa3oBaHHAX (HHBEPCHAX) TeH-
30pH, oTBeyawwHe cxeme T =—/[l], MeHAIOT 3HaK (NOJApHbIE BEKTOpH),
B TO BpeMa kax 1 cxeMbl 7/ ==[11] TeH30pH 3HAKA He MEHAIOT (AKCH-
anbHble BEKTOPH).

I pH3HYeCKHX NpPHJIONKeHHH MpeacTaB/AfieT HHTEPEC TOJAbKO Cayyaft
HEYeTHOr 0 #, KOTJa HelMpHBOJAHMble NpelcTasjeHus rpynnel Ot (1) MOXHO
NMOJHOCTBIO OMHCaTh C NMOMOLILI0 CHMBOAA (Mg, Mg, - - -y W)

IMIpy n=3 v=—1, nNOSTOMy HENpHBOAMMBIE NpeACTaBJEeHHA TPYyNMb
O*(3) onucbIBAIOTCSA ONHUM 3HAYKOM (W;). Ba3HCHBIMH QYHKUUAMH CJYXKaT
CHMMETpHYECKHe TEH30pbl W,-T0 paHra ¢ HyJeBnM cienoMm. Ecan peus
HIeT O npencrasieHusax rpynnsl GL(3), To pasMepHOCTb MpPOCTPAHCTBA
TEH30pPOB, OTBEYAWIUHX cxeMe [A;], Gyner paBHa

ME2\ D0+
o) 2

Ycnoeue obpaieHHs B Hyab caela TeHsopa AaeT A;(A; — 1)/2 cooTHo-
weHn#t. V13 sTOrO cnenyer, 4To YHCA0 He3aBHCHMBIX QYHKLM] A5 (W) paBHO
1 2 —1
m+ )2(un+ )_un(ung ) —op 1.

BasuCHBIMH (QYHKUHAMH ABJAIOTCA cdepHUeckHe (QYHKUMH noOpAixa .
IMosTomy BenHuuHb, npeobpasylolinecs Tax ke, Kak cpepuueckue QyHKIUHH
nopsaaka Py, OyAyT HENpHBOAHMBIMH TeH30paMH [MpeoOpa3yiolHMHCA MO
rpynne O* (3)].

3adaxa. Jlokaxure, uto cdepHucckde ¢yHKUMH nNopsaaka [ obpasyior
6asuc npexpcrasachusa (I) rpymns O% (3).

Ta6ruya 46

HenpusoanMble npeactasiaeHus rpynnsl O+ (5)
(ilhg) N [(TR1%)] N
(00) 1 (22) 35
(10) 5 41) 154
(20) 14 32) 105
(1 10 (42) 220
30) 30 (33) 84
@0 35 (43) 231
(40) 55 44) 165
(1)) 81
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IMpu =05 v==2, U3 yero cjenyer, YTO HENpPHBOIMMBIE MpejCcTa-
paedus rpynn Ot (5) (Tabn. 46) xapakTepuayIOTCHA ABYMS LEABIMH YHCAAMH

I B Wy, NPHUYEM

By 2> Py
PasMepHOCTb mpelAcTaBleHusa (Uil,) 3anaerca dopmyaof

N (it = 5 (b — By D+ i+ 2 Qi +3) @+ 1), (10.47)

Ta6ruya 47
HenpuBonumvle npeacraBaeHnss rpynns Ot (7)

(K1Kalta) N (Raktahts) N
(000) 1 (321) 1617
(100) 7 (222) 294
(200) 27 (430) 3003
(110) 21 421) 4550
(300) 77 (331) 2079
(210) 105 (322) 1386
(111) 35 (440) 3003
(400) 182 (431) 7722
(310) 330 (422) 4095
(220) 168 (332) 2310
(211) 189 (441) 8008
(410) 819 (432) 9009
(320) 693 (333) 1386
311) 616 (442) 10296
(221) 378 (433) 6006
(420) 1911 (443)° 9009
411) 1560 (444) 4719
(330) 825

IMpy n=7 v==3, OTKylda ciaeliyeT, 4YTO HENPHBOJHMBIE TNpeJicTa-
Baeaus rpynnel Ot (7) (taba. 47) xapaxkTepusylOTC TpeMs LUEJBIMH
YHCAAMH by, Wg, Mg, JJIS KOTOPHIX BbIHOJHAETCS HEPaBEHCTBO

By 2> Pg > M.
§ 7. Paaaoxenyne HempHBOAMMBIX MpeicTaBJeHHH
rpynnsl U (n) na npeactasiaenus rpynnel O (n)

B § 5 HacTosue#t raasbl Ml PasnOXKHAH NPOCTPAHCTBO TEH3OPOB r-ro
paHra B NpsAMyio CyMMy JBYX MOANMPOCTPaHCTB: MPOCTPAHCTBA TeH3opos FO
C HyJIeBBIM C/Ie/IOM M NpocTpaHcTea & Tenszopos D, umewwnx sua (10.34).
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O6a noanpoctpaHcTsa OBl HHBADHAHTHBHIMH OTHOCHTENbHO OPTOrOHA/b-
HbiX npeobpasoBanuit. B § 6 HacToswe# riaaBel Mbl NPHMEHWUJH CHMMET-
pusatopsl lOHra k TeH30pam F?r-"r C HyJeBBIM CJefOM, YTOOn mo-
JYYHTb HempHBOHMble NpejacTasieHus rpynnsl OF (n). UHBapHaHTHOe ke
noanpoctpaHcteo X TeHsopos D ue sgsasemcn uenpusodumsim. Tlpu-
MeHsIs OMepalHi0 CBEPTKH, MOXHO PasNOKHTh TEH30pHI (I),l ... 1, B TIPAMYIO
CyMMy:

D= Fl @, ‘ (10.48)

rie F1 —T0 noanpocTpaHCTBO B X, Y TeH30POB KOTOPOTO Bce ,CJebl
Mo JBYM napaM HHAEKCOB* paBHBI HY/IO:

F'itbn. =0

npH BCeX PAacNoO/OXKeHHAX MOBTOpAOWHXCA HHiekcoB [ W k, a O ectb
CyMMa WIEHOB BHAA

) ) H(aﬂy vy | . .
RPC U L Aty S S MY AT IR PRI NI MUY S 1 49)
C rnoMowbI0 paccykAeHHH, AHAJTOTHYHBIX PACCYKAEHHAM, H3/M10XEHHBIM
B § 5 Hactosiue# riaeBbl, MOXHO mnoxasaTh, 4To ¢opmyna (10.48) sazmaer
pas/oxeHHe NPOCTPAHCTBA X B MPAMYI0 CYMMY HHBAPHAHTHBIX MOANPO-
crpadctes F! u @, CrenoearenbHo, TeHsaoph F pasnaraioTcs B npaMyio
CyMMY

F=F'4+ FlLQ, (10.50)
Tenszopbl F! HMEIOT BHA
(aB)

6lal|?,oll e dgitgqr e fgafggy e b (10.51)

rae Tensoptl G®Y umeior panr v=r —2 u crex, paeHbif#t Hymo. TaxkuMm

06pasoM, HenpuBOAMMble MnpejacTaBiaeHus rpynnel U (n) TensopaMu r-ro
paHra cojepxar npejactasieHHe rpynnel OV (n) TeHsopamu (r — 2)-ro
paHra ¢ HyJeBbiM cJjeioM. Hanee, npumeHnss cuMMeTpuaatopbl lOHra, Mul
MOXEM [MOJYYHTb HENpHBOJWMbIE mNpenacTaBieHds rpynnel OF (n). Jror
NpoLecc CBEepPTKH MOXHO MPOJO/MIKHTE, B pe3y/bTaTe 4ero NpPOHM3BOJbHBIR
Tensop Fy ... 1, MOXKHO OyJeT 3anucaTh B BHIe CYMMBl 4/EHOD

Sigtgr -8, 4 Dig oty (2sHv=0), (10.52)
Og L4

/
1% ag

rjae TeH30p (Dt1 ... 1, MMeer HyJeBoft caen.

Ecan mb OepeM 3a HCXO/IHble TeH30pH r-ro pasra, o6Janalolide
Hanepel 3anaHHO# cumMeTpue#t, TO MNpolLecC MNOBTOPHOH CBEPTKH MpH-
BEJIET K DAa3NOMKEHHIO HX HA TEH3OPbI C HY/EBHIM C/IE/IOM paHra r, r—-2!
r—4ur g4
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IMpexxne ueM paccMaTpuBaTh STOT MPOLECC PAa3NOKEHHS, MOKAXKeM
Ha MpHMepe, KAK HCHOJb3YIOTCA MOBTOPHBIE CBePTKH. PaccMoTpum moa-
HOCTBIO CHMMeTpPHYECKHE TEeH30pbl r-ro paHra, KoTopble MOXHO o6paso-
BaTb M3 xoMnoHeHT A; Bextopa A. Ilycts

A A= A2
,U,Ol'lyCTHMbIe TEH30pbl TPETbEro paHra HMEKT BHI
AAA,  AAR, (10.53)

rie BO BTOPOM YneH CJelyeT BKJIOYHTb MHOXHTeNb A2, TAK KaK JOJIKHBI
NOJIYYHTLCA OJHOPOAHBIE BHIPAXEHHA CTeneHH 3 OTHOCHTENbHO KOMIIO-
HeHT BexTopa A. Kpome roro, Bropoe Bhipawenue (10.53) Hecummer-
pHYHO, B TO BpeMs Kak caen Tensopa A;A;A, nonxeH OHTb CHMMETpHYEH
no uHnexkcaM. CHMMeTpH3yeM BTOpOe BblpaXKeHHe, 3aMEHHB €ro Ha

AP (Adjp 1+ APy + Ardip). (10.54)

Cnen no unpexcaM (If) TeHsopa (10.54) pasen (n-+ 2)A?A4,; caen no
uniexcam (If) teusopa A;A;A, pased A’A,. TT0o3TOMY CHMMeTpHYeCKHH
TEH30p TPeTbero paHra C HyJeBbIM C/AelIOM HMeeT BHI

(n+2)A4,4;4, —“AZ(Aiéjk—*—A/‘ski—*‘Akétj)- (10.55)

[pu r =4 nonycTUMble CHMMETpPHYECKHE TEH30pbl, O6pa3oBaHHHE H3
KOMIIOHEHT BEKTOpa A, HMEIOT BHI

F=A,A,4,A,
= A2(A,A By + .. ), (10.56)
D" = (AD? (8,0 40,0, —+ 8,0 12)-

TeH30p C Hy/JEBLIM CAEJAOM 3aNMHIIETCH B BHIE

FO=(n+2(n—+4)F—(n+2)®+ D, (10.57)

3adaxa. Haltgure TeHsop 5-ro paHra ¢ HyJeBHIM caenoM, 006pa3oBaHHbIH
H3 KOMMoHeHT Bekropa A. Buisenute obmyio ¢opMyany xas TeH3opa MpPOu3-
BOJIBHOTO paHra r.

Pasnowenne npeacrasnedus [A,, ..., A,] rpynn U(n) Ha npeacra-
Baeuus (W, ..., B,) rpynns O* (n) osHauaer, 4TO TeH3op F ¢ cuM-
meTpHe#t [A; ... A,] s3anucmsaetca kaxk cyMma uiedos (10.52), rae
TeHsop (D umeer cuMmerpHio [W; ... W,]. Tak KaK KaxAbi# U3 MHOXH-

tene#t 01, 1.7 B (10.52) o6nanaer cummeTpHed cXeMbl [2], MOXHO CKa3aTb,
v Y
YyTQ TEH3Qp F c CHMMeTpHelt fA; ... A,] mojayuaetcs u3 TeH20pa Y
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¢ cumMerpHett [p ... @], ecau B3ATL BHElUHee NPOW3BEeHHE MOC/ENHEro
TEH30pa C TEH30paMH, KaxJbit H3 KOTOpHIX o00aanaer cuMmMmeTpuelt [2]:

(A .-+ A, comepxurca B [y ... R IR[2AQ ... ®[2]. (10.58)

S COMHOMHTeAedH

Ina cneudanbHoro cayyas § = 1 [ypasHenue (10.34)] nmoanyuaem Takue
cxeMbl (M, ..., W), AJI KOTOPBIX MPOH3BENEHHE

- By & (2] (10.59)

conepkut [A; ... A,]. Pasnoxenne BHeWIHHX npousseneHu#t Ob1o npo-
Aenato Hamd B § 12 ra. 7, Has cneudanbHoro cayyasa (10.59) cxema
(4, - .., Wy) moayyaerca M3 cxeMpl [A; ... A,] nyTeM npaBHJbHOrO
ynanends asyx xierox. HanpuMmep, npu [A] =[4] npasuibHOE ynaieHue
JNBYX KJ/ETOK OCTaBJseT (W] =[2]. BropuuHoe ynaneHHe NBYX KJETOK
ocraaser [W’]=1[0]. Taxum oOpasom, mnpencrasiewde rpynnst U (n),
oTBeyaiolee cxeme [4], pasnaraercs Ha NpeacTaB/eHHA

[4] = (400. . .)+(200. . .) =+ (000. . .), (10.60)

ecad Mu nepexomuM k rpynne O7 (n). [Muororoune B (10.60) oszua-
YaeT HYJM, TAK KaK CHMBOJH (Mg, ..., i) JOMKHH CONEpPHKaTb V 4/IeHOB.]

Hnsa npenacrasaenus [21] rpymmel U (n) nocae npaBHJBHOTO yaane-
HUA AByX kJaetok octaercd [1]. CooTBeTcTBylOLuee pas/oxeHHe HMEET BHA

[21] = (21) < (10). (10.61)

HOna npencrasaenus [22] rpynmei U (n) nocie npasuibHOrO Yiaje-
HHS JBYX KJETOK OcTaercs [2], a nmocsie BTOPOrO MPaBH/JAbLHOTO YIa/leHHs
ocraercq [0], mosToMy

[22] = (22) + (20) = (00). (10.62)

3adaxa. Pasnowute TeHsope ¢ cuMMeTpued [21] Tak, Kak YykasaHo
B ypasHeHuu (10.61).
To ke npoxenalite nas TEH30pOB ¢ cuMMerpuedt [22].

Has 66abuInX cXeM npoledypa CTAHOBHTCA caokHo#, Cxembl, Y xo-
TOpPBIX CYMMa JJIMH MepBHIX JABYX CTPOK MpeBHIUAET 7, HE HMEIOT TeH3opa
C HyJeBbHIM CjaefoM. B 5TOM cayuyae Hano MpHHMMATb BO BHUMAHHE DKBH-
Ba/IEHTHOCTb COMPSIKEHHBLIX CXEM.

BMecto Toro uyro6nl mnonbiTaThCsl gaTh OGIMMR BLIBOJ, Mbl TPHBOIHM
TabaHUbl pasnoxeHHR npd n="5 W n=="7 (tabn. 48 u 49). BoabWHHCTBO
pesy/bTATOB MOMHO MOJYYHTb C MOMOLUBIO MPOCTOrO MeTONa, NMpHBENEH-
HOT'O BBILLE,



Tabruya 48

Paznomenne npeacrasaedull rpynnm U (5)
Ha npejcraBjeHHa rpynnel O+ (5)

ot

" IIJAjS) (k) N
0 (0] (00) 1
1 (1] (10 5
2 [2] (20) (00) 15
(11} a1 10

3 (3] (30) (10) 35
[21] (21) (10) 40

4 [4] (40) (20) (00) 70
[31] 31) (20) (11) 105

[22] (22) (20) (00) 50

[211] @1) a1y 45

5 [41] @41) 1) 30y (10) 224
[32] (32) (30) (21) (10) 175

[B11] 1) 21) (11) 126

[221] (22) (21) (10) 75
[2111] (20) (11) 24

6 [42] (42) (40) (31) (22) (20)* (0O) 420
[411] 41) @1 21 a1 280

[33] (33) (31) (11) 175

[321] (32) (31) (22) (21) (20) (11) 280
[3111] (30) (21) (10) 70

7 [43] (43) (@d1) (82) (30) (21) (10) 560
[421] (42) (41) (32) (1) (22) (30) (21)2 (10) 700

[331] (33) (32) 38) () (1) 315
[4111] (40) (31) (20) (11) 160
[322] (32) (30) (22) (21) (10) 210
[3211] (31) (22) 21) (20) (11) 175

8 [44] (44) (42) (40) (22) (20) (00) 490
[431] (43) (42) (33) (41) (32) (31)2 (22) (21) (20) (11) | 1050

[42¢] (42) (32) (40) (31) (22)? (20)2 (00) 560
[4211] (41) (32) (31) (30) (21)2 (11) 450

9 [441] (44) 43) 42) (A1) (32) (22) (30) (21) (10) 980
[432] (43) (42) (41) (33) (32)2 3l) (30) (22) (21)2 (10) | 1120
[$311] (42) (40) (33) (32) (31)? (22) (21) (20) (11) 720
[4221] (41) (32) (31) (22) (30) (21)2 (10) 480

10 [442] (44) (43) (42)* (32) (40) (31) (22)2 (20)% (00) 1176
[4411] (43) (33) (41) (32) B1) (@) (1) 700
[4321] (42) (41) (33) (322) (31)2 (30) (22)? (21)2 (20) (11) | 1024
[4222] (40) (31) (22) (20)% (00) 200
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Tab6auga 49

PasnoweHHe npeictaBieHu#t rpynnbl U (7) Ha npeAcraBlieHHs
rpynnet O+ (7)

(aaa r < 6)

/ i ik NI
0 [0] (000) 1
1 [1] (100) 7
2 [2] (000) (200) 28
[11] (110) 21

3 [3] (100) (300) 84
[21] (100) (210) 112

[111] (111) 35

4 [4] (000) (200) (400) 210
[31] (110) (200) (310) 378

[22] (000) (200) (220) 196

[211] (110) (211) 210

5 [41] (100) (210) (300) (410) 1008
[32] (100) (210) (300) (320) 882

[3811] (111) (210) (311) 756

[221] (100) (210) (221) 490

[2111] (111) (211) 224

6 [42] (000) (200)2 (220) (310) (400) (420) 2646
{411] (110y (211) (310) (411) 2100

[33] (110) (310) (330) 1176

[321] (110) (200) (211) (220) (310) (321) 2352

[222] (000) (200) (220) (222) 490

[3111] (111) (211) (3811) 840

[2211] (110) (211) (221) 588

[21111] (111) (210) 140

§ 8. Cumnaexrnueckasa rpynna Sp (n).
Ceeprka, TeH30pbl ¢ HYJeBLIM CJeAOM

OprorouanbHas rpynna B n-mepHoM npocrpascrse O (n) — 3T0 rpynna
JHHeRHBIX Tpeo6pasoBaHU a, OCTaBAAOIHX HHBAPHAHTHHIM CKaaApHOE

NMpOH3BEAECHHE

&Y)=xi 9+ ... + XY,

Ecan paccmarpusath O (n) ¢ 6onee 06WHX NMO3HLUK, TO MOXHO GHAO Gbl
OnpeneuTh ee KK Ipynny aHHeRHbIX npeolpasoBaHUit, OCTAB/AAOIHX HHBA -
PHAHTHOH MOJIOXKHUTENBHO ONMpeNeNeHHYI0 CuMMmempuieckyio OUnuHeRHYyIO
¢opmy. IlyteM noaxonsiue#t samenbl 0asuca Takyw ¢GOpMy MOKHO 3a-
nucath B Karoruweckom Bule (10.63).

(10.63)
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Cumnaexmuiecxan zpynna 8 n usmepenusx Sp(n) ecTb COBOKyN-
HOCTb BCEX JAHHeHHBIX NMpeoOpa30BAHHR A, OTHOCHTENBHO KOTOPHX HHBA-
PHAHTHA HEBHIPOX/IEHHAA KococumMmempuieckas OunuHettHas ¢opma.
WHaue roBops, HeBbpOXeHHass OunvHeRHaa ¢opMa

(9l =gunx (&= —&1). (10.649)

AB/IIOLIAACA KOCH M Npouzsedenuem BEKTOPOB X H Y, OCTAeTCHd HeM3-
MeHHORt mpH npeo6pa3oBaHHsax a rpynnbl Sp (n). Marpuua

G=1(g
B ypaBHenuH (10.64) xococHMMeTpHuHa:
G=—G. (10.64a)

Base onpeneautenn MatpHuy B cooTHoureHHH (10.64a), moayuum
det G =(—1)"det G.

Ecau n HeuerHo, detG=0 u Ouaunettuas ¢opma (10.64) sbipo-
waeHa. ITosTOMy CHMNJEKTHYECKYI0 Tpynny MOXHO Onpeiessarb TOJIbKO
IS 4emHoMmepHux npocmpancms (n=2v, v —1uej0e). YcaoBue, uTo
¢opma (10.64) HHBApHAHTHA OTHOCHTE/bHO NMpeoOpa30oBaHHA A, HMeET BHI

aGa=G. (10.65)

Basuc B n-MepHOM MPOCTPAHCTBE MOXHO BCerja BLIGpaTb Takum obpa-
30M, uTo6bl kocoe npoussenenue (10.64) umeno npocrolt Kanoruuecrud
BHA. HauHeM ¢ NMpOHM3BOJLHOTO HEHY/MEBOrO BEKTOPA €, B n-MEPHOM Mpo-
crpaHcTBe. Taxk Kak kocoe npousseneHHe (10.64) HeBLIpOKIEHO, MOXKHO
Ha#TH BeKTOp Y Taxoft, uto {e;y} 5= 0. YMHOXHB Y HA HEKOTOPOE UHCJIO,
NOJYYHM BEKTOp €/, AJa KoToporo {e;e;:] = 1. Tenepb Mbl pacnojaraem
yHe IBYyMA BEKTOPAMHM €; H €;', YAOBJIETBOPSAIMWHMH yCIOBHSM

{eie;} =0, {ereyr}=0, ({eer}=1. (10.66)

BekTopbl e, €’ JHHeRHO He3aBUCHMbI: ecaH Ae;—+ perr =0, To, B3fB
KOcoe npou3BeleHHe 5TOH /HHeHO# KOMOMHALMH C BEKTOpPAMH €] H ey
no ouepeid, oGHapykHM, uto A =pn=20.

Bexrophl z npoctpaHcTBa R,, KOTOpbie YJOBJAETBOPAIOT ABYM JHHeH-
HbIM (HE3aBHCHMBIM) ypPABHEHHAM

(e1z) =0, {erz}=0, (10.67)

o6pasylT (n — 2)-MepHoe /HHeHfHOEe mNOANPOCTPaHCTBO B R,. Beaxuft
BEKTOp X M3 R, MOXHO 3anHcaTb B BHIE

X=x;e;+ x;-e;r+z, (10.68)

rae sektop z yaosaersopser (10.67). B camom jene, nmoabaysacy (10.66)
# (10.67), nonyuaem

xy = xep}, X =—{xe,}.
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IToBTOpPHM Hauld paccyxaenua i (n — 2)-MepHOro MOANPOCTPAHCTBA.
ITo MHAYKUHMH MBI 3aKJIIOUAEM, UTO MOXHO BHOpaTh cumniexmuseckud

0a3uc W3 BEKTOpOB €, ..., €., e, (n=2V) Taxo#t, uTO
[eaeﬂ] = [ea,eﬂ,] =0, [eaeﬂ,] = [ea,eﬂ] = éaﬂ. (10.69)
KowmrnouieHTbl BeKTOpa X B 5TOM 0asuce pasHbl X, X, (@=1, ..., V).

Briuncaaa kocoe npousselende (10.64) B stoM 6asHce, HAXOMMM
(xy} = (0 — 912 ) T (% — VX )+ - oo (X, — ¥i%,),
(10.70)
Wi
1 npu i=a, j=0a',
{xyl=¢e;x,y; ¢,;,={—1 npu i=0d', j=a, (10.71)
0 B ocranbHBIX Ccayuasx.
Matpuua J = (g;;) xaHoHHueckoro Buaa (10.71) yn0B1eTBOPAET ypABHEHHIO
P=—1, gep=—0;. (10.72)
Bun marpuub (10.71) 3aBHCHT OT mOpfAAKa, B KOTOPOM Mbl 3amHCHBAEM
HHAEKCH a, O

BCRE

J= - )
01
L —1 0
Nopsazox
ungexcos 1,1/,2,2', ..., v, v,
B il T T ! 17
R o
i 1.
: 1 1 .
) , .y . (10.73)
—1 : —1 ;
. ! ‘
—1 | | '*1 ] -

Nopsrox
HHAEKCOB 1,2, ..., v, 17,2, ..., v, L2, ...,v, v, ..., 2, 1.
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Onpeneantens, MOCTPOEHHHR H3 KOMMOHEHT n BexkTopos x(I, ..., x(®),
MOXHO BHIPa3HTb uepe3 KOChle NMpPOHM3BeNeHHA. YToOb MOkasaTe 3TO, pac-
CMOTPHM BeNHUHHY

QVIV! Eép[xmxm} (x@x@]) ... {x(*=bx(»),  (10.74)
P

rile CyMMHpOBAHHE PAacClpOCTPAHAETCS MO BCEM NepecTaHOBKAM p BEPXHHX
3HaukoB (T. e. MO BCeM MepecTaHOBKaM Bexrtopos XU, ..., x(®),
a 6, — ueTHOCTb MepPeCcTaHOBKH p. 3aMUCHIBAs KOChle NMpOU3BE/eHHs uepes
KOMMOHEHTbl BEKTOPOB € noMoubio cooTHowekus (10.71), Mbl 3aMeuaeM,
yTo BhipaxeHHe (10.74) npHHHUMaeT BUA

1 N\ 1y _2) (,1#[) n_
V. vl Eépt Zi Eogy -+ &1, xz Xiy oo Xi, X
P

1 , ) ()
=5 Moo, e, Yo, X (10.75)
p

Lty
Cymma
(1 (_n)
Z Opxi| oo Xi
OT/JIHUHA OT HyJs TOJAbKO B TOM CJyuae, eCJH Bce HHIEKCH I, ..., I,
pasadudsl. J 14 mob6oro Ha6opa pasiMuHBIX iy, ..., [, 3Ta cyMMa paBHa
611 . [x“) e x(”)],
rae O, — 4eTHOCTE MepecTaHOBKM I, KOTOpas mnepeBomuT 1, 2, ..., n
B iy, ..., iy, a[x(D ... xI"] — onpellendTe/]b M3 KOMIOHEHT BEKTOPOB
x(D, ..., x™, Tostomy suipaxenue (10.75) paBro
[x) ... x"™] .
v 6“8'1’2 coe B L (10.76)
LFly . i,
lpoussenenne &;; ... & 1 OTIHYHO OT HyJd TOJMLKO B TOM cayuae,
eC/AH KaX/1ad Napa HHAEKCOB MPMHMMAET 3HaueHwda o, o WM o, a. Unen
€,/€os - -+ €, paBeH 1. IlepecTaHoBka MecTaMH nap HHIEKCOB AaeT

no-npexudemy - 1. CooTBeTcTBYIOIAA MEPECTAHOBKA JT UETHA, BCAEACTBHE
uero 6_=1. 3aMeHa g, Ha €, TNPHBOAHT K TOMY, UTO 3HAaueHHe MpO-
H3BelleHudA Temepb yxe pasHo —-1. Ho rakas saMeHa COOTBETCTBYET He-
yeTHoH mepecraHoske x, y koTopoft 6, — — 1. Taxum o0pasoM, xaxioe
HeHy/neBoe ciaraeMoe B 3TOR cyMMe BHOCHT BKJaA, pasubift 1. Yucno
TaKHX chaaraeMblx papuo 2° .vl, Tak uTo Bepaxende (10.76) pasno
[xM ... x(®], 1 MB nonyuaeM cleldyioumHit pesyabTar:

XM ... xm) = ?V—IW 261’ {xhx@} ... {x(==Dx(m}. (10.77)
¢
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[lpu BHINOMHEHHH JAHHERHOrO nmpeoOpa3oBaHHA A B NpOCTpaHcTBe R, ompe-
deaurenas {x(D ... x(™] ymuoxaerca ua deta. Ho eciu a — cuMniexTu-
yeckoe npeoBpa3oBaHHe, TO OHO OCTABJSET KOChle NPOH3BeleHHA B npasolt
yactd (10.77) HeM3MEHHBIMH H MOSTOMY He NOJKHO H3MEHATb Ompeje-
reap [x(D ... xM]. CnenosatenbHo, Ias MAaTpHUUB CHMIIEKTHUECKOTO
npeoOpa3oBaHHa a onpenenauTets deta==1 — cumnsexmuueckue npe-
00pa30BAHUSL YHUMOOYASAPHbL. 31echb y:ikKe HeT HeoOXOAHMMOCTH IMpPOBO-
IMTH pasnnude Mexay coOOCTBEHHBIMH M HecoOCTBeHHBIMH npeofpasosa-
HHAMH, KaKk Mbl Zenand anada rpynnst O (n).

Meroa mnoJyueHHs HenpHUBOAMMBIX TNpPEACTaBJeHHH CHMIJIeKTHUeCKOH
rpynnsl Sp(n) oueHb CXOX € TEM MeTOAOM, KOTOPHIM ME BOCIONb3OBa-
JHCb AJS TMOJAYyYeHMS HEeNPUBOIMMBIX TMPEACTaBJAEHHA OpTOroHaJbHOH
rpynnel O (n).

Ecau Mbl OT nuHefinofl rpymnsl GL(n) nepexoiuM K ee CHMIUIEKTH-
yeckoft moarpynne Sp(n) B ueTHOMEPHOM NpPOCTpaHCTBe (1= 2V), TO
npeacrtasienus rpynnsl GL(n) ¢ NOMOLUBIO TEH30POB 3aAaHHOH CHMMeTpHH
cTaHoBATCA mnpuBoAuMbiMM. Crano ObITb, KpOMe ONepauuud NepecTaHOBKH
TEH3OPHBIX HHIECKCOB, Mbl AO/KHBI BBINOJHATL ONEPAUUI0 CBEPMKL, KO-
TOpas KOMMYTHpPYeT C CHMILIEKTHYECKHMH TpeoOpa30oBaHHAMH,

PaccMOTpHM mpOCTPAaHCTBO TEH30POB paHra r ¢ KOMIOHEHTaMH
F,l vl Iina cuMmiekTHueckuX npeoGpasosanufi @, noabaysach npeobpa-

soBanueM (10.60) B kaHOHHuecKOM 6asuce, MOJYUMM
Ep1@pidyj==8y. (10.78)

Ws tensopa Fy g, ..., YMHOKAS €0 HA & ¢, W CYMMHDYA 1O i M iy,
MOXHO TOCTPOUTb ¢.2€0 no nape uxdercos (12):

12)

Ly t, =800, Fiige o0 (10.79)
B peaynbTate onepauuum cBepTKHM nojaydaercs Teunaop (r — 2)-ro pasra,
CBepTKa KOMMYTHpYeT C CHMIUIEKTHYECKUMH mpeobpasosannamu. Ecau
a - CUMIJIeKTHUeCKoe NpeoOpa3oBaHye, TO

F;112 Ir = alljlal2j2 e alrerjlj2 jr’ (10.6)
12

F;(a . = 511121:;,1213 e 0, =88 g Gy By at,erjl/Q/a i, =

=€ 800, 2 E g, ,

=a,, a4 PP =F (10.80)

Mpouecc cBeptkyu (10.79) MOXHO mnpuMeHSTb K M0OOH mape HHAEKCOB,
B pesyabTaTe uero Mbl noayuns r (r—1)/2 crenos F®® rensopa r-ro panra.

BeibepeM Takue TeH30pbl r-T0 paHra, y KOTOPHX CAeABl MO BCeM
napaM WHIEKCoB pasHbel Hya0. Pasenctso (10.80) mnokasbiBaer, uto
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NOANPOCTPAHCTBO TAKHX TE€H3O0POB C HY/MEBHIM CJe10M HHBAPHAHTHO OTHOCH=
TenbHO npeobpa3oBaHuii, MHAYLMPOBAHHEX rpynno# Sp (n). Kaxawi ten-
30p F;l .v. 1, MOXHO ONHO3HAYHO DABTOKHMTb HA TEH3OP FO ¢ HyneBuM
CNeJoM IUIIOC TEH30p BMIa
1) =g, , G2

Lo by 1, 13...1r+

G(oB) . (f (r—=1) )
+e,a,ﬂ e Lo phagr oo by_ibgan oo ’r+ —5—— u7eHoB ). (10.81)

[

Ioka3aTenbCTBO B 9TOM CJy4ae MOJHOCTBIO COBMNAJaeT ¢ A0Ka3aTeNbCTBOM,

NpHBeIEHHHM B § 5 HacTosuuefl raassl, MHB mojyuaeMm pasjoxeHHe Npo-

CTPAHCTBA TEH3OPOB B MNPAMYI0 CYMMY HHBADMAHTHBIX NMOANPOCTPAHCTB:

=@ . .

Fiyot, = 1 +Fi .1 (10.82)

WhBapuanTHOCTL moanpocTpaHcTa X TensopoB (D, uMelOmUX BHA

(10.81), noxasuBaetcst aHamoruuHo (10.37). Ilpu cumniextuyeckux mpe-

06pa3oBaHuaX KaxAwH uwieH B cymMe (10.81) mepexoaur B ujseH TOro ke
BHIA

a, ;8 s @ e, , 012 =g, ,qa G2 —
10,8, VR NAS SRS Eab /WA W IRLER ) O

—e, 00 . (10.83

Ly byt ( )

MeTold OTHICKaHHA TEH30pa C HYJeBHM CJEAOM aHaJOTHYEH TOMY,
KOTOpPHA HCMOJMb30BaACA TnpH paccMorpenud rpynmel O (n). Hampumep,
npu r =23 sanuumeM tenuaop Fiyy, B BUIE

Ft,z,z, = F(I)J,I, +He , +Kg&, + LI,BI,I.' (10.84)

TpeGosaHue oOpaulenns B Hyldb cJdena TteHsopa FY mpusoiut K ypas-
HEHUAIM:

Cnea no nape uHiaekcos (12): 1""(11,2)=nH,,-—K,q — Ly,.
Cnen no mape numexkcos (31): F‘al)— —H, +nK; — Ly,
Cren no nape muzekcos (23): Fyo) = —H;, —Ki, < nLy,.

Pemas ux, HafigeMm

H1=—“—1,,—§‘[(ﬂ — 1) FY L P4 PP,
K=< ln s[F7+0—nFD+FDL (10.84a)
L= ey [F9 4 F 4 = 1 P
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§ 9. HenpuBoaumnie npeactaBjaends rpynnel Sp (n).
Paanoxenne HeNnpHBOAHMBIX IpeACTaBJEHHH
rpyonn U (n) Ha nOpeactaB/ieHHsi ee CHMILJIEKTHYECKOH NOATpyNmbl

TouHo Tak e, Kak B cJyuae OPTOTOHaJbHOH TPYNILI, NepecTaHOBKA
MHAEKCOB TNEpeBOANT OAMH TEH30p C HYJEBBIM CJEAOM B Apyro#i TeH3Oop
C HyJeBbiM ciaeioM. Ec/iu INpuHATL 3a MCXOZHOEe HHBapHAHTHOE TMOA-
NpPOCTPAaHCTBO TeH30POB FU r-ro paHra ¢ Hy/neBHIM CJAEILOM, TO, TIPHMEHsA
cuMMeTpuaatophl FOHra, Mbi cMOMXeM pa3/oXHTL ero Ha MOANDOCTPAHCTBA
TEH30POB C HYJCBHM cjeloM, 00/MaJalOlIMX CHMMeTpHeH Omnpele’qeHHOro
thna, JlefictBys Tak, MW TnpuAeM K HenpHBOAMMBIM IpeNCTaBJeHHAM
rpynnet Sp (n).

KaxaoMy HenpuBOLMMOMY TmpelCTaBJeHHI0 Tpymnmbl Sp (1) coorBet-
cTByeT cxeMa lOnra [A; ... A,], rae A, —A,— ... 4 A, =r. Onxako
He BCE CXeMbl AOMYyCTHMBl. MBI 1OKa}eM, UTO TEH30PH C HYJeBbIM CJe-
JOM, COOTBeTCTBYIOLIMe cxemaM HOHra, 4McJaO CTPOK B KOTOPHIX Gosblie
v=1/2, TOXAeCTBEHHO paBHel Hym0. YToObl 10Ka3aTb 3Ty TEOpEMy, No-
KaxeM, uTO TeH3Opbl, COOTBETCTBYIOLLME CXeMaM, codepxaliuM Oonblie
yeM n/2 crpok, AomkHbl uMeTb BuA (10.81). Ham neobxoluMo paccMa-
TPHMBATb TOJBKO HMHAEKCH B NMepBOM cTo/6ue cxeMul. [Toatomy Mbl mpeax-

TMONOKHM, 4TO TeH30p Fy ...y aHTHCHMMETDHYEH MO MHACKCAM i) ... iy,
roe m >v=n/2. Kak Mbl nokasanu B § 2 uacrosuefi rnaBul, TakoH
TeH30p ABJfAeTCs cyneprno3Huye TeHaoposBuia (10.14), .e. [x(D .. . x(M)],
Ho6aBuM K 3TOMy MHOXECTBY BeKTOpHHe mepeMeHHbe y(m+l ..,  y(®
H NOCTPOMM OINpeleaHTeNb

[(x@ ... x(mym+l | y(m], (10.85)

KoMnoHeHTH TeH3opa
(xM ... x(m]

OynyT ro3¢dHUueHTaMy Npy OAHOUIEHAX

ymal Ly,
m1 n
Ws coornomenns (10.77) onpenerurens (10.85) MoxHo 3anucathb
B BHle CYMMH uJeHOB, B KOTophix Bektopn X(I, . ., x(M ym+h  y(#)

B3ATBl MONAPHO, a B MNOJyueHHOM TEH30pe Tpou3ReleHa ceepTka, [lo-
CKOJIbKY m > v, 1O KpahHel Mepe OIHO KOCOe NMpoH3BedeHHEe B KaXIOM
uneHe, CTOsALlEeM B mpaBoff yactu cootHowexus (10.77), poaxHO codep:
KATb TOJBKO BEKTOpH X, UTO TIPHUBOIAHT K MOSIBACHHID MHOXHTE A

g, ; ¥{®x®, B pesyrbrate uero Takofi unen Oyzer uMerts eui (10.81).
o p

CnenoBaTenbHo, ecid m > v, TO Clel TeH3opa paseH Hymo. [Ha camom

Jede MB 10Ka3anu Naxe HeuTo OO/bLIGe: YHCJAO COMHOMXHTENeH B mpa-

BoH uwactu (10.77), B KOTOPHIX BEeKTOpPH X BXOAST MapaMu, AOJKHO ObITb

no kpatiHeti Mepe paBHO (m — V), BCIEACTBHE 3TOrO KaXAblH ujeH B mnpa-

Bo#i yacty (10.77) wmMeer no kpafHe#i mepe (m-—V) MHOXHUTENCH E;;.]
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M3 sTofi TeopeMbl ciedyeT, YTO Mbl MOXeM OrDAaHHUMBATBLCA CXeMaMH,
colepalMMH camoe 6oJjbllee vV CTPOK.

Tun cuMMeTpu IJs HeNpPHBOAMMEIX TpeACTaBJeHUH rpynmsl Sp (n)
O6yaeM 0603HAYaTb CHMBOJAOM (Oy ... 0,), Tde Oy > Ty > ... >0, >0,
BaancoM 3TOro HempMBOAMMOrO NMpeldCTaB TeHHS CIYIKAT TEH3OpBl C HyJe-
BHIM CJedOM, CHMMeTpHf KOTOPHIX 3aAaeTcsi CHMBOJAOM [0y ... 0,]. Pas-
MepPHOCTh NpeacTaBieHus (0; ... 0,) rpymns Sp (n) 3anaerca ¢opmynof

vo-[[#E

i=1
o YT Cr—Ontk—1) (00242 —i—h)
X (kF—D@EvIt+2—i—k) . (10.86)

B>

Hekoropnoie Hanbo/ee MpoOCTHE HeNnpHBOAWMEIE MPEACTaBJACHUS T PYHMLI
Sp(n) npu n=4, 6 u 8 cm. B Taba. 50.

Ta6auya 50
HenpuBonumble npeincraBieHda rpynnbl Sp (n)

n=4 n=6 n=8
r (0,72) N (o) r (0100s) N (0) r (0,03030%) N (0)
0 (00) l 0 (000) l 0 (0000) l
l (10) 4 l (100) 6 1 (1000) 8
2 (20) 10 2 (200) 21 2 (2000) 36
(11) 5 (110) 14 (1100) 27
3 (21) 16 3 (210) 64 3 (2100) 160
4 (22) 14 (11 14 (1110) 48
4 (220) 90 4 (2200) 308
(211) 70 (2110) 315
5 221) 126 (1111) 42
- 6 (222) 84 5 (2210) 792
(2111) 288
6 (2220) 825
(2211 792
7 (2221) 1056
8 (2222) 594

Moanpocrpancrso £ tenaopos O [coorHomenue (10.85)] nHpapuautHO
OTHOCHTENBHO CHMIIEKTHYECKHX npeoGpasoBaHuii, HO He A8AAEMCA
HenpuBoaMMbiM, Tak e kak B § 7 Hacroswef raaBbl, MBl MOWEM



Ta6auya 51
Paznoxeune npencrasnennii rpynnsl U (n) Ha npeicrasiaeHus rpynnsl Sp (n)

=4 n=>06
r 2] ' (o) r [ (m
0 (0] (00) 0 (0] { (000)
I (1] (10) 1 (1] (100)
2 (2} (20) 2 (2] { (200
[11) (00) (11) [11]] (000) (110)
3 [21] (10) (21 3 [21]] (100) (210)
(1117 (100) (111)
4 [22] (00) (11) (22) 4 (22} | (000) (110) (220)
[211} (20) (1) [211] [ (200) (110) (211)
5 [221] | (100) (210) (111) (221)
[2111] | (100) (111) (210)
6 [222] | (200) (211) (222)
[2211]] (000) (110)2 (220) (211)
[21111]] (200) (110)
n==§
r K3 (0)
0 [0] (0000)
1 M (1000)
2 2] (2000)
[11] (0000) (1100)
3 [21] (1000) (2100)
[111] (1000) (1110)
4 [22] (0000) (1100) (2200)
[211] (2000) (1100) (2110)
[T111] (0000) (1100) (1111)
5 [221] (1000) (2100) (1110) (2210)
[2111] (1000) (2100) (1110) (2111)
6 [222] (2000) (2110) (2220)
[2211) (0000) (1100)2 (2200) (2110) (1111) (2211)
[21111] (2000) (1100) (2110) (1111)
7 [2221] (1000) (2100) (1110) (2210) (2111) (2221)
[22111) (1000) (2100) (1110)2 (2210) (2111)
[211111) (1000) (2100) (1110)
8 (2222 (0000) (1100) (2200) (1111) (2211) (2222)
[22211) (2000) (1100) (2110)2 (1111) (2220) (2211)
[221111) (0000) (1100)2 (2200) (2110) (1111)
[2111111] (2000) (1100)
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NPOBECTH MOBTOPHYIO CBEPTKY H PA3JOXKHMTL TEH3Op B CYMMY uJEHOB Biina

Sig taf " Fhg ta;q)zﬂl rty, B FT=0) (10.87)

1 $ v

rae ciael TeHaopa Q),l“__, 1, PaBeH Hymo.

Ecny B31Th 332 HMCXOIHHE TEH30pbl r-ro paHra C onpeseneHHON cuM-
MeTpHelt, TO NPOLECC CBEPTKM NpPUBENET K PA3JNOKEHHUIO IpPOCTDPAIICTBA
9THX TEH30POB Ha TEH30pHl C HY/MEeBBIM CnelOM paHra r, r — 2, r — 4
M T. 1., KoTophie 00/1aldi0T onpeleleHHOR cuMMeTpHel, Pasnoxenue
npeacraBneHus [A; ... A,] rpynnel U (n) Ha HenpuBOAMMEIE TIpeiCTaB/e-
Hus (0; ... 0,) rpynns Sp(n) osHauaer, uTo TeHsop F ¢ cummerpueti
(A ... A,] sanuchBaioT B Bude cyMMbl uneHoB (10.87), rae Tenzop @
¥MeerT cumMerpuio [0y ... 0,]. Tak Kkak Kaxab# H3 COMHOXHTedeH

ela () B (10.87) obGnanaer cummerpuet [11], Ml BHANM, uTO Tensop F
v v

c cuMMmerpdefi ([A, ... A,] nonyuaercs us TeHdopa D ¢ cumMmerpuefi

[0; ... 0], eCM B3qTh BHelIHEe NMPOU3BEJCHHE § COMHOXHUTENEN, KauAbI}

M3 Kortopblx ofnanaer cuMMerpueft [11]:

[Ay ... A,] comepxurca B [0y ... ]Q(11]® ... ®[11]. (10.88)

§ COMHOXHTEaEH

Ins cneumansHoro cayuas § =1 [ypaBHeHHe (10.85)] MBl monyuaem Takue
cxeMHl [0; ... 0,], AAS KOTOpPHX BHelllHee MPOM3BeNeHHE

[0) ... 0,]&[11] (10.89)

comepkuT [A; ... A,]. Janee M MoXeM BOCHOJIb3OBATHCS pe3yJbTaTaMH
§ 12 ra. 7 orHocuTenbHO BHeWIHMX npousseneHuf, Ias (10.89) cxeMma
(0; ... 0,) monyuaetrcs M3 [A; ... A,] mNpaBUABHHM YIajneHHEM aHTH-
cumMetpuuHo#t napu [11]. Ilocre Toro kak 9To cAenaHo, npoBOAMTCA
BTOpPOE MNpaBUJAbHOE yaaneHwe mapu [11] u 1. A.

CxeMa [11] pasnaraetcs Ha cxeMul (11)—+ (00). Ias cxemu [22] nony-
yaetcs pasnowenue (22) -4 (11)—-(00). Ins pasnokennst [A; ... A,),
colepxaiuux 6onee n/2 CTPOK, 3TOT NPOLECC CTAHOBUTCH CJHOXKHHM., MH
He GyleM paccMaTpyBaTh OOWMA MeTond, a mpuBedeM TaGaULE pasnoxes
HU# s npocrefiluux cayyaes (taba. 51).



F'MTABA 11

MPMMEHEHUE TEOPHWU TPYIIM
K 3AJAYAM ATOMHOW U SIOEPHON
dU3MKU

§ 1. Knaccuduxanns coctosHuli cHcTeM
TOW/JECTBeHHbIX 4acTuy no rpynne SU (n)

OaHa w3 rnasBHMHX 3agau aToMHOR ¢u3MKM M (PU3MKM fAApa COCTOMT
B OMNpeJeseHNH YpPOBHEH SHEepruu CHCTEMBl TOXIECTBEHHBIX (IKBUBAJSHT-
HHX) uactuy, [TOCKOABKY TOYHO pelWTb 3Ty 3alauy A/ CHCTEMBl B3aM-
MOJEHCTBYIOLUMX YaCTHLU Mbl He MOXeM, NPUXOIAHMTCA npuberatb K MeTo-
1AM Teopud Bo3MylleuuH, Mbl npeanonaraem, 4YTO KaxuJAas 4acTHUA
CHCTeMbl [BHXKETCH B HEKOTOPOM YCPeAHEHHOM IMOTEHIHAJBHOM TOJe.
Ilanee MH Haxo4uM COOCTBeliHble COCTOflIMA YaCTHUB B TAKOM yCpelHeu-
HOM mnoJde u BbiOupaem Oasncuble (YHKUMH A8 BCef 3a1aud B LEJOM
B BHIe TMpOM3BeNeHHH TaKHX OAHOYACTHUHBIX COOGCTBEHHBIX (QYHKIHHA.
B 3toM cayuae BoaMyluexHe OyIeT COCTOATb M3 KaKOH-TO 4acTH noJs
OZHOH uacTuubl MJIOC B3aNMoOJeHCTBHEe Mex 1y uacTuuaMu, Ecaum uactuusl
TOXIECTBEHHH, TO OMNEpPaTop B3aUMOLEHCTBHS OyleT CHMMETPHUHHIM IO
BceM uactuuaM. CreloBarenbHO, er0 MATpPHUHBIA 3JIEMEHT, BHIUMCJEHHBIH
¢ noMouwplo 6asucHeIX GYyHKUMA, OyAeT CHABLHO 3aBHCETb OT CHMMeETPHH
9THX (YHKUMHA OTHOCHTENBHO NEPEeCTAHOBKH YacTHlL,

IOnas OGonbliefi oOLIHOCTH Mbl HauHeM C INpPeANOJOMKEHHS O TOM, UTO
y¥e pacrnojaraeM pelleHMeM OAHOYACTHYHOH 3alauH, TaMuJIbTOHHAH KOTO-
pofi HHBAPMAHTEH OTHOCHTENbHO rpynnbl npeoOpasdoBanufi G. dyukuuy,
COOTBETCTBYIOLLYE [NaHHOMY COGCTBEHHOMY 3HaueHHio &(/) 0IHOUAaCTHUHOH

3agauv, o6pasyioT 6a3nC HEKOTOpOro npeacTaB/eHus DY rpynne G,

Ecnn pasaMepHOCTb TmpeicCTaBieHus DY paBHa n, TO OXHOR H TOH ke
sHeprun €Y) 6yayT COOTBeTCTBOBATH 71 GasMCHBIX (yHKuu# Pp, ..., P,.
[peanonokuM, uTO Mbl HMeeM CHCTeMY, COCTOSLLYI0 W3 7 TOMXAECTBEHHBIX
YacTHL, ¥ YTO B HY/JeBOM NPHOMIDKEHMM Kauaas W3 uactHu o6jazaet
sHeprue#l &), B HysmeBoM npuGanmkenud moboe npousBeieHHe BOTHOBHIX

$pyHKUHA
q>11(1)¢,2(2) tp,r(r) l,=1,..., n

GydeT COOTBETCTBOBATb OAHOH M TOH ke 9Hepruu r . &), BoaMyiueHue
CHHMeT 3TO BBIpOXKIeHHe. [T0CKOJIBKY MOJAHBIA raMu/IbTOHHAH 3aJlaul CHM=-
MeTpHueH OTHOCHTebHO MePeCTaHOBOK TOXAECTBEHHBIX uacTull, co6CT-
BeHHBIMH (QYHKUMAMH B HYJCBOM MOpAAKE TEOPHH BO3MYLLeHHH Oynyt- Te
MvHefinbie KOMOMHAUMK TP OH3Be JeHHA BOMHOBHX (PYHKUMH, KOTOpble 0G4~
Nal0T CHMMeTpHeH OmpeledeHHOTO THHA. 324aua NMOCTPOEHHA TaKHX q)ym(,‘s
uuft 6baa pemieHa B ra. 7.
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Jlpyras Touka 3peHHsl COCTOMT B ClelyiolieM. PaccMoTpHM oaHO4Ya-
CTHUHYIO BOJHOBYI0 (QYHKUHMIO P KaK BEKTOD B M-MEPHOM INPOCTPAaHCTBE,

HaTAHYTOM Ha Oa3uCHBHe BEKTOpBl Py, ..., ¥,
n n
P = 2a1¢1, 121|all2=:1. (11.1)
l= =

Ecnu 6asucHble BeKTOpBl \p; NMOABEPrHYTb YHHTAapHOMYy InpeoGpa3oBaHUIO,
TaK uTO

vy =u,,¥,, (11.2)

MBI TOJYyuMM Ipyrofl 6asHc TOro e C€aMoOro BEKTOPHOrO MpPOCTPaH-
crea. Kpome Toro, yuurapuue npeo6pa3oBaHHs MOXHO CHe]aTb YHHMO-
AYJAAPHLIMH, €CT¥ BbIHECTH (ha3oBbifi Muokutear e/, 10T (Pasosuf
MHOXMWTENb OKasbiBaeTcs OOWMM Ans BCeX (yHKuu#A p; NOITOMY OH He
MeHseT HH OJAHOrO MATPHMUHOrO 3JeMeHTa. B peayabrare Mbl MOXeM CuH-
TaTb, YTO MNPOCTPAHCTBO, HATAHYTOE Ha (QYHKUMM Py, ..., P,, HaeT HAM
6asuc (TOUHOro) NMpeACTaBACHHA YHUTAP HOH YHUMOay AapHOH rpynnk SU (n).
Ecan MB HMeeM CHCTeMy, COCTOSIUYIO M3 7 TOXAECTBEHHHX uaCTHl, TO
TIp OU3Be LeHHS 1pll(1) tplr (r) ofpa3dylor 6a3uc  npeACTaBJICHHS

rpynnbl SU (1) nocpeAcTBoM TeH3opoB r-ro padra. B 3ToM cayuae Hama
3a71aua 3aKJI04YaeTcsl B TOM, UTOOH MOCTPOMTb HENMPHBOIAMMHE MNpeacTa-
Brenus rpynnbl SU (1) nocpeincTBOM TEH30pOB r-ro paHra ¢ ompejeneH-
HO# cuMMerpuefi. DTy 3apauy Mbl pemran B . 10.

M3 npuseneHHuMX Beie coo0pameHu#i CleiyeT, 4TO MNPOCTPAHCTBO
TEH30POB 7-TO PaHra HMrpaeT OBe POJIH:

1) OHO CAYXMT MPOCTPAHCTBOM mpeacTaBieHus rpynmet SU (n);

2) OHO CAYXHT MPOCTPAHCTBOM mpepcrasaedus rpynnsl G. Ecnn npoe-
CTPAHCTBO TEH30POB 7-r0 PaHra Pa3/JOMHTb HA MOANPOCTPAHCTBA TEH3O=
pos r-ro paura, o61alalolMX ofpeleNeHHOR CHMMETpHel, TO ML HalileM
HeNMpHROAMMbIe npedcTasienus rpynmsl SU (n). B 1o xe BpeMs Kaxaoe
M3 ITHX MOANMPOCTPAHCTB [aeT HAM HEKOTOpOe mpelcras/ienue rpynnel G,
OnHa M3 TAaBHBIX 3a7ay, CTOALUMX Tepel 1IAMH, COCTOUT B TOM, 4TOGHI
pa3JIOKUTL HENPUBOAMMEE mpeAcTasiaeHus rpynnb SU (n) no HenmpHso-
IMMBIM TpeacTaBiaeHusM rpynnu G.

§ 2. PasjoxeHne MoMeHTa KOJHYeCTBA JABMKEHHH,
Pasnomenne npeacrasiaeHuii rpynne SU (n)

Ha mpeacTaBJaeEus rpymns O (3)

HpocrefiunM npumepoM mnpHBedeHHHX BbILIE paccyxIeHuit sBaseTca
tayuali, Korja raMMJbTOHHAH OTAEJbHOH uacTHUH HMHBAPHAHTEH OTHOCH=

témho rpymnel O (3) — Tpexmepno#i rpynnel Bpauenuti. B stoM ciyuae
otiepruu &/} OTAENBHMX uaCTHL, COQTBETCTBYIOIIME pPA3JIMUHBIM HeNpH=
BOIMMLIM TIPEACTABACHHAM DY FpYRIE 0" (3), xopouwo pasieasioTcs.
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BoauoBas ¢yHkuMs orTdetbHOH uacTHubl MpeAcTaBaseT cobo# BeKTop B

(2/ + 1)-MepHOM NPOCTPAHCTBE HEMPHBOAMMOTO NMPEACTABIEHHS DY, nara-
HYTOM Ha Ga3HCHble BEKTOPbI

lpi (i='—_j’ —j—{_l: vy j'—_l’ j)

OnepaTtop Ji—{-—.lz +J: NMPUHUMAET HA BCEX BEKTOPaX 3TOro NMPOCTPaHCTHA
¢bHKcupoBaHHOe 3HaueHHe j(j-—+ 1), u Mbl MOXeM, HanpuMep, BHOpaTsL |,
tak, urobu J,p, =ip,. M3 npousserennti BextopoB P MbH XOTHM MO-
CTPOMTH H MPHBOAMNBIE TeH30pbl [oTHOCHTeabHO rpynnbl SU (27— 1)] u
onpegeanTs, Kakue npeacrasaenus D'/ rpynnet O (3) comepkarcs B Hux.
Hau6onee mnpocToit Merod 3ak/aiouaercs B caedywolieM, TeHdop mep-
BOro paura cootsercrByer cxeme IOHra [1]. On daer Ham HempuBOAHMOE
npeacrasaenye [1] rpynnet SU (27 + 1) ¥ HenpuBOAMMoe mpencTaBje-
une D' rpynnsl OF (3). Tlpn r =2 Ml nonyuaeM HenpuBOAMMEIE Mpej-
crapnenus [2] u [11] rpynmer SU (27— 1). Pa3anoxenne 3tux npeacra-
BAeHUR Ha npepcrtasienus rpynnel O (3) Jerko MPOBOAMTCS C MOMOILLIO
pe3yabTaToB, mnonydeHHox B § 8 ra. O orHocuTenbHO Ko3dPrIMEHTOD
Kne6ia — 'opaana. Ecav B coorHowenunn (9.116) nonowuts j, = j, = J,

TO
Ay= (v, — ”201)21.—] (%, ~+ tyx) (Ui, + vpx5)”. (11.3)

Ecau noMeHsITb MeCTaMH MepeMeHHble Uy<—>TUj, Uy<«>TUy, TO A; B pe3yiib-

27— .
TATE YMHOXHTCS HA (—l)j J, TakuMm obpasom, ecru uucao 27 —J
YeTHo, TO TEH30p BTOPOro paHra, o6pasoBaHHbBIA M3 nMpousBeseHuit P, ll)l.z'
1

CHMMETpHYEH, eC/ld ke yHcao 27 —J HeueTHo, TO TeH30p aHTHCHMMMeT-
puden. CrneposaTenbHO, NMPH LEAOM j NpeacTaBieHue

0

CollepHHT
J=2/, 2j—2,..., 0, (11.4)
B TO BpeMsl KaK MpeACTaB/ieHue
0
O
COAepHHT
J=2j—1, 2/ —3, ..., L. (11.4a)

[Ipy noayuenoM j npeacraBiaeHue

00

J=27,2j 2,...,1, (11.5)

uMeer
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a npeacrtaBJeHHE

O
O

J=2j-—-1, 2j—3, ..., 0. (11.5a)

3ameTHM, B 4aCTHOCTH, 4TOo ¢YHKuUusA, uMelomas J=0, sBasercs
CHMMeTPHYECKYM TEH30POM MpH UeMOM [ ¥ AHTHCHMMETPHUYECKMM TEII30pOM
mpy HeyeTHoM ;. Paanoxenne 3Tofi GyHKuMu MO P, MOAYYHTCS, eC/H
B (11.3) monowums j=0:

uMeeTt

¥, = (u7,— ”21’1)2/ =

J
2N m m o
2 U+ m()!j()j — m)! (—l)j (lll’l’z)jJr (ug’Ul)j =

me=—j

J
=@N Y, DTl

m==J

B CHIYy 4ero HopMupoBaHHast ¢yHkuus npu J= 0 uMeeT BuUI
/
_ 1 N [ emo g
“ﬁ=0——37§fifr”2éj( D e, (11.6)
Ilns TeH3opoB Oonee BBLICOKOTO paHra Mbl MPOAEMOHCTPUPYEM Hall
Metold cHauana npu jf=1/2. Tak kak n =27+ 1=2, cxemsl IOnra
MOTYT coiepxaTe caMoe Oonbluee ase crpoku. Jaaee, us (10.29) cre-
ayet
(MAgl =[A — 4y, Ol

KomOunnpys ator pedyabtat ¢ (11.5), BMAMM, 4TO mnperactaBienue [2]
umeer J=1, B TO BpeMs Kak mpeactasienye [11]=0 umeer J=0.
Cxema [21] axsuBanentHa cxeme [l], tak uro J=1/2. TouHo TaK xe
mobas cxeMma (a1, a]==[1] comepxut J=1/2, Ecan Mbl BO3bMeM
BHelllHee Tpou3BeleHye

oe 0 =000 + 594,

TO B JeBOH uactn OyieM uMerThb npousseldenus ¢yukuuhi ¢ j=1 u
j=1/2. Tlonyuaomyecs npu 3toM sHaueHus J pasum 1/2 u 3/2. Bro-
pas cxeMa B npamol wacTd umeeT J=1/2, oTKyAa c/nelyeTr, YTO CXeMa
[3] comepxur J=3/2. lloBTopsis 3TH paccykIeHHs IJs TPOH3BELEHUSA

(81 & (11 =14] + [31]

. 3 | .
=5 5 2 L
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MW moaydaeM, 4To CxeMa [4] wumeer J=2, a B ofueM cayyae cxeMa

[MAg] comepxut J= (A — Ay)/2.

Mu yxe 3HaeM, yTo npH =1 (n=2/+1=23)

npeactasnenne  [] (J=1)

npeaCTaB/aeHte ) (/=2, 0) uMeer pasMepHocTb 6;

O

npeacTaB/jleHne [j
0
0

npencTaBiaeHye

3atem Mpl oOpasyeM NpsMoe NpOu3BeleHHe

L]

O
OJ -

MMeeT pasMepHoOCTh 3;

(=1 HMeeT pasMepHoCTb 3;

(/=0) umeer pasmepHoCTb 1, Taxk Kak n==3.

KomGuuupys B neBofl dact f=1 u j'=1, mb nomyyaem J=2, 1, 0.
B npaeofi uactv npeacrasnenue [111] uMeer J=0, Tak uro npeicra-
Baexne [21] coaepxutr J=2, 1. Kpome Toro, pasnaras BHellHee MpO-

H3BedECHHE
OO0 e O=0003 +

VE 2, 0 1

L]

J

noayyaem J==1, 1, 2, 3, Tak 4To mpelicrasieHue

OO0 =31

cogepwur J=23, 1. Bass npsmoe npouasenexue

O

?

2,1

D@DD=EDD+EJDE
0J

00, 5 |

Mbl noayunM caesa j=1, /=2, 0, orkyaa J=1, 1, 2, 3, tak uro

npeACTaBJICHKRE

000 =61]
@



Tabauya 52

i=1
3HaueHHs MOMEHTA
Buewnue KOJHYeCcTBd IBHXCHHUS PasnosxeHie BHEIIHETo
NPOH3B € A€HHS s P D F TIPOH3BeleHHs
J=0 1 2 3 4
M & [11] 11 1 . [21], [0]
N & [2] .2 1 1 31, 21
N1 21 12 2 1 . 311, (2. [1]
1® M@ 11 2 1 1 [4l, 31]
1] ® [31] 12 3 2 [41], [31], [2]
nNeE@les 12 3 2 1 421, 3, [21]
Tabruya 53

Koudurypauus (J)", Pasnoxenue
MOMEHTa KOJIHUYECTBA [BHXKeHHS

i=1, SU 3)

. ] J N ()
0 [0] 0=3 1
1 1] 1=P 3
2 2] 02=3SD 6
(1] =[1] 1=P 3
3 3] 13=PF 10
21] 12 =PD 8
[111] = [10] 0=S5 1
4 4] 0,2, 4=SDG 15
(31] 1,2, 3= PDF 15
[22] =[2] 02=SD 6
211 =1 1=P 3
5 [41] 1,2, 3, 4= PDFG 24
[32] = [31] 1,2 3=PDF 15
[311] = 2] 02=SD 6
[221] = 1] 1=P 3
6 [42] 0, 2% 3, 4= SD?FG 27
[411] = (3] 1,3=PF 10
33] = [3] 1,3=PF 10
[321] = [21) 12=PD 8
[222] = [0] 0=3 1
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Tabruya 54

Koudurypauns (/). Pasnoxenune
MOMEHTA KOJIHYECTBA JBHEHHS

7 {A] J N(AD
0 0] 0 1
3

1 [1] 5 4

2 2] 1,3 10
1] 0, 2 6

1 3 5 7

3 [21) A A 20

4 | 0, (2% 4 20
[211] 1,2 3 15

cogepxur J=3, 2, 1. Ha npaMoro npoiizzeaenns

000 ® O = 0000 + 50
HAXOIMM, 4TO
OO0 =

cogepwur J =4, 2, C.

ITOT peKyppeHTHbIi MeTold, Mcnosb3yowmi pasencrsa (11.4), (11.5)
1 opMyasl s pasnoMmeHus BHELIHWX NMpoH3selecHUH, MO3BOAAET HAM y3-
HaTh, KAKHe 3HAYeHHs MOMEHTa KOMUuecTBa ABHiKeHUA J OTBEYA0T J1I060My
npencrasaenuio rpynnsl SU (n = 2/ -~ 1). 10T MeToa Ml NpOMATIOCTPH-
pyeM Ha npumepe j =1, BrinuiueM nocienoBaTenbHOCTh BHELUIHUX TPOH3-
BeJeHHH B nepBoM cTroa6le TalJHUBl, COOTBETCTBYIOLUME HM 3HAYeHHH
MOMEHTd KOJMHYEeCTBA ABHXKEHHA — BO BTOPOM H CAMO pa3/OKEHHE BHELI-
HEro npoM3BeneHus -— B TpeTbeM (Taba. 52). BocnonbayeMcs COOTHOLIe-
HUSMHM 9KBMBAJNEHTHOCTH Ins cxeM [Oura

[MAy oo Apl=T[A —Aghg—X,, ..., Ay — AL (10.29)
Mg o oo A=A —Ap My — Ay e, A — A (10.30)
npu n=2j-41=3. KoMOHHuUpys peayabTaThl, TNpeICTaBNEHHLIE

B Ta6.}1. 52, Mbl HAXOJIUM, KaKH€ 3HA4€HHAd MOMEHTa KOJHYECTBA ABHUIKEHHUSA
OTBEYaloT MpeacTasieHuio [A].



Tabruya 55

KOJ/IHYECTBA JBHYXEHHSA

Kondurypauus (/)". Pasnowenne Momenra
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Pasnoxenuns nia j=1, 3/2, 2, 5/2, 3, 7/2 npuseneHsl s tabn, 53 —58.
B atux tabnunax Mbl TpHBENAH pA3/MOKEHHA Ml AAs  pasbuenuf
¢ A <4 npu ueaoM J u A, <2 mpu moayueaoM j,

Tabauya 56
Kondurypauus (/). Pasroxenne Mmomenra
KOJHYECTBA JBHYCHHSA
5
r [A] J N(IM
0 (0] 0 1
5
1 1] 5 6
2 (2] 1,35 21
(1] 0,2 4 15
1 3 5\ (7y 9 11 13
3 | @ o) G T 70
[111] % .g -g- 20
4 122] (02, (23, 3, (4)3, 5, (6)2, 8 105
(211] M2 @)% 3P 32 (9% 6,7 105
142 (3)\? 5\* 7\ [(9\¢ 1143

s e | (5). () 6) ) ) (5) | e

E 2 15 17

( 2 ) PR

1 3\2 (5)\?2 7\? 942 11 13

et g (3) 5)(2) ) w7 84
6 (222] 1y, 2, @® @ 6P 62 (7?9 175
[2211] )2, 1, (2)5 (3)%, @)% (5)2 (6)3 7, 8 189
[21111] : 1,2 3 4,5 35

[Tpu cocrasnenuu Tabauu AnA GOMBbLIMX 3HAYeHHH J CAeLyeT HCMOMb-
30BaTh MPAMON MeTOL paanoxeHuH pasbuenufl suaa [17], nmoapobuo onu-
caHHbll B § 5 Hacrosllefi raaswl,

Badaua. CocraBbTe tabauuy pasioxenuit ans j = 3/2,




Konburypauus (). Paznoxenue Momenra
KOJHYECTBA IBHXKEHHS

J=3, SU @) naa r <4

Tabruua 57

r [A) J=012345678 9101112 N (A
0 10] 1 1
1 (1 el 7
2 [2] 1.1.1.1 28
1 «1.1.1 21
3 3] -1 .21111.1 84
21 -12222111 112
[111] 1.-111.1 35
4 {4] 2.213131211.1 210
131] -33545442211 378
[22] 2.4142312.1 196
[211] 324342211 210
Tabauya 58
Kondurypauus (/). Pasnoxkenne momeHTa
KOJIHUYECTBA JBHXCHHS
Jj= —;—, SU 8) naa r <4
r Al J N([A])
0 [0] 0 1
7
1 1] 5 8
2 (2] 1,357 36
(1 0,2 4,6 28
1 3 (5\2 (7\% [/9\2 [11\2 /132 15 17 19
3 {21] —2_'73(7) .('2“) ,(5 '(—2—) '(T) Py o o 168
3 5 7 9 11 15
[lll] 2—' “2—, ?, 7’ _§-J T 56
4 [22] 03, 24, 32, 45 52, 65, 72, 8%, 9, 102, 12 336
[211) 13, 28, 35, 4 38, 64, 74, 82, 92, 10, 11 378
[1111] 0. 2% 42, 5,6, 8 70
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§ 3. Mpuruun IMayau. ATOMHBIE CHEKTPbl B CXeMe CBA3H
Paccena—Cayugepca
ITpexnae uyeM NpUMeHATb pe3yabTaThl npeabiAyluero naparpada K ¢uau-
YeCKHM 3alayaM, ClelyeT BBeCTH eulle oAHO ycaoswe. [Ipunyun Ilayau
rnacuT, 4TO nNOAHAs BOAHOBad @yHKuHﬁ CHCTEMBbl 3JEKTPOHOB AO/MKHA
ObLITh armucummempuinol OTHOCUTENLHO MI0OO0H MX nepecTaHOBKH. To
e YTBepxAeHHe OCTdeTcd B CH/ae Af M060H CHCTEMbI TOMXIAECTBEHHbIX
qactun € noayuenabiM CIMMUHOM [T. €. 4aCTvl, Yy KOTOpHX CHNHHOBbLIE BOJ-

HOBble (yHKUuMM 00pa3yioT 0a3uc HeNpUBOAHMOrO MpeaCTaB/eHHs pY

rpymner OY (3) ¢ noayuerwm j]. Iloawas BonHoBas dyHxkuuss Aas cu-
CTeM TOMIECTBEHHBLIX YaCTHL, C 4eAblM CIHHOM AOMKHA ObITh cummem-
puuHoil OTHOCUTEILHO MOGOH UX MepecTaHOBKH.

B cnyuae MHOr09/ieKTPOHHBIX A4TOMOB B HY/EBOM MPUOGIHIKEHHH Mbl
paccMaTpUBaeM OJHOYaCTHYHbE COCTOSIHMST B HEKOTOPOM YCpeldHeHHOM
neutpanbiiom mnose, CocrosHHe ONHOrO 3/MEKTPOHA XAPAKTEPH3YeTCH KBAH-
TOBLIMH uucJamu n, [, m,, m, IlepBoe KBaHTOBOe YMCIO 3adaeT 3Hep-

!
THIO, yucaa [ v m; HyMepyloT 0asMCHble GYHKUMH NpelCTaBJenus DY
Tpynnbl BpaleHH#, cBA3aHHONH C ODOMTANbHBIM (BHELIHHM) IBHXKEHHEM,

a uMclIo m, HyMepyeT O0aavcCHble (QYHKUMH MpeacTaBACHHSA DU Tpymbl
BpalleHH, CBS3aHHON C BHYTPEHHMM IBmieHHeM (crnyuHoM). BoaMyuienue
COCTOMT M3 KYJOHOBCKOTO B3aMMOIEHCTBHMS MeXIYy S/MEKTDOHAMH H uJje-
HOB, 3aBHCALIMX OT CMHMHOB 3JEKTPOHOB.

Iinf Nerkux aToMOB 4/EHHI, 3aBHUCALIHE OT CMHHOB 3/JEKTPOHOB, BHO-
CAT B 3HEPTHI0 Ma/dbifi BKJAaj MO CPaBHEHHIO C BK/AAOM OT KY/JIOHOBCKOTO
ortanxkuBanusi, [IpubaveHHbIi MeTOl, B OCHOBY KOTOPOTO MOMOKEHO 3TO
npeanonoKeHHe, HOCHT Ha3BaHMe cXeMbl cBf3n Paccena-— CayHaepca
(L — S-cBsisu). B cxeme L — S-cBan Mbl paccMaTpuBaeM opOMTa/bHble
BOJIHOBble (PYHKUMH M CNHMHOBble (YHKLHM 3MEKTPOHOB OTAeNbHO. Ecam
HMeeTCst r 9/eKTPOHOB B OJHOYACTHYHLIX COCTOAHHAX C MOMEHTOM KOJMHYeCTBA
IBMXKeHHs [, TO mpouapedeline OpOUTaAbHBIX BOMHOBLIX (PYHKUMHA NpH mpe-
o6pasoBanusx rpymns SU (20 4 1) Gyaer Bectu cefsi KaK TEH30p r-TO paHra,
Tak KaK KY/NOHOBCKOE OTTA/MKHBAHME CHMMETDHUYHO OTHOCHTENBbHO KOOp-
AMHAT BCeX 3JEKTPOHOB, 3JHEPTHs KYJOHOBCKOTO B3aMMOAeHCTBUS Oyaer
CHIILHO 3aBHCeTb OT CHMMeTPHH KOOpAMHAaTHOW BOJHOBO#H dyHkuuu, Mrak,
COOTBeTCTBYIOLIMe 3alaye JHHEeHHbIE KOMOMHAUMM SBASIOTCA HENPHUBOLM- .
MHIMM TEH30paMu r-ro paHra. Mo BuiuM, utro B 0OlueM caydae COCTOSI-
Hust ¢ OoJee BbICOKOH opOMTanbHOW cuMMerpuelt Oyayt obnazate 6oab-
llle# SHeprHeli: eC/M BOJHOBAs PYHKUMS CHMMETPHYHA OTHOCHTENbHO HEKO-
TOpPOH MapH 4acTHL, TO KY/MOHOBCKOE OTTA/KMBAHHE Mex1y HHMH Gyler
3HAYNTE/MbHBIM; eC/IH Ae BOJHOBAA (YHKUHS AHTHCHMMETPHYHA OTHOCH-
TeNbHO Kakof-HMOyAb Napel HacTHI, TO KY/MOHOBCKOE OTTa/JKHBAHHE
MexAy HHMH OyAeT MajbiM.

B To #e BpeMst MB JOMMHLI KOMOMHHPORATb BHyTpeHHHe (CMHHOBbIE)
BQJHOBHIE (YHKUMH 3JeKTPOHO3 r. JiNS OIHOTO 3MeKTPOHA BOJHQBHE
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¢yHkuMu 06pa3yioT 6a3uc HeKOTOpOro npelcrasaeHus rpynmbs SU (2),
MOCKOJIbKY j=1/2, 24+ 1=2 [ina r 31eKTPOHOB Mbl LOJKHbI COCTa-~
BUTb TEH3OpH r-TO paHra onpeleneHHOR CHMMeTpHH.

Haxonen, 4TOObI NMOJMYUYMTL NOVIHYIO BOJHOBYIO (PYHKLHIO, Mbl LOJKHBI
NepPeMHOXKHTb NPOCTPAHCTBEHHHE M CHMHOBLHE BOJIHOBble ¢yHKuuu. Ho no
npunuuny Ilaynu nosanas BoanoBas GYHKUMS [O/KHA OHTH MOJHOCTBHIO
aHTHcUMMeTpuuHOH, M3 pe3ynbTaTOB, MOMYYEHHBIX B I'/. 7, MBbl 3HaeM,
Kak 00pa3oBaTb TakHe Npou3BeleHuf: cxeMn HOHra Ans nmpocTpaHcTBeH-
HOH W CNMHOBOR PYHKUUR NOMKHBI ObITL COMPSMEHHBIMM [CP. BbIpa)keHue
(7.211)}.

JIlnsi CMHHOBBIX BOJIHOBHIX (YHKUMH MBI BOCHO.b3YeMCH pe3y/bTaTaMH,
noiyueHHsMU B § 2 Hacrosiwie#t raasbl mas j==1/2. Cxema lOwura co-
LepxKHT camoe GoJbliee 1ABe CTPOKH (A~ Ay==r), U pe3y. bTUPYIOLLHH
MOMEHT KOJIMYeCTBA IBHXEHHS paBeH

S = 5 (b — 1y, (11.7)

HWuaue rosopq, cxema lOura nas r 397eKTPOHOB C MOJHBIM COHUHOM S
HUMeeT BHI

r-}28 r—QS]. (11.8)

[(Mhol = [ 5 5

Pa3aMepHOCTL (MY/IbTHIJIETHOCTb) NpeacTaB/iedus pasHa 28 1.
[TockonbKy NMPOCTPAHCTBEHHbIE BOJHOBbE (GYHKUHH JOKHE OTBeYaTb
conpshkeHHo#t cxeme IOHra (¢ mepecraB/eHHEIMM CTPOKAMH H CTON6UAMY),
TO CXeMbl I OpOMTAIbHHX GYHKUMH MOFyT HMeTb B KawaoH cTpoke
caMoe Oosbuiee no ABe kJaeTkd, Jias opOUTA/NbHBIX BOJIHOBHIX (PYHKUHR
B 33Ja4aX aTOMHOH (U3UKH MOMHO OrpaHMYMTbCHA pa3bueHusaMu ¢ A, < 2.
HauneM ¢ koudurypauuu (p)’. B atoM cayuae [==1., OOuiee uncio
PAa3nHuHbIX OPOHTANbHBIX COCTOSIHHH, AOMYCTHMBIX A/ OTIe/bHOH yacTUIH,

Ta6auya 59
YpoBHH 3JeKTPOHHOH KOHDHTypauuu (p)

Op6uTanpHbIE MOMEHT

KOJIHYeCTBa NBHXEHHs Cuun MyabTunaer
r=1 ML=1 [l]S::—;- 2p
r=2 [21L =20 [12]S=0 1S, 1D

(17 L=1 21s=1 sp
re3 [21]L =21 21] sz% 2P, 2D
(15 L =0 Bls=3 s
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paBuo 2/ 1 ==3. BuyrpeHnHe#t Boanoso# ¢ynxuuu (c s =1/2) coorser-
CTBYIOT JBAa OCHOBHHX CcOCTOSIHMA. Takum 00pa3oM, BO3MOXHO BCero
HIeCTh paslUYHBIX COCTOAHMH, M p-00osouka 3ano.gHUTCA npu r = 6.
Bce 3TH pe3yabTaThl coflepixkarcs B Ta6auuax npeasiyuiero naparpada.
Mb! BOCNO/Bb30BAMUCH COOTHOWeHHeM (11.7) 118 MOMHBIX COMHOBHIX (YHK-
uuit u Taba. 53 1as NOJHBX OpOUTAJIbHBIX BOJHOBBIX (GyHKUMH. Pe3yb-
Tatbl npuBeleHsl B Taba. 59.

Ham HeT nHeoOxoauMocTH Opatb 3HaueHuss r > 3 (T. €. paccMaTpuBaTh
Go/bllle yeM MOJOBHHY COCTOSIHMH, OTHOCSAWIMXCA K AdarHo#t oboJouke),
100 oCTaMbHYI0 4acTb TabAHIbl MOMXHO MOJYYHTb, €CIH BOCIIOJIb30BATHCH
cooTHoIIeHUsIMU skBUBaneHTHOCTH (10.29) u (10.30). Hanpumep, npu r =4

[22]=[2] u L=2, O;

cxeMe [22] ortBewaer S=0. Taxum o06pa3oM, Mbl MOAYyuYaeM Te e
pesyabTaTH, YTO W MpH r =2

(21 - (12

Has xoudurypauun (d)Y ¢ [==2 M Bocmoassyemcs taba. 55 pas
Jj=2. BOta obonouka codepkutr 10 cocTosanuit. [lonyueHHbie ypoBHw
npuseeHsl B Taba. 60.

Ta6auya 60

YposHH sneKTpoHHOA KOHHrypannn (d)

Op6HTaAbUBIA MOMEHT KOJAHYECTBA ABHXKEHHSA Cnun Myastunaer
r=11 [}L=2 [1]S=% 2D
r=21 [21L=4, 2, 0 [12]S=0 1S, 'D, G

[17L=31 1S=1 3p, 3F

2D (2D)2 2

r=3| [21]L=35, 4,3, (2 1 puszé ﬁﬁ%’ﬁ

(1B]1L =31 [3]3—_—% AP, 4F
r=4| [19]L=2 M41S=2 5D

[212) L =5, 4, (3)%, 2, (1) Bl]S=1

27 L =6, (9% 3, (2)% (0)* 271 S=

2131 L=4,3 21 mu5=%

R L=65 @ GF @ 1,0 | BAS=+
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3adauu. 1. Moabaysch Taba. 57, cocraBbTe TabJauily yposHed s kOHDH-
rypauns (f)" (I = 3).

2. PaccyxleHns, K KOTOPHIM Mbl 3]leCh HpHOEraqH, MOXHO HpHMEeHHTL H
K KJaccuuKaluy BpallaTeqbHblX COCTOAHHH JBYXaTOMHBIX MOJEKYJ, Yy KOTO-
pbhix o06a atomMa OjfHHakOBH. BocmoabsylTech 3THMH COOGpaxceHHAMH s
KJaaccudHKauMH COCTOAHMHA OpPTO- H NapaBOJOpPONA, a TaKKe OpPTO- H mapa-
neiitepus. Hanumute ¢yHKuul0 pacnpelefeHHs IS 3THX MOJEKyJd B HX
OCHOBHOM 3JEKTPOHHOM H KO0Je6aTeJbHOM COCTOSHHH.

Chrenyomu#t mwar B TeopHM BO3MylLIeHHH coctosta Obl BO BKJAOYEHHH
B FaMWJIbTOHMAH YJEHOB, 3aBUCALIMX OT cnuna. B 3ToM ciydae npousse-
neHHe npeacrtasaenut DY u DS pacnamercs mna npencrasienus DY
YneHbl, 3aBUCAIMe OT CMHHA, TMPUBOJAT K PaclUenseHHi0 MYJbTHIJETOB.

§ 4. CrapmHHCTBO ') B aTOMHBIX CNeKTpax

Ias xougurypauun (p)” cxema cuMMeTpud [A] W MOMEHT KOJMYeCTBaA
IBHKEeHUA L MOJHOCTBIO XapAKTEepPU3YIOT COCTOfIHME: NPH 3aNaHHOH cuM-
METPHH MYJbTHILIET BCTpevaeTcsi TOJbKO OIMH pas. HMnaue o6cTOHT neno
¢ Kougurypauueit (d)”. Jlns Tpex uacTHLL CylieCTBYIOT aBa 2D-cocrosi-
HUs, 006/Jalai0llNX OLMHAKOBOH cuMMeTpuedl [21]. MHoOrme MyabTun/eTH
BCTPEYaiOTC MO HEeCKOJbKY pa3 npu oJHOH u TOH ke cxeme [A], Koria
r==4, 5. laa k1accudpukallu 3THX COCTOAHUHM OblTO OB yIOGHO MMeTb
KaKoe-HHOY Ib JLOMOJHUTEIbHOE KBAaHTOBOE 4HC/I0. MB XoTtenu Gbl HaiTu
Hekotopylo rpynny G, koropas colepxanack On B rpynne SU (2/+4-1)
W BKIouana Obl rpynny spamesuit OF (3) B KauecTBe CBOe# MOAFPYMNLL.
Toraa cocTosiHHe XapaKTepH3oBasnoch Obl CBoelt cxeMoit cummerpuu [A]
anas rpynnsl SU (20 -4~ 1), HenpuBOAMMBIM npeicTaBfieHueM rpynns G,
KOTOPOMY OHO NPHHALIEKHT, U CBOHM MOMEHTOM KO/JMYEeCTBa ABHMe-
Hua L. Takyw rpynny G MOXHO HalTH, HO NOJYYAIOWAACA NPH 3TOM
KAACCHHKALHUSA COCTOAHHM OKAa3bIBAETCS NOJAe3HOH TOABKO NPH YCJIOBUH,
eC/IH raMH/JIbTOHHAH BO3MYLIEHHS KOMMYTHUpPYeT (W/IH TPHOIMMKEHHO KOM-~
MyTHpyeT) ¢ mnpeobpasosanuaMu rpynnsl G. Ecau sTO ycsaosue BbImoOJ-
HEHO, TO TMapaMeTp, 3aJa0LIMHA HenmpUBOAMMOe TpencTabienue rpynns G,
laer HaM JONOJHHTEeNbHOE KBAHTOBOE UHC/O, HMelollee QHUINYeCKUlt CMBICI.
Jlnsl CleKTPOB MHOrO3/EKTPOHHLIX aTOMOB Taxkoft moarpynno#t rpynmne G
cayxur rpynna O7 (20 41).

Ilpe 100/10KHM, YTO y HAC MMeeTCsl CHCTeMa ABYX 3/eKTPOHOB B KOH-
durypauun ([)2. Opburanbhbie BoaHOBbie ¢yHKuHH P, lp(j?) ABYX 3JeK-
TPOHOB fABJAfOTCH BekTOpaMu B (2/ - 1)-MepHOM NpPOCTPAHCTBE MNpeacTa-
BJCHUS pY rpynnsl BpatieHu#t. IlpousBenenns ¢ynxuuit lp(il’)lp(j?) obpasyior

1) 10T TepMMH HCHOJbL3yeTcs HpH HepeBOde aHrJAuWHCKOro cjaoBa ,senio-
rity“. — ITpun. nepes. ’
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6a3uc HeKOTOPOrc npeicTas/ctusg yuutapuo#t rpyunst SU (2[4 1) u
B TO e Bpems o6pasyor 6a3uc HEKOTOPOro NPEeACTABJEHHS TPYNHbI
spautenutt O (3). Ilpu j =1 (4e.ro0e 4wucao) paseuctso (11.6) nokasb-
BAeT, UTO cumiempudeckas OunuveiHas ¢opma (ckanspHoe npousse-
JneHune)

!

1 Q!
o= W@ ==y - @D 11.9
L=0= 775 1”,:2_',‘1)”“1)‘”‘ URRY (11.9)

NPUBOAUT K CJOXKEHWIO MOMEHTOB KOJIMYEeCTBA IBIXKEHWSl JBYX UACTHI H
K TOJHOMYy MOMEHTY Ko/auuecTBa IBHxeHus L —=—0. B npocTpaHcTBe T€H-
30pOB TpexMepHble BpauleHus OyLyT HHAYUHPOBATh JHHeHHble mpeobpa-
3oBanusi, Ho ¢ynkuus W, .,, onpemeasemas coortouwenuem (11.9), ocra-
HeTcsa HeuaMenHoH. CyliecTByet, 0lHaKO, ropa3no 6oJee IUPOKas rpynia
npeoOpa3oBaHuit, KOTOpble OCTaBJAIOT HHBAPHAHTHLIM CKaJAPHOE TpOH3-
Begenne (11.9). CkanspHoe npousseneHue (11.9) sBaserca cCHMMeTpH-
yeckoft OuauHeftHoR ¢opMoH, 3amaHHOH Ha Bexrtopax (2! 1)-mepHoro
npoctpaicra. Il03TOMy OHO MHBAPHAHTHO OTHOCHTE/BHO OPTOrOHA/bHBLIX
npeo6pasopaun#t rpynns  O' (204 1), KOTOpyld Mbl paccMaTpuBaIH
B ra. 10. Onepauns (11.9), xoropass cBf3biBaeT opOHTaMbHbIE GYHKLUH
IBYX 3JEKTPOHOB M NPHBOJAHT K NMOJHOMY MOMEHTY KOJ/MYecTBa JBHKe-
Hu L ==0, MOHMKAET paHr TeHsopa 1];(1‘)1];(]?) Ha 2. Ora omepauus HHBA-

pHAHTHA OTHOCHTeJAbHO mnpeoGpasoanu#t rpynmu O (204 1). Onepa-
uua (11.9) B3ATHA CcKaJASPHOrO NpOHM3BeleHHs NpeicTaBaseT cobof He
YTO MHOe, KaK ONepalui0 CBEpPTKH, BBelAeHHy0 Hamu B § & ra. 10.
12
Mbl BupuM Tenepb, uTO npousseneHus ¢yuxuutt Pl )lp(j) CJAYHKAT TPO-
CTPAHCTBOM MNpEICTaBJAeHH A1 TPeX Tpynn:

SUQI4+ 120" 2L+ 1)o0™ (3).

Tpousseenns Y{D§P) MokHO CHayana PasnoKuTL Ha HEMPUBOLMMble Mpei-
ctajaenus [2] u [11] rpymnwe SU (2[4 1). das ¢yHKiuaH, OTHOCALIHXCH
K NpeNCcTaBJ/eHHIO [2], Mbl MOXeM BOCTIOJIb30BATLCA onepauneit ceepTku (11.9)
M Pa3JOoXHUTh NPOCTPAHCTBO ITHX (YHKUMH HAa [Be YACTH! HA TEH3OPHI
nyJeporo pavra (Y1) - p(2)) U Ten3ops BTOPOrG PaHra € HY/EBbIM C/AELOM.
B § 5 ra. 10 atu vactu oGosuauanuce @ u FO®, Taxum obpasom, mpen-
crapienue [2] rpynnm SU (2! + 1) pasnaraercs na npeacrasacius (00)
u (20) rpynnsl O*(Ql—{—l).

Cxanapnoe npoussenenue (11.9) cummetpuuno u mpusoaut k¥ L =0,
CooteeTcTsyloluas CnuHOBas QYHKUMA AAS ABYX 3/MEKTPOHOB LO/IKHA ObITH
anTHCUMMETpUUHOR u oBnazath cuMMmetpueit cxembr [11] ¢ S == 0. IloaTomy
npouecc creptku (11.9) caAsbiBaeT jBa 3/MEKTPOHA, B pe3yJbTare uero
BO3HHKaeT !S-cocTosnue,

Caenywwui stan Ka1acCHUKALUM COCTOMT B PA3JIONKEHMM TPEACTa-

Baenntt rpynnsl O (20 4- 1) na npencrapieHus rpynne Bpawenu#t OF (3),



500  Taasa 11. Ilpumenenue teopuu 2pynn x aromnoir u Adeprod dusuke

Pa3noxeHue MOMEHTa KOJIHYeCcTBa JABHKEHUSA
SU@L+1)—>0" 2+ 1)—> 0" 3)

BHINOJHAETCS 6e3 ocoboro Tpyna: npeicrasieHue [2] comepxutr L =2/,
2l—2, ..., 2, 0. Tloanpoctpancteo (00) coaepmut TOAbKO L =2,
noatoMy noanpoctpanctso (20) comepxut L=2[, 2 —2, ..., 2. dynk-
UMM, TpHHALIENauMe NpencTasieHuio [11], npu ceepTke o6paaiorcs
B Hydb. CneloBaTenbHO, OHM MpHHALAeKaT NpeicTasdeddio (11) rpynmw

O" (214 1). BO3MOXKHbLIMU 3HAYECHUSIMH 113 L Cayxar

L=2—1,2/—3, ..., 3, 1.
Mbl nomyyaeM CAENYOINYI0 KAaCCHPUKAUMIO LIS ABYX YacTHL:
SU@RL41) o @l+1) 0% (3)
(2 (20) L=2, 24 —2,..., 2% (11.10)
(2] (00) L=0;
(1 (11 L=2l—1, 24—3, ..., 3, 1.

PaccMOTpHM Janee CHCTEMY uYeThlpeX 9JEKTPOHOB B KOHurypa-
uun (). Onepauns (11.9), 6ynyun npumeHeHHOH K ¢yHKUHSM

POHEGD,
WM« p@) q;(f:»)q;(:) (11.11)

OHM COOTBETCTBYIOT KOMOMHALMK BOJHOBHIX (YHKUMH ABYX 3/€KTPOHOB,
HAXOAAWMXCS B 'S-COCTOSIHMM, C TEH30pPOM BTOPOroc paHra, o6pasoBaH-
HBIM U3 ¢QYHKUMH IpyroH napsl anexTpoHoB. Ecinm Mbl cHOBa npubertem
K CBEpTKe, TO TOJAYyYaTCs 4Y/eHb BHAA

WO @Y WP® . p@), (11.12)

T. e. koMOGuHauus !S-cocTosHu#, npeicrasafiomas coOoft TeH3Op Hy/e-
Boro panra u obaapawmas L =0.

Eciu B KayeCTBe HCXOAHOTO B3ATh HENPHBOLMMOE MpeicTaB/eHue [22]
rpynns SU (2[4 1), TO cBepTKa npHBeleT K Pas/iOmeHHIO ero Ha npej-
crasjenus (00), (20) u (22) rpynnsl 0" (21 +1). dyuxuun, npuHante-
wawne npexacrasaenuio (00), umeor Bua (11.12). dyukuun, npunHanne-
Katue npexacrasienuio (20), umeior Bua (11.11) u aBasoTCs npoussene-
HUEM TeH30pa C HyJeBbIM CJelOM, TOCTPOCHHBIM H3 GYHKUMA ABYX
3JEKTPOHOB, M TeHzopa !S-cocTosHus Apyrof mnapel. Pasnoxenue
MOMEHTa KO/JIMYeCTBA [IBWKEHUS CJelyeT M3 3STHX YTBEpuAEHHWHA H
pesy/bTaTOB, [MOAYYEHHbLIX AAA JABYX vacTHu. PyHKUMH rnpeacra-
paeuus  (00) momkue uMeth L=0. &yukuuu mnpeactasieqns (20)
umeloT L==2/, 2/—2, ..., 2. Yrob6m Ha#iTH pa3nomenne MOMeHTa

NOpOXKAAE€T YJE€HH BHIAA
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KOJMMUECTBA ABHXEHHs AJd TNpeicTaBjaeHHs (22), Mbl BOCHO/b3yeMcH
teM, uro noanpocrpaHctsa (00), (20) u (22) B cOBOKYNHOCTH 06pasyioT
npocTpaHcTBO npeacrasaenns [22] rpynow SU (204 1). Tak xak 3Ha-
YeHHss MOMEHTa KOJIMYeCcTBa IBM)KEHMSl, COJepKallHecs B NpeicTaBJe-
HUM [22], MOXHO HaTH C TOMOILbID METOJOB, H3JOKEHHhIX B § 2
HACTOALIEH T/AaBH, 3HAauYeHHss L i npelicTaBieHHs (22) MOXHO HalTH
nyTeM BBHIUHTAHHI,

OG6palaeM BHHMaHHME HA TO, 4YTO B 3TOM NpHMEpe TEH3OpH YeTBep-
TOrO paHra ¢ cHMMeTpHeR cxXeMbl [22] GblIM pa3/ioKeHH NO npejcra-
BaeHusM rpynnsl OF (20— 1), npuueM Ta 4YacTb Pa3NOKEHHs, KOTOPas
cooTBeTcTBOBa/Ma npenctasacinio (00), cocTosna M3 TEH3OpPOB paHra
v=4—4=0, Ta yacTb, KOTOpPas COOTBETCTBOBA/A npeicTaBaeHHo (20),
COCTOf/Ia M3 TEH30pOB paHra v==4 —2==2, a Ta YacTb pa3/OKeHHs,
KOTOpas COOTBETCTBOBAJAa TNpeiAcTaBAeHHIo (22), cocTosna M3 TEH30pOB
paHra v=4 c HyJaeBoM caenoM. Tensopw (00) yxe BcTpeyanuch, Koria
YHCJI0 YacTUL GBIJIO PaBHO HY./0 (e AIMHHYHOe npelcTaBiaenue). Tenzopol (20)
BCTpevanich paHee NMpH PACCMOTPEHHMM KOHHMrypauuu 0syx uacruu. Hau-
MeHbulee 4UCA0 YACTUL, NIPH KOTOPOM MOXeT BCTPETHTbCA TEH30p C HyJe-
BHIM CJ/1eJIOM, Ha3blBaeTCs CmapuiuHcmeorm 3Toro teHsopa. Tensopb (00)
MMEIOT CTapIIMHCTBO ¥ ==0, TeH3opbl (20)— CTApLIMHCTBO U ==2, TeH-
30pbl (22) — CcTapLIMHCTBO ¥ =4,

B ofuieM ciyuyae TeH30pbl r-ro paHra, COOTBETCTBYIOLIME Pa3GHeHHIO

(g - Ayl
JONYCKAIOT Pa3/iokeHHe Ha TEH30pbl THHA (W, ..., W;) C HYJeBHIM cJe-

oM, paHr Kotopblx v < r. Ilpn ueTHOM r HaWMeHblliee BO3MOMCHOE CTap-
IIMHCTBO ecTb ¥ == 0, 4TO COOTBETCTBYeT HEMPHUBOAMMOMY NpPEACTABJIEHHIO

(00 ...) rpynnel O* (204 1); npn HeueTHOM r HauMeHbllee BO3MONHOE
CTapLIMHCTBO PaBHO == 1, 4TO COOTBETCTBYET HeNPHBOAMMOMY TipejcTa-

Baenno (10 ...) rpynnwb ot (2l +1). Pasnoxenne mpenctasieHnit
SUQI+1)—->0" @241
MOXXHO TPH KaXAOM [ BLIMOJNHATL C NOMOLIbK) METOLOB, HM3/0XEHHHIX
B § 7 ra 10, u ta6n. 48 u 49. Ias pasioxeHus
ot 2+1)—>07 (3)
Mbl ToJb3yeMcsi TabiuuaMu § 2 Hacrosie#t riasbl.

Nas koudurypauun (p)” [==1, u rpynna O* (2[4 1) ectb npocro
TpexMepHas rpynna spauenutl. ITojanoe pasnoxenne B 3TOM ciyuae npe-
cras/ieHo B taba. 59,

s xougurypauun (d) Mbl xoMOMHMpYeM pe3yabTaTh, NpHBEIEHHHE
B Ta6a, 48 u 60.

Ilpn r=1:

1], L=2-—>(0), rtakum obpa3zoM, npexncrasieune (10) co-
nepHHT L=2. ' '
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Ilpn r=2:

(2], L=4, 2, 0—>(20)+(00), tak uro mpeicTasieHue (20)
conepxur L =4,2

(11], L=3, 1—(11), rak uro npencrasjenue (11) comepiur
L=3,1.

Ipn r=3:

[21], L=35, 4, 3, 22, 1 > (21)+4(10). Tak kak npencrasje-
une (10) conepxmur L==2, npencrasaenne (21) comepxur L=35,
4,3, 2, 1

(18] =[1?] —(11).

DtuM cnoco6oM MBI MOJAYuYaeM pas/OKeHHe TpeacTaBaeHHH
0" (5)—> 0" (3).

PesyabtaTel naa Koupurypaunn (d)’, npusenennsie B taba. 61, noka-
3LIBAIOT, UYTO YPOBHM KoHdurypauuu ()" OIHO3HAYHO ONpENensioTCs CXe-
MOH [A], CTApLIMHCTBOM U M MOMEHTOM KO/JHMYeCTBa JABHKEHHs L.

Ta6a. 62 s koudurypauun (f)" monydeHa Tem ke METONOM.

B cayuae xougurypaunn (f)" cl0KeHHs KBAHTOBBIX YHMces, HA3BAHHBIX
HAMM CTAPLIMHCTBOM, HEJOCTATOUHO A/ OJHO3HAYHOTrO Onpele/eHHs YpOB-

Heff, MOXHO HAWTH HEKOTOPYI MOArpYIMIY TPYNMbl O+(7), KOTOpas co-
JepIKUT TPeXMepHYK rpynmy BpauleHu#f, ¥, TakuM o0pa3OM, MOJYYHTb
JajbHefilllee YTOYHEHHE KJ/JIacCHPHMKALMH, HO Mbl 3TOTO Je]aTb He OyneM.

3ada4u. 1. IlpoBeauTe BBIYMCHEHHS, HEOOXOAMMBIE Al 3aMoJdHEHUS
taba. 62.

2. a5 3JeKTpoHOB B KoHurypauuu (I)" cuMBOA (M, ..., i) MOXKeT
COepxaTh TOJbKO BeJHYHHBI ut=0, I, 2. Ilyctb @ — 4HCJIO JBOEK B CHM-
BoJe, a f§ — uuciao enmHuu. JlokaxuTe, 4TO

a=%——8,

B=min{

rie U — CTapuUIMHCTBO, a S — CITHH.

928 (11.13)
A41—wv,

§ 5. ATOMHBIE CMEKTpPH B cXeMe jj-CBA3H

B rtaxeablx aroMax, KOria BKJajd B SHeprui0 B3auMojeHcTBui, 3aBH-
CALIMX OT CNHHA, CTAHOBUTCA CYLIECTBEHHHIM, MH MOXeM MNOJAYUYHMTb JAyu-
lree OMMCAaHMe, ecaM BMecTO cXeMbl cBsidn Paccena— CayHpmepca Boc-
noJb3yeMcsi cxeMolt Jj-cesiam.

B cxeme Jj-cBf3n Mbl BHavase KOMOMHHDYeM ONHO3/EKTPOHHYIO
OpONTaIbHYH0 BOJHOBYI0 (YHKLUHIO € BHyTpeHHeR (CIHHOBOH) BOJHOBOM
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¢dyHkures 3MeKTpoHa. ITH QYHKUMH 00pasyloT 6a3uc mnpeacTanaeHni Jolls
1 1
n DY rpynner spamenutt. Paznoxmm nponssenenne DY X D ya
HeNpHBOAMUMbIE TpeaCcTaB/IeHHUS DY rpynnel  BpauleHult (J =1[ 1 1/,).
Beienctere cHALHOTO CHMH-OPOWTAJABLHOrO B3aMMOAEHCTBHMS OJHOYACTHY-
Hble QYHKUMH € PAa3/JMYHBIM MOMEHTOM KOJHMYeCTBAa JBHKEHHS Jj OTBEYaT
XOpOLIO Pa3fie/leHHEIM YPOBHAM 3HepruH. ONHOUYACTHYHBlE BOJHOBHIE PYHK-
LMK, COOTBETCTBYIOIIHE HEKOTOPOH 3a1aHHON SHepruH, 06pa3ynT 6asnc |,
)
1|Jj_l, - ‘l’—1+1' _j TIpelcTaBaeHus D"’ rpynnsl BpauieHuH,

Ecnu B Kompurypauuu (/)" HAXOMMTCA r 3KBMBAJEHTHHIX 3JeKTPOHOB,
TO MNOJHYK BOJHOBYI0 (QYHKUMIO MBI JOJ/KHBI COCTaB/ATb H3 NPOU3Be-

JNeHni

1p(tll)...1p(i'r) (lvz—J,...,j)_
Ho nockoabky Temepb MBI paccMarpuBaeM TNOJHbLIE BOJIHOBble (YHKIHH
IJ5 TOXJeCTBEHHBIX 4YacTHl, npuHumn [layam TpeGyet, yToOb Mbl B3S/IH
TOJbKO TNOJHOCTbIO AHTHCUMMeTpHuecKHH Tenzop [17].

Pasnoxenne MOMeHTa  KOJHMYECTBA  JBHXKEHHA 1A AHTHCHMMe-
TpHueCKoro TeH3opa [1'] NPOBOAMTCA HEMOCPEJCTBEHHO, HO BHIUMC/IE-
HUS upe3BHUYafHO TpoMO3ldkH. Tak Kak 3TOT TEH30p AHTHCHMMETPH-
YyeH, eJMHCTBEHHBIMH HEHY/EBHIMM KOMIOHeHTaMHM OyayTt Te, A48 KOTO-
puIX BCE [y, ..., i, DA3JINUHBLI, I'Iocxonbxy MHAEKC i ¥y (pymcuuu ‘P:
YKa3blBA€T CTPOKY NpeaCTaB/eHHd DY , KOTOPOH NMpHHAN/IEKHT ; \T. e.
snauenue J{) B cocTosimm qa(,U), cyMMa (pas/IMYHbIX) MHAEKCOB ij -~ ...,

YKAa3blBa€T CTPOKY NpeNCTaBJeHHS, Koropoﬁ NPHHALICKHUT [pOH3BENEHHE

8 U .. \p’) (1. e. sHavenne J| O+ ... +JO B aToM cocTosun). UroGu
Hanm 3HalleHHﬂ J nns Kompurypauuu (/)', MBI IPOCTO BHIMMCHIBAEM BCe
BO3MOXHble HAOOPBl HMHAEKCOB [, ..., i,, YLOBJAETBOPSAIOLIMX YCAOBHIO

>0 > ... >i, n OepeM cymmy 2[ Ecau nHanGoublias cymma

ectb Ji, TO pa3JokeHHe TPOU3BeeHHUs [ ”] NOIKHO COMEePKATH Tpei-

craBnenne D’' rpynnul ppawmennfi, npuueM aas 2J; -+ 1 6asucHbIX QyHK-
UHMA 3TOrO MNpeacTaB/aAeHHs

Ztvz‘ll' ‘]I_lt---; D

BLiuepkHyB 3TH 3HAaYeHHs M3 TaGAHUBl CyMM, Mbl IepexoAuM K Han6o.b-
IeMy M3 OCTABIIMXCH 3HAYEHHH Ztv. [Tponomkas sToT mpouecc, Ml
HAXOMMM Pa3/oXKeHHe MOMEHTa KoJMyecTBa ABHxeHHus. [Iponamoctpupyem
9TOT MEeTOJ Ha HEeCKOJbKHX TNpHMepax.

[Mpu j==3/2 BO3MOXHbI ueTHIpe COCTOAHMA (UeThbipe 3HAUEHHA HHIEKs
coB). Mol ngomkHH Jofith anme no r=2. [lpn r=1, J=3/2.

[Ipu r = 2 BO3MOXHbIe 3HAYeHMs I, Iy ¥ I — I, MBI ¢BeneM B Taba. 63,
Haubonblnee 3HaueHHE CYyMMbl Ziv paBHo 2. BriuepkuBaem u3 Tabamunl
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3HayeHuss Cymmbl, pasube 2, 1, 0, —1, —2. [locae artoro ocraercs
elMHCTBeHHAas Ccymma, pasHas (. Taxum oOpasom, koHdurypauns (3/2)?

conepxur J=2, 0.

Ias xoudurypaumu (5/2)" uMeeM

_ 5.
r=1, J= 5
r=2, J=4, 2, 0.

[pu r=3 npencrarum B BHIAe TalJHMILl BCE BO3MOXHLIE HAOOpH MHIEK-
coB Iy, Iy I3 w ¥x cymmul i i3 (taba. 64). HauGonabuiee 3Haye-

Tabauya 65

Pa3noseHHe NOJHOro MOMEHTA KOJHYECTBA [BHMEHHS

B KoHdurypauuu (J)

J
.3 3
]=—2- r=I1 —5-
2 2,0
]=-g— r=1 g
2 42,0
9 5 3
8 70202
.7 7
]=—§' r=1 —2—-
2 6, 4,20
; 1519 75
2’ 2'2°2" 2’2
4 86,5 (1 (220
.9 9
]=‘2_' r=1 5
2 8,6,4,2 0
3 2 4715 13 M ep 75 3
22 2''"2’ 2\2)>22" 2
4 12, 10, 9, (8)%, 7, (6)%, 5, (4)?, 3, (2)% (0)?
| 8
22 2°\2)7\2)"\2 2/’
(2).(z) () 7=
2)°\2 2/’ 22
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HHEe CYMMBI Ziv pasno 9/2, moaToMy npeacrtaBieHHe colepxHT J = 9/2.
BuluepkuBaeM CyMMbl, pasuele 9/2, 7/2, 5/2, ..., —7/2, —9/2. Hau-
6oJblilee M3 OCTABIIMXCA 3HaueHWH PaBHO 5/2, MO3TOMY NpeACTABJAEHHE
colepxur J=>5/2. BrluepkuBaeM cyMMbl, paBHble 5/2, 3/2, ..., ——5/2.
Hau6onbiee w3 ocTtaBmiMxcs 3HayeHMH paBHO 3/2, CJenoBaTe/bHO,
B NpeAcTaBAeHHH cojepxurca J== 3/2. BriuepkHyB CymMMbl, paBHble 3/2,
1/2, —1/2, —3/2, mbl ucyepneiBaem tabauuy. Taxum o6pa3oM, KOH-
durypauns (5/2)3 comepxur J=9/2, 5/2, 3/2.

CyuiectByetr mnpocTol cnoco0 TMpoBepKH TPABHALHOCTH pasJfoxe-
HHS MOMEHTa KoJ/uyecTBa ABMkenus. TeHsop, obnanamouiuf cuMMerpued

2/ 41
cxeMsl [17] orHocureanHo rpynme SU (274 1), umeer (jj— ) He3a-

BUCHUMBIX KOMIIOHEHT (CTOJIbKHMH crnoco6aMHu MOXHO BbI6pﬂTb r HIIICKCOB

>8> ... >i, m3 2j41 sHavenntt f, j—1, ..., — j). Tak kak
pPa3MepHOCTb TpeaCTaBJeHHs DV Tpynnsl BpaueHWH pasHa 2J-41,
Mbl JIOJIXKHBI HMeTb
¥ (21+1)=(2/;|‘1). (11.14)
JB [Ir]

B paccmarpuBaeMoM npuMepe
)= () =20= g+ ) oot ) e 3)

Pesyabraral Bniots A0 j==9/2 npuseneHu B Taba. 65.

3adayu. 1. Jokaxure, YTo HauGOMLIIMA MOMEHT KOJMYECTBA JABHKEHHS
B KoHurypauu# (j)" paseH

Juae =5 (2 —r 4 1.

2. JlokaxkuTe, 4TO B Kompurlypauun (/)" ue MoxeTr ObTb MOMEHTa KOJH-
yectBa aBHeHHs! J = Jyac— I, a MakcMManabHas KpaTHOCTb A MOMeHTa
KOJNHUECTBA JIBHKEHNS

J = Jyaxe — 2 paBHa I,

= Jyaxe— 3 paBHa 1,
= Jyaxe—4 paBHa 2,
= Jyaxc— 5 paBHa 2,
= Jyaxe — 6 paBHa 4.

§ 6. Crpyxrypa aapa. Wsoronnuecknii cnnx

HPH pacCMOTpeHHH A1€p MOXKHO NPHUMEHATL METOAbl TEOPDHH BO3MY -
LeHUH, aHaAorHyHble TeM, KOTOpble HCNOJAb30BAJINCL B MHOFOSHCKTPOHHOH
sanave. Ho nnsa anep 3aldaya OC/JAO0XKHAETCA, TaK Kak CHCTeMa COCTQHT
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M3 4YaCTHLL [JBYX cOpTOB: HeHTpoHOB M mnporoHoB. (KpoMe TOro, Mml He
pacrnosiaraeM TOYHBIMH CBEI1eHHAMH O B3aMMOAEHCTBMHM YacTHL BHYTPH s1pa.
Wudopmauuio o raMu/ibTonnane A8 AApa NMOAYYalOT M3 CPABHEHMS BbI-
YHUC/EHHOH M MOJy4YeHHOH B3KCMePHUMEeHTanbilo CTPYKTYphl siipa.) Macca
npotoHa M HefiTpoHa (MPHOAN3HTe/NbHO) ONMHAKOBA, OHM 06JAaNAlOT OIH-
HAKOBbLIM cruHOM (S ==1/2) u nepexoasr Apyr B 1pyra npu p-pacnae.
HeliTpoH He MMeeT 3apsina, 3apail e NPOTOHA PaBeH —- ¢, MOITOMY KYy-
JIOHOBCKHe CHJ/bl IefiCTBYIOT TO/MbKO Ha NMPOTOHb. QIHAKO NMO CPaBHEHHIO
co cneunduyecKUMH ANEPHBIMM CHIAMK KyJOHOBCKHME CH/bl Majbl. Kpome
TOro, HMMEIOLIHeCs B HauleM pacClOpsKeHHH SKCMepHMeHTadbHble NaHHbIe
TNOKA3bIBAKT, 4TO CHeuMpHUUeCKHe SACpHbie CHAbI, AeHCTBYIOLIME MexIly
IBYMsl YaCTHUAMM BHYTpHM s1pa, HE 3aBUCAT OT TOTO, SBJSIOTCH /JH 3TH
yacTHUb HEHTPOHAMM WJM TIDOTOHAMH, T. €. SJepHbie CHJAbl He 3Q8ucAm
om 3apada. [loaroMy yno6HO paccMaTpMBATL HEHTPOHBI M IIPOTOHBI KAK
CoCmoAHUS HEKOTOPOH O1HONH ¢yHIaMeHTanbHOH 4YaCTHLLI, KOTOPYK MH
HA30BEM HYKANOHOM.

HykinoH MoxeT HaxomMTbCa B MOGOM M3 IBYX 3aps008uix COCMOA-
Huff, KOTOpble Mbl O0O3HAUMM CHMBOJMAMH Yy, H Y_y, LA HEHTPOHHOro
M TPOTOHHOTO COCTOSHMH COOTBETCTBEHHO. DTH COCTOSHHA ABAAIOTCA CO6-
CTBEHHLIMH COCTOSIHMAMHM Omepatopa f

1
Loy, =5 by, (HeHTpoH),
1 (11.15)
tClp-’/z = 'f'lp_xlz (mpoToH).

[Tpumenss omepatop #; K 3apsnoBOH (pYHKUMHM, Mbl OTpefe/seM, OTBe-
yaeT JM 3TO COCTOSHHE INPOTOHY HAM Hefirpody. OmnepaTop f; MOXHO
3anucaTh B BUAe MaTpHubl 2 X 2:

5 0
te = ap (11.152)
0 —3

Yro6E MMeTh BO3MOMHOCTb YUMTBIBATL Mepexobl NMPOTOHA M HeHTpoHa
ApYr B Jpyra npu B-pacnaie, Mbl I1OJKHH HMETb ONMEPaTOPhl BHIa

0 1 (0 0 1115
(0 0)' 1 0)' (11.156)

Oneparopbl (11.15a2) u (11.156) 3anaior aare6py, koropas ¢opManbHO
coBnajaer ¢ anreGpoH onepaTopoB MOMeHTa KOAMUYeCTBAa IBUXeHms J,,
Jy, J;. TlockoabKy MBI MMEeM 1e0 C JBYMEpHbIM MpPOCTPAHCTBOM, CO-

crosHus g, o6paayioT 6a3uC HEKOTOPOro NMpejCTaBJIEHHs, AHATOTHYHOTO

TP eACTABJIEHHIO p'? rpynnel Bpaulennii, [IpocTPaHCTBO NpencTaBJeHHS,
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haraHyroe Ha Qyukud ., , HaIHBACTCH NPOCMPAHCMBOM UI0MONU-

wecxozo cnuna. Mol umeeM onmepatopbl fy, £, M f;, CBOHCTBA KOTOPbIX
4HAJIOTMYHE CBOMCTBAM ONEPAaTOPOB MOMEHTa KoJaMuecTa ABMKeHnsa J,
Jy. J,. Ecau y Hac uveeTCs CHCTeMa HECKOJbKHX HYK/IOHOB, TO ONEpaTop

Tr= 2t (11.16)

{

npeiacTaBaseT Co00#f  MHPHUHHMTE3UMA/bHbI onepatop OJHOBPEMEHHOro
,TIOBOPOTa BOKPYr OCH { B NpOCTPaHCTBE H30TOMHYECKOTO CNHHA® BCeX
yacTHlL. AHanoruyHeiM 00pasoM MOXHO OINpefleauTb M onepaTtopbl 7
H Tg.

118 CHUCTeMbl [BYX HYK/OHOB (hYHKLHH lp,/z(l) \p,/z (2) cootsercTByer
HetTPOHHOE COCTOSIHHe OOOMX HYKJOHOB H

T; (lpl/z (1) lp:/z (2)) == lp‘/z (1) ‘px/z (2).

TakuM o6pa3oM, I1d 3Toro coctosiHus Ty =1. dyukuud 117_,/2(1)117_1/’(2)
OMHUCHIBACT CHCTEMY JABYX NpoTOHOB, M Ty = — 1. PyHKLHH 1p,/z(1) ‘p"/z 2)
H 1|‘_,/2(1)¢7,/2 (2) omnuchbBAIOT COCTOAHMSA, CONepKalHe OJMH TMPOTOH H
ONMH ueftrpon, npuyeM Ty=0. Mbl BuaMM, uTO

mn

Ty =5 (N —2), (11.17)

rie N n Z ——4UCA0 HeH1DOHOB M NMPOTOHOB B CHCTEME COOTBETCTBEHHO.
O6iee ynca0 HyK.IOHOB B cucteMe paBHo N -+ Z. Ecau paccMaTpuBaloTCesS
silepHble CHABL, TO 3UayeHHe Tp He CYLILCTBEHHO.

ﬂ.flﬂ CHCTEME! TOMAECTBEHHBIX HYKJOHOB Mbl IO/XKHBlI TMOCTPOUTL CO-
CTOsiHHA, 00Jalalouine omnpefeeHHON CHMMeTpHeH OTHOCHTE/NbHO mNepe-
CTAaHOBKY TOXIECTBEHHBbIX YaCTHLL. ﬂ.flﬂ ABYX 4aCcTHL TI€pBHE 1B€ H3
HA3BAHHLIX BbILIE beHKLlHﬁ OKa3blBAlOTCH CUMMETPHYHBIMH OTHOCHTEJLHO
nepecTalioBkM HykaoHos 1 n 2. OcTanbHble e (YHKUMH MOXHO CKOM-
OHHHPOBHT}) TakK, 4TOObI NOAY4YHUJINCHL CUMMETPHUYHbIE U AHTUCUMMETDHUYHbIC

KOMOUHALLHH
Py, Dby, (2 £, (D, (2).

ITockonbKy KyJIOHOBCKHMH CHJIaMU Mbl IpeHeGperaeM, Ha HEPrHH CHCTeMbl
MOXET CKa3aTbCsl JULUIL CUMMETDHSt BOJHOBBIX (YHKLUHMHA. Mbl BHANM, 4YTO
sl ABYX HYKJOHOB YHC/JO CHMMETPHYHBIX COCTOSHMH paBHO TpeM, B TO
BpeMsl KaK YHC/AO aHTUCHMMErPHYHBIX COCTOAHMH PaBHO oaHomy. [lepsnifi
THI CUMMETPUM COOTBETCTBYeT pa3bHeHH0 [2] pa3mepHOCTH 3, BTOPOH —
pasGuenmo [11] pasMeprocin 1.

[To aHanorum ¢ NOAHBIM CIHHOM S Mbl BBOAMM U30MONULECKUL CNUH
(u306apuueckuit cnui, usocnmd) T TawoH, uto umcao (27 4 1) onpene-
JIIeT COAEPKAHME MYJAbTHIJAETa AAS €OCTOAHMH, o00nafaloWwMX 3alaHHOH
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3apanoBofi cummerpuefi. Ilas 1ByX HYKJAGHOB Mbl HMeeEM
[2]2 T:‘—l, Tc———l, 0, ——1;
[11]: T=0, TC_—_O (L.18

CuMMeTpHuHoe cocrosiHne, y Koroporo T =1, npencrasaser coOoi

usobapuseckuli mpunasem. Bce tpm coctosHna ¢ Tr=1, 0, —I
(N—Z=2, 0, —2) o61anal0T 0IMHAKOBOH 3Hepruel. Anamoruuso
ans TpeX HYKINHOB HMeeM

. 3 . 3 1 1 3
[3]: T*j, 2T -1 =4, T;_—Q-,-Q—,——f,——7,

N—Z=3,1, —1, —3;
(11.19)

—

[21): T=-, T+1=2 Tt=5.,—
N—Z=1, —1.

TlepBbifi M3 3THX 3apSAOBBIX MY/bTHIIETOB CONEPXKHT 4eThipe H300apa,
BTOpOH — nBAa.

PesyabraThl A Mo6Oro uYHCAa HYKJOHOB COBNAZAalOT ¢ COOTBE
CTBYIOUIMMH De3y/bTaTaMH s CnuHa j=1/2. [i19 cOCTOAHHMA CO CXEMO
3apanoBoli cumMetpun [A Ay] M3OTOMMUECKMH CTHMH

1
T - 7 (7.11 _— }\42)..

§ 7. Snepusie cnextps B cxeme L — S-cBasu. CymepmyabTHIAETH

Ecan saaepHbie Cuibl €1a60 3aBHCAT OT CIMHOB, TO TaK e, KaK H
B ATOMHBLIX 347144aX, Mbl MOXeM 3amucaTb BOJHOBYI0 (PYHKUMIO B BHIe
npou3BeeHHs OpONTANLHON (yHKUMM M (YHKUMH, 3aBHUCALLEH OT CNHMHO-
BOH M 3aps10BOH NepeMeHHbIX. I'aMHUAbTOHMAH B3aHMOAGHCTBHA CHMMET-
pHYEH OTHOCHTE/JbHO TPOCTPAHCTBEHHBHX KOOPAMHAT HYK/IOHOB, MOSTO
opOuTa/ibHble BOJIHOBble (QYHKUMH HaJIEKHMT KOMOMHMPOBATH TaK, 1545t
NOJAYYHTh TOJHYI OpOHTaMbHYH BOJHOBYI (YHKUHMIO C onpefle/€H:
cuMMeTpuel, Oueprus COCTOSHMA BeCbMa UYBCTBMTE/JbHA K Majefuy
OTKJIOHeHHAM OT 3TOH cuMMeTpuH. [ToCKOAbKY sepHble CHAbL B OCHOR:I
ABAAIOTCA CHJAAMHM TNPHUTSKEHHA, 3HEPrUs YMEeHbUIMTCS, eCJaH CHMMen
opOuTanbHOH BOIHOBOM (yHKUMM Bo3pacTeT. [l03TOMYy MOXHO OXHMIA
YTO COCTOAHHMe, y KOTOpOro opOurtanbHas ¢yHkuus o6aanaer HaMBil.d
cuMMeTpueli, Oyner o6iaiatb Hauuusued 3aueprueH. ITOCKOMBKY i n
BOJIHOBasl (PYHKUMA CHCTEMbl TOMKIECTBEHHBIX HYKJOHOB B CHJIY TNpYHUL’
[Mayau no/mxHa GHITh TNOJHOCTHIO AHTMCHMMETDUYHOH, MBI LO/DKHL
CTPONTb 3apsIOBO-CNHHOBbE (YHKUMH C Onpele/eHHOH cuMMeTpHelt
B3MB TpOM3BeleHHe OpOHTANLHON (QYHKUMH H 3apsA0BO-CIIMHOBONH (YyHK-
UMM, cXeMa CHMMeTpHH KOTOpOH conpsiKeHa CO CxeMOH CHMMETPHH Tep-
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80H QYHKUUH, NOIYYHTH MOJHYO BOJHOBYI0 pyHKuMIO. [Tocko/bky aHeprus
COCTOSIHUA OMNpefenfeTCs TOJAbKO OpOMTaAbHOH ¢YHKuMe#, B To BpeMma
KaK CoJep)KaHve MyJ/bTHI/IEeTa 3aBUCHT OT 3apfA0BO-CHHHOBOH QyHKUMM,
KaxIHH ypoBeHb 3HEPruM OyleT cyYnepMyasmuniemon.

B caydae oaHOro RyK/oIla BO3MOXHLI YETHPE 3apAJA0BO-CIHMHOBHIX
cocTtosHua. ECan ONMHCHBATL COCTOAHMA Pa3/HYHBIMM 3HAYEHHAMH LeJH-
Wil f; U §,, TO MOJyYaTCs YeThipe GasHCHHE (YHKUMH

lpl/z) '/ lIjl/z» =’ lIJ"‘/z- ' lp-‘/z: = (1 1.20)

2 2

CuMMeTpHs COCTOSHMR 18 OJHOrO HYKJOHA OMMCHIBaeTCs pasbuenueM [1];
145 3Toro cocrosius 7 =1/2, S =1/2, no3sToMy I4as 1aHIIOTO MyJbTH-
naera 2T +1=2, 25 +1=2.

Ilas IByX HYKJOHOB CYUIECTBYeT LIECTHaALATh 3apfA0BO-CIHHOBBIX
coctosauit. Ecan cuMMeTpus 3apanoBo-CIMHOBOH QYHKUMH oOnpeensercs
pa3bueunem [2], To ambo M cnuiioBas ¢YHKUMA M 3apsanoBas QyHKuUMA
cuMMeTpuyHbl, Tak uto 27 +1=23, 2S5+ 1=3, 6o oun obGe antu-
cuMmMeTpuunbl, M 2T -1=1, 254 1=1. Takum o6pa3om, cXxeMa
HOura [2] comepKHT 3aps1oBO-CNHHOBBHIE MyabTHMAeThl Thma (11) (3apa-
JOBbIfi CHHIJIET M CNMHOBBIAE CHHr/eT) M THna (33) (3apsaoBuft TpHmaer
4 CIOMHOBBIH TpHUMJIET). AHAJOTHUYHBIM 00pa3oM, AHTHCHMMeETpHuHas 3apf-
NoBo-cnuHOBaA ¢yuxuua Tuna [11] AomkHa ObiTh TPOM3BedeHMEM 3apd-
noBoH W cnunopof ¢GyHKUHHA TIPOTHBONOJNOKHON CHMMETPHH U TNO3TOMY
CcozepxkaTb MyabTumaeThl THna (13) (3apsanoBbiffi CHHIJIET M CNHHOBHIK
tTpunier) u (31) (3apsAA0BbIf TPHIJIET M CNHHOBHH CHHrJ/ET),

Cxeme lOnra [14] coOTBeTCTBYIOT YeThbipe HYKJIOHA B MOJHOCTHIO aHTH-
CHMMETDHYHOM 3apANOBO-CIIMHOBOM cocToaHMH. [lockoJbKy BCe ueThipe
nabopa HMUAEKCOB J0JIKHbI ObITh Pa3MHubIMU, Kaxaas ua ¢dynxkumni (11.20)
O6yner ¢UrypupoBaTh TOJAbKO OIMH pa3, Tak uto 7 =S=—0. Takum
o6pasoMm, cxeMe [19]=[0] orBevaloT MyabTHIAeTH (11) (3apAnOBbIA CHIi-
TJeT M COMHOBbIM cuHr.ier). TouyHO Tak e cxeMa [13] akBuBaJeHTHa
cxeMe [1], eli oTsewaer 3aTeM My abTHNJeT (22),
¢+ 3apanoBO-CNMHMHOBHe GYHKUMH I TPeX HYK/JIOHOB Mbl MOKEM HalTH,
Ct. TaB/AA BHELIHEE TPOM3BeJeHMe M pasjaras 3aTeM ero s pasiauy-
eoix Su T

0 e 00 - 000 + 5 (a1.21)

a36uenuio [1] coOTBETCTBYIOT MY/bTHNAeTH (22), B TO BpeMa Kai pas-
$erne [2] comepxuT MyabTunaerst (11) u (33). Jlepas yacTh paBeHcTBa

711.21) paBua

o (11(22) @ [2] ((11) 4 (33)).
‘43/1araeM 3TO TNpOM3BeleHHe M HaX LM
122y @ [21(11) —(22)

11(22) @ (21 (33) > (22) + 24+ (42) +- (44)

[

}[3]+[21].' (11.21a)
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AHanorndnbiM 06pasoM MO.IYYHM pa3J0KEHHE

U

[::I = DD + D
0 Y

[11(22) % [111(13) -> (22) + (24)
[1122) % [11] (31) -> (22) + (42)

D@%:SD+ , (11 22)

} 145 (1123

Boiyntas m3 (11.23) npouspenenne [1] (22), cTpykrypa KO10poro Haw
u3BeCTHa, HaffeM, uto pasbhenme [21] comepwuT MyabTHnJeTH (22),
(24) n (42) Buunras 3107 NocnedHHH pe3yasrat u3 (11.21a), nafiiew
CTPYKTYpYy pasOuchug [3] B uTore Mbl moayuyaev CTPYKTYph MYJLIH-
naetoB Aas Tpex uvactul (raba 66)

TaGauya 66

@T+1,25+1)
A Pasvephocib
22 @n 42) (@1)
[3] 1 0 1 20
[21] 1 1 0 20

C noMoupio TaKoro e lpouecca [0C/1€10BATENbH OO pas.10keHHs
npou3seeHuil Mbl nmepefiieM of r—3 k r—4 Ilpun r =4 BO3MOXHL
cxembl tOuwra [4], [31], [22] u [211] (He cuuras cxemp [14]=0)
HTo6E BOCNO1b30BATHCSA Me10AOM MOC/AeL0BAareJbHOr0 PA3JA0heHHs NMPOH3-

BeleHui, Mbl COCTaBAseM BHelllHee nNpouareleHue [1] (22) co Bcemu
CTPYKTYpaMi, MNpeICTABJAeHHLIMM B Taba 66, u mnoayuaem raba. 67
[Tockoabky pasbuennio [14] =0 orsevacr mMyabrumiaer (11), Mbl HAXOLHM
Tabauya 67
@T +1,2 S-+-1)
(13) (15) (33)
(11) (31) (51) (°3) (53) (55)
1 @@ ® B @ 1101 0 0
1 @ & B @) 00 0 1 1 1 }[4]+[31]
1 @ ® [21] 22 1101 00
o4 FWHMHM
1 @ @ [Pl (42) 01 1 2 10
@@ ® [1°1 @2 11 01 0 0} [2]4[11
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M3 MOC/AeAHeH- CTPOKH 3TOR - TalAHHH MYJAbTHAAETHYIO CTPYKTYpy pas-
O6uenna [211].

Pasnonenne MOAHOCTHIO CHMMOTPHUHOH CTPYKTYpH (4] MOXHO moay-

Yifbp ¢ NOMOLILBIO cnenylomeﬁ TeOpeMBl,

|

TropeEMa. Uro6bl HAHTH MOAHOCTBI CHMMETPHYHYIO 3aps10BO-CIHHOBYIO
dyuxiHio, caelyer COCTaBHTb NMPSMOE NPOH3BENeHHE 3apRAOBOH H CIMHOBOW
Gbynknui, obaanaoinux onuHakoBoil cummerpuell. TaxuMm o6pa3oM, 3apanoBo-
cnuHOBas Qyuknus aaa pasbuenus [n] npexactabaser cobofi cyMMy mpousse-
neHuH

[f®[n), [p—L, 1} ®[n—1 14T
[MocaenoBaTenbItOCTy 3THX TPOU3BEAEHHH 3aKAHYMBAETCH NPOU3BEAEHHEM
V+1 vl®[v+1, v}
ecad n=2v -+ 1 neyerHo, H NmpousBejseHHEM
v, V1 ® [v. v],
ecan n=2v yeTHo,

3navenus cnuna S (MAM H30TOMWuECKOro cmuHa T) AAs TaKUX OPOCTHIX
CTPYKTYp 3apsia M COuHa 3anawrcs cootHowenusmu (11.4) u (11.5), ua koto-
pbIX HaxXOAMM: NpH 7 Y€1HOM (n = 2v) 3apsA0BO-cnkHOBas yukuus tuna [n}
CONEPHUT MYAbTUNACTDl CAeiyloulelf CTPYKTyph:

Qv+, v+ D @v—1 2v—1), ..., (65, (33), (11}

upu n ueyeTHoM (n=2v + 1) 3apsanoBo-cnuHoBas ¢yHKuHs THNa [n] co-
JACpMUT MYABTHIAETH, o6aazamiue caeaylomes CTpyKTypoi’
2v+2, 2v+4-2), (2v, v), ..., (44), (22). <

Wrak, ctpyktypa pa3buenus [4] umeer Bun (85)- (33)-(11).

KomGunupys sTor pesynibTaT ¢ nepso#t cTpoko#t B TaGa. 67, Haxoaum,
uyto pasbuenue [31] colepmuT

13 30
(m)+(%>+@&~

Hcnoabsys mMofyuyeHHbE pe3ybTaThl, MB MOXeM 3aTeM ONpeleauTh
CTPYKTYPY pas3buenus [22] (taba. 68).

Tabruya 68

@Tr+128+1)
1A a1 (;:; (;v) 33) (.’;g (55) Pasmepuocts N
[4] 1 0 o 1 o0 1 35
[31] 0 1 0 1 1 0 45
[22] 1 0o 1 1 0 0 20
[211] 0 1 0 1 0 0 15
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[Ipolomkaa 3TOT Mpouecc, Mb CMOXEM MOCTPOMTh 3apAA0BO-CIUHO-
Bble (QYHKUMH MU .r =25, ecin 106aBUM OLHY YaCTHUY K CTPYKTypam,
TMOJYUYeHHBIM NpH r =4, u T. A.

B ofwem cayyae cXeMa CUMMETDHM 3apALOBO-CNHHOBOH (YHKUHH
DymeT colepxaTh ueThipe CTPOKH [AAogh,l. IToab3ydach CooTHOWEHUAMH
(10.29) u (10.30), MBI OOHapy:KHM, YTO 3Ta CXeMa SKBMBA/JEHTHAa CXeMe
[M Ay Ag 0], y KoTopo#H

M=A —hy My=hy— Ay, M= —A, (11.24)

— npusedennuie Hucia pa3buerus. Beanuunol A/ MOAHOCTBIO XapakTe-
PU3YIOT CHMMETPHIO 3apAloBO-CNUHOBOH (yHKuMH. BmecTo 3THX uucen
MOXKHO HCIOAB30BaTL uucaa P, P/, P’, onpelenseMble COOTHOLIEHHEM
AMA4-Ag—A3  A]—ALFAL A —AL—AS
’ 1" 2 3 1 2 3 1 2 3
@®, P, P ):( 5 , 5 , 5 . (11.25)

~ -

Tak kak A7>A,>> A%, umeem P> P’ > P’ Yucna P u P’ nomxHbl

OHITb MOJOXKHUTEAbHEIMH. CMBICA KBAHTOBHIX uucea P, P’, P” 3akmwouaercs
B caeiyiouieM: P — 3To Haubojbuee 3HauYeHue KOMMOHeHTH Ty M30TOMH-
yeCKOro CMHUHa B CymepMmyabTunere; P’ — 310 HauGosbluee 3HaYEHHe
KOMIOHEHTH cnHHa S, B cocTosHuM, B KoTopoM Ty= P (B TO xKe Bpems
uncao P mpencrasiaseT coGo# HauGoMbllee 3HaUEHHE KOMIOHEHTH CnuHa S,
B cynepmyabTuiiere, a P’ -— HauGosblee 3HaYeHHE KOMIIOHEHTH H30TO-
muyeckoro cnuHa Ty B COCTOAHMH ¢ S, == P), Hakowel, uucio P” o3Ha-
yaeT HauOoJjbliee 3HaUeHHE CYMMB
14 . .
2 Sz”tg)
N i=1

s coctosHus ¢ Tg=P n §,=P" (6o xe S,=P, a Ty=2~F').

3adayu. 1. JlokaxuTe NOCAEIHHE YTBEPKICHHS.
2. Jlokaxute, 4TO UHCAO P—{-P’lP”—{-(l/?)r BCErjla YETHO H I0J0-
WHTEABHO.,

B sakaioueHHe MB NpuBOAMM Taba. 69, B KOTOpOH nepeduc/IeHHl
cOJlep>KaHHs BCeX 3apsIOBO-CIMHOBHIX MYyJbTHNIeTOB Aad r < 10.

§ 8. Mozeab oGonoyex B cxeme L — S-cBaA3n,
CTapumHHCTBO

YT1o6H MNOJAYYHTH MOJHYK BOJHOBYIO (YHKUHIO CHCTeMBI, 3apsl0BO-
CNHHOBHE (YHKIHMH, MOMyYeHHHe B TNpelbiylieM mnaparpade, cielyer
KOMOHHHMPOBATH ¢ OpOUTANBHEIMU PYHKUMAMH. HYTOOb! yAOBAETBOPUTE NPHH-
uny [layau, o6a 3TH COMHOXHTe A LOMKHbH HMETb COMpPSKeHHble CXeMbl



§ 8. Modesv oboaouex 6 cxeme L—S-ceasu. Crapuiuncrao 521

cuMMeTpHH. Tlockoabky cxema IOHra s 3apsioBo-CNHHOBOY (YHKUMH
HMeeT camoe Goublilee YeTelpe CTPOKH, cxeMa FOura nias opGHTaabHOH
$YHKUHH MOXeT HUMeTb camoe OoJbluee ueThipe cTOa6UA.

Mogems o6onoyek aas axpa B cxeme L — S-cBA3H BecbMa CXOJHa
C COOTBeTCTBYIOIled MoJedblo [/ aToMa, paccMoTpeHHoH HamH B § 3
HacTosed riaBbl. OAHOYACTHYHbIE BOJHOBHE (YHKUHH BHIYHC/AIOTCA
B HEKOTOPOM YCpeJHEHHOM UEHTPaJTbHOM IOJe H HYMEpYIOTCS KBaHTO=-
BHIMH 4HcTaMH n H [. BoaHoBas ¢QyHKUMA OTAE/JbHOrO HYKJOHAa npef-
craBaser cobo# BekTop B (2/- 1)-MepHoM mnpocTpaHctBe. Ecan B co-
CTOAHHH (1, [) HMeeTcs r HYKJOHOB, TO opOHTaJIbHas BOJIHOBAs (YHKIHA

e'p
. . P
- -~ + D
edp .
. * -+ 'S
oS
t $ t T,
-1 0 1 d
Be® Li® He?
bur. 77.

OyneT TeH3opoM r-ro paHra. YrtoObl NOJY4YHTE (YHKUHH, oOGJanalolHue
onpejieeHHOH CcHMMeTpHe#f, MBI JLOJKHbl pa3bHTb NPOCTPAHCTBO TEH30-
pOB r-ro paHra Ha ero KOMIIOHeHTBbl, OTBEYAIOLIHE HENPHBOJIHMbIM
npexacTasaeHuam rpymnet SU (2/-+1). PaanoxkeHHe MOMeHTa KOJIHYeCTBa
JBH)XKEHHS TNPOBOLHTCA TAK XKe, Kak B § 2 W 3 HacToAwEeH raBH.

[TponamoctpupyeM 3ToT MeTox Aas [ == 1, MakcHManbHOE YHCJIO YaCTHLL
B p-oGosouke sapa B KoHdurypauud (p)” pasHo 4(2/-+1)=12. Bce
peayabTaTel npHBeleHH B Taba. 53 u 54, Ilpu r =0 win 12 Mu noay-
yaeM 1S-yposens (L=0, S=T=0). [Ipu r==1 cxeMa CHMMETpHH
A1 opGHTadbHOH GYHKUMH H 3apAL0BO-CNHHOBOH QYHKUMH uMeeT BHA [1],
M MBl MOJAy4YaeM ypoBeHb 22P.

PesyabTathl Aas r = 2 npedcrasiaeHd B TaGa. 70. Bcaenactsue Toro
YTO sidepHble CHJB SBJSIOTCS CHJAAMH TPHTSDKEHHA, COCTOAHHA ¢ GoJee

Tab6aruya 70
OpGuranbHel MOMeHT 3apARoBO-CNHHOBHA MyAbTHILIET
KOJHYECTBA ABHKEHHT
2] L (x] ¢P, P!, P") (2T 41,28+ 1)

(21 s, D (11] (100) 13 @y
(1= P 21 (111) any (33
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BLICOKOH opOuTanbHoli cuMMeTpuei 6yAyT o6aanaTh MeHblieH 3HepTHeh,
KpoMe Toro, MOXHO 3aMeTHTb, UTO SHEpPTHA BO3pacTaeT ¢ YBeauueHueM L.
CxeMa ypoBHefi filepHEIX p-0060/04eK NpH r == 2 npexcTasJ/eHa Ha ¢ur. 77.
CnxHOBEIE MYJBTHILIETE BhIMHCAHBI B ABHOM Bule, YTO ke kacaercs 3aps-
JOBHX MYJbTHI/ETOB, TO OHM YKa3aHHl TOYKAMH HAl COOTBETCTBYIOLMMH
anauenuamu Tp. Hanmpumep, 13D-ypoBenb taGa. 70 Ha cxeMe 0603HaueH
kak 3D-yposenb anpa Lif; 3P-yposenb nokasan kak 3P-yposenb snep BeS,
Li u HeS. [anbueHiee pacluenseHue YpoBHEH MB TOJSYUYHM, BKJIOUHB
BO3MYILeHHs1, OOBYCJOB/AEHHBE CNUH-OpOUTAIbHBIMM B3aUMOIEHCTBHAMH.
KynoHoBckoe B3auMOJEHCTBHE NpHBEIET K TOMY, UTO T'OPH3OHTa/IbHHIE
JMHHM HA cXeMe npuobpeTyT HAKJOH BMpaBo.

CTpykTyphl slepHHX KoHdurypauu#h ama r=0, 1, ..., 6 npuse-
JeHsl B Ta6a. 71.

Sadaxa. Hayeprure cxeMy yposHe#l 1asa kordurypauui (p)® u (p)*.
Ta6ruya 73
CoCToSiHHA, BO3HHKAIOLHe NPH 3anojJHeHHH sjepHOH f-o6oaouku (r < 4)
Opﬁu'razlbﬂuisﬁg(hé:z'; KoJAHYyecTBa 3apAN0oBO-CIHHOBHA MyABTHRAST
{r] (Wshalty) ] (P, Pt, Py 2T+ 1,28 4-1)
0| [0] (000) (0] (0?0)1 1 (1n
L] (100) [1 (3737) |@
2| [2] (000) (200) 1 (100) (;‘?)
(11 (110) 2) 111y (11) (33)
3| 3] (100) (300) (1] = 1] (%%_%) 22)
311 24
[21] (100) 210) | 21] (377) (@(%)
1 (111) ] (333) |eay
4( [4] (000) (200) (400)| [1111] == [0], (00O) (11)
(31] (110) (200) (310)| [211] (110) (;‘?) (33)
[22] (000) (200) (220) [22] (200) (11) (;? ) (33)
1
@11 (110) @11) (31) @11) (3‘? ) (33) ( gg)
[1111] = [111] | (111) [4] (222) (11) (33) (55)
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Te xe coofipakeHHs OCTAOTCA B CHJAe M NPH PACCMOTPEHHH KOHGH-
rypauufi Hykaonos B d-, f-, ... obosoukax. Tak ke Kak ¥ B aTOMHBIX
CNEKTpax, NMOAYUEHHYIO KIacCH(PHUKALMIO MOXKHO YCOBepLIeHCTBOBATL, BBe s

B paccMorpenne rpynny O (21— 1). Bce paccyskieHusi TOUTH OCJOBHO
COBMaNal0T C pacCyXJeHHsMH, TNpOBeleHHBIMH B § 3 HacTOsLlEH TJaBH.
EXMHCTBEHHOE OT/HYHE COCTOMT B TOM, UTO B pe3y/JbTaTe CBePTKH TeH-
30p0B, TNpUBOLALIEH K O0OweMy MOMEHTY KoJauuecTBa ABHxeHud L =10
(MOMeHTbl KOJHYeCTBAa JBHXKEHHS KaXIOTO M3 HYK/JOHOB paBHH [),
ux opbuTaibHas ¢yHKuMs npuobpeTaeT cuMMeTpHio cxeMnl [2]. CoorBer-
CTBYIOLLAsA 3apANOBO-CNHHOBas (QyHKUUA obnanaerT cummeTpued [11] u co-
LepXHT MyabTunaets (13) u (31). PesyabTathl aas d- u f-o6osouek
npu r <4 npencrasiens B Taba, 72 u 73. B 3TuX Tabauuax o6bemu-
HeHbl pe3y/abTaThl, MpuBeleHHbe B Taba. 61 u 62, m pesyabraTh, yKa-
3aHHble B Taba. 69.

§ 9. Moaeas oGoJsouyex B cxeMe jj-cBA3M.
CTapuiMHCTBO B CXeMe jj-CBA3H

Cxema jj-cBAay B TeopuM fApa AaHAJTOTHUHA TOH aNMPOKCHMALMH,
KOTOpasi HCnoJb30Bajiack B § 5 Hacrosue# riaBul A atoMos. Otaesb-
Hble HYK/OHBI ABHXKYTC B HEKOTOpPOM ycpelHeHHOM mnoje. [Ipeanosaa-
raeTcs, 4TO CMHH-opOMTATLHOE B3aWMOJeHCTBHE BEJHKO, MO3TOMY YpPOBHH
9HEPTHH OTAEJbHOIO HYKJOHAa MOXHO XapaKTepH30BaTh C MOMOLIbIO KBaH-
TOBBIX uucen n, I, j, my, rne j=1I1--1/2 nau j=1—1/2. Ectu B cu-
cTeMe UMeeTcs 7 HYKJOHOB, TO 3apflOBOe COCTOfIHHE fiapa OyNeT OMNHCHI-
BaTbCA 3apALOBLIMU DYHKUHAMH, KOTOPHE MBI NOCTPOMAH B § 6 HacTosueH
riaBbl. JTH QYHKIMH HYMepyIOT, HCNOJb3Yys NJIA 3TOTO 3HAYEHHA H30TO-
nuueckoro cnuHa T. Ecau r HYKJOHOB 3KBHBAaJMeHTHH (T. €. €CJH OHH
npuHanaexar oiHoH nlf-o6omouke), TO cnuH-0pOUTAABHYIO (QYHKUHIO CH-
CTEeMBl TNOJYYaloT, 00pa3ys NpoOM3BeleHHS 7 OINHOYACTHYHBLIX (yHKUUH.
OnHouacTHuHble (YHKUMH AAIOT 6a3WC HEKOTOPOTO MpPEACTABAEHHA TPYNIK
SU (27 +1). Cnun-op6uTanbHble BOAHOBHE GyHKUMM, o6najawouiye cCHM-
MeTpueHl KaKoro-HuGynb onpelefeHHOro THna, obpasyloT 0a3uc Hempu-
BOIMMOro npeicTasnaedus rpynnst SU (27 -+ 1). YTo6bl MOAYyUHTE NMOJIHYIO
BOJIHOBYI0 (YHKUHMIO, Mbl IOMKHB YMHOXHTb CHHH-OpOHTa/NbHYO ¢yliK-
UMI0 Ha 3apAlOoBYy0 (PYHKUMIO, 06J1aNA0ILYI0 COMpAXEHHOH CUMMeTpHeH.
Takum 06pa3oM, HOMepaMu CNHH-OPOUTaAbHBIX (QyHKUMH OYyAyT COYXKHTDb
aHaueHuss H3oromuueckoro cnuHa T. Ilockoabky cxema IOwra aas 3aps-
n0BOH ¢yHKUMM HMeeT camoe OoJjbliuee xBe CTpokH, cXeMa lOura nas
cnuH-op6uTanbHOH GYHKUMH He CONEPKHUT padabueHuH, Y KOTOpHIX A; > 2.
KpoMe Toro, uuciao cTpok B cxeMe lOHra njs cnuH-opOuTanbHOH (yHK-
uuH He mnpesuluaer 2/ 1. Hanpumep, npu r =>5 MoryT cyuiecTBoBaTh
CUH-OpOUTaAbHBlE (GYHKUMH, LA KOTOphIX cXeMa [OHra wumeeT BHI
[A] =1[221]. B sToM cayuae y 3apsaloBofi QYHKIUHH CXeMa HMEeT BHUI

[}Nv]=[32], tak uro T =1/2.
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$§ 9. Modeav oboarodex 8 cxeme jj-ceasu 535

Pasnoxenne MOMEHTa KO/MueCTBA ABHxeHHA KOHurypauuu (j)© Oulao
npuBeneHo B § 2 Hacrosweit raasul (cM. Taba. 54, 56 u 58).

[TousiTHe CTapIUMHCTBA B CXeMY Jj-CBA3H MOXHO BBECTH TaK e, Kak
oHO 6blo BBeseHo B § 4 HacTosule# raasel. UTOOGBl HMeThb BO3MOMHOCTD
XapaKTepu30BaTh YPOBHH, BO3HUKAIOUHe B HEKOTOPOH 3alaHHOHR KOH(H-
rypaudd sapa, HaM Tpe6ylOTCA KaKue-TO IONOJHHTEe/bHble KBAHTOBbIE
yucaa. Jaa 3toro Mbl nuitaeMcs Hafttu rpynny G, koropas Gelna Gbl
nonrpynnoi rpynnet SU (27 + 1) u conepixana 6bl B kKauecTse MOAT pyNIbl
rpynny O™ (3). Tlocre 3TOrO ypoBHH MOXHO 6bIO 6bl XapaKTepH30BaTh,
3anasas pasbueHue [A], MOMEHT KOJWUYeCTBA IBHXMeHUa J MU TO HenpuBoO-
IMMOe TipeacTasaende rpynnel GG, KOTOPOMY NpPHHAJIEIKHT PACCMATPHBAE-
MbIH YypOBEHbB.

[TpeanomoxHuM, YTO y HAC MMeeTCs 1BAa HYK/JIOHa B KoHdurypaunu (j)2,
CrH-op6HTaNbHBle (YHKUHMH

lp(lll)lp(ii) (il’ l2=‘_jv _j+11 c ey j—lr j)

9TUX JABYX HYKJOHOB SAB/AIOTCA BEKTOPAMH B HEYeTHOMEPHOM MNPOCTPaH-
ctee (paamepHocTH 2j--1) npexncrasiaenus DY Tpynnsl  BpalleHHH,
[TpousBeneHus GyHKUHA 1[7‘[‘])117([? 06pasyoT 6a3Mc HeKOTOPOro mnpenacTa-
BJeHUs YHUTapHOH rpynnbl SU (2j -1 1) u B 10 e BpeMs o6pa3ytoT 6asuc

HeKOTOPOTO TpeAcTaBeHus rpynnul spamennit O (3). Coornowenue (11.6),
BBHIMMCAHHOE I/ MOJYUEJOrO j, NMOKa3blBaeT, YTO QHMUCUMMEMPULeCKas
O6umiHetHas ¢opma (KOCoe NpOH3BeleHHE)

J
W= VT;Tngj(—l)j TR, = (W) (11.26)

NPHBOJMT K CJOXKEHHI0O MOMEHTOB KOJHYECTBA [IBHIKEHHS MIBYX YaCTHLl H
pedyabTHpyolieMy MoMedTy J=0. TpexmepHue BpallieHHUs HHIYUUPYIOT
B MPOCTPAHCTBE 3THX TEH30POB JHHeHHOe NpeoGpa3oBaHWe, HO He H3Me-
Haot ¢ynkuuio W;_, B dopmyae (11.26). Onnako cywectsyer u 6oiee
wupokas rpynna G npeo6pa3osanuft B (2] 4 1)-MepHOM npocTpaHcTBe,
ocrapaaowux ¢yukuun  (11.26) wnusapuantHuiMH. Kocoe mnpoussene-
Hue (11.26) npencrapaser cOGOH aHTHCHMMeTPHUECKYI0 GUIHHERHYIO HOPMY,
3aJAHHYI0 Ha BEeKTOpPax HeueTHOMepHOro npocrpanctsa. [loatomy oHO
MHBAPHAHTHO OTHOCHTEJIbHO CHMIIVIEKTHUECKHUX peo6pasosanuit Sp (274 1),
paccmorpenHbix Hamu B ra. 10, Onepauus (11.26), cayxawas aas noay-
YeHHss KOCOro NpPOU3BElEHHs, eCTb B TOUHOCTH CBepTKa, BBEJEHHAs HAMH
B § 8 ra. 10.

Kocoe npoussenenue (11.26) anrucummerpuuno u umeer J=0. Coor-
BETCTBYIOLIAA 3apsaoBasi QYHKIUMA LIS OBYX HYKJIOHOB NOJ/IKHA ObiTb CHM-
MeTpu4HOH (OTBevyaTb pa3GHEeHHIO [2] ), Tak uto T =1,



536 [laasa 11. [pumenenue Teopuu 2pynn k aromnoli u A0epHOi Puauke

Pasnoxenne npexncrasieHuft
SL(2j+1)—>Sp(2j+1)— 07 (3)

NPOBOAUTCA MEeTONAMH, AHAMOTHUHBIMM MeToxaM § 4 HacTosweH Tr/1aBbl U
HCMOAB3YIOLIMMH pe3yabTathl I, 10 o cuMniexTHdecko# rpynme.

IIpu  j=3/2 pasnoxeHHe MOMEHTa  KOJHYeCTBA  JBHIKEHHA
Sp(4)— 0" (3) noayuaror u3 Ta6a. 50 u 54, Ipu r==1 cxeme IOnra
[A] =[1] otBeuaer J=3/2 (cM. Taba. 54), a cxeMa [l] comepxuT
(0109) = (10) (cm. Taba 50), Tak uto npencrasiende (10) rpynnet Sp (4)
conepwur J=3/2. Ilpy r=2 cxeMa IOwnra [11] comepxur J=0, 2
(cm. Taba. 54) u (0,09)=(00), (11) (cm. Taba. 50). ITockonbky npencrasae-
nue (00) rpynnut Sp(4) comepxut J=0, npexcrasnene (11) conepxHur
J=2. [Ilpomommkas aHamOrHYHbM OO6pPa30OM, TOJAY4YaeM pasTOKeHHe
Sp(4)— 0" (3) (cm. Tabn. 74).

3adaya. Moayuute caMOCTOATEALHO PE3yAbTATH, NPHBEAEHHBlE B Taba. 74
g j=23/2 u j=>5/2.

KoM6unupys peayabTaTthl, npuBeieHHbie B Ta6Ga. 74, ¢ pe3ynabTaTamy,
NpeNCTaBIeHHEIMH B Ta6a. 50, MB NPHXONMM K KJACCH(HKALMH CMMH-
op6uTanbHeX GyHKuui, CooTBeTCTBYIOWAsA 3apsaa0Bass QYHKUHMA NMOJHOCTLIO
onpenesseTcs 3ajaHHEM BeJHUMHH H3oTOnHueckoro cnuHa T. Ilpencra-
BAeHUs TPpynnu Sp(2j--1) xapakTepusyoTcs cuMBOMaMU (003 ... 0y),
rae 0,< 2. IMockoabky cxema YOHra nas Takoro CMMBOAA CONEPIKHT IBA
ctonbua, ee MOXKHO ONHCHIBATHL, 3a1aBAs CYMMY H Pa3HOCTb JJIMH 3THX
IBYX CTOMOUOB. 3anuumieM LIMHB 3THX IBYX CTOJI6UOB B Bume (1/2)s X £
Cmapuiuncmso s NpelCTaBaseT cOG0H HauMeHblluee YUCAO YaCTHL, AJs
KOTOpPOTO MOXeT BCTPeTHTbCAl NpeicTaBieHde rpynnsl Sp(2/ - 1); kBau-
TOBOE YHCJIO # HAa3HIBAETCA MNPUBLOEHHBM UIOMONUYECKUM CRUHOM.
Peay/bTaThl BCeX BHIUMC/AEHHH npencrtasieHs B Taba. 75.

B?aaaua. BuBeaute peayabratH, cojepxamuecs B Taba 75 npu j=3/2,
J=5/2



FJTABA 12

[IPOEKTUBHBIE TPEJICTABJIEHKS].
MAJIBIE T'PYTIINDI

B npeanaywnx riaBax Mb paccMaTpMBAIM NpeNCTaBJEHHE TPYMN
JHHEHHBIMU ONepATOPaMH, NeHCTBYIOLIMMH HAa BeKTOpH B T'HIbGepTOBOM
npocrpanctee. KaxkpoMmy saementy g rpynnst (G Mpl CTABHIM B COOT-
BeTCTBHe JHHeHHHH omepatop D (g) u Tpe6oBanu, 4TOOH

D(g)D(gy=D(gy), ecmn £,8,=2¢3 (12.1)

Onepatopwt D (g) npeacrasieHus AeHCTBYIOT Ha BEKTOPH | B TH/b-
6eproBoM mpoctpaHcTBe., ONHAKO B KBAHTOBOH MeXaHHKE YMCTOE COCTOA-
HHe (H3NUYECKOH CHCTEMB!I ONMHCHIBAETCS HE HOPMHPOBAHHBLIM BEKTOPOM V),
a ay4oM €, Tle &-—TNpOM3BOAbHLH (asoBui MHOXHTEMb (|e|=1).
[TosToMy KaKIOMY 3/1eMEHTY g Tpynnbl cUMMeTpuH G Mbl LOMDKHBL NMOCTa-
BHTb B COOTBeTCTBHe onepatop D (g), AeHcTBYHOUWMHA HA .2y4u B TH/b-
6epTOBOM NPOCTPAHCTBE M OCYLIECTBJAAIOUMH OTOGpameHHe 00HuX Ay4eli
B Opyeue. TakuM 06pa3oM, € KaxIbM 3/JeMEHTOM TPYNMNH £ Mbl CBA3bI-
BAd€M HEKOTOpHI# mnpoilecc ,CcaBura“, B pe3yJabTaTe KOTOPOrO Kamioe
¢u3nUeCKOe COCTOSIHHE CHCTEMBl MEPeXONHMT B LpYroe BO3MOXKHOE (u3nye-
CKO€ COCTOsIHHE ITOH Ke CHCTeMH. B CHaIy CKa3aHHOrO HaM He Cjaenyer
a priori CYdTaTh, YTO ONMEpaTOphl NpeJCTaBJIEHHs YIOBJETBOPAIOT yC/a0-
BusaM (12.1). Bmecto 3TOro Mbl NOMKHBL JHLIL NMOTpe6OBaTh, YTOOHI

D(g)D(g)=¢eD(gy, ecn g,8,=&s, (12.2)

rie € — (a3oBblf MHOMHTENb, 3aBUCAWMH OT g, U g, Takue npencra-
BJICHUSl HA3bIBAIOTCA nPOEKMUBHbIMU npedcmasienus My, TpencTasie-
HUA ke, omnpenenseMele yciaosHeM (12.1), Ha3bIBAOTCA BeKMOPHb MU
npedcmasienuamy. B 9TOH raaBe MH paccMOTPHM 3aJady O HaXOXIEHHH
NPOEKTUBHLIX MPEACTABJAEHHNA NMPOH3BOJALHOH rpynnbl. OIHOBPEMEHHO Mbl
GyneM u3yyaTh yCJIOBHs, MPH KOTOPHX NpPOEKTUBHOe mnpenctasiaenue (12.2)
MOMHO 3aMeHHTb BeKTOPHBIM TNpexncrtaBaendem (12.1).

N

§ 1. TlpoeKTHBHBIE NpeACTaBJAEHHs KOHEYHBIX TpPYNN

[IpumeyaTebHO, UTO 3aJla¥a HAXOXKAEHMS TPOEKTHUBHEIX TpeAcTaBJe-
HHM KOHEYHBIX rpynn 6bl1a COPMYTMPOBAHA U MOMHOCTBIO PELieHa 3a10/r0
IO CO3JaHHA KBAHTOBOH MexaHHKH. B cepuu csoux crarteft Ulyp Hanoxua
OOLIMA METOL HAXOX IEHHs HENPUBOAUMBIX NpeacTaBaeHHH KOHEUHBIX Tpynn
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C NoOMOUIbI0 OpOoGHO-AuKeliHbX npeobpa3osanuli (RPOeKmMUusHbLX npe-
o6pa3osanuil).
[Ton npoexmusuvim npedcmasrenuem Mbi TOHUMaeM Crelyioulee.
Kaxnomy saementy A, B, ... KOHeYHOH Ipynmnbi Mbi CTaBUM B COOT-
BETCTBHE HEKOTOpoe OpobHO-auHelinoe npeobpa3osanue

t anX1+mxs+ . Fan n-1¥n—1+ @
(=1, ..., n—1),
rae Matpuua D (A) kosdduuuentos a;; neocoGennas. I poGHO-aunel-
HHe npeo6pa3oBaHHs 3aJalOT NpelcTaBieHdHe rpynnel f1, ecau
{4} {B) ={A4B]. (12.4)

Pa3aMepHOCTb TaKoro mnpencrasieHuss pasHa nopaiaxy n Marpuu D (A).
[Tpeo6pa3oBanns (12.3) MOKHO paccMaTpuBaTh Kak JHHeHHblE TIpe-
o6pasoBaHus

A—>{A}: = apx +aixs+ ... Fay a1 Xp_ 1+ ain (12.3)

n
y;=j21ai,-y, t=1,..., n), (12.5)
rie
=2 (=1,..., n—1) (12.52)
Yn

ABJMAIOTCS ONHOPOIHBIMH KOOpIHHATaMH,
Ma (12.3) uau (12.53) Mbl BHIHM, UYTO YMHOXEHHEe 3/EMCHTOB &
Ha OOMH M TOT e OGUHH MHOXHTENb He H3MeHsaeT npeoOpa3oBaHuA {4},
Ec/u BRINMCATL MaTPHilbl, COOTBETCTBYOLIME COOTHOLIeHHIO (12.4), TO Oka-
WeTcd, uTO
D(A)D(B)=w,, gD (AB), (12.6)

rie ©, p— HEKOTOpbHH HaGop MHOKHTeJeH, 3aBUCAWMX OT BbGOpa
Mmatput D (A) u D(B). HaoGopor, eciau Ham JlaHa HEKOTOpas CHCTEMA
HEOCOOEHHBIX MATPHL, YIOBJIeTBOPAUIMX ycaosuo (12.6), TO MH MOXeM
HaHTH COOTBETCTBYIOLIEE STOH CHCTeMe npencrasiaeHHe (12.4) NOCpencTBOM
IPo6HO-THHEHHBIX TipeoOpa3opanuft. Takum 06pasoM, 3alaua HaXOXKAEHHA
NpeACTaBAeHHH HEKOTOPOH Tpynmnbl C MOMOUIbI0 APOGHO-THHEHHBIX Tpe-
00pa3oBaHHi 9KBHBAMEHTHAa HAXOKIEHHIO TNpeNCTas/JeHWH 3TOH Tpyunw
¢ MOMOWbI0 JHHeHHBIX TpeoGpasoBanuit D (A), y10BaeTBOPAIOUIHX YCI0-
suio (12.6).

[Mpencrasnenne (12.6) mbl 6yaeM Ha3biBaTh NPOEKMUBHbIM npedcma-
BaetueMm, COOTBETCTBYIOUIMM [IAHHOW cucmeme muoscumenell 04, g.
B 4aCTHOCTH, €C/TH BCE MHOXHTENH @ 4, 5 PaBHBI eMHALE, TO ycaoBHe (12.6)
6yneT onpenensTb OObIUHHE TNPEeNCTaB/JeHHs, KOTOPbIE Mbl GyleM Hasbi-
BATb BEKMODHbIMU NPeOCMasAeHUAMU.

Ecau MaTpuiel ABYX TpeicTaBjeHHH OTJAMYAOTCd JApyr OTF Apyra
TOJIBKO MHOXHTEJEM

D'(A)=aD(A), D' (By=0bD(B), ..., (12.7)



§ 1. [TpoexTusnbie npedcragrenus konednblx 2pynn 539

TO OHM COOTBETCTBYIOT OOHOMY 4 MOMY dsce HAGOPY ApOGHO-THHEHHBIX
npeoGpasosanutt {A), {B}, ..., M Ha3bBAOTCA QCCORUUPOBAHHBLMU.

[ToHATHSA SKBUBAJNIEHTHOCTH NPEACTaBAEHHA H HX IPHBOIMMOCTH OCTAIOTCA
TakuMM e, Kak panbuie, [IpoektuBHoe npeacrasienue D' (A) sxsu-
sasenmuo npeactrasnewnio D (A) [popmyna (12.6)], ecau mas scex A,
npuHamiexawux H, cyulecTByeT HeocoGeHHass Marpuua S Takas, 4ToO

D' (A)=SDA)S™".
B stoM cayuae
D' (A) D' (B)=w,, gD’ (AB), (12.8)

T. €., 9KBUBAJEHTHLIE MNPEACTABJEHHA TNPHHAANENKAT OAHOH M TOH Ke
cucteme MuoxuTteneH. Ecnu MoxHO HaliTu matpuuy S, koTtopas BCe Ma-
Tpuubl npeactasiexus D’ (A) nosBoasdeT 3amucaTb B BUAeE

iDi(d) 0 }

D’ =
“ 0 D:(A)

(12.9)
-
10 npeacrasaenue D (A) npusodumo W passazaemcs B NPAMYIO CyMMY
NPOEKTHBHBLIX NpPeACTaBJeHHH Di— D3, s (12.8) u (12.9) Buaum, urto
CHCTEMa MHOXUTeNER ©, p onHa M Ta ke Ana D(A), D’ (A4), Df(A)
u Dy (A).
ITpoextusHoe mnpeacrasnenue (12.6) wenpusodumo, ecan He Cylie-
CTByeT IKBHBA/JEHTHOTO mnpencTtaBaeHus Buaa (12.9).
ONEMEHTH @, g CHCTEMH MHOXHUTeneH B (12.6) Henbss BeIGUpaTh
npouasoabho. IlpencraBum cebGe, 4ro KoHeyHas rpynna [ cocTOMT u3

h 3/7€MEeHTOB
H0=E, Hl! ey Hh"l’

Ecan wmatpuuwlt D (H;) 3amaoT HeKOTOpOe NpPOEKTHBHOE MNpelNCTaBieHHe
rpynnul H, COOTBETCTBYIOUIEE CHCTEME MHOXHTENER @, g, TO Aa MOGHX
Tpex 3aaeMentos P, Q, R rpynnur H

D (P)D (Q) = wp, oD (PQ),

D (P)D Q) D (R)=p, oD (PQ) D (R) = wp, o0pq, D (PQR);
D(Q) D (R) = ay, gD (QR),

DPYDWQQDRY= wg, RD(PYD QR)= ©q, p@p, QRD (PQR);
©p, g¥pQ, R = Vp, QRVQR (P, Q, R=H, ..., H_). (12.11)

(12.10)

(12.10a)

TaxkuM 06pa3oM, aCCOUMATHBHBIA 3aKOH TPYNNOBOTO YMHOXE€HHS NPHBOIMT
K TOMy, 4TO A? MHOXHTENER ®, g MAONKHH yIOBNETBOPATL K3 ypaBHe-
nuam (12.11),

HaoGopor, nokaxem Temepb, YTO 1714 KawIOH CHCTeMB, COCTOsLLeH
U3 A2 OTAMYNBIX OT HyJs MHOXHTeleH @4 g, KOTOPHE YIOBJETBOPAIOT
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ycaosuaM  (12.11), wnafinercs npoekTHBHOe npelcTasiedde rpynnul H,
NpHHAL/IENKALLEE ITOH CHCTeMe MHOWMTENeH 4, 5. UTOOH mOKa3aTh 37O,
BBENEM B PACCMOTPEHHe /2 HE3ABHCHMBIX MEPEMEHHBIX Xy, Xpy, -y Xy,

H noctpouM Matpuuy X pasMmepoM A X B C MaTpUYHBIMH 3JeMEHTaAMH

X p q=0pg-1 g%pg-1 (P. @=Hy ..., H,_). (1212
Kawxno#t cTpoke u kaxiaoMy ctoabuy MaTtpuusl X COOTBETCTBYET HEKO-
Tophift aneMeHT rpynnet H; OueBHAHO, 4TO MaTpHuy X MOXHO 3anH-
caTb B BHIe

X= 3 DR)xg (12.13)
RCH

rae cymMa Oeperca no Bcem ageMentaM R rpynnuet H, Matpuuy D (R)
MOXHO HalTH M3 cooTHowenua (12.12), nonaraa xp=1, a BCe OCTaNb-
Hble TepeMeHHble — paBHBIMH HyJo. Ilokaxewm, uyto Matpuusl D (R) yno-
BAeTBOpAOT ycaosuio (12.6).

Iyete Y, Yyy» -+ Yu, ,— BTOPOH Habop He3aBUCHMHIX nepe-
MeHHBIX. OnpefenuM / NepeMeHHbX 2y, 2y, -+ +» Zy, | C NOMOLIBI
COOTHOUIeHHHA

Zp= D Op sXpYs. (12.14)
RS=P

rie CyMMUPOBaHHE pPACMpPOCTPaHAeTCa Ha Bce 3jeMeHTl R u S, Aas
kotopuix RS= P. Bynem oGoanadare Matpuuy (12.12) V uau Z, ecau
BMECTO MEPEMEHHBIX Xp B3ATH MNEPEMEHHbIE Yo HAM 2Zp, MaTpuunuil
3/7eMeHT npousBenenua XV, crosawu#t Ha Mecte (P, Q), paBeH

(XY),, Q=§mm-l, &®ra-1. ¢ Pr-YRQ"" (12.15)
Ho us pasenctsa (12.11) maa snementos (PR™'), (RQ™Y), Q, Ml nmeen

©pr~1, RPRQ™Y, @ = ®Pr™!, Q7P @
BcaencTeve uero ¢opmyna (12.15) npuHuMaer BHI

(XY)p, 0 =01, ¢ ; Opp=1, pg~1¥pp-1Vpo-1+  (12.16)

CpasuuBas cymMy B dopmyne (12.16) ¢ cyMMoH, crodauie#t B paBeHCTBe
(12.14), ™Mbl BMAHM, 4TO nepBad CyMMa paBHa Zpo—1» TaK 4TO

(XYV)p, q=0 =Z (12.17)

PQ™!, @%PQ~ P Q

HJIH XKe
XY =2. (12.17a)

Moacrasaaa smecto X, ¥ u Z ux suipawenus (12.13) u (12.14), no-
JayuaeM

?‘_,SD(R) D (S) xpys = ; DMz, = R}]S g, sD(RS) xgys. (12.18)
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ITpupaBuaB KO3 dHIUMEHTE! NMPH NPOH3BELEHHAX HE3ABUCHMBIX NepeMeH-
HBIX XpVs, Hataem, uto Marpuubl D (R) u D(S) nopsaaka k& yno-
BJNETBOPAIOT COOTHOILEHHIO

D(R) D (S) = wp, sD (RS). (12.19)

Ha (12.12) u (12.13) caenyer, uto MaTpuua D (R) comepiHUT TOJbKO
ONMH HeHy/NeBOH 3JeMEeHT B KawAOH CTPOKe M KaxAOM cTosabue 4 mno-
9TOMY sABARETCA HeocoGeHHOH Matpuue#t. Mrak, matpuumt D (R), obpa-
30BaHHblE C noMoulbio cooTHourewu#t (12.12) u (12.13), onpenensior
npeicTaBieHue, TNPHHALIEKALLee NAHHOH cuCTEME MHOXHTeNeR @y, 5.
Takum 006pa3oM, Mbl MOKa3a/au, 4TO HEOOGXOAMMOE H NOCTATOYHOE YCJOBHE
CyLIeCTBOBAHHA TpPeNCTaBNeHHH, NpPHHALNEKAUWHX HEKOTOPOR CucTeMe
MHOXHUTENE# @, p, COCTOHT B TOM, 4TOGH A? uucen @, p YAOB/IETBO-
paan A% ypasHenusM (12.11).

Ypasuenus (12.11) umelor GeckoHeuyHOe MHOXECTBO peuieHu#t, Ecan
@y, p €CTb DEUICHHE, 8 Ch ., Cppy v o v» cHh_l—mo6b1e OTJIHYHBIE OT
HyJd KOHCTaHTHI, TO

c,C
W) p=—22 0, p (12.20)

CaB

ecTb Takwke peuieHde ypasHenuft (12.11), Peuienus @y g M m‘;' g And
KOTOpPBIX MOXHO HafTH KOHCTaHTBl ¢ Tak, YTOOBl BBIMOJHANOCH paBeH-
ctBO (12.20), Ha3bIBAIOTCH QCCORUUPOBAHHB MU, WIH SKBUBANCHMHB MU,
cucTeMaMud MHOXuTene#, Ecan Mbl HatlieM npenctaesienue D (A), npu-
Hal/leXauee CHCTEMe MHOXHTENeH W, g, TO MaTPHULb

D' (A) = ¢,D (A) (12.21)
6yAyT yAOBAETBOPATb COOTHOIMIEHHIO
D' (A) D' (B) = ¢ 4¢ g0, 5D (AB) =
— A8 D'(AB)=u), ,D'(AB). (12.22)

CaB

TakuM 06pasoM, eC/M [Be CHCTeMbl MHOXHTeJNeH 3KBHBAJEHTHH, TO Mpel-
CTaBJeHHs, NpHHalJeKalulde OHHOH H3 HHX, ONpele]slOTCH Hemocpen-
CTBEHHO M3 npelcTaBieHM#t, NpHHAaLJMeXaWMX APYrol, ¢ MNOMOLLbIO
cootHowenust (12.20). ToBopaAT, 4TO npeacTaBieHHds, NpUHANIEkKAULHE
HeIKBUBAJNEHTHBIM CHCTEMaM MHOXHTeNeH, SABJAIOTCA MNpeACTaBAEHHAMH
pa3iutHoz0 muna,

PasoGbem Tenmepb Bce peueHuss ypaBHenuft (12.11) Ha xasaccet skBH-
BAJIEHTHHX CHCTeM MHOXHTenefl, YHCI0 TakuX KnaccoB xowneuno. Basas
oT npaBo#t u neBoft 4yacte#t pasenctsa (12.19) onpepenutenn W NOJOXKHB

det D (R) =d,,
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MOMYYUM

d,d

(0g, o = K5 (12.23)
RS

Ecnu KonctauTthl ¢4 B paseHctse (12.20) BriGparh Tak, utoGhl cA=d;1/h
T. €, 4TOoOB KOHCTaHTa ¢4 Obi1a Gbl OJHMM M3 £ peuleHUH ypaBHeHHs
c;”:dA), TO H3 CHCTEMBI MHOXUTeNeH ©, o MOXHO MOMYYHTE 3IKBHMBA-
JEHTHYIO CHCTEMY

R ’

¢, C
’ R”S
[0} —_ 0
,§ R, S
R Crs

ana kotopo#, coraacHo (12.23),
(0f, o) =1. (12.24)

TakuM 06pasoM, KNacC SKBHBAJEHTHHIX CHCTEM MHOMXHTe/eH NOKeH
COlepiKaTh CHCTeMy MHOXHTeJeH, Y KOTOPOH A? BeNHuHH @, 5 SBAAIOTCA
KOPHSIMH A-# CTeneHd U3 eAdHuUbl. IT0ITOMY 4MC/NO KJACCOB HE MOKET
npesblIaTh Yucaa A%, U3 4ero chAelyeT, 4TO YHCJAO KJAACCOB KOHEUHO,

OGo3nauuM m knaccoB uepes Ky, Ky, ..., K,_,, npuueMm K,—
KJAacc, coiepkaluf cucTeMy MHOXHTeNeH o, g==1. Ecau cucTeMbl
MHOXKHTE e (0(},)3 u o4, ABIAOTCA pelleHHaMu ypasuewn#t (12.11) u
npunaanexat knaccaM Ky u K, 1o nx npoussenenns o) - o) 5 Takxke
Gyayt ynosaersopare (12.11). Knacc K,, Kk KOTOpOMY NpDHHaLNEKHUT
3TO HOBOE pelleHHe, He 3aBUCHT OT KOHKPETHOro BHGOpa pelieHu# co(/}’)B
H m(ﬁt,)a B kaaccax K, u K, a onpenenseTcs CaMMMH K/accami, D10

06CTOATENICTBO Mbl 3aNHCHLIBAEM B BHle
KK, =K,
KKy, = KK, =K,

TeM caMbiM Mbl onpenesiMii YMHOXEHHE KJ1aCCOB, MPHYEM OHO OKasanoch
KOMMYTATHBHBIM, Kpome TOro, Jerko BHIeTb, 4YTO €CJIH

H 3aMeuaeM, 4TO

KK p= KK v
TO
K ﬁ=K v
Knace K, cayxur envnnynuiM sneMenToM. HakoHel, oueBMIHO, 4TO Takoe
YMHOXEHHe KJIACCOB aCCOLMATHBHO, M MO3TOMY kaaccu Ky, Ky, ..., K,

o6pasyoT aleseBy rpynny nopsixa nt, KOTOpas Ha3bBAeTCA MYLbmu-
naukamopom rpynnu H,

Ilyp pasBua o6uiMe MeTOAH HAXOXAEHHA MYJbTHI/IMKATOPA H MNO-
CTPOEHHA HEeNMPHBOAMMBIX MPOEKTHBHHX NpelicTaBleHAfl OOWHPHEX Khac-
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cOB KoHeuHbix rpynn. Jokasatenbctso lllypa cauwmkoM AAHHHO, YTOGH
ero MOXHO OblJIO MPUBECTH 31eCh. BMeCTO 3TOr0 MH NPOHAMIOCTPUPYEM
€r0 MeTOl B HEKOTODHX MPOCTHIX CAY4asx.

§ 2. llpaMephl NpPOEKTHBHEIX NpeAcCTaBJeHHI
KOHEYHBIX TIpymnn

Lluknuueckyio rpynmy, nopoxIeHHYIO 3JMeMeHTOM A mopsaika #,

A"=E, A, A ..., A",
MOXKHO 3aaTh C MOMOUIBIO ONpelesioulero OTHOUIEHHS
A®"=E, (12.25)
Jna npoexkTHBHOro npencrasieHdss Marpuua D (A) nomxHa ynosne-
TBOPATL YCJOBHIO .
[D(A))* =wl. (12,26)

Ecnu BMecto matpuubnl D (A) Ba3dare Matpuuy
D’ (A) =YD (4),
MBl NONYYHM BEKTOPHOE NpeliCTaBJeHHe
D' (A™)=[D"(A))™.

TakuM 06pa3oM, B C/yuyde UMKJIMYECKHX TPYNN MYJIbTHIIMKATOP COCTOMT
M3 eJMHHYHOrO 3JeMeHTa K, ¥ BCe TNPOEKTUBHLHE NpeNCTaBJAeHHd SKBH-
BAJEHTHH OOHLIYHBIM BEKTODHBLIM NpelcTaBJeHuAM, Bce HenpusoauMele
NpeACTaBleHH OXHOMEPHLI,

ITycte aGenesa rpynna H ecTb mpsaMoe mpou3BeleHHe ABYX UMKJM-
YeCKHX TPYynn, NMOPOXIAEHHHIX 3jaeMeHTaMu A mopsika n ¥ B nopsaaka n’
cooTBeTCTBEHHO. Omnpelendiollde OTHOLIEHHS, XapaKTepH3yioulHe Tpymmy,
HMEIOT BUI

A"—=E, B" =E, AB-==BA. (12.27)
ManPll.lbI npeacTaB/€HUA 6y11y‘1‘ yaoBJM€TBOPATh paBeHCTBAM
DA =al, [DB)]" =bl, D(A)D B)=cDB)D(A), (12.28)

¢ KoHcTaHTamH a, b, ¢. KoucTawti @ W b MOXHO BKJIOYHTbL B MaT-
puust D(A) u D(B). Toraa y Hac ocTaHeTCs TOJILKO NOC/AEIHAS KOH-
craHta B paseHcTpax (12.28) — koHcranta ¢. Tak xax Matpuuws D (A)
u D(B) Bxomar B 06e dacTH nocneiHero M3 ypasHeHu#t (12.28), To
KOHCTaHTA ¢ HE MOXET H3MEeHHThCS NMPH H3MeHeHHH 3THX MaTpuu, OHaKO
MBl JOJOKHB Ha#TH, Kakue OTpaHHYEHHs HAK/IAJAbIBAIOT HA KOHCTAHTY ¢
ycaosusa (12.28), YmHOxMB mnocnelHee ypaBHeHMe cnpaBa Ha D (B).
QY YHM

DA DB =D (B)|D(A) D (B)]=c*[D (B)* D (A).
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[ToBTOpAA 3TOT MpouecC eule pa3, HAXOIUM

D(A) [D(B)P=c[D(B)D(4)

H, HAaKOHel,
D (A DB =" (DB D(A),
HIH
=1, (12.29)
TouHO Tak ke, YMHOMXAd MOBTOPHO cnaeBa Ha D (A), OyneM HMeTb
=1 (12.29a)

Takum 006pa3oM, KOHCTaHTa ¢ JOMKHA GObITh ONHOBPEMEHHO W KOPHEM
n-# CcTemeHu M3 eNMHMIIE H KOpHeM n'-# cTeneHd u3 eluHuubl, Ecau
d — HaubGoabwMH OOWMA nenuTeNb 4HCea 1 H n’,‘To OHAa JO/MXKHA yHO-
BJETBOPATb COOTHOLIEHHIO

¢d=1. (12.296)

Eciu uucna n w n’ BsaumHo mpoctele, To d =1, a B cuay 3TOro
U ¢=1, B 3ToM cayuyae Bce NpelACTaB/eHHS SKBMBAJEHTHEL BEKTOPHOMY
NpeJCTaBJeHHI0 W BCE HENPUBOJMMBIE MpeACTaBieHHs] OJHOMepHb. Tak,
HanmpuMep, NMPOMCXOIMT B ciaydae, korga n=3, a n’' =2,

Eciu n=n'=2, Mp noayyaeM dersepHyw rpynumy Kietina

A?=E, B?’=E, C=AB=BA. (12.30)
[lpuseneHHoe BHlue pacCyxaeHHe mnokaswbiBaeT, uto ¢?=1, ¢= 1.
[Ipu ¢= -1 onepaTopsl y10BJAETBOPAIOT COOTHOLIEHHAM
[DAR=[D®B}=1, D@A)DB)=D®BD@A), (1231
M Mbl nonyuaeM OOBIYHEIE OLHOMEpHHIE HENPHBOIMMbIE NPEICTABJIEHHS.
Ecnu ke ¢ =—1, uMeeM
[DAR=[DB))=1, DA)DB)=—D(B)D(A). (12.32)
Ecnn Buifepem
D (C)=1iD(A)D (B),
TO
[DOP=—[D@ADB)IIDA)D(B)=
=[DA)DB))IDBYDA]=1.
Ksagpatst Matpuu D (A), D(B) u D(C) paBHb eIMHHYHOR MaTpule,

CaMH MATpHLBl AHTHKOMMYTHPYIOT IPYyr ¢ ApyroM, Henpuoaumoe npen-
cTaBnende 3agaercs Matpuuamu Ilaysu,

3adaua, Jokaxurte, 4TO pPa3MEPHOCTb HENPUBOIMMOrO mNpeACTaBJCHHA
B caywae (12.32) paBHa AByM.
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Fpynne ausapa D, nopoxiawTcs aBymsa snementams A u S, yino-
BJIETBOPAIOUIMMH COOTHOLIEHHAM

A"=E, S’=E, SAS=A4"". (12.33)

OG6o3HauWM MaTpHIB NPEACTaBJEHHs, COOTBETCTBYIOLIHE 3JeMeHTaM A H
S, uepes B u T. DTH MaTpuusl YIOBIETBOPSIOT COOTHOLIEHHAM

B"=0pl, T'=tl, TBT=c¢B " (12.34)

-1
KoHcrautel & u ¢ MOXHO BKJIOYMTH B MaTpuuel B u T (B'=b B,
T’=t"”’1). [Tocne 3TOro HamM ypaBHEHHA NPHMYT BHI

B"=1, T'=1, TBT=c¢B™ " (12.34a)

Bo3ssonas nocaenHee u3 ypaBHeHusa (12.34a) B n-10 creneHb M NOJAb3YACH
nepBEIMH IBYMs, HAXOJMM, 4T0 ¢"=1, T, e, KOHCTaHTa ¢ AOJUKHA GBITH
KOpHeM n-H cremend u3 emuHuubl, Ilycte ¢ =™, ¢ —exp (2ni/n). Ecau
MaTpully B YMHOXHMTb Ha €™, TO mepBHe ABa ypasHeuus (12.34a) ocra-
HYTCSl BEPHBIMH, 2 MOCJAEJHee 3aAMEHHTCA Ha cJaelyioliee:

TBT =™ ™' B~

Ecnu n HedeTHo, TO m’ BCeraa MoxHo noxoGpaTh Tak, 'lT06b1 m—2m'=0
Wi m—2m’' =n. Toraa

TBT '=B,

M Mbl TIONYYHM TOJBKO OOHUHBIE BeKTOpHHIE mpencrasnenus, Korna xe n
4YeTHO, TO Mbl MOXEM BOOOUIE MCK/IIOUHTH €, €CJAH m 4eTHO, WJH 3aMe-
HHTb ¢ Ha €, eca m HedeTHo, Takum 0oOpa3oM, NpH YETHOM A MMeeTcd
mea knacca K, W K;. B knacce K, koHCTaHTa ¢=1, U COOTHOLIEHHH
MeXJly OnepaTOpaMu npeiCTaB/ieHHA HMEOT BUI

B"=1, T’=1, TBT=B"" (12.35)

Mbn  nonyyaeM oOObHYHBIE HEeNPUBOJMMBIE BEKTOpHBIE MpelCTaBAEHHUA,
B cayuae ke knacca K, KOHCTaAHTa ¢==¢, M COOTHOIIEHUS MEKAY omne-
paTopaMH NpeNCTaBJEHHH HMEIT BHA

B"=1, T’=1, TBT=¢B™' (n—uetnoe). (12.36)
IlIpy =2 Mp nonyyaeM YeTBEPHYI0 TPYNNy, YK€ PACCMOTPEHHYIO HaMH

Bellle, Jlerko noKasaTh, YTO HENpHBOAMMBIE npelcTaBiaeHus (12.36)
JBYMEDHHI.

3adaua. TlokamuTe, YTO HEIKBMBAJEHTHHIE HENPMBOAMUMBIE NpEACTaBe-
Huda (12,36) uMeioT BHA

e’ 0 0 1
B= = 12,

[0 el*’]' T [1 0]' (12:37)
rae r =1, 2,..., n/2,



546 Faasa 12, [Ipoekrusnvie npedcrasienun. Maavie epynnol

Cummetpuyeckas rpynna S, nopoxaserca (72— 1) TpaHCNO3HLHAMH

T,=(12), T,=(@3),..., T,_,=@n-1, n),
KOTOpLIE leOBJIeTBOpﬂIOT COOTHOIUEHUAM
Ti=E, (T,T;.\)'=E, T, T,=T,T, (12.38)
i=1, ..., n—1,
j=1, ..., n—2,
r=1,2, ..., n—3,
S=r—+2,..., n—1,

Hao6opor, MOXHO nokasaTh, 41O aGCTpPaKTHas rpynna, oOnpele/semas
cooTHoweHuaMu (12.38), usomopdHa rpymme S,,.

[IpeanonoxuM, 4YTO y HAC MMeeTCd HEKOTOPOE MPOEKTHBHOE MNpel-
cTaB/eHde Tpynmmel S,, B KOTOpOM 3jeMeHTaM 7, COMOCTaBjeHbl MaT-
puupt A;. CoOTHOUIEHHA MeXIy onepaTopaMu NpelCTaB/eHHH, COOTBET-
creyiomue (12.38), sanuwyTcs B BHle

Al=al, (12.39)
. (A;4;,)3=08,1, (12.39a)
AA,=c, AA,, (12.396)

rae a;, bj, C,;—KOHCTAaHTHl, OT/HMYHblE OT Hyas. KOHCTaHTBl ¢,; mMosAB-
JAITCA TOABKO NPH 7 >4 U He M3MEHIOTCH NPH yMHOMEHHH Marpuu A,
Ha 4MCa0 [3TO BMAHO M3 cooTHoweHul (12.396)]. Takum o6pa3oM, koH-
CTaHThl ¢, ONMpPeIeNsA0TCA APOOHO-THHEHHBIMM NMpPeoGpa3oBAHHAMH,

M3 (12.396) Mbl noayudaem

AAAT = ¢r5As.
Bossoaa B kBampat u noabaysach (12.39), HaxoduM
=1, (12.40)

WUnpeken r, r—-+1, s, s-+ 1, xoropbie BCTpPe4arTcA B NepecTaHOBKaX
T, n T, us paseHcts (12.38), Bce pasnuunbl. Ecau B3ate Apyryio napy
nepectanosok T, Ts, ¥ KOTOPHX uuaekcw r/, r'—+1, s’, s’ 1 Bce
pas3nuuHBl, TO HaHmeTcss mnepecTaHoska 1, NepeBOAALLAA HMHIEKCH I,
r-+1, s, s—+1 B unnekcut r’, r'-+1, §’, 8’1, Tak uro

TT,T ' '=7T,, TT,T"'=T,. (12.41)
Ecnu B mnpelcrasneHdd mnepectaHoBke 1 comocTasieH onepatop A, TO
COOTBETCTBYIOLHE COOTHOUIEHHA .4 onepaTopOB npeacTtaBJ/€HHA HMEIOT

BHI
AA AT =cAy, AAAT =dAg. (12.41a)
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rie ¢ 4 d — KOHCTaHTHl, OTJHYHbIE OT Hyad. M3 cooTHowmeHusa (12.396)
caenyer
AA,AT AA AT =, AA,ATAAATY.

IMonb3ysich paBeHctBaMu (12.41a), noayuaeM
cdAy Ay = cdc;sAsr Ay, MMM Ap Ay = CrsAgr A,

CpasuuBas ¢ (12.396), 1. e. c paBencTBOM
ArAg =g AstArr,
HaXOIUM
Crs = Cyprg’.
TakuM 06pasom, cOrjaacHo coOoTHoweHHIo (12.40), BCE KOHCTaHTH ¢,
onuHakosbl M paBubl 1. Tlonaras j= X1, umeeM ¢,;= j ana Bcex

rus.
W3 (12,39a) umeem

S R
AjAj+1Aj=bjAj+1Aj Aj_,_].
Bossonas B kBazpaT 3TO paBEHCTBO, MOJyyaeM
2 2 a—1 =1 =2 ;=1 ,~1
A,-A,-HAJA,-HA,-:b,-A,-HA,- AjTi147 A,-+1,
A
2 J

Qjaj = , (12.42)

2
ajaj+1
2 33
b =ajaj1. ‘
[Tockonbky MaTpuupl A; MOXHO YMHOXATb HA NPOM3BOJbHEIE KOH-
CTaHThl, KOHCTAHTH ¢; B (12.39) MoxHO BHIGMPaTL NPOM3BOJBLHEIM OOpa-
30M. Mpbl npouspeneM BBIGOP STHX KOHCTaHT JABYMA PA3NMYHBIMH, HO
SKBHBA/MIEHTHHIMH CNOCOGaMH.
Bo-nepBhix, MOM0KHM

gq=a,=...=a,_1=]/. (12.43)

s (12.42) cnenyer, uyto b;= 1. Marpuun By, ..., B,_; onpele-
JIUM C MOMOUIBI0 BbipaxeHUH

Bi=A,, By=jbiA; By=0b,A, B,= jbib.bA, ... (12.44)
H OOHApYKHM, YTO OHH YyIOB/IETBOPAIOT COOTHOLIEHHAM
Bi=jl, (B;Bjs)’=jl, B,B;= jB;B,. (12.45)
Bo-BTOpHX, NMOJ0KUM
g=a=...=a, =1 (12.43a)
u BBeleM Mmatpuupl Cp, ..., C,_p:

Cl =5 Al, C2 = b1A2’ Ca = blbzAa, C4 = b1b2b3144, vy (1 2.443)



548 T'aasa 12, [Ipoextusuvie npedcrasrenun. Maabie epynnsl

KOTOpPBIE YyAOBJAETBOPAIOT COOTHOLUEHUAM
Cz?= 1, (CJCJ'+1)3 =1, CC,=JCLC,. (12.453)

IIpu j=--1 o6e cucreMbl csondrca k cucteme (12.39), u mb no-
Ay4yaeM khaacc K, BEKTOPHBIX NMpeACTaBJAeHHN TpYnNbl nepecTaHoBoK. Ilpu

J=—1 Mn nonyyaem knacc K, NpOeKTHBHHX MNpeACTABACHHH cO c/e-
AYIOUWHMH COOTHOLIEHHAMH MEXKILYy One€paTtopaMd NpeacTaB/ieHHd:
Bi=—1, (B8;,)’=-—1, B,B,=—BB,  (12.46)
HJIH
Ci=1, CL;’'=1, CC,=—CL,. (12.46a)

JlBe nocneiHHe CHUCTEMBl COOTHOLIEHHMH B3auMo3aameHsembl. Ecau Bce Ma-
TpHUB B; YMHOXHTb Ha V—l , TO MOJYUHBLIHECA MPH 3STOM MAaTpHLBI
OyayT ymoBAeTBOPATb coOTHoweHHAM (12.46a).

IIpn n < 4 KOHCTaHTH ¢,, B cooTHOoweHua (12.38) e Bxomar. B cuny
9TOro npu n<4 cHMMETpHYeCKas rpylna HMeeT Julib OGLIYHBIE HEMpHBO-
JHMHE BEKTOPHbIE NPEACTABJEHHS, KOTOpble Mbl Hawau B T, 7. Ilpu n > 4
CYLIECTBYIOT AOMO/HHTE/NbHbBIE HeMPUBOAMMEE NpeACTaB/EHUsS, ONepaTophl
KOTOPHIX yJIOBJAETBOPAIOT cooTHoweHuaM (12.46). Ulyp mokasan, 4rto npu
n>4 4UCN0 TAKMX HEIKBUBANEHTHBIX HENPHBOIAMMBIX MpenCTaB/JIeHHA
BTOPOTO THNA PaBHO YHCJY pa3GueHHH 4MC]a # HA HEpaBHHE lleJble YHcaa:

n=v-tvt+ ... v, M>SV> ... >v,>0). (12.47)

Pas6uennio (12.47) COOTBETCTBYeT HeNpHBOIWMOE MNpelCTaB/eHHe pas-
MepHOCTH

! Vg —V

[(n=m)/2) " a—vp

f"l"""’m_Q vilwgl ... vyl B'vu—{—vﬂ ’ (12.48)
a<

rae [(n —m)/2] o3HavaeT HaKnGoJbllee W3 lEJABLIX UHCesd, He MpeBbIlIAio-
wux (n— m)/2 [uenyio 4acTe yucaa (n — m)/2). Ilpu n =4 uMeem 1aBa
HOBEIX HeMpHBOIMMBIX MNpENCTaBAeHH pasMepHoctTH f, =2 u f3 ,=4.
IIpn n=4 coorHowenuna (12.46a) sanuchLBalOTCA B BHIE

Cl=Ci=Ci=1, (CCP’=(CL)’=1, CCiy=—CL, (12.49)

[penctaBieHre pa3MepHOCTH 2 MOMYYMTCH, €CJAH MOJOXKHTb

1 2 T
C, =0, C,— V3 0y — 3 0 cs=1/§.oz_]/3-ay, (12.50)

rue
0 1 0 —i 10
%=1 o)s T o) %“Tlo —1

-—Martpuus Ilayan.
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3a .nonHoH TeopHeft MH OTChIJIaeM uMTaTens K TpeThelf ctathe lllypa,
cojllepikauleft MHOTO 3aMeyaTe/bHBIX pe3y/bTaTOB, NO3JHee NMePeOTKPHTHIX
3aHOBO HE3aBUCHMO OT Hero.

3adaua. TlpeanosoXHB Npy n=4 cyluecTBOBaH{e HeMPHBOAMMOrO IBY-
MepHoro npeacraBiaenud (12.46a), nokaxurte, 4to oHO uMeeT Bup (12.50).

§ 3. NpoekTusubie npegcTasaeHus rpynn Jiu

CocTosiHHA KBAHTOBOMEXaHHYECKON CHCTEMBI OMMCHBAIOTCSA €1HHHYHBIMH
BeKTOpaMH | B TuabGepToBoM npocTpanctse, [llns ruabGepToBa mpo-
CTPAHCTBA 3aJlaHO CKaNfApPHOe NpousBeleHue (¢, ), MPUYEM 3TO INPOH3-
BeleHHE MOJOKHTENbHO onpeleneHo, T. e. ||¢ll= (¢, ¢) > 0 ana moGoro
HEHYJIEBOTO BEKTOpPa B TAKOM npoctpadctse. B uwactHoctd, f¢/|l=1 s
eIHHHYHBIX BekTOpPOB .] Kam oMy eIuHHUHOMY BEKTOPY | COOTBETCTBYET
eIMHCTBEHHOE (H3HUECKOe COCTOfHHe cHcTeMbl. OGpaTHOe HesepHo. JlaH-
Hoe (pM3HYECKOe COCTOAHHE OMHChIBaeTCHd MOGLIM BEKTOPOM U3 HaGopa W
elHHHYHBIX BEKTOPOB £V, Tlle € — KOMIIEKCHOE 4HCa0 M |e|=1. BaaumHo-
OJHO3HAYHOE COOTBETCTBHE CYLIECTBYET Mex[y (PH3HUeCKUMHM COCTOAHHAMH
u aysany V. Jhobo# BekTop, newauut Ha ayde W, MOXeT cayxuTb
npelCcTaBHTENEM 3ITOFO Jyua.

BeposiTHOCTh mepexola MexmJay (H3HYECKHMH COCTOAHHAMH, COOTBET-
creyiouiumu aydaM @ u W, sanaerca Beanuunoft |(@, §)|%, rie ¢p—.moGot
BekTOp, npuHaliexauutt aydy @, a p — MmoGoH pexTop, MpUHAAMEKALLMH
aydy W. TlosToMy Mbl MOXeM 3alarh CKajspuoe NpOH3BEIEHHE ayuef,
KOTOpOoe He OyleT 3aBHCeTh OT KOHKPETHOTO BHGOpa BEKTOPOB ¢ M i

@, )=\, V| (12.51)

sekTop ¢ mpunanaewut O, Bexkrop ¢ npunamaexutr V.

Kaxaomy npeobpasoBanuio, BXOMilleMy B TPyNnmy CHMMETPHH (H3H-
YeCKOH CHCTEMBbl, COOTBETCTBYeT HEKOTOpOe B3aUMHO OLHO3HaUYHOE OTO-
OpaxeHHe MHOXKEeCTBa COCTOAHMH 3TOH cucTeMbl Ha ce6a. Kawaw# ayy W
otoGpaxaerca B kako#h-to ayd W’

LG (12.52)

[TockoMbKY HOBOe OMHMCAHHE HNOJMXHO NPHBOIMTH K TeM e pe3ysb-
TaTaM HabmoleHU#t, YTO M MNepBOHAYaJIbHOE, NMPH TaKOM OTOOpaXKeHHH
COXPAHSIOTCA BEPOSATHOCTH NepexoloB

(@, ¥)|?=|(D, ¥)|2 (12.53)
3aMeuyaTeqbHbIl pe3y/bTaT, BHepBHE NMOJydeHHBIH BHTHepoM, cOCTOMT

B TOM, 4TO COOTBeTCTBHe Mex Ay nayyamu (12.52) Bceria MOKHO 3aMEHHTb
HEKOTOPHIM COOTBETCTBHeM Mexiy BekTopamm: Ha aydax ¥ u W' moxwo
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BHIGPATh MpeACTaBAAOLIME MX BeKTOPbl P M |’ Tak, 4TOGH OTOGpaxeHue,
nepesoasulee BekTop | B V|,

Y-’ =Uy, (12.54)
YAOBJETBOPANO YCAOBHIO
U@+h=Up+Uy, (12.55)
H, KpoMe TOro, au60 YCJ0BHIO
a)  (Ug, Uh)=(9, ), (12.56a)
AH60 YCAOBHIO
6)  (Ug, Uh)=(, ¢). (12.566)

WHave rosopf, orobpaxeHue Jydeft MOXKHO 3aMeHMTb afiAMTHBHOH onepa-
IHeHl, onpeaeneHHON Ha BEKTOPax ruibGepTOBA NPOCTPaHCTBA. 31eCh MOTYT
NpeiCTaBUTLCA 1BA B3aMMOMCKJIOYalOIMX caydad. Omneparop U saBasgercs
A400 ,a“ NMHeHHbIM M YHHTapHBIM, AM60 ,6 — NMHEHHBIM ¥ aHTHYHUTAp-
HuiM, [lpuunn ans BeiGopa a priori omHOR M3 IBYX aibTepHaTHB ,a“
unmd ,6“ He CylleCTBYeT.

Oneparop U noka eule He onpefeneH OIHO3HAYHO, MOCKOMBKY YMHO-
’KeHHe Ha NMPOHM3ROMNbHBIR (Da30BbIf MHOXKHTE/Nb € He H3MEHSeT NMpelblay-
Wux pesynbratoB. IlostoMy onepatop U MOXHO paccMaTpueaTh xKax
npedcmasumens ay4a onepamopos eU. Takoro mpeacrasutens U Mul
MOXeM BHOpaTh JIOObLIM YAOOHBIM AAd HaC CnOCoOOM.

Ecau r u s — nBa snemeHTta rpynnsl ciMMeTpud G KBaHTOBOMeXaHH-
YeCKOH CHCTEMH, TO KaXIOMY M3 HUX Mbl CTaBUM B COOTBETCTBHE HEKO-
Topui#t oneparop U(r) u U(s). Ilpou3peneH!0 3THX 3/M€MEHTOB rs, KO-
TOpOe TaKke npHHamiexur rpynne G, GyleT COOTBETCTBOBaTh ONepaTOp
U(rs). Omiako Te TpeGosaHuA, KOTOpble OHJH HAJOXKEeHb BHIE, NMpH-
BOMAT JHUL K COOTHOLIEHHIO

Unyus)=ow(r, s)U(rs), (12.57)

rae o] =1 u $asoBbil MHOXKHTENb © B3aBUCHT OT SJEMEHTOB r M §
rpynnet G. CootHowmenue (12.57) conagaer ¢ (12.6), kotopoe onpene-
JS70 NPOEKTUBHblEe MpelICTaBAeHUd KOHeuHbIX Tpynm.

Mbl XOTUM Tenepb pPacCMOTPETb HeMpephIBHLlE TPYMMBl M, B YACTHOCTH,
rpynnsl Jlu. B ra. 8 Mbl nokasanu, 4TO MpOCTPAHCTBO NapaMeTPoOB FPyNMbl
Jlu B oflieM ciaydyae COCTOMT U3 HECKO/JAbKHUX HECBA3HBIX 4acTe#t, 0JHA H3
KOTOPbIX CONEPKHT eIMHHUYHBEIA 37eMeHT e rpynnsl G. MOMHO 10Ka3aTh,
YTO AN4 3MeMeHTOR r rpynnbl G, NPHHALNEKAUHMX TOR ke 4YaCTH, UTO
M eNUHUUHBIf 3/eMeHT e (T. €. 01 TaKMX 3JEMEHTOB, KOTOPBIX MOXHO
JAOCTHYL, A NMO HeNpePBLIBHOMY NMyTH M3 €), HMEeT MeCTO Julib ajbTep-
HaTHBa ,a* B pasedctee (12.56), B cuay uyero oneparop U (r) — ynurap-
HBIR, DNEeMEHT r, NpuHaAJexalui NIQ6OH OKPECTHOCTH €IMHHIH €, MOXKHO
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3anicaTh B BMAE KBajpaTra HEKOTOPOro 3JeMeHTa S, T. e, r=s2 U3
(12.57) cnenyer .
U(r)_m—U(s)U(s). (12.58)

ITockoMbKY KBaApaT YHMTAPHOTO HWIM AHTHYHHTAPHOIO OmepaTopa ecTh
yHUTapHbIf omepaTop, Mbl sakaiouaeM, 4to oneparop U (r) sBafeTCH YHH-
TapHbIM 1/ M00060ro 3JeMeHTa r M3 OKPeCTHOCTH eauHuupl. Haxonel,
BCAKUH 3JeMeHT r, NpuHaajewauwl¥f TOH e 4acTH NMPOCTpPaHCTBA mapa-
METPOB, YTO H €JHHHYHHH 3/eMeHT, MOXHO NMPeACTaBHTb B BHAE NPOH3«~
BEEHHA ryry ... I, SJEMEHTOB, NpPHHALJEKAUIUX HEKOTOPOH 3amaHHOMH
okpecTHOCTH emuHHUBl, [lockosnbky kawabit W3 onepatopos U(r; yHu-
TapHblt W TNpPOM3BeJEeHHE KOHEYHOrO 4YHC/IAa YHHTAPHBIX ONEPaTOPOB yHH-
TapHO, Mbl 3akJjio4aeM, 4to U (r) ecTb YHHTapHBI omepaTop.

[Tpeo6pasoBanus, BXoAALlMe B 4aCTh NPOCTPAHCTBA NaPaMeTPOB, COdePKa-
U1YI0 e JMHHYHBIH 37eMeHT, o0pasyoTr noarpynny. Hawe paccMorpenne Gyaer
orpanuyeHo takoi nmoarpymmoit G’. Ins N0GHX 3MeMEHTOB r W S, NMpHU-
napnexawux G’, onepatopwl U(r) u U (s) yuuTapHb H yIOBJAETBOPAIOT
paBercteaM (12.55) u (12.56a). Jo cux nmop MH He HaKJAaAbBaJIH Ha One-
parop U (r) HMKaKHMX YCJOBHH HeNmpephIBHOCTH, KOrJa 3JeMeHT r npoberan
rpynny G. MoxHO NoOKasaTb, YTO B OKPECTHOCTH eQWHHUBl € ONepaTophl
npeacrasneduss U (r) MowHO BbIOPaTh Tak, 4YTOObl OHM GbLIH HENpepbIB-
HHMH, T. €. aaa a6oro € > 0 u aw060ro BeKTOpa § CyllecTBOBAJa He-
KOTOpass OKPecTHOCTh R ajeMeHTa r Takas, 4TO

Uy —UE b <e (12.59)

A48 371eMeHTOB §, npuHaanexawux R, Us storo pesyabrara creayer, 4to
MHOWHTENb ©(r, S) B cooTHoweHHH (12.57) npencrasaser coGoff Hempe-
PHBHYI0 (GYHKUMIO 37eMeHTOB r W §. [aa OokasatenbCTBa HeNpPephBHO-
CTH ®(r, §) clenyeT BOCNMOJb30BAaTHCA TONKIECTBOM

o(r, )W) —UEr'sNy+U ) [UE)—U@)] -+
+WE)—=UMNU S y=o(, s)—o(r, HIU('s) . (12.60)
Mebl sakaiouaem, 410 3/MeMeHT r rpynnel G’ B OKPECTHOCTH €AMHHILbI

MOMHO MPeJCTaBUTh HempepbiBHBIMH YHHTAPHBIMU onepatopaMu U (r) u uto

MHOXHUTeNb © (7, §) B (12.57) ecTb HenpepblBHas pyHKuus, SPyHkuus o (r, s)
HAa3blBACTCA LOKQAbHUM MHONMCumesem. Ee MOXKHO 3anucaTh B BHue

o(r, s)= et (12.61)

rae § -——BelUleCTBEHHAd HenpephiBHAA (GYHKUUA OT r H §, KOTOPYIO MH
Ha30BEM LOKQAbBHBIM RnOKA3amesem.

Oneparopsl U (r) MOXHO yMHONKATh Ha MGy ¢GyHKUMIO @ (F), KO-
TOpas HenpepbliBHA WU MMeeT MOAYy/]b, paBHbH emuHuue. OnepaTopbl

Urny=oe@)U)=eill® . Ur). (12.62)
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rre {(r) —BeulecTBeHHad HempepulBHad (YHKuUMA, OGYyAyT TaKKe Hempe-
puiBHbIMH, Ecau coornowenue (12.62) noacrasute B (12.57), T0 noayuum

UnU ) =en)e®OUNUE =90 e o, U (r)=
f— (P(")(P(S) (O(r, S)U,(rs),

P (rs)
TaK 4TO
U'nU (s)=a (r, s)U’ (rs), (12.63)
’ _9(Ne()
(0] (f, S)—Wm(r, S). (12.64)

Ara npoueaypa BMOJHEe aHanorMyHa COOTBETCTBYIOUle# mnpouenype A
koHeunblx rpynn. [Cp. ¢ pasenctBamu (12.21) u (12.22).] MHOXuTeNH
o(r, S) 4 @ (r, S) ABAANTCA IKBUBAACHMHB MU AOKAAbHLMUE MHONCU-
meagmuu. JlokanbHble moKasaTenu E(r, §) u E'(r, s) cBA3aHbl Mexny
co60# COOTHOUIEeHHEM

& (r, $)=E(r, )4L(N-+5() —L(rs). (12.65)

BeiGepeM oneparop U (e) Tak, 4TOGBl OH GBI TOMXIECTBEHHBIM OMe-
patopoM. Ecau B cootHomenuu (12.57) nonowuts r=s==e, TO

U@U@E=o(, e)U @),
OTKYy Ia
w(e,e)=1 u E(e, e)=0.

Ecau B coorHoweHuu (12.57) nonoxurs s =e, TO

UnU@Ee=ow(r, eyl (),
OTKYy1a

o(r,e)=1, E&(r, e)=0. (12.66)
TOYHO TaK ke

o, =1, E&(e, r)=0. (12.66a)

[Moabayacy cooTHouleHHeM (12.57) ¥ accouMaTHBHBIM 3aKOHOM

(rs)t =r(st),
HaXO1HM
o(r, s)a(rs, H=ow(r, sHo(s, f), (12.67)

L(r, S)-HE(rs, H=L(r, sH-+E(s, D). (12.67a)

Ecan ruab6epTroBO MPOCTPAaHCTBO mnpeacTtaBiaeHua (12.57) KoHeuHo-
MepHo, TO oneparopbl U (r) GyayT YyHHTapHBIMH MarpHuamu n X 2.
Ecau BBecTH 0603HaueHue

H/H XKE

detU (r)=D(r),
TO onpenennteas D(r) Gyner HenmpepblBHLIM H
|D(r)|=1.
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Bags onpeneauTens OT ofeux uactedt paseHctBa (12.57), natinem

D (r) D (s)= ei"&(r. D (rs), (12.68)
rle n— pa3MepHOCTb MpeacTaBieHHd. EcCAH NOMONKHTL
Ul(r)
U'(r)= —%— 12.69
O=D o (12:69
U pasgeauth cooTHoutenue (12.57) Ha (12.68), To okaxeTcd
U'(nU’ (5= U’ (rs). (12.70)

TakuM 00pasoM, KOHEYHOMepHble NPOEKTHBHblE NpPENCTaB/IeHHs B8cez0a
9KBHBAJIEHTHbl BEKTOPHLIM TNpeiacTaBieHusM. IIpu BbIBOZE 3TOrO pesyib-
Tata Mbl HCXOIMAH M3 NPEANOJNONKEHHA O TOM, UTO SJIEMEHTHl 7 H S
HaxomATca BOAM3M eAuHulBl e. B Bblpaxenun (12.69) Mbl 00/KHBI
BLIGpaTh KaKOH-TO BMOJIHE OnpelefeHHb KopeHb n-# crenenu ua D (r).
Peaynbrar (12.70) ocrtaetcs BepHbIM, KOJIb CKOPO Mb MNPONOJIKAEM
HaXOMMThCA B OKPECTHOCTH eNMHUUBl. ECAM npocTPaHCTBO napaMeTpPOB
rpynnbl OAHOCBA3HO, TO JIOOYI0 3aMKHYTYI0 KDUBYIO B 3TOM npocCTpan-
CTBE MOXHO CTAHYTh B TOYKY. B 3TOM cnydae kopens [D (r)]”" MOXeT
ObITb 3amaH ONHO3HAYHBIM 0GPaszoM BROJAbL M0Goro nyTtd. Ecau smeMent r
ONMHCHIBAET 3aMKHYTHIR mnyTh, TO [D(r)]”’l BO3BpallaeTCs K CBOeMY
nepBOHAaYaNbHOMY 3HadeHHo. J[lnsa TtpexmepHO# rpynnsl BpaleHuH 3TO
paccyxkiende He mnpoxoaut. Ee NpocTPaHCTBO NapaMeTpoOB ABYCBA3HO,
H B ciayuae ueTHoro n Mbl BMecto (12.70) noayuaeM caenyrowu#
pe3yJbTar:

U (nU’(s)= & U'(rs). (12.70a)

JIBa noOKanbHBIX MoOkasatenst £ u L', KOTOPHle YIOBIETBOPSIOT COOT-
HoweHUI0 (12.65), HasplBAIOTCA SKBUBAAEHMHBLMU

E=t’ (12.71)
Ecin E=¢', 1o /==L Ecin L=t u £’ =1, 1aKk uro
§(r, =t(r, H+5 ()15 () —G (rs),
8 (r, =¢"(r, )+ 5(r) -+ L () — L (rs),

TO
(=8 9+L(N)+ L) +5 O +5E —5 ) =L ()=
=&(r, )+ L(N+L(s) —E(rsy

LN =L +5 ()
e=t.

TakuM o6GpasoM Mbl nosyyaeMm pa3GHeHue JOKa/bHLIX MOKasatene# Ha
K/1aCcChbl 3KBHBANEHTHOCTH.

rae

CJ1Ie10BATE/IbHO,
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Ecmu §; W & — J0KanbHBIE NMOKasaTend, TO H BeJaMuuHa §= af; + P§;
C BelieCTBEHHbIMM Ko3¢dduuMeHTaMH O W P eCTb TaKke JIOKalbHbIY
AoKasateab. Kpome Toro, O4eBHIHO, YTO KJAcC, KOTOPOMY MPHHAIMEKHUT
A0Ka/bHBI# noKasaTeab E, He 3aBHCHT OT KOHKpeTHoro BblGopa &
M I, M3 Te€X KJIacCoB, KOTODBIM MNpHHAaAJMEXKAT 3TH JOKajbHble liOKa-
satenn, TakuM o06pasoM, HEIKBHBAJIEHTHble KJAACChl JOKaJbHBIX TOKa-
3aTeslel 00pasyioT JAMHeHHOe BeKTOPHOE MPOCTPAHCTBO C BellieCTBEHHBIMHU
Ko3dpduuveHTamMu. PaaMepHOCTL 3TOrO0 BeKTOPHOTO MPOCTPAHCTBA Onpe-
JeNseT YHCJAO CYWeCTBEHHO Pa3/M4HbIX THMNOB NPOEKTUBHBIX NpeLCTaBJe-
Hu#t, Ecnv ero pasMepHOCTb paBHa HYJIO, TO BCe JOKaMbHble MOKa3aTelnH
9KBHBAJIEHTHB! JIOKAMBbHOMY MOKaszatenio £ =0, B cuay dero BCe Mpoek-
THBHBblE MPELCTABJAEHHA CBOAATCH K BEKTODHBLIM MNMpeACTABAEHHUAM,

PaccMoTpuM Janee onHomapaMeTpHueckyio noarpynny rpynnel Jlu G.
M3 § 11 ra. 8 Mbl 3HaeM, 4TO MOXKHO BBECTH KaHOHHYeCKH# mapametp 0
Tak, 4TQGbl

r(Qy=e, r(0)r©0y)=r(0,-40,). (12.72)

YuutapHelt omepatop U (r), cooTseTcTBylOWMH 3neMeHTy r = r (0),
o6osnaunM uepe3 U (0). UHdHHUTE3UMANBHEM SDMHTOBBIM ONEPATOPOM &,
nopoxjaowuM onepatop U (0), aBasercsa omepartop
dU 0)

= .
49 oo

(12.73)

Ecan anemedTl 7 M S B COOTHOWeHHH (12.37) COOTBeTCTBYIOT 3Haue-
HHsm napametpa 0, u 0,, To (12.57) MOMHO 3anucath B BHJIE

U@)U@O)=0w(0, 0y U (@O, 0y (12.74)
[Ipomuddepenuuposas no 0; u nosoxus 0, =0, noayunm

do (8, 0y)

d 92
wU O =220 | U@+ 0, 09 R o) _

dU (0
—f<02>U<02>+ 4
Ha (12.66a) caenyert

00, 0)=1, ©(0, 0)=2es00,

TaKk 4ToO
do

_ ;%
'd—el‘— l'd—el‘(ﬂ(el, 62).

Monaras 6, =0, HaxoauM

4
f(62)=‘d—él 0



§ 3. lipoextusnole npedcrasaenun epynn Ju 555

TakuM 006pasoM, f ecTb UHCTO MHHMMaa HenmpepbiBHas QyHkuus ot 0,
npudem f(0)= 0. Or6pacsviBas HHIeKC y BeanyuHbl O, W nonaraa f =g,
noaydaeM craeiyioliee Iuddepenunansioe ypasHende iaa U (0):

B 1 igU =iaU. (12.75)
Broas yHHTapHblf onepaTop
i 5]
U’ (8) = exp ~t'[g(6’)d6’ CU (0, (12.76)
1]
HAXO0 UM
v
W—mU . (12.77)

vIHTerpupoBaHHe STOTO YDPABHEHHS NPHBOAMT K OMepaTopy
U’ (8) = eit®, (12.78)
yI0BJIETBOPAIOLieMYy COOTHOLIEHHIO
U’ (6, U’ (0y) = U’ 0, —+0). (12.79)

Takum o6pasoM, B C.1yyae 0JHONMApaMeTPHUECKON MOATPYNNbl NPOEKTHBHO
npeicTap/eHde BCETrJa MOXHO 3aMEHMTb SKBMBAJEHTHBIM €MY BEKTOPHLIM
npeicTaBaendeM. DTOT pe3y/abTal aHa/JAOTHYEH Pe3yabTaTy, NMOJYYeHHOMY
HAMH A5 UMK/JIHYeCKHX rpynnm B § 1 Hacrofuwied raassl.

MoxHO mnoKasaTb, YTO NOCTPOEHHE KAHOHUUecKuXx noxazameanell
BO3MOXHO, T, €. A1s Jo6oro nokasareas £’ (r, S) Mbl MOxeM HaHTH SKBH-
BaJEHTHLIH MOKasateds L (r, S), KOTOpPBIN OyleT paseH HyJi0, ec/d 3Jje-
MEeHTHl r M § MpHHaZAeXaT OJHOH H TOH XKe CIHOMapaMeTpHuYeCKOH moi-
rpymnne.

Fpynna Jlu ¢ n napameTpaMd nopomAAeTCd HHOUHHTE3UMA/LHBIMH
OnepaTopaMd CBOMX N OJHOMapaMeTpHyecKHX noarpynn. B rji. 8 Mbl mo-
KasajaM, 4TO N MHQHHHUTE3HUMAJbHBIX omepaTopos X; (=1, ..., n) 06-
pasytor Gasuc aareGpsl Jin sroft rpynnei. 3aKOH YMHOMXeEHHs 119 3TOH
anre6pnl 3a4aeTcss COOTHOLIEHHAMH

[Xl,, X].]=c’;].Xk, (12.80)
rjie BelleCTBEHHble YHC/IA c’;j SBJAIOTCA CTPYKTYDPHBIMH KOHCTaHTaMH
rpynnsl. KoneunsMH npeo0pa3oBatnaMi 0OAHOUAPAMETPUYECK O MOAT Py TNKL,
nopoxaeHHoOH omepatopoM X, ABaARTCA npeobpasosaHua exp (0.X,).
B ra. 8 Mb NOKasaad, YTo npeicTaBienns rpymnbt G MOXKHO HaHTH H3
npeacraBaeHud ee aare6psl Jlu nmytem uHTerpuposanua. Ecau B BexkTOp-
HOM TpeICTaBJeHHH GasHCHBIM 37eMeHTaM X, COOTBETCTBYIOT 3PMHTOBH
oneparopsl D;, TO 3TH onepaTtopsl YIOBJIECTBOPAIOT COOTHOUICHHAM KOM-

MyTaltiu
i[D,. D,|=¢tD,. (12.81)
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B 3ToM cayvae omepaTopaMu KOHEUYHbIX NpeoOpa3oBaHUK GyayT yHHTap-
Hble omneparopsl exp (/0D),).

He#ictBue ¢asoBblx MHOMHTeNeR ®(r, §), BXOAAUMX B MNPOEKTHBHLIE
npeicTaB/eHUs rpynnsl, 6y aeT Nposs/aATbcad B 106aBJeHHH KOHCTAHT K CO-
OTHOLWEHHAM KoMMyTauun (12 81) DpmutoBsl oneparopw D, nis yHuTap-
HOTO MPOEKTHBHOTO MpenCTaBjeHHs OyAyT YAOB/IETBOPATL COOTHOLIEHHAM

l[D =c* Dk—i—ﬁ” , (12 82)
tne B, cyT» n(n—1)/2 BewecTBeHHLIX KOHCTaHT, W3 cooTHoweHus
(12 82) M BuaumM, uro B, = —p,, Ecau oneparopsl D, samennm one-
paropamu

Di=D;+a;-1 (a; BeumecTseHnble), (12.83)

TO ONMepaToOpH KOHeuHbIX npeoOpasosaHuft exp ({0 D,) saMeHarca oneparo-
pamu

eie (D;+a,) —e ta;0 . ezeol.
T. e yMHOXAarca Ha ¢pasoBble MHOXHTeNd JleHcTBUe HA COOTHOLIEHHe
(12 82) cazpura (12 83), npuBOdsAllero K Mepexoly OT OAHOro Habopa
$a30BbIX MHOXHTEJEH 171 KOHEYHBIX NMpeofpa3oBaHui K APYroMy SKBHBa-
JEHTHOMY Haf)opy, CBOIHTCA K 3aMeHe 3TOro COOTHOWEHHA COOTHOWIEHHEM

i[D), D] =ct D}y, -1, (12 82a)
rue

ﬁi]—‘ﬁi] ki] (12 84)

IBa HaGopa KOHCTaHT B, H [3;], CBfI3aHHBIX MeX 1y COOOH PAaBEHCTBOM

(12.84), skBuBaneHTHsl COOTBETCTBYIOUHE MM NPEACTAaBAEHHA MNEPEXOLAT
apyr B apyra npu npeobpasoBanuu (12 83)
Koucrantsl §,, B cooTHowenun (12.82) B obuieM ciayyae He sBJSIOTCA

HesaBuCHMbIMH, Ecau Mul sanuwem Ttowaectso fko6u (8.57) aas onepa-
Topos D, D, u D,,
[Dlt [D]1 Dk]]+[D]1 [Dky D[]]+[Dkv [Div D]]]=01 (12 85)

H BOCHOJb3yeMCs COOTHOLeHHAMH koMMyrtauud (12 82), To moayuum
yc/oBus

c§ By ¥ By chB,, = 0. (12 86)

Ecan Ha6opbl KOHCTAHT [5(11]) u B yaosnersopstor ycaosuam (12 86),
KOHCTAHTBI
B, = a,p{)+ a,pP) (12 87)

Takxke OGyayT yaoBiaersopsars ycjaosuaM (12 86) Takum obpasoM, pony-
cTUMble HaGOpbl KOHCTaHT f,, 006pasyioT BeKTOPH B HEKOTOPOM Belue-
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CTBEHHOM BEKTOPHOM MPOCTPAHCTBE Pa3MEPHOCTH, MeHblIed WM paBHOH
n(n—1)/2. Bce npoektuBhble mnpeacraBieHus (12.82) 6yayt 3kBuBa-
JIeHTHbl BEKTOPHBIM MpPeACTAaB/JICHHAM, €C/IH A0NYCTHMble HAGOPH KOHCTAHT
B;; SKBMBATEHTHB HYJEBOMY BEKTOPY, T. €. B TOM Clyuae, eCiu pa3mep-

HOCTh BCKTOPHOTO MPOCTPAHCTBA HAGODOB KOUCTAHT f;; PAaBHA HY.IO.

PaccMOTPUM CHAuana HecKOAbKO 1pOCTHIX npuMepor. Bce cTpykTyp-
HBIC KOHCTAHTHI cfj AAf n-napamerpHyeckoft abe/eBOit Tpymnbl paBHB

HyJHO. M[lq)ﬂHHTeSHMZIJ[bele OﬂepaTOpbl yﬂ.OBJIeTBOpﬂlOT COOTHOWICHHSIM
X, X=0 (¢ j=1,..., n. (12.88)

CootsercTeyolide cooTHowenusa (12.82) ans oneparopos mpencrap/eHins
HMEIOT BHIL

i1Dy Djl=g;;- 1. (12.89)
[Mocko/ibKy CTPYKTYypHHE KOHCTAHTEl OOGPATH/IHCHL B HYJb, PaBEHCTBO
(12.86) He HanaraeT HMKAKMX OIPAHHYEHHH HA KOHCTaHTH P;;. Pasmep-
HOCTh BEKTOPHOTO MPOCTPaHCTBAa HAGOPOB KOHCTAuT B;; pasHa n(n — 1)/2.
Jlo6o#t BexkTOp P;; MOXET BXOAMT: B cooTHOwehue (12.89). Kowcrantsi,
OT.MUAIOLKECs OT IAHHOH KOHCTAHTHl B;; MHOXKHTEIeM, DABHBIM LeA0MY

MOJIOKHTEIbHOMY YHCJAY, COOTBETCTBYIOT 3KBHBAJICHTHHM MPELCTABJICHHSIM,
TaK Kak

i{mD;, mD;j=m%,; -1, (12.90)
¥ 9pMuTOB orieparop mD; 6Gyiler 3alaBaTh KOHeuHble MpeoOpa3oBaHHs
eimBDi,

OTKYyJAa CnelyeT, YTO MpelCTasJeHHA OT/AHYAIOGTCA JHUIIbL H3MeHelieM Mac-
wraba no nepemennofl 0. BekTOpHBIM MpeiCTaBJEHHAM COOTBETCTBYET
TOAbKO HyJlenoH sektop f;; =0.

Ina rpynnel BpauieHHH B clyyae Tpex H3MepeHHH 3PMHTOB omepaTop
MOMeNTa KOJHYeCTBA ABHIKEHHA YIOBJETBODPSAET COOTHOLICHHAM

Ve JWI=J,+8,-1, iV, LI=J,+p, 1,

iV, Ji=Jy+8,- 1. (12.91)
BenuuuHbl B 3KBHBaJENTHB! HYAIO, Tak Kak mpeobGpasosaHue (12.83)
Ji=J, 4B, 1

npuBoauT coorHowelnsd (12.91) k Buay

. r r s . 4 r r N 4 4 I4

iy, l=de, iy, S =de  ilVn L)=Jp. (12.92)
TakuM 06pa3oM, Mbl MOJAyyYaeM elle OJHO [1OKasaTe/bCTBO TOrO, 4YTO BCe

NMPpOCKTHBHBIE IpeACTaB/ICHHS TpexmepHoﬂ rpynnsl BpauleHHss 3SKBHBA-
JEHTHBl BCKTODHLIM MpeaCTaBJACHHIAM,
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BMmecTo TOro yTOGb paccMaTpHBaThb BeJNMUMHBl f;;, Mbl MOXEM BBECTH
HCKOTOPY!O (PYHKIHIO, ONMpeleneHHY Aad BCeX 5/eMeHTOB ajarebpsl Jiu.
Anementsl aarebpsl JI ABAAIOTCA JIHHeHHBIMH KOMOGHHALUHMAMH C BellECT-
BeHHbIMH KO3(dulHeHTaMH Oa3nCHBIX 3/1eMeHTOB X

a=a,X,, b=0b,X (12.93)

m<*m?

a onepaTopsl NpeincTaB/JeHHA, COOTBETCTBYOLlHE 3I[HM 3JEMEeHTaM, HMEWT
BH I,

A=a,D,, B=b,D,. (12.94)
Iaa snementoB @ U b coorHowenue (12.80) sanucviBaeTca B BH e
la, bl =c},ab, X, (12.95)

cootHollleHde (12.82) mpHBOIUT K paBeHCTBAM

i[A, Bl=ctab D,+p,ab, 1=ctab D,+ F(a, b)-1, (12.96)

Im~i"m im

rie
F(a, b)="nab,= — F (b, a). (12.97)

B uactHocTH, ecau
a = X[ H b= Xj’
TO
F(X; Xp)=B8- (12.98)

Ecan oneparopsl D, 3aMeHHTb SKBUBAJEHTHBIMH OINEepaTOPAMHU
4
Dn=Dn~+0m-1,

To onepatopnt A M B, onpeseasemble (12,94), uaMeHdrca cooTBeT-
cTeywiuM obpasom. Parencrso (12.96) Oyier mmets BHI

[[A, B'Y=ct,ab Dy+|F(a, b) —a,ctab | 1=
—ct ap Dy F'(a, b)- 1, (12.99)

im
rie
F’(a, by=F (a, b) —a,ck apb, . (12.100)
[Tepexod OT OLHOrO mnpeiCTaB]eHHd K JDYroMy NpejiCTaBJeHHIO, SKBH-
BAaJEHTHOMY eMy, OMHcbIBaeTca nepexolom oT F (a, b) x F'(a, b), rae
a, — MPOHU3BOJbHBlE BellleCTBEHHble KOHCTAHTHl, EC/AH 9TH KOHCTAaHTH @
MOXHO BmOpaTh Tak, urobnl F'(a, b)=0 1iaa Bcex a u b, TO mpea-
craBjeHHe OyleT SKBHBAJEHTHO BEKTODHOMY MpelCTaBJAEHHIO.
Boipaxenne (12.100) MOmHO YNPOCTHTh ciaenylouluM obGpasom. Pac-
CMOTpHM JHHEHHY©O (yHkuMO A, onpeleseHHylo Ha aarebpe Jlu Tak, uTO

AX)=uqw,. (12.101)
Toraa
A@=uga, (12.102)
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Bocno/b30BaBIIHCh COOTHOLIEHHAMH KoMMyTalud (12.95), moayuum

A(la, b))=qa,ct ab . (12.103)

R7Im™ " m
CpaspuuBas ¢ (12.100), uMeem
" F'(a, b)=F (a, b) — A (la, b]). (12.104)

Takum o0Opa3oM, j1Be CHCTeMBl NoOka3aTeseft OyAyT SKBMBA/JEHTHbBI, eC/Iu
PasHOCTL MeX1y COOTBETCTBYWOIUMH ¢yukuuama F'(a, b) u F(a, b)
ecTh JuHeHHasd GyHkuUMd OT KoMmMyTaropa [a, b].

Ycnosusi, Hamaraemsle Ha (YHKUHIO F, COOTBETCTBYIOUIHE YCIOBHAM
(12.86), ™Mbl Hatiiem, 3amucaB TOXAecTBO Fkobu

[4, [B, C11+1B, [C, AlI+I[C, [4, B]]=0
¥ BOCMO/NbL3OBABIIHCL COOTHOWeEHHAMH KoMMyTauud (12.96). Pesyabrat
HMEEeT BH]

F(a, [0, c])+F ., ¢, al)+ F(c, [a, b])=0. (12.105)

§ 4. lpoeKTHBHBIE TpeICTABJEHHS
CeBAO-OPTOrOHANBHBIX TPy

BeulecrBeHHsle  OAHODOAHLIE JHHelHble nNpeoOpa3oBaHHA, KOTOpbIE
OCTaBJIAIOT MHBAPHAHTHOM BellleCTBEHHYIO HEBBLIPONKIEHHYI0 KBaIPaTHUYHYIO
(GOpMY OTHOCHTE/bHO R BeweCTBEHHbIX MNepeMeHHbIX X; ({=1, ..., n),

FX)=gupxi%, (&u=2E8%r): (12.106)

Ha3LIBAOTCA 1Ce800-0 PMOORARbHU ML npeobpa3osanufmu. Tlogxons-
weh sameHod 6asuca dopmy F MOXHO MPHBECTH K TJaBHBIM OCHM:

p n
F (x)=2 x2 — p X7 =2¢;8,,%,%, (12.107)
7 =1 I=p+l

g=-+1 nmpu I=1, ..., p,
g==-—1 npn Ii=p-4+1, ..., n
I'pynna nceBno-OpTOroHaALHBIX npeoGpa3oBaHuit W

X=Wx, x;=w,x, (=1, ..., n), (12.108)

OCTaBAAOUMX MHBapHaHTHOH ¢opMy F,, o6osHavaerca G5." Hs (12.107)
Mbl BHAMM, uyto rpynnsl G5 u G~ 7 aBAs0TCA 0AHOH M TOH Xe TpymmoH.

Ecnu p=n, 10 ¢opMa monoxurteabio onpenenena, u rpynna Gy
ecTb OpTOrOHa/dbHas Tpynma B n-MepHOM mpocrpaHcTse —rpynna O,
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B cayyae p = n mbl nojyuaeM Tpymibl, aHanoruudsle rpynne Jloperia
(111 Kortopoit n=4, p=3).

Tlpeobpasosanus rpynnsl G, KOTOpble MOXHO MOAYYUTbL M3 TONJIe-
CTBEHHOTO MpeoGpa3oBaHHi MyTeM HEMpepbIBHOTO H3MeHeHHs, 06pasyioT
noArpynmny GP, cobecmeennsix TNCeBL0-0PTOTOHAMLHBIX NMPe0o5pa3oBaHHii.

Mpeo6pasosane W npunasnexut noarpynne G,”, ecnn onpeneautess
5TOro npeo6pa3oBaHHd paBeH | M ecAH MHMHOp, COJepXalHi p NepBHX
ero CTpPOK M CTOJOLOB, MOJOXHTE/EH.

3adauna. [lokaxuTe npeibliyliee YTBEPKACHUHE.

Mbl MOXeM Takie paccMaTpHBaThb TPynnbl /5 neodnopoduuix ncesdo-
OPMOZOHANBHOX Npeol pa3osanul

X = Wx—u, x;=wijxj—{—ui =1, ..., n, (12.109)

Tae 1 —- NMPOM3BOJbHLIA BeliecTBeHHbI BekTOp (cABHr). Ecau npeoGpa-
soBanue W ocTaBiseT WHBapHaHTHOH ¢opmy F,(x), 3anaBaeMyio paseH-

ctBoM (12.107), to npeobpasosanue (12.109) ocraBaser HHBapHaHTHOM
¢opMy F,(X—y), Tle X U y — NPOU3BO/IbHbE BEeKTOPHI. Ecau Mu orpa-
HHYHM nipeobpasoBanns W 10 Tpynmbi G.?, 10 rpynna /45 okawmerca

/p
Cy®eHHOR 10 cBoelt cobcTBeHHON moarpynnsl /. .
Ecnu nocne mnpeodpasoBanua (12.109) BuinosuseTcs euie 0AHO TNpe-
o6pa3soBanHe

X" == W,X,—{—ll,
TO pe3y/bTHpywoliee npeobGpasoBaHHe HMEET BH I

X == W (WX 4+ 1)+ 1" = WWx +u + Whu).

Takum o6pasoM, ecau 0603HauuTh yepes (W, u) npeobpasosande (12.109),
TO TPYNNOBOEe YMHOXeHHe B rpynne /7 Gyner 3azano ¢opmy.iamu

(W, o) (W, u) =(WW, Wu-tu). (12.110)

ITOT 3aKOH KOMGHHHDOBAHHA 9JEMBHTOB TpYyNnbl YA0OHO HHTEpMpETH-
poBaTb Kak MaTpHYHOe YMHOxeHHe MaTpuu (n— 1)-ro nopsaka: mpe-
ob6pasopanuio (W, 1) Mbl COMOCTaB/IAEM MaTpULY

W u
{0 1], (12.111)
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rae nocaeiHuH CTOg6el, COCTOMT H3 KOMIOHENT BEKTOpa U, MOCAe KOTO-
pex caenyer 1 daement (1, 0) ABASETCA eIMHHYUBIM  S.EMEHTOM
B rpynne /5.

3adauu, 1. [lposepbTe 3aKOH TIpynnosoro yMuoxenus (12.110) mas
matpHy (12 111).

2. MokaxuTte, Y10 npeoﬁpaaoBaHue obpatHoe Mpeobpasosanuio (W, u),
umeer sua (W™, — W™ ly).

3. Mokaxure, uto cxBurd (1, z) oSpasylor B Tpynne /9 WHBapHaHTHYIO
noxrpynny T, U 9T0 daxktop-rpynna

I an
n

Mbl XoTHM MoCTpouTsL anreGpui Jiu rpynn Gi u /5. HauGonee npocto
3T0 ZesaeTca ¢ momowbio Matpul (12 111) ,Bpawenns® B naockoctH ijf

06pa3yioT MoAHBIH HaGop OfHOMApAMETPHYECKMX MNOATpynn rpynmst Gl

»Bpatienne* W¢) B npockoctu if ects HEKOTOpOe npeobpasoBaHue,
JefcTBylOliEE HA MEepeMeHHble X; U X,

(L7, r__
W, Xi=W,Xi+ Wi, X )

. (cymmuposanus Herl), (12.112)
Xj=w, X+, x,

4 Py
Xr=X, naa r==1{, J,

2 2 . , (12.113)
g,x, —{—s]x] =slxi—{—s]x
Ecau
€i= 7 i—l
T0 npeobpasosanne W7 ecty ppamenue:
X, =x cosB+x sin 0,
x;=~x sin6+x cos 0, (12.114)
x;=x,  ana r<i, J.

Cootsercrayiowmas marpuna (12.111) umeer Bun

wen
lo 1], (12.115)
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rae cama marpuua W) samucwBaerca rtax:

! J
- —
1
il ... cosB...sinB
. (12.116)
Jl ... —sin0...cos0
1
B 11

Yro6bl HalTH COOTBETCTBYIONYIO HHQHUHATE3UMAJIbHYIO MATPHIY, BBIYHCINM
dW) /g0 npu 0=0:
+ 1 na wmecre (i)),

uMeer { — 1 Ha mecre (ji), (12.117)

0 Ha Bcex OCTaJbHHIX MECTax.

dW(ij)
0=0

Marpuua w'*) =

Ecau
Ei == — Ej,
10 ,Bpawenue’ W npencrasaser co6o#t npeoGpasosanue JIopeHua:
X=X, chB——x].shB.

x’j=—~xish6—{—xjch6, (12.118)

s

p=Xx_ npu r=i, 7,
H COOTBETCTByOLiad HHQHHHTE3WMaabHAas MATpHUA HMeeT — | Ha MecTe
(t/) n (ji); Bce ocrajbHble ee 3JeMEHTHl paBHBl HYMO.

O6a cayuyasn MOXHO OXBaTHTb, eCJH BbIGpaTh HHQHHHTE3UMaNbHBIE
MaTpHILl B BHIE

(W )y = — edydy + €00 = — &40+ &0, (12.119)

gu=¢0y ELuin=0m ELu&u=n. (12.120)

O6o03Hauum s/emeHT aareGpbl Jiv, oTBeyawluh MaTpHle w), yepes a;;.
IMoabaysich coorBercTByOWMME MatpHuamMd (12.119), Mbl MOMeM BbluM-
CHTL KOMMYTaTOp [@;;, @4l
lay, apl =g ey — gunap +gllajk — 8 i1%p»
aj,=—a,] (t, j. R I=1,..., fl).

rie

(12.121)
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Dnement (i, n—+ 1) HHPHHHTE3MMANbHON MATPHUH CIBMTA BAOAL OCH [
paBeH eJMHHLE, BCe OCTA/bHBIE 3JAEMEHTH DABHH HYMO:

(t(l))kl == élkél, n+l- (1 2 1 22)

OGosHauynM COOTBETCTBYIOIMH 3j1eMeHT aarebps Jlu uvepes b, Casuru
KOMMYTHPYIOT ADYT C ADYTOM, TaK uTO

[6,, bp)J=0 anq Bcex ¢ u k. (12.123)
[Monbaysacy dopmynamu (12 119) u (12 122), naxonum
[al], bk]=g]kbl"‘glkb]. (12 124)

Pasenctso (12 121) noaxoctsio onuceiBaet aare6py Jiu rpynnm Gj.
JloGasasa K 3TOMY paBeHCTBY ycaosHs (12 123) u (12 124), mbl noay-

yaem aarebpy Jiu rpynnwm /5.
Vuuoxus paseHctso (12 121) Ha £, ¥ BOCMOAb30BaBWHCH (12 120),
MOJIYYHM
&la,, ayl=(0r—2)a, (12.125)

(848, =0 B CcHIy TOTO, YTO SNEMEHTBI &, CHMMETDHUHBI, & &, aAHTH-
cHMMeTpuyHbl) AHanoruyno, u3 (12 124) Haxonum

girla,, bpl=(n—1)b;. (12 126)

PaccMoTpHM cHayana oxHopoaubie Tpynnsl Gp. Ilpu n= 2 aare6pa Jin
MMEeT €IHHCTBEHHbI 3/eMeHT @y, [pynma nukauueckas, ¥ BCe ee Mpei-
CTaBJeHHs ABJAIOTCH BEKTOPHBIMH TNpeiacTaBAeHHAMH. Ilpu # > 2 Boc-
noabayeMmca coorHowenneM (12.125), urobsr npeoGpasosard ¢yHKuUHIO F,
onpenejaeHsyo gopmyaon (12 97):

(n—2) F(a;;, ap) = F (1818, ay,), ap) =
=F([grhazrv akl]’ ah])_F([ahjv akl]’ grhatr)z
= F (&4, (85, ap))+ F (81484, (1) anl)

[MoacraBass BMECTO KOMMYTAaTODOB HX BbipaxKeHus M3 paseHctB (12 121),
nosayyaem

(n —2)F(a,, ap) =& (8rnF @) a) — EinF (@ a,)+
~+guF @y, ay) — &, F (@, )+
+gpF (@, ay) —gunF (2, a,)+
+ &uf (8, a,)— g, F (ay, ayl

CnaraeMble, CTOsll{HEe HA MEpBOM H CEIbMOM, a TaKXe Ha 4YETBEPTOM H
11eCTOM MeCTaX, B3aHMHO YHHUTOXAOTCH, MOCJA€ Yero OCTACTCHd BapaxXeHHE

n—2)F(ayy, ay) =8 F (&r48irs Gyp) ~ 8irF (&rp s a.)+
+gilF(grhajhr a,p) — g]lF(grhairs Q). (12.127)
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3agaguM Ha anre6pe JIu auHeftHyo (yHkuMiO, mosaras
A(a,)=g,,F(a,, a,). (12.128)
Torna, coraacHo paseHcTBy (12.121),
(n-—=2)F(a;, ap) =g pA(ay) —8uA(a;)+gul(a;p)—gu\(ay)=
= A(la;;, apl). (12.129)
Takum oGpasoM, F (@, @) ecTb JauHeHHas QYHKUMA OT KOMMyTaTopa

[a;;, @p;) ¥ MOSTOMY TOXIECTBEHHO DaBHa HYMO.

Jlamee MBI PACCMOTPHM HEQIHOpOMHbIe rpynnsl /5 npu n > 2. Tpexae
BCETO BOCMO/b3yeMcad cOOTHoweHueM (12.126), uyTo6m npeoGpasosaTh
Bolpaxende ansd dynkudn F(a;;, by):

(n—1) F(a;;, by) = guF (@), [@r, bp])=
= gu (F (18, ap), bp)+ F (agy, 13, by)),

3ateM BocnoJb3yeMcs paBeHctBaMH (12.121) u (12.124) u npeacraBuM
Te KOMMYTaTOPHl, KOTOpble BCTPEYAOTCH B KayecTBe apTyMEHTOB (yHK-
uud F, B BUIe JAHHeHHBIX KOMOGHHALUMH COOTBETCTBYIOLIHX 3/EMEHTOB:

(n — V) F(a;;, b)) =gni{&pF (s bp) —&iF (ay, bp)+
+8uF @, by) —&uF (@, by)—+
~+ g nF @y, b)) — &1,F (agy, bp).

Caharaemble, CTOfAUME Ha TpeTbe€M H NATOM, a TaKXE HAd YETBEPTOM H
mecToM MeCrax, B3aHMHO YHHUTOXKANOTCA, MOC/AE UYECTO OCTACTCA BbIpAKEHHE

(n—1F(ay) bp)=gpF (&nau. by — ginF (Euay. by (12.130)

Ecan Mbl sananuM nunefinyio ¢yukuuio A 119 Ga3HCHBIX 3/MeMEHTOB
TaK, YTO
A(b) = guF (ay, by, (12.131)

1O M3 paBeHctBa (12.124) moayuum
(n— I)F(alj’ bk)=g]kA(bi)_ngA(b])zA([aij’ bk]) (12132)

Ilockonsky F(ay;, by) ects nuHelinas GyHKumMa OF KOMMYTaTOpa [4;;, byl,
HMeeM

F(a;; by)=0.
Haxowel, Mbpl J10/XHB MOKA3aTh, YTO
F; bp=0.

Jiunetinan ¢yukuus A yxe 3zajzaua ¢opmynamu (12.128) u (12.131),
MOSTOMY MEL MOXeM JIHLIo MPOBEDPHTb, BBLIMOJIHAETCH JH COOTHOLIEHHE
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F(b;, b)=0 unu Her. BocmombaycMcsi COOTHOWCHHEM KOMMYTalMH
(12.124) n npeo6pasyem ¢ynkumo F(b;, b)):

(n—l)F(bi, b]-)=ghkF([aih, bk]' bj)::'.
=ghk{F([aihv bj]v bk)+F([ij byl aih)}-

Cnaraemoe, CTOflllee Ha BTOPOM MeCTe, PaBHO HY/MO, TaK Kak [b;, b,] = 0.

Bocnoabayemca coorHoweHueM koMmMyTauud (12.124) aaa cnaraemoro,
CTOALIEr0 HAa MEepBOM MeCTe, H MOJYYHM

(n—1)F(b;, b)) =gny 1&n;F (s, bp) — &:;F (by, bp)} =
= F(b;, bj)_gijghkF (by, bp)=F (b, bj)

[g4eF (b, b,)=0, Tak KaKk STOT u/leH €CTb NPOU3BEIEHHE CUMMETpHY-
HOTO MHOXHTeNd g, H aHTHCHMMeTpuyHOro MHOXHTeasa F (by, by)]. Taxum
06pasom,
(n—2)F(b;, b))=0,
M npd n>2
F(; b)=0. (12.133)

Mbl moxasanu, uyro npH n > 2 Bce NPOEKTHBHbIE MpeEINCTaBIeHHs

rpynnsl /% SKBHBAJEHTHB BEKTODHBLIM MpeicTaBieHHAM. Tak ke Kak W B
c/lyyae TpYNMmsl BpallieHHs, NMpeiCTaBJeHHs MOTYT ObITb MHOTO3HAUYHBIMH.

Ipu n=2 aare6pa Jiu rpynns /5 onpenenserTcss COOTHOLICHHAMH

[a13, bl =—¢1b,,
[ayy, bol = &5y, (12.134)
[bly b2] = 0.

TomaectBO AKO6H B STOM YaCTHOM CJyyae He JaeT HHYEro HOBOTO.
Ecan onepatopbl npeictaBaeHHs 0603HauuTh A;y, By ¥ By, TO HX KOM-
MYTATOPBl 3aMHINYTCA B BHJE

[[A, Bil=—¢g By 1,
[[AIQ! BQ] - EQBI —*—‘ﬁ” ' 1, (12135)
l[By, Bj=p"1,
rae B, p’, B” — BelllecTBeHHBle KOHCTaHTH. Bocno/p3yemcs HaMeHEHHEeM
dasn (12.83) u BBejeM onepaTopsl
’ [3// ’ ﬁ/
31=31+€—°1, BQ=BQ—T'1, (12.136)
2 H

TOT L1
t[Ap, Bi|=—eBy  1[An, Bi]=e:Br (12.137)
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OJHAKO B pPABEHCTBE
i[B1, Ba]=p-1 (12.138)

ele OCTaeTcs MpOM3BOJbHag koHcraHta B. Mrak, mpu n =2 cyumecrayer
0JHOMEDHOE MHOroo6pasHe HE3KBHBAJEHTHHIX NPOEKTHBHBIX MpeLCTaBJe-

Hu#t. B cayuae p=10 Mbl MOJyyaeM BeKTOpHbE MPEICTaBJeHHd Tpynmsi /§-

§ 5. HpoekTHBHBE mpelcTaBJeHHs raianaeenol
IpYIInb

TFamuneesa rpynna G —s310 rpynna npeoGpasoBaHHA, C MOMOLLBIO
KOTOpOH OCyUiecTBJSEeTCS MnepexoJ OT OJHOH HHEPUHAaAbHOH CHCTEMBI
oTcyeta K Apyro#. Takde cHcTeMBHl OTCY€Ta MOXHO MOJYy4YaTb IDYT H3
Ipyra nyTeM Napamie/bHOTO nepeHoca, CABHrA MO BPEMEHH, MOBOPOTA
B MpoCTpaHcTBe. HakoHel, OHM MOTYT [BHTATLCA C MOCTOAHHON CKOPOCTHIO
JApYT OTHOCHTENbHO JApyra. TakuM oGpasom, npeoGpasosanud [ amunes
M3MEHAIOT PAIHYC-BEKTOP X HA pajuyc-BeKTOp X' W BpeMs f Ha BpeMd £/,
raue

X' =Wx—+vi+tu,
=t+r.
B dopmynax (12.139) W osHavaer cofcTBeHHOe OPTOTOHAMbHOE Npeo-
6pa3oBaHHe B TpeXMEPHOM MPOCTPAHCTBE, V — BEKTOP CKOPOCTH (MMOCTOAH-
HBIff), 1 — BEKTOp, OMHCHIBAOIMA NapannelbHbI MepeHOC CHCTEMbl KOOp-

JIMHAT, H T— CIBHT MO BpemeHH. Yucmeimu npeobpazoBanuamu I anuies
HaspIBaOTCA NpeobpasoBaHus BHAA

x' =x—+ vi,
' =t,

(12.139)

(12.140)

[Mockoabky BpauieHua W onuchiBatOTCA TpeMs NapaMeTPaMH, BEKTOD V —
TpeMd TNapaMeTpaMH, BEKTOD U — TpeMs MapaMeTpaMH W CIBHT IO Bpe-
MeHW T— OJHMM napaMeTpom, To rpymma [amaes G ecrb 10-napamer-
puyeckas rpynna Jiu. Ecau o603HaunTs sSseMent rpynnsl (0, 3ajasae-

Mot (12.139), uepes (W, 1, v, u), TO 3aKOH TPYNNOBOTO YMHOMKEHHS
3an{uIeTcs B BHJE

W, 7. vV, u)- (W, 1, v, )=
=WW, 1+, Wv4+v, Wutu' 4V, (12.141)
Ero MOXHO npeicTaBUTb ¢ NOMOWbIO YMHOMeHHd MartpHi 5 X 5 Buia
WV v u

o 1 1| (12.142)
0 9 1

3
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EnuHnyHbiM 3/1eMeHTOM Tpynnel G cayxut saeMent (1, 0, 0, 0). Daemenr,
obpatHbift ageMenty (W, T, v, 1), UMeeT BHIL

(w!, —1, —wly, —W_l[u—vr})-

HugpuHnTe3uManbHble MaTPHIBl BLHITAAIAT C/eLylolidM 06pa3oM:

S kK k
00 ¢l (12.143)
0 0 0

re S — kococHmMMerpuueckas wmatpuua nopsaixka 3 X 3, k’ u k —npo-
M3BO/IbHEIE BEKTODbI-CTOMOUB, ¢ — BelecTBeHHOe uncao, O603HAYHM
yepes a;; sJeMeHTH Gasuca anre6pbl JlM, 9MeMEHTH b; MMeOT TOT ke
CMbICJ, YTO W B MpelblAylieM maparpade, d; — yuCTHe Npeo6pa3oBaHHA
l'aaunes u f —casur no BpeMend, COOTHOUIEHHS MeXy KOMMYTaTOpaMH
MMEIOT BH[

(4, @) =0pa,; —dpa,+8,8), — 6,0, (12.144)
(a7, bpl =0;b; — b0y, 1B, b;1=0; (12.145)
[a;), dpl =0,,d; —0,,d;, [d;, d;J=0; [d;, b;]=0; (12.146)
la;;, f1=0, [b, f1=0, 4, fl=0b,. (12.147)

l 3adaua. TlpoepuTe cooTHomeHns (12.144) — (12,147).

[Ipu paccMOTpeHHH MPOEKTHBHBLIX MpelCTaBIeHHHA TanueeBOH TpYNNH
Mbl MOX(eM BOCHOJ/b30BaTbCA pe3yabTaTaMH Mpeibliyliero naparpaga s
cayyas n = 3. IToBopoThl MIIOC Napan/e/bHble NePEHOCH H MOBOPOTH MMOC
yncTHe npeobpa3oBanus [anuies obpasywoT noarpymnnsl rpynnsl @, H30-

3
MopdHble rpymne (3. M3 pesyabraroB nocneiHero maparpaga BHITEKaer,
YTO' Mbl Bcerja MoxeM nonobpate ¢yHxkuuio F, onpesensemyo (12.97),
TaK, 4YTOObI

F(a,; ap)=F(a;;, by)=F(a,;, d))=F(@®; b)=
—F(d;, d)=0, (12.148)

Us pasencrsa (12.125) npu n=3 u g, =10, creayer

@y =la;, apl, (12.149)
TaKk uToO

F(ay, N)=F(ay ayl, H=
= F(a;p, [ap, D+
+F([aikv f]’ akl)=01 (12150)
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NOCKOMbKY, COT/IacHO coorHoweHuio (12.147), apryMeHTH (QYHKUHH paBHbI
Hy/no. AHanoruuHbiM o6pasoM 3 (12.126) noayuaem

b, = [a,p, byl (12.151)
CJ1e 10BATEJNbHO,

Fbi )= F(an b, 5.

Y cHoBa, Bocno/b3oBaBWKCy Tok AectBoM flkobu (12.105) aaa ynxkuun F
u coortHouenueM (12.147), uaxoaum

F(bl, f)=0.
AHa/NOruuHo,
Fd, H=0o.

EanHCTBeHHOH ocraBlleficsi BeaHyuHOH nocte BceX npeobpasopaHuli Oy-
zetr F (b, d,). U3 (12.126) umeem

2F (b, dp) =F (lay;, byl, dp) =
=F ([a;5, dl. bj)+F([dk, bl a;p.
C nomowpbio cootHollenus (12.146) noayuaem
2F (b, dp) =0;,F (d;, b)) —0,,F(d;, by)=
IMepecraBuB HHAeKcH { W R, MPUXOAUM K COOTHOLUEHHIO
2F (by, d)=—F(b,, dk)_éikF(dj» bj)a

a4 MOACTaBAdA B MPaBYd uYacTb pe3ynbTaT npeo6pasosannit (12,152),
HaXO0 1M
1
F(b;, dp)=—56;,F (d}, b)) =Yy, (12.153)
rue
1
Yy=—3FWd; b) (12.154)

— koHcTaHta. Ilpn y==0 MBI He MOXeM HCKIIOYHTb 3Ty KOHCTAHTY H3
COOTBETCTBYIOULHX COOTHOILUEHHH 1A ONepaTopoB

{[B;, D=0, - 1. (12.155)

TakuM 06pa3oM, COBOKYNIOCTb K/JIACCOB SKBHBAMEHTHOCTH A PYMMH
Famanes oaHoMepHa.
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§ 6. HempuBoanumble npeacTasJeHds TPYMIbl
napaljefbHBX HEpeHOCOB

[pynnbl, KOTOpble Mbl paccMaTpuBanM B NPedbIAYIIMX naparpacgax,

BK/IIOYanH B ce0d ranuieeBy rpynny, rpynny /3 eBKAMIOBHX JABHKeHHH (MO-

BODOTOB M MEPEHOCOB) B CAyYae TpeX MU3MepeHH! M HeOJAHOPOAHYIO Tpynmy

Jlopenna li. Bo Bcex sTMX Trpynnax mapansiesdbHbe nepedochl o6pasyoor

abeseBy MHBAPMAHTHYI0 moArpynmy 7 ,, MO3TOMY npocrefiuuii MeTon Ha-

XOXIEeHUA npencTaBseHult MOJHONH rpymnnbl COCTOMT B TOM, YTO CHavaJja

paccMaTpUBAIOT NpeiacTaBAeHHd rpynnsl 7, nmapajiienbHHX Hepetiocon.
T, ectb rpynna npeobpasobanuit BuIa

X =x4u, xo=xy+i, v=1, ..., n). (12.156)

Mpl orpaHHuMMcd TeM, YTO HalieM HenpUBOAMMble VHHTapHbIEe BeK-
TOpHLIe npejcraBaenus rpynnel 7, Ecau onepatop npejacrasieHud,
COOTBETCTBYIOILMH napa/ieqbHOMy nepeHocy u, ecau onepatop D (u), To

Du)Du)=D @u+u’). (12.157)

IMockonbky rpynna mnapaianenbHeIX nepexsocoB T, alenepa, Bce ee He-
NPUBOJUMEIE BEKTOPHbIE MpPecTaBjJeHusa ojHoMepHbl. Ecian ) — GasucHas
(YHKIUS HeMpUBOAMMOTO YHMTAPHOTO Npe]cCTaB/eHHd, TO

D () = eld Wy, (12.158)

rle BelleCTBeHHOe YHCAO O 3aBUCHT OT BekTOpa nepeHoca u. Eciau n; —
eJMHUYHBEI MepeHoc BAOAb OCH X, TO

D (n) b = efry, k=10 (ny).
Ecnu u,n; — nepeHoc Ha BeIMYMHY 4; BAOJb OCH X;, TO
D (u), n)p=etp,

IIpogo/mkas te ke paccy:AeHHs I Xy, Xz, + .., X, HAXOLUM

n

D@u)p=el*"p, npuuem u= 2 u.n,, (12.159)
v=1

rie Kk — BellleCTBEHHLIH BeKTOp.

Taxum 006pa3oM, HenpHBOAMMOE YHHTapHOE NpeicTaBieHue rpyunsi 7,
XapakTepH3yeTcd BelleCTBEHHHM BEKTOpOM K B n-MepHOM mpocCTpaucTae,
Takoe npejicraBneHde Mbl OyjJeM yKasbiBaTb, 3aNUChiBad Ga3MCHYIO QyHK-
uvio B Buie Y(k) wan Py. OOmee npeinctabiedue rpynnn 1, Oyier
npsaMo#t cymmofl npencrasienuft (12.159) anda pasnuudeix BekTOpOB K.

B u4acTHOCTH, MBI MONeEM peaqnH30BaTh NPENCTaB/ICHHUS B MPOCTPAHCTBE
¢yuxuuft P (r), 3anasasg oneparopn D (u) Tak, uyrobwul

D () (r) = § (r 4 u), (12.160)
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OTKYyJda NnpH
P (1) = elker
MOJYYUM

D (u) Y (1) = Py (r -+ 1) = ek mpy (7). (12.161)

Pasznoxenue dyuaxuun P (r) no 6Ga3HCHBIM ¢GYHKUUAM Pi (r) ecTb He
YTO HMHOE, Kak npeobpa3oBanue Pypbe

b(0) = [ dhasei®r = [ akah (0 (12.162)

D () (1) = [ dkaxe™™y (r). (12.162a)

Bribpas apyrol noaxod, Mbi MOXEM paccMOTPeTb 3PMUTOBBHI HH-
(UHMTE3UMANbHDIE OMePaToOPH p,, MPelCTaB/ACHHS, KOTOPbIE YIO0BJIETBOPAIOT
COOTHOWIeHUAM [py, pyv']=0. Tak Kak Bce onepaTopnl p, KOMMYTHDYIOT,
MBI MOXeM OMpeieauTb CHCTeMY cOOCTBeHHBIX (YHKUUH Py TaKHX, 4TO

p¥r = kg,

rie k — mo6oit BenlecTBEHHLIH BeKTOP.

flpn paccMoTpelMn mNPOCTPAHCTBEHHLIX TPYNN B KPHCTaA/nax Mbl
OBHapyXHWJIH, H4TO Fpynna HenpepHBHHX NapasielbHbiXx NepeHocoR Ty
saMeHdeTcd JMCKPETHONW TPYNNOH mnapaJseNbHBIX TMEPEeHOCOB BAOJb Tpex
Hanpas/eHuH, He sexauux B OJHOU miaockoctu. [lapannenbHbie nepeHocs,
OMHCEIBAIOLIME DelleTKYy, 3a1al0TCH BEKTOPAMH -

a=nlal+n232+ n383 (Ill, n2, n3:0, -.'__1, --.), (12.163)

Fle BeKTOpH a;, a,, a3 HEKOMJaHapHbl. I pynna abesesBa M MO3TOMY MMeeT
TOAbKO OJHOMepHbie HernpuBOAHWMbie BeKTOpHHle mnpeactaBieHud. [Ipu-
BEJEHHOE HAMH Bbillle PACCYXAEHME MOKA3LIBAET, YTO AJAA KaXJIO0ro Belle-
CTBECHHOTO BEKTOpa k Mbl MonyyaeM OJHOMEPHOE NpelCTaB/IeHHE

D () hr = e™ 2.

OuHako B paccMaTpHBaeMOM c/1yuyae B CHJAY AHCKPEeTHOCTH TPYMnbl Mpei-
CTaBJIeHHdA, COOTBETCTBYIOUIME Pa3JMYHLIM BeKTopaM Kk, MOTYT okasaTbhcd
9KBMBaNeHTHRIMH. [IBa BexkTopa k M k', KOTOpLIe OTAMYAIOTCA HA BENHUHHY

b ==mb; + moby +mzb;  (my my my=0, 1, ...), (12.164)
rie

. a; X ag . agxXa;
by 2z a-a;Xay’ b2—2ﬂal'az><aa'

_ a; X a,
b; = 2n T Xa; (12.165)
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NMPUBOJAT K SKBHUBAJEHTHBIM MNpeacTtanjJeHUsAM, MOCKOJbKY
elba—1,

Bexropn by, by u by ABaa0TCa BekTOpaMu 6asuca o6pamuoii pewemri,
a BexkTOp b HasnBaeTca sexmopom ofpamruoli pewemsu. Urobel HalTH
noMHbH Ha0Op HEIKBUBAJNEHTHLIX MpeICTaBAeHHH, Mbi HaXOAuM Habop
TaKMX BeKTOPOB kK, [IJMHA KaXJOTO M3 KOTOPbIX MeHblle WM paBHA
aauHe mo6oro Bexktopa k- b. Hafinenueie Takum ob6pasoM BekTtophi k
3anoJHAIT #repsyio 308y bpuaawsna.

Basuchbie QyHKUMH Yy MOXKHO peanu3oBaTb B Bule (YIKUHA OT

KOOpAHHAT
Pk (r) = e** Ty (1), (12.166)
rie nepuod ¢yHKUMH @k (r) coBmajaer ¢ NepuoOAOM pelIeTKH
Pk (r+ a) = @i (r). (12.167)

3acraBnsas BexTop k npoberarth nepsyio 30Hy Dpuamosna, Mbl moayuaem
NOJMHbLINR HABOp GYHKLUHA.

Badaxa. Haueprute nepeylo 3oy bBpuamosna aad naockofl pemerkw,
y koropo# yroa O wMexny BexTopamu a; u a, paseH 90°. To e cpenafite
Las cayuaf tag|=]ay| u 0=120°

§ 7. Maape rpynns

PaccMotpuM rpynny npeo6pasosanufl /5
x'=Wx-+u, (12.109)
W, u) (W, ) =W'W, Wu+u'), (12.110)
KOTOpble OCTABJAIOT HHBAPHAHTHOH dopMy F,(x —y), Tie
n
Fo(x)= ) e;x7. (12.107)
i=1

B srtoM cnyuae Ouiunefinas ¢opMa (,CKaadpHOe Npou3BeldeHue)

n
{x, y}= 121 €,Xx;Y;

OCTaeTCd MHBAPHAHTHOH MPU OJHOPOAHLIX NpeobOpaaoBaHusx W:
(Wx, Wy}={x, y}. (12.168)
Ecan Mbl, Hall1s HeKOTOpPOe NpejcTaBreHHe TPYNMH /4, orpaHnunMcs

3aTeM pAaccMOTpeHMeM noarpymnner 7 ,, TO HalieHHOe TMpenCcTaB/IeHHE
pacnaiercs B TMPSAMYI CYMMY OIHOMePHHX NpeincTanenuh rpynms 7,.
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PaccmorpuM  kakoe-HUOyib HENPHBOIHMOE Mpejcrasienue rpynnu 7
KOTOPOE COJEPIHUTCA B MPCACTAaBJIEHHH TPyrmbl [h:

D (u) § (Ko, &) = e tko uhp (ky, 0), (12.169)

rae § —— HeKOTOPHIH JOMOJHUTENbHbH HAaBOp MHIEKCOB, KOTOPHIE MOTYT
MoHAAOOUTECA A1 TOTO, 4TOOH Kak-TO 00603HauaTb Ga3uCHblE QVHKUUH

npexcrasseus rpynnut /). Basucnas ¢ynxuns ¢ (ky, ) 3azaet onHoMep-

HOe MOANPOCTPAHCTBO MNpeicTaBaeHus Tpynnbi /4. [lpuvennM k obeum
uactaM pasenctsa (12.169) omeparop D (W), xoropu#l coorserctByer
omosopoty“ (W, 0). Tak kak

W, 01, my=(1, Wu)(W, 0),

ns

TO
D (W) D (u)} (ko, &) =e' % v} [D W) (ky, D] =

=DWuw)[D W) (ko D).
Monowur Wu=u’, ¢ yuerom (12.168) noayunm
D (u)[D (W) ¥ (ky, D = et (ko W7} [D (W) (ko O] =
=el (Wi &} [D (W)Y (ky D). (12.170)
TakuM obpasom, D (W)y(k,, ) npuHaliexut TOMY NOAMNPOCTPAHCTBY
npejicTaBneHud Tpynnbl 7, KOTOpoe cooTBeTcTBYeT Bekropy WK,.

Bexktop Wk, nonyuaetcsa u3 koMnoHeHT BekTopa ky mpu npeobpasona-
wun W. B cooreetctBuu ¢ (12.168)

{Wko, Wko} = {ko, ko}-

CrenoBare/ibHO, ecad MPOCTPAHCTBO HEKOTOPOrO HeNnpyBOJUMOTO Mpen-
cTaBaenuss Tpynnsi /5 comepxut npelctaBnenuc rpymuni 7, COOTBET-
cTByiOuice BeKTOPY Ky, TO OHO JO/KHO COdePXKaTb TaKke W NPelcrapies
nudg rpynnbi 7', COOTBETCTBYIOLiHE BCeM BeKTOpaM k, MMelouiuM Ty xe
»ATHHY“, YTO M BeKTOp ky, T. €. BCeM BekTopam K, M/id KOTOPBIX

{k, k] = {kO' ko}

M KOTOPHE MOryT OHTb NoJyYeHH M3 BekTOpa K, npu npeoGpasopanuax W.
Paccmotpum Temepnr noarpynny Gy,, KOTOpas COCTOMT M3 BCeX ,MO-
BopoToB“ Wy, octapasiomux 6Ge3 uaMeHeHHs BekTop K

W ko= ko. (12.171)

I'pynna Gy, HasbiBaeTcs 2pynnod 80.4H08020 gexmopa Ky, Wi Marod
2pynnod.
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s (12.170) mu suauy, uro dyncuun D (W) § (Ko, {) raixe npu-
HaanexaT Bektopy K, PaccmMoTpuM 910 moanpocTpaHcrso H nafiaem
HenpusoAMMOE npelcrapieHue Manofl rpynnb Gy

D (W) b(ko, = Db ko, MID Wik, (12172
m
rAe MHIEKCH 1) HYMepylT O§asucHbie (YHKUHH HelpHBOAMUMOrO Mpel-
craBiaenns rpynnbi Gy,

¥/l
IMokaxeM Ttenepb, YTO HenPHUBOAMMLIE MpelCTaB/IeHUA Bcel rpynhl I
ABTOMATHYECKH OlIpeleaiorca MyTeM Bbi6OPa HEKOTOPbIX HENPHUBOIMMBIX

npedcrantenntt (12.172) matoff rpynnbi’
Mycrs Wy — ,Bpamenue’, koTopoe nepesoAuT BekTOp Ko B BCKTOP k:

Wk, =k. (12.173)
Ina kaxaoro sextopa K, KOTOpbil y10BJAeTBOPsET YCJIOBHIO
(k. k} = {ko, Ko},

Mbi BhiGHpaeM oiHO npeo6pasopanue Wi. JlioGo# apyrod nopopor, nepe-
poaswuil Bektop Kk, B BekTop K, MOwHO 3amucaTb B BHAC W Wy, Onpe-
IenuM HaGopbl 0Ga3ucHbIX (YHKUMH 449 KaXA0TO BEKTOPA k, cooTBeT-
creyiomne GasucubiM ynxunaM P (ky, £):

Pk, Y =D W)V (Ko, D). (12.174)
Ecan nosopor W nepesoant sektop k B Bextop k', TO
Wk —K’,

WW ko= Wy ko,
W' WWiko = ko,
TaK 4TO npeoBpasoBaHue W' WWw, npunagnexut rpynne Gy, #
W=W.W, Wi (12.175)

rie Wy, — HekoTopbifl sneMent rpynnbr Gi,.
Ho Tenepb npeiactasienne 3mementa W MosHOCTBIO ONpele/eHo:

DW)p(k, &)= D (Wi) D(Wi) D (Wi )bk, H=
=D Wy)D (W) ¥ (ko, O =

=D (Wi) 29 (ko, M [D (Wilng=
n
= §w<k'. W [D (Wil

. (12.176)
D Wy, =24 Wk, D Wil
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Pasencrsa (12.176), (12.170) n
D)y (k, o) =e! b ulyk, §)

NMOMHOCTLIO ONpPeAe/AI0T HEeMPUBOAMMOE MpeICTABACHHE TPYNNLI /5.

3adaua. Hoxaxure, uto BHOOp BekTopa k, MPH BHUHCJEHHH Majoit
rpynnu HecymecrseH. [lokaxunre, 4TO MPEICTaBAeHUA, MONYYEHHHE U3 MAJOH
rpynnu Gy, rae k= W ki, 9KBHBaJIEHTHH MPENCTABAEHHAM, MONYUYCHHHIM U3
Manoit rpynnsi Gy .

Ilna eBKAMAOBOH Tpynnbi B cAyyde TPex H3MepeHHH ,CKalapHBIM
npousBeleHHeM* X, y} cIyXHuT OObIYHOE CKa/igpHOe NMpPOU3BeAeHHE X - V.
Bektop k, Moxer ObiTb npeoGpasosan nyTeM nosopora W Bo BCe Bek-
TOpbl K, uMewline Ty Xe caMylo AJUHY Ko - ko = ki. Manas rpynna G,
eCTb TPynna MNOBOPOTOB BOKPYT Hanpassienud Bextopa k;. Tak kak sra
rpynna abenesa, OHa MMeeT TOMbKO OJHOMePHbie npeiacrasaennsa. Munexc §
NPHHHMaeT eIMHCTBeHHOE 3HaueHHe jf,. ITO 3HaueHue aAuGO Lesoe, IHOO
noJayueJsoe.

Iaa rpynnbe JlopeHua umeeM

(%, x}=x}+xZ-+ 2] —xi=g, %%,

-+1, =1, 2, 3, (12.177)
Eij=916u &= 1, 1=—4,

rae x,==ct. [peobpasosanne x’ = Wx ocrasnser ¢opmy {X, x} uHBa-
pHaHTHON:
{(Wx, Wx] =(x, x},
WxgWx=xgx, (12.178)

Bass ot ofeux vactefl paseHctBa (12.178) onpenenutenn, HafiaeM, yTO
det W = £ 1. CoGcreeHubiMu npeoGpa3oBaHuaMy JIOpeHUa ABAAIOTCA TaKHe
npeobpasoBaHud, Ana koropeix detW = 1.

BoinucaB xoMnoHenty (4.4) pasenctsa (12.178), noayuum

Wy81jWjs == 844
HITH

@2, — w?, —wl, —wl, = 1. (12.179)

[Mepeting B pasencrBe (12.178) k o6GpaTHBIM BeJHYMHAM M 3aMeHMB
npealp asqBaHue W Ha npeobpaszopanne W, Mbl npuieM K COOTHOILEHHIO

WeW =g. (12.178a)
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Basas komnoueHty (4,4), noayuum

wl, — i —wl—wl,=1. (12.179a)
M3 nocnelHero paBeHCTBA Mbi BHAHMM, YTO .
w,>1iw,>41 wm w,<—I. (12.180)

Mpeobpasosanna Jlopeuua, y KOTOPbIX W, > -1, HasbBawTCA 0pmo-
xponnuumu. Colcmsennovle opmoxpoxusie npeobpaszosarnus Jlopernya
YAO0BJAETBOPSIOT Y CTOBHAM

detW=-41, w,>+1, (12.181)
M HX MOXHO IMOJYYHTb H3 TOXKIECTBEHHOTO NpeoOpa3oBaHus MyreM He-
MPephIBHOTO M3MeHeHHs mnocaennero. Takue npeoGpasosaHus 0GpasyioT

rpynny, KOTOPyw Mbi O0O3HaYUM G4.
FoBopAT, YTO BEKTOP X 8pemeHu-nodOORbLE, eClau

{x, x} <0; (12.182)
npocmparHcmgeRHo-no000Hu i, ec;m.

(x, x} >0; (12.182a)
U Hy.esol, eciu

{x, x}=0. (12.1826)

Cxopoctb MaTepHanbHON YacTHIBI JHOMKHA ObITh MeHbLIe CKOPOCTH CBeTa C,
BCMEJACTBHE Yero ee NPOCTPAHCTBEHHbie M BpeMeHHOe cMeluenus Ax; M
Af BOMKHBI Y1OBIETBOPATL YCIOBHIO

(Ax1)? 4 (Axo)? + (Axg)? < c® (AB2. (12.183)

TakuM 006pa3oM, MPOCTPAHCTBEHHO-BpeMeHHOe CMellleHHe MaTepHaabHOH
YacCTHUBl e€CThb BpeMeHH-ﬂOﬂOéHblﬂ BEKTOD.

ToBOpAT, uTO BpeMeHU-MOAOGHBLIN BeKTOp no.aodxcumesen (06paujer
8 0y0yuee, aexcum 8 NOAOHCUMEALHOL NOAE CBEMOBO20 KOHYCA),
ecnu x, >0, v ompuuamesen (00paujer 8 npouwsoe, AeNHCUM 8 OM=-
puyamesbHoli noaé cgemosozo Konyca), ecin x, < 0.

FoBopAT, UYTO HY/eBOH BEKTOpP JEXHT Ha ROA0MHCUMEAbHOL noaé
€8emogo20 KoHyca, eCiu x, >0, U K@ ompuyameavroli noié csemo-
8020 KoHyca, ecnmn x,; < 0.

[TokaxeM Tenepb, uTO COGCTBEHHble OPTOXPOHHbiEe MPeofpa3oBaHUs
JlopeHua nepeBoOJAT MOJTOXKHTeNbHbie BPeMEHH-MOA00HBIEe (MM HYJeBhie)
BEKTOPbI B MOJMOKHUTebHbie BpeMeHH-NOLO0OHEie (MM HY/eBbie) BEeKTOPDI,
T.e. ecmn x2+x24+x2<x2 u x, >0, 10 M BekTOp X/, MOMYUHB-
muica nocae npeoGpa3oBaHusd, y.IOB/JETBOPAET TeM e YC/IOBHAM.

[epsaa uactb yrBepskienus creayer w3 ycaosua (x’, x'} = (X, x}.
UeTBepTasd KOMMOHEHTA BeKTOpa X' HMeeT BUl

X7 Wy Xy + WXy + WygX3 4 WXy (12.184)
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Hepasencrso lllpapua, npumeHeHHOe K NMepBHM TpeM chalaeMLiM B npa-
Bo# uactu (12.184), naer

|y x) Wik + Wyaxs |2 <<

< (@) + wh +wh) (1 + x3 +x§)<(fw;~’4 —Dx] <w;x? (12.185)

JT0 HepaBeHCTBO MOKAa3biBaeT, YTO nociaelHee cnaraeMoe B (12.184)

Gosbllle CYMMbi MepBbIX Tpex cnaraeMbix. TaxkuM oOpasoM, x; umeer

TOT XKe 3HaK, 4t0 M w,x,. Ecm fwM} I, T0 xfl HMeer TOI ke 3Hak,
uTO H X4

[lpn oTbickaHMM HENPUBOAMUMHX MNpeacTaBieHHHt COOCTBEHHOH OPTO-
xpoHHo#t rpynner Jlopenuna Mbr BeiGupaeM Hekoropeift BexTop ky M na-
XOAUM HeNpUBOJMMbie MNpeiacTas/ieHus Manolh rpymne Gy. Cyuwecrsyer
yeTbipe T/ABHbIX THUMA MpeacTaBreHHH:

1) Bexktop K, BpemeHu-nopoGHbil, (Ko, ko} < 0;
2) Bextop ky ectb Hynesolt Bexeop, (kg, kj} =0, Ho kj == O;
4) Bextop k, mpocTpaHcTBeHHO-NoA00HHH, Ky, ko) > 0.

Tun [. Baas BekTop Ky, Mbi noayyaeM ¢YHKIHH, COOTBETCTBYIOLLHE
pceM BekTopaM k= Wk,. Kak noxasaHo Bbillle, €CTH KOMNOHEHTa kg,
MONOKHTENbHA (OTPHLATENbHA), TO KOMIOHEHTa k, MOJOXHMTedbla (OTpHU-
uarenbiia). JTH JBa C1yyas Mbl OyaeM OTJIMYaTh C MOMOIIbIO HHMKHHX
anaukoB 1, u 1_. Ecmu [k, ko) =~ m?, To Mbl MOXeM Haliru npeod-
pasoBanue W takoe, uto Bektop k= Wk, Oyaer uMetb &y = ky=4Fk3=10
" k?,:mQ. Eciu ky — nonoxuresbHbifi BpeMeHH-MOLO0HBIAI BEek 0P, TO
ky=—+ VmQ; eciaH ke ky — orpuuarenbHbiii BpeMeHH-NMOLOOHBIH BeKTOp,
TO kBy= — VmQ. Tlocrpoum Manywo rpynny aias sektopa Buaa (0, 0, 0, &,).
Ora wManag rpynna Oyler rpynno#i Tex npeoGpasosanufi JlopeHua W,
KOTOpbie OCTAaBJAIOT HeH3MeHHON 4eTBepTYI0 KOMIIOHEHTY BekTopa, T. e,
rpynno OF BpauteHufi B TpexXMepHOM mnpocTpaHcTBe. HenpuBonmmbie
NMpeCTaBMeHHA TakoH MasJoN TPYNMMEt HAM H3BECTHH: OHM ABJATCA Mpel-
crapaeruaun DY) ¢ ueamm wan noayuenbiM j. Jind xaxaoro 3Havenus J
MBl TOJyYaeM HerMpuBOAMMOE INpelcTaB/JeHHe Majnof Tpynnut M COOTBET-
CTByIOllee HENMPUBOAMMOe MpencraBaeHue rpynnbi JlopeHua. Kodcranru
ky= % YV m? u j onpeleasioT Maccy H CNHH CHCTEMHL,

HenpusozuMmule npeacrtaBieHHs UMeOT 00ux u mom Jice BUL 114
scex 3HaueHu# [Kq, Kg}. DTO MOXKHO MokasaTh C MOMOMILI0 H30MOpQH3Ma
(aBTOMOpdH3Ma)

W->W, u—au (0. — BElECTBEHHO),

(W, u) > (W, au). (12.186)
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310 npeobpa3oBaHHe eCcTb U30OMOP(HU3M, MOCKOIbKY

W, u YW, 0)=W'W, Wu-t+u),
W, a)(W, au)=W'W, aW'u+ au’) =
=W'W, a[Wutu]).

Mrak, ecium naM sajgaHo moGoe npeacrasnenue D (W), D (u) rpynnm.
TO ONepaTopsl
D W), D' (u) =D (au)

TaKXe 3a1410T HeKOTOpOe npencmBneHue. HO
D’ () (ko» &) =D (o) ¥ (Ko, §) = e’ (ko by (ky, &) = e? lakouly (K, 7).

TakuM 00pa3oM, HOBOe MpelCTaBJIEHHE COOTBETCTBYyeT BekTOpy ak,, 006-
nAajawlieMy teM CBOHCTBOM, 9YTO

(oky, ako) =a?{ko, Ko} ¥ (ako)y = aky,.

Tun 2. 3nech Mbi CHOBAa HMMeeM 1Ba noicaydas: (., KOrla KOMIO-
HeHTa ko, nosoxutenabHa, H 0_, KOTJAa KOMNOHeHTa Ky, OTpUUATE/bHA,
Macca nokos m yacTHUbI paBHA HYMO. PaccymeHHd, NMPHBEIEHHBIE MpPH
paccMOTpeHMH THna 1, MOKasblBAIOT, YTO MpeACTaBJeHHd OJMHAKOBbI MpH
BCeX 3HAueHMsaX ky. Mbl BCerja MoxeM HaliTH HekorTopoe npeoGpasosa-
une W, urobbr paccMaTpuBaeMbil HaMM THNHuHBLIH BekTop K HMen BUI
(0, 0, 1, 1), Manaa rpynna Gy fBAseTCAd COBOKYMHOCTbIO mpeoOpasopa-
Huft W, ocrasasiomux nexktop k=(0, 0, 1, 1) HeusMennbiM. ITH mnpe-
006pa30oBaHud MOT'yT ObITb TpeX TUIOB:

1) rpynna spawmenuft B maockoctu (1, 2)

[cos® —sin® 0 0
sin 0 cos® 0 0
Rip@®=| o 1 ol (12.187)
0 0 o0 1./
2) npeobpasoBaHue
It 0 —a a 7
0 1 0 0
Ty@)={, 0 12 & (12.187a)
2 2
0 a? a?
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3) npeobpa3osaHue

Tt o 0 0
01 —b b
Ty0)=| o b 1_12“_ 12“_ . (12.1876)
b2 b?
0 b —3 14

rie @ U b— npoussonbHEe BelllecTBeHHble uncia, IlpeoBpaszosanna T
u Ty obpasyioT oasonapaMerpuueckyi abenesy rpynny. T;(a) u Ty (D)
KOMMYTHDPYIOT, ¥ MH MOJAYyyYaeM, YTO MaJjasd TPYnma u3oMopgHa rpynmne
eBKJIUIOBLIX JBHMEHHH B JBYMEepPHOM MPOCTPAHCTBE,

ITOT pe3yJabTaT Jerko MOJyYaeTcsd, ec/lH 3aMeTHTb, YTO paccMaTpH-
BaeMas HaM{ Tpynna sB/JdeTCd TpexnapaMeTpuuyeCKod NOATPynnoH OAHO-
poaHo#t rpynmbl JlopeHna., 3areM Mbl mbiTaeMcd HalTH Te WHGHHUTE3M-
MalbHble MaTpPHUbl, KOTOpble OCTaBAAKT BeKTOp K HHBADHAHTHEIM,

4 UMEHHO MATPHLLH:
Gy, Gyt Gy, Qo -t Gy (12,188)

MOp OXAAI0INHE TPH OMHUCAHHble Bbille MOATPYINIbI,
Tun 3. Ecmn ky=0, 10 6a3ucHble (yHKUMH HHBAPHAHTHBI OTHOCH-
TeJbHO Bcex npeoOpasoBanuit, Manas rpynna ectb rpynna coOCTBEHHHIX

OPTOXPOHHLIX OJHOPOAHLIX npeobpasoBaHu# Jlopenna Gf,a.

Tun 4. B KayecTBeé THMHYHOTO TMpeicTaBuTesd BhHOEepeM BeKTOp
ko=(l, 0, 0, 0). Mano#i rpynno#i ABifeTcA rpynmna, OCTaBidiOWas He-
H3MeHHOH nepeyw koopauHaty. CrelgoBaTenbHO, 3Ta Tpynna ectb
rpynna a3 npeoOpasoBanu#t JlopeHua ¢ AByMA NPOCTPAHCTBEHHBLIMH M
o1HOH BpeMeHHOM KoOpauHATOH.

dusuueckutl CMBICT, NMO-BHIMMOMY, HMEIOT TOJbLKO Mpe]CTaBJeHus
tTina 1 u Tuna 2.

Badaua. Tlokaxurte, 4to HHDHHUTE3MMaibHble MaTpuubl (12.188) nopo-
KAA0T KOHeuHue npeoGpasoBanus (12,187).
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