CHAPTER VII

MULTISTEP REACTIONS

1. INTRODUCTION

The DWA as used in Chapter V and Section V1.3 describes a single-step reaction
as exhibited by the explicit appearance of the responsible interaction only once
in the transition matrix element [see (V.4.8) and (V1.2.26')]. More picturesquely,
one visualizes the incident projectile passing near the target and exciting the
latter or transferring a particle to it and then departing without further exchange
of energy or mass. Clearly, it is possible that more than one interaction can
occur before the final state is achieved. For example, in the case of a particle
transfer reaction to the ground state of the residual nucleus, the particle may
be transferred to form an excited state of the residual nucleus, which upon a
second interaction makes a transition to its ground state. Or in the case of
elastic scattering of a deuteron, one step might involve the transfer of the
deuteron’s neutron to the target, followed by the second step, in which the
neutron is emitted and combines with the proton to reform the deuteron. Both
of these examples are two-step reactions. The reader can devise other examples
of two-step reactions or indeed, reactions involving many steps. One refers to
this class as multistep (direct) reactions. In this chapter we develop the theoretical
framework in which these reactions can be studied.

When will the multistep process be important? Certainly, when the single-step
reaction cross section is abnormally reduced, as occurs for production at large
angles, for large energy loss, and for large angular and linear momentum
transfers. It may occur because of poor overlap between the initial and final
wave functions (because of poor momentum matching) for deformed nuclei if
a considerable change in shape were to occur. On the other hand, there may
be specially favored transitions to intermediate states that can serve as doorway

505



506 MULTISTEP REACTIONS

states en route to the final state. Two reactions we refer to later in this chapter
may serve as examples. The excitation of the 4, state of a vibrational nucleus
can be accomplished by either a single step induced by a fourth-order multipole
or by two quadrupole steps proceeding therefore through a 2| intermediate
state. The amplitude for these steps are comparable. In the transfer (p, t) reaction,
the ground state-to-ground state reaction is favored in superconducting nuclei.
In considering the excitation of the 2% level by this reaction, one must include
not only the single-step but also the two-step reaction, in which the first step
is ground state-to-ground state transition, followed by an inelastic excitation.
Or the inelastic excitation can occur in the target nucleus and the transfer to
the excited state of the final nucleus follows.

As the change from the initial nuclear structure increases, more steps may
become important. However, the number of steps is limited since the probability
for an individual step is less than unity. At higher energies, the probability for
any single step is much reduced, with the consequence that at sufficiently high
energy the single-step approximation suffices.

On the other hand, at sufficiently low energies the incident projectile may
lose so much energy to the target nucleus that it becomes trapped and eventually
fuses with the target to form a compound nucleus. Reemission of the projectile
or other particles now occurs through an evaporation-like process, as described
in Chapter IV. Of course, if the energy is high enough, the system may emit
before the compound nucleus is formed; this process is referred to as pre-
compound reaction. After a number of steps, precompound emission becomes
improbable and the compound nucleus is formed. In this book we use the term
statistical multistep compound reaction to describe both the precompound
emission and the formation of the compound nucleus.

Of course, in a given reaction, all of the reaction types discussed above can
occur; that is, the reaction can be single-step and multi-step direct. It can lead
to the formation of a compound nucleus, or it can terminate before the
compound nucleus is formed, as in the multistep compound reaction just
discussed. These possibilities are reflected in the spectrum of a given reaction
product at a given emission angle. A typical spectrum fo a (p,n) reaction is
illustrated in Fig. 1.1, where the double differential cross section for the
production of a neutron at an energy E, and at angle 3, is plotted as a function
of neutron energy. The incident proton has an energy of some tens of MeV. As
indicated in the figure, each of the processes discussed above dominates a
particular spectral region. This is a qualitative rather than a quantitative
association. But by and large, the excitation of individual low-lying energy levels
in the residual nucleus proceeds via the single-step direct process. On the other
hand, the low-energy slow neutrons are for the most part produced after the
target nucleus and incident proton combine to form a compound nucleus. As
one goes away from the extremes, the multistep processes become dominant.
On the low-energy end, emission before the compound nucleus is fully developed
takes place, while at the high-energy end, the increased energy loss to the target
is more readily obtained in several steps than in one. In the intermediate region



1. INTRODUCTION 507

Symmetric about 90°

Spherical Multistep compound
Rapid energy dependence
Evaporation Slow energy dependence
20 Forward peaked
dQ de Multistep
/ direct
Direct

J

-<—— Interaction time
~<—— Complexity

FIG. 1.1. Neutron energy (E) spectrum of an angle 8 =3,

far from the extremes, both the multistep direct and compound reactions play
cqually important roles.

With a change in the angle 9, the relative emphasis on the various processes
changes. At forward angles the single direct process will dominate and there
will be relatively little cross section in the low-energy part of the spectrum. At
large angles, the multistep direct process will be important for relatively high
neutron energies, while the evaporation and multistep compound reactions will
dominate the low-energy end of the spectrum.

At low energies of the incident projectile, one can expect that the compound
and multistep compound reactions will dominate since it will be relatively easy
for the projectile and target to fuse after relatively few steps. However, as the
projectile energy increases, the direct processes becomes increasingly important
and eventually make the major contribution to the cross section.

Increasing E, in Fig. 1.1 maps qualitatively into decreasing interaction time.
For large E,, the angular distribution is forward peaked, while variation of the
cross section with projectile energy is slow. Both features are characteristic of
a short interaction time (i.e., the time during which the projectile and target
interact). The slow energy dependence, using the Heisenberg uncertainty
relation, directly indicates short interaction times. The forward peaking cor-
roborates this result since the information indicating the incident direction
is preserved. For small E, the angular distribution in the evaporation region
is spherical, indicating complete loss of information regarding the incident
direction and therefore a long interaction time. As one moves into the multistep
compound domain, the angular distribution is symmetric about 90° but is
definitely anisotropic. The variation in cross section with energy is rapid (see the
discussion of Ericson fluctuations in Chapter 1V), demonstrating that the
interaction time is relatively long.
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One anticipates that a longer interaction time indicates a greater number of
steps. Moreover, an increasing number of steps correlates with increasing
complexity of the wave function. These correlations are indicated in Fig. 1.1.

This sketch of the emitted spectrum omits the influence of special features
such as giant resonances. This depends critically on the nature of the interference
between the resonant and nonresonant amplitudes. If the excitation energy is
sufficiently high, so that many levels in the residual nucleus can be excited, it
is anticipated that on averaging over these levels, the interference term will
average to zero. Then the cross section will be a sum of the cross sections for
the resonant and for nonresonant processes.

The formal treatment of multistep direct processes can proceed by evaluating
the transition matrix to nth order in the coupling potential v, where n is the
number of steps. For example, for a three-step process,

._<¢( )v¢(+)>+<¢( ) (+)1 Hv¢(+)>

- 1 1
+<¢‘f )UE(*’—HUE+—HU¢§+)>+M (1.1)

where ¢{*’ and ¢*’ are the initial and final wave functions, 1/(E'*’ — H) is the
1ntermed1ate-state propagator, and H is the intermediate-state Hamiltonian.
The spectral decomposition of 1/(E‘*) — H) provides various possibilities for
intermediate states. The first term in (1.1) is the single-step,the second term the
two-step, and the last term the three-step amplitude. We discuss later how these
terms might be evaluated.

Equation (1.1) is adequate if v is relatively weak but fails if the coupling is
strong. This is, in fact, the case when the low-lying collective states are involved,
for then a particular multipole moment (e.g., the quadrupole) of the coupling
potential can produce, with substantial probability, a particular member of the
band of collective states. As a consequence, iterations of the coupling can be
appreciable. Moreover, because of the close relation of the collective states to
each other, there can be phase relations among the various multistep amplitudes
that will lead to significant interference effects. An expansion like (1.1) is not
useful under these circumstances.

Instead, one must put all of these excitations and the ground state on a
more-or-less equal footing. Toward this end, one employs the multichannel
optical model described in Chapter V [Egs. (8.5), (8.6), and (8.7)], which takes
the form

(E—H,)P¥ =0 (12)

where P projects on to all the channels of interest. H, ¢ contains the effects of
the omitted channels, usually energy averaged, so that H. is an optical model
Hamiltonian. One must be careful to distinguish if from the single-channel
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optical model of Chapter V. In the first place, H . involves explicitly more than
one channel, whereas the single-channel optical model deals only with the elastic
channel; the effects of all the other channels are contained in the single-channel
optical model Hamiltonian. As a consequence, the magnitude of the absorptive
component of the single-channel optical Hamiltonian will be larger (often,
substantially) than the absorptive component of H,q;.

Upon expressing PY¥ in terms of the channels included in P, (1.1) becomes
a set of coupled Schrodinger equations. The steps of which we spoke earlier
are generated by the coupling between the channels. In principle, one can
proceed by solving these equations exactly, a procedure that is practical only
if the number of these equations is not too large. On the other hand, when the
number of coupled channels is large, statistical methods can be employed. The
resulting process is referred to as the statistical multistep direct reaction. There are
in-between situations in which the coupling among some special channels has
to be treated exactly, while statistical methods will suffice for the remainder.

In summary, the multistep direct reactions can be treated using (1) higher-
order DWA, (2) through the use of coupled channels, and finally (3) when
the number of channels becomes large by using the statistical multistep direct
theory. As remarked earlier, a discussion of the formation of the compound
nucleus, including the precompound emission, will lead to the theory described
as the statistical multistep compound reaction.

2. COUPLED CHANNELS AND HIGHER-ORDER DWA?

It is convenient to combine the discussion of the coupled-channel method and
the higher-order DWA, which is a particular approximation to the results
obtained using the coupled-channel method. Moreover, at the start, for reasons
of simplicity, we shall be concerned only with inelastic scattering, in which the
target nucleus is excited by the incident projectile. It will be again assumed, for
simplicity that the multistep process involves only excited states of the target.
The Pauli principle required if the projectile is composed of nucleons will also
be disregarded in this discussion. (See Section IILS, for a rigorous treatment.)

‘To obtain the coupled-channel equations, expand P¥ of (1.2) into the finite
series

PY =Y ¢0w,(1,2,..) 21

t

where y; are the wave functions describing the ground and excited states of the
target, while ¢, depends on the coordinates of the projectile relative to the
center of mass of the target nucleus. The optical model Hamiltonian H 4 is the
sum of the target Hamiltonian H,, the kinetic energy operator T giving the

*Tamura (65, 74); Satchler (83).
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relative motion of the projectile—target nucleus system and the interaction V"
between the projectile and the target:

Hye=H,+ T+ V% (2.2)

The wave functions y; satisfy the equations

H s = E.
t‘l’l slll/i (23)
<'/’i|¢j> = 5.‘,‘
Inserting (2.1) into (1.2), one obtains
[E—&—T— Yl VPW 1= 3 il VP> ¢, (2.4)

J#i

These equations are to be solved subject to the boundary conditions at infinity.
These are (1) that except for the incident channel (target nucleus in the ground
state), all the ¢; behave as e*"/r, where k; = [(2u/h*)(E —¢&)]"'? as ro— oo;
(2) the incident channel wave function consists of a plane wave plus an outgoing
wave in the same limit.

The first-order DWA for the excitation of the state y, is obtained if one
assumes that ¢, couples only to the incident channel ¢,, whose coupling to ¢,
is neglected:

(E—eo—T —Voo)po=0

2.5
(E — & — T- Vaa)¢a = Va0¢0

where we have adopted the notation
Vap =<l VP ¢y

The second-order DWA is obtained if one assumes that ¢, couples to the other
states ¢,, which, however, couple only to the incident channel:
(E—eo— T —Voo)po=0

(2.6a)
(E—&,— T = Vip)p = Voo

OI"
B 1
CEM—g—T—V,,

o Vyo®o (2.6b)

The equation for ¢, is

(E —&— T - Vaa)¢a = a0¢0 + bz Vab¢b (27)
#*a
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Substituting for ¢, from (2.6), one obtains

1
(E—e,—T —=V,)0,=Vaotoo + Z Ve Viodo  (2.8)

b#a E(+)_£b—T_Vbb
The transition matrix is then

1
v, Vi () 2.9
[ bE(“—Sb—T—Vbb bo]¢o > 2.9

T a0 =G0 Vaod> + 2 < o0

b#a

where

(E_ea_T_Vaa) ¥0)=0

(
The first term is the first-order DWA,, while the second is the second-order DWA
and is in the form given by (1.1). One can evaluate the second-order DWA
directly from (2.9), but in practice it is simpler to numerically integrate the
equation for ¢,, then solve (2.6a) for ¢,. Substituting these results in (2.7), one
then solves for ¢, directly.

When the coupling is strong, one must resort to the complete coupled
equations, (2.4), and integrate them numerically. One procedure, which we shall
now develop, reduces the coupled equations to coupled radial linear differential
equations by eliminating all the angle and spin dependence. Assume that the
potential V' is a scalar, so that the total angular J of the interacting system is
conserved. We may therefore restrict the discussion to partial waves with a
given J. The angular momentum of the system consists of the spins of the target
and projectile j, and j,, respectively, added to their relative angular momentum L

J=j+ij,+1 (2.10)

Two coupling schemes that lead to the spin-angle functions with J and M,
quantum numbers have been used. The channel spin coupling scheme proceeds
in two steps, first coupling the spins,

ict+i,=S 2.11)

and then coupling S and I to form J:
S+1=J (2.12)

The spin-orbit coupling scheme first couples j, and I to form J, and then couples
J, to j, to form J:

i +1=J
b , (2.13)
J,+j =1
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The wave functions corresponding to these two coupling schemes are connected
by the 6 — j symbol [see Appendix A, Eq. (2.85), in deShalit and Feshbach (74)].
Which coupling scheme is more convenient to use depends on the physics of
the problem: Spin-orbit coupling would be appropriate when the spin-orbit
interaction is strong.

We shall provide an explicit discussion of the coupled channel for channel
spin coupling only since the algebra is simplest for that case. In order to separate
the geometric factors as completely as possible, the dependence on ! of ¢,(0) in
(2.1) will be factored out, leaving only the radial dependence. For a given total
angular momentum of the system J, z component M, we couple

@zm =i th(fo)

with the channel spin wave function ¥ (Sm,;r) to form a wave function with
J and M:

OIM; S, )= (ImSmy|IM)Y (W (Smgr) (2.14)

m,ms

The subscript o orders the possible wave functions whose spin is given by J.
The variable r represents all the target nuclear coordinates. The functions @,
satisfy

(O (I M;S, 1) q)ﬁ(JM; S,0))= 5JJ'5MM'511'5SS'5aﬁ (2.15)

The integrations are carried out over r, the internal coordinates, and €, the
angular coordinates for the relative motion. The channel spin wave function
Y(S,m,) is obtained by coupling the target nucleus wave function ¥(jm,) and
the spin wavefunction y(j,m,) of the projectile:

Yo(Smy 1) =, ((j,j)S(mg 1)
= X Upmpiim |\ Smy(j m)x(jp my) (2.16)

mp,my

One now expands PY¥ in terms of ®(JM;SI), in that way providing the
dependence of P¥ on r and f,. The coefficients of the expansion will then
depend only upon r,. Therefore,

PY =1 S uU(SI) ro)®.LIM; SDAUM: S 2.17)
rO a
JM

The coefficient A(JM;S,l;) is chosen so that the incident channel associated with
the ground state of the target and denoted by S;/; contains the only incoming
wave. We shall determine this coefficient later. Introducing (2.17) yields sets of



2. COUPLED CHANNELS AND HIGHER-ORDER DWA 513

coupled differential equations for u,. Only those u, with the same J and M will
couple. For a given J, these equations are

2 2
{E—s + [" "’t”}—msnu V“"'HJ(St))}ua(J(SI);rO)

dr0 rg
=Y (JESHIVE IS T IS TYro) (2.18)
a#a
s

The next step is to evaluate the reduced matrix elements of V. For this
purpose, we expand V® in a multipole series:

Vo =3 Qur)" Y (Qo);(ro) (2.19)

Note that this expansion assumes a term-by-term factorization of the
dependence r and r,, which we will justify later. Evaluating the matrix elements
can be accomplished by using (A.2.54) of deShalit and Feshbach (74). One obtains

(JSH| VP J(ST) = ; (— )I+J+S‘\/§m{i Sl, ‘:}
X (SIS Y, [ IYvaro)

Inserting (A.2.48) of deShalit and Feshbach (74) for (I|| Y, || '), one finally has

STV =3 psve e [REDRLEDELE DRI

2 4n

S 1 Jlf1 127 ,
X{,, s A}(O ; 0)(S||Ql||s>ul(ro) (220

A further reduction is possible since S =j, +j, and Q, depends only on r.
Equation (A.2.55) of deShalit and Feshbach (74) would be used for this purpose.
The complete formula is given by Tamura (65). From (2.20) we see that

STr=3 i S15-k =
and

[+ 1+ I'=even number (2.22)
Equations (2.21a) and (2.21b) express the conservation of angular momentum

in the process. Equations (2.21¢) and (2.21d) give the changes in [ and S induced
by the interaction. From (2.22) one obtains the conservation of parity. Note
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that in (2.20) the other properties of the target nucleus are contained in the
reduced matrix elements (S| Q, || S"). In principle, these can be determined from
experimental data and compared with the predictions of the theory of the target
nucleus.

As long as S’ and [’ satisfy (2.21b), u(J(S'l')) will be coupled to u(J(Sl)). The
number of coupled equations increases as the number of excited states are
included in the calculation. It increases as the energy increases. To illustrate,
suppose that the projectile is an a-particle (intrinsic spin 0), so that S equals
the angular momentum of the nuclear levels. Suppose these are 0,2,4, where
the spin of the ground state is 0, and suppose that 4 is even. The value of J for
the Ith particle waveis l. For S=2,|J —S|<I'<J + S,so thatfor J(=0)> S,/
can be [—2, 1 or [ + 2. Similarly, for S=4ifJ>4,/' canbe | —4,1—-2, 1,1+ 2,
I+4 If J<4, I' can equal [+4, [+2, I, and as on, breaking off at
I'=4—J=4—1 Thus if J > 4, the number of coupled equations is nine. The
number of J’s is given approximately by J =1_,,, where [, ~ k;R, where k; is
the incident value of k and R is the nuclear radius.

Returning to the coupled equations, (2.18), one particular (S, /) will correspond
to incident channel. For that channel

UI(SD, =2, € kroT I3 5 (S 1, S 1 et 1nl (2.23q)

For other channels with the same value of J,
UJ(ST)), =, — SrlSili, STk (2.23b)
S,;4(S1; §'I') is the S matrix in terms of which the amplitude for elastic and inelastic

scattering can be expressed.

Using (2.23) it is now possible to calculate the reaction amplitudes in terms

of §;. One first needs the expansion for the incident wave function, ‘P‘j,’n, where

PO = ekiroy (Simg;r)
=4n Zj,(kfro)Y:;u‘«ai' YimBolWi(Simyi; 1)

= 47:2 Jilkiro) Y% (k) Z DIM;S D) (ImSm;| IM)

Therefore,

Wi = 4n Tiilkiro) )Y 1, (k)OI M; SH(ImS my] I M) (2.24)

Asymptotically,

) 2ni L
‘P‘,‘,{,—»k—Z(e ilkiro = (x/2)11y _ pilkiro = ""””Y*( JPIM; S (ImS;my,|JM)

iTo
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Because of the interaction, W2 becomes ¥,,,:
M M

2ni eien I
| et Z (B¢ TSI~ _ g (S| §'[)elTk(S o= (/1]

i'0 Im
s

x YE(R)DJM; ST)(ImS;mg;| IM)

Expanding ®(JM; S'I') according to (2.14), and taking the z direction to be along

k; so that
“ 20+ 1
Vi) = [“—=35,,
4n

one finally obtains the reaction amplitude:

Sim(Ss, msi—>S’,m;)=% Y /214 1(10Smy;| IM)(I'm'S'm's| I M)

i ll,l'S"
X [85:s, = SASL S'T) Yy mlRo) (2.25)
The cross section is given by
. k(S 1 o,
G(Si—>S)=TiZSi 1 ,,.,;m; | f1m(Simy; > Sm)|? (2.26)

Although the sums over the m’s can be performed analytically, one gains little
advantage over inserting (2.25) in (2.26) and summing numerically.

The results obtained for other coupling schemes and the methods used for
integrating the differential equations (2.18) are discussed in detail by Satchler
(83) in Chapter 5 of his book. With these formalisms, one can discuss inelastic
and elastic scattering, including as many possible steps as needed and
practicable, extracting from the data the S matrix and finally the target nuclear
parameters (S| Q, | S').

For the case of the deformed rotor of Bohr and Mottelson (62), the procedure
described above is generally replaced by the adiabatic approximation. In this
approximation, the problem is solved, keeping the five macroscopic variables,
the three Euler angles giving the orientation of the body-fixed axes with respect
to a frame fixed in space, and the two variables f and y giving the vibrational
degrees of freedom about the average deformation f, and y,. It is assumed that
the variation of these five variables during the course of the interaction will be
small, a condition that is well satisfied above a rather low projectile energy.

Under these assumptions, we solve for the elastic scattering in the body-fixed
frame, obtaining an amplitude that is a function of p and y. Transforming to
the space-fixed frame, one obtains an amplitude that is a function of f, y, and
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the Eulerian angles. The amplitudes for inelastic or elastic scattering are obtained
by taking matrix elements between the initial ground state of the target and
the final state.

Let the interaction between the projectile and the target in the body-fixed
frame be

Vi=2 Vilr,o, BI*Y;0()1* (2.27)
A

where we have assumed axial symmetry, as indicated by the zero projection
of A along the symmetry axis. Differing orbital angular momenta will be
coupled so that the coupled equations for adiabatic elastic scattering take on
the form

dr? r?

dz e + 1 2m " 2m "
[ PR )—F(l'uV|lp>:|u§!‘,’(r)=~h72<l’u|V|l poui(r) (228)
o

where u is the projection of | along the symmetry axis and m is the reduced
mass. Note that u does not change because of the zero projection of Y;, in the
interaction, (2.27). The indicated matrix elements are readily evaluated using
(A.2.25) of deShalit and Feshbach (74). One obtains

TulViud =Y Vir,0, i~ -y
A

’ 1/2 4 ’
x[(Zl + )24+ 1)2l+ 1:| (1 A I)(I A l) (2.29)
47 g 0 —u/\O0 0 O

Using the boundary conditions given in (2.23) suitably modified, one obtains
the adiabatic elastic scattering amplitude in the body-fixed frame:

2 N o
S~k =""3 [8,-58] Y3(k)Y, (k) (2.30)

i L

where k is taken in the direction of r,. We now refer Y and Y,, to the
space-fixed frame using (A.2.26) of deShalit and Feshbach (74):

Y;:t(i;l) Ylu(i) = Z (_)"Yl u"DL")' —n Yl' u'thl“)u
won ’ ’ ’ i

The product of the two D functions can be expressed in terms of a single D
using (A.2.75) of deShalit and Feshbach (74) with the result

Yik)Y,, k=3 YL+ DY, k)Y, (B

x(l r L)( Lo L)D{L)*
“n 'ul M —u u 0 MO
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But the sums over ' and u” give just the tensor product

[V/® Yr]L,-M[(—)'_”“/\/ 2L+ 1],

so that
2mi .
fL,-M(ki —k)= 7 IZ L( - )“”‘\/ 2L+ 1[4y, — S%)J [Y® Y, 1Lu
i LUsp,
! LT
X (_” 0 ﬂ)D‘;}, (2.31)

The amplitude for a transition from the ground state S; to an excited state
§' is given by (8| fr._m(k; —K)|S;>. In this context, f; _,, is a tensor of rank L,
component M, and will allow the same transitions as an L multipole with the
condition §'=S; + L.

From a practical point of view, the usefulness of this approach is limited by
the number of coupled differential equations in (2.28). This is determined for a
given [ by the condition I' =1+ A and the parity condition (I+1 + 1) even. For
a small A, the number of coupled equation will thus be acceptable, although
solutions must be obtained for each yu and for all relevant /’s.

3. APPLICATIONS

The coupled-channel formalism developed in Section 2 has been applied to
elastic and inelastic scattering of a variety of projectiles, nucleons, light and
heavy ions, pions by a variety of target nuclei, and over a wide range in energy.
Usually, this method of analysis is applied to direct reactions when the DWA
approximation or the spherical optical model of Chapter V fails. A rough
indication of the importance of a given step (a — b) where an energy-conserving
excitation of b is possible is given by the parameter (1/2n)(uk,/h%)J,,, where J,,
is the volume integral of the coupling potential, k, the wave number of the
projectile after excitation of b, and u the reduced mass. For example, the strength
of a two-step transition a— b — ¢ compared to a one-step transition a—c is
given by

1 pkyJ ey Jba

2n W% J,

If this quantity is small, it is unlikely that the two-step transition will be of
importance. It should be noted that there will always be additional contributions
from compound nuclear formation. These can be particularly important at low
energies and back angles.

A situation most likely to require the use of the coupled-channel equations
occurs when the target nuclear energy levels are collective. In that case, the
wave functions of these levels are simply connected, for example, by the
application of a raising and lowering operator 0, enhancing the possibility of

ca
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relatively strong and coherent coupling between the levels. This will generally
take place if a significant component of the projectile—nucleus interaction is
proportional to 0. Moreover, because of the simple connection, there will be
well-defined phase relations among the various multistep reaction amplitudes,
including the single step. Under these circumstances, constructive interference
can occur, leading to a strong enhancement of the amplitude; or of course, the
interference could be destructive, with a consequent anomalous decrease in
cross section. Moreover, the associated angular distributions will, because of the
interference, oscillate irregularly.

Not surprisingly, inelastic scattering from deformed and vibrational nuclei
furnishes an excellent example of the use of a coupled-channel analysis. The
procedure used was proposed by Glendenning Hendrie, and Jarvis (68) for
inelastic scattering of 50-MeV a-particles. A spherical optical model potential
is adjusted so as to fit the experimental data (angular distribution, total
cross section, polarization, etc.) for elastic scattering by spherical nuclei in the
neighborhood of the collective target nuclei to be studied and in the projectile
energy range of interest. In the case of neutron scattering to be discussed later,
this analysis is quite extensive, going to the lowest energies, including the strength
functions (Chapter IV), as well as the zero energy scattering length. This
potential, (V.2.38), will depend parametrically on radius parameters R,, Ry,
R, and Ry, where R, enters into the central potential. R, is the volume absorb-
ing radius, R, is the surface absorbing radius, and R, is the spin orbit radius. In
most cases the ““standard” form (V.2.38) has been used, the radial dependence
given by the Woods—Saxon form, (1 + ¢"~®¥%)~1 and its derivative. To include
the effects of deformation, one replaces R (where R can equal R, Ry, Rp, or
R,o) by (VIL.13.1) of deShalit and Feshbach (74):

R=Ro(1 +3a,,Y;(0, ¢)) (3.1

for a vibrational nucleus. The coefficients «;, are operators. For a deformed
nucleus, as we have seen in the preceding section, the calculations are best
performed in the body-fixed system, so that one write

R= Ro(l + Y B Y00, 0)) (3.2
A

where €' is the spherical angle in the body-fixed case. The coefficients f§; are
not operators. The next step is to express the resulting potential in the forms
given by (2.19) and (2.27). For the case of the vibrating nucleus [see (3.1)], this
is accomplished by expanding the potential in a power series in 3 a;,Y,,. The
matrix elements of @, [(2.19) and (2.20)] will be proportional to the matrix
elements of «;, between various vibrational states. For the deformed nucleus
according to Tamura (65), the power series in 3 f,Y,, will not be adequate for
large deformations, so that one must collect all the contributions to the
coefficient of Y,, from higher powers of >°, 8, Y.
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FIG. 3.1. Neutron inelastic scattering cross sections for scattering to first 2* levels at
incident energies 300keV above the excitation threshold. [Konobeevskii, Musaelyan,
Popov, and Surkova (82)]. [From McEllistrem (85).]
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Let us now turn to one example of the use of coupled equations: namely,
the study of nuclear reactions induced by neutrons incident on vibrational and
deformed target nuclei [McEllistrem (85)]. The strong deformation effects on
inelastic neutron scattering are demonstrated by the strong peak in the Sm, Os,
and Pt region shown in Fig. 3.1 [Konobeevskii, Musaelyan, Popov, and Surkova
(82)]. A similar result is reported by Glasgow and Foster (71), who found that
the spherical optical model adjusted to fit the neutron total cross section for a
wide range of target nuclei failed for the deformed muclei. Resolution of this
difficulty required the coupled-channel analysis of the preceding section. In
Fig. 3.2 a comparison is made between the experimental data for neutron
scattering by "°Se and ®°Se and two models, the spherical vibrator and the
deformed potential model, in which the matrix elements are taken from Coulomb
excitation. In Fig. 3.3 neutron scattering by !°*Pt is compared with the
predictions of asymmetric rigid rotor model (ARM) of Davydov and Filippov
[see deShalit and Feshbach (74, p.484)] and the dynamic deformation models
(PPQ) of Kumar (69, 85) or the interacting boson model (IBM) model of Arima
and Iachello (75, 76, 78, 79) as given for this nucleus by Bijker, Dieprink, Scholten,
and Spanhoff (80). A careful treatment of the contribution of the compound
nuclear contribution was necessary because of the low neutron energy. In both
examples, the central real potential and the surface absorbing potential were
deformed. The spin-orbit potential was not deformed. A volume absorbing term
was not included. To obtain the most accurate results, it was found necessary
to include several of the levels that can couple to the state whose excitation is
under study.

In both of these examples we note that one obtains good agreement with the
data for both magnitude and angular distributions. Second, it is possible to
distinguish among various models. In the case of Fig. 3.2 one can conclude that
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FIG. 3.2. Scattering cross sections for two Se isotopes. Dashed curves are for spherical
vibrator calculations. Solid curves result from use of matrix elements deduced from
Coulomb excitation measurements. (From McEllistrem (85).]
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FIG. 3.4. Shape elastic scattering cross sections at 2.5MeV for neutron scattering by
1920Qs. Curves are for spherical one-channel (dashed) and for coupled-channel models
fitted to the total cross section. [From McEllistrem (85).]

the spherical vibrator model does not describe the Se nuclei. In the Pt case
(Fig. 3.3) one sees that the asymmetric rigid-rotor model is inferior to the
dynamic deformation or the IBM model. (Note that the ordinates in these
figures are the logarithm of the cross section indicated.) The latter models yield
a y soft description of '%#Pt for the energy levels, transition probabilities, and
inelastic neutron scattering which the rigid rotor of the ARM model cannot
match. Another conclusion that can be drawn from Fig. 3.2 and other
investigations is that within a few percent the quadrupole moment for the charge
distribution and for the matter distribution are equal. More generally, values
of the deformation parameters f, obtained from neutron scattering are in
agreement with values obtained with other probes.

The effects of deformation are also visible in the elastic scattering. Both the
spherical potential and the coupled-channel potentials are adjusted so as to
yield good agreement with the total cross section for neutrons, with energies
between 0.25 and 4 MeV incident on *°20s. The angular distributions calculated
with these two options are substantially different (see Fig. 3.4)— with agreement
with the data being obtained with the coupled-channel analysis.

FIG. 3.3. (a) Measured and calculated inelastic cross sections for the first four excited
levels. PPQ is the model of Kumar (69). ARM is the asymmetric rotator model of
Davydov and Filippov (58). (b) Inelastic scattering cross sections for lowest three excited
levels. The solid curves are for the IBA model. [From MeEllistrem (85).]
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4. COUPLED-CHANNEL BORN APPROXIMATION (CCBA) AND
TRANSFER REACTIONS

The examples of Section 3 demonstrate the strong coupling that a band of
collective states exhibits in elastic and inelastic scattering, requiring the use of
coupled channels. In a transfer reaction, one must take that coupling into
account, as the transition between the target nucleus and the residual nucleus
may be preceded by inelastic scattering to various members of the target nucleus
band, and/or may be followed by inelastic scattering to members of residual
nucleus collective band states.
The DWA was based on a two-channel ansatz for stripping given by (V1.2.3):

PY = A Tud + vxy] (V1.2.3)

In this equation, ¢ is the wave function of the residual nucleus, y the internal
deuteron wave function,  the ground-state wave function of the target nucleus,
and u and v the channel wave functions for the proton and deuteron, respectively.
The resultant DWA matrix element is given by (VI.2.46'):

g-gllb’wm _ <U§T}¢|V‘f’d(vhﬁ’xlﬂ)> (V1.2.46")

where v, ; is usually taken to be the deuteron optical single-channel wave
function. (For the definition of the other-symbols, see Section V1.2.) To take
the excited states of the target nucleus into account (we shall deal with this case
only; the reader should be able to discuss the effect of including the excited
states of the residual nucleus), one replaces (V1.2.3) as follows:

PY =l [up +(Xv¥,)x] 4.1)

The wave functions for the states of the target nucleus are given by ¢, The
corresponding deuteron—-nucleus channel wave functions are given by v,. The
analysis given in Section V1.2 beginning with (VI.2.3) is readily generalized. The
major change is in the K matrix, which instead of being a 2 x 2 matrix is now
an (n+ 1) x (n + 1) matrix, where n equals the number of states of the target
nucleus included in the sum in (4.1). The equations of Section V1.2 can be taken
over completely if one replaces the v and V of that section by a semicolumnar
matrix with elements v, and V,. The DWA approximation, now renamed CCBA,
is obtained by neglecting the overlap integrals and the coupling to the proton
channel. The result, replacing (V1.2.46), is

T oW = YU o1V DA 0 Y1) (4.2)

where v are solutions of the many-channel optical model Schrodinger equation
describing elastic and inelastic scattering of the deuteron by the target nucleus.
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FIG. 4.1. Data and calculations for '7>Yb(p,d)' "' Yb leading to the first two members
of the ground band. The cross-section scale is the experimental one. The probable error
for the absolute cross-section normalization is ~ 30%,. The coupled-channel calculations
have been normalized individually for each state to the data. [From Ascuitto, King,
McVay, and Sgrensen (74).]

These are just the coupled-channel equations of Section 2 of this chapter. A
particular procedure for determining the reaction amplitude, known as the
source term method has been developed by Ascuitto and Glendenning (69). For
a review, see Ascuitto and Seglie (84).

As may be expected, it is important to use the CCBA when the nuclei involved
are deformed or vibrational. An example is given in Fig. 4.1, in which the DWA
and CCBA predictions for pickup reaction '’?Yb(p, d) are compared with each
other and with experiment. The improvement obtained using the CCBA is
striking,

The analysis sketched above, taking the effect of inelastic channels into
account, can readily be extended to include a more general set of channels. The
K matrix can be generalized as that the resulting coupled-channel equations
would then take both antisymmetry and overlap into account. Neglecting the
latter will then yield a CCBA approximation in the form given by (4.2). The
nontrivial problem that remains is one of physics. What are the important
channels? Or stated in terms of the multistep concept, what are the important
intermediate states that need to be taken to account?
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5. STATISTICAL DIRECT AND COMPOUND MULTISTEP REACTIONS'

When the number of possible intermediate states becomes large, the solution
of the resulting couple-channel equations becomes impractical and uninforma-
tive. If the intermediate states do not have the strong interconnections, exhibited
for example by the collective states, the detailed analysis provided by
coupled-channel equations should be unnecessary. Under each or both of these
circumstances, a method that will provide reasonably accurate predictions of
the gross (macro) structure of the experimental cross section but will not be able
to reproduce the finer details, the microstructure, is suggested. The development
of such a formalism is the main subject of this section. A statistical method
similar to one used in Section IV.7 will be employed. It will yield expressions
for the average cross sections. Such an analysis will necessarily omit the
cross sections arising out of special circumstances, such as those associated with
isolated doorway states. In most cases these are to be added to the statistical
ones we shall be concerned with now.!

In this theory, the number of steps can be as large as is necessary. Under
these circumstances, the genesis of the formation of the compound nucleus will
be developed automatically. The theory provides a step-by-step description of
this process and will thus include the possibility that it may be interrupted
before the compound state is achieved, leading to the statistical multistep
compound reaction.

We begin by recalling the discussion in the introduction to this chapter,
where it was shown that the various reaction types are closely correlated with
the interaction time, which in turn is roughly measured by the number of steps
involved. The greater the number of steps, the greater the complexity of the
wave functions. The wave function associated with the single-step direct reaction
is the simplest and that describing the compound nucleus is the most complex.
The multistep direct reaction may involve several steps. The multistep compound
reaction will also involve several steps. For each of these, the process may be
terminated by emission to the final state. The flux that survives goes on to form
the compound nucleus. Thus the wave function for the multistep compound
reaction has components from the steps leading to the compound nucleus plus
the compound nuclear component.

This discussion suggests that it would be advantageous to classify the states
of the system in increasing order of complexity. An example employing the shell
model is illustrated in Fig. 5.1. The incident channel consists of a nuclear
projectile and a target nucleus represented schematically by nucleons in a
potential well. As a result of the interaction between the incident nucleon and
the target nucleus, one of the nucleons in the nucleus will gain energy while
the projectile will lose energy. Two situations can occur: one set of states, in
which none of the nucleons are in the continuum, is labeled Q space, and another

"Feshbach, Kerman, and Koonin (80); Feshbach (73); Bonetti, Chadwick, Hodgson, Carlson and
Hussein (91).
See, however, Bonetti et al. (91) Sec. 6.
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FIG. 5.1. Schematic shell model example of increasing complexity.

set, in which at least one nucleon is in the continuum is labeled P space. In Q
space the interaction results in the formation of a two-particle/one-hole (2p—1h)
state. Further interactions can result in 3p-2h states; 4p-3h states, and so on.
These (the 1p, 2p—1h, 3p—2h, etc.) are a series of states of increasing complexity.
In the case of the P space, the target nucleus, on interacting with the projectile,
can be excited to a 1p-1h state, and on further interactions with the projectile,
be excited to a 1p—-1h state, a 2p—2h state, and so on, again a series of states of
increasing complexity.

More generally, the Hilbert space of the problem can be broken up into
orthogonal subspaces, each of which contains all the states of a given complexity.
This partition is illustrated in Fig. 5.2. In terms of the example, the “box™ P,
contains the incident nucleon plus the unexcited target nucleus. The P, box
contains all the 1p-1h excitations and one nucleon in the continuum. The P,
box contains all the 2p-2h excitations, and so on. On the other hand, the Q,
box .contains all the 2p—1h excitations, the Q, the 3p—2h excitations, and so
on. The chain ends at Q,. The rth stage is defined to be the one at which the
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FIG. 5.2. Partition of Hilbert space into subspace of increasing complexity indicated by
the subscript.

system is “trapped” as described in the introduction to Section 5; that
is, the ratio of probability of emission compared to the probability of developing
more complex configurations is small. This component of the wave function
therefore, lives, a relatively long time and “equilibrium” is established. It should
be referred to as the compound nuclear component, while precompound or
preequilibrium refers to the preceding (r — 1) stages. At low energies, one may
expect that r will be small; that is, the compound nucleus is established after
just a few interactions.

To progress further, two principal assumptions are made. The first is the
chaining hypothesis. It assumes that the interaction can change the complexity
of the wave function by at most one unit. Thus the interaction can move the
system from box P to boxes P, and P, but not to one labeled P. An identical
condition holds for the boxes @, and for transitions from Q space to P’ space.

One can distinguish two differing processes corresponding to the two chains,
P’ and Q. In one, referred to as the statistical multistep compound reaction, the
system is confined to the Q-space chain. A transition to the final state can occur
at any stage along the chain in Q space by a transition to P space as indicated
in Fig. 5.2 and then to the final state. Because of the chaining hypothesis, three
stages in P space, P,, P, ., will be involved as the emission from a given stage.
The final wave function is composed of contributions from all stages, as indicated
in Fig. 5.2. At each stage there is a probability that the reaction terminates and
a probability that it continues on to the next stage. When the latter probability
is unity, complete equilibrium will develop and the compound nuclear
evaporation process will dominate. The chaining hypothesis is exact if the
residual interaction acting in each chain is composed of two-body potentials.
Note that the chaining hypothesis is the generalization of the doorway state
hypothesis of Chapter III. That hypothesis asserted that there was a state or
states through which the system had to pass before the compound nucleus is
formed. As can be seen from Fig. 5.2, such states are contained in subspace Q.
But now wave functions in subspace Q, act as doorways for the rest of the
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chain. A statistical theory involving the primary doorways, those in Q,, is, in
retrospect, contained in the paper by Block and Feshbach (63).

The second process, indicated in Fig. 5.2, is one in which the system is
confined to P’ space and is referred to as the statistical multistep direct process.
The equations describing that reaction type are just the coupled equations, all
of them, which was the main subject of the preceding sections of this chapter.

The second principal assumption is the random phase approximation. This
was discussed in Section TV.7. The principal result is as follows: Let

u=yu, (5.1

Moreover, let the phase average | see Section IV, the equation below (V.7 2))
of u and u, be zero:

=0 Cupy=0 (5-2)

(If these conditions are not satisfied, consider u — (u)> and u, — {u,>). Then the
random phase approximation yields

Jul?> =Y lu,|? (.3)

In applying the random phase approximation, one assumes that the phases of
the components, u,, are random, and that each value of the phase occurs with
equal probability. Therefore, the phase-averaged values yield the expectation
value of u and |ul>. We recall the physics underlying the random phase
hypothesis. It is that the wave functions are so complex that the matrix elements
of the short-range interaction involving them are to a good approximation
random variables. The consequence, according to (5.3), is the absence of any
interference terms.

This is, of course, not the case when the states involved are members of a
collective band, a situation we described earlier in this chapter. In that event,
for example, when the nuclei are deformed, one must expand the P subspace
of Fig. 5.2 to include the solutions of the coupled equations as described in
Section 2. The initial wave function for subspace P is then given by (2.17) or
the adiabatic “elastic” wave function involving the u{)(r) in (2.28).

The random-phase approximation has an immediate consequence for the Q
chain. Since all the states involved are bound, the appropriate quantum numbers
are angular momentum and parity. The sum over n becomes a sum over these
quantum numbers. Equation (5.3) tells us that terms with differing parity do
not interfere. If the u, are transition matrix elements, |u|? will be proportional
to the differential cross section and one can immediately draw the conclusion
that the angular distribution for the statistical multistep compound reaction
will be symmetric around 90°, an important result. [For a more detailed
discussion, see the discussion following (IV.7.9).]
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In the case of the statistical multistep direct reaction, the quantum numbers
involved include not only by the angular momentum and parity of the residual
nucleus but also the momentum k of the system in the continuum state. The
angular distribution is, as we shall see, quite similar to that of the single-step
direct reaction, that is, peaked in the forward hemisphere. It will differ from
the single-step angular distribution in not decreasing as rapidly as the single
step as the backward hemisphere is approached. The substantially different
behavior of the Q-chain and P-chain wave functions requires partitioning of
the Hilbert space into the Q and P sectors.

A. Statistical Muitistep Direct Reactions
We begin with

(E—H, )P¥Y=0 (1.2)
where H ¢ is the multichannel optical model Hamiltonian. This equation was
the starting point for the coupled-channel analysis discussed in Section 2. As
in that case, one decomposes H,, with a diagonal part, H, and a coupling
interaction v with respect to an appropriate set of wave functions:

Hye=H® +v (5.4)

In the example of inelastic scattering discussed in Section 2, that set is made
up of the wave functions ¥, for the states of the target nucleus, so that

HP =Y > HetW > Y=Y Y0 H LW,
V= Z ¢a><‘/’a|He(rd’ﬂ><¢g (5.5)

a#®f

In terms of H® and v, (1.2) can be rewritten as follows:

1
PV =) !t 5.6
i ¢1 E(+) _ Heff ¢1 ( )
where ¢!*’ the incident wave satisfies
(E—H™¢; =0 5.7

The Z matrix for transitions induced by v following from (5.6) is

_ 1
fﬁz<¢(f_)uP‘Pg+)>=vﬁ+ ¢(f )UWU¢1»+)> (58)
E _Heff
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where 4)‘[" is a solution of (5.7) describing the final state and v, is defined by

Ve = <¢(f_)v¢)§’+)> (5.9)
The first term in (5.8) is the single-step amplitude. The multistep (more than

one) is given by the second term. We shall refer to it as 7~ ‘f"}Sd’, where (msd)
symbolizes multistep direct. Explicitly,

T =Y 7w (5.10)
m
where
gw_ [ p(=) (+)
TH= <¢f vafuPumplvliPid’,‘ > (5.11)

In this equation P, is a projection operator that projects onto the subspace P,
of Fig. 5.2. These operators satisfy the orthogonality condition,

PP,=P3,, (5.12)
In terms of these operators
V=)0, Uy=PoP, (5.13)

Equation (5.11) makes use of this expansion as well as the chaining hypothesis,*
which asserts that the interaction takes the system from its initial state to the
subspace P,. The amplitude 7 ‘f“i’ describes passage of the system from the initial
state to the first-stage subspace projected by P,, followed by propagation until
the uth stage is reached. At this point the transition to the final state occurs.

The chaining hypothesis is now employed to factorize P (E'*’ — H) "' P,.
In the appendix to this chapter it is shown that

| 1
Pun g T Ot P g

(5.14)

Hence

|

Po—————P =G, Gy 10y 1 ,_z-Ga03,G, (5.15)
ME(+)_Hcrf [ ] u—1% u

There is no implied limitation since one can always define the subspace P, as containing those
wave functions generated from ¢, by the action of v and orthogonalized with respect to v [see
Feshbach, Kerman, and Koonin (80)].
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In these equations G, satisfies the recurrence relation

1
G, = (5.16)
" E- HLD) - Uu.u+lGu+lvu+1,u
and
1

M is chosen to be so large (M — o0) that G,,,, can be taken to be zero. This

corresponds to the cutoff used in the coupled-channels analysis of Section 2 to

obtain a finite number of equations. Here, however, no limit is placed on M.
Inserting (5.15) into the expression (5.11) for 7% yields

o.“‘) <¢( )UquuUuu lG u l,u—Z."uz‘lleli¢§+)> (5'18)

Thus the system enters subspace P, via the interaction v,;, propagates in this
space according to G, makes a transition to subspace P,, and so on, eventually
arriving at the P, subspace and after propagation in that space makes a tran-
sition to the final state.

The multistep cross section is proportional to

T W

uv
In virtue of the random-phase hypothesis, only the u = v terms survive. Hence
<Z'g—(f“i)*'9—(f‘;)> = Zg'(u)*gﬂt.

= Z <¢( )lvfMGll wp—1" leleliU?‘lGTUTZ U: Lu u uf|¢( )>

(5.19)

To proceed further, we make a spectral decomposition of G, using the
eigenfunctions of G, ' defined by

hz
(HLD) + Du.u+ 1 Gu + 1Uu+ l.u)lllu‘a = (aua + é;n ki)ll’u,a (520)

where ¢, and #?/2mk’ are the energies of the residual nucleus and the particle
in the continuum, respectively. Then

- Yo
Z J(27Z)3 (+) _ h2/2m)k§ _Taa (5.21)
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where?
<¢/€¢:3)7 WS;:)> = 51[3

As Austern and Vincent (74) pointed out, the terms in this expansion will
fluctuate strongly. Their phase must be carefully taken into account to obtain
a correct result. Since G, is well behaved, there must be considerable interference,
resulting in substantial cancellations. The use of the random phase
approximation under such circumstances would therefore lead to serious errors.
Resolution of this difficulty [ Feshbach (85, 86)] exploits the fact that G, is well
behaved. Therefore, one can energy-average G, without affecting its value
appreciably. The result of the averaging yields the following replacements:

VAR S S A (522)

to be made within the interaction region. The functions y'*’ are eigenfunctions
of a new Hamiltonian H . The change from H . is a consequence of the energy
average. This energy is noted at this point because it emphasizes the character
of G,. However, it should be noted than an energy average is required in any
event by the developments that follow.

We now substitute (5.21) into (5.19), making the replacements given by (5.22)
in the matrix elements. To illustrate the resulting calculation, consider the terms
in (5.19), which deal with G; and couples to states in P,:

dk, [ dk,

X ! 5Ky, K;)
Uyl s By
E—(h*2mk? —e +in
1
x 7%(k;, k) o% (k) ky)  (5.23)

E—(h*2m)k'2 —e,5— in
where
5ya(kza k)= <X(2_y)(k2)|u)((1:)(k1 > (5.29)

One now makes use of the random phase approximation, which asserts that

‘Let H ., = H, +v. Let ¢, be an eigenfunction of H,. Then

1
(+) — -
!‘bau - ¢aa + E) _ Hc” Vqstm

and

1

Gt =
d’ua _¢aa+ ECY gt
eff

V'¢ﬂ&1
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the only surviving contribution to the sum over « and f§ comes from the o = f
terms. We note again that this assumes that the matrix elements of v appearing
in (5.23) and (5.19) are random variables with an average value of zero. The
resulting sum over a involves an energy integral over ¢,,. This integral can be
done presuming that the major contributions come from the singularities in the
propagators. Then one may replace the matrix elements in (5.23) by energy
averages taken in the neighborhood of the singularity. The integral over ¢,,
becomes

_ M(sla’khk,l)
I= 2 2 . 2 2 . pl(sla)dsla
[E — (h*/2m)k; — &1, + in][E — (A°/2m)k'T — &,, — in]

where p, is the density of states, y,. M is a product of the matrix elements
UyaDaill Vs> Which we replace by a constant with respect to ¢,,, obtained by
suitably energy averaging about the singularities in the denominator. One then

obtains

h? h? 2ni
Izpl(E~kf)M<E—*kf,k,,k’l> n (5.25)
m 2m 2/ 2m)(k? — K'2) + 2in

The last factor can be written as the sum of a principal values and J-function.
Equation (5.25) is now inserted into (5.23) and the integration over k; and k|
performed. Assuming a slow variation of M with respect to k| near k,, the
principal-value part of the integral over k| vanishes. When k' differs appreciably
from k,, the integrand is zero as a consequence of the random phase
approximation as applied to the sum over «. Hence

4nm h? h? , ,

Thus
dk, [dS2| mk L _
v,,G v} GYot, = J(Zn)l3 Tnl h—zlpl(Ul)g U,q(Ky, Ky ),k k)
x o (ky, ko S2)0F (k) KY) (5.26)
where
h2
Uy=E-_—k (5.27)
2m

and the prime on the sum over a indicates that only those configurations in
the subspace P, whose energy equals U, are to be included in the sum. The
final step is to apply the random phase approximation to the sum:
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’
= = ’ ’
Z U‘ya(kZ’ l‘1 )Uai(kl’ ki]U?:.(k,-, klgl )Uay’(kl 91 9 kfz)
a

= 0(82; — )< B,y (k. k)| 51k, k)12 0F, (koK) (5.28)
The bracketed expression is defined by this equation. The replacement of « by
the numerical subscript serves to indicate that an average of the matrix element
over the states in subspace P, must be taken.
Substituting (5.28) into (5.26) yields

dk, mk,

vy, G o0 G, = | ————
219100 U Uy (27r)347rh2p1

(U )<, (kp, k) Byaky, ki) 2oy, (ko k) D

This result can be substituted in (5.19) and the analysis repeated with respect
to the variables y,y’, k), and so on, until one comes to the uth contribution,
which connects to the final state.

There is still one more averaging to be performed. The final state ¢{™ is a
linear combination of contributions from each subspace. Experimentally, it is
not generally possible to isolate a particular final state; rather, the energy average
is measured. We must therefore take an energy average of the results obtained
from (5.19), that is, over ¢{. If one again assumes that the contribution from
each subspace is random, and therefore employs the random phase
approximation, the cross section becomes an incoherent sum of contributions
from the subspaces connected to the uth by the interaction v. Because of the
chaining hypothesis, this will include contributions from P, ,, and P,_,. The
average multistep differential cross section following from (5.19) can now be
obtained. The single-step cross section must be added to the multistep
contribution to obtain the complete answer.

The multistep contribution denoted by the subscript msd is

[d"a(k,,ki)} _ ¥ J’dkl J’dku Iid2wm'u(kf,k“)]
40U, Lo m st @nP  JenPl dQ,dU,
X I:dzwu,u—l(kﬂ’kuAl):|”'I:dzw2,1(k29kl)][dzali(khki)]
dQ,dU, dQ, dU, dQ, dU,

(5.29)

where

dzwv y= (kv,kv— ) Ty
e e vm = an? (k) p, (U ) 0Ky, Ky o)

2, (5.30)
dU, dQ,

measures the probability that the system passes from the (v — 1)st stage to the
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vth with the continuum particle momentum changing from k,_, to k,. The
density of states of the continuum particle and the residual nucleus are given
by p(k,) and p,(U,), respectively, where

hz
E=UV+2—mkf (5.31)

Finally, do,;/dQ, dU, is the average cross section for forming the first stage. It
1s given by

do; 2mm _
S Tk U)ok, k)2 532
U, dQ, hzk,vp( DU ok, kI, ( )

Note that in these formulas the distorted wave for the continuum particle has
been normalized to a plane wave of unit amplitude at infinity.

The statistical multistep direct cross section, (5.29), for u steps is expressed
as a convolution of the probabilities for each step to occur. Quantum mechanics
enters only in the calculation of these probabilities, which involves a DWA-type
matrix element 7, whose magnitude squared is to be averaged over the possibly
excited configuration. Energy is conserved at each step.

Since each factor in (5.29) is forward peaked, one may expect the multistep
angular distribution to be forward peaked but generally broader than that of
the single step, reflecting the number of stages contributing significantly.

Problem. Assume that each factor in (5.29) is a function of the momentum
transfer, k, —k,_,, occurring at step. Evaluate the integral in (5.29), showing
that it has the form

fei"if"k! - ki) ﬁ fv(“{f) d“{f
1

where

d*wk .k, _ :
d*wik, K, 1) _ J etk ke (0

Show from this result that the integral in (5.29) will have a broader angular
distribution than that given by the individual step.

B. Statistical Multistep Compound Reactions

The separation of the J~ matrix into a direct term and a fluctuating one with
vanishing average value using the results of Kawai, Kerman, and McVoy (73)
has been discussed in Section IV.8. The direct reactions described by the direct
term have been the subject of the discussion in the chapter up to this point.
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We turn now to a consideration of the fluctuating term, which has its origin
in the Q-subspace chain of Fig. 5.2. Equation (IV.8.8) gives the  matrix for that
case:

_ 1
where
1
hQQ = HQQ + VQP E(+) H VPQ (5.34)

opt

Vpg is defined by (IV.8.6), Hy, equals QHQ, and H,, is the multichannel optical
model Hamiltonian. We see that the effect of the P subspace is included in hy,
through its dependence on H,,.

The analysis of 741> given by (5.33) parallels completely that of 77V
following (5.11). First one can write 7 }“}“’ as a linear combination of amplitudes
coming from each stage:

T ‘,";“’ = 21: T ‘f”i’) (5.35)
where
_ 1
TR = <¢‘f Vo1 Va,p¢§“> (5.36)
QQ
where
V,,Qm =PVQ,,

and Q,, is the projection operator for subspace Q,,. As in (5.14),

1 1
—0, =GV, G, —— 537
Qs 01 = GeVaniGai -0, (5.37)
where
Vik-1=QV Q4
and

1
Go=— (5.38)
E - hkk - Vk,k+le+1 Vk+1,k

[see (5.16)].
Note that the sum over m in (5.35) terminates at m = r, so that G,=(E—h,,) ™!
Equation (5.37) is now to be inserted in (5.36). One obtains

a”("" (D VomGnV e 1G- Vo Gy Vipdt D (5.39)
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[Compare with (5.11)]. Recall that

Q (+)_Qk V1P¢§+)

E— hQQ

where the left-hand side gives the component in space @, of the exact solution
of the Schrodinger equation for the system. Using (5.37) yields

QY =GV, QP (5.40)
so that (5.39) can be written as follows:

TR =L VoGV pm— 1 Q- 1 (5.41)

We need to calculate the energy average of |7 %7|>. Rapid variations in the
energy dependence of 7 is assumed to originate in the propagators G,. From
(5.38) we see that an implicit source of energy dependence is given by the term
Vix+1Gk+1Ve+ 1.4 We shall now describe one set of circumstances (verifiable
in a detailed calculation) under which the energy dependence of this term can
be neglected. The inverse of G, , , will have eigenfunctions and eigenvalues given
by

G‘:‘:llpk+1.a=£k+1,a¢k+l.a (5.42)
and

(Gk_+11)1'/7k+1,a= Ex+ 1,a;/;k+ 1a (543)

Since G, , is not generally Hermitian, the eigenvalue ¢, ., , will be complex:
T
8k+1,u=Ek+1,a_i kzl’a (5-44)

In terms of these eigenfunctions,

1
Wik = Vo 1Gi 1 Vier 1= szkH'/’kHa E—¢ <‘/’k+1a

k+1a

We see that the energy dependence of w,, will be smooth over the energy
variation given by I', , , .. For the purpose of energy averaging and employing
the random phase approximation, it is necessary that many states v, , be
continued in that interval, leading to the condition

Pl >1 or Iy, »D, (5.49)

where bk is the density of levels in kth subspace, D, the energy spacing, and
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I, the average value of I', ., .. Under this condition, self-averaging takes
place. The condition is equivalent to the statement that the Poincaré time for
the kth stage is large compared to the lifetime of the states in the (k + 1)st stage.
Condition (5.45) can be checked by direct calculation. In the examples to be
described, the condition is well satisfied.

Assuming (5.45), it becomes possible to expand G, in (5.41) in a spectral
series so that

eV 1Qm 1 P (5.46)

_ 1
T =3V W 2> -

ma
when ¢, varies slowly with energy.
Problem. Prove that the energy average of 7 is zero.

To obtain the cross section we need to compute the energy average of
|g‘(j{r}sc)|2.
Al

| a"(msc)|2 Z (g—(m) (7%))_’2“‘9-("'))'2
where the random-phase approximation is used to obtain the last expression.

Using (5.46) yields

o—(m) Z<¢( )mel//m a> <');m,an,m—lQm—l\P§+)>

ma

- 1 ~
x<¢.(f )me‘l,m,ﬂ>*E—‘;—<¢m.ﬂVm,m—lQm—l\Pg+)>
mp

Again because of the random-phase approximation the double sum can be
collapsed to a single sum since only the o = f§ terms survive. Therefore,

1 ~
ﬂ‘(m} Z|<¢( )VPm'Ilma>|ZT|2|'/’m,an,m—lQm—l\P(i+)>|2

The energy average is taken assuming that only the variation of the energy
denominator is important and that the energy variation of the matrix elements
is slow, so that their magnitude squared can be replaced by an average value
over the set y,,,. The result is

rg)<‘<l;m,an,m—1Qm—1q’g+)>|2>

(M)
AT TN = T D,

(5.47)

Where
I =21 Vemma ) |1*) (5.48)
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1s referred to as the escape width. One now uses (5.40) again on the remaining
factor in (5.47), to obtain

ryrh 1<|<¢7m-1.av,._1,m-2Q,._;P$“>|2>

3‘(»1) —
E A T b
where
2n ~
Toe1= 3 IV mm - ¥m-1.6017> (5.49)

is referred to as the spreading width. The averages are over the states in the mth
and (m — 1)st subspaces. Iterating, one obtains

1 TYmtTi 20y

Ty = (5.50)
@m? T, =1 T, D,
where

TP =21 <Y1 Vipd! D1 (5.51)

Therefore

r(f) m— 11"1 27z1"("
T M2y = [ ] (5.52)
(27]:)2 ,,.Zzl Fm k=1 l"k Dl

It is convenient to normalize ¢{ ™) and ¢{~’ so that the widths have the dimension
of an energy and J is dimensionless. This is the case if the normalization is
per unit energy. The cross section for a given channel with quantum numbers
designated by 7y is given by

. O m-t T 22T4()
TR T, .| D,

(5.53)

while the expression for the angular distribution is given by (5.55').

Equation (5.52) can be described as a product of factors with relatively simple
meaning. The first (221'"/D,) is the strength function measuring the probability
of the system making the transition from the incident channel to the first
subspace @,. This is followed by a product that measures the attenuation because
of emission en route to the mth channel and finally, the branching ratio for
emission from the mth subspace. the total widths I', are generallly not the sum
of the escape and spreading widths [see Feshbach, Kerman, and Koonin (80)]
except in the case of weak coupling between the P and Q spaces.

Finally, it is necessary to average da‘y"‘“’/dU over the final states since
experimentally it is not possible to distinguish among them. The final wave
function ¢~ in (5.48) for I''Y? is composed of contributions from all stages, P,.
However, because of the chaining hypothesis, the states in subspace Q,, can
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make transitions only to P,, P,_,, and P, ,,. Assuming that the coupling
among the various P, spaces is strong, the wave function ¢S, ) will be “well
mixed”, so that to a good approximation the probability of the component of
¢!~ being in subspace of P, is given by pQ(U)/p"(U) when p{” is the density
of the states in subspace P, with channel quantum numbers symbolized by 7,
and p"(U)is the total density of channels of the type y at the excitation energy U:

PI(U) = TP (V)

With this assumption

m+1 p")(U)
o= u ; 0 rowy (5.54)

0 e o
where I'}2) is given by

o =201t Vembme 2 1)

where x'7) is given by (5.22). The average is taken over the indices § and a.
We can now average '™ over a small energy interval dU, where U is the

excitation energy of the residual nucleus. The right-hand side of (5.53) is

multiplied by pP(U)dU and TY is replaced by its average value,

pO(U)C D (U)/pP(U). We thus finally obtain

<o) 7 5: il <pL*>(U)r:L(U)>['"f Fi]M‘P (5.55)

dU k% =1 u=m r T T, ’

m 1

The channel parameters y are, for example, those used in Section 2: namely,
channel spin S, critical angular momentum /, and total angular momentum J.
The angular distribution is obtained in the standard way, with the result.

dza. (_)S—S’ _ _ da.!msc)
=y Z(J1J; SL)Z(I'J'J; S'L)P,(cos 9)
dQdU CI+1)2i+1)

(5.55)

where

Z(J1J;SLy = (=) (isT | YL 1ST)

=0 unless L is even

Formula (5.55) appears to be similar to that used in the preequilibrium
theories reviewed, for example, by Blann (72). It is not identical, as the latter
refer to the angle integrated cross section and do not predict angular
distributions. Because of the random-phase approximation, the statistical
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multistep compound reaction cross section is symmetric about 90°. Note finally
that (5.55) automatically contains the compound nuclear contribution to the
cross section given by the rth term in (5.55).

Because of the preliminary stages through which the system has to pass
before arriving at the statistical compound state, the Bohr independence
hypothesis and its consequence the statistical reaction theory (Hauser—Feshbach)
must be modified. This is seen most readily if we return to (5.55) and examine
just the compound nuclear term, the rth term:

Nr-11! (i)
(msc)=£rr 7r &_anl

: I 5.56
ar k2T, 4 I, Dy (5:56)

Since the Q, subspace is the last subspace in the chain, I, is equal to the escape
width:

r,=Ti=YyT1® (5.57)

where the sum is over all possible final states. Let the transmission factor T.
be given by

r,= 2
Then
(msc) __ L Tf T;
Ofip = 2 ZcT: (5.58)
The factor T; is
Or-171!
T;=2n I I1 L (5.59)
Dy x=1 Ty

Although (5.58) is similar to the Hauser—Feshbach expression, it can differ
substantially because of the presence of the depletion factor, that is,

r r‘i
oy =ous [1 (5.60)
k=1 rk

Here oy is the Hauser-Feshbach expression. Moreover, since the depletion
factor depends on the nature of the entrance channel, which determines the
quantification of complexity and therefore the partition of Hilbert space in P
and @ and of Q into Q,, the Bohr independence hypothesis is violated.
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One interesting sum rule can be obtained from (5.53). Sum this cross section
over all possible final states to obtain the total reaction cross section, o:

r t } (U]
O L [
1

k2m 1F Dl

If now one makes the weak PQ coupling approximation

=Tl
(5.61) reduces to
2nTY)
o =% ’; 1 (5.62)
1

Thus the total reaction cross section is proportional to the strength function
for the formation of doorway states in subspace Q.

6. APPLICATIONS

The results of Section 5 [Eqs. (5.29) and (5.55)] have been applied to the analysis
of experiments in which the incident and emerging particles are nucleons, such
as (p,p'), (n,n"), (p,n), (n,p), and (p,n). Projectile energies range from 14 to 65
MeV, while a variety of target nuclei, including medium heavy as well as heavy
nuclei, were used. There have been a few calculations carried out for *He- and
“He-induced reactions [Bonetti, Colli-Milazzo, and Melanotte (81)]. Generaliza-
tions have been developed (and explained) which are appropriate for the study
of reactions with multiparticle final states [Feshbach (79); Ciangaru, Chang, et
al. (84); Field, Bonetti, and Hodgson (85)].

The calculations for nucleon induced reactions have been carried out by
Colli-Milazzo, Bonetti, Hodgson, and their colleagues in more than a dozen
papers [de Rosa, Inglima, et al. (78); Bonetti, Caninasio, Colli-Milazzo, and
Hodgson (81); Bonetti, Colli-Milazzo, and Melanotte (81a, 81b, 83); Bonetti,
Colli-Milazzo, et al. (80, 82a, 82b); Bonetti and Columbo (83); Avaldi et al. (80);
Austin et al. (80), Field et al. (86) Holler et al. (85)]. It is not possible to describe
the details involved in these many analyses. We shall give some examples of
the results obtained, together with the principal conclusions.

The elements that enter into the calculation include the residual potential
responsible for the transition between stages, the bound-state wave functions,
and the wave functions for the particle in a continuum state. The choice is
guided by the standard DWA results. In the more precise calculations, the
residual interaction is taken to be a Yukawa potential. Distorted waves for the
continuum and the bound-state wave function are obtained using a
Woods—Saxon potential selected in accord with elastic scattering and single-step
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DWA results available in the energy range and for the target of interest. Overall
good agreement with experiment, illustrated below, was obtained with identical
residual interactions employed in all cases: target nuclei, excitation energy and
angle, and for both statistical multistep direct and compound reactions. That
strength between unlike nucleons is taken to be 27 MeV with a range of 1fm
[Bonetti and Columbo (83), Bonetti, Colli-Milazzo, and Melanotte (81a)].
Rough calculations have also been made for the statistical multistep compound
reaction with é function residual potential and constant bound-state wave
functions. It turns out that the effect of these approximations on the energy
spectra and angular distributions is small.

In each situation it is necessary to choose a path in reaction space; that is,
what are the stages in which the system can be found? For example, in the (p, n)
statistical multistep direct case {Bonetti, Colli-Milazzo, and Melanotte (81a)],
the first stage is generated by a charge exchange scattering with the formation
of a proton—particle—neutron-hole in the target nucleus plus a neutron in the
continuum. The more complex states, P,, involve np—nh states with a neutron
in the continuum. Clearly, there are many other possibilities. For example, the
charge exchange scattering could be postponed to a later stage.

The sensitivity of the results to the various paths in reaction space has not
been studied systematically. However, Bonetti, Colli-Milazzo, and Melanotte
(81a) found that for their several cases they need not distinguish between the
neutrons and protons provided that an averaged interaction strength is used
and except for the initial and final step. Chao, Hachenberg, and Hiifner (82)
have emphasized the importance of the first step and suggest a relative
insensitivity to the nature of the succeeding stages.

The density of particle-hole states required in both SMC and SMD processes
is given by the Ericson (60c) expression. We give a simple derivation of the
result. One assumes a constant density g of single-particle states; that is, the
probability that a particle has an energy between x and x + dx is g dx. Then
the probability that p particles and k holes (N = p + h = exciton number) have
an excitation energy E is

1 © @ P h
pph(E)=—f dxl“'dxpj dY1"'dYkng(s(E_zxi“Z)’i) (6.1)
p! h! o 0 1 1

where we have assumed that g is a constant, an assumption which can be easily
modified. Replacing the é function by its integral representation

P h @
5(E_in_ZYi>=1J dk eME—Xxi= Xy
1

1 2n —

Equation (6.1) becomes

p(I;"l(E)=_1_iJvm dke“‘E(jmdxe_ikx>p(deye_iky>h
P 2npth! J_ o o



6. APPLICATIONS 543

For the x and y integrals to be convergent, the path of the k integration must
lie in the lower half of the complex k plane. One obtains

1 gN 0 eikE
W(F) = - dk S
Pon (F) 2np!h!_[_w (k)"

Using the Cauchy integral formula yields the Ericson result,

_ ggEy!

PR = N 62)

To obtain the density of particle-hole states formed from single-particle states
of a given J, one must multiply (6.2) by spin distribution function (IV.5.54),
yielding

g(gEN ! 2J + 1
p'RUN —1)! /8ra3N3/2

PUNE, J) = pWE)Ry = A N (X))

do
aQ
[%‘rb \ “ca (p.n)
Y Epw 45 MeV
\}_ U= 10MeV
\ N
\\\ Ltgnl
%

10 -

1 | 1
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c.m.

10

FIG. 6.1. Calculated differential cross sections for some typical transitions in *8Ca at
45MeV between shell model states corresponding to AL =1, showing their overall
similarity. [From Bonetti, Camnasio et al. (81).]
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In the shell-model basis, the states in stage n+ 1 differ from those in stage n
by a particle-hole excitation; thatis, N=2,p=1,and h=1.
The average of the square matrix elements is given by

ok, kp)?> = ;(2L+ 1){Jotk;, ky, LI > R,(L)

d*o(k; k) _ 2 do
<|: dU dQ ]singlc step> a ; (2L + l)p( }(E)RZ(L)< (dQ) >L

in the case that the spin of the target is zero and if the spin of the nucleons is
neglected (then J = L). The average over (do/dQ2), for various possible values of
the particle-hole angular momenta is readily accomplished because of the
similarity of the results for each of the possibilities. This is illustrated by Fig. 6.1.
Some results that illustrate the degree of agreement with experiment will
now be presented. Note that in all cases the log of the cross section is plotted.
Figures 6.2 to 6.5 compare the results of a multistep direct calculation of the

and

P®es
;ﬁﬁ:\'\h\‘\‘
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| —1
—
s \\\\
R
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3
B N
- ~
S
\
107 — A
FIG. 6.2. Neutron energy spectrum for the
reaction '*°Sn(p,n), E,=45MeV 0, = 30°.
The black dots are the experimental points;
the solid line the calculated results. The
numerical labels correspond to the number of
10-’24 zlo steps. [From Avaldi, Bonetti, and Colli-

Milazzo (80).]



6. APPLICATIONS 545

w00 e

107 —

d’o/dud (mb/ Mev-sr)

1072

F1G. 6.3. Neutron energy spectrum for the
reaction '?°Sn(p,n), E,=45MeV 0, =90°
(see legend for Fig. 6.2). [From Avaldi, 0
Bonetti, and Colli-Milazzo (80).] *
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FIG. 6.4. Neutron energy spectrum for the
reaction '2°Sn(p,n),E,=45MeV 0, =120°
(see legend for Fig. 6.2). [From Avaldi, .0-32, 1 T

Bonetti, and Colli-Milazzo (80).] 0 e
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FIG. 6.5. Neutron angular distribution for the reaction '2°Sn(p,n), E, = 45MeV. The
solid lines are calculated results. [From Avaldi, Bonetti, and Colli-Milazzo (80).]

Sn(p, n) cross sections for 45-MeV protons [Avaldi, Bonetti, and Colli-Milazzo
(80)]. Good agreement is obtained. There is some deviation at low neutron
energies, where there is a contribution from the multistep compound process
not included in the calculation. We note that the single-step process gives
accurate results only with a low excitation energy of the residual nucleus and
in the forward direction. But as the excitation energy increases and/or the
emission angle increases, the contribution of the two-step and then the three-step
process becomes important. No more than three steps are required in the angular
range beyond 150°. The calculated angular distribution shown in Fig. 6.5
matches experiment throughout the angular range. Similar calculations have
been performed for a (p,n) reaction, proton energy 45 MeV, for a number of
nuclei [Bonetti, Colli-Milazzo, and Melanotte (81a)] with similar success. The
need to include contributions from the SMC process as the proton energy
decreases is shown in Fig. 6.6.
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FIG. 6.6. Neutron energy spectrum for the reaction '2°Sn[p, n) E, = 25 MeV, 8,,, = 1107;
, total; , multi step direct, ———— , multistep compound. [From
Colli-Milazzo private communication quoted in Feshbach (86).]
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FIG. 6.7. Transmission probability <I'},>/<T"y,> as function of J in the case of 40Ca(n, p)
[From Bonetti, Colli-Milazzo, and Melanotte (83).]
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FIG. 6.8. Level density of the various composite nuclei as a function of the stage N of the
precompound chain: (1) 1°*Pd, (2) °°Zr, (3) °°Ni, (4) *'Ca, (5) *°P, and (6) 2°Si. [From
Bonetti, Colli-Milazzo, and Melanotte (83).]

We turn next to some examples of the statistical multistep compound (SMC)
reactions. “Equilibrium” sets in at about the fourth step, as indicated by Fig.
6.7, where we see that by the third step the branching ratio to the fourth step
is approximately 0.9. Note that the level density at the fourth stage is on the
order of 10 times that at the third stage (see Fig. 6.8), so that the self-averaging
condition of Tang Xuetian (81) is well satisfied. It is important in the SMC
calculations to include only bound orbits, as emphasized by Bonetti,
Colli-Milazzo, and Melanotte (83). Two examples are shown, In Fig. 69 a
comparison is made between experiment and theory for the 'V (p,n)°!Cr
reaction, for a proton energy of 22 MeV. We see the striking failure of the
evaporation model and the good agreement that is obtained when the SMC
theory, which takes into account the emission that occurs before the equilibra-
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FIG. 6.9. Double differential spectrum for the reaction *'V{p,n) *'Cr, E, = 22MeV,0 = 144°.
Experimental points from Grimes, Anderson, et al. (71) are given by circles, the calculated
evaporation spectrum by the squares, and the total statistical multistep compound by
the crosses. [From Feshbach, Kerman, and Koonin (80).]

tion (rth) stage, is reached. In Fig. 6.10 a comparison is made for the case of
14-MeV neutrons incident on °3Nb, including the (n,n’), (n,2n), and (n,pn)
contributions. The dashed line gives the contribution from the rth stage (the
evaporation component) for (n,n’), the dotted line for the (n,2n) and (n, pn).

The behavior of parameters of the SMD theory is shown in Table 6.1. In
this table o is the spin cutoff parameter, 6a/n* gives single-particle density g,
V, is the strength of the Yukawa potential with a range of 1fm [used for the
residual (p — n) potential], ¥, is the strength averaged over the p—n and n—n
interaction strengths, and finally, the ratio of the single-step cross section to
the total is shown. Bonetti and Columbo (83) show that the strength of the
potentials used in the SMC is consistent with that given by the table.

The statistical multistep direct theory has also been employed to predict the
inelastic scattering of 65-MeV polarized protons by 53Ni [Bonetti, Colli-
Milazzo, et al. (82b)]. Comparisons with the measurements of Sakai, Hosono,
et al. (80) show excellent agreement with the angular distributions and
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FIG. 6.10. (a) Energy spectrum of neutrons emitted at 30° and 150° from ?*Nb at an
incident neutron energy of 14 MeV. The experimental data of Salnikov, Lovchikova
etal. (70,71) are compared with the statistical multistep compound calculations.
(b) Energy spectrum of protons emitted at 150° from **Nb at an incident neutron energy of
14 MeV. The experimental data of Grimes, Anderson, et al. (78) are compared to statistical
multi step compound calculations. For both (a) and (b) the curves labeled with N show
the contributions of the N-step process. The dashed and dotted lines give the
contributions of r stage processes which for case (a) are (n,n’) and (n,2n) + (n, pn),
respectively; for (b) they are (n,p) and (n,np), respectively. [From Field, Bonetti, and
Hodgson (86).]
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TABLE 6.1

Target ¢ a(=7n%6g)MeV ™)  V,(MeV) Vo(MeV)  o,/0,,
48Ca(E,=45MeV) | 74 275 15.5 0.55
0Zr(E,=45MeV) 14 10 275 17 0.55
1208n(E,=25MeV) 1.8 16 275 16 0.82
'298n(E,=35MeV) 1.8 16 215 16 0.72

208pb(E,=45MeV) 24 13 27 15 0.47

Source: Bonetti and Colambo (83).

analyzing power. Agreement with the latter is good only for relatively low
excitation, U =10 and 14 MeV but fails in the intermediate angular range
45° < 3 < 110° for U = 18 and 22 MeV. Presumably, the inclusion of the MSC
process is needed for these large excitation energies.

A number of conclusions can be drawn from this analysis: The division of
the statistical reaction process into multistep direct and multistep compound
components appears to be useful and important. The multistep direct process
dominates at the higher projectile energies, while the multistep compound is
important for large excitation energies of the residual nucleus as well as for
lower projectile energies. At sufficently low energies the system is “trapped” on
the first step so that there is no precompound emission. Therefore, at low
energies, compound nucleus formation dominates. As the energy increases, the
precompound emission (as given by the SMC theory) must be included, as the
evaporation theory fails by orders of magnitude. At still higher projectile
energies, the SMD process begins to be important and eventually is dominant,
with the exception of cases in which the residual nucleus is highly excited and
the emerging particle has a low energy. For these reactions the SMC process
must be taken into account. Moreover one learns that the single-step direct
process {DWA) is inadequate for proton energies lying between 25 and 65 MeV.
It provides only 55%, of the cross section for E, =45MeV.

7. SUMMARY

In this chapter we have discussed the influence of multistep processes on nuclear
reactions. In Sections 2 and 3 we considered examples in which relatively few
levels of the target and/or residual nucleus could be involved as intermediate
steps in a multistep process. For these cases a coupled-channel description was
employed. In Section 4 the influence of inelastic multistep processes on particle
transfer reactions was considered. Here the coupled-channel Born approximation
(CCBA) was used, in which the coupled-channel description was used to describe
the mutual and final states and the transfer reaction was calculated as a
single-step process. It was found that multi-step processes were important when
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the states of the nuclei involved are collective (e.g., vibrational or rotational).
When the number of states involved is large, we suggest the statistical theory
developed in Section 5, with applications in Section 6. Many of the concepts
used were developed by an earlier semiclassical theory based on pioneering
papers by Griffin (66,67) and Weisskopf (60). This analysis is reviewed by Blann
(75). For a comparison between the SMC theory and the semiclassical theory,
see Holler, Kaminsky, et al. (85). Other theories of the MSC process are given
by Agassi and Weidenmiiller (75), Mantzouranis (76), and Friedman, McVoy,
Hussein, and Mello (81). The latter authors develop formalisms that do not
require the use of the chaining hypothesis but are more difficult to apply. Other
theories for the SMD reaction have been proposed by Tamura, Udagawa, and
Lenske (82), Agassi, Mantzouranis and Weidenmiiller (75), and Mantzouranis
(76). The first of these is limited to two-step processes, while the latter uses the
Pauli master equation, involving, however, some ad hoc assumptions regarding
the underlying nucleon—nucleon interaction.

The theory presented in Section 5 has a wide range of applicability, far wider
than as described in the applications described in Section 6. In particular, the
application to heavy ion reactions has not yet been developed except for the
light helium ions (see, however, Section VIIL6). It would also be useful in
determining the nature of the background in giant resonance reactions,
permitting a more accurate determination of the widths of the resonances.

APPENDIX
The propagator 4 = (E‘™) — H®) ™! is defined by
(EF'—HPg =1 (A1)
The quantity of interest is ¥,
4,=P,%P, (A2)

Multiplying (A.1) from the left by P, and from the right by P, leads to a set
of coupled equations for %,:

(E-H")%, =0, %, +0,,.% (A3)

B Tpu—1 ppt1p+1

When y= M,
(E— Hk‘{’))gM =Vpm-19m-1

or
Gu=0pvpm- 1% (A4)
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where
Gy = ()~ HP)™!
Turn next to (A.3) with u=M — I:
(E _Hsl?)—l)gM—l =0y m-29m-2F V1 mm
Substituting from (A.4) yields
(E—HQ ,— OUrm- 1 OO 1)1 =Vt m-2% M2
Therefore, using recurrence relation (5.16) yields
Gr-1=GCp i1 m-29M-2 (A.5)

One can now proceed stepwise to consider the equation satisfied by 4,,_,. The
solution will have the same form as (A.5):

Gr-2= Oy V-2 m-39M-3 (A.6)
One can now use mathematical induction to establish (5.14):

-1 (5.14)



	Mulistep_reactions_0
	Mulistep_reactions_1



