
APPENDIX А 

SCATTERING ТНЕОАУ
 

н AND V HERMITIAN 

Lippman-Schwinger Equation 

(1) 

1 
=ф+ (+) Уф 

Е -Н 
(2) 

where 

Ноф=Еф 

and 

Е( +) = Е + i1] 1] -+ 0+ 

Ф(-) = Ф + 1 vф(-) 
Е(-)-Но 

1 
-ф+ Уф 

Е(-)-Н 

(3) 

(4) 

where 

906 

Е( -) = Е - i1] 1]-+ 0+ 

Ф( + )(k
i 
, r) = Ф( ­ )*(- k i , r) (5) 
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!у Matrix 

~л = <I/Ij-)VФi) = <Фf~(Е(+»)Фi) (6) 

= <фf VI/I~+» when Еf = Е, (7) 

1 
~(E)= V+ V---~(E) (8) 

Е-Но 

1 
=V+V--V (9) 

Е-Н 

Reaction ProbabilitylТime 

For comparison with experiment, оnе must average over the initial states (e.g., 
spin) and sum over final states. ТЬе sum over final energies is the integral 

(10) 

where Р! is the density ofstates at Е! and Фf,i=ехр[i(kf.i"r)]. 

Cross Section 

da = Wfi 
d!1 ji 

where ji is the incident current. 
Let Н = НО + Vo + V1 ; then 

(11) 

where 

Single Channel 

(12) 
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where 

J1 = reduced mass 

hk. 
н-> (13) 

/1 

da _ 1 /12kJ ос 2 

dQ - (2n)2 h4k; 1.'1 f;1 

Scsnering Amp/itude 

/fO= -~~3f' (14) 
r 2nh2 I 

ТЬе арреагапсе of these formulas depends оп the normalization оС ф;" For 
example, let 

and 

Then 

and 

(15) 

It is important to ascertain the normalization оС ф;./, 1jI~ +), and IjIj-). 

S Matrix 

Sji = <ljIj-),IjI~+» = <фf,Sфj> (16) 

sst= sts= 1 (17) 

S = 1- 2nЗд(Е! - Е;) (18) 

3"! - 3 0= 2ni" 3* .r оrf fr L. gf gr 
е 

S/ng/e-Chsnne/ 

.r*(kj , k f ) - .r(kf , k;) = 2nip f.r*(kg, k f )3 (kg , k;)dQg (19) 
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or 

f(k f, kJ - f*(k j , k f) = ik ff*(kg , kf)f(kg , kJdOg 
2п 

where in both Eq. (19) and Eq. (20) 

Generally, 

This equation holds even when Н is not Hermitian. 

% Matrix 

Let 

where & symbolizes the principal value of the integral. 

9_1__ ~[ 1 +_--,---1__) 
Е - Но 2 Е< +) - Но Е( -) - Но 

%ьа == <Фь, v",~O» 

ТЬе operator % is defined Ьу 

%ьа = <Фь,%Фа> 

f!) 
%=V+V--% 

Е-Но 

",<о) = "'( +)( 1 + in%) 

"'< +) = ",(0)(1 - inff) 

% = ff + inff% = ff + in%ff Heitler integral equation 

or 
х: 

!Г=--­
1 + in% 

1- in% s=--­
1 + in% 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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к is Hermitian, 

(30) 

where 

& & 
Х(О ) = Ф +--- V. Х(О) = Ф + V. Ф
а а Е _ НО О а а Е _ НО _ V О а 

o 

",(О) = ф + & V ",(О) 
'I'а О Е Н V. l'1'а 

- 0- О 

Dlspersion Relations 

Subject to the condition that JIV(r) Idr Is bounded 

2 h2 н: 1 lOOk'(] (Е')Re f(OO) = f (0°) - _п_" _Ь_ + _ & tot dE' (31)
Born г: Е + 4 2 Е' ЕJ1 еь n О ­

where еь аге the binding energy of the bound states whose normalized wave 
function asymptotically satisfy 

(32) 

н AND V НОТ HERMITIANt 

Equation (4) is replaced Ьу 

(33) 

In addition, two new functions need to Ье defined: 

(34) 

(35) 

ТЬе function J/(+) is the wave function for а regenerative potential vt of V is 
absorptive. We note that 

<,'i:(+) ",(+» = д " .<- ) ,'i:(-» = д
'1'а ,'I'ь аЬ <'1'а ,'I'ь аЬ (36) 

tFeshbach (85). 
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ТЬе S matrix remains as defined Ьу (16). We define 

(37) 

ТЬеn 

(38) 

If 

then 

Sba = дЬа + 21tib(Ea - Eb)itЬа (39) 

it - 3 = 21ti3it = 21tiit3 (40) 

If 

and 

then for q = О, 

1 f dE'
з(0) = 3 + - (!j> -- з<е)(Е') + sum over bound states 

Born n; Е - Е' 

Let 

(41) 

ТЬеn 

- 1 + in%
S=--- (42)

1 - in% 

% is not Hermitian. 

Single Channel 

ф<+)~ ~ (e- ik, _ S(k)eik' ) 
, .... CL) r 

Ifr<-) ~ ~(eik' - S(k)e- ik' ) 
, .... а: r 
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For а potential V + iW, 

f(k f, k;) - f*(k i , k f) = ik fdПgf*(kg, k f )f(kg, k;)
2n 

'f 2- 2'n ф{+)*(kf, r) Ii~ WФ{+)(k i , r)dr (44) 

Phase-Shift Analysis 

Scattering of а spinless particle Ьу а spinless nucleus. Central potential 

Л3, ер) = 2~k ~)21 + I)P,(cos 9)(e 2iд / - 1) (45) 

<l'm' IS11т) = s,д(l, 1')S(m, т') 

(46) 

:у I = -
\ 
-

.~ 
е~Щ sln ()I ~41) 

п 

(48) 

(49) 

IS,- 112 = 1 - 2е- 2 '1I cos 2~, + е- 4 " , (50) 

1 -IS,12 = 1 - е- 4 ", (51) 

Transmission Factor 

(52) 

Zero-Energy Limil (Uncharged Particles) 

S,- O(k 2'+1) (53) 

Т,-O(k 2'+1) (54) 

Effectlve Range 

k2'+1 соtд, = -
1 1 
- + _k2 r , 
а, 2 

(55) 

а, == scattering length 

r, = efТective range 
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For 1= О, ао and ro have the dimension of а length. 1= 1, а" and r/ have the 
dimensions of а volume. In Chapter Х оп kaon-nucleus interactions, the 
minus sign оп the right-hand side (55) is dropped. 

Effective Volume 

(56) 

For 1= О, V/ has the dimensions of а volume. 

Elastic Scattering 01 а Spin Zero Ьу а Spin-i System 

J(k, а) = A(k, а) + B(k, a)(J"o 

(57) 

where hk j = incident momentum and hkf = final momentum. 

j 1 jA(k, а) = 2~k~ [(1 + l)(еШ + - 1) + l(еШ - > - 1)]p/(cosa) 

B(k, а) = 2
1k ~ (e2itS j

+ ) - еШj-»)р~l)(соs а) (58) 

. d 
p~1) = Slll а P,(cosа)
 

d(cosa)
 

where asymptotically (r ~ (0), 

ф(j=l±i)~SiП(kr-l;+д~±») (59) 

( d(J ) = IAI2 + IBI2 (60) 
dO unpol 

ja~~t = :2,~0 {(1+ 1)le2itS j
+ ) - 112 + llеШ - ) - 11 2} (61) 

о. trJt(J'f ReAB* 
р = рогапзатюп = ~ = 2 2 2 2Ро (62)

trft'f IAI +IBI 

( da) = (d(J) [1 + РрРОр '0] (63) 
dO ро\ dO unpo\ 
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where РрПр is the Ьеат роlаrizаtiоп, 

2ImAB* 
(64)

Q = IA2 1+ IBI2 

Coulomb Wave Function: Elastic Scattering 

( V2 + k2 
- 2:k )t/J(r) = о 11 = Zl~:e~ v= velocity 

t/J(r) = Г(1	 + i11)е-Щ2)""еikz F( - i11; 1;ik(r - z)) 

а 1 а(а + 1) 2 

F(a, b;~) =	 1+ Ь ~ + 2! Ь(Ь + 1)~ + ... (65) 

t/J _ei[kz + "Ink(r-z)] __11_ Г(1 + i11) ei(kr-"lпk(r-zН (66)
k(r - z) Г(1 - i11) 

f = - 11 е- i" l п s iп 2 ( 1 / 2 ) Э + 2i170 (67)
2ksin2 iЭ 

e2 i l7o = Г(1 + i11) (68) 
Г(1 - i11) 

r d . 112. 4 ЭRuthепог cross веспоп = -2 SlП -	 (69)
4k 2 

Partial Wave Expanslon 

where Е, =	 regular spherical Coulomb wave function, 

2' -(l/2)""lr(1 + 1 + . )1
F = е	 Щ е - ikr(kr)' + 1 F(I + 1 - it1' 21 + 2' 2ikr) 

, (2/+ 1)! ." , 

1 
-sin(kr- 111n2kr- ; +б/) kr-oo
 

_C,(kr)'+l
 

е 
2i17

1= 
r(l + 1 + 

_ 
i11)
 

(70)
r(l+l- i11) 
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1 , .
'" = ­ ~(21 + l)i е ll1l F,(r)P,(cos 8)

kr 

G, = irregular spherical Coulomb wave function 

-+ cos ( kr ­ п ln 2kr ­ 1; + (1, ) kr -+ 00 

(71) 

G,-+ 1 (kr)-'Г1 + {O("krlnkr) 1= О] kr -+ О 

(21 + I)C, L 0(7 kr ) 1""О 

2'е- n '7/ 2 1 r(l + 1 + i,,)1 ' _"
С, = (1, = (10 + L tan 1_ (72)

(21 + 1)! t = 1 t 

с2 = _2_п_,,_ (73)
О е2n" _ 1 

с2 = (1 + ,,2)(4 + ,,2) ... (12 + ,,2)22' с2 (74) 
, (21 + 1)2[(21)!]2 О 

For properties of these functions апд numerical values, see Chapter 14 (р. 537 
et seq.) of Нandbook о!Мathematical Рипсиопз, М. Abramovitz апд 1. А. Stegen, 
eds., National Bureau of Standards (U.S. Government Printing Office, 
Washington, D.C., 1964). 

ТЬе solutions of the field-free equations 

(75) 

of interest are 
и, = (j,(() 

V, = (n,(() 

wj+> = V, + iu, = i(h,(() (76) 

where j" п, апд h, are the spherical Bessel, Neumann, апд Hankel functions: 

('+1 
и,----.--- (77) 

~ .... о (21 + 1)!! 

----. sin(( _ 1п) (78) 
~ ..... 00 2 

(79) 

(80) 



916 APPEND/X А 

ио«() = sin ( 

sin ( 
U1«() = - - COS ( 

( 

U2(О = (;2 ­ 1) sin ( - ~ cos ( 

Vo = COS( 

COS( . 
Vl =--+sш( 

( 

V 2 =(;2 -1 )COS( +ZSin( (81) 

(82) 

Recurrence relations satisfied Ьу щ, Vl, and w:+): 

21 + 1 
--и,= Ul- 1 + U'+l 

( 
(21 + 1)и; = (l + l)Ul- 1 -lUl+ 1 (83) 
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CROSS SECTIONS; VECTOR AND 
TENSOR POLARIZATIONSt 

In the following it will Ье assumed that the target has zero spin and the projectile 
а spin of S. This is а useful choice since тапу of the target nuclei have zero 
spin. But it is also totally general since it applies to the channel spin 
representation, in which the spin of the projectile and target аге combined and 
then combined with the relative orbital angular momentum, 1: 

and 

J=)+8 

8т	 and 8 р аге the target and projectile spins, respectively. 
Let the reaction amplitude Ье 

(1) 

In this equation М, and Мf аге components of 8 along ап arbitrary direction. 
The parameters rx and а' аге the remaining quantum numbers needed to specify 
the initial and final states, including the relative momenta hk f and hk j for the 
final nucleus plus emergent particle and the initial nucleus plus projectile, 
respectively. 

tKerman (62). 

917 
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CROSS SECTIONS AS TRACES 

_ 1 ~t ~ 
(j - --tr F F (2)

to t 
2S + 1 

where the trace is performed with respect to аН the variables, 

d(J 1 ~t ~ 
-=--trF PfFP. (3)
dQ 2S + 1 I 

where Рf and Р, are projection operators 

Р! = Ikf><kfl 

Р, = Iki><kil 

so that, for example, 

<kIРf 1К >= J(k - kf )J(k f - К) (4) 

For orbital angular momentum states 11т>, 

<1т IРf 11' т' >= ( - 1)1- m L У!М ( 1 1') (111 YL 111') (5) 
LM -т М

L 
т' 

Let 

F = L 1 1'SJM>fA1', l)<1SJMI (6) 
из« 

where 

and fJ also depends upon S. Then
 

F(щ -+ mf' k; -+ kf ) = ~ gн A/l(1', 1)il ' - I ( -1)J+ rntf Js(1', l){~ ~ ~}(SЩS - mflA.JL)
 

1,1'
/l 

(7) 

where 

(8) 

The z-axis has been taken along the incident projectile direction ki . The 
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differential cross section is 

(9) 

POLARIZATION TENSORS: T)./l(S) 

T!/l(S) = (-l)/lТ).._/l(S) A~2S (10) 

normalization 

<S 11 T)./S) 11 S) = J2S + 1 (11) 

<Бо IT)./ll S(]') = (S(]'; AJ11 S(]) (12) 

= 1То о 

Т - _ Sz Т _ =+= (Sx ± iSy ) (13) 
10 - JS(S + 1) 1.± 1 - J2S(S +1) 

3S; - S(S + 1) 
=Т2 0 

JS(S + 1)(2S + 3)(2S - 1) 

Expectation value of T)./l in the final state averaged over ап unpolarized initial 
state, 

- 1 ~ ~ 
<T)./l)=--trFtРjТ).~FРi (14)

2S+ 1 

1 ~) _1)J2-Jl Y!'M.(k ) (L'M';A,J1ILO) 

(2S + 1)~ 
j 

J2L+ 1 

х (11SJ 111 YL1I/2SJ 2)(1~SJ 211 Тл(L', А) 11/'1 SJ 1) 

х IJ.(1'1'11)lj2(l~, 12) (15) 

where 

Тл(L', А) = (Ус ® Т).)Л 

ТЛ.М = L (L'-М';АqIЛ,М)УL,_м,Т).q (16) 
q.M' 
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SPIN-i PROJECTILE 

Let the polarization induced Ьу а scatterer оп an unpolarized Ьеаm Ье 

where 0s is а unit vector normal to the scattering plane: 

(17) 

where k i is the incident direction and k j the final direction of the spin-i projectile. 
ТЬе cross section for the scattering of а Ьеаm with polarization Ро Ьу the 

scatterer above is 

(18) 

where (1'0 is the cross section for an unpolarized Ьеаm. 

ТЬе general expression for the scattering of а polarized Ьеат with 
polarization Р is 

(1'sP s = (1'оs{П[РОs + Dsп-Р] +(0 х kj)[AJi-Р + Rs(п х kJ-Р] 

+ kj[A:(ki -Р) + R:(o х ki ) -Р]} (19) 

TIME-REVERSAL INVARIANCE 

A=-R' (20) 

If the incident Ьеаm is unpolarized, 

Р, = ПРОS (21) 

If the polarization of the incident Ьеаm is in the п direction, 

(22) 

Ds is the depolarization. Under time-reversal invariance, - 1 + 2Ps ~ Ds ~ 1: 

spin О target (23) 

. 2ImA*B 
Qs= - [Ascos Э + Rssш Э] = --2--- spin О target (24)

IAI +IBI 2 
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Q: = Rscos~ - Assin ~ = IAI 2-IBI2 spin О target (25) 

2ReA*B 
р =---- spin О target (26)

IAI 2+IBI2s 

( dб ) =IAI2+IBI2 spin О target (27) 
dQ unpol 


