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B ocHOBY KHHMM MOJIOXEHBl JIEKUHH, KOTOpble B Teye-
HHe PSAA JeT YHTATCA CTYAEHTAM MaTeMaTHYeCKHX Ccle-
IHaNbHOCTEH MaTeMaTHKO-MeXaHHyecKoro ¢axynabrera Jle-
HUHIpafckoro ynuBepcurera. OT HMeOWHXCA Y4eGHHKOB
KBaHTOBOH MEXaHHKM KHHMa OTJHYaeTesl TeM, 4YTO OHa
OPHEHTHPOBaHa B OCHOBHOM Ha MAaTEMATHUECKYI0 ayAHTO-
pHio. B cBa3u ¢ 3THM GoJbliee BHHMaHHe yaeisercs 06-
HIHM BONpOCAM KBAHTOBOH MEXaHHMKH M ee MareMarHye-
ckoMy annaparty. ITo-unomy, ueM 3TO NpPHHATO B (H3HYe-
CKOIl JIMTepaType, M3JArarOTCs OCHOBH KBaHTOBOX Mexa-
HHUKH, NOAPOGHO ONMHCAHA B3aHMOCBA3b KBAHTOBOH M KJjac-
cyyeckofl MeXaHHK, BKJIOYEHH naparpadsl, NOCBALIEHHbIE
[IPHMEHEHUIO TeOPHH TpeACTaBJEHHH IPYNN H MaTeMaTrHye-
CKHM BONpOCAM KBAHTOBOH TEOPHHM pacCesHHs.

KpoMe CTyZeHTOB-MaTeMaTHKOB KHHra MoxeT ObiTh
nose3HOH TaKkxKe CTyldeHTaM, CHELHAJNUSHPYIOLIHMCA M0
TeopeTHYeckoll (H3HKe, KOTOPHIM OHA MO3BOJHT B3IJIAHYTH
Ha KBaHTOBYI0O MeXaHHMKY C HOBOH AJIi HMX TOYKK 3peHus.
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MPEOWCJ/IOBHUE

Hacrosiiee nocobue SBJIAETCS MOAPOOHBIM KOHCIEKTOM JIEKIHH,
KOTOpble UHTAIOTCS Ha MaTeMaTHKO-MeXaHHYecKoM (¢akxyabrere
JIeHAHTPaACKOr0 TOCYAapCTBEHHOTO YHHBEPCHTETA ANSI CTYHAEHTOB
MaTeMaTHueckux crenuanasHoctell. [Iporpamma Kypca KBaHTOBO#
MeXaHHKH Oblia pa3paboTaHa NMepBHIM H3 aBTOPOB, KOTOPHIA H 4YH-
taa 3tor Kypc B 1968—1973 rr. B nocaenyrouye rons Kypc KBaH-
TOBOH MeXaHHKH UYHTAJCS BTOPHIM aBTOpoM. PasyMmeercs, 3a 3Th
rojgbl Kypc HECKOJbKO H3MEHHJICH, OJHAKO LieJb ero 0CTanach Npex-
HeH — JaTh HW3JIOKeHHe KBAaHTOBON MEXaHHKH C TOUKH 3peHHs 60-
nee GNH3KOH CTYNEHTYy-MaTeMaTHKy, UeM 3TO NPHHATO B (pu3uue-
cko#t JsmTeparype. Mbl yuHThHIBaeM, 4YTO CTYJIEHTH He H3yyaloT
obmelt ¢usnxu. EcTecTBeHHO, 4TO B Kypce, NpelHa3HAYEHHOM Ma-
TEeMaTHKaM, Mbl CTPEMHJHCh K 6oJiee aKKypaTHOMY, YeM 3TO NpH-
HSTO, H3JO0XKEHHI0 MaTeMaTHUeCKHX BONPOCOB KBAaHTOBOH Mexa-
HHKH, HO MBI He CTPEMHJIHCh K TOJHOH MaTeMaTHYeCKO} CTPOroCTH,
TaK KaK CTpPOroe H3JIOXKEeHHe psfa BONPOCOB mnorpe6oBano Obl
CYIILECTBEHHOI'O yBEJHYeHUs obbeMa Kypca.

B usurepaType Ha pPYCCKOM f3blKe CYLIECTBYET TOJBKO OJHa
KHHUTra, mpecieayiouias Te XKe 3agayd. TO KHHra H3BECTHOI'O ame-
puKaHcKoro mateMaTtHka Jxk. Makku «JIeKIHH MO MaTeMaTHUECKUM
CCHOBaM KBaHTOBOH MexaHHKH». OT KHHrH MaKKH HACTOMIHE JIeK-
LMK CYIIECTBEHHO OTJIHYAIOTCA KaK MO CNOCo0y H3JTOXKEHHS OCHOB
KBAaHTOBOH MeXaHHKH, TaK H No moabopy marepuana. Kpome Ttoro,
HACTOSIIHE JIEKIIHH NPEeXbABISIOT HECKOJbKO MeHblHe TpeboBaHUS
K MaTeMaTHYeCKOH IIOATOTOBKE CTYHEHTOB. TeM He MeHee Mbl MHO-
roe 3aHMCTBOBaJIH KaK M3 KHHUIM MaKKH, TaK H M3 KJaCCHYECKOH
KHurH ¢on Hefimana «MaTteMaTuueckKne OCHOBHI KBAHTOBOH Me-
XaHUKH>.

B ocnoBe moaxoga K MOCTPOEHHIO KBAHTOBONH MEXaHHKH, MpH-
HATOrO B JIEKHUSX, JIEXKHUT YTBepXKAEHHE, YTO KBAHTOBAas H KJacCH-
YeCcKasi MeXaHHKH SBJAIOTCA pPa3/HUYHBIMH PeaNH3alHsiMH OXHON

* 3



H Toil XKe abCTpaKTHOR MaTeMaTHueCKOH CTPYKTypH. Oco6GeHHOCTH
9TOH CTPYKTYPH BHICHRIOTCA B HepBHIX naparpacdax, mocBsilleH-
HbIX KJIaCCHYeCKOH MeXaHHKe. DTH naparpadbl sIBJASIOTCS HEOTBEM-
JIeMO#l 9aCThi0 Kypca H TNpONYyCKaTh HX NPH UTEHHH HeJb3fl, TeM
Gosiee, YTO MaTepHaJ 3THX naparpadoB NpaKTHUECKH He Mepece-
KaeTcsl ¢ MaTepHaJoM Kypca TeOpeTHYecKoli MexaHHKH. Jlormue-
CKHM 3aBepIIeHHEeM TaKoro IOAX0Ja K MOCTPOEHHI0 KBAHTOBON
MeXaHHKH sBJsieTcs maparpad, HOCBSINEHHBIH B3aHMOCBA3H KBAaHTO-
BOM H KJacCHYECKOH MeXaHHK H MNpelebHOMY NepeXody OT KBaH-
TOBOM MEeXaHHKH K KJIaCCHYECKOH.

IIpn orb6ope MarepHana naparpacdoB, MOCBAMIEHHEIX NPHJOXKe-
HHSIM KBaHTOBOH MeXaHUKH, MH CTapaJjHCb BHIJEJHTb Te BOMPOCH,
KOTOpPHIE CBfI3aHbl C INOCTAHOBKOH MHTEPECHBIX MaTeMaTHUYECKHX
3anay. B cBsism ¢ 3THM GoJsblioe BHHMaHHE YiAeNsieTcs 3ajauaM,
CBA3aHHEIM C TeOpHell NpeNCTaBJeHHH TPYNN, H MaTeMaTHYeCKHM
BOMpOCaM TEODHH paccesiHusl. B ocranbnoM mopbop Marepuaja co-
OTBETCTBYeT TPaAHIHOHHLIM yueOHHMKaM, NOCBSUIEHHBIM OOIIHM BO-
npocaM KBaHTOBOM MeXaHHKH, HampuMep, kHuram B. A. doxa uam
Il. Tupaxa.

ABropnl 6aarogapusnl B. M. Ba6uuy, KOTOpBI# mpoues pPYKONUCH
# cllesan psijl UeHHBIX 3aMedaHui.



§ 1. AareGpa HaGu0aeMbIX KJACCHYECKOH MEXaHHKH

PaccMoTpuM npocTefliylo 3afady KJaCCHYECKOH MeXaHHKH —
3a/auy O ABMXKEHHH MaTepHaNbHOH TOUKH (4aCTHLBI) C Maccodl m
B cujoBoM mnodse V(x), rae x(xi, Xg, X3) — PaAHyC-BEKTOD UaCTHIIHL.
Cuaa, AeficTByloulas Ha yacTHIy,

ov
F=—gradVe=——-.

OcHOBHBIMH (DU3HYECKMMH XapaKTePUCTHKAMH UYaCTHUH $SIB-
JNAI0TCA ee KOODAMHATH Xj, Xz, X3 H NPOEKIHH BEKTOpPA CKOPOCTH
v(v1,vg, vs). Bce ocranbHble XapakTepUCTHKH ecTh (YHKIHH OT X
U Vv, HanpuMep, HMIYJbLC p == MV, MOMEHT uMnyabca I =x X p =
= mx X v, sHeprus vactuus E = mv?/2 + V(x).

YpaBHeHns IBUXKeHHS MaTepHasabHOR Touku B dopme HrioTona
HMEIOT BHJI

dv oV dx
M=% a=V M

B naabnefinieM yno6HO BMeCTO CKOPOCTH V B KaueCTBE OCHOBHOM
IepeMeHHOl HCIOJb30BaTh HMIyJabe p. B HOBHIX mnepeMeHHBIX
ypaBHeHHs [BHXKEHHS 3aMHCHIBAIOTCS TaKuM oOpasoM:

do__ v dx_p
TF= " A m @
p__0H 9V _ 9H __ _
3ameyas, uyro e ox = ax The H =5~ 4V (x)—¢yHnx

uus [aMunbTOHA A/ 4ACTHIB B MOTEHUHAJNBLHOM IOJIe, MBI IIPHXO-
IHM K ypaBHeHusiM B ¢opme. [ amuabrona

dx _OH  dp _ _ OH
dr T ap ! dt = ox° @)

N3 kypca TeopeTHUeCKOH MeXaHHKH H3BECTHO, 4YTO INHPOKHH
KJacc MeXaHHYeCcKHX CHCTeM H, B YaCTHOCTH, KOHCEDBATHBHEIE
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CHCTeMB! ONMCHIBAIOTCS YPaBHeHHSMH | aMHJIbTOHA

. o0H R aH .
a=5 h=—dk i=L2..n @

3nech ¢: U p;— 0000LIeHHEIE KOOPAHMHATHL H MMNyJbch, H =
= H(q1,...,qn P1, ..., Pn)— QyHRUHSA [aMuIbTOHA, YHCIO 7 Ha-
3bIBaeTCs YHCJAOM creneHefl cBoGoArl cucreMbl. HamomuuM, yto AJs
KOHCepBaTHBHOA cucreMu ¢ynkuus Iamuabrona H cosnanaer
C BhIpaxeHHeM [JIS1 NOJIHOH 3HEPrHH CHCTEMBl B ITEDPEMEHHBIX ¢:
U p;. BumumeMm ¢ynkuuio [aMuabToHa A cucteMbl N MaTepHaJib-
HBIX TOYeK, nonapHo BSaHMOIlePICTBy}OU.lHX Mexmy coboit

H= Z -+ Z Vi (i —x)) + Z Vi(x). (5)

i< 1=1

3xech B KauecTBe OGOOIIEHHHIX KOOPAHHAT ¢ B3SATH JI€KAPTOBHI

KOOPAHHATH HYaCTHI, YHCJIO CTelneHed CBOGOAB TaKOH CHCTEeMBI

n==3N, Vij(X;—X;) ecTb NOTeHIHa/J B3aHMOJeHCTBUS (-U H j-H

yacTHI. 3aBHCHMOCTb V;; TOJBKO OT Pa3HOCTH X; —X; obecmeud-

BaeT BHIOJNHEeHHE TpeThero 3akoHa Hblorona. ([leficTBHTENBHO,

cusa, fAeficTByiomas Ha (-0 YAaCTHIY CO CTOPOHH j-# YacTHIH,
v, vy,

Fif:_-_b-;i—: %, ='_-sz-) ITorennuann V;(x;) onuceiBaioT

B3auMofelcTBHE [-H YaCTHIH ¢ BHemHUM noJseM, Ilepoe ciarae-
Moe B (opMmyJae (5)-— KHHETHYECKAS SHEPTHS CHCTEMBl YaCTHIL

s mpou3BOJBbHOH MEXaHHYeCKOH CHCTeMBl Bce (H3HUeCKHe
XapaKTePHCTHKH ecTb QYHKIUH OT 0600LIeHHBIX KOOPAMHAT M HM-
nyJabcoB. Mbl BBefeM B pacCMOTPeHHe MHOXKecTBO ¥ BceX Belle-
cTBeHHBIX, 6eckoHeuHo auddepeHnupyeMbx GyHKIUR * [(q1,..., qn;
pn,...,pn) KoTophie OyJemM HaspiBaTh Hal/iofaeMbIMH. MHOXeCTBO
HaGmogaeMux ¥, OUEBHJHO, ABJAETCH JHMHEHHHIM NPOCTPAHCTBOM
u obpa3yer BelleCTBeHHYI0 ajre6py ¢ OOHYHBIMH AJsl GyHKOHi
onepaunHsIMH CJIOXKEHHS H YMHOXeHHs. BemecrBeHHOe 2n-MepHOe
IIPOCTPAHCTBO C 3JeMeHTaMH (qi,...,qn; P1,...,Pn) HasbIBaeTCH
¢a30BBIM TPOCTPAHCTBOM M oBo3Hauaercs uepe3 . Takum obpa-
30M, aareGpa HaGJ/IOfaeMbIX KJIaCCHUECKOH MeXaHHKH eCTb ajarebpa
BelleCTBeHHBIX TMIafKHX (yHKHHUM, 3agaBaeMblXx Ha (a3oBOM Ipo-
cTpaHcTBe A.

Mzul BBeieM HHXKe B ajrebpe HalMIONAaeMBIX ellle OAHY oOmepa-
IIMI0, KOTOpas CBSi3a#a C 3BOJIIONMEH MeXaHHUecKo#t cucteMbl. Jlas
IIPOCTOTHL BCE JaJbHeHIIee H3J0XKEHHe BeNeTcs Ha NpHMepe CH-
CTEMH C OfHO{I CTeNeHbIo cBOGO L. YpaBHeHUs [aMHIbTOHA B 3TOM
cTyuyae HMeEIOT BHI

. oH .
=2, p==3F. H=HQ . ®)

* Mul He ofCyXkJIaeM BONPOC O BBEIEHHH TONOJIOTHH B ajareGpe HaGmomae-
melx. K cuactpio, GOJBWIHHCTBO (H3HUECKHX BONPOCOB OT 3ITOH TOMOJOIHH He
3aBHCHT.
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Banaua Kowwn asst cucrembl (6) # HauaJbHBIX YCJOBHI

g li=0= 40, plimo=po (7
HMeeT €IJHHCTBECHHOE pPEULICHHEe
q= ‘7(40, pO’ t), p =p (q()r Po: t)' (8)

Jnsi coKpallleHHS! 3amHCH TOYyKy (a3oBoro mpocrpasctsa (g, p)
uHorga Oyaem o6o3HayaTh yepe3 u, a ypaBHeHHA [aMu/ibTOHa
3aMHUCHIBATb B BHIE

=0 (), 9)

rpe v(pn)— BeKTOpHOe MoJie 3THX YPaBHEHHH, CONOCTABJIAIOILEE

KaxJgo# Toyke | (asoBOr0 NPOCTPaHCTBA BEKTOP U C KOMIIOHEH-
oH oH
TaMH —a—,;—, -—Fq—-
YpaBHeHHss I'aMHIbTOHA TOPOXKIAIOT OAHONAPAMETPHUYECKYIO
KOMMYTaTHBHYIO Ipynny npeoGpasoBanufi (a3oBoro mpocrpaHcTBa
B ceOsa*

G M — A,

rae Giu ecTh pellleHHe ypaBHeHHH ['aMHJIBTOHA C HaYaJbHBIM YC+
JioBHeM Giph|t=o = p. CnpaBeAsnBLE PABEHCTBA:
~1
Gt+s = G1Gs = GGy, Gt = G- (10)

B cBoio ouepennr mpeobpasoBaHusi Gy MOPOKAAIOT CEMEHCTBO Mpe-
obGpasoBaHuit anrebpnl HabJlogaeMbix B cebs

Uti %—>‘21,

U () = f; () =T (Gyn). (11)

B xoopauHatHOH 3amucH QyHKUMS f:(g, p) onpenessercs ciaenyio-
wuM obpa3om: :

Ft (g0, po) =T (g (g0, Por 1), P (G0, po, 1)). (12)

HaiineM nuddepennuanbHoe ypaBHEHHE, KOTOPOMY YAOBJETBO-
pser ¢yHruus f:(g,p). Has sroro npoauddepeHuupyeM Toxae-
cTBO fs4t(n) = f+(Gsp) 1m0 mepeMeHHO# s H MOJOKHM § = 0,

Ayt | O, W)
68 s=0_ at ’

~ of, 0H  of, oH
s=o_vft(”)’v(l‘-)'_'%"a7—a—p Er

rae

of; (G,h)
as

* Mu mpeanosiaraeM, 4To ypasHeHus [aMH/ILTOHA ¢ HaYaJbHBIMH yCJIOBHAMA
(7) uMelOT elMHCTBEHHOE pelleHHe HA BCeH BelleCTBeHHOH ocH. Jlerko mOCTPOHTH
NPHMEPH], B KOTOPHIX J00ajbHOe PellieHHe H COOTBETCTBEHHO Tpymna npeo6paso-
Banuit G; He cyulecTBYIOT, DTH C/IyYanm He NPEACTABIAT HHTEpPeCca, H MHl HX He
paccMaTpHBaeM.
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Takum o6pasom, dyuxuus f¢(g, p) ynosiersopsier nuddepeHnnaNb:
HOMY YpPaBHEHHIO
of, _9H of, _9H 9f, 13)

M HayaJbHOMY YCJIOBHIO

fe(q, p) lieo=T1 (g, p). (149

VpaBuenne (13) ¢ HaganbHBIM ycijoBHeM (14) mMeeT elHHCTBeH-
HOe pellleHHe, KOTOpoe MoXKeT OHITb moJjydeHo Ho ¢opmyae (12),
T. €. AJsl NOCTPOEHHs pemleHH#i ypaBHeHHs (13) mocTraToYHO 3HATH
pelieHns ypaBHeHuH 'amuabToHa.

YpaBuenue (13) Moxer OBITb MepenucaHo B BHIE

L, 1, (15)

rae {H,f:} — ckob6ka Ilyaccona ¢ynkunit H u fr. Jlas npousBosb-
X HabumiomaeMblx [ u g ckob6ka Ilyaccona onpepeasercs ¢op-
MyJo#

a B CJydYae CHCTEMBI C 11 CTENEeHIMH cBOGOIBI

)

[TepeuncanM ocHoBHBIE cBoficTBa cKoGoK Ilyaccona:

1) {f,g+rn} = {f,g} +r{f,h} (nunehtnocts);

2) {f, g} = —{g,f} (KOCOCHMMETPHUHOCTD);

) A {g. hy}+{g, {h }}+{h {, g} =0 (roxmectso SIxo6m);

4) {f.gh} = g{f.h} + {I. g}h.

CBoﬁCTBa 1), 2) u 4) npsAMo caeLyIOT H3 onpejeseHHsT CKOOOK
Tlyaccona. CBoiicTBo 4) MOKa3bIBaeT, uTo omepanus «ckobka Ilyac-
coHa» ectb nuddepennupoBanue anrebpu HabawogaeMbx. delicTeu-
TeJbHO, CKo6ka [lyaccona mMoxer ObiTh mepenucasa B ¢opme

{i: g} = ng’
rae X;=—=——-—— — = —— — JuHefiHbll AudPepeHnHaNbHbIi ONepa-

dp 0q dq Op
TOp 1epPBOro NOPAAKA, H CBOHCTBO 4) NPUHAMAeET BUJ

Xigh=(X;g) h -+ gX;h.

CsofictBo 3) Moxer ObITb HpoBepeHO AM(pdEpeHUHuPOBAHHEM, OJ-
HAKO ero MOXKHO J[0Ka3aTh CJeNYiOUMM paccyxkpaeHHeM. Kaxpaoe
cnaraeMoe ABOHHOA cko6ku ITyaccoHa COREPKUT MHOMKHTEJEM BTO-
PYI0 IPOH3BOAHYIO OT OAHOM U3 QYHKIHMH NO OAHOY M3 MEPEMEHHBIX,
T. €. JieBasl 4acTh 3) eCTh JHHEHHAA OAHOPOAHAS (YHKLHSA OT BTO-
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pbix NpOH3BOAHBIX. C ApPYro#ft CTOPOHH, BTOpHE INPOM3BOJAHBIE OT A
MOryT BXoIuThb TosbKO B cymmy {f, {g,h}} + {g, {h.[}} = (X; X —
— XgX;)h, a kKoMMyTaTOp JHHEHHHIX AH(bepeHLHaNbHBIX oNepa-
TOPOB NEPBOro INOpfAJKa fABJAderca AH(PPepeHIHaNbHBIM ONepaTo-
pOM NepBOro NMOpsiaKa, MOSTOMY BTOpblE MPOU3BOAHBIE OT A B JIEBYIO
yacts 3) He BolayT. B cuay cmmmerpuum Jsesas uacts 3) BooGlie
e COMEPAUT BTOPHIX NPOH3BOLHLIX, T. €, paBHA HYJIO.

Crobka Ilyaccona {f,g} BBoaur B aarebpy HabjonaeMbix
CTPYKTYpY BelllecTBeHHOH aare6pnl JIu *. Mrak, MHOXecTBO HabJ0-
naeMbIx obsajgaer caenywoilel anrebpanueckoil cTpyKTypoH. MHo-
KecTBO U sBJAAETCA:

1) BellecTBEHHBIM JIHHEHHBIM NPOCTPAHCTBOM;

2) xKOMMyTaTHBHO# ajre6poli ¢ onepauue# fg;

3) ausrebpoit JIu ¢ onepanueit {f, g}.

JIBe nocnenHue onepamyuu CBSI3aHBl COOTHOIIECHHEM

{f, ghy=A{f, gth+g{f, h}.

B aare6pe mabaionaeMbix 9 ecTb BHIENEHHbIH 37eMEHT — (DYHK-
uus amuabrona H, ponb KOTOpo#l — onucaHHe U3MeHeHHs1 HAabJIO-
JaeMbIX CO BpeMeHeM

Te—, 1.

ITokaxewm, uro orobpaxenue Uy % —9U coxpaHsieT Bce omepa-
uun B As

h=[4+g—->h=f+gsn
h=fg—hi="{igsn
h={f, g} =>h={fs g},

T. . siBasiercss aBToMOpduaMom aare6pel HabaonaeMbix. [IpoBepum
MU TpHMepa MocjefHee yTBepkAeHHe. [lasi 3TOro AOCTAaTOYHO
yGeuThCAd B TOM, 4TO YpaBHEHHE H HadaJbHOE yCJOBHe 1Js H; €CTh
CJIENCTBHE YPABHEHHH W HauaJibHBIX YCJOBHH 18 GYHRUHE f; B g¢

on, ( of 2
’gt-:{‘gf‘, gt}"‘{fﬁ»%t'}:
={{H, [:}, g +{[:{H, g}={H, {{1, g3} ={H, hs}.

31ech ObliM HCIOJB30BaHB cBoHMcTBA 2) u 4) cko6ox I[Tyaccona.

Hauee,
hylizo={ft, g} ko= {f, g}.

Temeph Halle yTBep:KACHHE CJAEAYeT H3 €NHHCTBEHHOCTH pelueHHs
ypasHenus (13) ¢ HauanbHBIM ycjoBHeM (14).

* HanoMmuuM, 4TO JMHEHHOe NPOCTPaHCTBO ¢ OHHapHOH oNepauHed, yaoBJe-
tuopsoueli ycrosusim 1)—3), naswiBaerca aare6pon Jlu,



§ 2. CoctosiHus

[TousiTHe COCTOSIHHS CHCTEMBI MOXKHO CBSI3aTb HENOCPEACTBEHHO
C YCJOBHSIMH 3KCepuMeHTa, Besknil Gpuanueckuil 3KCnEepUMEHT CBO-
OMTCS K M3MepEeHHIO UHCJIEHHOTO 3HaueHHs HabaiofaeMofi ajsi CH-
cTeMBbl, TOCTABJEHHON B ONpejesieHHBIE YCJOBHSI, KOTOPHIE MOXKHO
Ha3BaTh YCAOBHAMHU 3KclmepuMmeHta. CyHTaeTrcsi, 4TO 3TH YCJOBHS
MOTYT BOCHpPOM3BOLHTBCS MHOTOKPATHO, OJHAKO MBI He MpenoJa-
raeM sapasee, 4TO NpH NMOBTOPHOM IpPOBeNEHHH S3KCINEPHMEHTAa H3-
MepeHHe JacT TO XKe caMoe 3HauyeHHe Halurogaemoli. Ha Bompoc,
C YeM CBSi3aHa HeONpeleJeHHOCTb B pe3yJabTaTax 3KCIEpPHMEHTa,
BO3MOXKHH [[Ba OTBETA.

1) Yucno ycioBH#, KoTopble (DUKCHPYIOTCA NP IIPOBENEHHH
IKCIEepUMEHTOB HEJOCTaTOYHO JIs TOro, 4TOOHl ONHO3HAYHO OIlpe-
LeNUTh pe3yJabTaThl H3MepeHUs HabuaionaeMbix. EciM HeonHO3HAU-
HOCTb BO3HHKAeT TOJbKO MO 3TOH NIpHUYMHE, TO MO KpaliHell Mepe
B NpPUHIUIE 3TH YCJOBUS MOXHO NOIOJHHTb HOBHIMH, T. €. TOCTa-
BHTb 3KCIIEPHMEHT 00Jiee «YHCTO» M TOTJA pe3yJ/bTaThl BCEX H3Me-
peHnit 6yIyT onpeleseHsl OJHO3HAYHO.

2) CpolicTBa CHCTeMbl TaKOBB, YTO IIpH HOBTOPHBIX 3KCIEpH-
MeHTax HabJjioJaeMble MOT'YT NMPUHUMAThL pa3jHyHble 3HAYEHHS, He-
3aBHCUMO OT YHCJa H BbI6Opa YCJOBHH SKCHEepHMeHTa,

PasyMmeercs, ecii UMeeT MecTO 2), TO HeJOCTATOUHOCTb YCJO-
BHII MOXeT JHIUb YCYryOJasiTh HeOJHO3HAYHOCTb DPE3YJbTaTOB 3KC-
nepuMenToB. [Toxpo6ro 1) u 2) MBI obCymHM Iocje TOTO, Kak
Hay4YUMCSl ONHCHIBATH COCTOSIHMSI B KJIaCCHUECKOH H KBaHTOBOH
MeXaHHUKe.

Mmu 6yneM cUHTaTh, UTO YCJOBHSI SKCIEPHMEHTa OIpeneNsioT
COCTOSIHHE CHCTEeMBbl, €CNH IPH MHOTFOKPATHOM NOBTOPEHHUH ONHITA
IIPH 3THX YCIOBHSAX BO3HHKAIOT BEPOSTHOCTHbIE pacnpeleseHus AaJis
Bcex HabaomaeMbix. B sTom cayduae Mbl 6yaeM roBopurb 00 H3Me-
penuu HaGuionaeMofl f IJIsT CHCTEMBI, HAXOASINEHCA B COCTOSIHHH .

BoJsiee ToyHO: cocTosiHe @ Ha ajrebpe HabJjopaeMblx ¥ como-
cTaBJsieT KaxJoH HabaiofaeMofi [ BepOSATHOCTHOE paclpefeseHHe
ee BO3MOXKHBIX 3HaYeHHil, T. e. Mepy Ha BellleCTBeHHOH ocH R.

[Tycers f— nabawopaevas, E— GopeneBcKoe MHOMXKECTBO Ha Be-
mectBeHHOH ocu R. Torna ompeneneHHe COCTOSTHHA ® MOMKeT OBITh
3amucaHo

f, E—> a; (E).
HanoMuum cBoficTBa BeposiTHOCTEH MeEpHI
0<ap(E)1, o (@)=0, oj(R)=1, n

ecnu E1Ey =, 10 0 (E\U Eg) = o (E1) + of (Es).

Cpenu nabai0faeMbBIX MOTYT BCTPETHTbCS (DYHKIIHOHAJNbHO 3aBH-
CHMBle, MO3TOMY HEOOXOAMMO HAaJOXKHTh YCJIOBHE Ha BEPOSITHOCT-
Hble pachpeleseHHsl Takux HabulogaeMbix. Ecau Habamonaemas ¢
ecTb GyHkuusa or HabmogaeMol f, ¢ = ¢(f), To 3TO yTBEepKIAeHHE
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foApasyMeBaeT, YTo H3MepeHHEe YHCJIeHHOro 3HaueHusi Halbuaiofae-
Mol [, KOTOpPOe NPHBOAUT K 3HAUEHHIO [y, OAHOBPEMEHHO SBJsETCS
H3MepeHueM HabJlofaeMofl ¢ U 1aeT U Hee YUCJIEHHOE 3HAYeHHE
@o = ¢(fo). IToaToMy @;(E) M @¢(E) cBA3aHE COOTHOLIEHHEM

) (E)= 0 ((p—l (£)), (2)

rae ¢~!(E)— npoo6pas MHOXKectBa E mnpu oroGpaxeHHH ¢.
Boimyksias KoMOHHALHSA BePOATHOCTHBIX MeED

o; (E)=aoy () + (1 — )y (B), 0<a<] 3)

ynoByeTBopsieT cBoficTBaM (1) musi mwoboit HabawopaeMoil [ u coor-
BeTCTBYET COCTOSIHHIO, KOTOpoe MBI OyaeM 0G0O3HauaTb

0 =00, + (I — a) o,. (4)

Takum o006pa3oM, COCTOSIHHSL 00pa3ylOT BHINYKIOE MHOXKECTEBO.
HHorpa BBINYKAYIO KoMOuHanuio (4) COCTOSIHHH o) M g HA3LIBAIOT
CMeCbl0 3THX COCTOSHHE. Ecau 151 HeKOTOpOro COCTOSIHHS @ H3
(4) cnenyer, 4TO @; = wg = @, OyJeM T'OBOPHTb, UTO COCTOSIHHE @
He pacKaajiblBaeTcs B BBINYKJYIO KOMOHHALUIO APYTHX COCTOSIHHH.
Takue cocTOsiHHSI Ha3BIBAIOTCS YHCTHIMH, BCE OCTaJbLHBIE — CMe-
IIAHHBIMY,

B kauectBe MHOXectBa E ynoOHO BHIOMpaTh HHTepBaJ Bele-
crBeHHOH ocH (—oo,A]. Ilo ompenenenuio of(A) = w;((—o0,A])
u aBaserca (yHKUHell pacmpefesenuss Habuaionaemoit f B cocrosi-
HHH o. UncneHHO ©f(A) paBHA BepOSITHOCTH INOJYYHTH 3HAUEHHE,
He INpeBOCXOJfllee A INpH H3MepeHHu HabjogaeModl [ B cocros-
Huu o. U3 (1) caepyer, uro ¢yHKuMs pacnpenesnenus w;(A)— He-
yObiBaomas ¢GYHKUHA A, 0f(—o0) =10, o;(Fo0)= 1.

MaremaTHuecKoe OXHIaHHe (CpeiaHee 3HayeHHe) HaAGJONaeMOf
f B cocroaHun @ onpenensiercs hopmynoi *

0

(Floy={ rdo; ().

-— 00

3ameTHM, 4TO 3HaHHEe MATEMATHUECKHX OXKHJAAHUHA [AJ8 BCex
HabmojaeMblX SKBHBAJEHTHO 3HAHMIO BEPOSITHOCTHBIX pachpeje-
aenuit. Uro6el yOeauThCs B 3TOM, JOCTATOYHO PAacCMOTPETh (yHK-
a0 or Habuaiomaemoit 6 (A —f), rae 0(x)— dyuxkuus Xesucaipa:

1, x>0,
9(")={ 0, x<0.
Herpyano nmousite, 4to
o () =84 —1])|o). )

* O6osHauenne (fl®) nas cpeinero aHaueHHs HaGmoOZaeMOH He cJeayeT
nyTath € YacTO HCHOJb3YEMHIM B KBAHTOBOH MeXaHHKe o6o3HaueHHeMm Jlupaka
IJIsl CKaNsAPHOTO [IPOH3BEAEHHS BEKTOPOB (@|V).
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[ToTpeOyeM BBLINOJMHEHHS CAEAYIOLUMKX, CTECTBEHHBIX ¢ (u3udes
CKOi TO‘IKH 3peme YCJIOBHH JJil CPeIHHX 3HaueHHHl HabJIojaeMBIX:

1) (Clo) = C,
2) <f+7»g|<0>—<flm>+7»<g|m>, (6)
3) (PPlol) =

Ecau takune Tpeéosaﬂnﬁ BBEIEHH, TO peaJju3aunus ajare6pnl Ha-
6/a10JaeMbIX yKe caMa onpeaesnsieT crnoco® ONMHCAHHA COCTOSIHHH.
JeficTBHTe/IbHO, CcpeJHee 3HayeHHe €CTb JIMHEHHBH IOJIOXHTE/b-
HBElfE (YHKIHOHAJ, OmpelesieHHHH Ha aJarebpe HabaiogaeMbix 9.
O6mas ¢opMa Takoro ¢GyHKIHOHAMA:

(roy= {1 (o, 9 dua(p, 9), (7)

oM

raedp, (p, g) — Eubdepennuan Mepnl Ha (Ha3oBOM NPOCTPAHCTBE,
a uHTerpasn Oepercs mo BceMy (azoBomy mnpoctpaHcTBy. M3 ycio-
BuA 1) caenyer, 4To

{dba(p, 9 =po()=1. ®)

ot

Mgl BHAMM, YTO COCTOSIHHE B KJaCCHYECKOH MeXaHHMKe ONHCHI-
BaeTCs 3aJaHHeM BEePOSTHOCTHOTO paclpejeleHdss Ha (a30BOM
npocrpancree. Popmyay (7) MoXKHO nepenucatbh B BHAE

(Floy= {7 (p, 9ou(p, o) dpda, ©

o

T. €. MBl IPUXOJAMM K OGBIYHOMY B CTATHCTHYECKOH (H3HKe omuca-
‘HHIO COCTOSIHHSl CHCTE€MBI INpH NOMOLIM (YHKIHH paclpejesenus
Po (p, g), KoTopass B obumeM ciayuyae siBjisercss 0GOOLIEHHOH MOJI0-
KHUTEJbHOH (yHKUMeH. YclI0BHe HOPMHPOBKH (QYHKUHH pacmpese-
JIEHHS! HMeeT BHJ

(et dpdg=1. (10)

M

"B 4aCTHOCTH, JIErKO BHIeTb, YTO UHCTOMY COCTOSIHHIO COOTBET-
cTByeT GDYHKIHMS pacrpereseHUst

(g, p)=06(g — q0) 3 (p — p0), (11)

rae §(x)— 6-dbynkuus Hupaka. CooTBercTBylomas mepa Ha (aso-
BOM NPOCTPAHCTBE COCPEAOTOYEHA B TOUKE §o, Po, H UMCTOE COCTOSA-
HHe ONpeJe/sercs 3ajaHHeM 3TO# TOUKH $a30B0ro MpoCcTpaHCTBA.
o sroft mpuunHe (asoBoe MPOCTPAHCTBO Jf HHOTZA HASLIBAIOT
npocTpaHcTBOM cocTosiHuli, Cpeanee 3HayeHHe HaGniomaemod f
B YHCTOM COCTOSIHHH ©

(fle) =1 (g0, Po)- (12)
12



Sta ¢dopMysa HENOCPEACTBEHHO CJedyeT U3 onpejeneHHs O-(QyHK-
IIHH

Fao p0= 10, P8(q— 4080 — po) dg p. (13)
ot

O6LIYHO B KypcaxX MeXaHHKH OrPaHHUYHMBAIOTCSl H3yYEHHEM YHC-
THIX COCTOSIHMH, a CMellaHHBIe COCTOSIHMA C (YHKUHeH pacnpene-
Jgeausi oraMuHod ot (11) paccMaTpuBamOTCs B CTAaTHCTHYeCKOMH
¢usuke. BeeseHHe ¢ caMOro Hauajla B TEOPHIO CMENIAHHBIX COCTOSI-
Huifi onpaBAbiBaeTcs CJeAyIOIHMH obcroaTenbcTBaMu. Dopmyau-
pOBKa KJAcCCHYECKOH MeXaHHKH Ha si3blKe COCTOSIHHME M HabJiojae-
Mbix Haubojee O6au3ka K GOPMYy/aHPOBKE KBAHTOBOH MeXaHHKH
I M[o3BoJsieT eAMHOOOpas3HO ONHCHIBATh COCTOSIHHSI MEXaHHKH
M craTHCTHUecKOR ¢usuku. Takas (opMy/sHpPOBKAa MO3BOJHT HaAM
B NaJibHeHllleM [eTaJbHO MPOCJENHTb 32 INpelesbHLIM MepexonoM
OT KBAHTOBOH MEXaHHKH K KJacCCHUYeCKOH. MH yBHIHM, YTO B KBaH-
TOBOH MeXaHHKe TOXKe CYIIeCTBYIOT YHCThie U CMellaHHble COCTOSi-
HHS, NIpHYEM MpPH NpefeJbHOM Iepexoie YHCTOe KBaHTOBOE COCTOSI-
HHe MOXEeT IpeBpallaTbCsl B CMEIIaHHOE KJIaCCHUECKOe, MO3TOMY
npelesbHBH MepexoJ npoille BCero OMHCHIBAeTCA HPH eIHHO06pas-
HOM pPAaCCMOTPEHHH YHCTHIX M CMELIaHHBIX COCTOSHUH.

BoisicHEM Temepb (H3HYECKHH CMBICJ CMEINAHHBIX H YHCTHIX
COCTOSIHHH KJIACCHYECKOH MeXaHHKH M Ha#JleM HPUUHHY, IO KOTOPOH
pe3yJabTaThl ONLITOB HeO0A3aTesNbHO ONPeAeNsoTCS OXHO3HATHO
YCJIOBHSIMH 3KCIIEPHMEHTA.

PaccmotpuM cMech COCTOSIHHHE ) H w

© =00, + (1 — a) 0,, I<a<l.
Jlns cpeaHHX 3HA4YeHHH, OYEBHAHO, clpaBeaJuBa GopMmyna

(floy=qa(f o)+ (1 —a) ([ |ay). (14)

Gopmyannr (14) u (3) DomyckaloT ciefyioliiee TOJKOBaHHE. YTBepK-
JeHHe O TOM, YTO CHCTeMa HAXOAMTCH B COCTOSIHHH (, SKBHBAJIEHTHO
YTBEPXKAEHHIO, UYTO CHCTEMA C BEPOSATHOCTBIO o HAXOMHUTCS B COCTOS-
HHH ©; U C BepOSITHOCTBIO (1 — &) B COCTOSIHHH ®p. 3aMeTHM, 4TO
TaKoe TOJKOBAaHHEe BO3MOXKHO, HO HE SIBJIIETCS HEOGXOMUMBIM,

[Tpocreiimiee cMelIaHHOE COCTOSIHHE SIBJSIETCS BBINYKIOH KOM-
6unanuell IBYX YHUCTBHIX

0(g, )=08(q—q)8(p — p1) + (1 — @) 8 (7 — 42} 8 (p — py).
B0o3MOXKHBEI CMeCH 7 YUCTBHIX COCTOSTHHEH

n n
p(q,.p)=i2=1a16(q—-qi)6(p—pi). @ >0, lZ_]az=l-

3pech @; MOXeT GHITb HCTONKOBAHO KaK BEPOATHOCTb peasiM3alHu
YHCTOTO COCTOSIHHS, 3a/1aBaeMoro TOUYKOH (a30BOro NMpPOCTPAaHCTBA
gi, pi. Haxoneu, B obmeM cayuae aas (GYHKLUHH pacnpejpeseHHs
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MOMKHO HanHcaTh
olg, p)= S o gy, po) 04q — g} 0 {p — Po} s dpa.
C&{

Taxan 3alHCh APHBOAKT K OOBIYHOMY B CTATHCTHUECKOR ¢znKe
TONKORAHKID (MVHKIHH PACcHPCALACHIA! Sp{q, pidgdp ecTs Be-

3]

POSITHOCTL OGHAPYIKHTE CHCTEMY B HHCTOM COCTOSHHH, waodpaxae-
MoM Toukod u3 ofaacti Q dazosoro npocrpaHcTea. Hule pas foi-
YEPKHEM, 410 B TA4KOM TODJIKORaHE HET HeoOXOAMMOCTH, TAK Kax
YHCTHIE  CMEeHIaHHBIE COCTORHHMA MOryT OHTR OOHCAHB B PaMKaX
equHOro POopMAaAHAIMA.

. Oasoft n3 BawuHefWHX XapPaxkTePHCTHK BEPOATHOCTHOTO pac-
L IpeledeHHs ABASETCR HHCHEPCHs

AL = {(f — (Flo)t o) = (o) — (T lo)". {15)

- Tlokamkey, 970 CMEINUBAHHE COCTOSKHH NPUBOANT K YBRJMUSHUIO
.. pucmepcHd. Dosee Tounas QOPMYIAUPOBKA 3TOTO yTBeprienus <o
- HEpIKHTCA B HEPABEHOTRAX

ALF 2 ad? F - (1 — oy AL T, (16}

TpHUYeM 3WAKH PABEHCTBA WMEIOT MECTO TONBKO HPH YCHOBHH, HTO
. epenune 3HateHHs nalAAaEMBX B COCTOAHHAX @) M ©p COBMA-

jawr
{ oy =={flag, {gloy)={gloy.
B ocnabaennof dopme (16} u (17) MOXKHO 323WHCATH B BHAE
L AZf > min (A2 F, ALF), (18)
AufBag 2 min(Aefdeg, Acfheg). (19}
- TIpw A0Ka3aTEJBCTBE MCTGABIYETCS IMCMENTAPHOE HEpaBeRCTBO
."-q}(x)ﬁa—l—{l )l —a} s 20, oo < x < oo, {20)
..'."'anIIEM (=0, gx}>0 npu x*1, 29
.' Henonpsys {14) # (20}, umeem
A2f = {f* l@) — ([ @)’ =
—a (o) + (1 — @) (Flan)y — [a (f lo) 4 (1 — o) (Fla)f
Za{fie) + {1 —a) {(log—al{flo)y — (1 —a){f [ag)? ==

s A2 f A (1 — @) AL S
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HepasenctBo (16) nokasamo. HepaseHctso (17) sBaserca caen-
creueM (16). [eficTBuTenbHo,

Nyfage = (alof + (1 —a) ALY (ahg g + (1 —a) AL g) >

> [aAﬁ)lfAﬁ)lg + (1 - (l) A‘szA“hg]?
JIas YHCTHIX COCTOSHUH

p(q, p)=056(q — q0) d (p — po),
(f o) = [ (g0, po),
A =12 (40 o) — * (90 Po) =0,

T. € [N YHCTBIX COCTOSTHUH KJACCHUECKOH MeXaHHKH JHCHepCHs
paBHa HyJIO. DTO 3HAYHT, YTO AJi CHCTeMBl B YHCTOM COCTOSIHHH
pe3yabTaT H3MepeHHs JioOoH HalJiofaeMoll ompejeneH OXHO-
snayHo. CoOCTOsIHHEe KJACCHUeCKOH CHCTeMBl OyaeT YHCTBIM, €CJH
yCJIOBHS 3KCIIepHMeHTa (DHKCHPYIOT K MOMEHTY H3MEpeHHs 3Hauye-
HUsl Bcex 0OOOIIEHHBIX KOOPIAHHAT H HMMIYJbLCOB. SIcHO, 4TO ecuan
MaKpOCKONHYECKOe TeJO0 pacCMaTpHBAaTb KaK MEXaHHUECKYI CH-
creMy u3 N MoJekyJ, rae N uMeer o6byHO mopsimok 102, To Huka-
KHe YCJIOBHS peasibHOro (U3HYeCKOro 3KCIepHMeHTa He (DUKCHPYIOT
3HAYEHHH ¢y U po AJA BCEX MOJIEKYJ H ONHCaHHE TAaKOH CHCTEeMBI
NpH NMOMOLIH YHCTBHIX COCTOSIHUE sBJsieTcsd OecmosiesHbM. [loaTomy
B CTATHCTHYECKOH (DH3HKe H3yyaloTcs CMelIaHHble COCTOSHHS.

[TonBenem HekoTOpHle HTOrH. B KjaccuueCcKoH MeXaHHKe cylle-
CTByeT OeCKOHEUHOe MHOXeCTBO COCTOSIHHH CHCTeMBl (YHCThle CO-
CTOSIHHSI), B KOTOPHIX Bce HaOJ/10jaeMble HMEIOT BIIOJIHE ONpene-
JeHHble 3HayeHHs. B peaJibHbIX 9KCIEpHMEHTax C CHCTEeMaMH M3
OrpOMHOTO YHCJa 4YaCTHIl BO3HHKAIOT CMeIlaHHble COCTOsiHHSA. Pa-
ayMeeTcsl, TaKHe COCTOSIHHSI BO3MOXKHBI M B 3KCHEPHMEHTax C MNpo-
CTBIMH MeXaHHYeCKHMH cHcTeMaMH. B sToM caygae Teopus jpaer
TOJIbKO BEPOSTHOCTHBIE NPEACKa3aHHUA.

§ 3. Teopema JInyBuaas
U JiBe KaPTHHBI ABHIKEHHS B KJACCHYECKOH MeXaHHKe

3ror paszes MbH HayHEM C [LOKA3aTeJbCTBA BaXKHOR TeopeMbl
Jluysusasi. Ilycts Q — nekotopasi o6sactb $a3oBOro mnpocrpan-
ctBa JA. OGosnaunm uepe3 Q(f) obpas atoit obmacTH mox Jaeli-
cTBHeM (pa30BOro MOTOKE, T. €. MHOKECTBO Touek G, p = Q. Ilycts
V (t)— o6bem obaactu Q(f). Teopema JInyBHJISA YTBEPXKAAET, YTO

dv (t)

a =0
JTloKa3aTeJbeTBO:
D (G
V(t)=9§(t)dp=s§l+(:§)—ldu, dp = dq dp.
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3necy uepe3 D(G:u)/D(p) o6o3HaueH ompemesuTeNb SAKo6H npe-
o6pasoBanusi G: Jla1s KOKasaTeNbCTBAa TEOPEMBbl JOCTATOYHO MMOKa-

3aTh, 4TO @
D@Gw) _
D ! M
npu Bcex . Ilpu ¢ = 0 paBeHcrBo (1) oueBupHo. [Tokaxxem Teneps,

4TO
el )

T Do =0. 2)
Ilpu ¢t =0 ¢opmyna (2) npoBepsercss HENOCPEACTBEHHO

d D(Gtu)l _[D@n , D@
3 D) f.,o—[D(q, ) T p)]

£=0 -

Ilpn ¢ 5= 0, nuddepeHHUPYS TOXKIECTBO
D(Gry) _ D(Gryst) D(Ge1)
D (p) D(Gm) D)
no s W nosaras s = 0, noJyYuM

4 D(@m) _ [ 4 D(66m)
At D) |ds DG

DEM _,
s=0 D) — 7

Takum o6pasoM, paBeHCcTBO (2) cnpaBeluBo npu Bcex f. Teopema
JOKa3aHa.

PaccmoTpuM Temepb 3BOJIOLHIO MeXaHHYeCKO¥H cHcTembl. Hac
HHTEpecyeT 3aBHCHMOCTb OT BpPEMEHH CpeJHHX 3HaueHHH HabJIo-
naemblx {f|®). Bo3moxubl xBa cmoco6a onucaHHs 3TOH 3aBHCH-
MOCTH WMJIM JB€ KapTHHB ABHXeHHS. Mbl HauHeM ¢ (GOpPMYJIHUPOBKH
TaK HashiBaeMoH KapTHHH ['amuabToHa. B aro#t KapTHHe 3aBHCH-
MOCTb OT BpeMeHH HaOJI0JaeMbIX ONpENeJseTCs YypaBHEHHEM
(1.15)*, a cocTOsIHHSI OT BPEMEHH HE 3aBHCSAT

df d
“E={H f), =0

Cpennee 3nHaueHHe HabalogaeMofi [ B COCTOSIHHH ® 3aBHCHT OT
BpeMeHH 10 ¢opmyJe

(fr1oy={r@ewdp = {F (G dun 3)

ot ot

uaH noxpobHee

(ftlo) = Sf(q (905 Pos 1), P (g0, Pos 1) P (g0, Po) dgo dpo. 4) |
ot

* Ilpu ccolike Ha (OPMyNy H3 NpeAbHIAYMIHX MaparpagoB HOMep COOTBET
CTBYIOLIErO Maparpada BBOZUTCA Neped HOMepoM (opMyJsl,
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HanoMHHM, 4TO ¢ (qo, po. t) ¥ p{qo, Po, t) — pellleHus: ypaBHenui Ia-
MHJbTOHA C HAYaJbHBIMH YCJOBHAMH §|t—=0 == qo, P|t=0 = po.

Ilns uucroro cocrosiHua p(q,p)=0(9— qo)d(p —po), u u3
dopmyan (4) caemyer, 4To

(ft lO)) = f‘(q (%y Pos t)’ p (‘70: Po, t))-

At0 obbiuHas QopMyJa KJaacCHYeCKOH MeXaHHKH IJs 3aBHCHMOCTH
OT BpeMeHH HabJi04aeMol B YHCTOM COCTOSIHHH *. M3 dopmyan (4)
SICHO, YTO COCTOsfIHMe B KapTHHe ['aMH/IbTOHAa ompelesseT BeposiT-
HOCTHOE paclpelesieHHe HauaJbHbIX 3HAYeHUH ¢ H p.

AnpTepHaTHBHBIH CHOCOO OMHCAHHS HBHKEHHS TMOJYUYHTCH, €CIH
B (3) cmenath 3aMeny nepeMeHHHX Gip—> . Torma

(7 Gwomdn= (7o | Tt |au—

ot oM

= {1 01 (0 dn=(F 10y).

M

31ech HCHOJAb30BaHO paBeHCTBO (1) u BBemeHo oGosHayeHue
pt(n)=p(G-p). Herpyano momsaTh, uTO p:(u) yHOBJAETBOpSIET
yYpaBHEHHIO

e =—{H, o), ®)

KoTopoe orauiaerca or (1.15) sHakom mepex ckoGko# Ilyaccoma.
BriBox ypaBHeHHs (5) OyKBaJbHO INOBTODPSIET BHIBOJ YpaBHeHHs
(1.15), a pasHHIa B 3HaKe BO3HHKAaeT 3a cyeT TOro, uro G_iu
yIOBJMETBOPSieT ypaBHeHHAM [aMuJibTOHa ¢ O6palleHHHIM BpeMe-
HeM. KapTuHa ABHXeHHS, B KOTOPOH 3aBHCHMOCTb OT BPEMEHH CO-
CTOsIHHI ompejensieTcs ypaBHeHHeM (5), a HaGuiogaeMble OT Bpe-
MEHH He 3aBHCHT, Ha3blBaeTCsl KapTHHOH JImyBHanA:

df dp :
'[i_t'=0’ d_;z_'{H’ pt}'

YpaBuenne (5) HasbiBaercs .ypaBHenueMm JluyBuansa., M3 camoro
crnocofa BBeleHHS KapTHHH JIHYBHJASA OYEBHAHO, YTO

(Ftlo) = {f |ays).

Dta popMyJsa BbIpaXKaeT 3KBHBAJEHTHOCTb JBYX KAPTHH IBHXKCHHS.
Cpennve 3HaueHHs HaOJIOJaeMBIX 3aBHCAT OT BPeMEHH OJHMHAKOBO,
a pasHHIla MeXAy KapTHHAMH TOJBKO B Crmocobe OMHCaHUs 3TOH
3aBHCHMOCTH. 3aMeTHM, YTO B CTATHCTHYECKOH (H3HKe OGLIYHO
HCIOMB3yeTcsl KapTHHA JIHYyBHJJA.

* B kypcax MexaHHKH OOGHIUHO PAacCMaTPHBAIOTCH TOJNBKO YHUCTHE COCTOSHHA.
ITpu aroM He aenaerTcsl PasJHYHA MeXAY 3aBHCHMOCTbIO OT BPeMeHH aGCTpakt-
Hol HabmosaeMoli B KapTHHe ['aMH/IbTOHAa H H3MeHEHHEM ee CPeAHEr0 3HAYEHHS.
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§ 4. Pu3nueckne OCHOBbI KBAHTOBOH MeXaHUKH

KBaHTOBas MeXaHHMKa — 3TO MeXaHHKa MHKpPOMHpa. S$IBaenus,
KOTOpBle OHa H3yyaeT, B OCHOBHOM JIeXaT 3a HpelesJaMy HAIIEro
YYBCTBEHHOI'O BOCIDHSTHS, NOTOMY He CJeAyeT YAUBJATHCA Ka-
JKylelicds napaxoKCaJbHOCTH 3aKOHOB, YIDPaBASIOUIHX 3ITHMH SB-
JIeHHSMH.

OcHoBHBIe 3aKOHBI KBAHTOBOH MEXaHHKH He yjaaercsl cHopMyJiu-
pOBaTh KaK JIOTHYECKOe CJIeJICTBHe Pe3yJbTaTOB HEKOTOpOi COBO-
KYITHOCTH (yHAaMeHTaJbHbX (H3HYECKHX IKCIEepHMeHTOB. HMHmIMH
CJIOBAMH, 10 CHX NOp HeH3BeCTHa (QOpMyJHpPOBKA KBAHTOBOH Mexa-
HHKH, OCHOBaHHas Ha CHCTeMe IIPOBEPEeHHBIX Ha ONBITE aKCHOM.
Bonee Toro, HexoTOphle H3 OCHOBHBIX ITOJIOXKEHHH KBAaHTOBOH MeXxa-
HUKH TPUHIHUIHAJBHO He JONYyCKAalOT ONBITHOH mnpoBepku. Hama
YBEpEHHOCTh B CIpaBelJHBOCTH KBaHTOBOH MEeXaHHKH OCHOBaHa Ha
TOM, YTO BCe (PH3HUeCKHe Pe3yJbTAaThl TEOPHH COIVIACYIOTCS C 3KC-
nepuMeHTOM. TakuM 06pa3oM, Ha OINbITe MPOBEPSIOTCA TOMABKO CJEl-
CTBHSI H3 OCHOBHHIX IIOJIOXKeHMH KBAaHTOBOH MeXaHHKH, a He ee
OCHOBHBIE 3aKOHB. C 3THMH OOCTOSATEJbCTBAMH CBSI3aHbI, MO-BH-
JHUMOMY, TJIaBHble TPYAHOCTH, BO3HHKAIOLIMEe NPH NEePBOHAYAJIBLHOM
U3yUeHHH KBAHTOBOH MeXaHHKH.

Takoro ke xapakTepa, HO, OUEBHJHO, ropasjgo Gosbluue TPya-
HOCTH CTOSJIM Tlepel cO3laTeNsiMH KBAHTOBOH MeXaHHKH. DKCIepH-
MEHTHl CO BCell ONpelesJeHHOCTbIO yKa3hBaJH Ha CYleCTBOBAaHHE
0cOOBIX KBAaHTOBBIX 3aKOHOMEpPHOCTeH B MHKPOMHMpe, HO HH B Koeil
Mepe He MOJCKa3biBaJu (OPMY KBAHTOBOH TEOpHH. DTHM MOXKHO
O0OBACHUTb TOHCTHHE APaMaTHYECKYIO HCTOPHMIO CO3XaHHS KBaHTO-
BOH MeXaHHKH M, B YacTHOCTH, TOT (akKT, YTO NepBOHAYaJbHHE
(HOpPMYNUPOBKH KBAHTOBOH MEXaHHKH HOCHJIH UHMCTO peLENTypHBIH
xapakrep, OHE cOfepKaJIl HEKOTOPhle NMpaBUJa, MO3BOJSIONUIHE Bbi-
YHCJATh H3MepsieMble Ha ONbITe BeJHYHHBL, a (DH3HUECKOe HCTOJKO-
BaHHe TEOPHH IOSBHJIOCH TOCJ]e TOro, KaK B OCHOBHOM OBl CO3/aH
ee MareMaTdueckui Qopmannsm.

Ilpu mocTpoeHHH KBaHTOBOH MeXaHHMKH B HACTOSIEM KYypce Mbl
He OyneM cJefoBaTh HMCTOPHUECKOMY NYyTH. MBI OUYeHb KOPOTKO
omuuieM psAx (GU3HUECKHX SABJEHHH, NONBITKH OGBACHHTH KOTOpHIe
Ha OCHOBE 3aKOHOB KJACCHUeCKOH (DH3UKH NMPHBOAHJH K HENPeomo-
JUMBIM TpyAHOCTAM. [lasee MBI TNONMBITaeMCS BLISICHHTb, KaKue
UepTH ONHCAHHOH B NpejBIAYIIMX naparpadax cxeMbl KJjaccudye-
CKOH MeXaHHKH HOJIKHBI COXPAHHTHCS B MEXaHHKe MHKPOMHPA H OT
Yero MOXKHO U HYXKHO OTKa3aTbcf. Mbl YBUAMM, YTO OTKA3 TOJbKO
OT OJIHOTO YTBePXKIEHHS KJNaCCHUECKOH MeXaHUKH, a HMMEHHO OT
yTBepKAeHHus, 4To HabuonaeMble ecth GyHKuHH Ha (a30BOM Tpo-
CTPaHCTBE, NMO3BOJIMT MOCTPOUTHL CXEMY MEXaHHKH, ONHCHIBAIOIIYIO
CHCTEMBI C NOBeJeHHEM, CYIIECTBEHHO OTJIHYHBIM OT KJIaCCHYECKOro.
Haxkonen, B nocreayromux naparpadax Mbe yGeanmcsi, 4TO Io-
CTpPOeHHAsl TeopHs sBJasieTcs 6onee obuieil, yeM KJjaccHYecKas Me-
X4aHHKA, H CONEPKHT NOCJHEAHION KaK INpeje/bHBIN Caydal,
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Wcropuueckyt mepBas KBaHTOBas runoresa Oblja BBLABHHYTI
[Tnaakom B 1900 r. B CBS3H C TeOpHell pPaBHOBECHOTO H3Jy4YEHHS.
[TnaHKy yJa/0Ch NOJYYHTb COMJIACyIOLLYIoCA ¢ ONBITOM (OopMyJay
IJIS CIEKTPAJbHOrO pachpejesieHusl SHePTUH TENJIOBOTO H3JYyYeHHS,
BBIABHHYB - IPEATIOJNOXKEHHE O TOM, YTO 3JEeKTPOMAarHHTHOe H3Jyde-
HHe HCIyCKaeTcsl M MOIJIOAeTcsl NUCKPETHBHIMH MOPUUSIMH — KBaH-
TaMH, HEPrusl KOTOPHIX NPONOPUHOHAJNbHA YACTOTE H3JYUYeHHS

E =ho, (1)

rae ® = 2nv, v—4acTotra KoseGauu#l B CBETOBOH BoJHe, a h =
== 1,05 X 10~%7 3pr-c — nocrosinHas [lnauka *.

['umote3a [Inanka o cBeTOBBIX KBaHTaxX NO3BOJHJIA DHHIITEHHY
J4aTb upe3BbIYafHO NpocToe OObsCHEeHHe 3aKOHOMepHocTel (poToadh-
dekra (1905 r.). SBnenue ¢orosaddekra COCTOHT B TOM, UTO IOJ
JeACTBHEM CBETOBOrO NMOTOKAa H3 MeTaJljla BHIOMBAIOTCS 3JEKTPOHBI.
OcHoBHast 3azaya TeopuH GoTO3(hpeKTa — HAHTH 3aBUCHMOCTD
SHEprHU BLIOMBAaEMBIX 3JIEKTPOHOB OT XaPaKTEPHCTHK CBETOBOI'O IO-
toka. Ilycte V— pabora, KOTOpy0 HYKHO 3aTpPaTHTh Ha BhIOUBa-
Hye 3JIeKTPOHA U3 MeTaJjsa (pabora Beixoga). Torga 3akoH coxpa-
HEHHS! SHeprHH HPHUBOAHT K COOTHOLIEHHIO

ho=V+T,

rie T — KHHETHUECKAasi SHeprusi BEIOHTOro 3jeKTpoHa. Mul BHAuUM,
YTO 3Ta SHEPrHs JHHEHHO 3aBHCHT OT YacTOTHl H HE 3aBHUCHT OT
HHTEHCHBHOCTH CBETOBOrO IoToKa. Kpome TOro, mpu dyacrore
o < V/h (kpacras rpanuua ¢orosdpdexra) asienue dorospderra
CTaHOBHUTCSl HEBO3MOXKHBIM, TaK Kak T == 0. DTu BBIBOAH, OCHOBaII-
Hble HA THIOTE3€ O CBETOBBIX KBAHTAX, NMOJHOCTBIO COrJIACYIOTCS
¢ onnToM. B To e BpeMsi MO KJacCHYeCKOH TEODHHM SHEeprus BHI-
PBAaHHBLIX 3JIEKTPOHOB JOJIXKHA 3aBHCETb OT HHTEHCHBHOCTH CBETO-
BLIX BOJIH, YTO MPOTHBOPEYUT pPe3y/IbTaTaM SKCIEePHMEHTOB.

DUHmTe#H [MONOJHHJ MpeACTaBJeHHEe O CBETOBHIX KBaHTAX,
BBEsl HMIYJIbC CBETOBOTO KBAaHTa IO (opMmyse

p=1rk. ()
3necs k—Tak HaspBaeMbllt BOJIHOBOH BeKTOp, MMelOLIH#l Hampas-
JeHHe paclpoCTpaHeHHS CBETOBLIX BOJH; AJHHA 3TOTO BeKTopa &

CBfI3aHa C JJHHON BOJIHH A, 4acTOTOH ® H CKOpPOCTbIO CB€TA ¢ CO-
OTHOLLIEHUSAMHU

2n ®
k=5=7 ©)

IS cBeTOBBIX KBAaHTOB ClpaBeAauBa ¢GopMy.Jia
E=pc,

* B crapofi mureparype dopmyna (1) uacTo samuceiBaeTcs B BHIe E = hv,
nocTosHHast A, BXoAdIlas B NOCJAeAHIO (opMyJay, OYeBHAHO, OT/IHYaeTcs OT h
dopmyant (1) MHO:kHTedeM 27,
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ABJAAKIAACA YACTHBIM Cjay4yaeM Q)OpMleb! TEOpHH OTHOCHUTECJILHOCTH
E= f\/p202 + m2c*

ISl YaCTHIBl ¢ Maccolt mokos m == 0.

3aMeTHM, YTO HCTOPUYECKH IepBhle KBAHTOBHIE THIOTE3H OTHO-
CUJIHCh K 3aKOHAM H3JIy4eHHS M NOIJIOIIEHHS CBETOBHIX BOJH, T. €.
K 9JIEKTPOAHHAMHKe, a He K MeXxaHHKe. OJHAKO BCKOpE CTAJIO SICHO,
4TO He TOJbKO JJisl 3JEeKTPOMACHUTHOTO H3JNYYEHHS, HO H IJs
aTOMHBIX CHCTE€M XapaKTepHa NHUCKPETHOCTb 3HAYeHHH pana (usu-
yeckux BesanuynH. OnbiTel @panka ¥ [epna (1913 r.) mokasauu, uto
OpH CTOJKHOBEHHAX 3JEKTPOHOB C aTOMAaMH SHEPrHsi SJEKTPOHOB
H3MeHseTcs JAHCKPeTHBIMH NOpHHAMH. Pe3ynbpTaThl 3THX ONBITOB
MOKHO OGBACHHTb TE€M, YTO 3HEPrHsi aTOMOB MOXKET HMeTb TOJILKO
onpejesieHHEle AMCKpeTHHe 3HaueHHs, Ilosnuee, B 1922 r. ommuiTh
lltepna u I'epnaxa mokasasaH, YTO aHAJOTHYHBIM CBOHCTBOM 0G6Ja-
DaeT NpPOEKIHS MOMEHTAa KOJHYeCTBA JBHKEHHS AaTOMHBIX CHCTEM
Ha HeKOTOpOe HalpaBJjeHHe. B Hacrosiee BpeMsi XOpOIIO H3BECTHO,
4TO JAHCKDETHOCTb 3HaueHHH psjga HabJioLaeMbIX XOTA H Xapak-
TepHas, HO He o0s3aTesabHass 4yepTa CHCTeM MUKpoMHpa. Tak, Ha-
npuMep, SHEPrUsl 3JEKTPOHA B aToMe BOAOPOJA HMeeT JHCKDETHBIE
3HAayeHHs, a 3HePrusi CBOOOJHO IBHKYHIErOCS 3JIEKTPOHA MOKET
OpHHUMAaTb JI0Oble MOJIOXKHTeNbHble 3HaueHHs. MarteMaTHuecKHH
annapaTr KBaHTOBOH MeXaHHKH H0JkKeH GHITb NPUCNOCOGJEH K OIH-
caHH0 HabJlojaeMblX, NPHHHUMAIOMMUX KakK ,lIHCKpETHbIe, Tak H He-
npephHBHLEIE 3HAYEHHS.

B 1911 r. Pesepdoprom 6bl0 OTKPHITO aTOMHOE SIAPO H Npen-
JIOXKeHa MJIaHeTapHas MoxeJb aToMa (ombTH Pe3depdopna no pacs
CeHHIO 0.-4ACTHIl Ha 00pasnax M3 DPasJHYHBIX 3JE€MEHTOB MOKa-
3aJH, 4TO aTOM HMeeT TMOJIOXKHTEJbHO 3apsiXKeHHOe $Ipo, 3apsn
KOTOpOTO paBeH Ze,rae Z — HoMep 3J1eMeHTa B Tabanie Menjeneesna,
a —e— 3apsj 3JMeKTPOHA, pa3Mephl fApa He mpeBwmaT 10-12cMm;
caMH aTOMbl HMeIOT JHHefiHble pa3Mepnl mopsaka 10-% cm). Ilna-
HeTapHass MOJeJb aTOMa IPOTHBOPEYHT OCHOBHBIM MOJIOXKEHHSAM
KJACCHUECKOH 3JIeKTpOJuHaMUKH. JleHACTBHUTENbHO, [BHTafiCh BO-
Kpyr siipa IO KJAcCHYeCKHM OpOHTaM, 3JIEKTPOHBI, KaK BCSKHe
YCKODEHHO IBHXKYIIHECA 3apsiibl, AOJIKHB H3Jy4aTh 3JE€KTpoMar-
HHTHbIe BOJIHBL IIpH 9TOM 3J€KTPOHBI HOJIKHBI TEpPSIThb CBOIO 3Hep-
THIO M B KOHIe KOHLOB ynacrb Ha sapo. ITosToMy Takoit atoM He
MOXKeT OBITh YCTOMYHUBHIM, YTO, KOHEUHO, HE COOTBETCTBYET jeil-
. cTBUTeJNbHOCTH. OHAa M3 OCHOBHBIX 3aJa4 KBAHTOBOH MeXaHHKH —
OODBSICHUTb YCTOHUYHBOCTb U OIHCATh CTPYKTYPY aTOMOB H MOJIEKYJI
KaK CHCTEM, COCTOSIIIMX M3 IIOJIOKHTEJNbHO 3apsiKEHHBIX siep
H 3JIeKTPOHOB.

CoBeplLIleHHO yAHBHTEJNbHBIM C TOUKH 3PEHHS KJIACCHUECKOH Me-
XAHUKH IpeJCTaBJsercsl siBJeHHe AU(PaKIHH MHKPOYACTHI. ITO
siBJIeHHe OblIo npenckasaHo Ae Bpoifinem B 1924 r., Kotopolit npen-
MOJIOXKMJ, 4TO CBOGOAHO ABHIKYLieHcs YaCTHLE € HMIOYJbCOM P
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u sHepruei £ B KaKOM-TO CMbICJI€ COOTBETCTBYET BOJIHA C BOJIHO-
BbIM BeKTOpPoM k M 4acToTO# @, npuyeM

p=1rk, E = ho,

T. e. cootHoutenus1 (1) u (2) crmpaBenUBH He TOJBLKO AJS CBETO-
BBIX KBAHTOB, HO H IJis 4acThll. PHU3HYeCKoe HCTOJKOBaHHE BOJIH
ne bBpo#na 6blio paHo mo3iHee BopHOM, W MBI ero noka obcyx-
nath He 6yneM. Ecnu mBHKyILeficd yacTHIE COOTBETCTBYET BOJIHA,
TO HE34BHCHMO OT TOTO, KAKOH TOYHLIH CMBICJ BKJIaAbIBAETCS B 5TH
CJ10Ba, €CTeCTBEHHO OXHAATb, YTO 5TO MPOSIBUTCA B CYLIECTBOBAHHH
AMGPAaKUHOHHBIX ABJEHHH AJf uyacTHL. Brepsbie Au(pakuus 3jek-
TpoHOB Habaofanach B onurax Hesuccona u lxepmepa B 1927 r.
BrociencTBuH ABJeHHS AHGPAaKUMH HAOJIOAAJHCh H AJA JAPYTHX
YaCTHIL.

—~

Puc. 1.

ITokaxkem, uro AHGPAKUHOHHbIE SBJEHHS  HECOBMECTHMBI
C KJACCHYECKHMH IPEACTaBJEHHSAMH O JBHXKEHHH YaCTHI[ [I0 Tpaek-
TopuaM. Paccyxjaenue ynoGHee Bcero NpOBECTH Ha IpUMepe Mbic-
JIEHHOTO 39KCIepHMeHTa N0 IU(pPaKLHM NyyKa 3JeKTPOHOB Ha JBYX
wensx ¥, cxema koroporo usobpaxena Ha puc. 1. Ilyctb anekTpoHs
OT HCTOYHHKAa A JNBHraloTCs K 3KpaHy b H, npoxoas yepes3 uieau /
u /] B HeMm, nonajaloT Ha 3KpaH B.

Hac untepecyer pacnpepesieHHe 3J€KTPOHOB IO KOOpJAHHATE Yy,
nonajapmux Ha 3kpaH B. jIBnenns audpakuuu Ha OJHOH H JBYX
He]X XOpPOUIO H3YUeHBl, H MBl MOXKeM YTBepPXAaTb, UTO pacnpe-
NesieHHe JeKTPOHOB p(y) uMeeT B[ a, H300paKeHHBIH Ha pHC. 2,
€CJIH OTKpHITA TOJBKO MNepBas wienab, BUE 6 (puc. 2), —ecan oT-
KpHTa BTOpasi U BHUJ 8, — eCJH OTKpHTH 00e wenu. Ecnu apexnno-
JIOXKHTb, YTO KaKJBH 3JEKTPOH ABHraJICs MO ONpeje]eHHOH Kjac-
CHYeCKOH# TpaeKTOPHH, TO BCE 3JEKTPOHH, NONaBlIMe HA 3KpaH B,
MOXHO pas3fuTb Ha ABe CPYNObB B 3aBHCHMOCTH OT TOTO, 4Yepe3
KaKyio Weab OHH mpowid. [LJa 3/eKTPOHOB NEepBOH TIPYHNH CO-
BeplIeHHO 6e3pa3/iMyHO, OTKPHITA JIH BTOpas LieJb, H IIO3TOMY HX

* Takoli 9KCHepHUMEHT sIBJSIeTCA MBICJEHHBIM, TaK MAJIHHA BOJHH 3JIEKTPOHOB
OpU 5HEPrusX, YAOOHHIX 15 AUPPAKLUHUOHHHIX ONBITOB, He NpeBwimaer 10-7 cM,
a paccTOsIHHe MeXJy INeJsIMH JO/KHO HMeThb TOT »Ke NOpSAM0K. B peasbHbIX
3KCepuMeHTax Habuofaercs IHOPAKIHSA HA KPHCTaanaX, KOTOpHe Kak Oul sB-
JS10TCA MPHPOJHEIME AHGPAKUHOHHLIMH pelleTKamdd,
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pacnpejefieHHe Ha 5KpaHe AOJIKHO H300paXaThCsl KPHBOH a; aHa-
JIOTHYHO 3JIEKTPOHBl BTOPOH IPYHNNBI JOJIKHB HMETh pacipejeJe-
Hue 6. Iloaromy B ciyuae, Korga OTKPHITH 00e Lle/H, Ha 3KpaHe
JOJIKHO TNOJIYYHTBCS paclpefesieHie, siBJsIONIeeCss CyMMOH pacrpe-
neneHu#t ¢ u 6. Takag cyMMa pacnpejeseHHii He HMeeT HHYEro
obutero ¢ HHTepdepeHUHOHHOH KapTHHOH 8. 2T0 NPOTHBOpeYHE
OKa3BIBaET, YTO pa3je/ieHHe 3JeKTPOHOB Ha TPYNNbl IO TOMY IIPH-
3HAaKy, Yepe3 KaKyi Liejb OHM INPOULJIH, B YCJOBHAX OIHCAHHOIO
JKCIIEPHMEHTA HEBO3MOXKHO, a 3HAYHT, MBl BHIHYXKIEHB OTKa3aThCs
OT MOHATHS TPAEKTOPHUH.

Cpasy e BO3HHKaeT BOIPOC, a MOXKHO JIH TaK IOCTaBHTb 3IKC-
NepUMeHT, 4TOObl BHISICHHTb, Yepe3 KaKylo liesb IPOXOAHJ 3JeK-
TpoH. PasyMmeeTcsi, Takas IIOCTaHOBKAa 3KCIEPHMEHTAa BO3MOXHA,

6 .
y a y y §

Puc. 2.

IJST 5TOro JIOCTaTOYHO IOMECTHTb HCTOYHHK CBeTa MeXIy 3Kpa-
HaMu b u B u HabmozaTh paccesHHe CBETOBbIX KBAHTOB Ha
anekTpoHax. [Ljs Toro yroOnl AOOHMTHCS AOCTATOYHOrO pas3pelleHHsd,
Mbl JOJKHBl HCNOJb30BATh KBAHTHl C AJHHOH BOJHBH, IO NOPSAKY
He TMPEBOCXOASALIEH PACCTOSHHSA MEXAy LIeJSIMH, T. €. C JOCTaTOYHO
GoablIOH 3Hepruefl u HMNyJabcoM. Hal/0nas KBaHTH, paccesHHHE
Ha 3JeKTPOHAX, MBI JEHCTBHUTEJbHO CMOXEM OIpejeNHTb, yepes
KaKyio Liesp npoires 3JaeKTpoH. OQHAKO B3auMOJeHCTBHE KBaHTOB
C 3JIEKTPOHAMH BbI30BET HEKOHTPOJHPYeMOe H3MeHeHHe MX HMIyJlb-
COB, a CJIeJOBaTEJbHO, paclpejeseHHe 3JeKTPOHOB, NMONMABLIUX HA
9KpaH, AOJKHO H3MEHHTbcA. TakuM 06pa3oM, Mbl IPHXOJAHM K BHI-
BOJY, YTO OTBETHTb Ha BOINIPOC, Yepe3 KaKyIo lesb Npoules 3JeK-
TPOH, MOXKHO TOJBKO 32 CYeT H3MEHEHHs KaK YCJOBHH, TaK H OKOH-
4aTeJbHOrO pe3yJabTaTa KCIepHMeHTa.

Ha stoM nmpuMepe MBI cTajKHBaeMcs cO cjaeayoues obiest oco-
6eHHOCTbIO MOBeNeHHSl KBAHTOBBIX CHCTeM. OKCIEeDHMEHTAaTOp He
HMeeT BO3MOXKHOCTH CJEIHTh 32 XOJOM 3KCIIeDHMEHTa, TaK Kak 3To
NPHBOJUT K H3MEHEHHIO ero OKOHYaTeJbHOro pesyabrara. ITa
0COBGEHHOCTb KBAHTOBOTO IIOBEJEHHS TeCHO CBfi3aHa C OCOOeHHO-
CTAMHM H3MEpPeHHH B MHKpoMmupe. Bcfikoe H3MepeHHe BO3MOXKHO
TOJBKO NpPH B3aHMOAEHCTBUH CHCTEMBl C HM3MEPHTEJbHBIM MNpHGO-
poM. D10 B3aHMOAEHCTBHE NPHBOAHT K BO3MYILEHHIO IABHXKEHHS
cucteMbl, B kJaacchHueckolt (H3HKe Bcerja MNPeANoNaraercs, 4ro
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3TO BO3MYlleHHe MOXKeT OHITh CHEJaHO CKOJMb YIrOAHO MAaJBIM, TakK
e KaK M [NJHTeJbHOCTh IIpolecca u3MepeHus. [loatomy Bcerma
BO3MOXKHO OJHOBpEMEHHO€ H3MepeHHe JI060ro vyucaa Ha6iio-
JaeMBbIX.

JleranbHBIH aHAJH3 Ipollecca H3MEPeHHST HEKOTOpHIX Haluo-
JAaeMbiX OJ5 MHKDOCHCTEM, KOTODBHIfI MOXKHO HafTH BO MHOTHX
yueGHHKAaX 110 KBAaHTOBOH MeXaHHKe, MOKA3bIBAET, YTO C YBeJHde-
HHEeM TOYHOCTH H3MepeHHsl HabJloJaeMbIX BO3JEHCTBHE HA CHCTEMY
yBeJHYHBAETCS H H3MEPEHHe BHOCHT HEKOHTPOJHPYEMBIe H3MEeHEHHs
B UYHCJIHHble 3HAaYeHHS HEKOTOPHIX MAPYrHX HaGAI0ZaeMbX. ITO
MPHBOAMT K TOMY, YTO OJAHOBDEMEHHOE TOUHOE M3MEpeHHe HEeKOTO-
pHIX HaGJ/I0JaeMblX CTAHOBHTCS NPHHIHNHAJLHO HEBO3MOXKHBIM.
Hanpumep, ecnu [Js H3MePEHHS KOODAMHATH YaCTHIBI HCNOJB30-
BaTb paccesiHHe CBETOBBLIX KBAHTOB, TO NMOTPEUIHOCTb TAaKOTO H3Me-
peHust HMeeT NOPSAAOK MJHHbI BOMHH cBeta Ax ~ A. [ToBbicHTb TOU-
HOCTb H3MepeHHs MOXKHO, BLIOHpasi KBaHTH C MeHbIUEH IJAHHOR
BOJIHBI, @ CJ1eJ0BaTes]bHO, ¢ GoJabIIHM HMOyJabcoM p = 2mh/A. Ilpu
3TOM B YHCJEHHHE 3HAYeHHS HMIIYJbCa YACTHIH! BHOCHTCS HEKOHT-
poaupyeMoe H3MeHeHHe Ap NOpsifAKa HMMNyJbca KBaHTa. [lo3Tomy
HOTPELIHOCTH H3MEPeHHs KOOpAHMHATH M HMIyjabca Ax u Ap cBs-
3aHbl COOTHOILIEHHEM

AxAp ~ 2nh.

Bosiee TOYHOe pacCykAeHHe NOKa3biBAaeT, YTO 3TO COOTHOLIEHHE
CBSI3bIBAET TOJIBKO OJHOMMEHHBle KOODPAMHATY H INPOEKUHIO HM-
nyabca. COOTHOWIEHHUS], CBSI3HIBAIONME TPHHIUIHAIBHO BO3MOXKHYIO
TOYHOCTh OJHOBPEMEHHOTO H3MepeHHsl ABYX HabaogaeMblX, Ha3b-
BAIOTCSl COOTHOUIEHHSIMH HeonpejeneHHocTH [efisenGepra. B Tou-
HOH (GOpPMYJHPOBKe OHH OYAyT NMOJYYeHbl B CJEAYIOLIHX Taparpa-
dax. Habaonaembie, Ha KOTOpble COOTHOUIEHHS HEONpeldeSeHHOCTH
He HAKJaAbIBAIOT HUKAKHX OrpaHHYEHHH, SBJASIOTCS OXHOBPEMEHHO
U3MepUMBIMU. Mbl yBUAHNM B JaJbHeHIIeM, YTO OXHOBPEMEHHO
H3MEPHMBLIMH SIBJSIIOTCA [IeKapTOBb KOOPAHHATHI YACTHIE HJIH
NPOEKUHH MMINYyJbCa, a HEH3MEPHUMBIMH OJHOBPEMEHHO — OJHO-
MMeHHble KOOPAHHATBI H MPOEKLHS HMIYJbCa HJH [Be NEKaPTOBHI
NPOEKIHH MOMEHTa KOJHYeCTBa ABHKeHHS. [IpH MOCTpPOGHMH KBaH-
TOBOH MEXaHHKH Mbl JIOJKHB MOMHHTH O BO3MOXHOCTH CYILIECTBO-
BaHHSl HEH3MEPHMEBIX OJHOBPEMEHHO BeJHUYHH,

Tenepp nocne HeGOABWIOTO (DH3HUECKOTO BCTYMJIEHHS MOIbI-
TaeMCs OTBETHTb Ha yiKe MOCTaBJEHHBIH BOMPOC: KaAKHE 0COGEHHOCTH
KJ1aCCHYECKOH MeXaHHUKH CJIeLyeT COXPAHHTh M OT Yero eCTeCTBEHHO
OTKa3aThCs NPH MOCTPOEHHH MeXaHHKH MuKpoMupa. OCHOBHEIMH
NMOHATHAMHU KJIaCCHYECKON MeXaHHKH OblIH MOHsATHS HabJaromaeMoi
H cocTofiguda. 3ajaya (QHU3HUECKOH TEOPHH — NMpeAcKa3aHue pe3yJb-
TaTOB 3KCIEPHUMEHTOB, & 3KCIEePHMEHT BCerja ecTb U3MepeHHe He-
KOTOPOH XapaKTePHCTHKHM CHCTEMbl HJAM HabJi0xaeMoll IpH onpe-
AEJEHHBIX YCJIOBHAX, KOTOpBbIe ONpeAessoT COCTOAHHE CHCTEMHI..
[Tosromy noHATHS HabawgaeMoll W COCTOSHHS AOJKHBI NMOSIBHTHCS
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B Jo6oft dusuueckoit Teopun. C TOUKH 3peHHS] KCIEPUMeEHTaTOpa
onpegenuTs HaGJI0faeMyio — 3HAYHT 3aJaTh CNocol ee H3Mepe-
uus. HaGnronaeMble Mbl O6yaem o6o3HauaTbh CHMBOJaMHu a, b, ¢, ...
¥ 0Ka He OyleM JHesaTh HHKaKHX IpeAnosoxenuit o6 ux Martema-
THYeCKOli npupone (HamOMHHM, YTO B KJaCCHYECKOH MeXaHHKe
uHab/aofaemule ecTh QYHKIHUH Ha (a3oBoM mpocTpaHcTBe). MHOXKe-
cTBO HabJsOJaeMbiX, KaK U 1npexae, Mb Gyzem o00603HayaTh
yepe3 Y.

Pa3yMHO NpeamoJIOXHUTb, YTO YCJIOBHS 3SKCIEpHMEHTa omnpefe-
JSIIOT N0 KpafiHe#i Mepe BepOSITHOCTHBIE paclpefeseHHs pe3yJbTa-
TOB H3MEpEHHs BCeX HaOJI0aeMBIX, II03TOMY ONpejieieHHe COCTOs-
HUsl, naHHoe B § 2, pasyMHO coxpaHHUTh. COCTOSIHHS HO-TIPEeKHEMY
Mbl 6yzneM 0603HauaTh Yepe3 @, COOTBETCTBYIOILYIO HabaonaeMoll a
BEPOSATHOCTHYIO Mepy Ha AeHCTBHTENbHO# ocu uepe3 wq(E), dyHK-
MO pacnpejesieHdss HabjaonaeMol @ B COCTOSIHHH © uepe3 og (M)
W, HaKOHell, cpefiHee 3HaueHHe HabJI0flaeMOH @ B COCTOSIHHH @ Ue-
pe3 {w]ad.

Teopusi HOMKHA cojepKaThb onpejeseHHe GyHKUMH OT HabJio-
naemoft, s 3KCIepuMeHTaTOpa YTBepKIeHHe, uTO Habmonae-
mas b ecrb ¢yHkuus or nHabmwogaemo#i a (b = f(a)) o3nauaer,
YTO JIJIS U3MepPEeHHs b NOCTATOUYHO H3MEPHTDb a, U, €CJIH B pe3ysbTaTe
H3MepeHuss Hab/aonaeMolt @ MOMYYHTCS UYHCIO dg, TO UHCJEHHOe
3HayeHne HabuonaeMoit b ecTb by = f(@o). NI COOTBETCTBYIOMIUX
a u f(a) BEpPOATHOCTHEIX Mep CNpaBEeNJIHBO PABEHCTBO

ot @ (E) = 0a (f ™' (E)) @)
1S MIOOBIX COCTOSHHE Q.

3ameTuM, 4TO BCeBO3MOXKHEIE (DYHKUMH OT OAHOH Habuonae-
MO# a H3MepHMHl ONHOBPEMEHHO, TaK KaK MJs M3MEpeHUs 3THX
HabJI0faeMBIX TOCTATOYHO H3MepUTh HabmawojaeMyio a. B paabHelt-
weM Mbl YBHAHM, YTO B KBAHTOBOH MeXaHHKE 5THM IMPHMEpPOM
HCYEpPIBIBAIOTCS CJIYy4aH OJHOBPEMEHHOH H3MepHMOCTH HabJjwonae-
MBIX, T. €. ecau HabaionaeMmele by, by, ... H3MEPHMBI ONHOBPEMEHHO,
TO Ha#imercs Takas Habaogaemas a M TakHe GYHKUuH fi, fo, ...,
YTO blel(a),b2=f2(a),... . )

Cpeau muoxkecTBa ¢(yHruuit f(a) nabGawogaemof a, O4eBHAHO,
onpenenenst f(a)=ha u f(a)=const, roe A — Bemecrsennoe
qucso. CyllecTBOBaHHe MepBOfl M3 3THX QYHKUMH MMOKa3BIBAeT, uToO
Ha6i0laeMble MOXKHO YMHOXKATh Ha BEIHIECTBEHHLIE UHC/IA. YTBEpPK-
IeHue, 4To Hab/lonaemasi eCTh KOHCTaHTa IOApPa3yMeBaeT, UTo ee
yHCcJeHHOe 3HayeHHe B JIOGOM COCTOSHUH COBNMAAaeT ¢ 3TOH KOH-
CTaHTOH.

[TonwiTaeMcsi Telnepb BBIACHHUTb, KAKOH CMBICA MOXKHO TPHIATh
cymme a 4+ b u npousBefeHHio ab HabisomaeMblx. STH onepanuu
Ob1i GBI ONpeNiesieHsl, ecJi OB v Hac ObJIO onpeneneHne DYHKIHH
ot nByX Habmaionaemuix f(a,b). 3xech, OIHAKO, BOBHUKAIOT MpPHH-
[HMHAJIbHBIe TPYMHOCTH, CBA3aHHLIE C BO3MOMKHOCTBIO CYIIECTBO-
BaHHA HEM3MEPHMBIX OJHOBpeMeHHO Habuawopaemelx. Ecan a u b
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H3MepHMBbl OJHOBpPeMeHHo, TO oOlpe/elieHHe f(a,b) cosepuiento
aHaJoruyHo onpenenenuto [(a). Haa usamepenns Ha6awopaeMoi
f(a,b) mocraTouHo M3MepUTb HalJjiojaeMble a U b, H Takoe U3Me-
penHe NpHBeleT K YHCJIEHHOMY 3HAYeHHIO f(Qo, bo), rle ao u by—
ypcJeHHble 3HauyeHHs1 HabJaogaeMblx @ H b coorBercrBeHHo. [as
cayyasl HeHM3MEPHMBIX OJHOBDEMEHHO HalJiiojaeMHX @ M b He cy-
HIeCTBYeT HHKaKOro pasyMHOro ompejeneHus gynkuuu f(a,b). 3to
06CTOATENILCTBO 3aCTaBJfAeT HAC OTKAa3aTbCsl OT INPEAIONOXKeHHUs,
yro HabJjoogaeMble eCTb (QYHKIHH Ha ($a30BOM OPOCTPAHCTBE
f(g,p), Tak KaK y Hac ecTb (Qu3HYECKHe OCHOBAHHS CUHTATb § H p
HEeH3MEepPHMBIMH OJHOBPEMEHHO M HCKaTb HalJiofaeMble CPEiH Ma-
TeMaTHYeCKHX 00BbeKTOB HHON HPHPOXIHL.

Mpbl BHAHM, UTO ONpPEIENHTh CyMMYy a - b H NpoH3BeleHHe ab,
HCHOJb3ys MOHATHe (YHKUMH OT MABYX HaGJI0JaeMBbIX, MOMKHO
TOJIBKO B TOM cJydae, eCJH OHH OLHOBpeMeHHO H3MepuMH. OmHako
BO3MOXeH APYrofl MOAXOM, NMO3BOJSAMIIHN BBECTH CYMMY B ofuieM
caydae. Mul 3HaeM, 4TO BcSl HHGPOPMALHS O COCTOSHHSX H Habalo-
JaeMblX MOJNY4aeTCss B pe3y/abTaTe H3MepeHHH, MOITOMY Pa3yMHO
NPEAMNOJIOKHAT, UTO COCTOSIHHH JOCTATOYHO MHOrO, YTOOH MO HHM
MOKHO OblJIO pas3juuyaTh HabsarojaeMble, H aHAJOTHYHO Hab/iofae-
MBIX AOCTATOYHO MHOIO, YTOOBI 1O HHM MOXKHO OBLJIO PAa3JHYATh
COCTOSIHHS.

Bosnee TouHO MBI mpexmosaraem, YTO H3 PaBEHCTBA

(a|o)=(blo),

CNpaBeMJIHBOrO AJA JI000r0 COCTOSIHHA ©, CJAeAyeT, YTOo HabJjmwaae-
Mble @ U b COBNAZAIOT ¥, a H3 paBEHCTBA

(alo) = (alw),

CrpaBeJJIHBOro AJd Jio6oit Hab/aoxaeMoHt a, ClaeayeT, YToO COBNA-
NaIOT COCTOSIHHSI ®] H 2.

[lepBoe u3 cHenaHHBIX MPEANOJNOKEHHH JaeT BO3MOMKHOCTD
ONpeNeNuTh CyMMy HabuiomaeMbx a-b Kak Takyi Habaionae-
MYI0, MJis] KOTOPOH CIpaBelJINBO PaBEHCTBO

(a+blo)y={(alo)+(b|o) ()

npu J060M cocTOAHMH ®. Cpasy 3aMeTHM, UYTO 3TO PaBEHCTBO
SIBJIIETCA BbIpaXK€HHEM H3BECTHOH TeOpeMHl TEOPHH BepOSITHOCTEH
O cpelHeM 3HaUYeHHH CYMMBl TOJIBKO B cJydyae, Koraa HaGJamonae-
Mble @ B b uMeoT obulyl0 GYHKUUIO pacupenesenus. Takas obias
GyHKIMS pacupeseseHHs MOXKET CyllecTBOBaTh (H B KBaHTOBOM
MexaHHKe AefCTBUTENBHO CYUIECTBYET) TOJBKO MAJisi OAHOBPEMEHHO
H3MEPUMBLIX BeJIHYHH. B aToM ciyuae onpepesieHHe CyMMBl 110 ¢Gop-
Myse (5) coBmajaer co cHeNaHHBHIM mpexjae. AHaJIOTHYHOE ompe-
AeJIeHHe NPOU3BefleHHsT HEeBO3MOXKHO, TaK KaK CpeliHee OT IPOH3-

* 9o npeanoJoxXeHie MO3BOJSET CUHTATH, YTO Hadmo,zxaemaﬂ 3ajaHa, eciH
KaXA0MYy COCTOSIHHIO CONOCTABJEHO BELIECTBEHHOE YHINO,
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BeleHHs He DPaBHO NPOH3BEHEHHIO CpeAHHX Jaxe IJs OJHOBpE-
MEHHO H3MEPHMBbIX HabJI0LaeMBIX.

Onpenedsenne cyMMbl (D) He COAEPKHT HHKAKOI'O yKa3aHHs Ha
cnoco6 u3MepeHHs HabuogaeMolt @ + b Ho HM3BeCTHHIM croco6aM
H3MepeHuss HabalojaeMBIX @ U b B B 3TOM CMEICJE SIBJsieTCs He-
SIBHBIM.

Uro6bl 1ath IpejcTaBleHHe O TOM, HACKOJBKO IOHSTHE CYMMBbI
Ha6GJI0faeMbIX MOXKET OTJIHYATbC OT OOLIYHOTO MOHSTHS CYMMBI
cJy4alHbIX BEJHUHH, MBl IIPUBEEM NpuMep Habii0/aeMof, KoTopasd
6yner noapobHo u3yueHa B panabHefmem. ITycrs

p? ©2Q?
H —T+ 5
Ha6awpaemas H (3Heprus OQHOMEPHOr0 rapMOHMYECKOTO OCIHJI-
JIATOpPa) €CcThb CyMMa JBYX HabJI0faeMBbIX, IPONOPIHOHAJbHBIX KBa -
paTaM HMIyJbca M KOODAHHAaThl. Mbl YBHAMM, YTO 3TH TOCJIeIHHE
HaOJojaeMble MOTYT INPHHAMATb JIOOble HEOTpHIUaTe/bHBEE YHC-
JIEHHble 3HAYeHHsi, B TO BpeMs KaK 3HaueHHs HaOJgwopaemoir H
JNOJIXXHBI COBHagath ¢ uucaaMu E,= (n+1/2)e, tne n=20,1,2,...,
T. e. Habuaogaemass H ¢ AHCKPETHHIMH YHCJAEHHHIMH 3HAUE€HHSIMHU
SBJIsIETCSI CYMMO# HabJ/i0aeMbIX C HENpPEePLIBHEIMH 3HAUEHHSIMH.

Takum o6pa3om, Ha MHOXecTBe HabJlofaeMbXx U ompejeseHHl
JIBe OnepalHH: yMHOXeHHe Ha BellleCTBEHHble YHMCJA H CJOXKEHHE;
TeM CcaMbIM MHOXKeCTBO 9 CTaHOBHTCH JIMHEHHBIM HpPOCTPAHCTBOM.
ITockonbky Ha 9 ompenesieHH BelliecTBeHHble (YHKLIHH H, B 4acT-
HOCTH, KBajapaT Hab/iofaeMoli, TO BO3HHKAaeT €CTECTBEHHOe olipe-
JleJieHHe NpOU3BeeHHsT HabJ0 aeMBbIX

aop=lat V(@b ®)

OrMeruM, 4TO NPOU3BENEHHE a ob KOMMYTAaTHBHO, HO, BooOGuie ro-
BOpS, He accolHaTHBHO. BBejeHHe npousBeleHHS a o b IpeBpalaer
MHOXKeCTBO Hab/iojaeMblx 9 B BelIeCTBEHHYI0O KOMMYTATHBHYIO
anare6py.

BcrmoMuuM, uto asre6pa HalbJsiiofaeMbIX KJacCHYECKOH Mexa-
HUKH CcOjepKaJia elle JHEBCKYyW omnepaunuio — ckobka Ilyaccona
{f,g}. dra omepanus nosBuAACb B CBSI3M C AHHAMHKOH CHCTEMBL.
C BBeleHHeM TaKofl omepanuu Kaxnasi HaGmawogaemass H nopox-
JlaeT ceMeHCTBO aBTOMOpP}U3MOB ajreGprl HabJOLaeMbIX:

Utl A— QI,
rae Ui = fi [+ yroBaersopsier ypaBHeHHIO
df, -
Sh={H, 1}
ft lt:O = f‘

Hanomuum, uro orobpaxenue U; sBasiercs aBTOMOpGhH3MOM
BesefCcTBHEe TOro, 4ro cKoOka Ilyaccona o6jajaer cBofCTBaMu

¥ HayaJbHOMY YCJOBHIO
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JueBcKol onepauuu. Tor (akT, uto Hab/lonaeMble B KJIaCCHUECKOH
MeXaHHKe ABJAAIOTCS (QYHKUHAMH Ha ($a30BOM NPOCTPAHCTBe, 3leCh
poJiH He HrpaeT. Ml NpeamnosoXuM, 4To H ajarebpa HalJ0JaeMbIX
KBAaHTOBOl MeXaHHKH HMeeT JIHeBCKYIO ONepalHio, T. €. KaxKIoH
nape HaGiropaeMbBIx @, b comocraBasercs Habmiomaemas {a,b} co
CBOHCTBaMH:

{a, by =—1{b, a},

{ra+ b, ¢} =A{a, c}+ {b, c},
{a, boc}={a, b}oc+bo{a, c},
{a’ {b’ C}} + {bv {Cr a}}+ {C, {d, b}}=0

Kpome Toro, mpefmosioXuM, 4TO CBSI3b JIHEBCKOH ONepalHH ¢ IH-
HaMHKO!l B KBAaHTOBON MeXaHHKe Takasd ke, KaK H B KJIACCHYECKOH,
TpynHo mnpencraBuTb OoJiee NPOCTOH M KPacHBHIE crnocol omuca-
HHSl JMHAMHKH, KpOMe TOTO, OJHOTHIHOE ONHCAHHE [IHHAMHKH
B KJIACCHYeCKOH M KBAaHTOBOH MeXaHHKe IO3BOJISIET HAJEATbCA Ha
TO, YTO MBI MOCTPOHM TEOPHIO, COJAEPIKAIUYIO KJIACCHUECKYI0 MeXa-
HUKY KaK IpeJesibHbIH caydai.

QdakTHYeCKH BCe HAIUH MNpPEJNOJIOXKEeHHS CBOASATCS K TOMY, 4TO
NpH NOCTPOEHHH KBAaHTOBOH MeXaHHKH Da3yMHO COXPaHHTb CTPYK-
TYypy aare6psl HabJOJaeMBIX KJIACCHUECKOH MeXaHHWKH, HO CJeayeT
OTKa3aTbCA OT peasu3alyd 3Tof anre6pnl QyHKUHSAMH Ha da3oBoMm
NPOCTPAHCTBE, TAaK KaK MBl JONMyCKaeM CYHIeCTBOBAHHe HeH3MepH-
MBIX OJHOBpEMEHHO HabJI0faeMBbIX.

Hama 6amxkafimas sagaya — y6eUTLCS B TOM, YTO CYIIECTBYET
peanusanus ajre6pel HabGJaOZaeMBbIX, OTJHYHAS OT peasH3alHU
KJnaccuyeckofi MexaHHKH. B caenylouieM naparpacde Mbl npuBenem
npuMep TaKoOR peasHM3aldy, INOCTPOMB KOHEUHOMEPHYIO MOJIeNb
KBaHTOBON MeXaHHKH. B 3tofi Mogmesn anreb6pa HabmomaeMbix U
ecTb ajrebpa CaMOCONPSXKEHHBIX OINEpaTopoB B N-MEPHOM KOM-
niekcHoM mpoctpaHcTBe C7. Msyuas 5Ty yNpolleHHYIO MOAEJb, MBI
CyMeeM MPOCJeIHTb 3a OCHOBHBIMH OCOGEHHOCTSIMH KBaHTOBOH Teo-
puu. B TO Ke BpeMs, naB (H3HUECKOe TOJKOBAaHHEe NOCTPOEHHO
MOJIeJIH, Mbl YBHAHM, YTO OHA CJHIIKOM O€nHa, 4TOOB COOTBETCTBO-
BaTh AEHCTBHUTENLHOCTH. IT09TOMY KOHEeUHOMEDHYIO MOIEJNb HeJb3s
paccMaTpHBATh KaK OKOHUATEJNbHBIl BAPUAHT KBAHTOBOH MeXaHHKH.
OmHaKko YCOBepLIEHCTBOBaHHE 3TOfI MoJeaH — 3aMeHa C" Ha KoM-
MJIEKCHOe  T'HJIL6epPTOBO  MpoCcTpaHcTBO  OyleT MPeACTaBJAATbCS
BECbMAa €CTECTBEHHEIM.

§ 5. KoHeyHoMepHasi Moje/ib KBAHTOBOH MeXaHHKH

IToxkaxeM, uro anare6pa HaGaogaeMbix % MoxeT GbITH peaJH3o-
BaHa KakK ajrefpa CaMOCONPSIXKEHHHIX OINEepPaATOPOB B KOHEUHOMep-
HOM KOMILJIEKCHOM TpocTpaHcTBe C~.

BexkTopn mpoctpancTBa C" 6yneM 0603HauyaTh .IpeueckuMH OVK-
BaMu &, 1, ¢, ¢, ... . HanoMHEM OCHOBHEIe CBOHCTBA CKaJSPHOrO
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TPOH3BEICHHA:
D €Y=, 8,
2) &+, V=G P +Arm, P, 1)
3) (6,8 >0 npu E=0.

3aecb A — KOMIJIEKCHOE YHCJIO.
Bexktopsl e, ..., e, 06pasyloT OPTOHOPDMHPOBAHHHIH * 6Gasuc

B C, ecan
(ei’ el) = 61/» (2)

rae 8;; — cumBos KpoHekepa.
PasnoxeHne npousBonbHOro BeKTOopa & IO BeKTOpaM 6asuca
ey, ..., en HMEeT BHJ

E= 121 Lo,  Ei=(, e). 3)
Bektop & oaHO3HauyHO onpepeasercss uucaamu &, ..., &n
§<——>(§|, o0y En)-

Ecnn BuGpan 6a3uc, To TeM caMbiM BHOpaHAa KOHKpeTHas peatid-
3aluus AJ8 BEKTOPOB HJM 3afaHo mnpeacraBaeHde. flycts ey, ...
..., én— 6asHc, TOrLa BeKTODH

G=2 U i=12 .0 (#

Toxe obpasylor 6asuc, ecan marpuua U = {U.} obpatuma u
U = Ups. ()

Martpuua, An9 371€MEeHTOB KOTOPOH CpaBeAJHBO paBeHCTBO (5), Ha-
apiBaercsl yHurapHoi. Ilepexon or omHoro 6asnca K ApPYroMy ecThb
yHHTapHOe mpeoOpasoBaHue.

Ecau BHOpaHO mpejcTaBieHHe, TO AJS CKaJSPHOrO NPOH3Bese-
HHA crpaBefnuBa ¢opMmyJa

& n)= ; Erfis. (6)
OnepaTopsl B 3aJaHHOM 6asHCe MPEJACTABJIAIOTCH MATpPHIAMH
A <> {Ay}, Ay = (Aey, ). @

’ n
HeficTBRTENBHO, NycTh f=AE, Torga n; = (4§, ¢;) = (A > Eees, ei)=
k=1

n . n .
'=k21 &, (Aep, e,)==kzl Ak, Onepatop A* HasbiBaeTCs COMPAKEH-

* B nanbHeiillleM CJOBO «OPTOHODMHPOBAHHBIA» MBI YacTo OyJeM ONYCKaTh,
12K KaK Apyrre 6asuCH MBl He PaccCMaTpHBAaeM,
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HBIM onepaTtopy A, ecau nas Jo6Gofi mapsl BekropoB CHM 1M cnpa-

BeJJIHBO PABEHCTBO
(Ag, m) =&, A™). (8)

. -
OueBugHo, uro Ay = Ag;. Omnepatop Ha3HIBAaeTCH CaMOCONPSNKEH-

HbIM, ecid A*=A. [Ina caMoOCONpSXKEHHOro omepatopa A ==
= Ar;. HenmocpencTBeHHO M3 onpenesieHHs] CONPSIKEHHOrO oOnepa-
TOpa CJeIyIOT paBeHCTBa

(AB)*=B'4A", (ad)*=ad’, 9)

rie o — KOMIJIEKCHOe YHCJIO.

[Tocrpoum peanmsanuio anre6psl Habaomaembix. Ilycts U —
MHOXKECTBO CAMOCONpSIXKEHHBIX omnepaTtopoB B C” B panbuelimem
CaMOCONpPSXKEHAbIE ONEPaTOpbl MH 4acTo OyJaeM HasbiBaTh HabJIo-
naembiMd. Ha MHOXecTBe omeparopoB OOBIUHBIM 06pa3oMm ompe-
NeJIeHBl ONepallvH CJIOXKEeHHS H YMHOXeHHS Ha yHcgao. Ecan A= ¥,
Be% A=R, 10 (A+B)=¥ nu M =¥, t1ak Kak (A+ B)*=
= A4 B u (M)*=MAA. EcTecTB€HHO 3TH ONmepaluy CUUTATH Ofe-
palHsIMK CJO0KeHHs HabJIofaeMblX M YMHOXEHHS Ha UYHCJO.

Cnepyoomas Hama 3ajadya — HayYHTbCS CTPOUTh (GYHKIHH OT
HabsoaaeMbIX. MOXHO TIPeJNONOXKHATD, YTO 31€Ch FOJUTCSA OOBIUHOE
ompejienieHMe (GYHKLUHH OT omepaTtopa. DTO NPEANONOXKEHHE MEl
CMOXeM ONpaBjaTh MOCJ]e TOro, KaK HayuuMCsl CTPOUTb BEPOSTHO-
CTHble paclnpefesieHHs A/ HabJI0TaeMBIX B KBAHTOBOH MeXaHHKe.
Torpa mel cymeeMm npoBepHTb GopMyny o) (E) = o (f~1(E)), 3xk-
BHBAJIEHTHYIO 00lleMy omnpejpedeHH0o (GyHKHHH OT HabJjionaeMof,
IDAaHHOMY B NpenbiaylieM nmaparpade.

HamoMHuM, 4TO CyIIECTBYeT HECKOJbKO SKBHBAJIEHTHBIX ompe-
nmejeHHH GyHKUHH oT onepartopa. Ecam aas f(x) Ha Bceit Bele-
CTBEHHOHl OCHM CNpaBeJJ/IMBO pa3/oxkKeHHe B CTENEeHHOH pal

Fo =X cu”, (10)
10 f(A) ompenensercs GopMyoi
f(A)= 20 c A" (1

BTopoe onpepesieHre HCIONb3YeT CYLIECTBOBAHHE Yy CaMOCONpS-
XEHHBIX ONepaTopoB cobcTBeHHOro 6asnca *

Aq>,~=a1(p,, i=1, ..., n

* HanomunM, 4TO COGCTBEHHBIE YHCJA CAMOCONPSIAKEHHOrO oOmnepaTtopa Belle-
CTBEHHH], a COGCTBEHHBIE BEKTOPbI, COOTBETCTBYIOINHE Pa3HBIM COGCTBEHHHIM 3Ha-
yeHHsIM, OpTOroHaJbHbl, EcaH co6cTBeHHOEe 3HAuUeHHe HMeeT KPATHOCTb 7, TO eMy
COOTBETCTBYET r JIHHEHHO-HE3aBHUCHMBLIX COOGCTBEHHHIX BEKTOPOB, KOTOpHle Bceraa
MOKHO BHIGPaThb OPTOHOPMHPOBAaHHEIMH.
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3nech @; — coGCTBeHHBlE BEKTOPH, (@i, @;) = 85, a a;— cobcTBeH-
Hble 3HaueHus oneparopa A. [Jas onpenesieHus JHHeHHOro omepa-
topa [(A) 10CTaTOYHO ompelenuTh pesyabTar aeficteusa f(A) Ha
BeKTopnl 6asuca. ITo onpenenennio

fF(A) e, =T (a) .. (12)

B coGcrBennom 6asuce matpuna A numarosajabHa, M Ha auHaro-
HaJi CTOAT COOCTBEHHBIE 3HAueHHs, T. €. A;; = a;8;;. B arom xe
npencrasaenun [f(A)]i; = f(a:) ;. 3aMeTum, uTO BelieCTBEHHOM
(YHKIIMH COOTBETCTBYET CAMOCONpSKEHHHBIH omnepaTop, T. e. f(A)e
=R

Onepanus A-B onpenensiercs dopmynoi (4.6), Kotopas and
CaMOCONPSAXKEHHEIX ONEPAaTOPOB MMeeT BHJ

AOB=(A+B)2I(A——B)Z=AB-§BA. (13)

CaMoconpsikeHHOCTh onepatopa A o B oueBHAHA.

HaM ocrasocs mocTpouts JHeBCKylo omepanuio. Jlas atoro pac-
cMoTpuM Kommyratop onepatopoB A u B [A, B] = AB — BA. One-
pauusi [AB] obnapmaer ciaeiyIOUIMMH CBOMCTBaMHU:

1) [AB]= —[B, A],

2) [4+ 4B, C]=[AC] +A[B, C],

3) [A, BoC}l=1A, B]oC+ B-[A, C],

4) [4, [B, C1]1+1(B, [C, A]1+1C, [A, B]]=0.

(14)

Bce aTH CBOMICTBA MPOBEPSIOTCH HEMOCPEACTBEHHBIM BHIYMCJEHHEM.
3aMeTHM, YTO CBOHCTBO 3) CNPaBeNJHBO H JJIS HECHMMeETPH30BaH-
HOro mpousBefenus. [lefAcTBHTENbHO,

[4, BCl= ABC — BCA+ BAC — BAC =[A, B]C + B[A, C].

Mul BUAHM, 4TO KOMMyTaTop objajaer CBOHCTBaAMH JIMeBCKOH oOfe-
panuu, Ho [A,B] He sBifercd CaMOCONPAXKEHHBIM ONEPATOPOM,
1. e. [A, B] 9. Oxnuako Bwipaxenue (i/h)|[A, B], kotopoe oT./H-
yaeTcs OT KOMMYTaTopa YHCTO MHHMMBIM MHOXKHTesneM i/h, ynosie-
TBOpsieT BceM TpeGoBaHHAM. OTMeTHM, 4TO ajare6psl ¥, MOCTPOEHHBIE
C PasHBIMH IIOCTOSIHHEIMH h, HeH30MOP®HEI Apyr Apyry. BuiGop A
MOXKeT OHITb CHeJaH TOJbKO IOC/e CPaBHEHHS TEOPHH C SKCIEpH-
MEeHTOM. DTO CpaBHEHHEe MOKa3HIBaeT, UTO KOHCTaHTa A coBmajaer
¢ mocroanHoit [lnanka. B panbuefimmeMm MbBl 6yaeM HCNOJb30BATh
o6o3HaueHue

{A, B}y =+ [A, B] (15)

u HaseiBaTh {A, B}, KBaHTOBOH cKoOko# Ilyaccona.
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HHTEpeCHO OTMETHTb, YTO B KJACCHUECKON MeXaHHKe MBl MOTJH
6Bl BMECTO

ompenenuTh cko6Ky ITyaccoHa paBeHCTBOM

—q (2L 08 _ OF %8
{f: g}_— dp 9q dqg op )’

rie o — BellleCTBeHHAsl MOCTOsIHHAast. HeTpyaHo BHAeTb, OAHAKO, YTO
HOBoe ompejeneHue ckKoOKu llyaccoHa B KiaccHuecKoll MexaHHKe
npuBefeT K ajare6pe u3zoMopdHOH HCxoAHOH. JleAcTBUTENbHO, 3aMe-

Ha NepeMeHHbIX p == Ala] p’, g=signa Affa] q/BosspamaeT Hac K
CTapoMy OIpeJieJIeHHUIO.
BaxHylo poJb B KBAaHTOBOH MeXaHMKe HIpaeT CJej oneparopa
Tr A. Tlo omnpenenenuio
n

Tr 4= Zl A= (de;, e)).

i=1

HanomHuM ocHoBHLIe cBoMcTBa 3ToH onepauud. CJlell HE 3aBHCUT
or BuiGopa 6asuca. B yacTHOCTH, eClM B3ATb cOOCTBEeHHBIH 6asuc
oneparopa A, 10

TrA= Za,-,

i=1

T. €. CJel ABJsieTC CyMMOH coOCTBeHHBIX umceJ. Ecam a; — kpart-
Hoe CcOOCTBEHHOEe 3HayeHHe, TO OHO BXOJMT CJAaraeMbhiM B CyMMy
CTOJIbKO a3, KaKoBa €ro KpaTHOCTE.

Cuien mpousBe/ieHHs ABYX ONEPATOpOB He 3aBUCHT OT MOPsIKa

COMHOXHTeNEH
Tr AB = Tr BA.
B cayuae GoJsbllero 4HCJIa COMHOXHTENEH JONMyCTHMAa HX LHKJIH-
yecKas nepecTaHOBKa moj, 3Hakom Tr
Tr ABC = Tr BCA.

Crnen CaMOCOHpﬂ)KeHHOﬁ MaTpHUIL bl — BEUICCTBCHHOE YHCJIO, TAK KaK
cOOCTBEHHBI® 3HAUEHHS ee BelEeCTBEHHDI.

§ 6. CocToanHs B KBAHTOBOH MEXaHHKe

B stom maparpade Mbl NOKaxeM, Kak 3analoTcs COCTOSIHHS
B. KBAHTOBOH MexaHHKe. HamoMHHUM, YTO MBI COXPAaHHJH OIpepeJe-
HHe COCTOsIHHS, npuBefeHHoe B § 2. Tam xe GHJIO MOKa3aHO, 4TO
saJlaHie BEPOATHOCTHBIX paclpejeJeHHH 3IKBHBAJEHTHO 3aJaHHIO
CpelHHX 3HAYeHMH AN BceX HabmonaeMux. Paccyxaenus, Koro-
pble NpUBEJIM HAaC K 3TOMY pesyJbTaTy, COXPAHSIOT CBOK CHJY
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¥ B KBaHTOBOH MeXaHMKe, TaK KAK OHU He HCHOJb30BAJIH KOHKDET+
HOll peasu3auuu ajre6Gpb Ha6GJi0gaeMbIX KJIaCCHUECKOH MeXaHHKH.
3ajaTbh COCTOsSIHHE — 9TO 3HAYMUT 3afaTh ¢yHKUHOHaJa (w|A) Ha
ajare6pe HabJlonaeMblx U CO CJAEAYIOLIUMH CBOHCTBaMH:

1) (M + Bloy=2A({A0) + (B|w),

2) (A%le) =0,

3 (Cley=C, Q)
4) (A]o) = (A|o).

CsoiictBo 1) MBl yxke obcyxpanu. CBOHCTBO 2) BbIpaXKaeT TOT
¢akr, uro nas nabmaopaemoit A%, KoTopasi 10 CBOEMY CMBICHY He-
OTpHIlaTesbHA, CpelHee 3HAUEeHHE He MOXeT ObiTh OTPHLATENbHBIM
yucaoM. CBOHCTBO 3) yTBepXKJAaeT, YTO. CpefHee 3HaueHHe Ha6.I0-
naemoit C B J11060M COCTOSIHHM COBMajgaer ¢ 3Toifi KoHctaHTo#. Ha-
KOHell, M0 CBo#icTBY 4) cpeJlHHe 3HAUEHHS BeLIECTBEHHH. TaKuM
00pa3oM, COCTOSIHME B KBAHTOBOH MeXaHHMKE €CTb NOJOMKHTEJbHBIH,
JUHeHHbIE (YHKIHOHaN Ha aJjrefpe CaMOCONPSKEHHLIX ONEpaTo-
pos %. O6was ¢popma Takoro ¢yHKUHOHAJa

(A|o)y="Tr MA, 2
rae M — onepatop B C?, yIOBJAETBOPSIOUIHH YCJAOBHAM:

1) M =M,

2) (ME, §) >0, @)

3) TrM=1.

Onepatop M HasblBaeTcsi MaTpHuel IJIOTHOCTH M HMrpaeT B KBaH-
TOBOH MeXaHHKe Ty e pOJb, YTO M (QYHKUHS pacnpeieseHus
p(q,p) B KjaaccuyeckKofl.

ITokaxeM, YTO CBOMCTBA MATPHUB IJIOTHOCTH — CJEACTBHE
chopMyJHpPOBAHHBIX BBILE CBOHCTB (YHKIHOHAJNA YyCPEAHEHHS
{A|w®). HelicTBHTeNbHO, H3 BellecTBeHHOCTH ¢yHKIMOHANA {A|w)
caenyer

n

n
irAM=iZ AipMpi = ApiMip ==

=1 i, =1
n
= 3, AuMiz="Tr AM*=Tr AM.
i, =1
[Monaras X = A+ iAy, rae A; u Ay — caMoconpsixkenusle onepa-
TOPH, HOJNYYaeM M3 MOCJEAHEr0o PaBeHCTBA

Tr XM = Tr XM*,

rae X — mpousBoarHu# onepatrop B C* M3 npoH3BOJBHOCTH Olle-
paropa X cpasy caenyer cBoidicTo 1).
Tenepb HCHONb3YEM MOJOKHTENbHOCTh (yHKIHOHAJMA {(A|w)

Tr A2M = 0.



MMonoxum A = P,, rne Py— omepaTop NPOEKTHPOBAHHS HA HOP-

mupoBanHblil Bektop 1 (Inll = 1),

PE=(, nn.
s BeruMcaeHusi ciema ynobeH Jo6olt 6asuc, B KOTOPOM HEepPBHIH
6a3ucHbIfl BeKTOp coBmajaer ¢ 1 (ey =m,€s...,€,), TOTAA

Tr PaM = Tr PyM = (Mn, 1) = 0.

Mbl BHAHM, YTO HOJIOXKHTENBHOCTH MATPHIBI [JIOTHOCTH SIBJISIETCS
HeOOXOAHUMBIM - YCJIOBHEM /s MOJOMKHTEJNBHOCTH (DYHKIHOHAJIA
{A|®). LocTaToyHOCTh NpoOBepsieTcs CJeLYIOMHM 06pa3oM:

n

Tr A2M =Tr AMA= Z}l (AMAe,, e)) =Y., (MAe;, Ae)) =0,

i=l

TaK KaK KaXk[Ooe cjlaraemMoe MOJ 3HAKOM CYMMBl HEOTPHLATENbHO.

Hakonen, ycjioBHe HOPMHPOBKH MaTpHUB NMJAOTHOCTH TrM = |
cpasy caefnyer u3 cBoiicTBa 3) ¢dyHKHHOHAJA.

Takum o6GpasoM, Mbl [OKa3aju, 4TO COCTOSIHHSI B KBAHTOBOM
MeXaHHKe ONHCHIBAIOTCA TMOJIOKHTEIbHBIMH CaMOCONPSAXKEHHbIMHU
omepaTopaMH CO CJaexoM, paBHbM enuHuue. (Hanmomuum, uro
B KJACCHYECKOH MeXaHHKe COCTOsIHHe 3aJaeTcsi HeOoTpHUaTe/JbHOH

bynxuuelt p(q, p), HOpMHPOBAHHOH ycJOBHEM Sp(q, p)dgdp= ].)

Jliob6o#t onepatrop M co ceoficrBamMu (18) omnuchiBaeT HEKOTO-
poe COCTOSIHHE CHCTeMBbl, T. €. MEeXJy MHOXEeCTBOM COCTOSHHH
H MHOXECTBOM MaTPHIl IVIOTHOCTH M cyuiecTByeT B3aHMHO-OJHO-
3HayHOe COOTBETCTBHE

© <> M.

Ecnn M; 1 My — oneparophl co cBoiicTBaMu (3), TO OYeBHAHO, YTO
HX BLHINYKJas KOMOMHauUus

M=aM; + (1 —a) M,, 0<a<l1
tTakXe o6Jjajaer STHMH CBOfCTBaMH H, CJeAOBaTeNbHO, COOTBET-
CTBYET HEKOTOPOMY COCTOSHHIO

o ==an, + (1 —a) ®,.

Mbl BHAHM, YTO MHOXECTBO COCTOSIHHA B KBaHTOBOH MeXaHHKe fB-
JsieTCA BbINNYKJIBIM.

Bcem Tpe6oBaHHSIM K MATpPHIE IJIOTHOCTH YAOBJETBOPAET OJHO-
mepHbtii npoektop Py, (¥ | = 1). HeiicTBuTensHo,

D) (PyE, )= b) (b, n)=(n, V) € )= Pyn),

3) TrPy=(p, ¥)=1.

B koHne naparpada Mbl mOKaxkeM, 4To cocTosiHHe P, He pac-
KJajibiBaeTcA B BLIMYKAYI0 KOMOHHALHIO ADPYTHX COCTOSIHHE, T. e.
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sisfigercq uerbiM. (HanoMuuMm, ure B KJacCHUeCKoH wmexatike
YHCTOE COCTOSIHHE HMMeeT (YHKHUIO pachpeaeneHua p(g,p)=
==8(qg— qo)}8(p — po).) 3aMeTHUM, UTO UHCTOE COCTOSIHHE OIlpeje-
JAsieTCss 3aJaHHEM BEKTOpa 1, OJHAKO MeXIYy YHCTBIMH COCTOS-
HHUSIMH H BEKTOpPaM# HeT B3aMMHO-OJHO3HAYHOTO COOTBETCTBHS, TaK
KaK ecjd P’ OTJIHYAeTCs OT v UHCJEHHBIM MHOXKHTEJeM O MOAYJIO
paBHBIM elunule, T0 Py = Py TakuM o6pas3om, 4ucTOMy coCTOf-
HHIO COOTBETCTBYET KJacC HOPMHPOBAaHHBIX HAa €JHHHIY BEKTODOB,
OTHYAIOIUXCS APYT OT Apyra MHOXHTeaeM e'% rae a < R.

BekTop 1 06bIYHO Ha3bIBAIOT BEKTOPOM COCTOSIHHSA, a IPOCTPaH-
CTBO, B KOTOPOM HIefCTBYIOT CaMOCONpSI:KEHHble ONepaTopnl (Ha-
GaronaeMble), npocrpaHcTBoM cocrtosinuil. [loka B KauectBe mpoct-
paHCTBa COCTOSIHHH MBI B3s/1M npocrpancTso G

[TokaxeM, 4uTo J1060€ COCTOSHHE B KBAHTOBOH MeXaHHKE SiB-
JsieTCs BHIIYKJIOH KoMOWHAuWe#d YHCTHIX cocrosiguil. s atoro
3aMeTHM, 4T0 M, Kak BCSIKHI caMOCOINpSIXKEHHBIH ONepaTop, HMeer
cob6¢cTBeHHBIN 6a3uc

Me; == n,;¢;.

Pa3fioxuM NpPOU3BOJIbHBIK Bektop £ mo sTomMy 6asucy u mopei-
CTByeM Ha Hero omepatopom M,

= i;l (§$ (Pt) ®;5

Mg_ ZM; (E’ q)i) P = ZHLP g

i=1

B cuay nmpou3BoJbHOCTH §
M= 3 biPo,. @

i=1

Bce uucia W\ HEOTpHIaTesbHBI, TaK KaK OHH ABJAAIOTCH cobCTBEH-
HbBIMH 3HaYeHUsIMH TOJIOKHUTEJABHOIO oOllepartopa. Kpome TOrO,

Z?_ll‘f: TrM=1 u, caegoBaTeabHo, cocTosiune M nelcTBu-
TeJbHO ABJSETCS BHNYKJIOH KoMOMHaUMeH YHCTHIX COCTOSHUH P .
L

HOna cpemHero 3HaueHuss HabmaogaeMofli B YHCTOM  COCTOSHHH
® <> P, dopmyna (2) npuHuMaer BHI

(Alw)y= (A%, ), [Vll=1. ()

s cayuas CMEIAHHOTO COCTOSHHSA © <> M == ZM; p, HMCEM
i=1

(Alo)y= X w: (Aws, @) (6)
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3ta ¢dopMysa TOKa3bIBaeT, YTO TaK Ke KaK H B KaaccHueckoft
MeXaHHKe, YTBEpXKAEHHe O TOM, YTO CHCTeMa HAXOAHTCH B CMe-

UIAHHOM COCTOSIHMH M= Z WPy, DABHOCHIBHO YTBEDIKAEHHIO,

YTO CHCTEMA C BepOHTHOCTHMPl i l— 1, ..., n HaxXooHTCA B UHC-
THIX coc*rommﬂxP

B sakamouense aToro naparpada nokaxeMm, 4TO COCTOSIHHE, OITH~
cbiBaeMoe MaTpHled miaotHocty M =P, sBaserca 4HCTHIM. Ham
HYKHO II0Ka3aTh, YTO H3 paBeHCTBA

Py=aMi+(1—a)M, 0<a<l )

ciaenyer, uto M;==My== Py,
- Ilpn pokasaresbCTBe HCHOJNb3YeM, YTO [HJIS HOJOMKHTENbHOTO
onepatopa A ¥ NMPOH3BOJBHEIX BEKTOPOB ¢ H W CIpaBelJHBO Hepa-

BEHCTBO
| (Ag, V) P< (A9, 9) (AY, ). @®)

3 (8) cnenyer, urto Ag =0, ecin (Ay, ¢) = 0. (Hepasencrso (8)
ecTb ycJoBHe MnoJoxXuTeabHocTH (opMbr dpmura: (A (ap+byp),
ap + by ) =(Ag, §)aa + (Ag, ©)ab +(Aw, §)ab + (Ap, 1) b5 >0,
rjle @ ¥ b — KOMIJIEKCHbIE YHCJIA.)

O6Gosuauyum vyepe3 J#; MOANPOCTPAHCTBO, OPTOTOHAJBHOE BeK-
Topy ¥, Toraa Py ==0, eciu ¢ & 76,. Flcnoabays noN0KATEIbHOCTD

onepaTopOB My u My, u (7), umeem
<o (Mo, ) <a (M9, 9) + (I — o) (Mg, ¢) = (Pyp, ¢) =0,

T. €. My = 0. Hcnonbays camoconpsixxennocts M;, moayuum pas
IPOH3BOJIBHOIO BeKTODA §

(M9, &) = (9, MiE)=0, @&,

NO3TOMY ME=Cy¥ u, B yacTHOCTH Mp= Cﬁ,tb 3necy Cp— KOH-
cTaHTa, 3aBucsmas oT BekTopa E. [Ipon3BoabHBEIl BEKTOpP § MOXKHO
NPeACTaBUTh B BHIE

E'—:(g’ 1]9)1b+q3, (pe%l’

mostomMy MiE=CyP . e. M{=C,P,. Hakoneu, ns yciosus
Tr My =1 mnoayuaem, uro C,=1, caenosarembno, M;==P, un

M2= P"D'

MoxHo mpoBepuTh u o6paTHOe yTBepKAeHHe. EciH cocTosiHUe
IBJISIeTCS YHCTHIM, TO cymectByer BekTop Y = C*, || ¢ || = 1 Tako#,
uT0 M =P,

§ 7. CootHolleHusi HeonpeaenenHocTH TeitsenGepra

B s3ToM nmaparpacde Mbl NnokaxeM, KaK COOTHOIIEHHs Heompefe-
JIGHHOCTH, KOTOphlE YNOMHHAJIHCh B § 4, crenyioT U3 MaTeMarHue-
CKOTO anmapaTta KBAaHTOBOH MEXaHHKH, H JaluM HX TOYHyH dop-
"MYJIHPOBKY.
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Paccmorpum nucnmepcuu aeyx nabmiomaeMbix A u B B cocros-
HHd ©. Hanomuum, uyro nucnepcus HaGaiofaeMoil onpenessercs
COOTHOIlIEHHEM

AoA=(0 (A — Ay) P)=(0| A% — (0| A),
rie A, =(o|A). Uepes A,A M oGo3wauaem W/AE,A.

CooTHowenus HeOIpeaeJJIEHHOCTH YTBEPAKAAIOT, YTO AJid nboro
COCTOAHUA @ CIIpaBeAJIUBO HEPABEHCTBO

AwAAGB = (A, Bl |0}, M

CooTHOlIeHHS] HEONPEIeNeHHOCTH [JOCTATOYHO [OKa3aTb MJs1
QUCTBIX cOocTOsiHU. [/ cMeluaHHBIX COCTOSIHHE OHH OyAyT cJeno-
BaTh TOrjga u3 HepapeHcTBa (2.17), KOTOpOe CpaBeIJIMBO U B KBaH-
TOBOl MeXaHHKe, TaK KaK ero BHIBOJ He 3aBHCHT OT peaJiH3aluu
anre6pbl HabJIOgaeMBIX.

HauneM ¢ oueBHAHOrO HepaBeHCTBa

(A+iaB) b, (A+iaB)$) =0, [b=1, a=R.

PackpbiBast JIeBYIO 4acThb, OJYYHM

(A%, V) + a® (B*, §) — ia ((AB— BA)p, ) =0

Hcnonp3ys onpeneneHHe KsaHTOoBOH cKoG6kH Ilyaccona (5.15)
v dopMyny Aas cCpeaHero 3HayeHHs Habsal0faeMOH B YHCTOM CO-
crosHud @ <> P, (6.5), mepenuuieM mnocaenHee HePaBEHCTBO

B BHJE
(A%] 0) + a?(B? | @) — ah({A, B}, [0) >0

npu mobom o & R 1, crenoBaTesbHO,
(42 |0) (B2 |0) =2 ({4, B, o).

CooTHoOWIEHUsT HeompeLeseHHOCTH (1) HEemOCPeACTBEHHO C/eayIoT
M3 3TOrO HEPaBeHCTBA, €CaH crejatbh 3ameHy A->A-— A,
B— B — Bep u yuects, uto {A, Blp= {(A — Ac), (B — Beo) '}
CooTHoMeHHS HeonpeaeneHHocm MOKa3bIBAIOT, YTO AUCNEPCHH
ABYX HaG6JionaeMbIX MOCYT OGpPaTHThCA B HYJAb OJHOBPEMEHHO
TOJBKO B TOM CJydae, KOrza cpenHee 3HaueHwe cko6ku Ilyaccona
paBHo myaio. Jag koMmmytupyouux HabGmogaemux {4, B}, =0
¥ NpaBas yacTb PaBHa HYJIO AN BCeX COCTOsIHHH. B sToM cayyae
COOTHOIIEHHS] HEOTpeNeJEeHHOCTH He HAKJaAbIBAIOT HHKAKHX Orpa-
HHYEHHH, U TakuWe HabialogaeMble SIBASIOTCS ONXHOBPEMEHHO H3Me-
pUMBIMH. B pasbpHeifiueM MB YBUAMM, 4TO NeHCTBHTEJNBHO CyIie-
CTBYeT NPHHIHUIHANBHO BO3MOXKHBI CNOcO6 OXHOBPEMEHHOTO H3Me-
peHHss Takux HabmonaeMblx. HauGojsee cuHAbHEIE OTrpaHUYeHHS
HaKJIaAbIBAIOTCA Ha  TMapw  HabJOdaeMBIX, [JJA  KOTOPHIX
({A, B}x|lo) =0 nns Bcex o, Hanpumep, ecaum {A, B}, = const.
B sToM cayuae He cyliecTBYeT COCTOSHHUH, B KOTOPHIX AHCIEPCHH

36



obenx HabJIONaeMBIX paBHB HyJA0, MBl YBHAHM B JaJjbHefillleM,
YTO /I OJHOHMEHHBIX KOOPAMHATHI H MPOEKUHH UMIYJbca

{P’ Q}h=[,

rge [ —eguHuuHBIH omepaTop. COOTHOLICHHS HEONPEAE]EHHOCTH
Ui 3THX HabJoxaeMbIX PHHHMAIOT BUI

AGPAQ = h/2,

T. €. B IIPHPOJEe HE CYLIECTBYeT COCTOSIHHH, B KOTOPBIX KOOPAHHATa
W OLHOHMeHHas NPOeKIHS HMIy/JbCa HMEIOT OJHOBPEMEHHO BIIOJIHE
onpejieNleHHble 3HAaUeHHs. ITO YTBEpPKIEHHE CIPABEJJIHBO KaK IJsl
CMELIaHHBIX, TaK H [/ YHCTHIX COCTOSTHHH, TO3TOMY YHCTHIE CO-
CTOSIHHS KBAHTOBOH MeEXaHHKH B OTJHYME OT YHCTBIX COCTOSHHH
KJaCCHUECKOH MeXaHHKH He ABJSIOTCH COCTOSHUAMH C HYJEBO#
pucnepcuelt Bcex HabJONaeMblX.

Mbl MOXKeM Tenepb BEPHYTbCH K BONPOCY, [OCTABJICHHOMY
B Haua/de § 2: yeM MOXHO OOBSCHHTb HEOJHO3HAYHOCTbL PE3yJibTa-
TOB 3KCHepUMEHTOB. MBI BHIEJIH, 4TO B KJAaCCUYECKOH MeXaHHKe
Takasd HEeOJHO3HAUHOCTb CBsI3aHA TOJbKO C YCJAOBHAMEH 3KCHEpH-
MeHTa. Ecam B yc/0OBHS 3KCHepHUMEHTd BKJKIOUYMTH [JOCTATOUHOE
YHCJIO MpeABapUTEJbHbLIX H3MepeHHH, TO Mbl CMOXeM OBHITH YyBe-
peHBl, YTO CHCTEMAa HAXOAHMTCA B YHCTOM COCTOSIHHM H Pe3yJbTaThi
J000ro 3sKCnepuUMeHTa MNOJHOCTbIO AETEPMHHHPOBaHH. B KBaHTO-
BOH MexaHHKE OTBET Ha 3TOT BONPOC OKa3bIBAETCH COBEPIIEHHO
apyruM. COOTHOIIEHHSI HeonpexeseHHOCTH TMOKa3blBAIOT, YTO He CY-
LIECTBYET [aXKe MPUHUMIHAJIBHON BO3MOMKHOCTH NOCTABHTH 3JKCIIE-
DHUMEHT TaK, 4To0bl pe3yJbTaThl BCeX M3MepeHHI OblIH onpeneseHbl
OJHO3HAUHO YCJOBHSMH 3KclepuMeHTa. Mpbl BBIHYXKJAEHH, TaKUM
o6pa3oM, CUHTATh, YTO BEPOATHOCTHHIH XapakTep mnpencKasaHui
B MHKpPOMHpe CBfi3aH ¢ (H3MYECKUMH CBOMCTBAMH KBAHTOBBIX
CHCTEM.

. DTH BBIBOJABl Ka)KYTCsi HACTOJbKO HEOXKHIZAHHBIMH, UTO HHTEpeC-
HBIM TNpPeICTaBJSIeTCS BONPOC O BO3MOMKHOCTH BBEIEeHHS B TEOPHIO
TaK HA3BIBAEMBIX CKPBITHIX NapaMeTpoB». MoOXKHO NpPEINOJOKHTE,
YTO OIIHCAHWE COCTOSIHUSI CHCTE€MBI NpPH TOMOIUIM MATPHUbI TJIOT-
HocTH M= P, ne fBJA€TCA NOJHBIM, T. €. KpoMme P, cienosajo
66 3a4aTh 3HAUEHHs] KAKHX-TO mapameTpoB* x («CKpBHITHIX mapa-
METPOB»); TOrAa OMHCAHHE CTAHET AOCTATOYHBIM AJS OAHO3HAYHOTO
npeacKas’aHHsl pe3ysabTaToOB J000ro uaMepeHHs. BeposiTHOCTHBII
)Ke XapakTep NpeJCKa3aHHii B COCTOSHHH ® <> P, TOTrAa MOXHO
06bACHUTL TEM, YTO HAM HEH3BECTHH 3HAUEHHS CKPHITHIX napamer-
POB H N0 HUM CYIIECTBYET KaKoe-TO BEPOATHOCTHOE pacrpejeseHie.
Ecnn 0603HaYHTh COCTOSIHHA, 3afaBaemble napoli (Py, x) uepes o,

* «CKpBITBle nMapaMeTpbl» X MOXXHO paccMaTPHBATb KakK 3J1eMCHTHI HEKOTO-
pero muoxectsa X. OTHocHTesbHO (DH3HUECKOR TMPHPOASI 3THX [APaMETPOB Mbt
He leJlaeM HUKaKHX NPeANoJoXeHWil, TaK Kak ona GeapasjuuyHa JJs AaJbHeliwinx
paccyKAeHHU, )
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TO Hallle TPEANOJIOKEHHe CBOIHTCA K TOMY, YTO COCTOSIHHE @ €CTh
BHIMYKJIasA KOMOHHALHS COCTOSIHUMA ©y. Mbl 3HaeM, yTo P, He pac-

KJagblBaeTcsi B BBHIIYKJYID KOMOHHALHWIO OMepaTopoB CO CBOH-
CTBAMH MAaTpHUB IJOTHOCTH, T. €. COCTOSIHUSIM ®; HE COOTBeT-
cTByloT HHKakHe omnepatopsl M. Croco6 onucaHus COCTOSHHH
B KBaHTOBOH MeXaHHKe ompejensercd Bbi6bopoM agareGprel HabJo-
naembix. [IpeamosoxeHne o TOM, 4TO CYLIECTBYIOT COCTOSIHHS, KO-
TOPHIM HE COOTBETCTBYIOT HHMKAKHe MaTPHUB [JIOTHOCTH, 3aCTaB-
JsieT Hac OTKasaTbCAd OT YTBepKIeHHd, 4To HabJiojaeMmble eCcTh
CaMOCONPSIXKEHHbe ONMepaTopsl, T. €. OTKAa3aThCd OT OCHOBHOIO
NPEANMOJIOKEeHHs] KBAHTOBOH MexaHMKH. Takum o6pa3oM, Mbl BH-
MM, YTO BBEJIEHHE CKPHITBIX NapaMerpoB B KBAHTOBYID MEXaHHKY
HEeBO3MOXKHO 6e3 KODeHHOH NepecTpOofiKH ee OCHOB.

§ 8. ®Pusnueckuit cMbica COGCTBEHHBIX 3HAUEHHH
M cOGCTBEHHBIX BEKTOPOB HaGa0JaeMblX

B srom maparpage Mb paccCMOTPHM BOIpPOCH, Kacaiouuecs ¢u-
3HYECKOI'0 TOJKOBaHHS TeopuH. [Ipexne Bcero Mbl JOJKHB Ha-
YUUTBCSI CTPOMTh (YHKUHMH pacnpejeieHdsi AJs1 Ha6JI0JaeMbiX
B 33JIaHHOM COCTOSIHHH. MEl 3Haem obuyio dopmyay

0, =0*—4) o), (1

rre 0(x)— ¢yukuus Xesucaiiga. Urtobbl nocTpouth GYHKIHIO OT
Habmonaemolt 6 (A — A), paccMoTpHM ypaBHeHHe

Ag;=a;p;.

ToabKo HJIST NMPOCTOTHI PacCyXKAeHHH NMOKa MPEANONONKHM, 4TO BCE
co6CTBEeHHbIe 3HAYEHHs Da3JjuyHbl, T. €. CneKTp oneparopa A mpo-
CTOH, M 3aHyMepyeM cOOCTBEHHble 3HaUeHHs B NMOPSAJIKE HX BO3pac-

TaHud a; << ... << Q. '-Iepea Pq,‘ 0603HaYHM onepaTopnl INpOeK-
i
THPOBaHHA Ha coOCTBEHHbIE BEKTODHI. BBelleM oneparop
Pa)= ¥ Py (@)
ai<h

(3HayoK i mojJ 3HAKOM CYMMBI NMpPHHHMAaeT 3HAYEeHWS, YAOBJETBO-
patomue ycaoBuio a; << A). INokaxkem, uto

PaA)=0(1—A). 3)

Ilns mpoBepKH 3TOro paBEHCTBA JOCTATOYHO YOeXHThCs, YTO Ofle-
paropat P4a{(A) m 0(A— A) onuHakoBO JeHCTBYIOT Ha OGa3HCHHE
BEKTOpbl ¢;, Mcmonwsys onpenesnenne GyHKUMH OT oOmepaTopa,
HMeeM

, A= ay,
9().,——A)(p1=9(7y—a1)¢1={q0)j A,:a;
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- C apyro#t cTopoHH,
95 A= ay,
PaM) o= 3 P¢i¢1={j =
atgh

O, A <a,.

[Tocaennee paBeHCTBO HAMHCAHO C YYeTOM TOro, 4TO Pq,iq},:
=0,,¢; 1 omeparop Pq,l NOSABHTCA MO 3HAKOM CYMMBl TOJIBKO IIDH

yCaI0BHH A = a;. Jlerko npoBepHTb, 4TO P4(MA)— npoekrop, T. e.
Pa(d)=Pa(A) u Ph(A) =P4(2). Ouesunno, uto P,(A)=0 npu
A<<a n PA(M—I npa A= a, Onepatop P,(A) HasbBaercs
crekTpasbHON GyHKLHel omepatopa A.

Tenepp HeTpyAHO MOJYUHTb SIBHBIH BHI AJ (byHKunn pacmnpe-
JeneHusd wa(A), o < M,

@a(A) =(Ps(A) |0)=Tr MP,(A) =
=TrM Z P Z Tr MP,,
a; KA A ¢
OKOHYATEJNbHO
o (W)= 2 (Mg ). 4
ai<7-

Hanomuum, uro (Mge;,@;)==0. Mb BHAHM, 49TO w4 (A)— KyCOUHO-
nocTosiHHaA (QYHKIHSA, HMelollas CKaukKd NpH 3HAYeHHAX A, COBIa-
JAIOIHX ¢ COOCTBEHHBIMH YHCJAaMH, U HENPepPHBHAs B 3THX TOYKax
cnpasa. ['paduk ee u3obpaxken Ha puc. 3.

wa (A)
7 ....................... Mdasermiancaatantseissnane J
———
—-
——

rl 1 i L 1 1

©oay a; Qa3 O4...Qnp 0 Qp A
Puc. 3.

M3 Buga ¢yHKUMH pacupefesieHHs] CJaeAyeT, YTO OTJIHYHOH OT
HyJs sBJSieTCS BEpPOATHOCTb MOJYYHTh 3HaueHHe Halburonaemoii A,
COBIIaflalolIee TOJNBKO C OAHHUM M3 COOCTBEHHBIX uucesa. BepositHocTh
W, npn uaMepeHHH MOJYYHTH 3HAaUeHHE q; PaBHA BejHYHHE CKadKa
‘GYHKUHH w4 (A) B 3TOH TOUKe

W, = (Mg;, ¢;). | (5)

Cymma W, Kak u cjenyer OXHJaThb, PaBHA eAHHHLE, TaK Kak
n
YW, =TrM=1.
i=1
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I/l 4HCTOrO COCTOsHUS @ < F, Qopmyaa (5) npHHAMaeT BHA
W=l @) P (6)

Hakownen, ecnn cucTeMa HaXONHTCS B COCTOSIHHHU Pq,l, T. €. B 4HC-

TOM COCTOSIHHH, ONPEle/sieMOM OIHHM H3 COOGCTBEHHBIX BEKTOPOB
sabaiofaemoi A, to nmo cdopmyae (6) W,=8; B takom yucrom
COCTOSSHHM NpHU u3MepeHHH Habawopaemoli A ¢ [LOCTOBEPHOCTHIO
MOJYYHTCH UHCJIO Q.

[loka MBI npeanosaranu, 4ro omeparop A wuMeer OpocToii
cnekTp. O606L1eHHe MOJyYeHHBIX pPe3yJIbTAaTOB HA CJYy4adl KpaTHOro
CreKTpa, Korga coOCTBEHHOMY 3Ha4YeHHIO a; COOTBETCTBYET He-
CKOJIbKO COOGCTBEHHBIX BEKTOPOB @i, ¢, ..., @ Tpyna He npen-

crasaser. JLoCTaTOUHO 3aMEeHHTb NPOEKTOpH P, Ha oneparoph Py,
t

NPOEKTHPYIOLIHEe HA COGCTBEHHBIE NOANPOCTPAHCTBA, COOTBETCTBYIO-
e CoOCTBEHHbIM 3HAYEHHSIM @

PY =3 (b, o) ¢f®.
k=1

Torna sepostHocTs npm usMepeHuH HabGaonaeMofi A NOJNYYHTD
3HauenHe a; B ofmeM cayuae onpepeasercs opMmynoi

r

W,= 73 (Mo}®, o), (7

kel

as caydyae gucCToro COCTOSIHHUA
r
v, =kZl | (4 @) [ @)

Teneps MH NOJYUYHJIH BO3MOXKHOCTb MOKa3aTh, 4TO OOLYHOE
onpejesenne QYHKUHH OT Ol€paTopa COrjacyerTcs ¢ ZaHHHIM B § 4
nousitueM (GyHKUHH 0T nabuiopaemoh. JleficTBHTeIbHO, onepaTopH
A u f(A) uMeloT o6mYyI0 CHCTEMY COGCTBEHHBIX BEKTOPOB

Aol =agf,
f(Aef =] (a)) o,

R k)
a wacao Y,_, (Mo®, 9") onmospemenno sBsiercs BeposTHOCTBIO

NPy H3MEepPeHHH MOJYYUTh 3HAaYeHHe a; ANa wsabaogaeMon A
H f(a;) ana nabnonaemoit f(A). Otciona cpasy caeayer, 4ro

of 4 (E) = o4(f ' (E)).

3aMeTHM elle, YTO B COCTOSIHHAX, ONpPEREAEMBIX COGCTBEHHLIMH
BekTopamMu A, Habawonaemee A u f(A) oaHOBpeMeHHO HMEIOT
BIOJIHE ONpeAe/IeHHble 3HAYEHUA a; B [(a;) COOTBETCTBEHHO,
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Mpb MOXeM clenyomiuM o6pa3oM NOABITOXKHTb PE3YAbTaTH, KO-
TOpbie CBA3HIBAIOT MaTeMaTHYeCKHH aunapat TeopHu ¢ ee (H3HYe-
CKHM TOJIKOBAHHEM,

1) Habnwopaemas A B cocTosiHHH @ <> M uMeer cpexnnee sHa-
geHue

(Aloy=TrMA

14 (byHKLU/UO pachnpeneieHua
[OF] (h) =Tr MPA (A).

Jist aucroro cocrosiuss M= Py, [$]=1

(Ala) = (A}, }),
o4 (A) = (P4 (A) ¥, ¥).

2) MHoxecTBO cOOGCTBEHHBIX 3HaueHuil Hab.aonaemoii A cosna-
JaeT ¢ MHOXKeCTBOM BO3MOXKHBIX De3YyJbTaTOB M3MepeHHs 3TOH Ha-
6a108aeMof.

3) Bepositaocte W, monyuuTe B pesyabrate H3MepeHus HabJo-
naemoit A uyucao, coBmagaiouiee ¢ OAHMM H3 ee COOCTBEHHLIX 3Ha-
yeHHH, BbUMcaAserca nmo ¢opmyae (7) B obumeMm cayuae u 1O
dopmysie (8) A1 YUCTHIX COCTOSIHHIL

4) CoGcrBenHble BeKTOpH HabJsionaeMoll A onpenensiorT UHCTHE
COCTOSIHHS, B KOTOPHIX HabsiofaeMas ¢ IOCTOBEDHOCTbIO HPHHUMAET
3HayeHHe, pPaBHOE COOTBETCTBYIOILEMY COOCTBEHHOMY YHCJY.

Mbl BHAMM, 4TO MOCTPOEHHAsl MOJEJb YIOBJIETBOPSIET MHOTHM
¢u3nuecknM Tpe6OBAHHWAM K MeXaHHKe MUKpPOMHPA, cHopMymaupo-
BauHbM B § 4. OHa pomycKaeT cyllecTBOBaHHE HEH3MEPHMBIX OIHO-
BpeMeHHO HabaonaeMblx U OGBSICHAET COOTHOLIEHHS HeoNpejeJeH-
HOCTH. B paMkax sToff MOme/nn eCTECTBEHHO ONUCHLIBAIOTCH HabJIO-
HaeMble, uMeoUINe IUCKPETHOe MHOXKecTBO 3HaueHu#. C mpyroi
CTOPOHH, MB BHAHM H OFpaHHYEHHOCTb Takoi Mopenn. Jlwo6as
HabnonaeMas He MOXeT HMeThb OoJjblue, 4YeM £ 3HauYeHHH, rhe
n — pa3MepHOCTb MpocTpaHcTBa cocTrosiHuid C* u, cleRoBaTesNbHO,
3Ta MOJEJib He MO3BOJISET onucaTh HabJionaeMbie ¢ HEMPEPHIBHLIM
MHOKECTBOM 3sHauesufl. [103TOMy TPYAHO NpPEANONONXHUTH, UTO Ta-
Kasl MOAeJb MOXeT ONHCHIBATb peasibHble (U3HUECKHE CHCTEMBI.
OjHako 3TH TPYAHOCTH HE BO3HHKHYT, €CJU NepefiTH K n = oo
M B KauecTBe MNPOCTPAHCTBA COCTORHHE B3fThb KOMIJICKCHOE THJb-
6CpTOBO MPOCTPAHCTBO, a H3aOJlOfacMble CUHTAThL CAMOCOMPSIIKEH-
HHIMH OllepaTOpaMM B 3TOM NpocTpaHcTBe. Bribop mnpocTparcTs
COCTOSIHUH JJ51 KOHKDETHHX (DH3HUECKHX CHCTEM ¥ IIpaBHJA I0-
crpoenus HabaopaeMbx A8 HHX Mbl oO6cynum B § 11, a noka npo-
JOJIXKHM H3yueHHe Haulell KoHeuHoMmepHo# MonmesH. KoHeuHoMepHas
Mojesb yAoGHA N/ HAC eIle TeM, YTO Mbl He CTAJKHBAeMCs C YHCTO
MaTeMATHUECKHUMH TPYAHOCTAMH CHEeKTPaJbHOH TEOPHH HeOrpaHH-
YeHHHIX CaMOCONpsKEHHHIX ONepaToOpPoB B THJAbOEPTOBOM NPOCT-
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paHcTBe. 3aMeTHM, YTO OCHOBHBIE I[OJIOXKEHHS 3TOH TeopuH Obliu
paspaboranel (on HefimaHOM uMeHHO B ¢BA3H ¢ NOTPeGHOCTIMH
KBAHTOBOH MeXaHHKH.

§ 9. IBe kapTuHbl IBHMKEHUS B KBAHTOBOH MeXaHHKe.
Ypasuenne Hlpenunrepa. CtaunoHapHbie COCTOAHHS

B stoM naparpade Mbl 06CyAuM BONDPOCH AUHAMHKH KBaHTO-
BbiX cucTeM. OCHOBHOe NPEANOJIOKEHHE YXkKe IO CYILeCTBY GblJIO
caenano B § 4, Korza MBl FOBOPHJIH O HEOOXOAHMOCTH -BBe/IEHHUS
JHEeBCKOH omepanun B ajrebpe HaG/Mi0gaeMblX KBAaHTOBOH Mexa-
HHKH M O ee cBfA3H C nuHaMuKofi. [losToMy MBI NpsAMO HauHeM
C TOro, YTO HOCTY/JHpPYeM TaK HasbBaeMylo Kapruny [efizenGepra.
Ora KapTHHA SIBJASETCS aHAJOroM KJIacCHYECKOH KapTHHBL ['aMHJb-
ToHa. Tak XKe KaK U B KJacCCHUECKOH MexaHHKe, B 3TOH KapTHHE
HaOmofaeMbie A 3aBHCST, 4 COCTOSIHHS © <> M He 3aBHCAT OT
BpeMeHH

dM

dt

dA()
Lo = {H, A}

=0, 1)

3necs H — oneparop NMONHOH 3HEPTHH CHCTEMEI, SIBJSIOUIKICS aHa-
noroM ¢yHknuM [aMHIbTOHA KJaaccHuyecko MexaHuku. Onepartop
H wunorpa HasbiBaloT omnepatopoM lllpenunrepa. ®opma 3samnucu
KaptuHbl ['efizenbepra TouHO Takas e, KaK KapTHHH [ aMHJIbTOHA,
TOJIbKO B NpaBofi yacTH CTOHT KBaHToBas ckobka ITyaccona Bmecro
KJ1aCCHYECKOH.

Kax u B KiaccHuecKo# MeXaHHKe, ypaBHEHHe

10 = (H, AW}, (2)

BMECTE C Ha4YaJbHbLIM YCJ/JIOBHEM

A ,=4 3)

3ajlaer OJHONMAapaMeTpHYeCKOoe ceMeHCTBO aBTOMOPGU3MOB aJre6-
pbl HaGawogaemMpix oU.
3aBHCHMOCTb CPefHEro 3HaueHHWs OT BPEMeHH Olnpelensercs
dbopmyaoi
(A () |o)y=Tr A{t) M.

YpasHenue (2) c HauyaJbHBIM YcJoBHeM (3) HMeeT eIHHCTBEHHOE
peuieHHe, KOTOpOe MOXKeT ObITb 3aMHCAHO B BHAE

L Lo

Alfy=¢e" Ae = . 4)
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JHefictBUTENBHO,

A0 = [H, AO] = {4, AWk

BrinosiHenne Ha4aJbHOIO YCJOBHA OYEBHAHO.

——Ht
Oneparop U (f)==e * ', KoTOpH#i mosiBHJCA B 3alHCH pelle-
Hust (4), Ha3biBaeTcs omepatopoM 3BoJIOUHH, ONepaTop 3BOJIOLHY
SIBJISIETCA YHHTADHBIM OIEpPaTOPOM BCJAEACTBHE CaMOCOTPSIKEHHO-

ctu onepatopa H
i

U (h=e® " =U" (1)
MuoxecTso onepatopos U(f) o6pasyeT oaHONAapaMeTpHUYECKYIO

rpynny
UU@E)=Ulti+t), U (O=U(-".

Ecan nabmonaembie H u A xommyrtupyior, to {H,A}, = 0 u cpen-
Hee 3HaueHHe HabglofaeMoil A He 3aBHCUT OT BpeMeHH. Takue
Ha0JiojaeMble Ha3blBAIOTCH KBAHTOBBIMH HHTErpajaMi JABHXKEHHS.

B KBaHTOBOI MeXaHHKe CYIIeCTByeT BTOpas SKBHBaJeHTHas
KapTHHA [BHKEHMs, SBJSIONIASCS aHAJOrOM KJjaccuuecko#l Kap-
tuHbl JInyBuiaasa. as toro ytobul cOpPMYJHPOBATb 3Ty KapPTHHY,
npeobpasyem GopMyay IJs CpelHEro 3HaYeHHS

(A(t) |)=="TrU*(t) AU (t) M= Tr AU (f) MU* () = Tr AM () =

=(Alo @),
rie : o (f) < M () =U (t) MU (t) (5)
u M({) aBnsieTcs €IHHCTBEHHBIM pelUeHHeM YpaBHEHHS
D = —H, MO} 6)
¢ HAYaJBHBIM YCJIOBHEM
M@)o, =M. @)

Mul npuuid K Tak HassiBaemolt kaprue Hlpenunrepa. B aroii kap-
THHE 3aBUCALUMH OT BPeMEeHH OKa3blBalOTCA COCTOSIHHS

am(t) {H, M ()},

dt
)
dt

=0. ®)

ITo camomy cmnoco6y BBenenus Kapruna Illpeannrepa skBuBa-
JeHTHa KaptuHe [efizen6epra, Tak KaK 3aBHCHMOCTb CPEJHHX 3Ha-
yeHuil HAGMIOJAeMBIX B 3THX KapTHHaX 4BJSeTCS ONHHAKOBOH.

Tenepb paccMOTPHUM 3aBHCHMOCTb OT BpDeMEHH UHCTBIX COCTOS-
nuit B Kaprute Hlpennnrepa. Corsnacuo obmeit ¢opmyde (5)

Py ()=U () PU" ().
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[TopnGepem 3aBHCHMOCTb BEKTOpa COCTOSIHHE (f) OT BpeMeHH TaK,
9TOOBI BHIHOJIHAJIOCH PaBEHCTBO

Py()==P, .

ITpoBepuM, 4TO 5TOMY yCJOBHIO YAOBJIETBOPSIET
Y(O)=U®b. )
[Tycts & — NpOH3BOJBHLII BEKTOpP, TOrAa

Posyt=E b (O=E UNOMHUNOp=
=U@O U OF D b=U@OPU (=P (1)E.

Takum o06pa3oM, 3aBHCHMOCTb OT BpeMeHH BeKkTopa ¥ ({) mo
dbopmyse (9) rapanTHpyeT NPaBUJAbHYIO 32aBHCHMOCTE OT BpEMEHH
yucroro cocrosHus. 3ameruM, 4yro (9) He cjaenyer H He MOXKeT
cl1efoBaTh ¢ HeOOXOOMMOCTbIO H3 (D), Tak KaK BEKTOP COCTOSIHHS
OnpejessieTCsl COCTOSHHEM C TOUHOCTBIO 0 MHOXKHTEJS 110 MOAYJIIO,
paBHoro eausuue. HecmMorpsi Ha 3TO, B KBAHTOBOH MEXaHHKE BCerja
CYHTAEeTCsi, YTO 3aBHCHMOCTb BEKTOPOB COCTOSIHHSE OT BpEeMEHH
onpeneasercss gopmysoin (9). OTMeTHM, YTO BOJNIOLHUS He MeHSET
HODMHPOBKHU BEKTOpa COCTOAHHS,

fb O I=1bl

tak kak U ({)— yHurapHulil oneparop.
Bekrop ¥ (f) ynosaersopsieT ypaBHEHHIO

ip 40 d“" — H (f) (10)
H HAyaJbHOMY YCJOBHIO

b (1) |¢=o = 1.

Ypasuenne (10) HaswviBaeTcs ypaBHenueM lllpenunrepa u siBasiercs
OCHOBHBIM ypaBHEHHEM KBAHTOBOM MeXaHHKH.

PaccmoTpum Tenepb COCTOSIHHS, KOoTophle B KaptuHe I[llpenun-
repa He 3aBHCAT OT BpeMeHH. TaKue COCTOSIHHSI HA3HIBAIOTCA CTa-
uroHapueiMu. OueBHAHO, cpefHee 3HAauUeHUe JIOGOH HabaoaaeMoi
H BEPOSITHOCTH €€ OIIpeAeJEeHHBIX 3HAaYeHHH B CTallHOHapHBIX CO-
CTOSIHHSIX OT BPEMEHH He 3aBHCAT. YCJOBHE CTAlHOHAPHOCTH CpPasy
caenyer u3 (6) U uMeer BUA

{H, M},=0. (11)
PaccMoTpuM 4HCTble cTalMOHapHbie cocrosuusa. M3 (11) umeem *
HPys=PypH.

* 3ameTuM, UYTO K3 He3aBHCHMOCTH Pﬂ’(f) OT Bpe€MeHH OTHIOAb He CJAEeNYET,

yro BekTop Y(f), yAaosjersopsioumit ypaeHenuio 1lIpesudrepa, He 3aBHCHT OT
BPEMeHH.
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[ToneficTByeM J1eBOH M NPaBO#l HaCTAMH 3TOTO PAaBEHCTBA HAa BeK-
Top Y (?)
H (1) = (H$ (), v () ¥ ().

Yucao E = (Hyp (¢), ¥ (f)) = Tr PyyH or BpeMeHH He 3aBHCHT, W
MBl BHAHM, 4TO NpH JI060M ¢ BekTop v (f{) fIBAsAETCS COOCTBEHHBIM
BeKTOpOM omneparopa H ¢ cobGcrBenHnM 3HaueHueMm E. Tlostomy
ypaBHenne Illpenunrepa nnsi Bektopa P (f) NpUHHMAaeT BUJ

o G0 ()
Penienue s310ro ypaBHeHHS:

PO=p T (12)

Takum o6pa3oM, 4uCThle CTallHOHApPHbLIE COCTOSIHUSA — 3TO CO-
CTOSIHUSI C ONpejeJeHHOH 3Heprued, H BeKTOP, OnpeaensoOlUi Ta-
KO€ COCTOSIHHE, 3aBHCHT OT BpeMeHH no ¢opmyae (12).

YpaBHeHHne

Hp;==E;;

HHOTJia Ha3blBAIOT CTauMOHApHHIM ypaBHeHueM Illpenuurepa. Oc-
HOBHBIE 3aJaUH KBAaHTOBOH MEXaHMKH CBOJATCH K DPELIEHHIO 3TOrO
ypaBHeHus. Uucna E; coraacHo ofmeMy (H3MYeCKOMY TOJKOBa-
HHIO, €CTb BO3MOXKHbIEe 3HaYeHHs] SHEPTHH (SHEpreTHYecKHe YPOBHHU)
cucreMbl. COCTOSIHHE, COOTBETCTBYIOIlee HAHMEHbUIEMY 3HAYEHHIO
sHepruu E;, HAa3BIBaeTCsl OCHOBHBIM COCTOSIHHEM CHCTEMBI, OCTaJlb-
Hble COCTOSIHHSI — BO30yXJeHHbIMH. Ecau u3BecTHH coGCTBEHHbBIE
BEKTOpPHl (; onepatopa H, To Jlerko MOKeT OBITb NOCTPOEHO pelle-
uue 3agaud Kowmwu nis ypaBHenusa lllpenunrepa

.y dY ()
ith—gZ—=Hv (1),
% (t) |t=0 =1.

Jlns 3TOro JOCTATOYHO PAa3JsIOXKHTb BEKTOP P MO COGCTBEHHOMY
Gasucy onepatopa H

Y= l}::.lci@i, c; =}, ;)

H Hcnoab3oBath dopmyay (9). Torna Mbl MOJYyUHM pellleHHe 3a-
naup Koun B BHIE

no LA
¢(i)=j;clq>ie N (13)

D1y dopMyay Ha3bIBAlOT OOLIUHO (HOPMYJNOH pa3iOKeHHS pelIeHHs
ypaBHeHusa LllpeauHrepa no CTaUHOHADHBIM COCTOSIHHAM,
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B 3akaiouenne storo maparpada HOAYYHM COOTHOMIEHHE HEOM-
pefeseHHOCTH BpeMs — sHeprus. Ilosaras B (7.1) B = H, umeeMm

AmA A(oH >‘121 I ({A: H}h |m> ' (14)

. dA
Benomuuas, uro B kaprune lefisenbepra — ={H, A}, u ucuoss-

dAep dA '
3y OueBHAHOE pPABEHCTBO T:‘(—dt m>, coorHoluenne (14)
HepenuiieM B BHIE
k| dAcp
A‘DA A‘DH 2-2— TR

- dA
BBeneM npoMexyToK BpeMeHH Amz‘A=AmA/|—dt3i
3a Bpemsi Ayf, cpenHee 3HaueHne HaOaozaemolt A, cmemaercs
Ha «wupuny» pacmpenenenuss AyA. Tlosromy A, f, ecrb xapak-
TepHOe MAJIs COCTOSHHA @ M Ha6aiomaeMoit A BpeMs, 3a KOTOpoe
GYHKIHUS pacmpenesneHuss wa(A) ycneBaeT 3aMeTHO H3MeHHTbcst. M3
HepaBeHCTBA

AgtaDH = /2

CJIelyeT, YTO MHOXKeCTBO 3HaueHH# Ayl, 17151 BCEBO3MOXHBIX Ha-
6mofaeMblXx A B COCTOSHHH ® OrpaHHYEHO CHH3Y.
[Tonaras Af=infA {4, u obosnauas A,H uepes AE, noayuum,
A

yTo AJ4 J1000r0 COCTOSIHUS ® CHpaBelJMBO HEPABEHCTBO
AE At > h2. (15)

DT0 M eCTb COOTHOIIEHHE HEONPEeIeJeHHOCTH BpeMsl — Heprusl.
®du3uueckHii CMBICA 3TOr0 COOTHOIEHHS CYIIEeCTBEHHO OTJIHYAETCs
OT CMBbicjia COOTHOLIEHHH HeompepesenHoctH (7.1). B copmyae
(7.1) A, A u AyB — HeonpeJeNeHHOCTH B 3HauYeHHAX Habaioxae-
MEX A 1 B B COCTOSSHMM ® B OAMH H TOT XK€ MOMEHT BpEeMEHH.
B coornomenuu (15) AE — HeonpejesleHHOCTb SHEPIHH, W OHA OT
BpPEeMEHH He 3aBHCHT, a Af XapaKTepH3yeT BpeMs, 3a KOTODOe ycCIie-
BaeT 3aMeTHO H3MEHHThCS pachpejeseHde XoTsi Gbl OXHOH M3 Ha-
6mogaemplx. UeM MeHbiue BeguuyuHa Af, TeM 0oJiblie COCTOAHHE ®
OTJHYaeTCd OT CTalHOHapHOro., /s CHJABHO HECTaUHOHAPHBIX CO-
CTOSTHHH Al MaJio u HeonpelesieHHOCTb 3Hepruu AE [nosKHa GbITh
nocraTouno Beauka. Haobopor, ecin AE = 0, To Af = oo. B stom
clydyae COCTOSTHUE SIBJISIETCSI CTAILHOHAPHBIM.

§ 10. KBaHTOBasi MeXaHHKa peajibHbIX CHCTEM.
TMepecranoBoyHbie cooTHomenus lelizendepra

Mul yXKe yIOMWHAMH O TOM, UTO IOCTPOEHHAsl KOHeYHOMepHas
MOMeJb CAHIKOM GeaHa, yToGbl COOTBETCTBOBATH PEaIbHOCTH, H UTO
€e MOXHO YCOBEpIIeHCTBOBaTb, B3siB B KAYeCTBE HNPOCTPAHCTBA
COCTOSIHUE KOMILJIEKCHOE THIb0EpPTOBO NIPOCTPAHCTBO 46, a B Kaue-
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cTBe HabJ/I0LaeMBIX — CAMOCONPSAXKEHHbIE ONePATOPbl B 3TOM IIPOCT-
paHCTBe. ‘

MoxHo mokasatb, 4TO OCHOBHad (opMyJsa mjs CpeAHero 3Ha-
uenust HaGmaonaeMoil A B COCTOSIHHH o COXpaHseT CBOH BuJ

(Aley="Tr AM, (N

rae M — moJIOKUTeNbHBIE CaMOCONPAKEHHBIH omnepatop B 4 co
CJIeHOM, PaBHBIM eJIHHHILE.

Hast 1:060r0 caMOCOTPSKEHHOTO ONEpPaTOpa MOMKeT OBbITh I10-
CTpOeHa crekTpaJjbHas ¢yHKuUS P4(L), T. e. ceMeHCTBO NPOEKTO-
POB €O CJEAYIOLIMMH CBOHCTBAMH:

1) Po(RA)<<Po(u) mpu A <p, 1. e Pya(A) Pa(u)="P4(h),
2) P,(A) mempephIBeH CIpaBa, T. €. li;l1 Pa(u)="P,(}),
u->A+0

3) Pa(—oo)= lim Py(M)=0, Py(0)=1,

4) P4(A)B = BP4(A), ecan B — nio60#i orpaHHuyeHHbIl omnepa-
TOp, KOMMyTHpYlowHuit ¢ A.

Bekrop ¢ NpHHAAJNEXRHT 001acTH onpejeseHHs omepatopa A
(p = D(A)), ecnu

oo

Md (Ps(R) @, 9) < o0

8M

U Torxa

Ap= { 2P, ()0, @

®ynkuust ot oneparopa f(A) onpenenserca Gopmyoi

00

Faeo= { 1mdPae. 3)

-0

O6aactb onpenenenns atoro oneparopa D(f(A)) ecTb MHOKECTBO
3JIEMEHTOB ¢, AJIsT KOTOPHIX

oo

170 PdPs)g, 9) < ox.

- 00

CrHekTp CaMOCONpPSIKEHHOTO onepatopa mpeicTaBJasger coboi
3aMKHYTO€ MHOXECTBO TOYeK BeleCTBEHHOH OCH, COCTOsIlee U3
BCeX ToyeK pocTa cHeKTpaabHOil GyHKuHH Pa(A). CKauku 3TOH
(GYHKIHHE COOTBETCTBYIOT COOCTBEHHBIM 4YHCJaM omnepatopa A,
a Pa(A+0)—Ps(h—0) ectb mnpoexkrtop Ha coOCTBeHHOe TMOX-
NPOCTPAHCTBO, OTBeualouiee co6CTBeHHOMY uyHcay A. CobcTBeHHBIE
yyucaa o6pasyiorT ToueuHbld cmekTp. Ecau coOcTBeHHbIE BEKTOPHE
06pasyloT TMOJAHYI0 CHCTEMY, TO ONepaTop HMeeT UYHCTO TOUEUHBIH
crnektp. B ofmem ciydae npocTpaHCTBO MOKeT Obithb DasbuTO
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B OPSIMYIO CYMMY OPTOTOHAJbHHX H WHBAPDHAHTHBIX OTHOCHTEJHHO A
NOANPOCTPAHCTB 6, U B, TaKUX, UTO 8 NepBOM onepatop A HMeer
YHCTO TOYEUHBIAl CNEKTP, 8 BO BTOPOM He HMeeT COOCTBEHHBIX BEK-
TopoB. CmekTp omneparopa B NOANPOCTPAaHCTBE HB; HA3HIBAIOT He-
IpepLIBHBIM,

W3 ocHoBHO# Qopmyan (1) cnenyer, yto ¢yuKuus pacnpene-
JeHHss Hab/ogaeModl A B COCTOSIHHH @ <> M 8 o6meM caydae
AMeeT BH]

04 {A)=Tr Py (M)M, (4)

a JJf YHCTHIX COCTOSIHHH M=P¢,
04 (A)=(P4(A) ¥, P). )

B ornuume ot KOHeuHOMepHOH Mojenn (yHKIHS o4 (A) He obs3a-
TEIbHO sBJAseTcd (QYHKIHeH CKaukoB. MHOXKeCTBO [NONMYCTHMBIX
3HaueHu# HabJiogaeMoli A coBmajaeT ¢ MHOXKECTBOM TOYEK pOCTa
GYHKUME 04 (A) A BCEBO3MOXKHBIX COCTOSIHHH ®. [losTomy MoxkHO
YTBEPXKAATb, YTO MHOXKECTBO BO3MOXHBIX pe3y/abTaToB H3MepeHHs
HabaonaeMoli A coBnajnaer ¢ ee cnekTpoM. Mbl BHIHM, YTO Teo-
pHd MO3BOJISET ONHCHIBATL HabJiofaeMble Kak C IHCKPETHBIM, TaK
H HeNpepbIBHBIM MHOXECTBOM 3HaYeHHH.

Tenepr Hawa 3agaga — onucaTh MpaBusa BHIGOpa MPOCTPAHCTB
COCTOSIHH# M HayuUTbCH CTPOHTb OCHOBHBIe HabJI0OnaeMble AJis
peanbHbIX (DH3HUECKHX cHCTeM. 31ech Mbl OyleM ONHCHBATh KBaH-
TOBbIE CHCTEMBbl, HMEIOIIHEe KJacCHYeCKHH aHaJjor. 3ajaua CTaBHTCA
cnepywomum obpasom. IlycTb MBI HMeeM KJIaCCHYECKYIO CHCTEMY,
T. e. 3allaHnl ee (Pa3oBoe MPOCTpPaHCTBO M ¢yHKUua [amunbroHa.
Hy:xXHOo HafiTH KBaHTOBYIO CHCTEMY, T. €. MOCTPOUTb NPOCTPAHCTBO
cocrosinufi U oneparop lllpenunrepa Tak, 4yTo6bnl MeXIy KJaccHye-
CKHMH HabmopaeMblMH ((QyHKUHAMH Ha (a30BOM NPOCTPAHCTBE)
U KBAaHTOBHIMH HabJlofaeMbIMH (ONepaTopaMH B IIPOCTPAHCTBE CO-
CTOSIHUE) OBIIO YCTAHOBJIEHO B3aHMHO-ORHO3HAUHOE COOTBETCTBHE
[ <= A;. Tlpu s10oM dyHKnun [aMuIbTOHA HOJMXKEH COOTBETCTBOBATH
oneparop [lpenunrepa. 3T0 B3aUMHO-OZHO3HAUHOE COOTBETCTBHE
HH B KOEM CJIyqae He MOXeT ObiTb H30MODPGH3IMOM fg«/— Ao Ay,
{f, g} </—{A;, Ag}r (MMeHHO NMO3TOMY KBAaHTOBAasf MeXaHHMKA OTJIH-
yaeTcs OT KJaCCHYeCKOH), HO HOJIKHO CTAHOBHTBCH H30MOPHHIMOM
npu h—> 0 (uro obecneduT NpelesbHbI Mepexol] KBAHTOBOH MeXa-
HHKH B KJjaccudeckyo). OOBMHO KBaHTOBHE HabJiogaembie A
HMEIOT Te XKe Ha3BaHUS, YTO W Kiaaccuueckue f. 3aMeTHM, 4TO MH
He JMOJIKHBI HCKJIOYaTb BO3MOXKHOCTH CYIHIECTBOBAaHHS KBAHTOBBIX
CHCTEM, He HMEIOIHX TMPOCTOTO KJAaCCHYECKOro aHaJjora. ¥ TakHx
cucTeM MOryT ObITh Ha6J/i0gaeMble, KOTODHIM He COOTBETCTBYET HH-
Kakad QyHKUIHS 0606IIeHHNX KOOPAHMHAT H HMNYJbCOB,

B nosnoM o6beMe mpaBHsia COOTBETCTBHS U NpeAeJbHHIH mepe-
X0 B KJlacCHYecKylo MexaHHKy 6Gyayr onucadw B § 14. Iloka mu
YCTaHOBHM TaKO€ COOTBETCTBHE TOJIbKO MEXKAY HanOo/ee BaKHBLIMH
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HaaoNaeMbIMA U TOK4XeM, KaK CTPOHTCH MPOCTPAHCTBO COCTOS-
HUH A8 NPOCTCHILUX CHCTEM,

Paccmorpum crauana matepuanbayio Touky. Ee ¢asosoe npocr-
PaHCTBO LIECTHMEPHO M TOUKA B HEM ONpelessieTcs 3aJaHHEM Tpex
AEKapTOBBIX KOOPAHHAT g1, g2, §s H TPex MPOEKUHH HMOyJbca pi,
p2, ps. Herpynuo cocunrtats Knaccuueckue ckoGku I[lyaccoma pus
10600 napel H3 3THX HaGJOaEMBIX

{9, 93=0, {p, p}=0, {p,q}=35,, i,j=1,23.

dns gacTHu® B KBaHTOBOM MeXaHHKe MBI BBeIEM IIeCThb HAGJIO-
naeMuix Qi, Q2, Qs, P1, Py, P3, y KOTOpbIX KBaHTOBhE CKOOKH Ilyac-
COHa UMEIOT Te XK€ 3HAUEHHS

{Qir Ql}h =O: {Piv Pi}h = 0, {Pb Ql}h = [6”1 (6)

rae | —enuuuunbiél onepatop. ATH HabaonaeMbie GyfeM Ha3bBaTh
KOODAMHATAMH M MPOEKLUHSMH HMIYJbCA,

B nanbHefilueM MBI cyMeeM ONpPaBAaTb TaKOE COMOCTABJEHHE
OnepaTopoB KOOPAHHATAM H HMMOYJbCaM CJAEAYIOIHMH 06CTOATENb-
crBamu. Mayuns HaOmiopaembie, onpenesneHHble COOTHOUIEHHSIMH
(6), MBI yBHIMM, 4TO OHH 06J1aJalIOT MHOTHMH CBOHCTBAMH KJacCH-
4YeCKHX KOODAMHAT M HMNyJabcoB. Hanpumep, ana cso6Gopnoll yac-
THIB NPOEKUHH HMIYJbCa ABAAIOTCA WHTErpajaMu - ABUXKEeHHS,
a CcpelHHe 3HAYEHHS KOOPAHHAT JIMHEAHO 3aBHCAT OT BPEMEHH
(paBHOMepHOE NPAMOJHHEHHOE ABHIKEHHE).

Ianee, coorsercreue qi <> Qi pi<> Py, i=1, 2, 3, asurcs
AN HAC OCHOBOHW IV MOCTPOeHHs O6LIero COOTBETCTBUS f(g, p) <>
<> A;. OnpeneseHHbie TakuM 06pa3oM KBaHTOBhle Hab.onaeMble,
B TOM HYHC/€ KOODAMHATHl # HMIIYJbCH, NPH TPENEJbHOM Nepexoje
MpeBpallaloTCa B COOTBETCTBYIOLINE KJacCHUYeCKHe HabJiogaeMble *,
Hakonen, npaBusia cooTBeTcTBHA [ <> A; HenaoT TEOPHIO BIOJMHE
KOHKDETHOH, M €€ pe3yJbTaThl MOTYT NPOBEPATHCH B SKCIEPHUMEH-
tax. MIMeHHO corsacue TeOPHH C 3KCNEPHMEHTOM CJIEAYEeT CUHTATh
OKOHYATeJbHBIM ONpaBAaHHEM INpeanosoxenus (6) u Bcell KBan-
TOBOH MEXaHHKH,

Ycnosus (6) Ha3wnBAalOTCA YCIOBHAMM KBaHTOBaHMA [elizeH-
6epra. M3 stux ycnosufi 1 dopmynn (7.1) cpasy cienywor CooTHO-
weHus neonpenenendoctu Iefisen6epra 418 KOOPAHHAT H HMMYJb-
COB. DTH COOTHOIUIEHHS MBI yXKe 06CYyXKAaJH. :

Yacro ¢opmyan (6) sanuchBaloTcs A4S KOMMYTaTOPOB

[Q/» Qk] =0, [P,, Pk] =0, [Qp Pk] =ih61k° (7)

STH COOTHOIIEHHS HA3BIBAIOTCS MEPECTaHOBOYHLIMH COOTHOLIEHHSIMH
Ieiizenbepra.

* Touubifi cMbica 3TOIO yTBepKAennn obcyxpaaerca 8 § 14.
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VMeer MecTo 3ameuaTesbHas Teopema Hefimana — CtoyHa. Mul
chopmysnnpyem ee 6e3 moKa3aTesbCTBa *,

Y cucreMnl cooTHomeHHH (7) CyHiecTBYeT e€IHHCTBEHHOE HeNpH-
BOJHMMOE IIpeJCTaB/ieHHe ONEepaTopamMu B rHALOEPTOBOM MNPOCTPaH-
cTBe (C TOYHOCTBIO 1O YHHTApHOro npeoGpasoBaHUs).

HanmoMHuM, YTO O3HayaeT HeNpHBOAHMOCTh TpPeACTaBJIEHHS.
OOGRIYHO HMCHOJIB3YIOT ABA SKBHBAJIEHTHBIX ONpeNeJIeHHs:

1) npeapcrasjeHue cooTHomieHH# (7) Ha3biBaeTcsd HENPHBOAH:
MBIM, €CJIH He CYLeCTBYET ONepaTopa, OTJAMYHOTO OT KPaTHOro en-
HuunoMy C/ B KOMMYTHPYIOIWETO CO BCeMH omeparopamMu @Q; u P;

2) npeacraBieHHe Ha3blBaeTcsl HEMPHUBOLMMEIM, €CJIH He Cylle-
CTBYeT B % IOANDPOCTPAHCTBA Hfy, HHBAPHAHTHOTO OTHOCHTEJNIHHO
BCex omepatopoB Q; u P

[TpoBepuM 3KBHBAJEHTHOCTb 3THX ompefesnenuit. Ecan cyute-
CTBYeT MHBAPHAHTHOE OTHOCHUTENBbHO Q; W P; MOANPOCTPAHCTBO Jbo,
TO MPOEKTOP Ha 3TO MOANPOCTPAHCTBO Pz, KoMMyTHpYyeT € Q; U P;
H, OUeBHIHO, P, 5~

Ecau ectb omeparop A 5= CI, KOMMYTHPYIOLIHH CcO BceMH Q;
u P;, to A* a sgauut, 0 A+ A* kommytupyior ¢ @; u P;. IMostomy
€ caMoro Hayaja MOXHO cuutaTh A camoconpsxeHHnM. Camocon-
pAXKeHHBIX omepaTop A uMeeT chneKTpaabHylo GyHKUHIO P4(L), KO-
TOpast TIPH HEKOTOPOM A orauuHa oT HyJs U Cl. Onepatop Ps(L)
KOMMyTHDYET ¢ Q; u P;, U, Clef0BaTesNbHO, NMOANPOCTPAHCTBO o,
Ha KOTOPOE OH MPOEKTHPYeT, HHBAPHAHTHO OTHOCHTEJNbHO Q; U P..

U3 teopemul Heifimana — CroyHa caenyeT, 4TO ecJqH Mbl Haiinem
KaKoe-nMu6o TpeAcTaBJeHHE NePeCTaHOBOUHBIX cooTHoweun# [eit-
3eH6epra U JOKaXeM €ro HempUBOAHMOCTb, TO BCE€ OCTaJbHble He-
NPUBOAUMBIE INIPENCTaBJMeHHs OYAYT OTJHYATBC OT HEro YHHUTap-
HBIM npeoOpasoBaHHEM.

Mu 3HaeM, uTo (puU3HUECKOE TOJKOBAHHE TEOPUH OCHOBAHO HA
dopmyne nasi cpennero 3unauenusi {A|o) = Tr AM. IlpaBas yactb
3T0#t GOPMYJIH HE MEHSETCSl IPH YHHTApHOM npeoOpa3oBaHUH BCeX
onepatopoB. [TosaroMy ¢u3anueckue pe3yabTaThl TEOPHUH He 3aBUCHT
OT TOrO, KaKOe H3 YHHTAPHO 3KBUBAJEHTHBIX NPELCTABJIEHHA Mbl
BHIGHPaEM.

§ 11. KoopauHaTtHoe H UMNYJbCHOE NPEACTABACHHS

Omnuiuem HaunGoJiee YaCTO UCIOJNB3yeMOEe B KBaHTOBOH MeXaHHKe
TaK Ha3plBaeMoe KOOpAHHAaTHoe mpepcraBiaenue. Muorxa ero uaswl-
BaroT npeiacraBiennem lllpenunrepa. B atom mpepcraBieHHd B Ka-

YyecTBe NPOCTPAHCTBA COCTOSIHUH JJIS MaTePHAJbHOH TOYKH BHIOU-

* TlpuBeneHHas GOPMYJHPOBKA He fBJASETCH TOUYHOH, TaK KaK HUMEIOTCS TOH-
KOCTH, CBS3aHHHe ¢ HEOTPAaHHUIEHHOCTBIO oOmepaTopoB P n Q, KOTOpele MBI He
obcyxnaeM. ITogo6uble TPYAHOCTH He BO3HHKHYT, eCJIH BMeCTO CaMHX ONepaToOpOB
P un Q paccmatpuBaTh OrpaHHueHHsle (YHKIHH OT 3THX ONepaTopos. ToYHYIO
¢opumyaupoBky Teopemsl Helfimana — CroyHa MBI TIPHBE/IEM B § 13. .
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paercs mpocTpancTBo L2(R3) KBaApATHYHO HHTETPHPYEMBIX KOM-
MJIEKCHO3HAYUHBIX QYyHKIME @(X)== @ (X}, X2, x3). CKaaspHoe MPOU3-
BeJleHHe OIpejiesisieTcsl paBeHCTBOM

(@1, @2) = S @1 (x) @2 (x) dx. )
RS

Onepartopnl Q; u P;, j=1, 2, 3 BBOAsITCA (opMynamn
Qe (X)=qu3 (x),
h
Pio (0) = 5= (x). )

DT0 HeorpaHHYEHHbIE ONEPATOPH, UYTO COOTBETCTBYET (HH3HUYECKOMY
cMBICAY HAO0JI0aeMBIX, TaK KaK YHCJIEHHble 3HAaYeHHS KOOPAMHAT
H UMOYJAbCOB HeorpaHuueHnl. Ha o6sactu D, oGpasoBanuoil Gecko-
HeyHo auddepeHHHPyeMBIMH (YHKIHAMH, yObIBalOMIHMU OLicTpee
21000 cTelleHH, OmpesiesieHs caMH onepatophl ; U P; u mobble HX
1esble MOJIOXKHTeAbHble creneHd. OueBHaHo, obsacts D mJoTHA
B 2. MoXHO NMoKa3aTb, 4TO onepartopsl Q; H P; UMEIOT eIUHCTBEH-
Hble CaMOCONpAXKeHHble paCIUHPeHHs MO 3aMblKaHH©. CHMMeTpHus
3THX ONepaTopoB nposepsiercs npocro. Hanpumep, a1s Py u no6vIx
bynkuni Y & D, ¢ & D, uHTerpupys No 4acraM, HMeeM

(Pig, )= { dx L 2B 55— { ax, de3 s0V@|  —
R3 . -—00 ‘ Xp= =00
— { dxq (0 ZHE = { dxg () - 255 — (@, Py ).
R® R*

[IpoBepum mepecranosounsie coornouwenus (10.7). IlepBuie aBa
M3 HHX OYEBHJHbBI, a TPeTbe CJeJyeT H3 PaBEHCTB

P (x) = -f’.—ji—k- (x;9 (x)) ==—f— 8@ (%) + % ffw a—ik- ¢ (x),

12
h 0
QP9 (X) = x; 7 5.~ @ (x).

Takum o6pasom, MBI HERCTBUTENLHO HOCTPOUJIH TIpefcTaBJIeHHE
coorHowenu#t (10.7) suHelinbBIMH onepatopaMu. HempusomgumocTtsb
3TOr0 NPEACTAaBJEHHS MBI JOKaxeM Mo3XKe.

IlpuBeneM enie OAHH INPHMeD I[PEACTaBJIEHHS (HMOYJbCHOE
npejcrasaenyue). B sToM mnpeacraBieHHH NPOCTPAHCTBO COCTOSHHE
% ToxXe fBJSETCS KOMIUIEKCHBIM mnpocTpaHcTBom L2(R3) ¢ aue-
medraMu @(p), a omepatopn Q; u P;, j=1, 2, 3 onpexnensitorcs
caenyomuM o6pasom:

Qo (p)=ih gﬁm (p), 3

Pio (p) = p;o (p).
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IlepecranoBounbie cooTHomweHus (10.7) npoBepsioTCH Tag iKe,
KaK AJS KOOPAMHATHOrO IIPeACTaBJIEHHS, H TaK Xe [J0Ka3blBaeTcs
HenpuBogumoctb. I[To TeopeMe Hefimana — CtoyHa aTH mnpeacTaB-
JIeHUsl YHHTapHO 3KBHMBAJIEHTHBl, T. €. JOJIXKHO CYUIECTBOBaTb YHHU-
rapHoe mpeoOpa3oBaHue *

) 4
¢ (x) > @ (p),

NpH KOTOPOM ONepaTtophl, onpeieneHHble ¢opMmynamu (3), npeepa-
wawres B onepatopbl (2). HerpyaHo BuaeTb, uTO TakuM npeobpa-
30BaHHeM sBJsaercd npeobpasoBanne Pypbe

o =(57)" | g 5) dp, “)
)

3
0= (o) |e ™" o s (5)
Ra

YHurapHocTh npeo6Gpa3oBaHusi Pypbe caenyer M3 paBeHCTBA
ITapceBans

Slcp(x} Pdx= S | o (p) P dp.

R? R*

. PR
ITpumenss onepartop T ox; K Bhipaxenuio (4), moayuum

3
t ax, (2nh ) S e-:;px ?(p)dp= (ﬁ) 2 S e%px p;® (p) dp.
. 2

Mpl BHJHM, YTO NMPH yHHTapHOM npeoGpasosanunu W omeparop
h

-l_—j—npespamaeTcn B ONepPaTop YMHOXEHHA Ha MEePEMEeHHYI0 pj.

Aﬂanoruquo nposepsieTcs, 4TO
V. o
x/@ (x) —>ih TPT‘P (p)-

Takum o6pa3oM, Mbl NPOBEPHJH VHHUTAPHYIO 3KBHBaJIEHTHOCTb KO-
OPAHHATHOrO M HMIYJBbCHOIO NPEACTaBJEHHIL

Brinumem ¢opmyab npeo6pa3oBaHHs HHTerpajibHEIX ONEpaTo-
poB IpH fepexofe OT KOOPAHHATHOrO K HMIYJbCHOMY IpeIcTaB-

* Mbl cO3HATeJbHO HCHONB3YeM OAHH H TOT e CHMBOJ [/ 0GO3HAYeHHs
pasHblx QyHkuufi Q(X) B @(p), Tak Kak 06c 3TH (GYHKUUH NPELCTABJAIOT OIHH
H TOT e BEKTOP COCTOSHHA @,
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JIEHHIO:
Ag (x) = S A(x, y)p(y)dy,

R

20 ®) = (527) B { e Ap (x) dx =

R3

3 —ix .t_
= (5)' 7" Ax, y)e* ™ (@) dxdy dq —
R9
=SA(p, q) ¢ (q) dq,
R3
i i ‘
1 3 ——px —_—
e A @)=(g7) {7 Ak yet dxdy. ©)
| )

Ecau onepaTop B KOODAHHATHOM INpeACTABJEHHH SIBJASETCA OIe-
paTopoM yMHOXeHHs Ha (QYHKUHMIO f(X), TO €ro MOXKHO paccMaTpu-
BaTh KaK HHTerpaJjibHHIH C fApoM o

A, y)=F(x)d(x—y).

B HMIOYJAbCHOM IIPpEACTaBJCHHH fAAPO TAKOIo 'onepa'ropa 3aBHCHT
TOJIBKO OT PA3HOCTH NEPEMEHHbLIX H HMEET BHI

A0 9= (52) |10 ax. o
A

®opmysan npeo6pa3oBaHHs OT HMIYJbCHOTO NpPEACTaBJICHHA
K KOODAHHATHOMY OTJHYAIOTCA 3HAKOM B MOKa3aTesisiX 3KCIOHEHT

! L
A y)=(z7) {400, 9 7" dpaq, ®)
RG
1 ecin AP, q)=F(p)d(p—q), 0 |
2o
Ay =(z7) {F®1e" " ap. ©
Ri

Buisicaum Tenepb Qusuyeckuit cmbica ¢yHRuMiE ¢(x) u @(p),
KOTOpble OOBIYHO Ha3BIBAIOT BOJHOBbIMH GyHKIusMu, Hauxem
C BOJIHOBO¥ ()YHKIIMH B KOOPDAHHATHOM INIpeAcTaBJeHHH ¢(X).B stoM
npejcTaBJeHuH onepaTtopel Q; (i =1, 2, 3) ecTb omepaTopnl yMHO-
JKEHHs Ha MepeMeHHble X;, T. €. KOODAHHATHOE NpeACTaBJEHHE fB-
asieTcss COOCTBEHHBIM MJs onepatopoB Q; Uro6bl NOSICHHTL 3TO,
caenaeM HeGoJibllloe MaTeMaTHUECKOE OTCTYIJIEHHE.

3anate (YHKIHOHAJbHOE MpeJACTaBJleHHe THALGEpPTOBa MPOCT-
paHCTBa J6 — 3TO 3HAYUT 3a4aTh B3aHMHO-OJHO3HAUHOE COOTBET-
CTBHE MEXJY BEKTOPAMH 3TOrO NPOCTPAHCTBA H (QYHKLUMSIMH Belle-
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CTBEHHOU MepeMeHHOH @ < ¢(x) H 3aaTh Mepy Ha BEleCTBEeHHOH
ocH dm(x) Tax, 4TO

@ %)= 0 () ¥ dm ().

R

3Hauenus QYHKIHH @(x) MOryT OBITH KOMIJEKCHBIMH YHCJIAMH HJIH
(YHKLHSIMH OT JADPYrHX HepeMeHHHIX, T. €. SBJSTbCS 3JeMeHTaMH

KaKoro-To JOMOJHHUTEJbHOrO MPOCTPAHCTBA, B ¢ (x)Pp{x) Torna obo-
3Hayaer CKaJsipHOe NPOH3BeleHHe B 3TOM JAOMNOJHHTEJBHOM MPOCT-
paHcrBe. B mepBoM ciyuae mpeacTaBiieHHE HA3BIBAETCS NPOCTHIM,
a BO BTOpOM — KpaTHbiM. JIBe (yHKOIUH @(x) cJaeqyer CUHTaTb
PaBHBIMH, €CJH OHH OTJMYAIOTCH TOJBKO Ha MHOXKeECTBE m-Mephl
HYJb.

IlpencraBienue Ha3blBaeTcsl CHEKTpaJbHBIM [J51 oneparopa A,
ecJH AeHCTBHE 3TOTO ONMepaTopa CBOAUTCH K YMHOMEHHIO Ha HEKO-
TopyIo QPyHKUHIO f(X)

Ag <[ (x) @ (x).

[TpencraBieHHe Ha3biBaeTcsl NPSAMBIM HJIH COOCTBEHHBIM AJIsi
onepartopa A, ecan f(x)= x,

Ag <> x¢ (x).

Crnektp omepatopa A MoxeT OBITb ONHCAH KaK HOCHTECNb (PYHKIHH
pacnpepesienuss Mepbl. CKaukH Mepbl COOTBETCTBYIOT COOGCTBEHHBIM
gyucaaM. Ecau Mepa abcoJIIOTHO HelpepblBHA, TO CHEKTP Hemlpe-
PBHIBHBIH.

HamnomMHuHuM, 4TO B KOHeYHOMepHOM mpoctpaHcrBe C” Mbl Hasbl-
BaJil COOCTBEHHBIM 7151 oneparopa A Takoe NpelCTaBJeHHEe, B KO-
TOPOM BEKTOPHl @ 3aJaBajiuCh KO3(PGhHUUEHTAMH pPa3OXKeHHS ;
no co6cTBeHHoMy Gasucy oneparopa A. Ilycrb cmekTp omeparopa A

npocrot
A = a; ¥y,

o= FZ] @i, @ = (o, P;).

Bektopy ¢ MOXHO comocTraBUTb (yHKUHIO @(X), Tagyw, uTo
¢(a;)= ¢; (3HaueHHs GYHKUHM @(Xx) 0pH x 7 q; BuHbOHpaloTCs
Npou3BoJbHO). PYHKUHIO pacmpesneseHHs Mepbl BeOepeM KyCOYHO-
MOCTOSIHHON ¢ eJMHHYHBIMH CKauyKaMH npH x = a; Onepartop A
TOTZla MOXKHO 3aJaThb popMyJioi

Ap < x (x),
TaK KaK 9Ta 3alUCh KBHUBAJEHTHA OOBIUHOH
P a, @
A = .
q)n anq)n
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KpaTtHOMy cOGCTBEHHOMY 3HAUEHUIO @; COOTBETCTBYET HECKOJbKO
co6CTBEHHBIX BEKTOPOB. Mpl MOKeM BBeCTH (QYHKHHIO ¢(x), 3Haye-
HHE KOTODOH B TOUKE @; €CTb BEKTOP C KOMIOHEHTaMH @ik, k=1,
2, ..., ri. B aTOM cayuae mpeacraBjieHne OyIeT KPaTHBIM, H KpaT-
HOCTb €r0 paBHa KPATHOCTH r; COOCTBEHHOTO YHCJA 4

Mpbl BHAHM, YTO OMEpPaTop B COOCTBEHHOM MpeACTaBJEHHH fB-
JISleTCs aHaJOTOM. [HaroHaJbHOH MaTpulb B Co.

B cofGcTBeHHOM mpefcTaBNeHHH omepatopa A Jerko omucath

¢yuknuio f(A)
[(A) <> [(x) @ (x). (10)

B wugactHocTH, ans cmekTpasbHOH (yHKRuuE onepatopa P, (L) =
=0(M—A) dopmyaa (10) naer

PA(K)(pHB(}v_x)cp(x)___{q)(x), x<7\,,

0, x> A,

CnekTp onepatopa A 6yxeT MOJNHOCTBIO ONHCAH, €CJH HJfl onepa-
Topa A yaactcs NOCTPOHTh ero CHeKTpasbHoe mpejacTaBiaeHue. Ilpe-
" o6pa3oBaHuie, KOTOpOe MePeBOJUT JaHHOe NIPeJCTaBJeHHE B CIIEKT-
paJibHOe, Ha3blBaeTCst CIeKTpasbHbBIM Npeo6pa3oBaHHEM.

BepHeMcst K KOODAHHAaTHOMY NpeACTaBJeHHIO. Mbl BUAHM, UTO
OHO JEHCTBHTEJBHO SBJSETCS COOCTBEHHHIM KPAaTHLIM NpelcTaBJe-
HHEM JJsi Tpex omepaTopoB Qi, Qo Qs:

Qi <> x1¢ (xy).

3unauenue @(x;) eCTb BEKTOp JONOJHHTEJNBHOrO MPOCTPAHCTBA,
B JNaHHOM cayyae (GYHKUHS OT TepeMeHHHX xp ¥ x3. Ckajsgphoe
npou3BeieHHe onpejensieTcss GopmyJon

(@ $) = S @ (x) ¥ (x) dxy,

R

T. e. B KOOPJAHHATHOM MpeicTaBreHnH mepa m(x) ectb neberosa
Mepa, HOCHTE]b ee (YHKIMH pacnpeleseHHs — BCA BellleCTBEHHas
oCb, a 3HAYHT, CNEKTP KOOPAHHATH HENpPEpLIBHBIA M 3amoJHser
BCIO OCb.
dynxuua pacnpepeseHuss KOOPAHHATH Q; B UHCTOM COCTOSHHH
® <> P, nuMeer BHI N
oo, (M =(Po, M &= | ox)olrdx,
-— 00

OTKlea CﬂeﬂyeT, YyTo
Q(x) e (x) = S @ (X1, Xa, X3) @ (X1, X, Xs) Ao dts
R?

ecTh MJIOTHOCTL (DYHKLIHH pacmpefeeHHs KoopauHaTH Q. Auaso-
THYHO 3aNHCHIBAIOTCA BbipaxKeHHA AJS NJOTHOCTH (DYHKUHH pac-
npenenenns Q; u Qs EcrecTBeHHO oxuaath, uto |[@(x)|? ecTs
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MJOTHOCTh OOLIeH AJist BCeX KOOPAHHAT (DYHKIHUH pacHpefeseHus,
T. €. BeDOSITHOCTb HAHTH YacCTHLY B 06JacTH  TpeXMepHOro mpocrt-

paHCcTBa OmpeaesseTcs Bhlpa:KeHHeM S]q;(x) Pdx. 3t0 yTBepxkae-
Q

HHE MBI OPOBEpPUM B pasjele, NOCBSIIEHHOM CHCTEMaM KOMMYTH-

pyroOmHX HabJIONAaeMBbIX.

ViMnynabcHOe npeAacTaB/eHHe fIBJIsieTCS COOCTBEHHBIM A/t Tpex
onepatopoB Py, Py, Ps, u |@(p)|? ectb mjoTHOCTb o6uledl AJis
TpPex MNpOeKHUil HMIyJabca (YHKIHUH paclpefeseHHs.

Mp MoXeM Tenepb ¢ HOBOH TOUKHM 3peHHs B3TJIIHYTh Ha COOT-
HOUIGHHS] HEOIPENEeJEHHOCTH [JI KOOPAMHAT H HMIYJbCOB. Mbel
BHAHMM, 4YTO 3TH COOTHOIIEHHS OGBACHSIOTCS H3BECTHBIM CBOMCTBOM
npeobpasoBanuss DPypre. Uem cuabHee KOHUeHTpHpyeTcs (YHK-
ous @(X) H TeM CcaMbiM yMEHbIAIOTCH HeOoNnpelesEeHHOCTH KOOpIH-
HaT AyQ:; TeM cusbHee pacnibiBaercsi Pypbe-o6pas ¢(p) U yBean-
YHBAIOTCS HEOUPENEJEeHHOCTH UMIYJAbCcOB AyP;.

§ 12. «CoOcrBennbie pyukunu» oneparopos Q u P

Pacemorpum Teneps ypaBHeHHSI AN COOCTBEHHBIX BEKTOPOB Olle-
patropoB Q u P. Jlng 1npocTOTh 3amUCH PacCMOTPHM HACTHIY
C OHOH cTeneHbi0 ¢cBOOGOAB. B KOOpAMHATHOM NpencTaBleHHH 3TH
ypaBHEHHS MMEIOT BHJ

XQx, (x) = XoPx, (X), (l)
h d
T 77 9o (%) = po, (x) ()
Peuras 3TH ypaBHEHHS, [OJIYYHUM
Px, (x) = 0 (x — xo), (3)
1
= i
1 \? =
(pp(x)m(m) e»,’”‘. - 4)

(Tleppasa ¢opmyna cpasy caeayer Hu3 cBoicTBa O-pyHKUHH
x8(x) =0, BTOopas oyeBuaHa. Brl6Op HOPMHUPOBOUHLIX KOHCTAHT By-
JeT ficeH H3 AaJbHeflero.)

Xorss «cobcTBeHHass (GYHKUHS» omepaTopa KOOPAHHATH @y, (x)
ectb 0600LIeHHan OYHKUHUSA, a @p(x)— oObiunas dyHruua, HX 06D
eNUHSIET TO, YTO OHH 0o6e He ABJAIOTCA KBaJAPaTHYHO HHTErpHpye-
MBIMH, T. €. He NpHHaajexar mnpocrpancrtBy L2 Co6cTBeHHBIX
GyHKUMI B OOBLIYHOM CMBICJE cJI0Ba y omepatopoB Q u P mHer.

Uto6bl MOHSTh, KaK DYHKIHE @, (X) H @, (X) CBA3AHB CO CIHEKT-
poM onepatopoB Q u P, BCIIOMHHM, KaKOH CMBICJ HMEIOT cO6CTBeH-
Hele BekTOpnl B C”. 3ajaya o HaxoXHeHUH COOCTBEHHBIX YHCeJ
¥ cOOCTBEHHEIX BEKOTOPOB MaTpulbl A CBs3aHa ¢ 3afauefl o guaro-
HaJH3aUHH 3TOf MaTpuUB NOJOGHHIM npeo6pa3oBaHHEM HJH,
HHaYe roBOps, ¢ MpeobpasoBaHHEM onepaTopa W3 HEKOTOPOro HC-

59



XOAHOro mpepcraBieHus B cobcTBeHHOoe. [t caMOCOMPSIKEHHOrO
oneparopa A B C" Bcerpa cyuwecTsyer 6a3uc, COCTaBJAEHHLIA H3 cO6-
CTBEHHBIX BEKTOPOB

Ap; = a;9;, (91, Pp) = 8y
CO6CTBEHHI>I€ BeKTOpb] Mbl HIIEM B HCXOAHOM HpelICTaBJIeHPIH,

B KOTOpPOM
g*_)(gh LI En)9
9, < (@0, ..., o).

KomnonenTn BekTOpa & B cOGCTBEHHOM NpeiCTaBJEHMH ONepaTopa
A BBIUHCASAIOTCS MO Gopmyae

B = )= X &b (6)

Mu BHINM, 4HYTO MaTpHlla, COCTaBJIeHHas H3 YHCEJ, CONPAKEH-

i
HbIX KOMIOHEHTaM COGCTBEHHBIX BEKTOPOB ng=q)(k),ocyu1ecmnﬂer
CIIEKTpaJibHOE npeoépazoBaHHe

n
&= Unke.
k=1
Marpuna U siBnsieTcs yHHTapHOH, TaK Kak
n n [ J—
anUikU” =kZ-:l UnUn = kz,q’k”q)(kj' = (@), i) ==98y;.
Ecin Mm dopmansuo B (5) 3ameHHM @; Ha @, u & Ha §(p),

TO NOJYYHUM
E(p) =, 9,)

g ipx

1
nn e =(57)" [ twax ©®

o0

dra Qopmysa Ham yxke 3HaKoMa. Mbl BHAHM, 4TO (yHKUHSA
U(p, x) == @p(x) aABIAeTCA AAPOM YHHTapHOro oOmNeparopa, nepe-
BOASLIEr0 KOOPJAMHATHOE NpeACTaBJeHHe B HMMNYJbCHOE (COGCTBEH-
Hoe aas onepatopa P). Tak e Moxer OBITb HCTOJKOBaHa
u «co6cTBeHHas QyHKIHSA» onepaTopa KoopauHaTh Q. Koopaunar-
HOe MpeJCcTaBJieHHe sBJisieTc COOCTBEHHBLIM AJA oltepaTopa Q, mo-
3TOMY ONepaTop, OCYLUECTBARIOUINH CeKTpaJsbHOe npeobpasoBaHHe,
AOJIKeH ObITb €IHHHYHBIM, 8 @y, (X) =0 (x — Xx;) SIBJIsSIETCH AXPOM
e€HHHUYHOTO onepaTopa.

Ha aTtnx npumepax Ml BHIHM, 4TO «COOCTBEHHble (GYHKUMH»
HEeNpepHIBHOrO CIEKTPa, XOTS H He fBJSIIOTCH COOCTBEHHBIMH 3Je-
MeHTaMH B OOLIYHOM CMBICJI€ CJIOBA, HO UX CBA3b CO CIEKTPAJbHBIM
npeo6pasoBaHHeM OCTaeTCA TaKoH XKe, KaK H Aas COOCTBEHHDIX
BEKTOPOB B KOHEUHOMEDHOM NPOCTPAHCTBE,
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3aMeTuM, 4YTO CylWeCTBYeT KOHCTPYKIHs, MO3BOJsiOIAS MPH-
[aTh PEIUeHHAM ypaBHEHHS

Apy, = Aqy,

TOYHHIH CMLICJ COOCTBEHHBIX BEKTOPOB Jaxe AJf Cayuas, Koria o
He npuHaanexar 8. das aroro BBOAHMTCA OoJiee LIMPOKOE NMPOCT-
panctBo (M* D JF, s7eMeHTaMH KOTOPOTrO SIBJAIOTCH JIMHEHHBIE
(GYHKIHOHAJIB!, ONpefeieHHble Ha HeKOTopoM mpocrpascTBe @ — 6.
[Tapy npocrpanctB @ n @* ynaercss NOCTPOHTDb TaK, YTOOH KaxKAbli
CaMOCOIpPsSIKeHHbH onepatop B J6 umea B (D* [OJHYIO CHCTEMY
coOcTBeHHBIX BeKTOpoB. COOCTBeHHbIe 3JleMeHTH oneparopa A, mpH-
Hajtexaumue @* 1 He NmpHHAAJAeKaluue J6, Ha3biBaloTCd 0606ULEH-
HbIMH CcOOCTBEHHBIMM 3jeMeHTaMH. Ecnu omepatop A mMeer mpo-
cTo#l crekTp, To Anaa Jwboro P = @ uMeer MeCcTO pasJoXKeHHe IO
CcOGCTBEHHBIM 3JIEMEHTaM

p= S ¢ (A) g dA. )
p .

[Tpeo6pasosanne Pypbe Moxer OHITb HCTONKOBAHO KaK pasio-
JKeHHe 10 co6CTBeHHBIM (YHKIUAM ONepaTopa HMMIyJabca @p(x):

1 px

90)=(57)" {op) e " dp. @)
) R

HopmupoBounast koncranta (1/2mh)’s B BelpakeHHH Aas cOGCTBeHs
HOH (YHKLMH HMIyJibCa COOTBETCTBYET YCJIOBHIO HOPMHPOBKH

{95 ()95 (T dx =80 — p). ©)
R

dra ¢opMmyaa — CJIeACTBHE H3BECTHOTO HHTErPAaJbHOrO MPEACTaB-
JIEHUS 1A O-OYHKIHH:

Sedex==2na(ky (10)
R .

B aByx mocaenHux dopMmyjiax HHTerpajnl HOHUMAlOTCd B CMbicJje
riaBHoro 3Hauenna. Popmyaa (9) ecrb aHaJior paBeHCTBA

(P, Pp) == ;4

Ja coOCTBEHHBIX BEKTOPOB AUCKPETHOTrO CHEKTpa.

ITocTpouM Temepp CHeKTpaJbHYI0 OYHKIHIO oOIepaTopa HM-
nyJsbca. ToJbKO B 3TOM MeCTe MBI HCIOJb3yeM JJIsl CIEKTPaJsibHOM
¢yukuun 6ykBy II, uTo6H He myTaThb €e ¢ ONEPAaTOPOM MMIYJbCa.

B umnyabcHoM npeacraBiaenun omneparop I, (A) ects omeparop
YMHOXKEHHS Ha (QyHKUHIO

I,(») e (p) =0 —p)g(p)
B8



ITepeiizeM K KOODAUHATHOMY NpeACTABJEHHIO. HCIIOJII:Syﬂ (opmyiry.
(11. 9) U1 OZHOMEPHOro CJaydasi, NoJy4YHuM

) Lpe—p)
L, () (x, ) = g7 § 0@ — p) ™" dp=

R
1f dpwp 4 _—
—p(x—y
=5 e ap= (0,00, Wdp.

[TpousBogHas OT cHekTpaabHOH (YHKUHH IO mapaMerpy A Ha-
3bIBaeTCs CNeKTPajbHOM MJOTHOCTBIO. SIApPO 3TOrOo omepartopa
HMeeT BHJ

4 — 1 L’;Mx—y)
I M) ()=o) (y) =55 :

Mbl BHAHMM, YTO 3TO aHaJOr NPOEKTOpa HAa OJHOMepHOe COOCTBEH-
HO€ MOJNPOCTPAHCTBO.

§ 13. Oueprusi, MOMEHT HMINYJbCa
U Jpyrue npuMepb! Ha6aI01aeMbIX

[lepefinem Tenepp K H3yuyeHHIO GoJjlee CJAOKHBIX HaGJIOJaEMEIX.
Hama 3agaya comocTaBuTh MPOHM3BOJILHOM KiaccHyeckoft Habuio-
naemo#t f(p,q) ee kBaHTOBHIH aHajor A;. Xoreaoch GH NOJNOXKHTH
A; =f(P,Q) HO He cyulectByeT oO0ulero omnpefeneHus (QyHKUHH
OT HEKOMMYTHPYIOIIUX omnepatopoB. Hampumep, yxe He HOHSTHO,
Kako# u3 omepatopoB Q?P, QPQ uau PQ? cjepyer cOMOCTaBHThH
kjaaccuyeckoit HabuomaeMoit ¢2p. OpnHako ans HauboJjiee BaXKHBIX
HaOMOaeMbIX YKa3aHHBIX TPyIHOCTell BooOIle He BO3HHKAaeT, Tak
KaK 3TH HabJiogaeMble SIBJASIOTCS cyMMaMi (DyHKUHE OT KOMMYTH-
pyIOIIHX MexAy coboit KommoHeHT @y, Q2 Qs u Py, Ps, Pi.

[TpuBeneM HEKOTOpHIE TPHUMEPHL.

KHHETHUeCKasl SHEprHs UaCTHIE B KJACCHYECKON MeXaHHKe

2 2 2
pi+ ps+p3
T=——————2~———.
m
COOTBETCTBYIOLU{l OMEPaTOp KHHETHIECKOH SHEPrHH HMeeT BHI

L]
P} -+ P+ P}
2m

T =
B KOOPI{HH@THOM npeacraBJIieHHH

Tm(X)—‘-———-AQ( ); (1)



92 0
2+ax

2
5 5 — Oneparop Jlannaca. B uMnyabcHOM
X9 3

npejcrasaeHny onepatop T ecTb onepaTop yMHOKEHHS HA QYHKIHIO
2 2 2
py+ p; + Py
Te(p)=——,—o(p.
TouHO Tak ke JIerKO BBECTH OMepaTop MOTEHIHAJILHOH SHEPruH

V(Q1, Qs, Q3). B koopnunaTHOM mnpeiacTaBjeHHd V daBjsiercs one-
PATOpPOM YMHOXKeHHS Ha (YHKUHIO

Vo (x)=V (x) p(x), (2)
a B HMHyJIbCHOM——HHTeraJlebIM onepaTopOM C dA5pOoM

1 \3
Vo9 =(55) | Ve
Ra
Onepatop nosiHo#t sueprun (onepatop lllpenunrepa) onpenensercs
pPaBeHCTBOM

rie A=—
A Ox?

i
TX(Q—P)

ax.

H=T+4V.
3anuwem noapo6Ho ypaBHenue lllpexunrepa

ih LY D — Hy ). (3)

B koopaunatHOoM mnpeactaBaeHun ypaBHende Illpeannrepa pas
YyacTUUbl ABJfeTcs AHbGEepeRUHabHEM yPaBHEHHEM B YaCTHBIX
NPOH3BOJHBIX

2 \
ih O\b((;;v H _ _;_mm;; (x, )+ V (x) b (x, 1), (4)

a B HMIYJ/IbCHOM — HHTerpoAn(ddepeHuHanbHbIM
. 0 , 4 2
ih- 220D — (o, 0+ (| V (b, 9 ¥ (q, 0.
R1

Paccmorpum napsny ¢ (4) ypaBHeHHe AJsi KOMIUIEKCHO-COMPS-
JKeHHOH BOJIHOBOH (PYHKIHH

—ih 2D — AR D+ V (x) B D). (5)

Ymuoxkas ypauenne (4) Ha v, ypaBHeHHe (5) Ha ) M BBHIUHTAS
OIHO H3 IPYroro, NoJyYHM

(= 0 ap
*fl(‘l"aTJr‘l’—ar):
= — o (p A — HAP) = — o div (§ grad b — b grad )

i AVE 1 divj =0, ©)
rae j=-2i%(1b grad$ — P grad ),



YpapHenue (6) sBiaseTcs ypaBHeHHEM Hepa3pHIBHOCTH H BHIpa-
’aeT 3aKOH COXpaHeHUs BepOSTHOCTH. BeKTop j HasmiBaercs Bek-
TOPOM MJOTHOCTH NOTOKa BeposiTHocTH. M3 ypaBuenns (6) Bsuano,

YTO BEKTOP j MMeeT CJeAyIOmHA cMbict: \ j,dS ecTh BeposiTHOCTHL
S
TOrO, 4TO YacTHlla mepecedyeT NMOBEPXHOCTb S 3a eIHHMIYy BPEMEHH.
BaxHylo posb i B KJAaCCHYECKOH, W B KBAHTOBOH MeXaHHKaX
UrpaeT MOMEHT MMMyJabca. dra HalbJiofaeMasi B KJIaCCHUECKOH Me-
XaHHKe $BJIAETCA BEKTOPOM, MPOEKLUHH KOTOPOro B JAeKapTOBOMH
CHCTeMe KOOpJIHHAT UMEIOT BHA

ly=gqop3 — qsp2,
lo=qspy — q1ps,
Iy=qps — qop\.
B KBaHTOBOH MexaHHKe NPOEKIHSIMH MOMEHTa HMINYJ/bCA SBJISIOTCS
onepaTtopsl
L,=Q/Pp—QunP:. (7

3necp k, [, m-—uuKJAuYecKas mnepecTaHoBKa 3HaukoB 1, 2, 3.
B nmpasyio yacts (7) BXOAST MPOU3BEAEHHS TOJNBKO PAa3HOHMEHHBIX
KOOPAMHATH U NPOEKIHH HUMIYyJibCa, T. €. NMPOH3BELEHHS KOMMYTH-
pYIOIHX oONepaTopoB. IHTepecHO 3aMeTHTh, UYTO oOmnepaTopnl L,
HMeIOT OJMHAKOBBIH BHJ B HMNYJAbCHOM H KOODJIHMHATHOM Mpen-
CTaBJIEHHH -

Lo (x) = %(xz —a-xi— — Xm -£~) ¢ (x),
| 5 (8)
Lo (p) = (pz 55, Pm g, )cp (p).

CaofictBa omepaTopoB L, 6yayT NOApOOHO H3ydeHBl HHXKE,
KBantoBasi MeXaHHKa OMHCLIBAeT, KOHeYHO, H OoJiee CJOXKHbiE,
yeM MaTepHaJbHAas TOYKa, CHCTeMBbl. Tak, AJs cHcTeMbl u3 N Ma-
TepHaJbHBIX TOUEK MPOCTPAHCTBOM COCTOSIHHH B KOOPAHHATHOM
npeAcTaBJeHHH fiBJsercs mpocrpaHcTBo* L2(R3Y) dynkuuit or N
BEKTOPHHIX MepeMeHHBIX @(Xi,...,Xy). Oneparop llipenunrepa mns
TaKOH CHCTEMH (aHanor (byﬂxunﬁ T'amMmunbTOHA (1.5)) HMeeT BHI

ZQm A+ZVH(X —XJH-ZV(x, 9

i=1 i<f i=1
du3uueckKU#t CMBICA CJaraeMbiXx 37lech TOT Xe, YTO ¥ B KJiaccHue-
CKOH MeXxaHHKe.

* B pajpHeiillleM MBl YBHAMM, 4TO IJI5 Tom}lecmennmx YaCTHI, MPOCTPAHCTBO
coctosiHuil 6 comnanaer ¢ MOANPOCTPAHCTBOM LScL ¢dyukuuil ¢ onpeseeH-
HOfi CHMMeTpHef.
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PaccMmorpuM -eute 1Ba onepatopa AJs MaTepHaabHO! TOYKH, KO-
TOPBlEe OKaXKyTCSl MOJIE3HBIMH NpU OOCYKIEHHH B3aUMOCBS3H KBaH-
TOBOH H KJIACCHYECKOH MEeXaHHKHU

U (u) = g~ P+ uwPrtusPy) (10)
V{v)= efi(vax+UzQz+0sQa), (11)

rae u(uy, us, us) u v(vy, Vg, Us)— BelllecTBeHHBle mapamerpu. Ome-
patop V(v) B KOOpAMHATHOM I[IpeACTaBJeHHH SBJSETCS ONepaTo-
pOM YMHOXeHHs Ha (QYHKUHIO

V (v) @ (x) = e~ V*p (x).

BuisicHuM Temnepb cMbicH, onepatopa U(u). Ias mpoctoTw pac-
CMOTPHM OAHOMEpPHHH Cayyal

Uu)= e—inP,

O6GosuaunM ¢ (i, x) == e~ P (x). Juddepennnupys ¢(u, x) mo napa-
METPY u, UMeeM

dQu, x) .

A = —iPg(u, ),

d (1, x) _ 09 (4, x)
i o T h T

Urobbl HaliTH GyHKUHIO (4, X), HYXKHO DEIHTb 3TO ypaBHEHHE
C HayaJbHBLIM YCJIOBHEM

9, x) o= (x).
EﬂHHCTBeHHoe pemeHne, OYE€BHAHO, HMEET BRHUJA
@ (u, x) =@ (x — hu).

Mub Buaum, uyto omepatop U(u) B KOOpPLHHATHOM [peacTaBJe-
HHH €CThb OIlepaTop CABHMra apryMmenta ¢yHKIMH ¢(x) Ha BejH-
yuHy —hu. B TpexMepHOM cayuae

U (w) @ (x) = @ (x — uh). (12)

Omnepartopst U(u) n V(V) sBASHOTCS YHHTApPHBIMH BCJAEICTBHE
CaMOCONPSAXEHHOCTH onepatopoB Py, Py, Pz u Q), Q2 Q3. Hatinem
NepecTaHOBOYHbIE COOTHOWIEHHSI M omnepatopoB U(u) u V(v).
B KOOpAHHATHOM NPEACTABJIEHHH HMEEM

V(v)U (1) @ (x) = e~ V¥ (x — uh),
U(u) V (v) @ (x) = e~ v&x-ublp (x — uh).
M3 3TuX paBeHCTB cpa3y caedyer, 4To
UV (v)y=V(v)U (u) etvur, (13)
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Pasymeercs, coorHomenuss (13) He 3aBHCAT OT mNpeaCTaBJeHHS.
OrmernM ewe GopMyJibl

Uu) U (112)‘——* U (u; 4+ uy),
V(v) V(v) =V (vi+ ),

T. €. MHOXecTBa onepatopos U(u) u V(v) o6pasyior rpynms. O6o-
3HAYHM 3TH rpynns yepe3 U n V.

Tenepb MB MOXKeM [JaTh TOYHYIO (OPMYJIHPOBKY TeopeMnl (oH
Heiimana. OrpaHuuuMcs [Js MPOCTOTH CHCTEMOH ¢ OJHOH CTe-
NEeHbIO CBOOOHI.

Teopema. Ilycte U u V — onHonapaMeTpuueckne TPYNNB YHH-
TapHbIX oneparopos U(u) u V(v), nefcTByIOIHUX B rujib6epToOBOM
IPOCTPAHCTBE # H YAOBJETBOPSAIOUHX YCJAOBHIO:

U)V (v)=V (v) U (u) eio . (14)
Toma B MOXKHO NNpeaACTaBUThL B BHAE HpHMOﬁ CYMMbI

rae kKaxjoe 6, nepeBoaurcsi B cebs Bcemu onepatopamu U(u)
u V(v) u kaxpnoe #6; MoxHo ortoGpa3utb yuurapsHo Ha L2(R) Ta-
KHM 00pa3oM, 4To onepaTtopul V(v) mepexoAsdaT B onepatopsl P (x)—
—e~*(x), a oneparopnl U(u) nepexomar B omepatophl P (x)—
—p(x — uh). .

MoXHO TOBOPHTR O TOM, UYTO B NpPOCTPAaHCTBE J# neficTByeT
npeiacTaBieHHe COOTHouwleHHH (14) yHHTapHBIMH ollepaTopami.
Ecnu 310 npexcraBieHMe HENPHBOAUMO, To cyMMa (15) comepur
TOJILKO OJHO cJiaraeMmoe.

B sakatoyenue storo maparpada mokaxkeM HENPHBOAHMOCTb KO-
OpJAHHATHOTO NpeAcTaBieHud aaga P u Q.

ITyers K — HekoTopblll omepaTop, KOMMyTHpYyIomu# ¢ Q u P

[K, Q]=0, [K,P]=0.
M3 BTOpOro paBeHCTBA CJELYeT, 41O
KU (u)=U (u) K.
[TpuMensiss onepaTopsl B 00€HX YacTsAX PAaBEHCTBA K NPOHU3BOJBHOM
GyHKIUH ¢ (x), MOSYUHM

SK(x, y)w(y—uh)dy=SK(x—-uh, y) @ (y) dy.
R R

3amena y — uh—y B JeBOH YaCTH IIO3BOJIAET NEPENHCATh 3TO pa-
BEHCTBO B BHAEC

[ Ko+ umowyay= K —uh oway.
R

K
B cusy npoH3BOJIBHOCTH ¢

K(xr y+Uh)=K(x"uh, y):
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OTKyfa BHAHO, uTO0 sApo K(x,y) 3aBHCHT TONBKO OT pPa3HOCTH
X—y,T. e

Kx,p)=k(x —yp).

Tenepb HCmoOJb3yeM [epecTaHOBOYHOCTb omepaTtopa K ¢ omneparto-
pOM KOODJHHATH

{2 —poeway= (k-9 rewa

OTKYJZa CJIEAYeT, 4TO
(x—=yk(x—y=0.

Pemerme 3T0ro ypaBHeHHﬂ HMEET BH]I
k(x—y)=cd(x—y),

a GyHKLUA, cTOfllas B NpaBof 4acTH, ecTb AApo omepatopa ClI.
Hrak, Mun nokasanu, 4To J1060H onepaTop, KOMMYTHPYIOMHH
¢ Q u P, KpaTeH eAHHHYHOMY.

§ 14. B3anmocBa3b KBAHTOBOW M KJaCCHUECKOR MeXaHHKH.
Ipeneabhbiii nepexoa OT KBAHTOBONW MeXaHHKM K KJACCHYECKOM

HsBectHo, 4TO moBefeHHe MAaKPOCKOMHYECKHX CHCTEM XOpOUIO
ONHUCHIBAETCH KJACCHYECKOH MEXaHHKOH, H KBAaHTOBas MeXaHHKa
Npd nepexoje K MakpooObeKTaM NOJXKHA MNPHUBOJAHTD K TeM xe
pesyabratam. KpHrepHeM «KBaHTOBOCTH» MOBEJEHHA CUCTEMH MO-
KeT SBJATHCA CPaBHUTEJbHAA BeJIMYHHA XapaKTepPHHIX AJAA CH-
CTeMbl YHCJEHHBIX 3HaYeHHH HabGJal0aaeMBbIX, HMEIOUHX pa3MepHOCTh
neiicrBus, M nocrosudoll [lnawka h = 1,05-10-27 spr.c. Ecun
noctosinnan [lnanka npene6pexxuMo Maja MO CPaBHEHHIO CO 3Ha-
YeHHSIMH TaKHX HabJofaeMblX, TO CHCTeMa JOJIKHA HMEThb KJjac-
cudeckoe nosefeHHe. PopMaJsibHO MepexoA OT KBaHTOBOH MeXaHHKH
K KJacCH4eCKOH MOXeT GHTb ONHCAH, KaK mNpefefbHb Nepexon
npu* h-—>0. Pasymeercs, npH TakoM npejesbHOM nepexoae Cno-
coObl .ONHCAaHHR MeXaHHYEeCKHX CHCTEM OCTAITCH pPa3IHYHBIMH
(onepatopnl B rHAbOEPTOBOM MPOCTPAHCTBE HE MOTYT HpeBpa-
marbct B (yHKuMH #a ¢a30BOM NPOCTPAHCTBe), HO (H3HUeCKHE
pe3yJbTaThl KBAaHTOBOH MeXaHHKH NpH A— 0 AOJXKHH COBNaxaTh
C KJIaCCHYECKHMH.

Mb onfThb pPaccMOTPHM CHCTEMY ¢ OXHON CTeneHbi0 CBOGOAH.
Wsnoxenne 6yaer BeCTHCh MO CJAeAyOUIEMY NJaHy.

* 3lech €cTb aHAJOrHA CO CBA3BI0 MEXAY PENSTHBHCTCKON H KJAAacCHIECKOR
MexaHHKaMmB. PenaThHBHcTCKHMHE oddekraMn MOXKHO npeHebpedb, eclH Xapakrep-
Hple AJiIA CHCTEMbl CKOPOCTH U MROTO MeHbile cKopocTH cBeta ¢. PopmanbHO me-
PexoA OT PeNATHBHCTCKOA MeXaHHKH K KJNAaCCHYeCKOA MOXXHO PaccMaTpHBaTh Kax
npelAe/ibHEA NePeXoA NpH ¢ =» 00,
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Crauana BemiecTBeHHBIM (YHKIHAM Ha (ha30BOM MNpOCTPaHCTBE
f(p,q) MBl comocTaBHM MO HEKOTOPOMY NPABHJY CaMOCONPSKEH-
Hele onepatopu 4;, (f-> A4y).

Hajee Mm Hahzem ¢opMmyny obpallleHHs, NO3BOJSIOUIYI0 IO
onepatopy A; BoccranoButb OyHKIHIO [(p,q), (A;—>f). Tem ca-
MbIM OyZeT YyCTAaHOBJEHO B3aHMHO-OZHO3HAYHOE COOTBETCTBHE
MeXJy BelleCTBEHHHIMH (QYHKIUSMH Ha (a30BOM NPOCTPAHCTBE
W CaMOCOIPSIXKEHHBIMH omepaTopaMu B 6, (f—>A;). Ilpu stom
crnpaBelJIHBOH oKasbiBaeTcs (opMmyJaa

d
Tr A= { F(p, )55 M

ot

Hakonen, Mol HafiieM, Kakue (QYHKIHMH Ha (ha30BOM HPOCTPaH-
CTBE COOTBETCTBYIOT MNpOH3BedeHHI0 AjcAg M KBaHTOBO# cKOOKe
[Tyaccona {Aj, Ag}. Mbl yBHAHM, 4TO 3TH (QYHKUMH He COBNAjalOT
C npousBefileHHeM fg H KiaccHuecKoil cko6ko# Ilyaccona {f, g}, no
B npefene npu A —>0 crpemsrcs K HuM. Takum o6pa3oM Mbl y6e-
nuMcd, 4ro aJgarebpa HaGJa0JaeMBIX KBAaHTOBOH MEXaHHKH HEH30-
MopdHa anre6pe HabJogaeMbIX KJacCHUYeCKOH MeXaHHKH, HO INPH
h—>0 B3aHMHO-OJHO3HAauHOe COOTBeTCTBHE [ <« A; craHOBHTCH
H30MOp(PH3MOM.

[Tycts kBaHTOBas cucrema c oneparopom Illpenunrepa H Haxo-
JAUTCS B cOCTOSIHMM M, u mycts A; — HekoTOpasi HabuiogaeMas AJs
sToit cHcreMbl. OnHcaHHOe B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
nospoJisier conocraBuTh onepatopam H, M u A; ¢ynxkuuio I'amuns-
tTona H(p, q), dyskuuio p,(p,q) u vabmopaemyio f(p,q). Beeaem
2(p, q)= p1(p, q) /2nh. U3 dopmynst (1) cremyer, 4TO .

TeM={e(p, 9dpdg=1, @)
ot
Tr MA > { F(p, 90 (0, @) dp dg. @3
ot

dopmyna (2) rokaswiBaer, uro ¢ysruus p(p,g) wMeer mpa-
BHJBHYIO HOPMHPOBKY, a dopmyna (3) yTBepKIaeT, YTO B mpeaesne
npu h->0 cpeaHee 3HaueHHe Hab/alogaeMoy B KBaHTOBOH Mexa-
HHKe COBIaJaeT CO CPeAHHM 3HAueHHEeM COOTBETCTBYIOMleH KJaCCH-
yeckoit HabuiomaeMmo#t *. [lajee mycTh 3BOJIONMS KBAaHTOBOH CH-
cTeMbl OHNHCHIBaeTcs KapruHoi ['efisen6epra H  COOTBETCTBHE
A;(t) <> f(f) ycraHoBJeHO pJsl MPOH3BOJBHOrO MOMEHTa BpeMeHH f,

* Eule pas noAuepKHeM, YTO JeBas 4acTh B (3) He copmajgaer ¢ npasofi mpu
h =0, tak kak npousBefeHnio MA; cooTBercTBYET (YHKUMA, OTAMUHAT OT
f(p, 9)p1(p, 9). Kpome Toro, samerum, uro dyuxuus p(p,q) mpu h % 0 moxer
6HITb He TMOJIOXKHTENLHOH, T.e. He COOTBETCTBOBAaTb KJIACCHYECKOMY COCTOSIHHIO,
Ho B npenene npu h- 0 u3 (3) caenyer, uto p(p, g) yROBAeTBOPsET BCeM TpeGo-
BaHMsIM K KJacCHYecKoll (QYHKUHH pacnpefeseHHs.
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IMokaxeM, uro npu h->0 Kiaccuueckas Habuawogaemas f(f) npa-
BHJIbHO 3aBHCHT OT BpeMmenu. Oneparop A;(f) yzoBaerBopsieT ypas-
HEHHUIO
dAg (t
LD — (1, 4 O (4)

o df dA;
W3 nuHefiHOCTH cooTBeTCTBHA [ <> A; cuenyer, d4To VT el
kpoMme Toro, npu h—0 {H,A;}n <> {H,[}, mosromy mpu h->0
KJ1aCCHUYECKOe YpaBHEHHE

4=,

SIBJSIETCS CJ1eICTBHEM KBAHTOBOTO ypaBHeHHs (4).

IlepeiineM kK mogpo6GHOMY H3J0XKeHHIO., PaccMOTpHM HEKOTODYIO
¢yukuuio f(p,g) u obosnauum uepes f(u,v) ee npeobpasoBaHHe
Dypbe *;

P4, =57 {F @, 0)emiwe-iot qu v, 6)
R?

P, o) =57 {1(q, petweirdq dp. ©)
RZ

TTpeo6pasopanue @ypoe BemecTsenHoit dynkuuu f(p,q) obramaer
CBOHCTBOM

fu, v)y=F(—u —0o) (7)

Jna. nocrpoenusi omepatopa Aj, COOTBETCTBYIOWIEr0 (YHKIHH
f(p, q), xorenocr 6B 3aMeHHTb NepeMeHHble g 1 p B (5) Ha omepa-
topel Q u P. Cpasy, oHaKO, HesiCHO, B KaKOM MOpSJKe CJeAyeT
nHcaTh HeKoMMyTHpYwoiine MHoxutenu V(v) m U(u), nepeCTaHo-
BOYHbBIE COOTHOLIEHHS AJisi KOTOPHIX MMEIOT BHJ

U@)V(v)=V (v) U (u) e, (8)

EcrecTBeHHbl (HO OTHIONB HE eAMHCTBEHHHIH) pelent, obecie-
YHBAIOIIHA CaMOCONPSAXKEHHOCTh, Onl1 mpemioxen I'. Befinem u
HMeeT BHA

thuo
Ap= Sf(u O V()UWe ? dudo. ©)
R!
Jhuy
TTosiBsieHHe NMOMONHHTENLHOIO MHOXKHTENS e 2 CBS34HO € HEKOM-
mytatusHocTbio V(v) u U(u) u obecneuHBaer caMOCONPAKEHHOCTh

* Msl ofiyckdeM Te OTOBOPKH, KOTOPHle ciefioBano 6ul chelaTh, 4ToOb BC@
fanpHeliliHe npeo6pa3oBaHHs CTajH BHOJHE CTPOTHMH,
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oneparopa A;. HehcrButensHo, ucnoab3ys (7) u (8), umeem *
ihuv

(fwov@vee ™ dudo=

ihuv

=% S f(—u, —0)U(—a) V(—v)e * dudv=

ihuv

=%Sf(u, QU@ V(e 2 dudv=

thuo

=—21_312_S f(u’ 0) V(U)U(u)e—T dudv= Af

1
2n

A=

B koHue sroro maparpadga Mbl mpoBepuM, uTo no Qopmynae (9)
dyukuuam f(g) u [(p) coorsercrBytor omepartopu [(Q) u [(P)
B TIOJIHOM COTJIACHH CO CHENaHHBIMH Apexk[e NMPEeANOJOXKeHHSMH.

Haiigem tenepp ¢opmyay obpaienus. [Ipn BuIYHCAEHHH caena
onepatopa K mul 6yneM noJsb3oBaThcsl HOpMYyJIoH

TrK={K(x 9ax, (10)
rne K(x,y)—anpo onepatopa K. Haifizem daapo omnepatopa
V(v)U(u). U3 dopmyanr :

V(o) U () @ (x) =e~"**¢ (x — uh)
c/IeflyeT, UTO f/pOM HHTerpasbHoro oneparopa V(v)U(u) aBasercsa

$yHKIHSA
V(o) U (u) (x, x')=e~"*8 (x — uh — x”).

[To ¢opmyne (10) nmeem

Tr V (0) U () = Se—ivxa(—uh)dx=%‘—a(v)a(u). (11)

HpOBepI/IM, qTo q)opMlea o6pam,emm HMEET BHA
ithuo

fu, 0)=hTr A; V(—0)U(—u)e % . (12)

Jlns STOrO COCUHTaeM OPaBYI0 YacTh DAaBEHCTBA, HCMOML3ys (8)
n (11),

thuo
Tr AV (—0) U (—u)e * =
ithu'v’ thuy

_—_%Tr S f (u/, v/) 1% (v') U (u/)e PR V4 (_v) U (_u) eru’ dv’ —

¥ B pajbHefilleM B HamMCAHHH HHTerpalia 10 N-MEPHOMY MPOCTPAHCTBY MH
onmyckaeM cuMBoJ R%
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(u v’ +uv—2u’v)

=T\ W, )WV )V (—) U@ U (- u)e du’ do'=
= ’2-1:? Tr S f, v’)V(v —o)U(u —u) T oo’ D’ do’ =
Sf(u’ v')é(v—-v)é(u _u)e2(uv+uv—2uv)d ! dy’ =

=_h f (u! U)-
[Tonoxum B hopmyse (12) u=v =20

f0,0)=~hTrA;.
C npyroit cTopoHb,

PO, 0=3{ (0, 9 dpd,

H MH y6expaeMcs B copaBefJHBOCTH (opMyan (1).

Tenepr HaM ocrasoch Ha#ith mo Qopmyne (12) q)yHKunH Ha
¢da3oBoM 1npocTpaHcTBe, cooTBercTByIomue Ajodg u  {Af, Aghn,
v y6eautbes, uto npu h->0 sTH QyHKuME crpeMaTcd K fg u {f, g}.
CHauana HaiizeM O(yHKBuHO F(p, q), COOTBETCTBYIOILYIO HECHMMeT-
pusoBaHHOMY npousBenenuio AsAg. Ias ee Pypbe-o6pasa umeeM

thuy
Fu, 0)=hTr LAV (—0)U(—~uw)e * =
ihu,v,

=nTr(55) { duwdoidusdo,fu, 0) 2, 0DV (@) U@ 2 X

ihit,0, ihuy

X V() Uu)e 2 V(—v)U(—u)e 2 =
=hTr (5‘,7)2 S duy dvy duy dv,f (41, v1) § (42, vg) X
XV(oy+ve—0)U(uy 4 us —u) X
X exp [% (uyv; + ugvs + uv 4 20199 — 2uyv — 2u20)].
Oxonﬁa'renbﬂo

AA —é;‘- S duy dvy dug doof (11, 01) & (e, v5) 6 (v + vy — v) X

ih
X 8 (uy + up — u) g2 i), (13)

IToxkasaTenb B 3KCIOHEHTe OBl NMpeo6pa3oBaH C YUETOM CTOSIIHX
Tox 3HaKOoM HHTerpana §-dymkmuil. Hanomuum, uro nmpeo6pasoBa-

HHe  ODypre @D(u,v) mnpousBeneHus AByXx oGynKuuii @(p,q)==
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= f(p,q)g(p, q) ectb cBepTKa mpeobpasoBanufi Dypbe COMHONKH-
Tenel ~
D (u, v)=

= ‘21; S duy dv,y duy doof (uy, v1) & (g, v5) 8 (01 + vy — 0) 8 (u; -+ uy — 1),

®dyukuus F (4, v) ornuuaerca ot dymxkuun @ (1, v) MHOXKHTENEM

ih .

e—g-("lvz-"ﬂ’l) KOTOPHI/l CTOMT MOJ 3HAKOM HHTerpana. ITOT MHO-
b

JKUTeAb 3aBHCHT OT Mopsiaka oneparopoB A; m Ag, mnosTomy ore-
patopam AjAg u AgA; COOTBETCTBYIOT pasHble (QYHKUHH Ha (aso-

— (U102 —Us01)
BOM TpocTpaHcTBe. B mpemene mpu A—0 e? -1 wu

F(p,q)—> ®(p,q). Pasymeercs, 3T0 yTBepKIEHHe CIPaBeIJIUBO
u jgiaa ¢yeknun Fs(p, ), cooTBeTCTByIOmEH CHUMMETPH30BAHHOMY
npousseneHuIo A; o Ag.

O6o3naunm uepe3s G(p,q) OGYHKUHIO, COOTBETCTBYIOINYIO KBaH-
ToBo# cKoOke [Tyaccona

{45, Aghs =_;1 (A1Ag— A Ay).
W3 dopmyan (13) monyyaem
@(u, v) =

= g | diy o duy doof (w1, 01) & (ua, 02) 8 (01 + 02— 0) X

X8 (uy +u2-—u)[
=,,—1h S duy dvy duy dof (11, v) £ (g, 02) 8 (01 + 12— 0) X

Lzh- (103~ 1301) -;—h (uzvn-uwz)]
e —a P

X 8 (uy + uy — u) sin ‘2h‘ (11901 — uyvg)
" npn h—0
G (1, 0) > 5 | duy doy duy doy (450, — w109 f (1, 09) & (13, v3) X
X 8 (v) + vy — 0) & (g + 1y —n).

HurerpaJj, cTroflluii B NMpaBofl YacTH, ABJfeTcS Npeo6pa3soBaHHEM
dypbe oT Kaaccuueckoit ckobku ITyaccona

a
TaK Kak npeo6paszoBaHnsiMH Pypbe NPOU3BOLHBEIX igz— n 55 fB-

JAI0TCA QYHKINH —ivf B —iuf cooTBeTCTBEHHO.
TakuMm 06pa3oM, Mbl HPOBEPHJH BCe YTBEPXKHEHHA, CHeJaHHbE

B HauaJe naparpada.
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B 3akjaroyeHHe npHBeNeM HECKOJbKO NPHMEPOB BBIYHCJEHHH MO
dopMmynam storo maparpada.

Hafimem copmyay ans supa omepatopa A; B KOOPAHHATHOM
npencrabneHnn. Mcnoabsys dopmyay

V(@)U () (x, x') = e~ %6 (x — uh — x’),
MONyYUM
ihuv

Aj(x, ¥')= —Sf(u,v)e"“”‘é(x——uh——x)e 2 dudv,

Myte )= §F (25 0) a0 iy

[ToxaxeM, uro f(g)<>f(Q). Jlaa rtakolt ¢ynkumm Ha ¢a3oBoM
NPOCTPAHCTBE

P, 0) = | F @ et dg dp =T (0) 8 ().

3aecy uepe3 f(v) obosnaueHo mpeobGpasoBanue Pypre (yHKIUH
onHoli nepeMenuno# f(g). Hanee no dopmyne (14)

iv
, 1 —x'\ g - tx)
A )= 8 (255 ) F(0)e 2 T do=

=F(EEE) 86— ) =F (W8 (x =),

a OmepaTop ¢ TAKUM SIAPOM SIBJSIETCS ONEPATOPOM YMHOXKEHHS Ha
¢yurnuio f(x). TouHO Tak Xe B HMIYJbCHOM NPEICTABJIECHUH JIErKO
IIPOBEPHTH, 4TO f(p) <> f(P).

IMonyyum siBHYI0 GoOpMynay, IO KOTOPOH MOXKHO HaWTH KJacCH-
YecKoe COCTOSIHHE, COOTBETCTBYIOUlee Npelesy YHCTOrO KBaHTOBOIO
cocrosiHua npu h—> 0.

Hcnonbsys ¢opmyay obpaiuenus, Hahinem p;(q,p), COOTBET-
cTByiollyio onepatopy P, u nocrpouM p(g,p)= p/(2nh). Bek-
TOp 1 CYMTaeM 3aJaHHBIM B KOOPAMHATHOM INPEACTABJICHHH.

U3 dopmyan

V(—0)U(—u) Pyt (x) =t { £ ()BT da (x + uh)
-¢cliegyer, 4To '
V(—0)U(—u)Py(x, ') =e'** (x + uh) ¥ (x),

ihuu

p(u, v)= mh ATt V(—0)U(—u)Pye 2 ==

dhuv

S e P (x +un)p(x)e 2 dx.
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Ecau BBecTH dyHkumio *
F (x, 4) = 5= lim  (x -+ uh) $ () (15)

TO b (u, v)= Se“”‘F (x, uydx

ectb Dypre-o6pa3 KaaccHuecKoll (YHKLUWH pacnpejeseHHs, COOT-
BeTcTBYlollelt npeneny cocrognus Py npu h—0. [Ina cameit GyHK-

Uy pacnpepeneHus p(g, p) cupasepnnBa dopmyaa
o(g, p)= (e "F (g, ) du. (16)

Iyctp ¢ (x)— HempephiBHasf (GYHKLIHS H He 3aBHCHT OT h Kak
or napamerpa. Toraa
1
Fx,u)=—=19(x)F
H p(p, 9)=1v(q) Pd(p).

TakoMy KBaHTOBOMY COCTOSIHHIO B mpenefie h >0 coOTBETCTBYeT
COCTOSIHHE MOKOSAIIEHCS YaCTHIbl € IJIOTHOCTHIO (YHKIHH pacrpes
AeJeHus KoopauHATH |¢(q) |2

ipoX

IMyers $(x)=o¢(x)e * ,rae ¢(x) or h He 3aBHCHT H Henpe-
pbiBHa. B arom ciaydae B npegese npu k— 0 Mbl NIpHAEM K KJac-
CHYECKOMY COCTOSIHHIO ¢ (hyHKuHell pacnpelesieHHs

o(p, @) =19(q) P6(p — po).

Ha arux npuMepax MBI BHIHM, YTO YHCTOMY COCTOSHHIO KBaHTOBOM
MeXaHHKH B lipeneJse npH h—>0 MOXET COOTBETCTBOBATh CMeEINaH-
HO€ KJIACCHYECCKO€ COCTOSHHE.

§ 18. OnHoMepHbBie 3alaul KBAHTOBOH MEXaHHKH.
CBoGogHas ofHOMepHas YacTHLa

B § 15—20 ™Mbl paccMOTpHM OAHOMEepHHIE 3aJaYi KBaHTOBOMH
MexaHuku. PyHKHHA [aMUAbTOHA [JS YACTHLILI C OJZHOM CTENeHbIO
¢BOGOJE B NMOTEHIHAJbHOM I10JIe UMEET BUIL

2
H(p, ) =4+ V(9.
droit ¢dyuxkuun I'amuabrona coorBeTcTByer onepatop Llpenunrepa

p2?
H=4=+VQ.

* JroT Npefen  He BCeMRa ABJANETCA TPHBHAMNBHHIM, TAK KAK B (H3HUECKH
HHTEepecHhX ciayuasix OYHKuHA P(¥) OOHYHO 3aBHCHT OT # KaK OT Napamerpa
(cM. mpHMep HHXe).
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Has ceoGonno# yacTuus V = 0. Mbl HauHeM ¢ H3y4eHHs STOH Npo-
crefiiell 3agayu KBaHTOBOH MexaHuHKd. Hafisem cnekrp omepartopa
1penunrepa '

p?
0= ()
ypaBHEHHe AJis1 cOGCTBEHHBIX BEKTOPOB HMEéT BUA
p2
o Y =EV @)
HJIHX B KOOPAHHATHOM IIpEACTaBJCHHH
: h? d2,‘b
~om dw = B ©)

Yno6Ho HCIOMB30BATh CHCTEMY €AMHHI, B KOTOpoi h=1 u m =
= [/2. Torpa ypaBHenne (2) npu E > 0 mpuHuMaer BHJI

\lJ”-l- k2¢=0, kR=E, k>0. (4)

Hoc.neﬂ,ﬂee ypaBHeHHe HMeEET JABa JIMHEHHO-He3aBHCHMBIX pelIeHus

1
P, (1) =(55) extre. (5)

Mrul BHAMM, 4TO KaxXjoMy 3HaueHuio E = 0 COOTBETCTByeT ABE
cob6¢cTBeHHBIX (yHKOMH onepatopa H. Ilpu E << 0 ypaBHenue (3)
He HMeeT OIDaHHYEHHHIX HAa BCell BellecTBeHHOH ocu peweHuit. Ta-
KuM o6pasom, crnekrp onepatopa Upexunrepa (1)— HenpepniB-
HBIH, NTOJOXKHUTENbHBIH, ABYKpPaTHBIH.

®ynKiuK (5) OAHOBPEMEHHO ABJAIOTCA H COOCTBEHHBIMH (YHK-

, d .
LUsIMH ollepaTopa HMnyJbca P = — {——, COOTBETCTBYIOWHUMH COG-

CTBEHHBIM 3HAYeHHAM k. 3ameruM, uTo dyHKIuH (5) He mpuHAX-
aexat L?(R) u mosTtoMy He SIBASIOTCS COGCTBEHHBIMH (DYHKUHSIMH
B 0OblyHOM cMbicje. [l 3amucH mocieayomux ¢Gopmya yaobHO
CYHTATh, 4TO —o00 << k << 00, k= A/E. Torna o06a pewenus (5)
HMEIOT BHJ

1
L\
b (1) = (55) " e (6)
Hopmupylomuii MHOXHTenb B (6) BHOpaH H3 ycaoBUS
S b (%) Dz () dx = 8 (k — K. @)

R

Crosb Xe TPOCTO NMOJYYalOTCS peuleHHsl ypaBHeHHs (2) B HM-
nmyabcHOM npeicraBieHud. IIpu m =] ypaBHeHue (2) umeeT Bup

P =k, ®)
‘A ero pelmleHUsIMH SBAAIOTCH OYHKIINH
b (p)=0(p— k), k=t \E. ©)
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Hopmuposra dynkunit (9) Boibpana takoil e, Kak 4 ¢pyHxuuii (6),

{000y ap=(o(0—r)8(r— k) ap =00k — ).
R R

Jlas Toro 4TOGLl BHISICHHTH (DH3MUECKHH CMBICA COOCTBEHHBIX
(GYHKIAA 1pe, HOCTPOHM pellleHHe HeCTallHOHaPHOrO YpaBHEHHS
[Ipenunrepa mis cBOGOJHOH YaCTHIBI

. dy (¢ rr
t d; ) l (t)
[IpH Ha4YaJbHOM YCJOBHH ‘

b0 =0 lel=1.

I'Ipome BCEro ara 3ajaada pemaercas B HMIOYJbCHOM NpeACTaB-
JICHHH

. A (p, ¢
z-¢—(§f——)= ™ (p, 1),

(p, =0 (), {10() Fdp=1,
OueBHaHO, YTO . '

P (p, =0 (p)e” """

B KOOpPAMHATHOM TPEACTABJIEHHH 3TO e COCTOSHHE OMHCHI-
BaeTcst (pyHKIHEH
1

b5 0=(5z)" (o@e ™ dp= (o) b (e ™ dk.  (10)
R R

Jlerko nmpoBepHTb, YTO HOPMHDPOBKAa (YHKUHH Y (X,f) He 3aBHCHT
OT BpeMeHH

S W (x, £) Pdx = S lp (p) Pdp = 1.
R R

®opmyay (10) moxkHO paccmaTpuBaTbh H KaK DasJiOXKeHHe pe-
mwenus ypasBHeHnusi llpenunrepa (¥, {) N0 CTaOHOHADHBIM COCTOSI-
HUSIM, T. €. Kak o6obumeHne cdopmyan (9.13) Ha cayua#t mempe-
puiBHOro cnekrpa. Poab Koadpouuuenros C, 3nech urpaet (pyHK-
uust @(k).

Cocrosinne, onuceiBaemMoe OyHRUuAME P(x,!) wuan P(p, ),
uMeeT HauGoJjiee MpocToft HU3HYECKUHA CMBICA B TOM cjydae, Korja
@(p) OTAHYHA OT HYJS B HEKOTOPOH MaJsiOd OKPECTHOCTH TOUKH py.
CocTosiHuSI TAKOro THNMa OOBIYHO HA3LIBAIOT BOJIHOBBIMH NaKETAMH.
I'padur dyHkunu |@(p)|? uzobpaxen Ha puc. 4.

HanomuuM, uto |¢(p,f)|2=]|@(p)|? ecTh mIOTHOCTb (YHKUHH
pacnpefesneHuss UMmyJbca. TOT (akKT, 4TO 3Ta IJIOTHOCTH He 3aBHCHT
OT BpPEMEHH, eCTb CJeJCTBHEe 3aKOHA COXPaHEHHd WMIyJbca Js.
csoGonoit vactuupl. Eciu pacnpenenenne |@(p)|2 cocpenoroueno
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B OKPECTHOCTH TOUKH pg, TO cocTosiHHe P (f) MoxeT GHTb HCTOJ-
KOBAHO KaK COCTOSIHHE C MOUTH TOYHO 3aJlaHHBIM HMIIYJbCOM.
®yuruus |P(x,1)|? ecTb MIOTHOCTb (DYHKUHH paclpeleseHus
koopauHaThl. IIpociennM 3a ee spoJronueil Bo BpemeHH. [Ipexne
Bcero H3 TeopeMbl Pumana — JleGera * caemyer, yro AJ4 rJaaf-
ko#t @(p) ¢ (x,{)— 0 npu |¢{|—> co, MOITOMY CTPeMHTC K HYJIO

Sl\l)(x, f)Pdx, B3aTHi 1m0 J1060f KOHeYHOH 06JacCTH BelleCTBEH-

Q
HOM oCH Q. DTO 3HAYMT, YTO NPH |f|-> co yacTHUA YXONHT H3 JIO-
6oft KoHeuHO# 06Js1aCTH, T. €. ABUXKEHHE HH(DHHHTHO.
Hasa toro uro6u Gosiee mogpoGHO NMPOCJAEAHTH 32 ABHKEHUEM
yacTHIl TNpu GoJblWIHX |f|, HCHOJNB3yeM METOA CTAllHOHAPHOH
¢da3pl. ISTOT MeTOoH MNpUMeHseTcs AJd
|o(p))? aCHMITOTHYECKOTO BBIYUC/IEHHS HHTErpa-
JIOB BHAA

b
[(N)= S Fe ™ dy (1)

a

Po

-

npu N —oco. Ilna cayyas raagkux GpyHk-

Puc. 4. it f(x) ¥ F(x) M npu HaNMHYHH OQHOM

TOYKH CTALMOHAPHOCTH % (GyHKuuM f(x)

B uHrepBane (a,b)(f'(¥)=0, f’(X¥)5 0) wumeer Mecro ¢op-
MyJaa

1
1) = (grr)” F ) exp GNF (8) + - signf” (2) + 0 ().
(12)
[epenumewm Brpaxenne mns (x,f) B dopme

+ ot 25
Vx, ) = (EIR) 2 S <P(p)ei“'[$"'° 7] dp.
v R

Bepxnuil 3HaK B 9KCMOHEHTe COOTBETCTBYeT > 0, HHXKHHE f << 0,
HaHfeM aCHMNTOTHKY GYHKUMH Y (X,?) mpu f—> toco 10 ¢opMmyse
(12). Touka cTaNHOHAPHOCTH HAXOAUTCH H3 YCJOBHS

I (0)=F 25 + 77 =0,

oo

* Teopema Pumana — JleGera yTmepxnaeT, 4T S [(x) eV dy >0 npu

N — oo, ecat pyHRUHA f(X) KycOuHO-HempephblBHA M aGCOMIOTHO HHTETpHPyeMa Ha
Beeft OCH —00 < X << 0, o o
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OTKyza j =—2xt—. Hanee f”(f)= F2 u npu t-> 4+

v 0=o(3) (7)) " +0 (7). (13)

rie j -— BellleCTBeHHass (PYHKUHS, BHJ KOTOPOH MJis AaJbHeMlIero
HEBaXKeH,
-Tlo npepnosoxkeHnio GyHKUUs @(p) OTAHUHA OT HYJSA TOJBKO B

o x\[2 1
MaJjio# OKPECTHOCTH TOUKH pg, Mo3ToMY | P (x, £) == } P (W) I 571 +
1
+O(W OTJIHYHA OT HYJS TOJbKO BOJIH3M TOUKH x = 2pef. U3
3TOrO COOTHOILEHHS BHAHO, YTO 006,1aCTb, B KOTOPOH OTJHYHA OT
HyJil BePOATHOCTP HAHTH YAaCTHILy, NepeMellaeTcs BAOJb OCH X
¢ MOCTOSIHHOH CKOpOCTbIO U = 2pg, T. €. OoCTaercs CIpaBelJIHBOM
KJaccHyecKkass CBSI3b MeXAY HMINYJbCOM H CKOPOCTBIO p = mu
(HamOMHHM, 4YTO MBI NOJIOXKHAH m = 1/2). [lajee M3 aCHUMITOTH-
YecKOro BhIpaxKeHHst Mist | (x,¢) |? sicHo, 4TO AJsi KOPHS M3 AHC-
nepcHH KOOpAHMHATH A,x npH GoJblunx 3HaueHusx |t| cmpasen-
JuBa Gopmyna
Agx=2A,plt]

U Agx == Ao |t]

dro o3Hayaet, uTO 06JaCTh, B KOTOPOH BeJIHKA BEPOSITHOCTb OOHA-
PYKHUTb HaCTHIY, NepPeABHrasich BAOJb OCH X, OYIeT pacmiabiBaThes
CO CKOpOCTBbIO A, vU.

HerpyznHo noHsaTb 6€3 BCAKMX BHIYHCJIEHHH, UTO NOBEJEHHE KJac-
CHUeCKO#l CBOGOAHOH YacCTHIb, HAXOAAIIEHCS B COCTOSTHHH C HEHY-
.JIeBBIMH JIHCIIEPCHSIMH KOODIHMHATH M HMIyJbca, OYHET TOYHO
rakuM xe. TakuMm 06pa3soM, KBaHTOBas MeXaHHKa NPHBOAHT NPAKTH-
YeCcKH K TeM 3Ke pe3yJibTaTaM AJjsi CBOGOJHON YaCTHUBI, YTO M KJjac-
cuyeckasi. EAHHCTBEHHOE OTJIHYHE COCTOHT B TOM, UTO B KBAHTOBOH
MexaHHKe, COIVIaCHO COOTHOUIEHHIO HeONpeeseHHOCTel, HeT Co-
CTOSIHMH C HYJIeBHIMH JHCIEPCHSIMM KOOPAHHATH! H HMMIyJbCa.

OrmeTHM elle HeKOTOpHe (opMaJsbHble CBOHCTBA pelleHHs
ypaBenus lllpeanunrepa s csoGoanoit wacruus. M3 cooTHome-
Hus (13) caexnyer, uro

wmn=oﬁﬁﬂ,

T. €. 1ipH JIO6BIX X MMEeT MeCTo HEPABEHCTBO
C
[ 113 (x’ t) l < WE‘;

rae C — HeKoTopasi KOHCTaHTa. EcTeCTBeHHO OXHAATH MO3TOMY, UTO
BeKTOp Y (f) cn1abo cTpeMHTCA K HyJI0 nmpH |¢]|-> oo, Ilpoie Bcero
3TO yTBepXKJAEHHe J[OKa3blBaeTCsi B HMIYJbCHOM IIPEACTABJICHHH.
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s nponssosbHOro Bektopa fes L2(R) umeeM

b, N={ o e " THap.
R

[Mocnepuuit MHTErpad CTPEMHTCH K HYyJIO NPH |{|->oco mo Teopeme
Pumana — Jlebera.

B koopaHHAaTHOM XKe MpejCTaBJeHHH cJjabas CXOAHUMOCTH
K Hydo P(f) uMeer oueHb mpoctoil cMblca. IlocTosiHHBIH BekTOp f
3ajaercss (QYHKIHeH, KOTOpas 3aMeTHO OTJIHYHA OT HyJad JIHLIb
B HEKOTOPO# KOHeuyHo# obsactu Q, a obnacth, B KOTOPOH OTJAHYHA
ot Hyas ¢yuknus ¢ (x, {), paclibBasch, YXOAUT Ha OECKOHEUHOCTb.
IToatomy (¢ (f),f)—>0 npu |£]|-> co.

IIposepuM, uTo acuMnToTHYecKoe Bhoipaxkenue (13) ana ¢yuk-
nuu P(x, 1) HMeer npaBuiabHYIO HOpMHPOBKY. Ilpn |¢|—> co HMeem

i opar e (5ip|e(3) [ ax={1e@Par=1.
R R R

§ 16. T'apmoHUuecKuii ocUUAAATOD

B ksaccHuecKONl MeXaHHKe TapMOHHYECKUM OCIHMJJISATOPOM Has
3bIBaeTcs cHcreMa ¢ ¢pyHKuue#t 'amuabToHa

H (p, )= + """2 2,

[Tapamerp @ > 0 HMeeT cMBICA YacCTOTH KosebaHHH.

Oneparop llpeaunrepa cOOTBETCTBYWOIIeH KBaHTOBOMeXaHHYe-
CKOH CHCTeMBbl HMeeT BHJ

p? 20)2 ‘
H=4 +2%. M

Mpl HCNONIB3YEM CHCTEMY eMHMIL, B KoTopo#h m = 1, h = 1. Hawa
3ajaya HaHTH COGCTBEHHBIE BEKTOPHl H COOCTBEHHBIE 3HAUEHHS Olle-
patopa H. MH pelmuM 3Ty 3ajauy, HCHOJb3ysl TOJbLKO IepPecTaHo-
BouHHle cooTHoIleHnusi ['efisenb6epra gas omepatopoB P u Q u He
nepexoas K KOHKPEeTHOMY IpeicTaBjeHHio. s 3Toro BBeneM
onepaTophl

a= 7——- (@Q -+ iP), ()
a'= —ﬁ_m_ ((DQ - iP).

Hcnonbsys coornowmenne I'efisenbepra
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[IOJYy4UHnM
0aa" = (@Q + P) + 5 (—QP + PQ=H + §-,
oa'a =5 (0%Q*+ P) + 2 QP — PQ=H — %
HJAH ‘
H=owaa" — —('23-, 4)
H=oa"a + % . (5)

U3 (4) u (5) cpasy HaxOAHM MepeCTaHOBOUHOE COOTHOILEHHE
IJIsl onepaTopoB a H a*

[a, a’]=1. (6)
M3 (6) nerxo mpoBepsieTcs MO MHAYKLHH, YTO
[a, @) ]=n(a")""" Y]

Haxonel, Ham noTpeGyloTcst MepPeCTAHOBOYHBIE COOTHOIUEHHS OIle-
patopoB a H a* ¢ H. [lna BbiuucieHus kommyrartopa [H,a] no-
CTAaTOYHO YMHOXHTb (opmyny (4) Ha a cmpaBsa, (5) Ha a caeBa
¥ HafTH Pa3HOCTb IMOJYUYEHHHIX BHIPaKEeHHH

[H, a] = — aa. 8)
[H, a'] = wa". 9)

TlepefineM Tenmepp K u3yueHHIO cnexkTpa omeparopa H. Ilpen-
MOJIOXKHM, YTO CYILECTBYeT XOTs Obl OXHO cOGCTBeHHOe 3HaueHHe E
onepatopa H. CoOTBETCTBYIOIIHH COGCTBEHHHIHI BeKTOp MH 06o-
3HauuM yepe3 Pz IToxkaxeM, uro cobcTBeHHble 3HaueHHs E orpa-
HUYEHH CHH3Y. BekTop Y MO YCJOBHIO yNOBJIETBOPSET YPABHEHHIO
H{pr == E{g, KOTOPOe MOXKeET ObITh ¢ yyeToM (5) mepemuncaHo B BHJe

(o)
(wa*a + 7) g = Epp.
VMHOXKas 3TO paBeHCTBO CJeBa HA Pz, NOJIYIHM
(0]
olladgl? + 5 eI = Ellve P,

OTKyZlla cpasy cjaeayer, uro E >> @/2, npuueM 3HaK paBeHCTBa BO3-
MoKed ToJAbKo ApH ycaoBuu ayr = 0. Y3 Boipaxkenus (5) mas H
BHJHO, YTO €C/JH HEKOTOPBHIi BAKTOD 1 YIOBJETBOPSET YCJIOBHIO
ap = 0, To oH sABJsieTcH COGCTBEHHBIM BEKTOpOM omepartopa H, co-
OTBETCTBYIOLIHM COGCTBEHHOMY 3HAUEHHIO ©/2.

ITokaxeM, KaKHM 06pa3soM MOXHO IO IPOH3BOJILHOMY COGCTBEH-
HOMY BEKTOpY Yg NOCTPOHTb HOBble COGCTBeHHHIe BeKTOpHl Iloa-
cunTaeM Brpaxenue Hawvg, ucnoansys (8):

Hapg =aH g — wapy = (E — o) adp.

AnaJioruuto
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U3 nocaegHero COOTHOIIEHH BHJAHO, uTo Jub0 ayz sBjsierca cob-
CTBEHHbIM BEKTOPOM, COOTBETCTBYIOILUM COGCTBEHHOMY 3HAYEHHIO
E — o, aubo apg = 0. Ecin apg 5= 0, To Bektop a?P; nubo cob-
CTBEHHBIH ¢ coOcTBeHHBbIM 3HaueHHeM E — 2w, aubGo a?ps = 0. Ta-
KUM 06pa3oM, IO MPOU3BOJILHOMY COOCTBEHHOMY BEKTOPY Yz MOXKET
OHRTh NMOCTPOEHA MOCJAEAOBATENbHOCTh COOCTBEHHBIX BEKTOPOB WYk,
aYe, ..., aYPg, COOTBETCTBYIOIIMX COOCTBEHHHIM 3HaueHusM E,

—, ..., E— No. Ota nocjenoBaTejbHOCTb, OJHAKO, HE MOKeT
6HITh GECKOHEUHOM, TaK KaK cOGCTBeHHBIE 3HAueHHs onepartopa H
orpaHuyensl cHU3y yncaoMm /2. [Tostomy cymiectByer Takoe N = 0,
yto aVye =0, a¥tpr = 0. O6o3nauum BekTop aMpz uepe3 yo.
STOT BEKTOP YJOBJETBOPSET YPaBHEHHAM

apo=0, Hip=-3 b (10)

Mbl BHAMM, UYTO NPEANOJOXKEHHE O CYyLIeCTBOBAHHH XOTfl Obl
OJIHOrO COGCTBEHHOTO BEKTOPA g SKBHBAJEHTHO IPEANOJIOKEHHIO
O CYIIeCTBOBAaHHH BeKTOpa 1o, yAoBaeTBOpsitomero {10). BekTop o
ONMUCHIBAET OCHOBHOE COCTOSIHHE OCHHJIATOpPA, T. €. COCTOsIHHE
¢ HauMeHbliell sHepruell m/2.

[TocMoTpuM, xak peficTByeT omeparop a* Ha COGCTBEHHHE BEK-
TopH oneparopa H. Hcnouesys (9), monyuum

Ha"pp = a"Hpg + 0a*pp = (E 4 0) a™g. (11)

O6paTuM BHHMAaHHe Ha TO, YTO a*Pr He MOXKeT OhITh HYJEBHM
BeKTOpoM. [leficTBHTENbHO, M3 BhIpaxKeHHs (4) ans omeparopa H
BHAHO, UTO BEKTOP, YIOBJETBOPAIOIIHA ypaBHeHHI0O a*p = 0, sB-
Jsercsi COGCTBEHHBIM BeKTOPOM H ¢ COOCTBEHHBHIM 3HAauYeHHEM
—m/2, 4TO HEeBO3MOXKHO, TakK Kak E = /2. [Toatomy u3 (I1) cue-
LyeT, 4T0 a*pz sBAsSeTcs COGCTBEHHBIM BeKTOpOM omepartopa H
¢ cob6crBeHHBIM 3HaueHueM (E + o). Auanornuno (a*)*pgr— co6-
CTBEHHBII BeKTOp ¢ cobcTBeHHHIM 3HauenueM (E -4 20). Haunnas
TaKOE IIOCTPOEHHE ¢ BEKTOpa Yo, Mbl MOJYyYHM GECKOHEUHYIO MOCJe-
ZIOBaTEJbHOCTb COGCTBEHHBIX BEKTOPOB Vo, a*Yo, ..., (a*)™Po, ...,
COOTBETCTBYIOIHX COGCTBEHHHIM 3HAYeHHAM /2, ©/2+ o, ...
coes (n+1/2) 0, ... Iycrb BekTOp Yo HOpMEpOBaH || Y[l = 1. BuI-
YHCAHM HOPMY BeKTopa (a*)™po

Il (@")"o IF = ((@*) "o, (@")"™o) == (o, @™ (a*)"arho) -

+n (o, @ (@) o) =n[ (@) w = ... =n! |wf=nt...
[1pu BHIYMCJEHHH HCTOJB30BAJIOCH TEPECTAHOBOUHOE COOTHOLIEHHE
(7) u pasencrso (10).

Takum o6pasoM, nocJaeA0BaTe/IbHOCTE HOPMHUPOBAHHBIX co6-
CTBEHHBIX BEKTODOB oOlepaTtopa H moxuo 3amarth q)OpMy.HOﬂ
1 : .
Yp = —= (a*)anO» n=0’l:2; o (12)
A/nl
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OpTOroHaJIbHOCTh BEKTOPOB Y, COOTBETCTBYIOWIHX Pa3/JHYHHIM cOG6-
CTBEHHBIM 3HAUEHHAM, CleAyeT U3 OOIHX COOOpaKeHHH, HO MOXKET
OLITH NPOBEpeHa M HENOCPEACTBEHHO

. ___i___ ko w1 —— -
(’q)k: Ilpn) - m (I\pO: a (a ) 1130) 0 npH k % n.
[Tocnentee paBeHcTBO nosyuaercs u3 dopmyan (7) u (10).
O6cynuM Temepb BONPOC O €JHHCTBEHHOCTH BeKTopa vp. Hars-

HeM Ha OPTOHODMHDPOBAHHYIO CHCTeMY BEKTOPOB 1, FH/JIbGEPTOBO
NPOCTPAHCTBO 6. DJEMEHTH ¢ & J6 HMEIOT BHJ

— L) 2
(p-—;CnW,-wo, ;IC,,&<oo. (13)

B 3ToM npocTpaHCTBE MBI MOJYUYHM peasu3alluio NepecTaHOBOUHBIX
cootHomtenu#l [efisenbepa, ecau MOJNOKHTb B COOTBETCTBHH ¢ (2)

__a+ta* _ Ao (a— a*)
Q="1L, p=talnsl), (14)

CoorHomenue (3) rorna sBasieTcss cjencTBHeM dopmyabl (6).
[TpocTpaHcTBO &6 HHBApPHAHTHO OTHOCHTE/bHO NEHCTBHS oONeparo-
poB P u Q (TO4YHee, OTHOCHTEJNBHO OrpaHHuYeHHBIX (GyHKRUuUH f(P)
n F(Q), nanpuMep, U(4) 1 V(v)) H He CONEPKHT NMOANPOCTPAHCTB,
o6najgaoIux TeM ke cofictBoM. [losroMy npexncraBieHHe omepa-
TopoB Q u P ¢opmynamu (14) B 56 HenpuBOAHMO.

Ecnu B HEKOTOPOM NPEJCTaBJEHHH CYIIECTBYET ABa BEKTOpa Wy
u Yo, YAOBJETBOPAMIIKX ypaBHennwo (10), To HAPSLY ¢ J6 MOKeT
6LITh aHAJIOTHYHO NMOCTPOEHO NMPOCTPAHCTBO JB’ MO BEKTOPY q;é- 1o
NpPOCTPAHCTBO OyneT HHBAapHAHTHBIM OTHOCHTEJbHO P M Q, T. e.
npejcraBjieHde, B KOTOPOM cyliecTByeT OoJiee ORHOIQ peIueHH:
ypaBHeHus (10), 6yaer nmpHBOAUMBEIM,

§ 17. 3apaya 06 oCHHANATOPE B KOOPAHHATHOM NPERCTABJECHHH

B npenpinymeM naparpade Mbl UHCTO anreGpaHuyecKuM INyTeM
Hauid cnekrp omeparopa Illlpepunrepa ans ocunmasitopa. bBeuio
CHeNMaHO TOJbKO ONHO MPEANOJIONKEHHE, YTO CYLIECTBYET XOTsl Obl
OIMH COGCTBEHHBIl BEKTOp omepatopa H. DTO 3KBUBAJEHTHO Cyllie-
CTBOBAHHIO pelleHHs ypaBHeHHS ayp = 0. [Tokaxem, uto B KooOp-
AMHATHOM [pPEeACTaBJEHHH . AeHCTBUTENbHO CYIIECTBYeT €JHHCTBEH-
HOE pellleHHe 3TOro ypaBHeHHs. JamuiieM ONepaTopbl a U a* B KO-
OPAMHATHOM IIPEACTABJIEHHH

a=—;/—é_—_(;—(mx,—l—%), 1
a*___—jﬁ(mx —_ %‘—) 2)
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YpaBuénue ayo = 0 mMpUHHMAaeT BUJ
@, (1) -+ ¥ (x) = 0.

Pasnenss IIepEMEHHbIC, MMOJYUHM

d‘l’o
o —oxdx
- ax
)74 Yo (x)=Ce 2.

TTocroaunas C HaXOZWTCS H3 yCJOBHA HOPMHPOBKH

oo

=Y 1
Jivepde=iCP [ear=icr(5)”

- 00 -0

Sromy ycnosuio yposaersopser C = (o/x)!4, u HOpMHpOBaHHas
cobcTBeHHAs] (PYHKIMS AJs OCHOBHOTO COCTOSTHHSI HMeEeT BHJ,

ho) = (4 )

CoGcreenHble (GYHKUHM HJ BO3OYXKAEHHBIX COCPOSHHH Y, (X)
HaxoAfATca no ¢opmyae (16.12) c yuerom (2)

‘I’n (x) = ( )4 (2(0) ox —%)ne_mTz.

QueBHIHO, YTO 3TH (YHKIHH HMEIOT BHJ

(M*z

wx?

o (£)=P,(x)e 2,
rae P, (x) — nonuHOM n-# creneHH. MoxHO mokasatk, uto. P, (x)==
=H, («\/cox) rae H,,(g)—no.nHHOM I-Ie61>1me13a-——EBpMm*a H3sse-

CTHO, uyTo cHcTeMa GyHKuHA H,(E)e 2 nonHa B L2(R). 3ro
yTBepXKJeHHe, BooOLe TOBOPS, CJelyeT H3 HENPHBOAMMOCTH KOOp-
AMHATHOrO IPEACTABJEHHS H pe3yJbTaTOB MNPEAbIAYLIEro Mapa-
rpada. .

DyHKHUSA |Pn(x) |2 sABASETCHS NIOTHOCTHIO (QYHKUHH pacnpeje-
JeHHs KOOPAHHaThl B A-M COCTOSIHMH ocuuiIsiTopa. MHTepecHo
CPaBHHTb 3TO pacCHpe[esieHHe C COOTBETCTBYIOIIHM KJaCCHYECKHM
pacnpesesienHeM. Pelnenne kJaaccuueckodl 3amaud o0 OCHHJISITOPE

HMeeT BUJ,
x (f) = A sin (of + @), (3)

rae A — ammauryaa koJseGaHus, a ¢-— HauasdbHasi ¢asa. DHeprus
Kone6GaHuil MoxeT OHITh BBIUMC/IeHa Mo hopMyJe

x2 w3x?
E=2%

7
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u paBHa ©?A%/2. CoorBeTcTByIOIIAs MJOTHOCTb (QDYHKUMH pachpene-
JIEHHs] KOODIAUHATH HMeeT BHJ

F(x)=8(x —x(®). 4)

SIcHO, uTO CTalMOHapHOE COCTOSHHE KBaHTOBOI'O OCUHJISATOPA HH
[IPH KaKHX yCJOBHAX He MOXKET MEePEXCAUTh B KJACCHYECKOE YHCTOe
cocrosinve, 3anasaeMoe ¢opmysol (3). EcrecTBeHHO mpenmnoJio-
KHTb, YTO NpEeJEeJOM KBAHTOBOTO COCTOSIHHS OYHET KJjacCHYecKoe
CMEIIaHHOe COCTOSIHMe, SABJSAILIeecs BBHINYKJOH KoMOuHalueH (3)

Puc. 5.

co cayyaiiHbIMH (a3aMu @. 1151 TAKOro COCTOSTHHS MJOTHOCTb (PYHK-
UK pacnpejeneHHss KOOPAMHATHL HOJyYaeTcsi ycpenHeHueM (4)

2n
F (x)=—2%SG(Asin(mt+(p)—x)dq>= % 0(Asin ¢ — x) dp==
0

m[;[m”lﬂ

1 1
IR Py e S
m 3 A=y 0, x&(— 4, 4),
HIH KOpoue F(x)=—£%..§—__—:_’fg——.

IT'padukn dyukuuii F(x) u |$n(x)|? npuBenensl Ha puc. 5 aas
IOCTATOUHO GOMBIIOTO 1 HPH YCIOBHH, 4TO * E, = h(n+ 1/2)o =
= w?A?/2. Tlpu n->oo KBaHTOBOe pacnpeneneHue Oyzer cTpe-
MHTbCSI K KJACCHUECKOMY. YCJIOBHEe n—> 0o NpPH 3ajJaHHOH 3Hep-
rua E MoxeT 6HITh BHIIOJHEHO, ecad A —> (.

OrMeTuM BaxHoe orauune GyHKuul F(x) u |Pn(x) |2 ODynk-
nus F(x)=0 npu |x|> A, T. & KiaccHyecKas dYacTHIAa BCeraa
HaxXoAuTCs Mexny ToukamMu —A M A (B KJiaccHYecKH paspelleH-
HOlt oG6uaacti). Dyuruus |P.(x)|2 nmpu |x|>A B Hysb He
oGpautaercs. DTO 03HauaeT, YTO KBAHTOBAS YaCTHIA MOXKeT OHITh 06-
HapyXeHa C KOHEYHOH BePOSITHOCTBIO B KJIACCHUECKH 3alpelleHHOH

* 3mech MH A YAOGCTBA $IBHO BHIIHCHBaeM mnocroannyilo Ilianka h, He
cuHTas, 4o h == 1.
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oBaacru. Jlas mponsBoabHOro motennuana V(x) sra obaacts onpe-
JeJSeTCss U3 YCJOBUA, 4TO HoJHast sHeprua E <C V(x), 4ro coor-
BETCTBYeT OTPHUATEJALHLIM 3HAYCHHAM KJIACCHYECKOW KHHeTHYe-
CKOW 3HEpPrHH.

§ 18, MpeacraBacHne COCTOSIHHI OAHOMEPHON 4ACTHIbI
B MPOCTPAHCTBE MOCJAEA0BATENbHOCTEH [y

CornacHo pesysasratam § 16 n06oit BeKTOp @ & #6 MOXKeT OLITh
passoxkeH B psif, N0 cOOCTBEHHBLIM BEKTOPAM ONEPATOPa 3SHEPrHH
rapMOHHYECKOro OCUHJAATOpA

9= Cp ‘f/’_ to DIC,P< oo,

Kaxablit BEKTOp ¢ & # OLHON3HAUHO ONpelessieTcs MocaAeNoBa-
TeJbHOCTBIO K03 duuuentos {C.}, T. e.

@ <> {C,}.
[Tyers p <> {B,}, TOrZa B CHJY OPTOHOPMHPOBAHHOCTH CHCTEMbI
BEKTOPOB 1, = :/ o

(b, @)= )" B,C..

[TocMoTpHM, Kak [AeHCTBYIOT ONepaTopsl B TAaKOM MNpencTaBJe-
nuu. JLis 3TOrO0 JOCTATOYHO NMOCTPOHUTH omepaTophi @ u a*  Ilyctb
o< {C,}, ap<>{C;}. Ham nyxHno supasutp C, uepes C,. I10
MOXKHO cJIe1aTh CJeAYIOIHM o6pa3om:

afp=aZCn (jz_ ZC *)n ’%g

=ZV”Cn7((‘f—)':5“m¢o=Z«/n+10n+l L W

[Tpu BLIYKMC/JAEHHH HCOOJB30BANUCh COOTHOmIeHHs [a, (a*)"] =
= n(a*)"1, ayo =10, nocienHee paBeHCTBO I[OJYYaeTcs OpH 3a-
MeHe 3Hauka cyMMupoBaHust n—n - 1. U3 (1) Bumno, uto

Cro=A/n+F 1Cusr- @)
Anajnoruyno

aq)_a ZC (a*) Z (a*)n+l \bo_

Y
_.Z»\/n_-l- Cn w—Z«/_,,_ (1‘},3! N

*)n—l—l
w/( + 11
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[ToatoMy, ecau a*q><—+{C,'f}, TO
Cn=/nCn-y 3)

®opmyans (2) u (3) craHOBSiITCS OCOGEHHO HArJSJHBEIMH, €CJH
HCIOJIb30BaTh MaTpHuHble o6o3HauyeHHs. DyjaeM 3amucelBaTh 1o-
cneposarenbuocth {C,} B Buie croabua

(C,

¢,
(p <> CQ .
Torza onepaTopsl @ H a* MOTYT GHTb 3aMHCAHbl MPH MOMOIIH MarT-
pHIL

041 0 0 . /0 0 0
aer| 00 VT 0 TNl VT 00 D
0 0 0 4/3 . 0 42 0

.....................

IlpoBepuM, YTO Takasi 3aMHCh IKBHBAJIEHTHA COOTHOIIEHHAM (2)
u (3). HdeficTBHTENBHO,

_ C
0 4/1 . 0 V1 ¢

0 0 C
. 1 5
a<——>00l\/§0‘C““"\/2C2
¢ = 12T vE o
0 0 0 43 . . 3

ooooooooooo

yTo coBmagaer ¢ dopmysaoft (2); aHAJOrHYHO MPOBEPSETCS CBA3D

dopmya (3) u (4). lna onepaTopoB a H a* B NPeACTaBAeHHH (4)

cpasy e NpOBepsieTcsi IepecTaHOBOYHOE COOTHOILEeHHE [a, a*] = I.

Co6CcTBeHEBIE BEKTOPH! onepatopa [ B 3TOM NPEACTABIECHHH HUMEIOT
BUJ,

(11 0 0

0 1 0

o= (0] h=|0f. bo=11

OueBHIHO, UTO BEKTOP Yo YAOBJIETBOPSIET YPaBHEHHIO apy = 0.
OnepaTopsl a* W @ 4YacTO HA3LIBAIOT ONEPaTOPaMM POXKIEHHS

H YHHUTOXKEHHs BO3OyXJeHHs. DTH Ha3BaHUsl OODBACHAIOTCH TeM,
4TO OmepaTop a* NMpeBpaulaeT COCTOSHHE C Heprueil £ B COCTOAHHE

y s
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¢ Goablueli sHeprueit £ 4 @, a omeparop a— COCTOSIHHE C SHeEP-
rueii E B cocrosHHe ¢ 3Heprueil E-— o (OCHOBHOe cocTosinue Yo
omepaTtop @ aHmHyxaupyer). MHorja BBOISIT Tak HasblBaeMHIil orne-
patop uucaa Bo3byxaeHuin N = a*a. B HaweM npeacraBjieHHH OH
¥IMeeT BUJ

0
0
N
0

o o = O
S N OO
w o o O

L N A

ColcTBeHHbIE 3HAUEHHS 3TOrO ONepaTopa COBHANAIOT C HOPSAKO-
BEIM HOMEPOM BO30GYIKIEHHOTO COCTOSTHHS Yn.

BrinumieM, HakoHeIl, onepa’ropm H, P u Q B paccMaTpuBaeMoM
npeicTaBJeHUHA

[% o o )
H=coa‘a+%<—> 0 %m 0 ) )
0 0 2o
0 AT 0 0
p_Aia—a) _ Ao — 4/1 0_ A2 0 o
iz i 0 —4/2 0 3. |

0 0
a-+a* 1 VT 0 V—é 0
=T TVE| 0 4F o 43l (7)
0 .

U3 stux dopmya BupHo, utro H mnpencraBasiercsi AHATOHAJBHOH
MaTpHlel, T. €. pacCMaTpHBaeMoe INpeACTaBJEHHE SIBJISETCS] COb-
CTBeHHHIM fis1 onepatopa [llpeguHrepa rapMOHHYECKOro OCIHJJS-
topa. [lanee, cpasy BuaHo, uto P u Q — camoconpsiKeHHbie orne-
PaTophl, H JIEFKO MOXKHO NPOBEPHTb BLINOJHEHHE NEePecTaHOBOYHOrO
cootHomeHus [Q,P]=1.

B cBa3u ¢ npejacraBieHHEM COCTOSIHME B IPOCTPAHCTBE [y XoTe-
J0Chb OBl- HECKOJIDKO CJIOB CKa3aTh O IepBOHAYAJBHON MAaTpUYHON
GbopMyIHpOBKe KBaHTOBOH MexaHMKH ['eiizenGepra. Ha mauaapnom
sTane pasBUTHA KBAaHTOBOH MeXaHHKH OCHOBHOH Obijla 3ajgaya
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0 HaXOXJeHUH JONYCTUMBLIX 3HAUEHUH IHEePruu CHCTeMH. Penenr,
npenaoxeHHoll I'efizen6eproM MPUMEHHTEJBHO K CHCTEME C OJHOH
CTEMEHbI0 CBOOOAB, cOCTOSAJ B caepyiomeM. Paccmarprsagack
KJaccuyeckas cHcrema ¢  ¢yHkuue#i [amunvbrona H(gq,p)=
= p%/2m + V(q). CTpouauce caMmoconpsizKeHnsle MaTpuusl Q u P,
yIOBJETBOpSAIOUIHe COOTHOWeHHIO [Q, P]={ (Takue MaTpHIBl OI-
peldeJieHh HeoAHO3HauHo). [Jlajee crpomsnace Marpunma H =
= P?/2m + V(Q). Tlocaeauuit sTan cocTosyi B JHATOHAJH3ALHH
9TOH MAaTPHIH, NpHYeM COGCTBEHHBIE 3HAYEHHHT MaTpPHUHE H OTOXK-
AECTBJAJNKNCH C AOMYCTHMBIMH 3HAUEHHSIMH SHEPIHH.

@opmyan (6) u (7) mawor npumep Marpul, P u Q, yIoBJeTBO-
PSIOIINX NEePeCTaHOBOUHBIM COOTHOlIeHHAM [efisenbepra. 3TH Mmat-
punsl mogobpaHbl Tak, YTO MaTpuua omepatopa H AJS OCUMJISA-
TOpa cpasy siBjsercsl AuaroHajpHoil. OgHAKO HJs1 NPOU3BOJBHOLO
H venb3s o6ofiTHch Oe3 3Tama AHArOHAJH3ALHH.

Mub BuguM, uTo dopmyaupoBka Iefisenfepra no cymecrBy
COBNAJaeT C COBPEMEHHOl (QOPMYJHPOBKOH KBAHTOBOH MEXaHHKH,
€CJH B KauecTBe NPOCTPAHCTBA COCTOSIHMH B3fATh NPOCTPAHCTBO .

§ 19. TlpepcraBaeHue COCTOSAHMH OAHOMEPHOMH YACTHIbI
B MIPOCTPAHCTBE HeJbIX aHAJUTHYECKUX (YHKUHA D

PaccMoTpHM MHOXeCTBO (QYHKIUHUH KOMIJIEKCHOrO MepeMeHHOro
BHJA

f(z)=;00n:;—n_,—, anlc,, P < oo. (1)

910 MHOXKeCTBO (YHKIHI Z) CTAHOBHTCS THJIbOEPTOBLIM MPOCTPaH-
CTBOM, €CJIH CKaJsipHOe NPOH3BeJeHHe OIpeAe]HTh (PopMyJioi

(h =5 (@R @ e dn ). @

Huterpan Gepercs 1o KOMIUIEKCHOR njockocTd u du(2) = dx dy.

TpoBepuM, uto byHkuuH 2°/4/n! o6pasyior OPTOHOPMHUPOBaH-
Hblfl 6asuc B 2. J1Js 3TOro BHIYMCIHM HHTErpaJ

27

Lym= Sz"?”e" zli'du (2) = S pdp S dopntmete (r=mg=p*,
0 0

IIpu n=%=m Im,=0 3a cuer uHTerpupoBaHua mo . Ilpu n=m
umeeM '

lnn=2n S p’ntig=e dp —q S et dt = ninl
: 1] 0
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, ' ' (a*)*
[TpousBosbHOE CoCTOsIHHE @ & J6, Q== Z C, e P MoOxXer
n

o 2"
6uiTh npencraBaeHo QyHkuued f(2)= ch—'\/__!’ @ <> f(2). CoG6-

n

n
CTBEHHBIE BEKTOPH OCHMJISATOpPA 1, NPeACTaBisdioTCd Ga3HCHBIMH
dynrunsimu 2"/4/nl.

[TocMoTpuM, KaK HDEeHCTBYIOT ONepaTopsl a U a* B TaKOM Mpej-
craBaeHud. Vicnoab3ysi BHIKJAJKH, KOTOpHie TPHBENH HAC K (Hop-

myaam (18.2) u (18.3), MBI MoXeM 3amucaTh BEKTOPH a@ H ag®
B BHJe

x\n+1
aw—ZC ”(a) n@r g, a*tp—ZC (‘:/)— bo.
STH BEKTOPH! MPEACTABAAIOTCS Q)yHKuHﬂMH

a9 )G o —L 10,

R Cn_z_ﬁ= 2 (2),

T. €. OJd onepaTtopoB a H a* Mu NOJyYHJIH NpPeacTaB/CHHE

d *
a(—)-gg, a «>r 2.

BLINHIIEM COOTBETCTBYIOLIHE (GOPMYJH AJS onepatopoB @,
PuH

Qm+)

P Vo —_—
D i*\/f dz z)’
Ld 1
Heo(zgz+3).
Bce OCHOBHEIE COOTHOIIEHHS ([a, a'l=1, [Q, Pl=i, H{,=

1
=m(n +—2—) 113,,’) MOTYT OHITH JIErKO IIPOBEPEHBl B TAKOM Mpe-

crasjeHuu. [locrpoenHoe npencTaBieHHe MOXKET OKasaThCsi yp06-
HBIM, €C/IH H3ydyaeMble HabJaofaeMble eCTh MOJHHOME OT Q u P

§ 20. OGuwmii cayyail OXHOMEPHOTO ABUKEHHS

B mpeapinymux naparpadax Mbl pacCMOTpENH ABe OXHOMEPHbIe
3aJlauyd KBAaHTOBOH MeXaHHKH — 3alayd O CBOGOAHOH uacTHlle H
0 rapMoHuyYeckoM ocuuaastrope. CBoGoAHas yacTHUa OaeT HaM
NpUMep CHCTEMBl ¢ HeNPepHBHLIM CIeKTPOM AJs oneparopa Illpe-
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IMHIepa, a TapMOHHYECKHA OCHM/JIATOP-—C YHCTO TOYEUHBIM
crieKTpoM. B GosbiuinHCTBe peasibHbIX (DH3HYECKHX 3aJad CHEKTD
okasbiBaeTcsi GoJiee CJOXKHBIM. PaccMoTpuM 3afauy o cneKrpe ore-
paropa llpeauurepa

H=—L1 4V

npH BeCcbMa OOWIMX NPEANOJOXKEHHAX O MOTEHIHale.

OGBbIYHO CHJIBI, AEHCTBYIOLIHE HA YaCTHIY, 3aMETHO OTJHYHBI OT
HyJisl B KaKOK-TO KOHEUHOH OGJAaCTH Ha OCH X H CTPEMATCS K HYJI0
npu |x|-> oo, mo3TOMy HanGoJee YAaCTO BCTPEYalOTCs MOTEHIIHAJbL
V(x), KOoTOpHle CTpPeMATCS K MNOCTOSHHBIM 3HAYEHHAM IMPH X —>
—> 400, Jlas IPOCTOTH paccyXJeHHH Mbl OTPAHHUHMCS CJaydaeM,

Vv(x)E

Puc. 6.

KOTZa NMOTEHLHAaJ CTPOr0 paBeH MOCTOSHHBLIM NPU ¥'<C —a W OPH

x > a. Hcnoab3yst mpou3BOJ B ONpejlesieBHH NMOTEHLHAA, OJHY H3

3THX TOCTOSIHHBIX BCerJa MOXKHO CYHMTAaTb PaBHOM HYJIO.
Paccmorpum ypasrenus Illpenunrepa

¥+ Ep=V (x) ¥ (1)

NpH YCJOBHH, UTO V (x)— HempepuiBHas QYHKIHA HA BEL(ECTBEHHON

oci, 1 V(x)=0 mpu x < —a, V(x)= Vo npu x > a. las onpe-

HeJeHHOCTH GyaeM cuutath, 4To Vo > 0. I'pacduk morenuuana uso-
6paxeH Ha puc. 6. ,

IIpu x << —a u x > a ypaBHenuune lpenunrepa (1) ynpoiaercs

¢,’+E¢=O) x<'—ar (2)

VY +(E—V) =0, x> a. (3)

[Ipn nw06weix sHaueHHsx E cyilecTBYeT NABa JHHEHHO-HE3aBHCHMBIX

peleHusi ypaBHeHHs (1), KoToprle MEl 0003HAYHM Yepe3 P; H Ps.

OO61ee pelieHHe 3TOTO ypaBHEHHS

Y = Ci}; + Copy. )]
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[Tpu u3yuyeHuu clekTpa omeparopa f Hac HHTepecylOT JHOO KBaj-
paTHYHO HHTErpUpyeMble pellleHus ypaBHeHus (1), Koropele fB-
NAI0TCH COGCTBEHHBIMH (YHKUHAME onepatopa H, nubo peiueHns,
orpaHHYeHHble HA Bcell BellnecTBeHHON ocu. [Ipnm nomomu mocien-
HHUX MOXKeT ObITb ONMHCaH HENpephiBHBIA CrekTp omepartopa H.
Paccmorpum Temepb TPH chaydad.
1) E<O.
YpaBrernus (2) u (3) nepenuueM B BHAE

P — w2 =0, x< —a, w=—FE>0, % >0,
P —wip =0, x> a, wW=—(E—V)>0, %, > 0.

JIuHeiHO-He3aBHCUMBIMH peNIeHUsIMH 3THX YypaBHEHHH $BJAATCA
dynkuun e npu x < —a " e¥* npu x > a. IlosTomy mnpous-
BoJbHOE pelienne (4) ypasHeHus (1) B obgactu x < —a HMeeT
Bug Cle=** -+ Cie**, a B obaactu x > a— Cle~** -} C{e**, 3pech
Ci{, C3, C7 u C{ — HeKOTOpHle MOCTOSIHHBIE, JHHEHHO 3aBHCSUINE
or C, u Cy dopmyan (4). Pewenne ¢ Oyner KBaIpaTHUYHO HHTe-
rpupyeMbiM npu ycaoBHsIX C1=0 u C7=0. Y:Ke OIHOro H3 3THX
yCJIOBUE JOCTATOYHO MJsI TOro, yToOH v Onlja onpejeseHa ¢ Tod-
HOCTBIO OO YHCJEHHOTO MHOXKHTensd. K3 yciosus Ci=0 Moxer
6biTh HafiieHo OTHowleHue KoadduuuentoB C; u Cy KoTophe Oy-
JyT 3aBHCeTb OoT napamerpa E,

C

Anasioruydo u3 ycaosus C3==0 nosyuum
C
T-=Fa(E).

KBagpaTH4uHO HHTErpupyeMoe peuieHne 1P OylIeT CyUleCTBOBaTh
TOJIbKO TIPH TeX 3HaueHHsIX E, M KOTOPHIX

F\(E) = F3(E).

Kopuu 3Toro anre6pandyeckoro ypaBHEHHS, €CJH OHH CYIUIECTBYIOT,
SIBJSIIOTCS COOCTBEHHBIMH 3HaueHUsIMH omepatopa H. U3 npusenen-
HBIX cOOGpaXKeHHH eCcTeCTBEHHO OXKHAATH HaJjHuyHe MPOCTOTO TOYEeY-
Horo cnekrpa npu E < 0.

2) O<<E <V,
Ypasuenusa (2) u (3) sanuuem B BHIE
V4 k=0, x<—a, K=E>Q, k>0,
P —wp=0, x>a, up=—(E—=V)>0, »%>0.

JInHeHHO-He3aBUCHMBIMH peleHHAMY SABJSIOTCS (YHKUMHA e*** npu
x << -—a " e™* npu x > a. Cpasy BHAHO, YTO KBAJAPATHUHO HH-
TerpHPYEMBIX DelIeHHH HET, a OrPaHHYCHHOE peIleHHe MOoXeT OblTbh
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noctpoeHo, ecan BoiGpats C/Cy Tak, urobn ¢ HMesa Bup Cle**
npu x > a. [Tosromy B unreppase 0 << £ < Vo cnekrp sBasercs
NPOCTHIM HeNpephIBHbIM.
E >V,

B stoM cayuae o6a ypaBHeHHS (2) u (3) HMEIOT OCHUJIJHPYIOLIHE
peurerinsi (e*** npu x < -—a u e*** npu x >a, KI=E—V),
n03TOMYy J00oe peilieHHe ypaBHeHHsl (1) fBJsieTcH OrpaHHYEHHEIM,
a KBaJpaTHYHO HHTerpupyeMulx pelteHn#i Her. CekTp omnepartopa H
npu E > V,— HenpepbIBHBIH, ABYKPATHHI.

Ha puc. 6 coGcrBeHHble 3HaueHHs1 omepaTtopa fI u3o6paikeHH
rOPH3OHTAJbHBIMU JIMHHSAMH, OOBIYHON IUTPHXOBKOH NOKas3aHa 06-
JIaCTh TIPOCTOTO HENPEPHIBHOTO CIEKTPa, a ABOHHOHN IITPHXOBKOH —
006/iacTb JIBYKPATHOIO CHEKTpaA.

O6cynum ¢usuueckuil cMmpica pemieHu#t ypaBHenus (l). Ksag-
pPaTHYHO HHTETPHPyeMHe pelIeHHSl ONHCHIBAIOT CTALlHOHApHbIE CO-
CTOSIHHS] C 3Heprueil, paBHOH cOOCTBEHHOMY 3HaueHHIO. DTH (yHK-
IH{ HKCIOHEHIHAJbHO YOBBAIOT HpPH |x|-> o0, MO3TOMY BeEpOAT-
HOCTb OOHADYXKHTh UYACTHIy BHE HEKOTOpOil KOHeuHO# obJsactn
6sau3Ka K HyJi0. SIcHO, YTO TaKHe COCTOSIHHA COOTBETCTBYIOT (DHHHT-
HOMY JBHXeHHI0O 4yacTHIB. Co6cTBeHHBle (DYHKUHH HENPEPLIBHOTO
CIIEKTpa HENOCPEJCTBEHHOI'O (PH3HUECKOTO CMBICJA HE HMEIOT, TakK
KaK OHH He NpPHHAAJeXaT NMpocTpaHCTBY cocrodanuil. OnHakKo ¢ ux
IIOMOILBI0 MOTYT OBITH IOCTPOEHBl COCTOSIHMSI THUNA BOJIHOBBIX Na-
KETOB, KOTOpHE MBI pPaccMaTpHBaJH AJg CBOOGOLHOH yacTHUH. DTH
COCTOSIHHSI MOT'YT OBITh HCTOJKOBAHEI KaK COCTOSIHHSI C HOYTH 3a-
NaHHOH 3Hepruef. M3yuenue 3BOJIONMH TaKHX COCTOSTHHH IOKa3Hl-
BaeT, YTO OHH OMMCHLIBAIOT YACTHIY, KOTOpas Npu |t|— oo yxomur
Ha GecKOHeuHOCTh (MHOpHHUTHOe NBUKeHHe). K sTOoMy BoOmpocy Mbl
elre BepHeMcs, Korga OyjfeM H3y4yaTb TEOPHIO PaCCesHHS.

B kJjaccuueckol MexaHHKe, KaK H B KBaHTOBOH, mpu E <0
ABHXKeHHe siBjsieTcst GUHUTHBIM, a 1pd E > 0 — uHdunuTHBIM. [Ipu
0 <E <V, yactuna MoxeT yHTH Ha OeCKOHEYHOCTb MO OJHOMY
HanpaBjenuo, a npu E > Vo—mno apyMm. OGpaTHM BHHUMaHHe HA
TO, YTO KPATHOCTb HENPEpPHIBHOI'O CIEKTPa COBMNAfaeT ¢ YHCJIOM
HampaBJieHUH, MO KOTOPHIM YacTHHA MOXeT YHTH Ha O6ecKoHey-
HOCTb. '

Ha npumepe uacTHuB B OJHOMEpHOH NOTEHIHANbHOH fAIMe pac-
CMOTPHM BOIPOC O KJIACCHYECKOM IIpenese KBAaHTOBHIX CTAIHOHAp«
HBIX cocTostHui. JJisi Beiuucienus npexena (14.15) yno6HO HCHOJb-
30BaThb ACHMNTOTHYeCKHH BHA pelneHusi ypaBHenus Illpexunrepa
npa h->0. MeToars NOCTPOEHHS] ACHMITOTHUECKHX peLIeHH# ypaB-
Henus [Hpenguurepa mpu A~ 0 HOCAT Ha3BaHHE KBA3HKJIACCHUECKHX
MeTOROB. MBI DpHMEHHMM OIMH H3 TaKHX METOJOB — MeTon Ben-
nens, Kpamepca, bpuamosna (BKB).

YpaBuenue lllpenunrepa sanuuem B BHAE

E— V(x)

Y+ =0, (5)
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31ech, KaK 4 HNPEXe, Mt HCOOABIVEM CHOTEMY CAHHHIL, B KOTOPOH
A

m = 1/2. Hoaaras ${x)=exp [7; S gi{x) d,x:], NOJAYHHM YDABHeHHE
X

a5 QysKUHE g (x)

ihg’ — g*+ FE— V=0, (@)
pE‘IHﬂHH(’. STOTG }"pEEBHE;’HiIY{ G}FJ{LE’.M JNCRATHL B BHAC PALa 10 CTe-
newdam fi/i
: h\E
glo= ) () a0 ")

fr=0

[Toactasaga (7) B (B), uveeM

Y (e~ Y () e — g+ E— V=0,

n=1 =1 k=10

fpupaBuupas goshduuwentw npu (/D" noayumy cHcTemy
PEKKYDEHTHbIX ypaBHesuli &1 GYRKUBHE g (s}

g=E—V, ®)

g =" L €8, . (9)
M3 {8) maxoaum golx)
go(x)e= £ AE — V()= pixh

3aece pi{x) npu £z V{x) ecTb KiaccHuecKoe BHIDANKeHHe AAH
alcoMIOTHOH BeduyHilpl HMOYAbCA HaCTHiW ¢ »Heprucll F B poge
Vix). fipa E << V{(x) ovHEKIMR p(x} CTAHOBHTCH YHCTO MHUMOAN.
Toaaraa n =1, #a {9) noayuaem

. : i g{I 1 d
G==288, g§=—3=—5y i

OrpayuunBasch 3THMH 4JdeHaM¥ pasiaomessf (7), JOAVUHM acHM»
nTOTHYeCKHH BHA NpH A -0 ana aByX Junelino-He3aBHCHMHIX pe-
menndt ypastHedudt Hlpeguurepa

Al p (0

mpn plx) == 0. $yaxuwan (10) unoras uaseiBawt BKD-pemeunsawy
vpaprenus Hipeaunrepa.

Touynasg Teopus Meroza BKE momoanuo cacwua. Hssecrdo, uro
paa {7) B ofmem cayuae PACXOLUTCA M APEACTABANET ¢oB0H aCHM-
nrorugeckufi pax. KoHeuHOe QHCIO HMIEHOB 3TOTO PAa 1103BOIHET
NOCTPONTE Xopomee HpuOMOKeHe AJ78 QYIKIUIM f, CCIH BOCTOSH-

1, (1) = o exp[iﬂp{xmew{h} (10)

X,
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nywo [1nanka kA MOXKHO CYHTATh JOCTATOYHO MaJIOH B yCJOBHAIX KOH-
KPETHOH 3ajauH.
B panbuefimem Gyjpem cuutaTh, 4TO MOTeHumHan V(x)= 0 npu
[x| = a unycts E < 0. IIpeanonoxum, uro npy minV (x) < E < 0
X

HMEeTC JBe TOYKH X1 M Xy (—a << x1 < %9 < a), YAOBJETBOPSIO-
mue ycaoBuio E— V(x)= 0. 1o Tak HaspBaeMble TOYKH INOBO-
poTa, B KOTOPHIX HaCTHLA, COIJIACHO KJAaCCHUECKOH MeXaHHKe Me-
HAeT HampaBJieHHe [BHXeHHf Ha npotuBononoxHoe. Herpynuo
MOHSATh, YTO B KJACCHYECKH 3anpelleHHOH obaactu (x << x; HJH
x > x3) oano n3 BKD-pemenu#t skcnoHeHIHaJbHO BO3pacraer,
a BTOpOe — 3aTyXaeT NpPH YAaJeHHH OT TOYKH IIOBOPOTa B Iiiylb
sanpelieHHoll obaactu. [Ipu |x|> a BKB-pewenus cosmagaior
C TOYHBIMH H UMeEIOT BHJ e ** rae E = —x2 BcnoMuuM, 4TO €06-
cTBeHHasl (DYHKIHS NHCKPETHOTO cleKTpa omnepatopa H 3KCIOHEH-
IHaJbHO YObIBaeT NMpH x ~> 4=oo. [Ipu £ —> 0 coGcrBenHas QyHKuus
B paspeuwreHHo#l 06J1aCTH IOJXKHA COBNAfaTh C HEKOTOPOH JIHHEH-
no#t komOunanued BKDB-pemernuit Ci¢; + Copo. IlocTpoenne Taxoit
JUHEeHHOH KOMOHHALHH SIBJAsSieTCS CPaBHUTENBHO CJIOXKHON 3ajxaued,
tTak kKak BKB-pemwenua tepsior cMBICH B TOUKax moBopoTa. MoxHO
MoKasaTh, 4TO YCJOBHs yObiBanua ¢yHKunum ¢(x) npu x—-—oo
BBIOJHAIOTCS, €CJIH

«p(x):v—c_—_—sin(% Sp(x)dx+%)+0(h). (11)

p (x) o

ApanoruyHo H3 ycJoBHEI yObIBaHUS NMpH X —> 400 CJAEAYET, 4TO

vo=fsn({ peaaet T)40m.

OTu ABa BhIpaxeHus AJs P (x) COBHANAIOT, €CJIH
X2

Sp(x)dx=nh(n+~;—), n=0,1,2,... (13)

X

Ycnosue (13) ompenensier coG6CTBeHHBIE 3HAUEHHS] SHEPTrHH B KBa-
3HKJIACCHUECKOM NPHOJMIKEHHH H COOTBETCTBYeT IPaBHJAY KBaHTO-
BaHHag DBopa — 3omMMepdenbna B crapoii KBaHTOBOH TEOPHH.
ITepefizeM K BBLIYHCJEHHIO KJIACCHUECKOTO Mpeaesa KBaHTOBOrO
cocrosinud. I[Ipenen npu A —>0 MOXKHO HAaXONHTb NPH Pa3IMUYHBIX
ycaoBusiXx. MOXKHO, HanpuMmep, PaccMOTPETb COCTOSIHHE, COOTBET-
cTBylolee coGcrBeHHOMY 3Hauenhio sHepruu E, npu QuKCHpoBaH-
HOM 3HaYeHHH yucja n u3 ycaosua (13). Jlerko BHmerhb, 4TO TOrza
E,—»Vy=minV (x) npu h—>0 u B npejese NOJyYHTCS COCTOSTHHE
X

NMOKOANIeHiCA YaCTHIH Ha JHe NOTeHIWAJbHOH AMH. Mul pas6epem
GoJiee MHTepecCHBI caywaili: A—>0, n— oo, a sHeprusi E ocraercs
nocTosiHHoH, (3aMeTHM, 4TO B JaHHOM cCJyyae HHTerpaj B JeBOH
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gactu (13) or h He 3aBucuT M h->0, npoGerasi HEKOTOPYIO moCJe-
J0BaTeNbHOCTh 3HaueHuid.) [loacrasasas B dopmyay (14.15) acum-
NToTHYeCKoe BhIpaxkeHue (11) mas ¢ (x), moayuuam

F (x, ) =gz lim b (¢ + uh) ()=

x+tuh
‘s C . 1 7
= VG (F e ""+T)X

x x+hu
X sin (hi S p(x)dx+ %): pfx) Li_r)xz[cos(;l— S p (x) a'x) -

X1 X

lx+uh 1 X

—cos(—,—l- S p(x)dx—{——,; Sp(x)dx-l——g—)].
X X1

Bce HOPpMHDPOBOUHLIE MHOXHTENH MBI o6o3HauaeM GykBoit C. [Ipe-

ZeJl BTOPOTO CJaraeMoro B CMbicjie 060OIIeHHHX (GYHKUHHA paBeH

HYJIIO, IO3TOMY

F(x, u)= ;—(CY)— cos (p (x) u).

Hcnonb3ys (14.16), HaligeM OYHKIMIO pacnpelesieHHsl A Tpe-
JeJIbHOTO KJIaCCHYECKOTO COCTOSIHHSA

oo

C
P PY=zr | e cos (p()u) duu=

~0Q

= ﬁ- » S e—inu (eip @8 o=ir (@) ) dy,
OKOHYATEJILHO MOJYUHM -
c
0. =1y Blp—p@)+3(p+p@) (14)

Cocrosinue, onuceBaeMoe (QyHKuUuell p(g, p), HMeeT OUeHb NpPO-
CTOH cMbIcJ. B 3TOM cOCTOSIHMH MJIOTHOCTH (PYHKLHH pacrpejese-
HHS KOOPJAHHATH OOPATHO IPONOPLHOHAJNBHA KJACCHYECKOH CKO-
POCTH YACTHHBI, a MMIYJbC YaCTHIH B TOUKE ¢ C PaBHOH BeposT-
HOCTBI0 MOXKET NPHHHMATb fABa 3HaueHua -—p(q). Qopmyna (14)
Obijia noJydeHa AJa paspemienHofi o6mactu. HeTpymHo Takum ke
cnoco6oM HpPOBEpHTh, YTO B 3ampeleHHO#H obnacta p(q, p) = 0.

§ 21. TpexmepHble 3aJla4¥ KBAHTOBOH MEXAHUKH.
TpexmepHas cBoGofHas YacTHUA

Oneparop Ulpenunrepa pas cBoGOAHOM YACTHIUBE B KOOPJAHHAT-
HOM IIPeACTaBJICHHH HMEET BUI

h?
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YpaBuenue s cobeTBeHHBIX QyHKuME (npu A =1, m = 1/2)

— A = k2, E=Fk>0 (2)
EMeeT DelleHHs

3
1 \2 ;
() = (7). @)
HopMupoBouHas KOHCTaHTa BeIGpaHa H3 YCJIOBHSA

{ %, 00 @ dx =8 (k — k).
R ,

Mpul BHIHM, UTO CHeKTp omepatopa H sBJsi€TCS HOJOXKHTE/b-
HHIM, HETMpPEPHIBHHIM, GeCKOHeUHOKpaTHHIM. KaXaoMy HampaBieHHIO
BekTopa k coorBercTByer cobcrBeHHas (yHKnus (3) ¢ coGCTBeH-
HbM  3HaueHHeM k2. [losToMy coOcTBeHHBIX (YHKUHI CTOJBKO,
CKOJIbKO TOUEK Ha eIHHHUHOl ctepe.

Pemenne 3anaun Komu ams HecranuoHapHOro ypasHenus llpe-
JMHrepa

d
'_1?' == Hip! ‘I’ (O) =Q,
KakK U B OB,HOMepHOM Cleqae, Jerye BCero HOJIY‘U/ITB B I/IMl'Iy.TIbCHOM .
Hpe}lCTaBJIeHHH
6 , t
20D _ ppip, 1), B(p. =0 (p).

OueBHHO, UTO i
Y (p, )= (p)e~ ",

[lepexonss K KOOPAMHATHOMY NPEACTABJEHHIO, MOJNYYHM
-3
1 \2 2 2
v )=(5)" {o@eemap={omv, e ak.
. R." R'!

Tak e, Kak ¥ B OJHOMepHOM cJaydyae, (YHKUMH P (X,!) HIH
1|>(p, f) ONHCHIBAIOT HHGHMHHTHOE NBHXKEHHE YACTHIH C He3aBHCS-
mef OT BPeMeHH (yHKIHeH: pacnpeneenusi uMmnyiabca. HMcnoassys
MeToa CTamHoHapHOH (a3, MOXKHO NMOKa3aTh, YTO 06/AaCTh, B KO-
TOpofi BeJMKAa BEPOSITHOCTb OGHADYKHTh YaCTHLY, NepeMeliaercs
C KJacCHYEeCKON CKOPOCTbIO V == 2p; (MBI CUHTa€M, YTO HOCHTENb
¢byHKUAE @(p) COCPEXOTOUEH B OKPECTHOCTH TOUKH ). CnpaBen-
JIUBA OlEeHKa

[ (x, f4l<m

rae .C — Hekoropas mocrosiHHad. HakoHel, Kak B B OXHOMEpHOM
cayuae,

lim (&, $(#))=0

t->» o0

nas jawboro § e J6.
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§ 22, TpexMepHas YacTHLA B MOTEHLHAJbHOM NoOJe

Oneparop HIpeaunrepa Aas 4YacTHIB B TNOTEHIHAJBHOM TMOJIE
B KOOPJHHATHOM TNPEACTaBJEHHH HMEET BUJL

H=— 1 AtV ().

BaxHocTs 3amaud O JIBHMKEHHH YacCTHHIH B INOTEHLIHAJBHOM MOJie
o6bsACHsIeTCST TeM, 4TO K HeH cBOAMTCA (KaK H B KJIaCCHUECKOM
MexaHHWKe) 3ajada O JBHKeHHH ABYyX Tea. [lokaxeM, Kak 370
Jesaercs B KBAHTOBOW MexaHuke. PaccMOTpHM cHCTeMy ABYX uac-
THI[ ¢ MacCaMH Mm; H Mg, B3aUMOJefcTBHe MeXJy KOTODHIMH ONH-
coiBaercsl moTeHnHasioM V (X; — Xp). 3anuiieMm omeparop HlIpenun-
repa 3To# CHCTEMBbl B KOODAHHATHOM IIPeJCTaBJEHHH

h? h?
H='—'?”‘ZT'A1 —"2m—2A2+ V(XI—XQ).

3nech Ay u Ag— omepartopsl Jlanjaca no KOOpJAWHATaM mnepBOH
H BTOPOH YaCTHI: COOTBETCTBEHHO.
BBeneM HOBHE nepeMeHHLlE

miX maXa
X == X1t maXs

mtmy 0 YT XTI

X-—Koopnm{arbr IIeHTpa HHEPUHH CHCTEMBI, @ X -—— OTHOCHTEJIbHBLIE
KOOPAHHATHI. C noMoluiso IPpOCTHIX BHIYHCJIEHUH NOJyYHM BbipaxKe-
HHEC A H B HOBHIX IICPEMCHHBIX !

B A=A+

oM Bx = gy Bx + V (x).

3necb M = m; + my— nonHasg Macca CHCTEMB, a u == mymyf (m; -
- mg)— Tax Ha3wiBaeMas NpuBefeHHas Macca. [lepBoe ciaraemoe

B H Moxer GHTb HCTOJKOBAHO KaK ONepaTOp KHHETHUECKON 3Hep-
THU IIEHTPa HHEPLHH CHCTEME, a OnepaTop

H1=_-—%A+ V(x)

H=—

aBasgercs omepatopoMm LlIpenunrepa s OTHOCHTENLHONO JBHXe-
Hus. B ypaBHeHHH
HY =EV¥

nepeMeHHble paspeaAaIoTCd, U pEelIeHHs TaKOoro ypaBHeHHS MO)KHOV

HCKaTb B BHJE
¥ (X, x) =1 (X) P (x).
d>ym_<unu P(X) u Pi(x) yroBnersopsiiorT ypaBHeHusim (h=1)

— 3 M (X) = etp (X),
— —2!H—A1p1 (x) -+ V (x) by (x) = ey (x),
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fipuaeM E = ¢ 4 ¢;. TlepBoe u3 5TUX ypaBHeHH# HMeeT pelleHHs

3
1 Y2 ,ikx K2 __ ..
q)K(x)—.(Zn) e H 2M_6’
3a/ladya CBOJMUTCS K peIIeHHI0 BTOPOTO ypDaBHEHHS, KOTOpoe Mo
¢dopme cosnajaer ¢ ypaBHeHneM lllpenunrepa AJs 4aCTHUBI C Mac-
coft p B moreHuuasnbpHoM noje V(x). OTMeTHM, 4YTO CIEKTp omepa-
topa H siBisieTcs Bcerha HeNpephbiBHBIM, TaK KAK HENPEepPLIBHLIM SIB-

JsleTcs CIeKTp olepaTopa — WA'

Hau6osee BaXKHBIM CJyYaeM 3afadd O IBHIKEHHH YaCTHUB B TIO-
TEHIMAJbHOM I10JIe SIBJISIETCH 3a[ayd O ABHIKEHHH B II0JI€ CHJIOBOTO
uentpa. B sTom cayuae moreruuan V(x)=V(|x|) 3aBHCUT ToabKO
oT |x|=r. K 3anaue o LeHTpaJbHOM I10Jie CBOAHTCA 3ajaya ABYX
YaCTHI, €CJM MOTEeHLHa] B3aUMOAEACTBUS 3aBHCHT TOJBKO OT pac-
CTOSAHHS Mexay uactuuamu. [Ipexkne ueM mnepexoiutb K paccMor-
DEHHIO 3TOH 3ajaud, MBl H3YYHM CBOHCTBa MOMEHTa HMMYyJbca
¥ HEKOTOpPHie BOIPOCH H3 TEOPHH IMpPEeACTABJIEHHH Tpynnbl Bpaiie-
HHH, YTO TO3BOJHT HAaM SIBHO yueCTb C(epHUECKY0 CHMMETPHIO
3ajayH.

§ 23. Momentr umnyabca

B kBaHTOBOK MeXaHHKE ONepaTopsl NPOCKLUHH MOMEHTa HM-
nyJsbca onpejensioTes popMmy/iamMmu

Ly==QyP3—~ Qépz,
Ly == Q3P — Q\Ps, (n
Ly==QPy —~ QyP1.
Beegem enie oaHy Habai0faeMylo, KOTOpas Ha3mBaeTcs KBaj-
paToM MOMEHTa HMIyJibca
I’=Li+ L+ L3 @)

HafineM mnepecTaHOBOYHbBIE COOTHOLIEHHS AJS ONEpaTropo L,
Ly, Ly n L2 MHcnonbays coornowenus Iefisenbepra [Q;, Pr] =
== (8, U CBONCTBA KOMMYTAaTOPOB, MOJYYHM

[Ly, Lo} = [QoP3 — Q3P;, Q3P — QPs]==
== QoP\[P3, Qs3] + QP [Qs, Ps] =1i(QiPy — QoPy) = iLs.

Takum o6pasom, onepatopul Ly, Lo, Ls yIOBNETBOPSIOT CJIEAYIOWHM
nepecTaHOBOYHEIM COOTHOLIEHHSIM:

[Lh L2] == iLS’
[L2) L3] = iLl) (3)
[L3, Ll] _ iLg.
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Herpyauo npoBeputs, uto Bce omnepatopst Ly, L, L3 KoMMyTH-
pytot ¢ L2
[L;, L]=0, i=1, 2, 3. 4)
JleficTBHTEIBHO,

[Li, L1=[Ly, LT+ L3+ L3]=[Ly, L3]+ Ly, L3]=
=Ly, Ly}Lo+ Lo[Ly, Lo) 4 [Ly, L] Ly + Ls[Ly, L3]=
= iL3L2 + iL2L3 - iL2L3 -_ iL3L2 = O.

[1pu BHIYHCJIEHHH HCIOJB30BaJIMCh CBOMCTBA KOMMYTaTopoB H ¢op-
MyJast (3). )

W3 nepecraHoBouHHX cooTHomeHuit (3) wu (4) caemyer, uTo
NPOEKI MY MOMEHTa HMITyJbCa He SBJSIOTCH OJHOBPEMEHHO H3Me-
puMbiMu BennunHamMu. OJHOBPEMEHHO H3MepeHbl MOTYT ObIThb KBass
paT MOMEHTa HMIYJbCa U OJHA H3 ero MpOoeKIHH.

BuinuiieM omnepaToph HMPOeKUHH MOMEHTa HMIyJbca B KOOPAH=
HAaTHOM HNpeJCTaBJeHHH

. 0 0
Li=i (x3 VT X2 Sxn

. 4] a
L2==l (x, a—m;-—xa—'—axl

Lmi (=1
3T 2@)61 laJCQ

Herpyauno yGemutbcs, uto omepatopsl Ly, Lg, L3 JeHcTBYIOT
TOJNbKO Ha YIJoBHe nepeMeHHble ¢(yHkuuu ¥ (x). defcTBHTENbHO,
ecnd (GYHKUHS ¢ 3aBHCHT TOJbKO OT 7, TO

. 0 4]
Loy (r)=i (x2—551— - x,a—xz) (8 + xf A+ x3) =
=Y’ (2] + x5 + #3) (x, - 26, — x, + 2x,) =0,
Has panbHefimero uoneanoﬁ okamewcﬂ ¢dbopmyna
1
=52 (r2)-F1 )

KOTOPYI0 Mhbl TOXe MPOBEPHM B [eKapTOBBLIX KOOpPAHHaTax. Mg
9TOr0 BHIYMCIHM omnepaTop —L?, Hchonb3ysi 0603HAUEHHSA X, Y, 2
Jad NPOeKIH# X:
) 9 \2 3 9 \2 9 0 \2
— 2 ——r —— — — — — — — —— —
L (x ady -’/ax) +(y 0z z@y +(26x "oz
0?2 0?2 92 0? 02
2 2 2 . e y2 - —
= (x’+y +z)(6x2+0y2+622 X 5T -4 a7 2 e

o 9? 92
=25 Gxay 0x dy — 242 dydz_?’zx azdx—Qx'a_x-_Q.’/W——QZEZ.
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VunuTeIBag COOTHOIIEHUS

g aJ aJ d
ror=*gx T V5, t25

(r2) =x2s+ v z+z2"2+x +yay+zaz+

a2
+ 2xy Gxay + 292 Oydz + 22x 0z0x "’

noayuuM — L2=r2A — (r %)2 —_ r»_.g— r2A — o (

§ 24. I'pynna BpalneHui

O6o3nauuM uyepe3 G COBOKYIHOCTb BCeX BpallleHHiI NpocTpaH-
crBa. R® Bokpyr Hauaja koopmunat. Kaxpoe Bpalienne ge G
MOpOXKAAeT JHHeHHOe Npeo6pa3oBaHHe TPEXMEPHCrO NMPOCTPAHCTBA

x’ = gx,

rae tenepb Mbl GykBo# g oGo3Hauuan Matpuny |l giell, Kotopas
Ha3biBaeTCsl MaTpHUeHd BpauleHHsi. XOpOIIO H3BECTHO, YTO g SB-
JsieTcst opToroHaJpHofi Matpuuelt u det g = 1. Bepso u obpatHoe:
KaXJOH TaKOW MaTpHlle COOTBETCTBYeT ONpeleseHHOe BpalleHHe.
[TosToMy B panabHefimeM Mbl OyAeM OTOXAECTBJSTb BPAILEHHS .
¥ HMX MaTpulpl. I'pynna BeIeCTBEHHBIX OPTOTOHAJbHBIX MAaTpPHL
TPETbEro Mopsiika ¢ ONpeAe/HTeseM, PaBHEIM €NHHHLE, Ha3blBaeTcs
rpynmo#t SO (3) uau rpynnofi BpalieHuH.

Cy1iecTByeT HECKOJBKO €noco0oB NapaMeTpPH3allMH BpallieHHI.
Tak, B TeopeTHYECKOHl MeXaHHKe 4acTO MHCMOJb3yloTcd yrabl Oi-
Jepa. Ilas HamMx uejeHd HauGoJsee yRoOHO 3ajaBaTh BpalleHHe
BeKTOpoM a = net (|n|=1), KoTophlil HanpaB/JeH NO OCH Bpalle-
HHS N M JAJHHA KOTOPOro o paBHa yriay nosopora. Ilpu stoM cun-
TaeTcs, YTO HANpaBJeHHe BpallleHHs] H HanpaBjeHHe BeKTOpa
06pasyioT NpaBEHll BHHT, H YroJ NOBOPOT& ¢ HE IPEBOCXOAHMT
(0 << a<<m). Ecain oTkaagbiBaTh BEKTOPH @ OT OAHOM TQUKH, TO
HX KOHIbl 6YIyT 3amOJHATH Wap pamuyca . PasiuyHEIM BHYTpeH-
HHM TOYKaM 39TOro mapa GyAyT COOTBETCTBOBATb pasJsiHuHHIE Bpa-
HICHHSI, 4 [MaMeTPajibHO IPOTHBONOJIOKHBIM TOUKAM TPaHHIBI — .
OJIMHAKOBLIE BpPALleHHS.

TakuMm o6pasom, rpyina BpalleHHH TOMOJOTHUECKH 3SKBHBA-
JIEHTHa 1Iapy, Yy KOTOPOTO OTOXAECTBJEHbH IPOTHBONOJIOXKHbIE
TOYKH TPAHHILBL.

YeTaHOBUM CBSi3b MeXAy Tpynmoil Bpamernuit u anrebpoit Jln
KOCOCHMMETPHUECKHX MaTPHI TPEThEro MOpsaKa.

Marpuna A HasbiBaeTCs KOCOCHMMeETpHUeCKo#, ecin A’ = —A.
fIpousBosibHAsL KOCOCHMMETpHYECKAasi MaTpHLA 3afaeTca TpeMms
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napaMeTpaMH H HMeeT BHJ

0 a3
A=| — [23¢) 0 Qs |-
—a3 —ay 0

COBOKYNHOCTb KOCOCUMMETPHYECKHX MAaTPHI, CTAHOBHTCS aJjirel-
po#i JIu, ecin B KayecTBe JIHEBCKOHl ONEpaldd B3SATb KOMMYTAaTOp
[A,B]. Dro yrBepxkieHWe cJefyeT M3 CBOHCTB KOMMYTaTODOB
u paseucrBa [A,B|’ = — A, B]. Ilocnensee npomepsiercs Hemo-
CPEeJCTBEHHO:

[4, B] =(AB— BA) =B'A"’ — A’'B’=BA — AB=—[A4, B].

B kauectBe obpasyromux aare6psl JIm yno6Ho BbIGpaTh Mar-
pULBL

0 0 0 0 0 1 0 —1 0
A1=(0 0 -1), A2=( 0 0 0), A3=(1 0 0].
0 1 0 -1 0 0 0 0 0

JIobas KOCOCHMMETpHYECKaa MaTpHIA MOXKeET OLITH npencrapJ/ieHa
B BHIEC

A(a) =a1A, + ax 4y + a3As.

Haiizem nepectaHoBOYHBIE COOTHOIWEHHS AAS MaTpun A;, A
H Aa

[Aly A2] = A Ay — A, =

00 0 010 0 —1 0
=(1 0 o)-(o 0 0)-::(1 0 _o)=,43,
| 000 000 0 0 0/

H HCKOMbI€ COOTHOILUCHHUS HMCIOT BHI

[Ah A2] = A3’
[A2v A3]=Alv (1)
[As, A]= A2

HenocpencTBeHHO MoxeT ObiTb NpoBepeHa dopMyiia
[A(a), A(b)]=A(aXD).

Paccmorpum matpuny e®s, Jlas TOro ytoGbl MOJYuYMTh SIBHOE
BbIpaXKeHHe AJA 3TOH MATpPHUbI, BLIYHCJIHM I€Jble CTeleHH Mar-
pHUbl Aj

-] 0 0

A%z( 0 —I 0)=-—1“3, AB=— 4, =T, ...
0 0 0
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PackiaasBas e®: B psaf MOJyduM
0 (__l)k 2k (_l)k+l‘2k—l

ad; — GA3_ ...._.._.E_ S e —
€ Z 1+13Z CR) +A3kz_:l GE—1n

n=0

=1+ T,(cosa—1)+ A;sina

cosa —sina 0
HJIH et =\ sina cosa O
0 0 1

Myl BHIuM, uTO %4 gBJAfeTCA BpalleHHEM BOKPYT TpeTbell ocu
Ha yroa o, T. e. g(0, 0, a) =e%>, AHANOTHUHO NPOBEPSETCH, 4TO
g, 0, O)=e* u g(0, a, 0)=e%%, a9 BpalleHHH BOKPYr OCH
KOOpPAHHAT Mbl OyJIeM HCIOJb30BAaTh COKpaulleHHoe 0003HauenHe
gi(a), i=1,23. -

NupunuresuManbHbIME 06pa3yiOMIMMHE [PyNNsl BpalleHHA Ha-

9¢ (a) HUcnonbs -
. ys dopMyan pas Bpa
a=0
IeHu# BOKPYT ocell KOOPAHHAT, MOJYUHM
ag (a) __dg(a, 0, 0) __ genA
001 - 5(11 ax=0_— dal

a=0
AHaJjoruyHo

3bIBAIOTCA MarpHUbl

dg (a)
das

— /12 , ag (a)

a=0

Mb BUMIHM, UYTO KOCOCUMMeTpHuHbie Marpuun A, A, A; sB-
NA0TCS MHOHHHTE3UMAJBHBIME OOPa3yIOIIMMH TPYINH BpalleHU.

Temepb MB!I JIETKO MOXEM TMOJYYHTb (OPMYJNY NS IPOH3BOJb-
Horo BpaileHus g(no). OueBHAHO, UTO NPOH3BElNeHHE BpAILEHHUIT
BOKPYT ONHOW OCH n HA yraol o M f ecTh BpallleHHe Ha yroa o - f
BOKPYT TOH e OCH:

g (nB) g (na) == g (n (o - B)).
Oubdepenuupys aTo ToxzAecTBo o f # mojarag f == 0, monyyum

(m A, + noAs + ny4;) g (na) = “% g(na).

Muo nawan auddepeHunasbHoe ypaBHeHHE Aad g(na), KOTOpoe
HYXKHO PelINTh NPH HAUAJLHOM YCJOBHH g(nO)— I. Enuncreennoe
peleHne 3Tof 3a1a4H HMeeT BHA

g (na) =exp [(m A + nyds + naAa) al. (2)

§ 25. [pencraBneHus rpynnel BpameHui

[IpencraBaennem rpynns spauteHu#t G B ruab6epTOBOM MPOCT-
paHcTBe & HaswmBaeTcs orobGpaxenue W, KOTOpoe KaxXKAOMY 3Jje-
MeHTY g rpynnbl G CTaBHT B COOTBETCTBHE OrPaHHYCHHBIH JTHHEAHbIH
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H HempephiBHO 3aBHCcAmM or g onepatop W(g) B mnpocrpah-
cTBe & Tak, YTO BLINOJHSIOTCS YCJAOBHA

) Wih=1,

2) W(gg2)= W(g1)W(gs).
B ycaosuu 1) cneBa I o3HauaeT eJHHHUYHOE BpallleHHE, a CHPaBa —
eAuHHYHbLIf onepatop B &. U3 ycaoBuii 1) 1 2) cpasy caeayer, uTo

W(g™)=w"(g)

IlpeacTaBiieHre Ha3BIBaeTCs YHHTAPHBIM, €CJH YHHTApHH oOme-
patopnl W(g), 1. e. W*(g)= W-1(g).

B rTeopuu rpynn nokasbiBaercs, 4To  JioGoe hpencraBiieHHe
TPyNMbl BpalleHHH SKBHBAJEHTHO HEKOTOPOMY YHHTApHOMY Mpe-
CTaBJIEHHIO, MO3TOMY MOXHO OrDaHHUNTHCS H3YUEHHEM YHHTAPHBIX
npeacTaBAeHHH.

Hanmomuum [1Ba 5KBHBAJIEHTHBIX "ONpe/ieleHHs HENPHBOLHMOrO
NpeNCTaBJIEHHUS:

1) mpexncraBieHHe Ha3bIBAaeTCsl HEMPHBOAMMBIM, €CJIH He CyIie-

CTByeT oneparopa, oTH4HOro ot CI, KOTOphE KOMMYTHpO-
. Baxa 6u co Bcemu onepatopamu W(g);
2) npencTaBieHMe Ha3biBaeTCsl HENMPHBOAHUMEIM, €CJAH B NpPOCT-
paHcTBe & He CyIleCTBYeT NOANpOCTpaHcTBa &y, HHBapHAHT-
HOTO OTHOCHTENbHO AelcTBHSA onepatopos W (g).

Jlerko mocTpoMTh NpeACTaBJeHHe I'PYyNNbl BpauleHHH B MpPOCT-
paHCTBe COCTOSIHHH wacTHUH o6 = L2(R3). Ins sToro onpenennm
oneparopsl W(g) dopmyuoit v

W (g) ¥ (x) = v (g~ 'x). , (1)
Ycnosue 1). onpeneneHHs NpeAcCTaBJIeHUS OYEBHAHO, ycJaoBue 2)
NpoBepsieTcs CAeAYIOLHM 06pa3oM:
W (g,8,)vx)=1v(g;'gr'x)=W (g,)% (g5'x)=W (g,) W (g,) b (x).

Onepatoptt W (g) orobGpaxaioT 6 Ha J6 B3aUMHO OJHO3HAYHO,
MO3TOMY JJISi NPOBEPKH YHHTAPHOCTH ROCTAaTOYHO YGemHThCs, UTO
OHH COXDaHSIOT HOPMY BeKTopa :

1w (@ el = {1v@ 0 rax={1vmrax=)vI
R R
rie ucmoab3oBaHo paBencTBo det g = 1. ITokaxeM, uro cmpasen-
auBa Qopmyana
W (a) =-exp[—i(Lia, + Lyas + Lyay)]. 2
3necs Mul o6osnaunnu W(g(a)) uwepes W(a), L, Ls, L;— npoek-

uun Momenra umnyasca. Ilas mokasareanctsa dopmynm (2) pac-
CMOTPUM CHauaJla BpalleHHe BOKPYT TpPeTbell OCH M HOKaMXKeM, YTO

HJH, 4TO 3KBHBAJEHTHO,

P (g5 (@) x) = e~ L (x) 3)
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NpH MPOH3BOJBHOR P (X) < J6. Mrul npoBepuM chpaBeJHBOCThL IO-
CleJIHETO PaBeHCTBA, ec/iH ybeauMcsi, 4To (GYHKUHU B JeBO# W mpa-
BOM YacCTAX ero. yZOBJETBOPAIOT OAHOMY H TOMY e YpaBHEHHIO
C ONHHAKOBBIMH HAaYaJIbHBIMH YCJOBHSIMH.
OyHaRIHNA
P (X, o) = e~ M (x)

OYEeBHAHO, YAOBJIETBOPACT yPaBHEHHUIO

op(x, @)

oa - lLs‘b (X, Cl)

al,l) X, a ( —_— 1

dyukuus, crosmwas B JeBoi uactd (3), KoTopyio Mb 00603Ha-
yuM yepes ) (X, o), HMeeT BHJA

Py (X, a) =1 (x;cosa -+ xysina, — x;sina 4 x5 cOS Q, X3).

[TpoBepum, uro 3Ta (YyHKUHS YAOBJIETBOPSeT ypaBHeHHIO (4):

oy 9y , . ap )
o0 ox (—x;sina + xycosa) + 3%s (— x, cosa — x, sina),
¢ 0¢ ap .
X axl = X3 0% COSa—-x2 —-dxz sin a,
o __ . 0 . AP
X1 Gy X1 gy, SI0 o+ x; Ix, COS %

OTKyla CJelyeT ClpaBelJHBOCTb (4) ans ¢ynkuun ¥, (x,a). Ha-
KoHell, o6e (YHKUHH YyIOBJETBOPSAIOT OJHHAKOBOMY HauyaJbHOMY

YCJIOBHIO
'q) (X, 0) = ’q’l (X, 0) = 'qJ (X).

Takum o6pas3oM, onepaTopsl BPalleHHH BOKPYr ocefl KOOpPAHHAT
HMEIOT BUJ

W, (=e 1% j=1, 2, 3. (5)
HHbuHUTE3UMAJbHBIE ONEPaTOPbl MPEeACTaBJICHHS CPa3y HaXOAATCH
n3 popmyant (5)

oW (a)

da

T 0a

= —iL;.
=0 !

i

a=0

Hanee, 6yKBaJbHO MOBTOPSA PaCCyXAEHHS, KOTOPble NMpPHBEJH
Hac K gpopmysae (24.2), met noayuum (2). O6paTHm BHHMAaHHE Ha
TO, 4TO ONepaTopel —iL; UMEIOT Te Ke MNepecTAHOBOUHBIE COOTHO-
urenus, yto 4 matpuub A;, j=1, 2, 3. JlelicTBuTesNbHO, U3

: [le L2] =il
cijaenyer, 4To .
I— iLI, - lLQ] = - Z.La.
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B Teopum rpynn HOKa3BIBAeTCS, UTO MepecTaHOBOYHEIE COOTHO-
IIeHHS MexXIy WHOHHHUTE3UMAJbHBIMH OMepaTopaMy NpeacTaBJaeHHS
He 3aBHCAT OT BbiGopa mpeacTaBjeHns. BoJsee Toro, ecim Kakue-
au6o onepaTtopbl B HEKOTOPOM NIPOCTPaHCTBE & YAOBJETBOPSIIOT
TeM K€ MEePECTAHOBOUHBIM COOTHOUIEHHSM, YTO H HHPHHHTE3UMAJb-
Hble o6pasyiomue  PPYNOE, TO OHH SIBJASIOTCS HH(HHHTE3HMalb-
HBIMH OMepaTopaMu HEKOTOPOro INpEJCTAaBJEHHs, NeHCTBYlOLLe-
ro B &.

[IpumeHnuTesbHO K I'pynne BpalleHHH 3TO O3HAYaeT, YTO €CJH
MBl Hafinem omnepatopel M;, M, Ms;, yaoBreTBopsilOHiHE COOTHO-
IIIEHHSAM: [Ml,M2]=M3, [M2,M3]=M1, [Ma,M1]=M2, TO MO-
JKeM IOCTPOUThb npeacraBaeHue W no dopmyne

W (a) = exp (@M, + a;M; -+ asM;).

§ 26. CdepnueckH-cCHMMETPHYHbBIE ONIEPATOPDI

Onepatop A Ha3biBaeTca cdepHyeCKH-CHMMETPHUHBIM, €CJH OH
KOMMYTHPYET O BceMH omepatopamu W (g) mpejacraBiieHus TPynnbl
BpallleHHH.

Ouesngno, uro omepatop A sBaAsiercs chepHUSCKH-CHMMETpPUY-
HbIM, ecan [A, Li]=0,i=1, 2, 3.

[Npusesem npuMeps chepuyeCKH-CHMMETPHYHBIX OTNEPaTOPOB.

1) Omepatop yMHOKeHHd Ha ¢yHruuio f(r). B caMoM nene, Mbl
BHJIEJH, YTO ONMEpPaToOpsl MOMeHTa UMIyJibca AEHCTBYIOT TOJbKO Ha
yriosbie nepemennsie. ITostomy Lif (r) ) (x) = f(r) Lip (X) npu mpo-
H3BOJIbHOH Y & F8.

2) Onepatop L2 Codepuueckass CHMMETPHUSI ITOTO OmepaTopa
CTefyeT H3 TOJYYeHHBIX paHee cooTHoweHuit [L2 L;]=0, i=1,
2, 3.

3) OnepaTop KHHETHUECKOH 3HEPrHH T=—-%A. Cdepuue-

CKasg CHMMETpDHSI 3TOTO ONepaTtopa cpady BHAHA B HMNYJbCHOM
NpelCTaBJeHHH, B KOTOPOM OH SBJSIETCS ONEPaTOPOM YMHOXKEHHs
Ha ¢yHRuHO p?/(2m). OmepaTops MOMeHTa HMOyJbca L; B HM-
NyJbCHOM NpPECTABJIEHHH HMEIOT TOUHO TAaKOH e BHI, KaK U B KO-
OpIAHHATHOM,

4) Oneparop Illpeaunrepa A5 yacTHIH B UEHTPAJbLHOM MOJE

H=—5- A4+ V()

KaK CyMMa IBYX CHepHUECKH-CHMMETPHUHBIX OMEpaTopoB.

. O6paTiM BHHMaHHE Ha TO, YTO H3 CAMOrO CYLIeCTBOBaHHS ce-
PHUECKU-CHMMETPHYHBIX ONepaTopos, oTauuHuix ot CI, caemyer
NPHBOAUMOCTb NOCTPOEHHOrO MpEACTABJIEHHS TPYNMbl BpalleHHH
B IPOCTPAHCTBE COCTOSIHHH J8.

BrisicHuM Tenepb ocoBeHHOCTH crekTpa omepatopa [llpennurepa
B IIEHTPA/JbHOM IOJE, CBS3aHHbE ¢ ero chepHyecKoll CHMMeTpueil.
Ilyets " — HEKQTOPHIA COOGCTBEHHHIH BEKTOP, COOTBETCTBYIOUIUH
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cobcTBeHHOMY 3Havenuio F

Hp = Ev.
Torna

HW ()b =W (g) Hb=EW (g) ¥,

OTKyZa BHAHO, 4TO BeKTOop W(g){p Toxe siBJseTcss COOCTBEHHBLIM
BEKTOPOM H, COOTBETCTBYIOLIHM TOMY Ke COGCTBEHHOMY 3HAUEHHIO.

Mbl BuANM, 4TO cOGCTBEHHOE MOANPOCTPAHCTBO s onepatopa H,
COOTBETCTBYIOllee COOCTBEHHOMY 3HaueHulo E, sIBJasieTcsl HHBa-
PHAHTHLIM OTHOCHTEJbHO BpalleHu# (T. €. OTHOCHTEJbHO AeHCTBHA
onepatopoB W(g)). IlpencraBnenne W rpynnsl BpauieHHH B NpoCT-
paHcTBe J¢ HHAyUHpYeT npeicraBseHHe W B MOANPOCTPAaHCTBE JBk
g—We(g), rae Wg(g)— orpanuuenue onepatopa W(g) Ha mon-
NPOCTPAaHCTBO J6z (B AanbHefiieM Mbl OyAeM NOJab30BaThesi 0060-
aHaueHueM W(g) u nns omeparopoB Wg(g)). Moryr mnpeacra-
BUTbCA JBa cayyas: Ju60 NpeincTaBjeHHe, HHAYUHPOBaHHOe B Hg,
ABJSIETCS HENPHUBOAHMBIM, JHOO FBr COLEPKHT HHBApPHAHTHLIE OT-
gocuteqbHO W (g) HOANpOCTpaHCTBA MeHblliell pPa3MepHOCTH, H
TOrla 3TO NpejcTaBjeHHe GyJeT 3KBHBaJeHTHO NpPSMOH cyMMe He-
NPHBOJUMBIX IIpeJCTaBJEHHI *.

Mbl BHAMM, YTO KPAaTHOCTb COGCTBEHHOIO 3HAUeHHS CepHYecKH-
cuMMeTpuyHoro omeparopa IllpeaunHrepa Bcerga He MeHblie pas-
MEDHOCTH HEKOTOPOro HeNpHBOAMMOFNO NMpeJCTaBJIEHHS TPyNnbl Bpa-
IIEHHH H B 1epBOM H3 YNOMSHYTHIX CJyuYaeB COBNajfaer c 3TOH
pPa3MepHOCThIO.

[MosiBnenne KpaTHBIX COOCTBEHHBIX 3HAUEHHH SHEPrHH B (H3HUKE
Ha3LIBAlOT BLIPOXKIEHHEM, a TaKHe SHepreTHuecKHe YPOBHH BHI-
poXJeHHbIMH. EciH B KaXXaoM H3 COOGCTBEHHBIX MOANPOCTPAHCTB
HHAYLUHPOBAHHOE MpeACTaBJEHHE HENPHBOJAMMO, TG TOBOPST, HUTO
onepatop H He uMmeeT cayyafiHbIX BHIpOXAeHHH. B 3ToM cayuae
KPaTHOCTb CNEKTpa MOJIHOCTbIO OODbACHAETCS BLIOpAaHHOH CHMMeT-
puelt sapauu. Ilpun HaauuuMH cayYyaHHBIX BHIPOXKAEHHH, BO3MOXKHO,
cymectByer Oosiee Ooratast rpynmna cHiMMeTpuu ypasHenus Illpe-
nunrepa. MmenHo Tak o6cront peno ¢ oneparopom lllpenunrepa
AJ1 aToMa BOJOPOAA, KOTOPHIH, KaK Mbl YBHIHM, HMeeT CJydyaiHble
BLIDOXKJIEHHS OTHOCHUTEJILHO T'PYIIE BpalleHHH.

3aMeTHM, UYTO Y cohepHYeCKH-CHMMeTpPHUHOro omeparopa H
C YHCTO TOYCYHBLIM CNEKTPOM CYILECTBYIOT COOCTBEHHBIE 3HAUEHHS
CKOJIb YroAHO OoJblIofi KpaTHOCTH. JleficTBHTENbHO, B 3TOM Cay-
yae Jf NpPeicTaBHMO B BHIE

I = Hp, D He, D ....

* 3pech Mbl HCHOJIb3yeM H3BECTHYIO H3 TEOPHH TPYNN TEOPEMY:

IlycTe 3afaHo yHHTapHOe NpeAcTaBideHHe g — W(g) rpynrnbl BpalleHHH B
runbGepToBOM npocTpancTBe &. TorAa cyliecTBYIOT KOHSUHOMEPHBlE NOAIPO-
ctpaHctBa &), &2, ..., HHBapHaHTHBle OTHOCHTeNbHO W(g), B KaXkAOM H3 KOTO-
peix npeacTtasiene W HenpHBOAMMO. ITH MNOANPOCTPAHCIBA INOMAPHO OPTOrO-
HaJbHBI, H HX cymMa ectb Bee &, T.e. & = &, D& D ...,
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C Apyro#i CTOpPOHHI,

%=%1®%2® R

rae uepes b, o6o3HayeHbl NOANPOCTPAHCTBA, B KOTOPHIX [EH-
CTBYIOT HeNpHBOAMMBbIE NPEACTABJEHHS I'pynnsl BpauieHu#. Mayuas
takue npejcrasiaenus B § 30, Mbl yBuIHM, 4TO cpelu H, HMeOTCS
NOANPOCTPAaHCTBA CKOJb YrogHo Ooabwofi pasamepHoctd. Ho ans
aw6oro 6, xoTs Obl OAHO M3 nepeceyenudt #, (| Hg, 7 & u Toraa

COLEPKHUT B, LEJHKOM, MO3TOMY cOOCTBEHHOe 3HaueHHe E, nMeeT
KpPaTHOCTb He MEHbIUYIO, YeM pa3MepHOCTb * F4,.

Ecau cucrema He uMmeer ciayvyalHbIX BLIDOXKAEHHH, TO cOOCTBeH-
Hble 3HauyeHHsd omepatopa H MOXHO KJjaccupUUUpOBATL C IO-
MOLIBI0 HENPHBOAHMBIX NpeAcTaBJeHHH rpynnsl G B TOM CMEICJe,
YTO Kaxjaoe cOGCTBEHHOE MNOANPOCTPAHCTBO By fiBISeTcs U COO-
CTBEHHBIM IOANDPOCTPAHCTBOM COOTBETCTBYIOWIEr0 MNpeiCTaBJeHUS.
[ToatToMy BaxHO® mpejcTaB/sieTcs 3aflauya O HAXOXKJEHWH BCex He-
MPHBOAHUMBIX NPEACTABJEHUH TPynnsl BpalleHHH. DTHM BOIPOCOM
MBI 3aliMeMcs B CJeAyIOlHX naparpadax.

B szakniouenue storo naparpada 3aMeTUM, UYTO TAKYIO CPaBHHU-
TEJIbHO NMPOCTYIO 3ajadyy KBAaHTOBOH MeXaHHKH, KaK 3ajaya O JBH-
JKEeHHH B LIEHTPaNbHOM [0Je, MOXHO Oblo 6bl pemgTh BooOlle He
npuBaeKasi Teopuu rpynn. Haima unesnb Ha 3TOM mpuMepe NOXa3aTh,
KaK IpHUMEHSeTCS TeOpHs TPYNN NPH pelieHUH KBAHTOBOMeXaHHYe-
CKMX 3aja4. Mukpomup (aTOMBI, MOJIEKYJIbl, KPHCTaJJHUeCKHE pe-
LIeTKH) BecbMa Oorar pasjHYHBIMH BHJAMH CHMMeTpHH. Teopus
NpeACTaBJeHHH TPyNn MO3BOJIAET C CAMOr0 Hayaja SIBHO Y4YecCTh
STH CBOHCTBa CHMMETPHH, U 3a4acTyI0 TOJbKO MOAXOJ, OCHOBaHHBIH
Ha TEOpHH TpyIn, NO3BOJseT NOJyd4aTb BaKHblE Pe3yJabTaThl AJS
OYEHb CJIOXKHBIX CHCTEM.

* Ouenb NMPOCTHIM HPHMEPOM ChepUUeCKH -CHMMETPHUHOIO OMepaTopa ¢ 9HCTO
TOYEYHBIM CNIEKTPOM siBAsietcsi onepartop Lllpeauurepa A/ TpPeXMEpPHOro rapmo-
HHYECKOrO OCUHIIATOpPA

g

PitPi+P; o (Q+05+0)
2 2
HJH B KOOPJAHWHATHOM NpPeACTaBJACHHH
1 02 ,

3ajpaua pasfeieHHeM NePeMeHHHIX CBOJHTCA K OJHOMEDHOMY CJAyYaw H AJs Co6-
CTBeHHBIX 3HauYeHHA moJydaercs Gopmyaa

3
B =+ gt ng b5 ) 0 ny my ny=0,1,2,...
Kaxpoit Tpofike 4HCeN 1y, fla, fi3 COOTBETCTBYET COGCTBEHHBI BEKTOP WPy pp

BupHo, 4TO KpaTHOCTh cOOGCTBeHHBIX 3HadeHnd E npu E-»-oco pacrer Heorpa.,
HHYEHHO.
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§ 27. TMipencraBieHHe BpalieHN i
YHHTaZpHBIMH MaTPHUAMH BTOPOro HOPARKa

Mzl nocTpoHM mpeAcCTaBJeHHe rpynnb Bpamenuit G, aeicTayio-
uee B npocrpaHcrBe C2. las 3TOro BBeJeM TPH CaMOCONpSIKEH-
Hble MATPHUH CO CJEAOM, PABHBIM HYJIO,

(0 1 (o —i\ - 10
a1=\1 o)’ 2= 0)’ "3:(0 —1)'

DTu MaTpHLLl HaswiBaloTcs Marpuuamu [layan. Boiuncanm mepe-
CTAHOBOUHBIE COOTHOUIEHHS AJISi STHX MAaTpHIL:

i 0 —i 0 (1 0
[01, 02] = 010, — 090, = 0 -—-i)— 0 i)le(O —-1)'

T. €. [01, 02] = 2i03. AHaJIOTHYHO NpoOBepseTcs, 4TO
[o2, 03] = 2i0y, [o3, 01] = 2i0,.

HerpyaHo BHIETb, YTO MaTpuunl —ic;/2, j =1, 2, 3 uMeloT me-
PECTAaHOBOUHLIE COOTHOIUEHHS TaKHe e, KaK HMH(QHHHTe3HMaJsbHbIE
o6pasyolye rpynns BpauleHus A;:

[, o] _io
2’ 2 T :

[MosToMy MOXHO HOCTPOHTb npencrasienne g->U(g):
U (g)==exp ["‘ é (01a; + 0202 + Gaaa)] . (1

Cuenyer OTMETHTb, 4TO 3TO NPEACTABJIEHHE HE ABJIACTCA NPEACTABJCHHEM B
OGHIYHOM CMBICJE CJIOBA, TaK KaK BMECTO

U(g)U(g)=U(g:8) (2)
U(g) U (g2)=oU(g.g5), 3y

rfie 6 = 1. B 3T0M HeTpyAHO YGeAHTbCS HA MPOCTOM NpHMEpPe, COCYHTAB MPO-
ussenenne U(g))U(g:), rie g = g2 ecThb BpalleHHe HA YroJl [ BOKDPYr OCH X3

MBL GyaeM HMeTb

—-;;—mn —?i aim —ic e~in - .
Ulg)Ulg) =e e =T =", m)=—1

B 10 Xxe BpeMsi Mo dopmyste (1) eAHHHYHOMY 3JEMEHTY TPYNIH COOTBET-
creyer U(0, 0, 0)=I. OroGpamenne g—U(g), yaosiersopstwomee (3) mnpu
|o|'= 1, HasbiBaeTCA NPOEKTHBUBIM [pEJACTaB/ECHHEM C MyJbTHNIHKaTOpoM. Eciu
MBI BCe-TaKH 3aXOTHM COXpaHHTb (2), TO NOJNXKHH OyAeM CUHTATb, 4TO KAXKAOMY
BpallleHHIO COOTBETCTBYeT ABe MaTpmubl U, oTiuuwamowivecs sHakoM. B ¢usuxe
TAKOTO POAA NPEACTABJIEHHs HA3HIBAIOT ABY3HAURHIMH. DTH NPe/CTaBJEHHS HIPAIOT
B KBAHTOBOI MeXaHHKe TaKyi0 e BaXKHYIO PoJb, KaK M oObluHble. B pasbueiimem
Mbl He GyJeM NONYEDKHBATb 3TO pasjHIHe. 3aMeTHM ellle, 4UTO MOfBJEHKe Ta-
KOrO pOAa NpeACTABIEHHH OGBACHAETCA TeM, YTO TPYNNa BpalleHHH HEOXHO-
CBfA3HA.

BrisicuuM cBofictBa martpuu U(g). YHHTapHOCTb 3THX MaTpHI
OueBHAHA, TAaK KaK 0; — CaMOCONpsKeHHbIe MaTpHiub. Herpyaso
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BHAETH, UTO ONPEAeJHUTENb 3THX MATPHI paBeH eaunuaue. Je#AcTsH-
tenbHo, U(g) umeer BHA €5, rae S — camoconpsxKeHHas MaTpuiua
CO CJeJOM, PaBHHIM HYJ0. DTy MaTPHLY BCeria MOXKHO NPHBECTH
K AMArOoHaJbHOMY BHIY NOA0OHBIM npeo6pasoBaHHEM W OHa NpHMET

A 0

BUJ (0 2 ) COOTBETCTBEHHO JHAaroHAJbHBIH BHA MAaTPULH
et* 0

6y11e1‘( 0 e_m). Cnen u ompejejHTeNb HHBAPHAHTHB! OTHOCH-

TesbHO nogo6Horo npeobpasopanus, mosromy det U(g)=1.
Haiinem o6Iuil BUA YHHTaPHBIX MaTPHIL C ONpeNeJHTeseM, paB-
HBIM eHHHIe. 3aNHlIeM YCJIOBHE YHHTAPHOCTH:

(a b)(d a) (ac’z+b5 a5+bd) ;
¢ d)\p a/ \ca4db cc+dd/
U3 paBeHcrBa cd -+ db =0 naxopum, uto d= —-%. H3 ycropui

detU=1 u aa+ bb=1 nonyunm
—_.@_ =.._.£_. A ~=—,--i=
ad — bc = 7 be 3 (aa + bb) 7 I,

T. €. c=—b, d=a.

Takum 06pasoM, YHHTapHbE MAaTPHIBI C ONpeAe/dHuTeNeM, paB-
HHIM eJHHHIlE, HMEIOT BHA :

a b
U=( - _), laP+1bB=1.
—b a
I'pynna Takux MaTpHIl HasbiBaercs rpynnoit SU(2).

§ 28. IIpencrasiaeHne rpynnsl BpauleHKi
B NMPOCTPAHCTBE HEJBIX AHAJUTHYECKUX BYHKIMIH
ABYX KOMIJICKCHBIX MIEPEMEHHBIX

B srom maparpade nmocTpouMm Bce HENPUBOAHMbLIE IpeAcTaBJe-
HHsl Tpynne BpauieHuii. B KauecTBe mpocTpaHCTBa npeicTaB/ienHil
Mbl BbiGepeM THJILOEPTOBO mpocTpaHcTBO Dy OyHKuME [(E, 1)
(t=C,neC) Buna

_ ¥ g™ ,
f(gx n) - Z Cnlcnzm ’ Z l Cﬂ]ﬂg ]2 < o0

ni, n;=0 n. n,

CO CKaJIApHbLIM MPOHU3BECACHHEM

(@) ==r {1 & MEE me 1t r-1n"dp (e du ().
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Touno tak xke, kak B § 19, nposepsercs, uro ¢yukuuu f
gm n:

A/ nylny!

cTBE (fnn, fornY=29, 0, ,,. YuuTHBasm cBA3b MexXJy rpynnaMH
12 12 1 272

SO(3) u SU(2), Mbl MOXeM CTPOUTb MpPEACTaBAEHHE CPYIIIbl

SU(2). B naabuefiieM ynobuo f(E,m) ob6osHauaTb uepes f(§), rue

{= ( f] ) e €2, Oro6paxenue U— W (U) onpeneaum dopmyaoit
W) =FU"). (1)

Mp 6ypem 3t onepartopn o6o3HauaTh Takke uepes W(a) uam
W (g), a onepatopnl BpawmeHu#i BOKpyr oceit uyepes W;(a), j=1,
2,3

Ytobnl nosyuuth Bhipaxenue aas W(g), Hafinem uHpuHHTE3U-
MaJbHbBIE ONEpaTopbl NpeACTaBJeHHsl, KOTOpble 0003HAUMM uepe3
—iM;, j=1,2,3

— M} Q) = W @) |,y ] () =

nn;

06pa3syloT OpTOHOPMHPOBAHHKLIA 6a3uc B 3TOM NPOCTPaH-

dw, (a)
da

[@©=
=0

=L U @)y = (T

0 dg(@) +_a_f_ dn (@)
0t da =0 om  do |y

3pech Mbl HCHOJNb30Banu omnpegenenue (1) u uepe3s E(a), m(a)
i

- 0)q
00603HAYUJN COCTABJAIOLLIHE BEKTOpa e? g. HOCJIe}IHPIe NnpoHu3BOA-
Hble BHIUYCAAIOTCA TakK:

d ,ige i go? O Lor=+(})
da e C a=0-% -2-0'13 C 2=0 Glz.; D) 4
T03TOMY
di@| i dn@| _ i,
do oo 2" “da la=o” 2

B pesyabrarte nosyyum
—iMf@=% (3L §)

Touno Tak ke Haxomstcs omeparopel My u Ms. Buinumem Bbipa-
KeHHS /19 9THX ONepaTopOB:

Ml“—“"%("lj%“i“g%).
My=—4(—n3: +i5-), @

M3=—%(§ ot N an)
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Jlerko nmpoBepHTb, 4TO omepaTopul M; HMEIOT TaKie ke mepe-
CTaHOBOYHEIE COOTHOLUEHHS, KaK ONepaTopbl MOMEHTa HMIyJibCa,
a —iM;, j=1, 2, 3 —kak ManHLLbI Ai, As, Az Ins omepaTopoB
W(a) monyuum

W (a) =exp[— i (Ma; + Maay -+ Msas)]. 3)

OcHoBHOe yAOGCTBO MPOCTPAHCTBA NMpeACTaBJdeHHR Dy COCTOHT
B TOM, YTO OHO OYeHb JIETKO DacK/ajbiBaeTcs B NPAMYIO CYMMY HH-
BapHAHTHBIX NOANDPOCTPAHCTB, B KOTOPHIX HEHCTBYIOT HENPHBOAH-
Mble IpeAcTaBjieHud. JlefiCTBATEJbHO, HHBADHAHTHOCTb HEKOTOPOro
MOANMPOCTPAHCTBA OTHOCHTEJNLHO omepaTopoB W (a) 3kBHBaseHTHA
HHBAPHAHTHOCTH OTHOCHTEJIBHO AeHCTBHSA omeparopos My, My, Ms.
W3 dopmya (2) BHAHO, 9TO TaKHMHM HHBaPHAHTHLIMH MOANPOCTPaH-
CTBaMH SIBJAIOTCS NOANPOCTPAHCTBA OJHOPOJXHBIX MHOTOUJIEHOB CTe-
neHu # == ny-4 ny. DTH MNOANPOCTPAHCTBA HMEIOT DPa3MepHOCTb
n4+1,n=0,1, 2, .... Ham ocranocr nokasarb, 4TO TaKHe NOI-
IPOCTPAHCTBA He COAEPXKAT MHBAPHAHTHBIX MOJAMPOCTPAHCTB MEHb-
meil pasmepHoctu. I/ 3TOro BBeeM ONepaTophl

. d
M+=M1+1M2=—n¥, (4)
M

. ad
=M1—'1M2=—§3;]‘

W TIOCMOTDHM, KaK OHHM AeHCTBYIOT Ha Ga3HCHblE BEKTOPH fmm,

0 Enl gnl—lnn,+l
M e - L —————a
+np,=—" 3t Vmingl T gl
§n‘_l‘q”’+l
= — q/n,(n 1 s
e+ D e =i
T. €. Mq.fmna == e ’\/nl (n2 + 1) fm—h ety (5)

M"'fnln2= - V-(nl + l)ﬂ«z m+1 na—1°
M+ion=07 M_fno=0.

W3 ¢dopmyn (5) sACHO, YTO MOANPOCTPAHCTBA ONHOPOAHBIX MHOIO-
4JIEHOB He COJIePKAT HHBAPHAHTHEIX MOANPOCTPAHCTB MeHblued pas-
MEpPHOCTH.

ITokaxeM, uyTo Ga3uCHblE BEKTOPH SIBJASIOTCS COGCTBEHHLIMH

BekTopaMmu omepatopa Ms u onmepatopa M® = M; + M; + M3 Vimeen

OueBupHO, 4TO

1 P 9 §m'r|m 1 £
Maf,, =—L(z-2 — -1
L 2 (g &~ Von) Vminat g (=) ey «\/nllngl '
T. €. M3fnln,= - E’(nl — 1) fnlnz' (6)

Ias oneparopa M? cnpaBennnsa dopmya
M= MiM_ + M} — Ms
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HeftcTBuTesbHO,
MiM_ = (M, + iMo) (My — iMo) = M} + M3 — i (MiMa — MoMy) =
= M’ — M3 + M,
Jlanee umeem
Mgfnln? = (M+M— + M% —M3) fﬂ,n2 =
= (’\/(nl + e A/ng (i + 1) + '}T(nl — ng) + ';—(fll - n?)) Fan,

Mhup, = (7 (41l 4 5 (1 + 1)) %

Yno6Ho mnepenucatb Bce MOJYUYeHHble COOTHOUIEHHS, 3aMEHHB
3HAYKH Ny, Ng HA j, m 1o Gopmyaam

j=tt = 2 (1 — 1)), i=05. L5 ...,

m=_j)—j+]r"'y.iy

HJTH m=j—m,n=j+m.

Torna dopmyasl (5) —(7) npHHUMAIOT BHI
M+fjm=—'\/(]—m)(]+m+ 1) fi,m+b (8)
M—-f]m=_'\/(j"'m+l)(j+m) fj.m—b %

Mafjm = mf]‘m, (10)
M1 =10+ 1)1 (11

rae uepes fi, oGosnauena fn, = fi_m, j4m-

HoBble 3HaYKH j H m YROOHBI TeM, U4TO KaxKAOMY HHAEKCY |
COOTBETCTBYeT MNpelCcTaBjJeHHe paaMepHoctd 2j+1, j=10, 1/2,
1, 3/2, ... . Takoe npexacraBieHne o6bIYHO 0603HaualoT uepes Dj,
a | Ha3bBAIOT HMHAEKCOM mnpexacraBienus. Popmynan (8)—(10)
MO3BOJSIOT JIETKO MOCTPOUTH fIBHBIH BUA Matpui, M,, M,, Ms; ans
kaxjoro D;. TakuM o6pa3oM, Mbl IOCTPOHJIH KOHEUHOMEpHbIE Mpes-
craBjeHns D; rpynnel BpailleHH# BceX pasMepHOCTell.

§ 29. EnuHcTBeHHOCTDL NpeAcTaBiaennii D,

HokaxeM, HYTO TOCTPOEHHEIE HENPHBOAHMBlE [PEACTABIEHHS
D; enuHCTBEHHBI (C TOYHOCTBIO 10 SKBHBaseHTHocTH). [Ipm noka-
3aTeJIbCTBE MB YBHAHM, B KAaKOi CTeIleHH CIEKTP OHepaTopoB MO-
MEHTa HMIYJibCa OMNpenesisieTcs HX MepecTaHOBOUHBIMH COOTHOIIe-
HHSMHU ¥ KaK IPOH3BOJIbHOE IpeJCTaB/IEeHHe PPYNNbl BpalleHu# pac-
KJaJbIBA€TCA Ha HENPHBOXHMBIE.

Ilycte B n-MepHOM NpocTpaHCTBe & ONpeHeNeHO HEKOTopoe He-
NPUBOJUMOE MNpeAcTaBieHHe, uepes —if,, —iJs, —iJ; o6o3HauuM

109



HH(bUHUTE3UMAJIbHEIE OllepaTOpHl 9TOrO fpefcrasienus. OHU yAOB-
JIETBOPAIOT NEPECTAHOBOYHLIM COOTHOLICHHSM

[Jh J2]=i13»
[JZ) 13]=i"ls
[‘,31 Jl]=iJ2'

OKBUBAJEHTHOCTb 3TOTO NpeACTaBJEHHS HEKOTOPOMY INpeiCTaB-
Jenuio D; OyneT JoKas3aHa, ecjd MBI MOKaxXeM, 4TO NPH MOAXOAS-
meM Boibope 6asuca B & Marpuub Je, k=1, 2, 3 coBmazaior
¢ marpunamu M, Ilpexpe Bcero 3aMeTHM, 4YTO MpeJCTaBJieHHe
_Tpynnbl BpalleHHH OAHOBPEMEHHO SIBJIIETCS H MpeJCTaBJEHHEM ee
TNOATPYIIbl, COCTOSILIeH M3 BpalLEHHH BOKPYI OCH X3 Ha yILoJa Q.
Ara noarpynna abeneBa, NO3TOMY BCe ee HENPHBOAHMBIE Ipejl-

CTaBJICHHs] OLHOMEPHBl H HMEIOT BHJ e” ™"  (OTHOCHTENBHO 4HCeJ
m, Mb He OyneM jJejaTh HHKAaKHX NPEANOJOXKEHHH, [HOmMycKas
BO3MOXKHOCTb «MHOIO3HaUHLIX» MPeACTaBJIeHHI). DTO 3HAYHT, UTO
npy noaxojsauleM Boibope 6asuca B & MaTpPHOA BpPallleHHA BOKPYT
OCH X3 HMeeT BHA

[emime 0 .+ 0 1

0 e—ime ()
TP BRI et .

(0 0. o e_im"a;

Takum oGpasom, B & cyluuecrtsyer 6a3uc H3 COOCTBEHHBIX BEKTOPOB
oneparopa Js,

Jsem = me,,. (1

Janee, U3 HEIPHBOJAMMOCTH NIPEACTABJEHHS CJIELYET, UTO ONEepPaTop
F=r-+ A+ 5 kommyTupyiomuir co BeeMu Ji, k==1, 2, 3, noa-
)eH ObITb KpaTeH eIMHHUHOMY B npocTpaHcTBe &. DTO BO3MOXKHO,
ecnu Bce Ga3HCHBle BEKTODH €, SBJSIOTCA COOGCTBEHHBLIMH BEKTO-
pamu omepatopa J?, COOTBETCTBYIOLIHMH OJHOMY H TOMY Xe c06-
CTBEHHOMY 3HAUEHHIO, KOTOpPoe Mui 00603HauuM uepe3 j(j+ 1) (ara
3anucb TMoKa Mnpocto obo3Hauenue). DasucHbie BekTopw 6ynem
0603HauaTh yepes ejm,

Pejm=17(+ 1) ejm. )

Beenem oneparopsl J. == J; & iJ;. Jlerko mnpoBepHTh CIpaBef-
JHBOCTb CJAEAYIOLIHX GopMyd:

(2, J.] =0, (3)
(T3, Jo]= £ [, 4)
P=1ldzs+ BF s (5)
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Hafinem rpaHuuy BO3MOXHBIX 3HaueHHH |m| npu sapaHHoM COG-
CTBEHHOM 3HaueHuu j(j- 1). Jlas 3TOro, yMHOXKas Ha €;m pPaBeH-
CTBO

T+ 1) epm=((i+ 1) —m®) ejpm,

(1) ejms eim) =i (i + 1) — m2
JIeBa;{ qacTb HeOTpI/ILIaTeJIbHa, H03TOMy

| m|<ATG+ D) (6)

W3 coornomenuft (3) u (4) caenyer, uto
JQJ:tejm =j(j+ iepm I3l sepm = (m 3= 1 Jzejm.

[Tostomy BekTOpH J+€jm (€CAH OHH HeHYyJeBHE) SBJIAKTCA COO-
CTBEHHBIMH BEKTOpaMH omepatopa J2 ¢ COGCTBEHHBIM 3HaueHHEM'
j(j+1) u onepatopa J3; ¢ COGCTBEHHLIMH 3HAYEHHAMH m == 1.
Takum 06pa3oM Mo NPOH3BOJBHOMY GA3HCHOMY 3JEMEHTY €jm MO-
KeT ObiTh [OCTPOEHA IeNoYKa COGCTBEHHBIX BEKTOPOB C OJHHM
U TeM e COGCTBEHHBHIM 3HaueHHeM onepaTtopa J2 H ¢ coBCTBeH-
HBIMM 3HaueHusMu my, my+ 1, ..., my oneparopa J;. Uepes m,
H my Mbl 0603HAUUJIM HauMeHblliee H Haubosbllee COGCTBEHHBIE
3HaUYeHHs] COOTBeTCTBeHHO. CyluecTBOBaHHe my H mg CJAeAyeT H3
HepaBeHcTBa (6), Lenouka cOGCTBEHHBIX BEKTOPOB AOJXKHA OOpHI-
BaThCsl B 06e CTOPOHHI.

BoluncauM HOpMY BekTOpa Ji€jm, YuUHTHIBas, 410 |l ejml =1

U 4TO Jl =Jz,
I J:t:e]m ” = (J:F-Iie]m» e,:m ((] - Ja::-’a) €im» e,m) = .
=j({+D—=—mmEx)={Fm@(ixtm+]l).
[TosTOMY MBI MOXKEM HamucaThb
Jem=—ATFm(xm+1e .. @)

dra ¢dopMmysaa mno3BoJigeT MO INPOH3BOJLHOMY OPTY €jm CTPOHTH.
HOBBIE OPTHl €, m+1, YAOBJETBOpAoUIMe BceM TpeGoBaHHAM. 3HaK
MHHYC Mepel KOPHeM HamucaH H3 coobpakeHuit ynobcTsa.

Meul nOKa etle He BHISICHHJH, KaKUe 3HAYEHHS MOTYT NMPHHUMATh
yucaa j U m. BbyjeM HCXOAUTb H3 pPaBeHCTB

J_ejm =0, Jiejm=0. (8)

YMHoxasi 3TH paBeHcTBa HAa J4 u Ha J. H ucnoae3ys (5), moay-
UYUM 4

(= B I e =0, (=2 — 1) ejn =0,
AJTH ji+1)—mi+m=0,
iG+1)—mi—m,=0. )
s (9) cpasy monyuaem (my - mg)(my— my—1)=0. Ham ro-
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JAUTCS ONHO DElIeHHe 3TOrO YPABHEHHS My = —My, TaK KaK My ==
= m;. [Hanee mo— my = 2my— UHCJO LeJOE€ HJAH HYJb.
[Tosromy my MoxeT nmpuHumath, 3uausenus 0, 1/2, 1, 3/2, ... Ha-
KoHell, u3 (9) MBI BHAMM, YTO B KayecTBe HHUCJA j MOXKHO B3SITb Mo.
Mbl noayuusid, 4to COGCTBEHHbIe 3HAauYeHWss omeparopa J2 uMelOT
Bug j(j+ 1), rae j=0, 1/2, 1, 3/2, ..., a cob6cTBeHHblE YHCAA M
oneparopa J; npu 3amaHHOM | npoGeraroor (2j- 1) 3nauenne: —j,
—j+1,...,j—1,j. Yxcaa j # m OAHOBPEMEHHO SBJAAITCS JUOO
neasiMH, Jgu6o mosayuessiMy. Elie pas moayepKHEM, YTO 3TH CBOH-
cTBa cmektpa omepatopoB J?2 u J MB HallJH, HCHOJb3YS TOJBKO
MepecTaHOBOUHbIE COOTHOLIEHHS.

s saBepieHUss [0Ka3aTeJbCTBa HaM OCTasloch y6eluTbCs B
10M, YTO NMOCTPOEHHBIEe COOCTBEHHbIe BEeKTOPH 00pasyior 6a3uc B &.
D10 caeayeT W3 HENPHUBOLHMOCTH IpelcTaBJeHHA. JleHCTBUTeNDbHO,
NOANPOCTPAHCTBO &/, HATAHYTOE Ha BEKTODH &jm, M = —j,
—j+1, ..., j, Oyaer UHBApDHAHTHHIM OTHOCHTEJBHO OIEPATOPOB
Je, R=1, 2, 3, 2 NOTOMY [OJI)KHO COBNAajgaTh ¢ &, H PasMepHOCTD
npencrasienus n = 2j 4 1. ®opmyas (1) u (7) nMokasbBalwT, YTO
marpunsl J, npu Takom Buibope 6asuca COBNAJAIOT C MaTpH-
namu Mg. :

3aMeTHM, YTO MBI 320JHO MOCTPOHJH CNOCO0 Pa3yoXKeHHS Opo-
H3BOJILHOTO IIPelCTaBJeHHA HAa HenpHBOoAHMEEe. [lycTh B HeKoTOpOM
NPOCTPAHCTBe ¢& NEHCTBYeT TpPEACTaBJeHHe TpPYNNbL BpalleHHH
—il, 1 ero uHuUHHUTE3UMAJbHBle omepatoph. i Toro uToOH
BLIJEJUTh HHBApPHAHTHBIE IOANPOCTPAHCTBA, MBl XOJNIKHH BaHTH
o0ipe pelleHHs ypaBHEHH

]2€]m=j(j + l)ejm, Jaé'jm = Mejm. (10)

BeKTOpH € NPH 33JaHHOM j U m = —j, —j -+ 1, ..., j o6pasyioT
6asuc HeNpHBOAMMOTO IpejcTaBieHHs pa3Mepamu 2j- 1. 3amaua
0 HaxoxJeHHu obmux pemenuit ypaBHeHu#t (10) mpouie Bcero pe-
maercss cienylomuM obpasom. CHauasna HaxXOHUTCS BEKTOD ejj,
YIOBIETBOPSIOIUN YPaBHEHUAM

Jie =0, Jse;; = Je;,
a 3aTeM /s MOCTPOCHUS BEKTOPOB € HCIOMb3yeTcs hopmy.aa
J—eim = — ’\/(] + m) (] —m-+ 1)61, m-—1»

KOTOpasi I03BOJsSEeT MO €;; TOC/JAEJOBaTebHO HAHTH BCe BeK-
TOPH €jm.

§ 30. Ipencrasnenns rpynnbl Bpamenui
B npoctpanctse L? (S%). Cdepuueckue pyHkunu

B § 25 Ml mocTponsu npeAcTaBAeHHe TPYNNH BpalleHuil B mpo-
cTpaHcTBe cocTostHHll 8 = L?(R®) omeparopamu

W(a) =exp[—i(Lia; + Loag + Lyas)],
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rae Ly, Ly, L;— onepaTopsl MOMeHTa uMNyabca. HamomMHHUM, 49TO
3TH ONEpaTopbl JeHCTBYIOT TOJbKO Ha YIJIOBhE NepeMeHHble (YHK-
unu P (x)< L2(R®), nosromy npocrpancrBo L2(R%) ypobHo pac-
cmatpuBaTh Kak L2(R+)® L2(S?). 3mecy L?(R+)— mpoctpancTBo
KBajapaTHyHO wuurerpupyembix ¢ynwuuii f(r) ¢ Becom r2 ma R,
a L?(8?%) — npoctpaHcTBo GyHKUHA P (n)= (6, ¢), KBaApaTHUHO
HHTETpUPYyeMbIX Ha eZuHHYHOH cdepe. CkajisipHble NPOU3BEACHUSA
B 3THX IPOCTPAHCTBax BBOAATCH (HOPMyJaMu

(ho 1= | 21 (Y Fo 0 dr, (s 8) = sy () 2 () dim,
0 s?

rie dn ==sin0d0b dp — sneMeHT NOBEPXHOCTH eXHHHYHOH cdephl.

HeckonbKo rpomMo3nkHe BbIUHC/AE€HHS NPHBOASIT K CJeAYIOUIEMY
BHAY ONEPaTOPOB MOMEHTa UMIyJbca B COHEPUUECKHX KOOPIH-
HaTax:

L,=i(sin @%—-}— CtgeCOS(p—ga),

L2=—i(cosq>—gé—— ctgesinq)%),
., 0
L3=—l-5$.

Omnepatopsl L+ = Ly -+ iLs; B 3TUX NepeMeHHBIX HMEIOT BHJ,
— o9 ; 9. —e=iof — 9 4 ; 9
Ly=eio( 5 +ictgdys). Lo=emo( — g5 +ictgh5).

O6mue cobGcTBeHHble GyHKIMH omepatopoB L2 u L; Gygem oGo-
3HayaTh 4yepe3 Y;n(n) (umcao j Aas omeparopoB L mnpuusato o6o-
3HayaTh yepe3 /). YpaBHeHHs L Yy=0 u L3Y, =Y, B cdepu-
YyeCKHX KOODJAHHATaXx HMeIoT BHJ

. Y
— i G =1¥y, (1)
Yy . i} _
30 +i ctgﬂ—é-(; Yiu=0.

U3 nepsoro ypaBHeHus (1) BHAuM, 4TO
Y1, (8, ) =e'9F ; (0),

npuueM [ MOKeT INPHHHUMATh TOJbKO Ilesble 3HayeHHus, [ =0, 1,

2, ... Bropoe ypapuenne (1) fo3BoasieT MOJyYHTb ypaBHEHHe AJS
Fu(0)
2@ _ jetgor, (8)=0. ®)

Pemas 310 ypaBHeHHE, NOJYUHM
F; (8) =C sin’e.
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3ameruM, uYTO AN Kaxjaoro ! cyLiecTByeT OAHO DEIUEHHE ypaBHe-
Hus (2). Mtak, Mbl Hamad, uro

Y” (B q)) C sm’ee”‘"

npa4yeM nocrosiHHas C MoxeT ObITb HaljleHa U3 YCJAOBHA HOPMH-
poBku. OcranbHble GYHKUHH Y;m(n) MOryT GBITh BBIYHCJEHH MO
dbopmye

1
Yl.m-l =

ANTFmy (—mF1)
Mui He GyzeM nmpojesbiBaTh COOTBETCTBYIOIUHMX BbiuHcieHHH. DyHK-

uu#  Yim(n) Ha3BIBAIOT HOPMUPOBAHHBIMH cdepHuecKHMH GYHK-
nuaAMH [-ro nopsigka. s HHX MOXeT ObITh MOJYYEHO BBHIpameHHe

. a R 0
P — = —
e ( e +ictgh 0¢)Ylm.

Yim® @)= 7—"6""“’%’2" (cos ©),
rae GyHKLHU

n 1 TF1 1 -2 glem(2 )

(! —m) 2 oln dpt—m

HOCAT Ha3BaHHe HOPMHPOBAHHHIX MPHCOCAUHEHHBIX MOJHHOMOB Jle-
XKaHApA.

Urak, Gasuc HerHBOlIHMOFO NpeACTaBJeHUsT B MPOCTPAHCTBE
L?(S?) cocrour u3 coepuueckux OGyHxuuii Yin(n) npn duxcupo-
BaHHOM [ u m = —I, —I[+41, ..., [. TIpoctpancreo L?(S?) coxmep-
}KHT MOJNpPOCTPAHCTBA HENPHBOAMUMBIX NpPEACTaBJEHU BCEX Heyer-
HBIX pasmepHocredt 2[4 1 (/—uenoe) no oxgHomy pasy. Teopema
O Da3/IOKeHHH TPEeJCTABJEHHS T'PYNNb BPALIEHHH Ha HENPHBOAH-
Mble B JAHHOM CJyyae 3KBHBaJEHTHA YTBEPKACHHIO O MOJHOTE
chepuueckux ¢yuknuit B L2(S?). Jlwobas dyukuus P (n)e L2(S?)
MOXKeT OBITb Da3JiOKeHa B cxonﬂumﬁca pan

u><n>~2 Z CimY 1m (). 3)

=0 mee—]

BcrnomunM, uto B mpocTpaHCTBe Dy AEHCTBOBANH HEMPHBOLH-
Mble MpeJCTaBJeHHS KaK UeTHbIX, TaK H HEUEeTHHIX pPas3MepHOCTed.
[TpoctpancTBo 2, MOKHO NpeACTaBUTH B BHAE MPSMOH CYMMbl

DS D D5, rne Dy u D; — OPTOTOHANbHEIE TOANPOCTPAHCTBA YeT-
HBHIX M HeueTHbIX (YHKUME CooTBeTCTBeHHO. B &5, Kak n B L2(S?),
JIeHCTBYIOT NPEJCTaBJeHUs TOJNbKO HeUeTHBIX pasMmepHocreit. JIo6ok

aneMenT [ (2) & DF Moxer GbiTh npencTaBJaeH B BHJE

. El-—mnl-l—n:l
He)= Z m=Z~l —m)([ + m)! “
ﬂCHO, YTO B3aWMHO-OAHO3HAYHOEe COOTBETCTBHE
[@) <)
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yeTaHaBauBaeT H30MOPpHIM MeXKAY NPOCTPAHCTBAMH D u L’ (SQ),
IPH KOTOPOM

gl-mnl-}—m

AT —=m)ld + m)! D
MkHLk, k'—: 1, 2, 3.

B sakaiouenue storo maparpada pPaccMOTPHM TpelCTaBJeHHe
rpynnbl Bpallednii B mpoctpanctBe coctosiHuil L2(R3) = L2(S?)®
® L2(R*). Ilycrb {fa(r)} — npoussoabHuii 6asuc 8 L2(R+). Torpa
{f2(r)Yim(n)} — Gasuc B npocrpancree L2(R%), u nobas pynkuus
P (x) = L2(R3) moxer ObITb pa3/oxkeHa B psi

Ylm (n)r

b= Z > Cotnla Vim0, 0.
n [=0m=~!

M3 sroit popmynn Buano, uto L2(R3) Takke Moxer GbITb pas-
JIOXKeHO (NpuHYyeM MHOTHMH crnocofaMH) Ha MOANPOCTPAHCTBA, B KO-
TOPHIX AEHCTBYIOT HENPHBOAHMBIE MPECTaBJIEHAN TPYIIH Bpalle-
Hufl nopsaxka (2/4-1), n Kaxpoe npeacrabiseHue D; Bcrpeyaercs
6ecKoHeuHOe yHeJIo pas. J1lo6oe U3 HHBAPHAHTHBIX MOANPOCTPAHCTB,
B KOTOPBIX AeHCTByeT HENPUBOJMMOE NpeacTaBjeHue D, ecTb MHO-

!
KecTBO GyHKuui BHpa f(r) 2, lCthm 6, @), roe f(r) = L2 (RY).

§ 31. Papuanbuoe ypasuenue lipegunrepa

BepHeMcsi K H3yueHHIO 3ajauH O [ABHMKEHHH YaCTHIL B IleHT-
paJbHOM noJie, ByieM HCKaTh pelieHHst ypaBHEHHs

— 3 Ab+ V() o =Ey

HJIH, HCOAB3YS dopmyay (23.5),

2pfr2 or (r ) + 57 ,2 b+ V(r)b=EY. (1)

Mul BHAesH, 4TO cOOCTBeHHbe MOANpPOCTpaHcTBa onepartopa [lpe-
jguarepa H B ciaydae OTCYTCTBHS CJyYaHHBIX BBIPOXKAEHHH HNOJKHBI
COBMajfaTh C MOANPOCTPAHCTBAMH HENPHBOAHMBIX MpeACTaBJEHHH
D;, a n0pu HaJMYHMH CJAYYaHHBLIX BHIPOXKJAEHHI SBJAATLCI MNPAMON
CyMMO#l TaKHUX MOANPOCTPAHCTB. JICHO, UTO BCe He3aBHCHMBbIE CO6-
cTBeHHbie (DyHKIMH oneparopa’ /I MOXHO NMOCTPOHTb, eciau Mbl 6y-
IeM HCKAaThb HX B BHIE

Y (r, n) =R (r) Y1 (n). @

Ot (QYHKUHH yXKe SABJIJIOTCH COOGCTBEHHBIMH (YHKUIHSAMH OIle-
patopoB L2 u L;

LA =1+ 1), Lgp=my,
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4 rtotoMy ONHCHIBAIOT COCTOSIHUA HYACTHIH € ONpejfiefieHHHIMH 3HA-
YeHHSIMH KBajJpaTa MOMEHTAa HMIyJabCca H €ro TpeTbed NPOEKLHH.
IoxcranoBka (2) B (1) maer Ham ypaBHeHue Ans R;(r)

1 9 o dRy(r)

— o (P ) + e RO+ V ()R () = ER, (7).

2ur?
BsegeM HOBYIO HEH3BECTHYIO (YHKIIHIO

R (f)=—il,(r) ,
H ypaBHeHHe 1Js f,(r) npuMer BHI
1 d? L{{+1
— g T+ G VO fi=EF. 3)

310 ypaBHeHHE HOCHT Ha3BaHHe pajfnaybHOro ypabHenus Llpenun-
repa. OGpaTiM BHHMAaHHE HAa HEKOTOpDble OCOOGEHHOCTH YPaBHEHHS
(3). Mpexnae Bcero mapamerp m He BXOAUT B ypaBHeHue, (GH3H-
YeCKH 3TO 03HavYaeT, YTO SHEPrHs YacTHIbl HE 3aBHCHT OT NPOEKLHH

v MOMEHTa Ha ocbhb X3 JlJasg Kaxporo !/
noJiyyaercsi cBoe pajnanbHOe ypaBHe-
Hue. CrekTp pajNaJbHOrO ypaBHEHHS
Bcerja mnpocTo#t (3TO MOXKHO JOKa-
3aTh), NO3TOMY CJayyaliHble BBHIPOXKje-
HHSI BO3MOXHBI, €CJH ypaBHeHHs (3)
C pa3HbHIMH [ HMEIOT OAMHAKOBble COO-
CTBEHHbIE 3HAUYEHHI.

PannanbHOe ypaBHEHHME 1O BHAY
r coBnajaer ¢ ypaBHenuem UWpenun-

repa AAs OZHOMEPHOH YaCTHIB

1 d2
—31';‘3;%‘+ V= E,

€CJIM BBECTH TAaK Ha3biBaeMbIH 3ddek-
THBHBI TIOTEHLHAJ

Puac. 7. Vag(r) =V (r) 4L+ (4)

2ur?

Ecrtb, onnako, ofHo cymecrenHoe oTauuue. Oynkuus (x) ompe-
menena Ha R, a fi(r) ma Rt, nosromy panmasnbHOe ypaBHeHHe
5KBHBAJEHTHO OJHOMEPHOMY ypaBHeHHio lllpenunrepa ans sagauu
¢ norexHuuanom V(x) npu ycaosus, uto V(x)= oo npu x << 0.
Ha puc. 7 usobpaxenn rpadukn ¢yukuuit V(r), [([41)/(2ur?)
u Vsp(r). B xauecrse V(r) B3AT KyJOHOBCKHH IOTEHUHAJ NPHUTS-

xeHust —afr (o > 0).

Buipaxenue [(/+4 1)/(2w?) moxer OHTb HCTOJKOBAaHO Kak
NOTeHUHAaJ OTTaJKHBAaHHSA, BO3HHKAIOWIMI 33 cueT LeHTPOGexHOH
cuabl. [TosToMy 3T0 BhIpaxeHHe OBBIYHO HA3BIBAIOT HEHTPOGEKHEIM

NOTeHIIHAJOM.
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B kBaHTOBOM MexaHMKe MPUXOAMTCS PEIIATh 3afauil ¢ CAMbBIMH
pasJHUHLIME nNoreHuuanamud V(r). Haubosee BaKHBIMH H3 HHX,
NO-BHAUMOMY, ABJSIOTCA KYJOHOBCKHH noteHuuana V(r) = a/r, onu-
CHIBAIOUIMH B3aMMOMEHCTBHE 3apsXKEeHHBIX YacTHL, H I[OTeHIIHaJ

IOkaBn V (r)= e

busuxe.

OO6rIYHO paccMaTpHBAIOTCS MOTEHIHAJBl, KOTOpble mpu r—0
MeHee CHHIYJsSpHB, ueMm 1/r?—2 (¢ > 0). B 3aBHCHMOCTH OT moBe-
JeHHs npu r—>» oo yb6nBawowue (V{(r)—>0) noreHuuasb [AeaATCH
Ha KoporkojefcrBywowne V(r)=o0 (1/r**¢), ¢ >0 un naabHomefi-
CTBYIOILHE, KOTOPble 3STOMY YC/IOBHIO He YJOBJETBOPAIOT. [Toren-
nuaa lOkaBwl siBaseTcs KOPOTKOJIeAeTBYIOLIHM MOTEHIHANOM, a KY-
JIOHOBCKHH NOTeHUHasJ — fanpHojelicTByolHM. CHexkTp pajauab-
Horo oneparopa [lpenunrepa

A NI

XOpOUIO H3Y4YeH IJ1s BecbMa LIMPOKOTO KJjacca MoTeHIHasnoB. B cay-
yae pacTyllero moreHuuana V(r)—>oo npu r-> oo CHEKTP YHCTO
Toyeunbfi npocroii. B cayuae yOniBalomiero nmoreHuuasa HHTEpBaJ
0 << E < 00 3aM0JIHEH HENpPepbiBHHM CHEKTPOM, OTpPHLATEJbHbIH
CIIEKTp INUCKpeTHHH. [l KOPOTKOAEHCTBYIOIEro NOTeHUHaJa Io-
JIOXKHUTEJIbHBIH CIIeKTP NpPOCTOH, HenpepblBHBIH, a4 OTPHIATEJbHLIH
COCTOHT H3 KOHEUHOTO 4YHCJa COOCTBEHHBIX 3Ha4YeHHH.

[IpuBeneM npocrTele coobpaxKeHHs, N03BOJSAIONIHE TOHATb OCHOB-
Hbie ocobeHHOCTH cnektpa H;. Jlns 3TOoro MOCMOTPUM, KakK BelyT
ce6s pelleHUs] pafuHaJbHOro ypaBHeHHS npu r—0 H r—>oco. Ecau
npy r —> oo npeHebpeus ujeHoM V,p B pajHajbHOM ypaBHEHHH, TO
OHO cBejeTcs K

»  KOTOPBI YacTO HCIIOJIb3YeTCss B sAePHOR

! +Ef1=0.

[Mpu E > 0 370 ypaBHeHHe HMEeT OBa JHMHEHHO-HE3aBHCHMBIX pe-
menus e~ y ekt R2=92uFE >0, k> 0. Ilpu E < 0 nuneiino-
HE3aBHCHMbIE DEIIEHHs] UMEIOT BHA e~ * u e*, wn’= —2uE >0,
%> 0.

B cayuae r—> 0 MOXHO HajgesTbCsl, YTO Mbl NOJYYHM HPaBHJIb:
HOe TMOBeJeHHe pelleHHH pajuajJbHOTO YpaBHEHHS, €CJH B 3TOM

YpaBHEHHH H3 WIEHOB JHHEHHBIX 10 f; ocTaBUM HauboJjiee CHHIY-
. LU41)
ASpHbI _2”7“’_—fl’ TOT/a /

” 1 +1
i - (+)]c

310 ypaBHEHHE HMeeT [ABa JHHEeHHO-He3aBHCHMEBIX peuleHusa rt
354 i+,

Tenepb TMMOCMOTPUM, KaKHne yCJIOBHS PA3YMHO HAJOXHTDb Ha petlle-
HHA paaHa/JibHOroO ypaBHCHHS. Hac HHTEPECYIOT pCLUCHHSsI YPpaBHEHUSA
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liipenunrepa ¢(x)=f’r—mY,m(n).'d>yHKunn P(x) no/KkHH 6HITH

HenpepoiBEBIMH B R® m an6o KBajpaTHYHO HHTErpHpPyeMbIMH,
AH00 orpaHHYeHHBIMH BO BCeM [pocTpaHcTBe. B nepsom cayuae
OHH SBJAIOTCA COOCTBEHHHIMH (YHKUHMAMH B OOBIYHOM CMbICJe
CJI0Ba, a BO BTOPOM — C HX MNOMOLIbI0 MOXKeT GLITh OMNHCAH Hempe-
PBIBHBIA CHEKTP.

N3 uenpepniBHOCTH Y (x) caepyer ycaoBue [(0)= 0. [ToaTomy
HHTepeC MpeACTaBJ/feT TOJNbKO TaKoe pellieHHe pajuabHOro ypas-
HeHus, kotopoe npu r—>0 Beger cebs, Kak Critl. 310 ycnoBue
onpeneaser f;(r) ¢ TOYHOCTBIO A0 YHCJEHHOro MHOXHTeas. [lanee
npu E <0 Mbl fosKHB HafiTH pelieHue [;(r), KOTOpOE NPH 7 —> 00
BeJer cebs, kak Ce™ (B NPOTHBHOM cJaydae peuiendHe OyneT He-
orpanuyeHubiM). [Ipn mpousBosbHOM oTpuuaTesbHOM £ 3TH yCJI0-
BHSI OKa3blBalOTCA HecOBMeCTHHIMH. Te 3HaueHuss E, 148 KOTOPHIX
yAaeTcss MOCTPOUTb pelleHHe, HMeloliee MNpPAaBHJIbHOE MOBEAEHHE
B HyJie H Ha GECKOHEUHOCTH, U €CTb COGCTBEHHble 3HAUEHHS.

[Tpu mo6om E > 0 peuenne f;(r) sBAsieTCs OrpaHHUEHHHIM, MO-
3TOMY [OCTaTOYHO, 4TOGB OHO HMEJO NpaBHIbHOE TMOBEJeHHE
B Hynae. Cnektp npu £ > 0 — HenpepbiBHBIA.

CoGcTBenHble QyHKIMH JHCKPETHOTO CHEKTPAa ONMCHIBAIOT yac-
THIlY, JIOKQJH30BAHHYI0O B OKPECTHOCTH CHJIOBOTO LEHTpa, T. €. CO-
OTBETCTBYIOT (PHHUTHOMY JABHXeHHI0. Ilpu nomoumn co6CTBeHHBIX
GYHKIHE - HeNPEPLIBHOIO CHEKTPa MOryT ObiIThb ONHCAHBl COCTOSIHHS,
B KOTODHIX [BHIKEHHE YaCTHIbI fBJASieTC MHGOUHHTHBIM,

CoGcTBeHHBIE  (DYHKUHH  JUCKPETHOTO CIEKTpPa paJHaJibHOro
ypaBHeHH Mbl OyzeM o6o3HauaTth uepe3 f[e(r), THe HHIEKCOM £
HyMepyloTCcA coOCTBeHHble 3HauYeHHA Ep; YpDaBHEHHS NpU AAHHOM [,

H\ o= Eufu.

Co6crBeHHEle (GYHKIMHM HENPEPHIBHOTO CHEKTPA, COOTBETCTBYIO-
wHe sHepruu E, 6yneM oGo3HayaTh yepes [

Hfg = Efp:.
Jlns IIMPOKOro KJacca NOTEHUKANOB AOKa3aHa TMOJHOTA CHe
creMbl GYHKUHA {fzr, fei} g waxporo /=0, 1, 2, ... dro 3Ha-

YHT, 4TO A1 NPOH3BOJIbHOH ¢yHkuuun* f(r)e L2(0, ) cnpasex-
JIHBO Npe/CTaBJIeHHE:

o

F =Y Cutu 0+ { C BV m () dE,
k 0

oo

rze Ce={10Tu® ar,c B)={ 1T ar.
(1]

0

- * Uepes L2(0, c0) Mu 0603HauHAM MPOCTPAHCTBO KBaJPATHYHO HHTETPHPYe-
MuX pyHruuii (Ges seca r?) na R*. Ecmn f & L2(0, ), 10 R="- = LZ2(RY).
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BepHeMCﬂ K TpexMepHOH 3anade. PyHKUHH zmcxpemoro CIeKTpa
HMEIOT BH[

4 Vaim () =1Ly, ()

M KpaTHOCTb coGcTBeHHOro 3nauenus Ep paBHa 2/ 1 (mpu orcyr-
CTBUH CJayyaMHBIX BHIpOXIeHHH). J{ng COOCTBEHHBIX (DYHKUHH HE-
NPEPLIBHOrO CIEKTpPa HMeeM

fpt(r)

‘pElm Ylm( )

KpaTHoCTb HempepuIBHOIO CNeKTpa GeCKOHeyHas, TaK Kak JJisi mpo-
u3BosbHOro E >0 ecTb pelueHHs paJHa/bHbIX YpaBHEHHH MpH
Bcex [ u, Kpome Toro, m = —[, —I[+ 1, ...

IlapaMerpnl &, ! u m, KoTOpHe onpexeasioT co6cTBenHble QYHK-
IHH TOYEUHOTO CMEeKTpa, HA3bBAIOTCHA pajgHajbHBIM, OpOHTAJbHBIM
H MarHHTHHIM KBAHTOBBIMH YHCJaMH COOTBETCTBEHHO. DTH Ha3BaHHUS
NOSIBUJIMCh B CTapoit KBaHTOBOK Teopun DBopa — 3ommepdenbaa,
B KOTOPO# KaXAOMY AONYCTHMOMY 3HAYEHHIO JHEPIHH COOTBETCTBO-
BaJjla OmpeleJieHHas KjaaccHuecKas opOuTa (MAH HECKOJBKO TaKHX
op6ur). Uucna k& u [ onpemeasnn pasMepol H GopMy OpOHTHI,
a YHCJO M — OPHEHTALHIO MJIOCKOCTH OpPOHTH B NPOCTPAHCTBE.
Uucno m urpaer CyuUeCTBEHHYI pOJb B MAarHHTHBIX $IBJEHHSAX,
3THM OObACHSAETCS ero Ha3BaHHeE,

U3 nonnornl cucreMbl OYHKUMA {fer, fei} B L2(0,00) caepyer
nosHoTa cHeTeMbl {$rim(X), Yem (X)) B L%2(R®). s kpaTkocTH
3aMHCH PAaCcCMOTPHUM cJjyyall, KOrga TOUeUHHI# CleKTp y onepatopa H
oTcyTcTByeT. B 3toM ciayuae npousBosibHas GYHKUHA P (X) €S
& L?(R3) Mmoxer ObITb I‘lpe,ZICTaBJleHa B BHJE

o0

Px)= ) Z { Cum (B) erm (%) dE.
0

I=0me=—]

SIcHOo, uTO Y ONpefeNseTcs MOCAefOBATEALHOCTBI0 (YHKUMI
{Cim(E)}, mosToMy MHl TOJyyaeM NpejcTaBJjeHHe

Y <> {Cin (E)}

B NPOCTPAHCTBE NOCJAef0BaTeNbHOCTEN QYHKIHIL.
CxaJjsipHoe INpOH3BEJeHHE B 3TOM NpOCTPAaHCTBe 3ajaerca op-
MYJIOH
: - -
\ Ch, (E) CL(E) dE
(b1, b2) = (
0

=0 m=~1

M3 Ttoro daxrra, uto Pem(Xx) ecTb coOCTBeHHas (YHKIHS oneparo-
poB H, L* u L3, NeTKO NMOHSATb, YTO B NOCTPOEHHOM MpPeACTaBIEHHH
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oneparopul f, L? u Ls meficTBYIOT CleAyOILHM 00pasoM:
HC\p (E) = ECy1n (E), .
L’Cipy (E)=1(14 1) C1p (E), ©)
L3Cim (E) = mCipm (E).

[TosTOMy MOCTpOEeHHOE NMpPEeACTaBJIeHHe ABJISETCS COGCTBEHHBIM AJS

Tpex KoMMyTHpylomux omeparopoB H, L2 u Ls. (YpaBrenus (5)
He CJleAyeT NyTaTb C YPaBHEHHAMH J[Jisg COOCTBEHHBIX BEKTODOB.)

§ 32. Atom Bomopona. ATOMbI HIEJOYHBIX METAJI0B

AtoM BOmopoza mpejcTaBisieT cofoll CBA3aHHOe COCTOSIHHE MO-
JIOXKHTEJbHO 3APSIKEHHOTO -fiipa C 3apsiloM e M 3JIeKTPOHAa C 3a-
pagoM —e (e > 0— abcosoTHAss BeJMYHHA 3apsja 3JeKTpoHa).
[Tosromy norenuuan V(r) uMeer BuJ

. e?
Mbl paceMOTpUM 3a4auy O ABHKEHHH B MoJje
Ze?
1% (f) -
Takoit MoTeHUHAJ COOTBETCTBYeT aTOMy BoAopoxa mnpu Z =1 u Bo-
nopononofo6ubiM noHnaMm Het, Lit+, ... nmpn Z =2, 3, ... Onepa-
top lllpeauHrepa B KOODAMHATHOM TpPEICTaBJEHHH HMeeT BHJ
1 Ze?
He=—gpd—"7

rae u= mM/(m -4 M)— npuBenennas macca, a m u M— MaccH
3JIGKTPOHA H fJpa COOTBETCTBeHHO. 3ajauy OyAeMm pewmaTth B Tak
Ha3blBaeMOH aTOMHON CHCTEMe eJHWHHI, B KOoTopo# A=1, p=1,
e?=1. Torpa panuanpHoe ypaBHenue Illpexunrepa npuHUMaer
BUJ

_%f;'(’)'*‘l(lgj;l) fi— fz=Efz-

Mu 6ynem HHTEDECOBATBCH NIHCKPETHHIM CIIEKTPOM, MO3TOMY
paccMotpuM cayuail E << 0. Yro6Ho ob6o3naunts —2E = %2 Torza

2y LD g e, =0, )

[MpuBefieHHble B NPEABAYLIEM Naparpade coobpaXKeHHs O MOBe-
JIeHUn pelleHus npH r—>0 u 7 -> 00 MOACKA3LIBAIOT, UTO pelleHHe
yno6HO HCKaTh B BHIE

fe(r)y=ri*le= A (r). @
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Ecau Mmut cymeem Halitu A;(r), NpeACTaBUMYK CXOAALIEMCS CTe-
NeHHBIM PSJOM

Ary= i; a;r', ®)

¢ ao = 0, Takymw, uto f[;(r) ynosaerBopsier (1), To Gymer oGecrne-
YeHO M MNpaBu/abHOe mHoBefeHHe f;(r) npu r->0. [ToBegenue f;(r)
npH r— o0, KOHeyHo, OyAeT 3aBHCeTb OT ACHMITOTHKH (YHKIIWH
Ai(r) npu r— oo.

IToncranoBky (2) B ypaBuenue (1) yno6HO cienath B jBa
npuema. Brona dyHKIHIO g

[f=e"g,
["=e~* (x’g — 2ug" + g"),

1({+1)
——

HMeeM
g —mg +2Lg g=0.
Hagnee, moaaras
g=ritlA,
g/=rl+l(A(l;¥-l) +A.,),

gllzrl+l([(l_i;21)A + 2("*‘])/\/ +A”),

r

MOJIYYHUM
" 24+ 1 ’ 2z 2x (I +1
A+ (B — o) A+ (22— 2EED ) =0,
WmeM pelleHHe 3TOTO ypaBHeHHSI B Buae pspa (3)

iva; [[E=1)ri=24 2+ 1)irt=2—2inri='4- (2Z — 2%l — 2%) ri-'1=0.

im0

CpenaemM 3aMeHy 3HauKa CyMMHpPOBaHHs {-—>i-+ 1 B HepBHIX AByX
cjaraeMblX B KBajpaTHON CKoOKe, TOrj[a

3 @ Dib 206+ D0 D] =@ el 1 ) — 22 =0,

[TpupaBHUuBasi KO3(DOHULHEHTH NP#A CTEMNEHAX 7, TOJYUHM

o wliFIFD—2Z
TG =27 DG+ % )

ITo npusnaky anambGepa BHAHO, UTO PAX CXORHTCS DU BCeX r.
OuenuMm nosejeHde psAja ¢ Ko3pPuIHeHTaMH, onpefensieMbIMH (4)
npH GOJbIIHX r. ACHMINTOTHKA HpPH 7 —> 00, KOHEYHO, ONpeje/sieTcs
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Ko3(pdHuIHeHTaMH npHu GOJbLUIHX CTENeHsX, HO Torja
~ 2%
Qi) & 77 %o

(2)°
¢ il
H Al o= Ce?*r,
Takum o6pasoM, AJs PelleHHA f; IPH r~> 0o TOJYYHM

fre Critlex,

(PasyMeercs, NpHBENEHHOE pacCyzXKJEeHHE MOXHO Oblno Onl che-
JaaTh 60Jee TOUHBIM.)

Mpl BHAHM, YTO pellleHHe paAHaJbHOTO ypaBHEHUS, HMeoLIiee
npaBHJbHOE TNOBelAeHHe NpH r—> 0, 3KCIOHEHNHAJBHO BO3pacraer
npu r->oo0. U3 dopmynn (4) BHAHO, OAHAKO, UTO CYILECTBYIOT
TaKHe 3HaueHus wx, 4yTo psaf OyneT OoOpPHBATLCA Ha HEKOTOPOM
yneHe. B stoMm cayuyae ¢QyHKuus A; OKaxercss MHOrOU/JEHOM, a pe-
weHue fi(r) Oyner KBajpaTHYHO HHTerpupyembiM. O603HAYHM ye-
pes k HoMep crapliero Kosdgpuilyesra, OTJHYHOTO OT HYJAd, T. €.
ar*=0, app1 =0, k=0, 1, 2, ... U3 (1) BHAHO, YTO 3TO BO3-
MOXKHO, €CJIH

T. €. a; =

___ _ YA
K—%kl—————“—‘k+l+1 .
N3 dbopmyabl —2F = %? nonyuaem
22
Ekl=_2(k+l+1)2' (5)

ITapamerp k sBAsieTCS BBEAEHHBIM paHee paaHaJbHBIM KBaHTO-
BbIM uMcJOM. MBI BHAHM, UTO COOCTBeHHBIe 3HAueHHS Ep; 3aBHCAT
TOJNIBKO OT 1=k -+ [~ 1. D10 umMca0 Ha3biBaeTCs rAaBHLIM KBaH-

TOBBLIM uHciaoM. Beromunas, yro £ =0,1,2, ...ul=0,1, 2, ...,
nosyyaeM: n=1, 2, 3, ... [lanee npH 3aJaHHOM 7 KBaHTOBOE
yica0 | MOXeT NpHHuMAaTh 3HaveHus 0,1,2, ..., n—1.

Hrak, MB NONyuHJaH clenyiouiue pesyabraThl. as coGeTBeH-
HBIX 3HayeHH# L cmpaBensuBa ¢opMyna

72
Epy=—5=, (6)
a coGcrBeHHble GYHKIHH MMEIOT BHI
Ypim = rle—MnYAnl (r) Ylm (e» (P)’ (7)

rie An— MHoOrousnen creneHu n— [— 1, K03GGUIMERTH KOTOPOTO
Haxogarca mo dopmynae (4), ap— H3 YCJOBHS HOPMHPOBKH. MEI
BUIMM, 4TO YHCJO COOCTBEHHBIX 3HaueHHH OECKOHeYHO H HMeeT
touky cryuenusi E = 0. Herpynuo onpepesntb KpaTHOCTb c0G-
cTBenHoro 3Hauenusi E, Kaxpomy E, COOTBETCTBYIOT cOOCTBEHHEIE
GOYHKOHH Ypym, PA3yIHYAOLIMECH KBAHTOBBIMH YHCJaMHU [ H m, NpH-
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yeM [ =0, 1,2, ..., n—1,am=—I, —I41, ..., . das kpat-
HOCTH ¢ MOJYYUM

n—1
q=IZ (20 — 1) =n2
=0

KpaTtHocTh COGCTBEHHBIX 3HAYEHUH MJIf KYJOHOBCKOTO MOJSI OKa3bi-
BaeTcs GoJpluel, ueM B 06IIeM cJayyae LEHTPAJBHOTO MOJis, HMeeT
MeCcTO [AONOJHHTEJBHOE BHIpOXKJAeHHe Mo [. Mbl yKe ymnoMHHAJH,
4TO 3TO «CJaydalHOe» BBIPOXKJAeHHUe oObscCHSieTCs HajauuHeM GoJee
Goratoii, yueM SO (3) rpynnel cumMeTrpun y onepartopa Illpenuurepa
I8 aToMa BOAOpOJa.

TTocMoTpuM Tenmepb, Kakyio ¢usnueckyro uHdopMannio paer
HaMm pemenue ypaBHeHHs [llpenunrepa nas atoMa Boxopoza.
[Ipex e Bcero Mbl HaIlJH JIONYCTHMblE 3HAUEHHS HEPrHH, KOTOPHIE
pasyMHO NpHBeCTH B OOBIUHBIX exuMHHLAX. [ag 3TOro JOCTATOUHO
YMHOXKHTb Bblpaxenue (6) aas E, Ha aTOMHYIO eIHHUIY SHEPrHH,
paBHYIO )

Lo =14,36-107" spr=27,21 5B.
Bynmem cuutats, utro Z=1, T. e. pacCMOTPHM aTOM BOLOPOJa,
TOrZa )
e
E,=— 57 ®)
i1 sHeprHu OCHOBHOrO COCTOSIHHA aToMa Bogopoxa (n=1)
HMeeM

E = — 2 — _ 13,6 5B.

AGconoTHas BeJMUYHHA 3TOH JHEPrHH Has3biBaeTCs MNOTEHUHAJIOM
HOHM3AIUH WM 3Hepruefl CBA3H 3JeKTPOHAa B aTOME H paBHA .pa-
6oTe, KOTOPYIO HYMKHO COBEPWIHTb, 4TOOH BBIPBATH 3JEKTPOH H3
aTroMma.

®opmyna (8) mo3BossieT BLIYUCAHTE YACTOTH CHEKTPAJbHHEX JH-
HUil aToMa Bojopozna. KBaHTOBasi 3JIeKTPOAHHAMHKA NOATBEPXKAAeT
runoresy Bopa o TOM, 4TO YacTOTa CNEKTPAJbHON JHHHH Omlpene-
Jsercs o GopmyJe

Wy =Ey — Epy  Ey > En,

NpHYeM HMeeT MeCTO TNOTJIOLl@HHe CBETOBOIO KBAaHTa, €CJH aTOM
IepexoiuT H3 COCTOSIHHS C MeHbllell sHeprueil B COCTOsTHHE ¢ 6OJb-
el sHepruedl W H3JyueHHe NpPH OGpPaTHOM mepexone *.

* CnekTp mnorJolleHHst (TeMHBle JMHHH Ha sApPKOM. (OHe) BO3HHKaeT, ecju
CBETOBOIl I[OTOK HeImpephBHOrO CIIeKTpa MHPOXOAHT Yepes .CPery, COXepKallyio
aToMapHBlil BOJOPOR. JIuHHM nOTJIOWEeHHs HaOMIOAAIOTCS B 3BE3AHBIX CIEKTPAX.
JluneluaThiil crekTp H3jnydeHHs Gyler Hab/momaThCs, HAUPHMEp, eClH B cpele C
aTCMapHLIM BOACPOAOM MPOHCXOIUT 2JEKTPHUeCKH! pa3pan.-Toria atoms BOAO-
poza no1 AelCTBHEM 3JIeKTPOHHBIX yAapoB OGYAYyT nepexoguTh B BO36YXKIeHHLIE
COCTOSIHUSL. Uﬂepexomﬂ Ha YPOBHH C MeHbluefl sHeprHedl NPHBEAYT K NOSAB/IEHHIO
APKHX JIHHHH, )
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Jas gacror cnékTpajbHbBIX JHHHH HMeeT MecTo (opmyna
pet (1 1
(!)mn:—QF(-r—ﬁ*—'—— y n<m. (9)

dta ¢opmyna HasbBaerca GopmyJaoii BajabMmepa H Gblia OTKpHITa
HM UHCTO SMIIHPUYECKH 3a10Jro A0 CO3JaHHA KBAHTOBOH MEXAaHHKH.

O6paTiM BHHMAaHHE Ha 3aBHCHMOCTb YaCTOT @Wm, OT NpPHBEJEH-
HOM Macchl p. B npupoge cyuiecTByeT ABe DAa3HOBHAHOCTH BOJO-
pona: obmunbit Bomopoa H, aapom KoToporo siBjsieTcs MNPOTOH

£ ; /
0 // % ‘
- £ n=3
Cepus Nawena
- _81_ L ' n=2
Cepun Banomepa
...% ne={

Cépus Jlaimana
Puc. 8.

¢ Maccoi M = 1836m (m — macca 3JieKTpoHa) H B HeBoJIbIIOM
KOJIHYECTBE TsKeJblii BOLOPOA — Aefitepuit D, anpo Kotoporo BaBoe
Taxesee nporona. Mcnosassysa dopmyny p= mM/(m -+ M), nerko
COCUHTATD, UTO pp/pu = 1,000272, T. e. mpHBejeHHble MACCH OYEHb
6nu3kd. TeM He MeHee -TOYHOCTb CHEKTPOCKOMHYECKHX H3MEpeHHI
(mIHHBL BOJIH M3MEpSIOT C TOYHOCTBIO B 7—8 3Hadamux uudp)
MO3BOJISET HANEKHO H3MEPUTb OTHOUIEHHE Wp/wn MJA COOTBET-
CTBYIOUINX ~JIMHHH. DTO OTHOUIEHHE IIOJydYaeTcsd ToXe pPaBHLIM
1,000272 (ana HEKOTOPBIX JIMHHE BO3MOXKHO pPacXOXKIEHHE B I10-
cnepHeM 3Hake). BooOlue TeopeTHYecKH BhIUHCIEHHBIE MO (hopMmyJe
(9) u - skcriepHMeHTaJIbHbIE ~ 3HAYEHHA  YacTOT COBMAjaloT ¢ TOY-
HOCTBIO B b 3Hawaix undp. Mmeomuecs pacxoxaeHus, ofHAKO,
MOTYT ObITh. YCTPaHEeHbI, eCJIH. YUeCTh PesITHBHCTCKHE ITONPaBKH.
Hapszny ¢ nepexozamu . MeXAy CTalHOHAPDHLIMH COCTOSIHHAIMH
JNHUCKPETHOTO CIEKTPa BO3MOXKHEI TIepexoibl U3 AHCKPETHOTO CHEeKTpa
B HenpepbIBHHIA KW oOpaTHble NepexoAbl; (DH3HYECKH OHH COOTBET-
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CTBYIOT INpollecCaM HOHH3alMH H peKOMOHHAIHH (3aXBaTa 3JieK-
TpoHa sA4poM). B 3Tux cayuasix HabnalofaeTcss HENPEPHIBHLIA CIIEKTp
IIOTVIOIEHHSA HJH H3JYyuYeHus *.

ChexTpaJsibHble JIHHHM BQAOpPOJA Ha CHEKTPOrpaMMax TpymmH-
pYIOTCS B CEpHH, COOTBETCTBYIOIIHE OIpejie/ieHHOMY 3HAYeHHIO 1
B popmyne (9) u m=n+1, n+2, ... HeckosibKuM mnepBEIM
CepHsIM NpHCBOEHBl HMeHa: cepHda Jlafimana (n == 1), cepua Bajb-
mepa (n=2), cepus Ilawena (n==3). Jluvuu cepuit Jlalimana
JexaTt B yJbTpa(dHONeTOBON 4aCTH CNEKTPa, NepBhIE YeThipe JHHHH
cepun DajbMepa B BHAMMOWM 4acCTH CHeKTpa, JHHHH cepun [lamena
H MOCJNeAYIOIIUX cepHit B uH(pakpacHo# uyactu cnekrpa. K koHny
KaXK[IOH CEepUM JIHHHH CTYLIAIOTCA K TaK Ha3blBaeMOll TpaHHUIE ce-
pHH, 3a KOTODOH HAuYHHAeTCs HEeNpepbiBHBIH CIEKTp.

Ha puc. 8 ropu3oHTa/ibHEIMH JHHHAMH H300paKeHbl HEPreTH-
yecKHe YpPOBHH aTOMa BOJOPOAA, a BEPTHKAJbHEIMH OTPe3KaMH —
BO3MOXKHbBIE MEePeXOAB MeXJy HHMH. 3amITpHXOBaHa oO6JacTb He-
IPepLIBHOI'O CNEKTpa.

Ha puc. 9 cxematuuno H3o06parkeH BHJA CIEKTPaJibHOH cepuH,
NYHKTHPOM H300pakeHa rpaHHIA CepHH.

BaXHbBIMH XapaKTePHCTHKAMH aTOMOB SIBJSIIOTCS BEPOSITHOCTH
nepexofoB Mexay cocrofgnusaMH. OT BepOATHOCTeH INepexonoB 3a-
BHCAT HHTEHCHBHOCTH CNeKTpaabHbIXx JuHHH. Ilepexoan OwlBaroT
CIIOHTaHHble (CaMONPOU3BOJIbHLIE) C BEPXHEr0 YPOBHS Ha HHIKHUM
C H3JyUeHHEM KBaHTa, BHIHYXKIeHHHE (MOX AeHCTBHEM CBETOBOTO
IIOTOKa) H, HAKOHell, Mepexofbl 3a CYeT CTOJKHOBEHHH C 3apsiKeH-
HBIMH YacTuuaMu. PopMyJibl AJS1 BHIYHCJIEHHS BEPOSITHOCTEH CMOH-
TAHHBIX H BRIHYXKIEHHHIX NMEPeXoj0B JaeT KBAHTOBAas 3JIEKTPOJIHHA-
MHKa, [epexoJbl 3a CYeT CTOJKHOBEHHH H3y4aloTCi B KBaHTOBOH
TEOpPUH paccedHus. s BLIYUCJEHHS BCeX 3THX XapaKTePHCTHK
HeoOXONHMO  3HaHHe  BOJHOBHIX
¢yukunit. Kpome Toro, 3HaHue BOJI-
HOBBIX (DYHKIMH TaeT BO3MOXKHOCTb
CyIMTb O - pasMepax  aTOMOB,
pacmpejesieHul 3apsiia B aToMe
H naxe o d¢opMme aroma. Harmo- Puc. 9,

MHHM, 4TO |{(X) |2 ecTh MIOTHOCTD
GYHKUMH  pacnpefeseHdst  Koop-
guHat. Ilox pasMepoM aTtoma MNOHHMAIOT pasmep Toit obJacTh,
B KOTOpPO# |4 (X) |2 He siBasieTcss npeHeOpexuMo MaJoit. SlcHo, uTo
pasMep aToMa — MOHSITHE YCJOBHOE.

PaccmoTpuM sl mpuMepa OCHOBHOE COCTOSIHHE aToMa BOJO-
pona - (n=1, =0, m=0). YuurbiBas, uto Ygo(n)= consl,
»xi==1, no dopmyne (7) moayyum

Pyo0 (X) = Ce".

* CnoBO «CIIEKTP» 34€Chb HCIOJB3YETCA B ABYX CMBIC/AAX: CHEKTP Omeparopa
I JONyCTHMBbIE 3HAUEHHSA YaCTOTHl 3MEKTPOMArHHTHOIO H3JIy4YeHHS.
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V3 ycsi0BHS HODMHPOBKH HaXOAHM MOCTOSHHYIO C:

Sl¢|2dx=|cl24nSe'zfrzdr=[Cl2n= 1,
R? 0

otkyna C=1/+4/a n
X ———Te_r_
1o (X) W=
Jlerko noHsTh, YTO
0 (r) = 4n| Pioo (r) P r® = 4e=2r?

€CTh IJIOTHOCTh (YHKLUHH pacrnpefeseHuss KoopAuHate r. ['padux
310l dyHKUMH H300paxed Ha puc. 10. MakcuMyMm p(r) mocruraercs
npu ro=1, 1. e. ro=1— Haubonee

BEPOSITHOE pAacCTOSIHHE 3JIEKTPOHA OT bo(r)

anpa. B OOBLIYHBLIX eAMHHUAX fo==
= h?/ue? == 0,629-10-8 cm. Hnurepec-
HO OTMETHTb, YTO 3TO YHCJIO COBINALAET
C pagMycoM nepBo#i 60poBCKOH OpOH-
B. MH BHIHM, Y4TO pa3Mepnl aToma
BOAOPOJAA HMeIOT Mmopsifok 108 cm.

[Tog nioTHOCTBIO 3apsina B aTOMe
noHumaloT  BeamuuHny  —e|P(x)|?
T. €. CYHTAIOT, YTO 3JEeKTpPOoH 3a
cuer OBICTPOrO  IBHXKEHHS  OKOJIO
agpa Kak Ol pasMbiBaercsi 0o o6beMy aroma, o6pas3ys 3JAeKTPOH-
HOoe 00J1aKo.

Hakonen, Bua ¢yukunu (7) nokaswisaet, 4to npH [ = 0 njiort-
"HOCTb pachpejeseHHs] KOODAMHAT He sABJsieTcs ChepHyeckH CHM-
MeTpUYHOH. 3aBHCHMOCTb 3TOH IJIOTHOCTH OT YIJOB [03BOJISeT
roBOpUTH O (HOpMe aTOMa B PasJHUYHLIX COCTOSHHSAX.

B srom xe naparpade MBI pacCMOTPHM MPOCTYI0O MOAeNb arTo-
MOB LJ€JIOYHBIX METaJJI0B, OCHOBAHHYIO Ha NMPEANOJOXKEHHH, UTO HX
ONTHUECKHE CBOHCTBA OOGBACHAIOTCA ABHXKEHHEM BAaJEHTHOTO 3JIEK-
TPOHA B HEKOTOpOM ueHTpanbHoM mose V(r). Tlorenunan V(r)
MOXHO 3aIIHCaTh B BHJE CYMMBI IBYX CjaraeMblX

_~—

Pue. 10.

Vin=—%4Vv,0),

rae mepBoe cjaraeMoe OIMHCHIBAeT B3aHMOJEHCTBHE 3JIEKTPOHA
c sapoM, a Vi(r) mMoxer ObITb HCTOJIKOBAH KakK MOTEHIHAN B3aUMO-
nAeHCTBHS 3JEKTPOHA C paclnpefesieHHBIM NMo o6beMy aToMa OTpHUA-
TeJbHBIM 3apPAAOM OCTaJbHBIX 2JeKTpPOoHOB. PasyMHOCTh Takoi
MOJIEJIH UMEHHO JIJI1 aTOMOB IIIeJJOYHBIX METaJJIOB CTaHEeT MOHSATHOM
TOJIBKO TOCJIE TOrO, KaK MBl MO3HAKOMHMCS CO CBOHCTBAMH CJIOXK-
HBIX aTOMOB H Tabauuel MeHaeneesa,
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O norenunane V(r) Mbl 3HaeM OYeHb MaJio, HO BCe XKe MOKHO
yTBepKAaTh, UTO

Vi(r)e=— npH r—> o

1
T
z
u V(r)g—T npu r—0.

I[TepBoe ycsioBHe caeayeT H3 TOro oyeBHAHOro (GakTa, YTO MpH yaa-
JIeHHH BaJEHTHOrOo 3JIeKTPOHa Ha GECKOHEYHOCTb OH OKa3biBaeTcs
B INOJie MOJIOXKHTeJBbHOrO OAHO3apsiiHOro HoHA. Bropoe yciosue
BBITEKAeT M3 HENPePbIBHOCTH IMOTEHIHaJla OOGBEMHOro pacipejee-
Hus 3apanos Vy(r).

B KauecTBe MOJeJNBHOrO NMOTEHIHAa MBI BhGepeM

1 o

V(r)=-—-———-7—, a>0. 9)

HecmoTpst Ha TO, 4TO0 3TOT MOTeHUHAJ 06JajaeT NMPaBUJIbHBIM MO-
BeJeHHeM Ha OGeCKOHEUHOCTH, OH HMeeT HHOe, UeM <HUCTHHHBIH»
noTeHuuasn moBejeHHe B HyJe. B TO ke BpeMsl MOAeJbHBIH MOTEH-
IMaJ MPaBHIBHO OTpaxaeT TOT (GaKT, YTO IPH NPUOMHKEHHH
K SAPY moJsie CTaHOBHUTCH (oJjiee CHJAbHLIM, UeM KYyJOHOBCKoe —1/r.
Mul npennoJioKHM, YTO napaMeTp o MaJa (B KaKOM CMbICIe, YKa-
KeM HHxke). UucreHHble 3HAUYEHHS! 3TOrO Iapamerpa  AJs PasHBIX
aTOMOB IIEJOYHLIX METAJJIOB pasyMHee Bcero BHIOMpPATb U3 CpaB-
HEeHHSl pe3yJbTAaTOB pacueTOB JHEPreTHUECKHX YpOBHell ¢ HalueH-
HBIMH 3KCIEePHMEHTAJIbHO. '

PannanbHoe ypaBHeHHe [Js1 TaKoro moteHuuasna peliaercs
OYeHb IPOCTO. HeﬁCTBHTeano OHO HMEeT BHJ

P A A A /] (10)
Beeaem umucso [/, KOTopoe yIOBJIETBODPSIET YpaBHEHHIO
V('+1)4+2a—1(+1)=0
#l YCJOBHIO ll_r)r}) I'=1, otkyna noayuum I’= —1/2 + f\/m
Ypasuenune (10) Moxker GHITH MEPENHUCAHO B BHIE
P2~ LD e =0,

T. €. GopMaJbHO COBHAjgaer C ypaBHeHHeM IS KYJOHOBCKOTO
noas. Bce aT0 MOXeT HMeTb CMBICA TOJIBKO TpPH YCJAOBHH, YTO
I(l4+ 1)+ 1/4 —2a > 0. B sporuBHOM ciayyae Mbl NOJNYYHM AJS
I’ XOMILIEKCHBIE 3HAUEHHS *,

* MoxHo nokasars, yro mpu 2a —I(l+ 1) > 1/4 paauaneHuii omeparop

Llpegunrepa
1 a2 | 1(+)—2 1

ot 2 dr? 2r2 r
CTAHOBHTCA HEOrpPaHHYEHHBIM CHH3Y.
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[Mpennonoxum, uro o << 1/8, torma yeaosue [(I+4-1)+ 1/4 —
— 2o > 0 Boimosansercs npd Bcex [ OObIUHO [’ 3aNMHCHIBAIOT C TOY-
HOCTbIO 10 YJIEHOB MOpAAKa a2, T. €.

,N __.....—a — —
el —+ .y =[—o0.
Torza ucnosbsys dopmyay (5) mpu Z = 1, noayuum

1
Ep=— 2(k+ti—o,+1)

HWJH, BBOJs IJaBHOE KBAHTOBOE YHCIO n =k [ 1,

Enl=——2_—(',;:l._o—l)—2' (11)

U3 ¢opmyaw (11) BuaHo, uto Aas nortenumana (9) cHumaercs
KyJIOHOBCKOe BHpOXJeHHe no [. YpoBHH 3Heprun E, Jexar
ray6xe, yeM YPOBHH aToMa BOAOPOAa E,, U ¢ pocToM n ypoBHHU Epy
n E, co6auxarrca. ®opmyna (11) Hennoxo omHCHIBaeT YpOBHH
SHEPrHU aTOMOB LIEJOYHBIX METaJJIOB IIPH COOTBETCTBYIOIIEM 3HA-
yeHHH o. DTa Qopmysa Oblaa BrnepBele nonyueHa PuabeproM Ha
OCHOBE aHaJH3a 3KCMEePHMEHTAJbHBIX JAHHBIX. 3aMeTHM, 4TO AJd
aTOMOB IIEJIOYHKIX MeTaJJOB FJIaBHOe KBAaHTOBOE UMCJO, KaK H A5
BOJOpOAa, NMPHHHMAaeT IlieJbie 3HAYEHHs, HO MHHHMAJILHOEC 3Haye-
HHe n paBHO He 1, a 2 ana Li, 3 ana Na, ..., Tak KaK COCTOSIHHS
C MEHbUIMM IJIABHHIM KBAaHTOBHIM YHCJOM 3aHATH 3JEKTPOHAMH
BHYTpeHHHUX 000JI0O4eK aToMa (ITO yTBepKAEeHHE CTAHEeT MOHSTHHIM
nocje TOro, Kak Mbl MO3HAKOMHMCS CO CTPOEHHEM CJOMKHBIX
aTOMOB).

B sakaioueHHe 3aMeTHM, YTO PacCMOTPEHHAss MOAeJb WJTIOCTPHU-
pyeT NOoJy3MIHPHYECKHH MOAXOA K. PEUIEHHIO CJOXKHBIX KBaHTOBO-
MexaHHYeCKHX 3asay. Takoft MOAXOA COCTOMT B CJAEAYIOUEM: BMECTO
TOoro yroObl peliaTh 3afadyy B TOYHOI NOCTAHOBKE, H3 (DH3UYECKHX
coobpakeHHH CTPOMTCSA YNpolleHHas Mojesb chcreMbl. Omeparop
Hlpeaunrepa nJs MOJEJbHOH 3aJaud OOGBIYHO 3aBHCHT OT MapaMer-
pOB, HallTH KOTOPbIe TEOPETHYECKH TaK XKe TPYINHO, KaK H DeIllHTb
3ajayy Bo BceM ob6beme. [To3ToMy mapaMeTpsl HaXOASTCS U3 CpaB-
HeHHsl pe3yJbTAaTOB pacyeTOB MOJEJNbHOH 3afayd C IKCHEPUMEH-
TaJIbHBIMH JaHHBIMH.

§ 33. Teopus Bo3MyleHHH

B KBaHTOBOH MeXaHHKe CYIIECTBYeT CPaBHHTEJNbHO MaJoO HHTe-
PeCcHBIX 3a1a4, KOTOpble JOMYCKAalOT NMOCTPOEHHE TOUHBIX pElIeHHI.
[TosToMy Ba:KHYIO pOJb HrpalT NpHOIHXKeHHBle MeToanl. Yacro
npubJUKeHHble TEODHH OKa3blBalOTCA GoJjiee LEHHBIMH AJf MOHH-
MaHHSl (GH3HYECKHX SIBJEHHH, 4eM TOUHble UHCJEHHBblE pelleHHs CO-
OTBETCTBYWOIIHX ypaBHeHU#. OcHOBHble NPUGIUKEHHBIE METOLbI
KBaHTOBO! MeXaHHKH OCHOBAHBI Ha TEOPHH BO3MYLIEHHH M Bapua-

IHOHHOM NPHHIHUIIE,
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Onunmem MocTaHoBKY 3ajgauu B Teopuw Bosmymenuit. [Tycts pan
CaMOCOTpsXKEHHR# onepatop A, CIEKTP KOTOpOro H3BecTeH. Tpe-
6yercs uafiTu cnektp onepatopa B=A 34 C npm yciaoBuu, 4TO
caMoconpsikeHnnn onepatop C B KaKOM-TO CMbIcjae MaJ. Mbl He
YTOYHSIEeM, YTO MOJApasyMeBaeTcsl mojJ MaJnocTeio omeparopa C, Tak
Kak OGymer paccMaTpuBaThCsi TOJABKO (hopMaJjbHas CXeMa TeOPHH
Bosmyiienuil. [Togsenenste cTporoii 6asbl moj Takyw cxemy Tpebyer
pellleHHs psiga CJAOXKHBIX MaTeMaTHYeCKHX 3ajadu.

Mb pasbepem cayuail, Koraa crnekrp omepatopa A 49HCTO TO-
yeyHu¥ W HAYHEM C 3a/aYH O BO3MYLIEHHH HPOCTOro cOGCTBEHHOro
3HayeHusi, BBeieM oJHOmapaMeTpHUecKOoe CeMeHCTBO ONEPaTOPOB

A, = A+ eC. 1)

$lcHo, uro Ag = A u A, = B. Ham u3BecTHE COGCTBEHHbIE BEKTODHI
¢, 1 coOGCTBeHHEIE 3HAUEHHS A, oneparopa A, KOTOpHE YAOBJETBO-

PAIT ypaBHEHHIO .
A'lpn = Ay, (2)

Mu npeanosiaraem, 4To CHEKTp ornepatopa A mpocro, T. €. Kax-
LOMY A, COOTBETCTBYET OAMH COOCTBEHHBIHl BEKTOD Yn.
Hanumewm ypaBHeHnHe IJisi COGCTBEHHBIX BEKTOPOB ornepartopa A

Agbe = Aebe. (3)

OcHOBHOe NpeANoNoKeHHe, KOTOPoe MBI CAeJ1aeM, COCTOHT B TOM,
uyto Py B A, AHAJHTHYECKH 3aBUCAT OT &, T. €. OHH MOTyT OHTb
IpeACTaBJeHbl B BHIE

Ae=A0 4 eAM) 4 2@ 4 @)
P = PO + e PV + *p@ + e (5)

[Moacrasass (4) u (5) B ypaBHeHue (3)
(A+eC) (PO + eV + ...) =10 +edl + ..) (O +ep® + ...)

W NpHPABHUBAS KOS(QQHIHEHTE MpPH OAMHAKOBHIX CTENEHAX e, MO-
JYYHM CHCTEMY ypDaBHEHHH

APO = A OO
APD - CPO = AOp(1) - ADp@)

Axp('” + Cﬂ,(n—f) = A’(O);p(n) + x(l)w(n—l) el A,

KOTOPYI0 HaM yjaoGHee MepenHcarh CAeAYIOUIEM 06pasoM:

AP = A OO,
(A — A0) D = (AN — C) PO,
(A — A0) @) = (LD — C) P - AGpO), (6)

(.A '_.7»«.») -;p(r;) — (';bn.) _ é) ;p(n'—l; _|_ —+ AmIpO),
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W3 nepBoro ypaBuenusi (6) ciaenyer, uto $©@ sBasercs co6-
CTBEHHBIM BEKTOPOM onepartopa A; U3 NPEANONONKEHHS O IPOCTOTe
CHEeKTpa cJenayer *, 4To

AO=1h,, HO=1,
IIpexne uem obpamarbcs K caefylowuM ypaBHeHHSM (6), BBHI-

GepeM ycJioBHE HODMHDOBKH BeKTopa .. OKasniBaercsi, 4YTO HaH-
Gosiee yIOOHLIM SBJSIETCS YCJIOBHE

(e, ) = 1. (7)

Mul cuuraem, uro $© HOpMHPOBaH OOHUHBIM oGpasom || p©@ || =1,
N03TOMy ycJ/oBHe (7) 3KBHBAJIEHTHO YCJOBHAM

("-l)(l): \p(O)) =0, .. X (,‘p(n)’ ,lp(O)) = O: oaee (8)

Takum o6pasoM, mompasku %, ..., ™, ... MH MOXeM HCKaTh

B HOANPOCTPAHCTBE, OPTOTOHAJBHOM K BeKTOpy (0 = .

O6partuMcsi Tenepb KO BTOPOMY ypaBHeHHIO (6). DTo ypaBHe-
HHE SIBSIeTCsT YPaBHEHHEM BTOPOTO POJa C CaMOEOIpPSIKEHHLIM Ofe-
patopom A, u M9 gBasiercs coGCTBEHHBIM 3HayeHHeM omepartopa A.
Heo6x0qUMBIM H JOCTATOYHHIM YCJOBHEM CYIECTBOBAHHUS PelUeHHUS
3TOr0 ypaBHEHHS SIBJSIETCS OPTOTOHAJBLHOCTH TIPAB®II YACTH 3TOrO
ypaBHeHHsi BeKropy V. U3 ycaosusi

($O, (10— C)49) =0

cpasy roJsyyaeM, 4To
AD = (CpO), $p©®)

M) = (Cp,, b,). 9)

®opmysa (9) uMeer oueHb mpocToe (PH3HUeCKOe TogkoBaHue. Ilo-
npaBKa MepBOro Nopsiaka K COOCTBEHHOMY 3HAUYEHHIO A, COBIAjaer
CO CpefHHM 3HaueHHeM BO3MylleHHss C B HEBO3MYIUEHHOM CO-
CTOSAHUH Pp.

ITocmoTpuM, uTo maer Bropoe ypaBHeHHe (6) mis Bektopa D,
Kasamoch Obl, C€40BAJIO HANHCATH

P = (4 — A01)~ AW — C) O, (10)

OpHako s1a Gopmyna Hyxkjaaercs B yrouHeHuH. UToGEl MOHATH, mO-
YyeMy 3TO TakK, paccMOTpuM noxpobuee onepartop (A — Af)—!, koro-
pulii HasbiBaercsl pesosbBeHTOH omepatopa A. Omepatop A MOKHO
3amUCaTh B BHIE

HJIH noxpobHee

A=Z)"mpm,

* B nasbHeiimeM cJefoBago 6bl CHaGXKaThb HHAEKCOM N COGCTBEHHBlE BeK-
TOPH 1P, COOCTBEHHBIE SHAYEHHS A, H A(k), &) Mu 3TOr0 He JesJaeM AJsA CO-
£ €
KpalleHus 3amHCH,
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rae Pmn — NPOEKTOP Ha COGCTBEHHHIH BEKTOD hm, T. €. P ==
= (@, Ym) Ym. Toria nns omepatopa (A —Al)-! umeem

- P,
(A=) 1=Z pyp— (11)

Us dopmyawm (11) BHAHO, YTO Pe3ObBEHTA TEPSIET CMBICA MpPH
A=A, T. €. KaK pa3 NPH TeX 3HAYEHHSIX MapaMerpa A, KOTGphle
HaC HHTepecyloT. BcrnomMHuM, ofHaKo, YTO mpaBas 4acTh BTOPOTO
ypaBHenusi (6) oproronaspHa K § O =1, n ($D, x @)= 0. [lo-
3TOMY Ha CAMOM JeJie HaM HyKeH He onepatop (A — Al)-!, a ome-
patop (A—Al)~'P, neficTBylomuii B NOANPOCTPAHCTBE, OPTOrO-
HaJIbHOM K .. 3jech yepe3 P oGo3Hauen npoekrop [ -— P,, mpoek-
THPYIOWHA Ha MOAIPOCTPAHCTBO, OPTOrOHAJBHOE K BEKTODPY Yin.
Omnepatop (A —A/)~'P Moxer GHITh NpENCTaBJEH B BHIE

—1 P .
(A= p= Y

ms£En

(12)

OH CcOXpaHseT CMBICA mpH A==\, Bwmecro dopmyas (10) wmb
JOJIXKHB HaIUCaTh

PO = (4 = 200" P (A0 — C) $0O, (13)
OTO BHIpaXKeHHe MOXKHO Npeo6pasoBaTh C/IAEAYIOIIHM 06PazoM:
(A= 20" P(Cn, n) B — Cop,] =
=(A—=20)7""P(P,—1)Ch, = — (A—,I)" ' PC¥,,

03TOMY 4
O = — (A —2,0)"" PCy,. (14)
Ucnonbays (12), noayuum
C ns m
= Y Loty (1)
m&n

PaccmoTpum nmonpaskH clelyOIIHX MopsakoB. M3 yciosus op-
TOTOHAJbHOCTH INIPaBOH 4YaCTH TpeTbero ypaBHeHHs (6) BekrTopy
PO cpasy nosyuaem

AQ = (CpD), pO). (16)

Hcnonssya sua (), Haxoaum siBHYy©0 ¢GopMyay Ajas BTOpo#H fio-
NPaBKH K COGCTBEHHOMY 3HAYEHHIO A

@ __ N 1C%n vm) [?

Ay = By P vt (17)

ms=n
Mb He OyfeM MpPHBOAUTL MOAPOGHLIX BHIUMCAEHHH mja PP

H TOCHeAyIOUINX MOmpaBokK B, AW, 3aMeTHM TOJbKO, YTO OHH
MOryT OHITh HafileHbl C MOMOIIBIO GopMya AW = (C=D O),
P = (A — AO/)P (npaBasi yacTh ypasHenus (6)),
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OG6GcynuM Tenmeph 0COGEHHOCTH TEODHH BO3MYILEHHH KpPaTHOTO
cOOCTBEHHOTO 3HaUeHHSl. MBI OrpaHHYHMCS NMOCTPOEHHEM MONPAaBKU
nepsoro npubauxenusa AD. Ilycte A, = A (HHZEKC n Ml omyc-
KaeM) sBJseTcss COOCTBEHHLIM 3HaueHHeM onepaTopa A KpaTHO-
CTH ¢

Aﬂ)i=7\.'¢i, l=1, 2, caey 4.

O6o3naunm uepea 6, coGCTBeHHOE MOANPOCTPAHCTBO oneparopa A,
COOTBETCTBYIOIlee COOCTBEHHOMY 3HAUeHHIO A, uepe3 Q — mpoeKTop
Ha 3TO NMOANPOCTPAHCTBO. .

O6parumMcs cHOBa K cucreMe ypasHeruii (6). 113 nepsoro ypas-
HEeHHs, KaK M paHblle, caenyer, uto A(® = A. Uro kacaercs BekTO-
poB ¥®, 1o MH MOXeM JHIIb YTBEpXAaTh, 4T0 VPO &= H,. Mu
noka)eM ceifyac, 4To Ha BekTOpH Y HaKIaABIBAIOTCS AONOJIHH-
TeJIbHBE OrpaHMUYEHHs, MOSTOMY OHH B OOlIeM cJydae He COBOa-
JalT ¢ CcoOCTBeHHLIMH BeKTOpaMH ;. JleHCTBHTeNBbHO, BTOpOE
ypaBHeHHe (6) MMeeT pelneHHs, €C/AH €ro mpaBas 4acTb OpPTOrO-
HaJbHA MOANPOCTPAHCTBY J6,, T. e.

QAL —C)p® =0,

YuaursiBas, aro QY@ = $©, mocienHee ypaBHeHHe MOXKHO mMepe-
MHCaThb B BHJE

QCQH© = AHO), (18)

Mui Bugum, uto P9 gpasaoTca cO6CTBEHHEIMH BEKTOPaMH g-Mep-
‘Horo omepaTtopa QCQ, a A1) —ero cobcTBeHHBle 3HaueHHsA. [Ipak-
THYECKH 3aJa4a CBOJHMTCA K JHArOHaJHU3alMH MAaTPHUBl ¢-TO HO-

pangka. [leficrBurenbHo, noacrasiss B (18) O = ZLla,ip, H yuH-
q
hiBad, 40 Q@ = Y,/_, (@, ¥;)¥;, moxyunM

; ; a; (Cby, By) by = A0 ; ayb;

HIIH Y. Cray = ADqy,
i ‘

rae Cp=(Cvi, ¥;). Martpuua || Cj; || siBisieTcst caMocompsikeHHOH,
MO3TOMY BCerja MoxeT ObiTh NpHBEAeHAa K JHArOHAJbHOMY BHAY.
OGosnaunm coGCTBEHHble 3HAUEHHS! 3TOH MaTpHUE uepes Al
i=1 2, ..., q. KpaTHOMYy cOGCTBEHHOMY 3HAUEHHIO A HEBO3MY-
IeHHOro oneparopa A COOTBETCTBYeT g COOCTBEHHBIX 3HAUEHHII ome-
patopa B = A 4 C, KoTOpHe B NepBOM NpPHGJHKEHHH TEOPHH BO3-
mymenuit umeior Bug A + AV, j=1,2, ..., g. OGBIYHO TOBOPST, YTO
BO3MYIEHHE CHHMaeT BHIPOXKIenue. Pasymeercs, CHATHE BHIPOXKJe-
HHs MOJXKET OKa3aTbCsl HEMOJHBIM, ecjH cpemu uucen A okaxyres

ONMHAKOBHE, T. e. omeparop QCQ mnMeeT KpaTHble COGCTBEHHBIE
3HAYEHH,
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[Tpumep. Paccmorpum cucremy c omeparopom [lpenunrepa
1 1
H=—5A—-7——-aBL3. (19)

Taxoii oneparop LUpelmm‘epa OMUCbIBA€T aToOM BOAOpOaa, NOMe-
IIeHHbIH B MOCTOAHHOE OHOPOAHOE MArHHTHOE MOJie, BEKTOp WH-
AYKUHH KOTOPOr'oc HampasJieH IO TpeTbEI';I ocH *,

B kauecrme HEBO3MYVIEHHOrO oneparopa pasyMHO B3fThb OIe-
patop

1 i
HO —_ = ? A - T'
T. €. oneparop LHpenHHFepa aAJ1g aroma Bojopoiaa, a
AH = —aBL;

paccMarpuBath Kak Bo3myuleHne. C dusnyeckoil Toukwn 3penuss AH
MaJo, TaK KaK MarHutHas CcHja, AeflCTBYIOIAs HA JMEKTPOH aToma
B JOCTHXXMMBIX MaTHUTHBIX MOJSIX, HA HECKOJbKO NOPANKOB MeHblIe
KYJIOHOBCKO# CHJBI NPHTSIKeHds K aapy. Hamomuum, ato cobcTBeH-
Hble GYHKIUH onepatopa o wpaim(X) SBAAIOTCA H COOCTBEHHBIMH
byHrIHAME omepatopa Lg

Lybpim = M 1m.

Marpuna Bosmymenus AH cpasy oxa3elBaeTcsi LHArOHAJbHOM,
# ee NHAroHaJbHBlEe 3j1eMeHTH paBHB —amB. TlosToMy nns snep-
THH aToMa BOJOPOZAa B MArCHUTHOM [oJie UMeeT MecTo (opmyna **

1
Epm=— w7 — 0Bm. | (20)
n
MbI BUJAUM, UTO MarHuTHOE MOJie€ CHUMaeT BLIPDOXKIEeHHe MO MAarHHUT-
HOMY KBaHTOBOMY YUCaAYy m, OJHAKO OCTaeTcs xapaKTepHoe ang

KYJIOHOBCKOIro moJisg BBIPOXICHHE 10 l

* B 3MeKTPOAHHAMHKE MAarHHTHHIM MOMEHTOM YaCTHUBI C 3apAloM e HasH-
BaeTCS BEKTOP

e e e
QCXXV QCuxXP 2¢:p,I

3nech L — Macca YaCTHIBl, V— CKOPOCTb YACTHIH, € -— CKOPOCTb cBeTa, | -— Mo-

MeHT UMAyJbCa YacTHUH. DYHKUMA |aMHIBTOHA YACTHUH B OXKODOAHOM MOCTOSIH-

HOM MAarHHTHOM noJe B couaepuT aonosHutennHoe caaraemoe — MB. Ing ato-

Ma BOJOPOAA, NMOMENIEHHOro B MAaTHITHOM [0JIe, HanpaBJeHHOe 0O TPeThell ocH,

¢ynxkuus 'aMuibTOHA WMeeT BUA

Cootsercrayromui oneparop lllpenwHrepa B aTOMHBIX eXMHHIIAX COBHNAJAET €
€19) mpu a=1/2¢c.

** TIpuBefeHHBIA NpPHMep SIBJSETCA He COBCEM YAAUHBIM, TaK Kak (YHKIUA
Vuim SBASIOTCA TOUHBIMH COOGCTBeHHBIMH (YHKUHAME omnepatopa H ¢ C06CTBeH-
suiMH 3HaueHuAMH (20).
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SIsjieHne, cocTosillee B paclienjieHHH YPOBHeH 3HEPTHH aTOMOB
B MarHMTHOM II0Jle B B COOTBETCTBYIOLLEM pacCIUeNJeHHH HX CIEKT-
paJibHBIX JIHHHH, HOCHT Ha3BaHue 3¢ dekTa 3eemaHa.

WHTepecHO B3rJSIHYTh HA 3TO fABJEHHE C TOYKHM 3PEHHS TEOPHH
rpynn. Boipoxpenue no m obmbsicHsieTcst cdepHUecKol cUMMerpuelt
oneparopa lllpexuurepa. MarHuTHOe noJe, HaNpaBJEHHOE 10 OCH
X3, HapyllaeT TakKyi cHMMerpuio. I'pynmoét cuMMmerpus omneparopa
Ipenusrepa aTroMa B MarHHTHOM [0Jie fABJseTCS TpPyNIa Bpaile-
HUH BOKPYI' TpeTbelt ocu. dra rpynna abejeBa M BCe ee HENPHBO-
AUMble TpeNCTaBJeHHss onHoMepHBl. [losToMy Hainuwe TaKo#
TPyNnbl CHMMETPHH He BHI3BIBaeT BBIPOXKJAEHH:A, Ji06oe BHIPOXKe-
HHe Oy/1eT CAyuyaHHbIM.

§ 34. BapuauMOHHDBIA MPHHLAT

PaccMorpum dynKuuonan

_ (Hp, )

E= TR h=8. (1)

Artor (GYHKIMOHAJN HMeeT NPOCTOH HU3HUYeCKHE cMbica: E ecTh

cpenHee 3HAUEHHe SHEPTHH CHCTEMBI B COCTOSIHHY, 3a[aBA€MOM BeEK-

topom Y/l pll. Ecau § = V., rie $» — COGCTBEHHBIN .BEKTOP OTle-

patopa H, coOTBeTCTBYIOIIU#A COGCTBEHHOMY 3HadeHHIO E,, TO
E = E,. BruncauM Bapuauuo ¢ynkuuonana (1)

BF — \HOb, W) + (), 89) (A, ) (B, ) + (b, dW)] __

(b, ¥) (b, ) e s
— 9Re <«v,) Jf) )
JIerko BHJIeTb, UTO YCJOBHE CTALHOHAPHOCTH (YHKuUHOHana E
8E=0 2
9KBHBAJIeHTHO ypaBHeHH10 llIpeaunrepa
Hp = Ev. @)

HefcraurenbHo, u3 (3) cpasy caenyer (2). Uto6wl mpoBepuTh 06-
parHoe yTBep:KJeHHe, NO0CTaTOYHO HapsAdy ¢ BapHamuei 8y pac-

cmoTperh 81y == i¢. Toraa us ycaoBus (2) caeanyer, uro
(b, b)

H U3 NPOH3BOJbHOCTH &Y caenyer (3).

OrMeTuM elle ONHO Ba)KHOe CBOWCTBO GyHKUHOHaga E. ILis
Jaioboro BekTopa Y& H E = E,, rae Ey— HauMeHbulee coGcTBeH-
HOe 3HaYeHHe, NPUYEM 3HAK DaBEHCTBA HMeET MECTO TOJbKO IpH
Y = Co. IDTO yTBEpKJeHHE NOYTH OYEBHAHO, TAK KAK CpejHee
3HaYeHHe JHEPTrHH He MeHblle MHHHMAJbHO BO3MOXHoro. [Ipose-
puM ero ¢opMasbHO AJs onepatopa H ¢ MPOCTHIM YHCTO TOYEUHBIM
crekTpoM. Bynem cumraTh, 4TO COGCTBEHHBIE 3HAUEHUS 3aHYMepo-
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BaHL B mOpsiike poapacranusi: Eg << Ey << E; << ... . Iloacrasass

B (l)yp= Zn=0 C,b,, TOAyUHM

> EnlCnl > (En— Eo) |Cn?

e — Ej=-_ =0, 4
Llcnlz 0 Zlcn|2 = . ()

n n

Tak Kak E,— E; = 0. 3Hak paBeHcTBa B (4) [OCTHraercs, ecJu
C.=0nmpu n=1, 2, ... B arom cayuae ¢ = CoPy. AHaJOTHYHO
npoBepseTcs, UTo

E 2 Elv €CJIH ([q)r "*pO) = 0’ 5
E > E2: €CaIx ('ll)’ 1130) = 0: (‘*p’ 'lpl) = 07 ( )

. . s e

E""'E‘O=

Croficteo E = E, nenaerT BapHAaLlHOHHBIH NpUHIHUN ocobGeHHO 30-
(GeKTHBHBIM JJIS pacueTa OCHOBHOTO COCTOSIHHSI cucTeMBl. Ilofcras-
asst B (1) NpOM3BOJBHEIN BeKTOp Y & Jb, MBI NOJyuaeM OLEHKY
cBepxy s Eo; u3 aByx 3HauyeHu#t ¢ynxuuonana (1) E' u E” 6o-
jgee 6auskuM K E, aBasercs MeHbulee. lcmosb3oBaHHe CBOHCTB
(5) mns ouenku E, HaraJKuBaeTcsi Ha TPYAHOCTH, TaK KaK HaM
HEH3BeCTHbl COOGCTBEHHBIE BEKTOPHl Yo, ..., Pn—1-

CyuectByer BTOpasi ¢opMyJHPOBKAa BapHALMOHHOIO NPHHIHIA,
KOoTOpas yTBepXKzaaeT, Yro ypaBHeHue IlIpepunrepa (3) 3KBHBa-
JIEHTHO YCJIOBHIO CTallHOHapHOCTH (yHKuHMOHana (Hy,¢) npu
(Y, v)=1. Hcnonb3ysi MeTOA HEONpeAeseHHBIX MHoOxuTeJged Jla-
rpaHxa, NocJejHee yCJOBHE MOXHO 3amucaTb B BHAE

S [(Hb, b) — E($, $)] =0, (6)

rae E — MHOXHTeab JlarpaHxka. DKBHBaJeHTHOCTb (6) u (3) mpo-
BepsieTcsd TaK 2Ke, KaK 3KBHBaJeHTHocTh (2) u (3).
BapuanuHoHHbIe NPHHIUIIK MOTYT HCIOJb30BaTbCA ABYMS CIIOCO-
6aMH 15 TNOJNydeHHs TPHUONHIKEHHHIX pelleHHH ypaBHeHus (3).
[TepBrifi cmoco6 COCTOMT B  TOM, 4TO NpHOJMIKEHHAsE BOJHOBAs
¢GyHKuMS HIueTcs B KJjacce (YHKUHH oNpejeseHHOro aHaJjHTHYe-

CKOro BHJAA, 3aBHCSIUHX OT HECKOJbKHX MapaMeTpoB O, ..., Og.
Torpa E=E(aj,...,0r), ¥ NapaMeTpbl HaXoASTCA H3 YCJOBHH
OF (0, + ..y @)
1’ > Tk .
— g =0, i=12 ..., &

i

[Tpu BropoM cmnocobe npubauxkennas cobcrBenHas ¢yukuua H
Ul CJOXKHOHR cHcTeMbl (HampuMmep, s aroMa), 3aBHCAIAs OT
MHOTHX IepeMeHHBIX ¥ (Xi,Xg,...,Xy), CTPOHTCSI NpPH [IOMOLIH He-
M3BECTHHIX (YHKIHI OT MEHbUIEro 4YHCJa NMepeMeHHbX (ualle BCero
npejcTaBisieTcss B BHAe NpPOH3BeleHHs 1(X1)Pp2(X2) ... Pw(Xw)
WM JUHeHHOR KoMOWHAUWHM TaKux mnpousseneHuil). M3 Bapuaunuon-
HOrO IpPHHIHIIA HAXOAATCS ypaBHeHMs A QyHKOMEA P1, ..., P
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C atum cnoco06oM MBI MO3HAKOMHMCS, KOraa GyAeM H3yuaTb CJ0XK-
Hble aTOMBI,

[Tpumep. TIpEMeHHM BapHAUMOHHBIA OPUHLMN NAA TPHUGJIHKEH-
HOrO pacyeTa OCHOBHOro cocrosinHsi atoma reausi. Onepatop Llpe-
OUHTepa [JiA reJHs B aTOMHBIX €IHHHHAX HMEET BHJ

1 1 2 2 1
H=—gh—gh—F—+5

B kayecrBe npoGHO# GyHKUKE BO3bMeM *
P (X), Xg, @) = e=0g=0rs,

BbIIII/IC.HeHPIH, KOTOpbie Mbl H€ NPHBOAHM, HalOT IPOCTOE BbIpaxe-

Hue A5 $hyHKUHOHAJa

E(a)=a2——2§7—a.

MunuMyM aTOro BhIpaxenHs AOCTHraercss mpu o = 27/16, u mpu-
GIIHXEHHOE TEOPeTHYECKOe 3HAYEHHE SHEPTHH OCHOBHOI'O COCTOSIHHA

Ey= E (27/16) = — (27/16)% =~ — 2,85.

OKcnepuMeHTaJbHOE 3HauYeHHe FEgoxen = —2,90. Mul BHAHM, YTO
TaKOHd MPOCTOH pacueT NPHBOAHT K BEeCbMa XOPOLIEMY COIVIACHIO
¢ aKcnepumeHToM. Kak u caenoBano 0XKHIATb, TEOPETHUYECKOE
3Hauenue E, GoJsblie 3KCMEPUMEHTAJNbHOTO.

3amerum, uTo e~% gBJsercs COGCTBEHHOH (yHKIHEH OCHOBHOrO
COCTOSIHHAl 4AaCTHIB B KYJIOHOBCKOM moJe —a/r. [lostomy npuGiu-

-——2-7—(r1+fz) o
XKeHHass coOcTBeHHas OQyHRuus e 9 ABJIAETCS TOYHOH €06~
CTBEHHOH (QyHKLHEH 1 oiepaTopa
;1 1 27 27
H==gbi—54— 16r; ~ 16rp

BsaumoneficTBHe MEXAY 5JeKTPOHAMH B MPHOJIHKEHHOM onepa-
Tope Ulpenunrepa H’ yureno samenoii sapsana agpa Z =2 Ha
Z'=27/16, TeM caMBIM yuYTeHAa SKDAaHHPOBKA sjpa 3apsaaom
3JeKTpPOHa, : :

B saksiouenne oTMeruM, YTO NpH pacuerax aToOMa rejHs HC
MO0JIb30BAIUCh MPOOHblE (QYHKUHH C OPPOMHBIM HYHCJAOM NapaMer-
poB U GbIa AOCTUTHYTA TaKasi TOYHOCTb, UTO HMEIOHIMECS PaCXOXkK-
AEHUS C IKCIEPUMEHTOM MOTYT ObITb OOBSICHEHB! PENSTHBHCTCKHMA
nonpaBkaMu. CTOJIb TOYHOE pelleHHe 3afayd 06 OCHOBHOM COCTOS-
HHH aToMa rejidsl HMeeT NPHHUHIHUAJbHOE 3HAYEHHe AJS KBAHTOBOMN
MeXaHHKH H MOATBEPXKAAeT CHpPaBeJJIHBOCTb €€ YPaBHEHHH Ans 3a-
Ja4H Tpex TeJ.

* Boi6op npoGHOH (GYHKUHU MOKHO OGBICHHTH TeM, 4TO byHxuns g™ 22,
AIBNIARTCA TOUHOA coGcTBenHON GyHKuMeli onepatopa H — 1/ri. IleiicTBHTedNBHO,
eciy B H ot6pocuth unen 1/ry;, T0 paszeneHueM nepeMeHHBIX TaKas 3a/aua CRO-
AHTCA K 3ajiave O BOAOPOAONOAOGHOM HOHe, &, KaK OLIJO NOKA3aHOo, COGCTBEH-
Has (YHKUAS OCHOBHOTO COCTOSIHHSA TaKOr0 HOHAa ¢CTh e~%’, rie Z — 3apsij Aapa.
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§ 35. Teopus paccesiHus.
du3nueckas NOCTAHOBKA 3a/a4n

Mu gauneM c onucaHHs (PH3HYECKOH IOCTAHOBKH 3aJlayd O pac-
cesiHud. [lycTh my4oK YacTuu copra a, nojyyaeMblii OT YCKOpHUTENs,
najaer Ha MHIIEHb, COCTOAILYIO M3 uacTHI copra b. CxeMa Takoro
omelTa uzoGpaskeHa Ha puc. 11,

Hactuusl @ u b MOryT ObITh KakK 3JeMeHTAapPHEIMH, HalpHMep,
9JIEKTPOHbI, TPOTOHE], HEHTPOHBl, TAK H COCTABHBIMH, HampHMep,
aTOMbl, MOJIEKYJIbl, aTOMHBIE fApa. DKCIEPUMEHTATOD uU3yuyaeT OH-
3MYeCKHe XapaKTePHCTHKH YacTHI, BLJIETAIOMHUX M3 MHUIIeHH. Eciau
OHH OTJHYAITCH OT COOT-

BETCTBYIOIMX XapaKTepHuc- —
THK NMaAaiolUX YacTHUl, TO

MOXKHO TOBOPHTBH, YTO 4aC- —— >
THIIA @ HCHBITAaNna pacces- ————=
HHE.

OO6bIYHO CTPeMATCS BhI-

6paTh TaKyK TOJIIHHY MH-

[WeHH, 4ToObLl JOCTATOYHO

GoJbIIOe YHUCJO YacTHI a
paccesioch Ha yacTHIAX b ¥ B TO Xe BpeMa, uToObl 10/ YacTHi a,
HCIOBLITABIIMX MHOTOKPATHOE CTOJNKHOBEHHE, Obla MpPeHeOPEKRHMO
mana, B atoM ciydae 151 o6bACHEHHS Pe3yJbTaTOB SKCIEpHMEHTOB
AOCTATOUHO M3VUUTh 3aJady O PACCESTHHM YacCTHIH ¢ HA YacTHIE b.
Takas sajmaua gBJsieTcs 3ajauel ABYX TeJ, eCJH YacTHUH a H b
3JIeMeHTapHble, H 3ajayefi MHOIHX TeJ, €CJIH YacTHIH a M b cocTas-
Hple. HanomuuM, 4to 3agava ABYX TeJ OTIeNeHHEM IBHKEHUS LIEHTPa
HHEpIMH CBOAUTCH K 3ah3ue O JBHUKEHHH YAaCTHUILBI B T0JI€ HENOABUK -
HOT'O CHJIOBOTO IeHTpa. DTa 3ajaua sIBJsercsl npocredinell sanavei
TEOPHH paccesHus. :

ITpu paccesHun Ha CHJOBOM UEHTpPe BCJIEACTBHe 3aKOHA COXpa-
HEeHUSl SHEePrMH YacTHUA MOXKET H3MEHMTb JIMHIb Halpas/eHHEe CBO-
ero aBuxkenus. B sToM cayyae roBopsAT 06 YHpYyroM pacCesHHH.
IIp# CTOJKHOBEHUH COCTABHBIX YACTHI BO3MOXKHH 60Jiee CAOXKHBIE
mpouneccH. HampuMep, NpH CTONKHOBEHHH 3JIEKTPOHA € aTOMOM
BOZOPOAA BO3MOXKHO YHIPYroe paccesiHHe (COCTOSIHHE aToMa He
MeHsleTCs1), paccesiHHe ¢ BO30yXaeHueM (3JIEKTPOH MepefiaeT 4acTb
CBOEH 3HEPTHH aTOMy, KOTOPLIfi MEePeXOAMT B HOBOE COCTOSIHME)
H, HaKOHell, HOHH3alus aTtoMa sJjekTpoHoM. Kaxawili Tako#t mpo-
lecc HasLIBAeTCsl KaHAJOM paccesiHHs. PaccesHue 9yacTHUH Ha CH-
JIOBOM IEHTpE SIBJSIETCA OXHOKAHAJBHBIM, a8 PaCCesSHHE COCTaBHBIX
yacTHI OGLIYHO MHOTOKaHaJbHHEIM, ECJH, ONHAKO, cTaJKUBAIOLIHECS
YaCTHUH @ H b HAaXOASTCS B OCHOBHOM COCTOSTHMHM M SHEPrHsl HX
OTHOCHTEJLHOTO JBUIKEHHS MCHbIIE BJHEepruM BO3OYKIEHHS, TO
paccesinue GyaeT OJHOKAHAJIHHBIM,

OCHOBHOH XapaKTepHCTHKOH pa3JIMYHBIX MPOLECCOB PaCCEsTHHA,
KoTOpass H3MepsieTcsi B 3JKCNePHMeEHTaX, SIBJSETCA HX CeueHwue,

Gyemyuk

Pue. 11.

137



KOTOpOe MBI OonpeneauM HHxKe. [IpolleccoM paccesiHHA MBI Ha3biBaeM
HEKOTOpPOe MHOXKECTBO BO3MOJMKHEIX Pe3y/JbTaToOB paccesHusl. B satom
CMBIC/IE TIPOLIECCAMH SABJSIOTCH:

1) ympyroe paccesiHHe B 3JIEMEHT TeJIECHOI'O yria dn, MOCTPOEH-
HHIH OKOJIO HAIpaBJeHus n;

2) ynpyroe paccesHHe Ha NPOHM3BOJIbHBIA Yrod;

3) paccessHHe B TeJieCHHIHl yroll dn c BO3OyXKAeHHEM MHIIEHH
¢ i-ro YpOBHS Ha k-H;

4) paccesiHHe ¢ HOHH3alMel MHIIEHU;

5) mpoiuece, cocToduHf B TOM, 4TO paccedHHe BoobIIe HMENO
MECTO, U T. [I.

BepositHocTe N Kakoro-nn6o mpomnecca paccesHus a Ha b 3a-
BHCHT OT HEKOTOpO#i BEJHUHHH, KOTOpasi XapaKTepHU3YEeT TOYHOCTH
«CTpenab0bl» YacTHOAMH a 1o uwactuue b. Uro6H BBeCTH Takyio
XapaKTEePUCTUKY COCTOSIHHS HaJjeTalouled YacTHUB @, MNOCTPOHM
MJIOCKOCTb, MPOXOASILYI0 4epe3 TOUKY, B KOTOPOH HaXOmMTCS pac-
cedBaTenb b, ¥ TEPNEHAMKYJSAPHYIO HMMYJbCy HaJjeTalomed dyac-
tHuH a. BepositHocTh dW mepeceus niomanky dS 3Tofi MIOCKOCTH
IS 4acTHUH @ TNponopuuoHasbHa dS, 1. e. dW = IdS. §lcho, uTO
BeposiTHOCTh N OyJeT MpONOPUHOHANbHA BeJHYHHe /, BHIUHCJEHHOH
B TOUKe, I'le NOMEIlleH pacCenBaTeNb *.

Teneps eCTeCTBEHHHIM NPEACTABAAETCH ONpeNeseHUE CedeHHs o:

0'-——7-.

CeueHnst nepeuyMc/JEeHHBIX Bblllle NATH MPOLECCOB HOCAT HAa3Ba-
uusi: 1) nuddepeHnuaibHoe ceyeHHe ynpyroro paccesiHus, 2) moJ-
HOe ceueHHe ympyroro paccesnus, 3) nuddepeHUHaTbHOE CeyeHHE
BO36YKAEHHS, 4) ceueHHe HOHHU3aluH, 5) monHoe ceuenue., [TonsTue
CeYeHHs CTAHOBHTCH OCOOEHHO HAIJSIAHBIM, €CJH MpPelIOJOXKHTS,
4TO HMeEeT MeCTO MOJHHEH JeTePMHHH3M pe3yJbTaTOB pAacCesHHS.
ITpu TakoM neTepMHUHH3Me pe3yJbTaT pacCesiHus ONpenensscs Gbi
TOH TOUYKOH MONMEPEYHOTO CeyeHHs! Ny4yKa, uepe3 KOTOPYIO Npolulja
OB yacTHLla OPH OTCYTCTBHH pacceuBaresisi. IIpoueccy paccesiuus
COOTBETCTBOBaJIa OB TOTAa HeKoTopas o6sacTh B MJIOCKOCTH IMOTe-
PEYHOr0 CeuyeHHs, U CeUeHHe paBHAJOCh O®l maomwajnuy 31od o06-
JIaCTH. :

[Tepen Teopue#t paccesHHS CTOAT HBe 3aJayH: MO HM3BECTHBHIM
MOTeHUHaNaM B3aHMOJEHCTBHS MeXIYy YacTHIAMH HafiTH ceueHus
Pas3JMYHBIX MPOIECCOB (mMpsiMasi 3aaya) M MO H3BECTHHIM CEUCHHSIM
noayyuth uHpOpManHio 0 BlauMomelicTBHH uacTun (oGpaTHast 3a-
naga).

B neKknusax Mbl OTPaHMYMMCS H3YUEHHEM NpPIMOH 3ajaud pac-
CesTHHSl YaCTHIH HA NMOTEHUHAJbHOM LIEHTPEe ¥ HAYHEM C HpPOCTeH-
LIEro OJHOMEPHOro ciayyad.

* PaccensaTenb b npH STOM CUMTAeTCS YAAJNEHHLIM, TaK Kak | Xapakrepusyer
COCTOSIHHE CBOGOAHO ABHXYIICHCA 9aCTHUH 4.
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§ 36. PaccesiHue omHOMepHOii 4yacTHUbI Ha NOTEHUMAJbHOM Gapnepe

H3noxenue 3TOro BOMPOCAa MHI IIOCTPOHM MO CJAeAYIOLIEMY
miaany. CHauana Mbl cHOpPMYyJHPYyeM TaK Ha3BIBAaEMYIO CTALHOHAp-
HYI0 3ajady O paccesiHHH. J[Jil 3TOro MBl H3yYHM peUIeHHs ypas-
HeHuss Hy = Ly HeKoToporo crenuajbHOro BHAa. Du3HYeCKUH
CMBICJI TAKHX peLIeHHH MH BHISCHHM T03Xe, IOCTPOHB NPH HX
MOMOINM pellleHHss HecTauuoHapHoro ypaBHeHuss Lllpeaunrepa

. 0b
1W=HIIJ. JJsi MpOCTOTH 3aHHCH Mbl HCIOJbL3YeM CHCTEMY €fIH-
HHLB, B KOTOpo# h =1, m = 1/2.

Onepatop Illpenudrepa B KOOpAMHATHOM INPEACTABJICHHH HMEET

BUL
H=— V. (1)

®yukumio V(x) Mbl 6yneM cuntath dunnTHOH (V (%) =0, |x|> a)
H KyCOYHO-HeNpPepLIBHOH.

YcaoBuMces Ha3bBaTh objacTd x << —a, x >au —a<<x<<a
BelllecTBeHHOH ocu obaactsamu I, I/ u II] cooTBercTBeHHO. 3ajmaua
O paccesiHHH fBJseTcsl 3anavyefi o6 MHOHUHHUTHOM JLBUXKEHHH Yac-
THLB. Takoe gBHKeHHe BO3MOXKHO npu E >0, H MBl 3HaeMm, 4TO
npu E > 0 cnekrp oneparopa [llpenunrepa nenpepniBen. C mare-
MaTHYeCKOH TOYKH 3DeHMsl 3aJauH O pacCessHHH SIBJSAIOTCS 3aja-
YaMH O HempepbiBHOM cnekrpe omneparopa lllpeausnrepa.

Crauuonapsoe ypasHenue IIpenunrepa, KoTopoe Ha Bceli Be-
IeCTBEHHOH OCH MMeeT BUJ

— P+ V) b=~kY, E=Fk, k>0, (2
ynpomaercst B obaacrax I u I]
V' + K =0. &

YpaBHeHHe (3) uMeeT ABa JHHEHHO-HE3aBUCHMBIX peLIEHHs eik*
u e—** DPemenuss ypaBHenus (2) Ha Bceft ocH MOIYyT OBITH IiO-
CTPOeHHl CLIMBaHHeM pemeHHit B obmacrax [—I///. Tlpu cuuBannu
MBI JOJIKHBI HCIOJIb30BATh YCJIOBHSI HENPEPHIBHOCTH PEIEeHHH H HX
NepBBEIX NIPOM3BOJHBIX B TOYKAX —a H @. DTO HAKJNaAbiBaeT YEThIpE
YCJIOBHSI HA HIECTb NPOU3BOJBHBIX NMOCTOSHHBIX, BXOASIIUX B BhHIpa-
xKeHus Aasi o6mux pewennit B obsacrax /—II1. TlareiM yciaoBHeM
AJIST 9THX TIOCTOSIHHBIX SIBJSIETCS YCJIOBHE HOPMHPOBKH. [loatomy
MOTyT OBITb MOCTPOEHB JHHEHHO-HE3aBHCHMBIE peleHHS YpaBHe-
Hust (2), xoropele B obaacrsax [ u /1 umeior Bug *

I II
Py (k, x), etkx4 A(R)e~it*, B (k)elt*,
Vo (R, x), D(k)etk*, e=tkx 4 C (k) eit*, “4

* Ecau nmorteHuHas He ABAseTCs (QHHUTHBIM, HO JOCTAaTOYHO GHICTPO yOniBaer
npn |x|— oo, TO mpuBemeHHBle BHIpAXeHHs s Py H Py B obaactax I u II
ClieflyeT paccMaTPHBATh KaK aCHMNTOTHKH GYHKUHHA P, ¥ VP npu x — oo, Hay-
yaTh 3TOT CAyyall Mbl He 6yJeM.
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HanpuMep, npH NOCTPOEHHH pelleHHsl Y; Mbl, HCHOJNb3YS [POH3-
_BOJIBHOCTb OJIHOM H3 KOHCTaHT, [10J1araeM paBHLIM HYJI0 KO3ddu-
IHeHT npu e—** B obaactu //. Jlajee Mb BHIOHpPAaEM pPaBHBIM €JH-
Hule Kospuuuedt npu e** B obmactu /, TeM caMbiM ONpeJenss
HopMupOBKY ¢yHKUHU V). Koaddunuentnt A u B naxonarcs H3
yCJIOBHH CIIMBaHHS BMeECTe C OCTOSIHHBIMH m H A1, TAE Mm@ +nPpg —
obuee peuwienue (2) B obaactu //. Herpyano yGenutbesi, 4To ycJo-
BHS CIIHBAHHS MNPHUBOAAT K JHHEHHOH HEOJHOPOAHOH cHcTeMe ypas-
Henu#l ans A, B, m u n ¢ onpejesiuTesieM, OTJIUUHBIM OT HYJISl, €CJH
@1 H Q2 JHHEeHHO-HE3aBHCHUMBl. AHAJOrMUYHO CTPOMUTCH pelieHHEe Po.
JlnHellHasi HE3aBUCHMOCTb pelleHHH ¢; H Yo CJAeAyeT H3 TOro, YTO
BPOHCKHAH 3THX DPEIIeHHI He paBeH HYJIO.

BoisiciuM cBo¥ictBa Koadpduuuentoe A, B, C u D. Hdas srtoro
sameruM, uro BpoHckuad W (g, ¢,)= @@, — @@, pewennii @
H @2 ypaBHeHHs (2) He 3aBHCHUT 0T x. [eHCTBHTeJbHO, MYCTb @
* ¥ @2 YIOBJETBOPAOT (2), Torna

¢Z_(V—k2)<l’1=0y @;—(V—kz)c%:o'

YMHOXas [epBOe W3 PABEHCTB HAa (g, BTOPOE HA ¢; H BHUHTAA
OJHO H3 JPYroro, MOJy4uM

d , ’
H(‘pl%_(pl%)“o'

Hcnoab3yss 3TO CBOHCTBO, MBI MOXKEM MpPHPAaBHHBATh BPOH-
CKHaHBl JJis1 Ji060fi nmapwl pemleHuil B obaacrax [ u //. Buibupas
B KauecTBe TAKHX Nap pelleHui MocaenoBaTeNbHO Pi, Pg; V1, Py}
Po, $o, B Py, P H HCMONB3Ys paBeHcTBa: W (e—ih%, eik¥) = 2ik,

W (etik* g*ik*) = (), MbB TNpHEEM K CJEAYIOIHM COOTHOLIEHHSIM
Mexay Kosdouuuenramu A, B, C u D:

B=D, ©)
[AP+|BF=1, (6)
[BE+ICP=1, ™
AB + BC=0. (®)
(Hanpumep, B obaactu [ W ({y, |1)= —2ik(1 — AA), a B obna-
cru 11 W (1, ) = —2ikBB. [lpupasHuBasi 3TH BbHIPAXKEHHS, TOJY-

YHM cOOTHomeHue (6).)
CoorHomenus (5)—(8) mokaswiBalOT, 4TO MaTpHua S, COCTaB-
neHHas H3 Koap¢uuuentoB A, B=D u C

S(AB
~\B CJ’

SIBJISIETC CHMMETPHYHON H yHHTapHOH. DTa MaTpHua Ha3bIBaeTCA
MaTpHLied paccessHHs HMJAH npocto  S-marpuuell. Mpl  yBHIEM
B naJjbHeHIeM, 4T0o BCe (U3HYECKH HHTEPECHLHIE pPe3ysbTAThH MOryT
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OBITH MOJyueHBl, eCJW H3BeCcTHa S-MaTpHIA, MO3TOMY BhIYHCJEHHE
€€ 3JIEMEHTOB fBJsETCs OCHOBHOH 3ajadedl OJHOMEPHON TeOpHH
paccesiHus.

PaccmoTpum Bompoc o HopMUpoBKe GYHKUHE Py (&, X) 0 pa(, x).
HuMelroT mecTo dopMyJibt

o<

§ b, D%, Ddx=0, k>0, &>, (©)
| o2 (o 0) Wi s, ) e = 2 (ks — o), (10)

T. €. COpaBeJJIMBbl Te K€ COOTHOUIEHHS, YTO H 1A QyHKuui e’**
u e~** 'y HOPMHPOBKA He 3aBHCHMT  OT BHAa NoTeHuuasaa V(x).
Wnrerpaan B dopmyaax (9) u (10) nmoHHMaroTCsi B CMBIC/JE TJaB-
Horo 3Hayenusa. Mui nposepuM (10) pas ¢yskuuu ¢;. OcranbHbie
ABa COOTHOLIEHHS IpOBepslOTC TakK Ke. [loacraHoBKa QYHKHUH

Pp1(R1, x) u P1(ky, x) B ypaBHeHHe (2) TPHBOAMT K pPaBeHCTBAM
V(R x)+ B (R, x) =V (x) ¥ (k) x), (11)
B (Ry x) -+ &2 5 (R, x) V( x}'tp(kz, x) (12)

(Mbl He nuieM uHAeKC 1 B 0603HAUeHHH pellleHH P; LJs COKpa-

uleHus: sanucu.) omuoxas (11) ua (ks x), a (12) Ha Y (&, x)
H BbIYHUTAs [epBOe H3 BTOPOro, MOJYYHM

LW (0 (ks 5), By 1)) = (K2 — 1) b (R 1) D (B ).

Hurerpupys 3To paBeHCTBO, 6yJeM HMETb
N

| e ¥ R dr =g W e 0, v [ (1)

—N 17

Hac untepecyer npeges B cMbicie 0GO0IEHHBIX QYHKIHE HHTe-
rpana, croguero B Jjeso#l wactu (13), mpu N — co. ¥Yke u3 dop-
Myabl (13) BHAHO, YTO STOT Ipejes 3aBHCHT TOJLKO OT BHAA pelle-
Hufi B obnacrax I u Il (Ans cnyvass HHQUHHUTHBIX TOTEHIIHAJIOB
TOJIBKO OT aCHMIITOTHKH peIleHHH IpH X — f=00),

ITocne mpoOCTHIX BHIUKCAEHHH NMOJYyYHM

N
{ v, 090 M ar=
<N

) A(ky) + B (ky) B (k) ¢! =t N — o=1(ki=RIN] —
e VAR e Wi . TG et b ]
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Bropoe caaraemoe mno TteopeMe Pumana —JleGera crpemurcs
K Hyaio (B cMbic/ie 0600uieHHbX ¢yHkuuit). INogobnoe yrBepxkie-
HHe HecNpaBejJIHBO MO OTHOLIEHHIO K NMEPBOMY CJaraeMoMy, Tak
KaK OHO CHHIYJIIDHO NpH Ry == ky. CuHryJasipHas 4acTh 3TOr0 CJja-

raeMoro He H3MeHHTCH, ecad 3amenutb A(ky) u B(k:) Ha A(ki)

u B (ki) coorBerctBenHo *. Mcmonbsya (6), nMeem

N
V %i (e 0% (e, Ddx= = sin (ks — ko) N + F (i, ko, N),
-N

rae lim F(kl, kg, N)=0.

N-—»oo

Hakonen, ucnonn3dys u3BecTHylo dopmyay

. sin Nx
lim 2205 58 (x),
N> x

MOJy4HUM

N
lim (W k1, ©) %1 (os, %) dix = 200 (k) — k),
N>

-N

yto coBmagaer ¢ (10).

§ 37. ®usvueckunii cMBICA peuwIeHHid P; U P,

Has Toro uto6bl BHISICHHTL (DH3UYECKHil CMBICA pelIeHHH 1)
H g, MOCTPOMM C HX NOMOIUbIO PELIeHHs HECTAIlHOHAPHOTO ypaB-
nenus lpenunrepa
. do
iar=He
Paccmorpum pemenne ypaBHenus lllpeamurepa, nocrpoensoe 1o
GyHRUHH ¢ (R, X)

o0
@ (v, ) =—={ C(B) ¥ (&, x) e~ ¥ k. (1)
A/on 5
OrtrocurenbHo (ynkuun C(k) Mbl NPEANONORHM, YTO OHA OTJHYHA
OT HYyJisl B MaJlo# OKPECTHOCTH TOYKH ko. B sToM cayuae ¢ (x,?)
umeeT Haubosiee mpocroii (uanyeckuit cmeica. Kpome rtoro, Gymem
CYATaTh, YTO

o]

S|C(k) Rdk=1,
0

* Ins atoro nocratoudo, urobw A(k) u B(k) Ovuin guddepeHUHPyeMBIMA
GYHKUHAME OT £, 4TO MOXeT OHITH AOKA3aHO.
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tToraa u3 (36.10) caeayer, uto

)

S lgi(x, t)Pdx=1,

-0

T. €. peurenue @;(x,{) UMeeT MPaBUJIbHYI0O HOpMHpPOBKY. Hcnosab3ys
cocpegoroueHHocTh (yHKUHH C(k) B OKPECTHOCTH TOUKH By U He-
npepuiBHOCTH GyHKUUE A(R) u B(k), MOxKHO 3anucaTtb npHOJIH-
JKeHHbie BblpaxeHud * s GyHkunu @;(x, {) B obaacrax [ u II:

Loy (x, Doy (x, )+ A(k) o_ (x, 0),
II: @ (x, )= B (k) o, (x, 1),

rue 9, (x, t) = \/_;_ S C(k) eikx—ikit dp (2)

JU
0

Oyurunn @+ (X, f) SFBASIOTCH HOPMHPOBAHHBIMH  pellleHHSIMH
ypaBuenns [lIpemunrepa nas cBoOGOAHOH YacCTHIB M H3ydyajuch **
B § 15. Tam XKe ObliM MOCTPOEHbl aCHMMITOTHUECKHE BLIPAXKEHHS
U1 3THUX pelleduft npu f— oo _

(x t)z;c(_;__"_ eix—l-O(L
Pt VTl T\ 2t 1t/

rae y — BelllecTBeHHass (QYHKLHA, BHJ KOTODOH AJS Hac Hecylle-
crBed. M3 3Toro BeIpaKeHHS BHAHO, 49T0 GYHKUHME @+ (x,f) mnpu
|| — co OTIMYHBI OT HYJI TONLKO B OKPECTHOCTH TOYEK X == —=2R¢f.
[TosTOMy ¢4 OIHCHIBAET COCTOSIHHE CBOOOXHOH YaCTHIBL, ABHXKY-
meicss cjaeBa HanpaBO CO CKOPOCTbIO *** gy = 2k, a - — gacruny,
HMEIOILYI0 MPOTHBOMOJOXKHOE HAamnpaBieHUe CKOPOCTH (HANOMHHM,
yto m = 1/2).

Teneps Jerko MOHSATh, KAKUMH CBOHCTBaMM obsafaer pelleHHe
@1 (x,t) npu t—> oo, Ilyctp t-> —oo. Torga B obnacrax [ u [/
uMeeM

I 9 (x, ) =09, (x, 1),
II: @ (x, {)y=0,

* DT BLIPAXKEHHS MOMXHO CUHTATh CKOJbKO YrOAHO TOUHLIMH, €CJH HHTEp-
Ban Ak, BHytpu koroporo C(k) czawuHa OT WyJAsd, CKoab yrogHo Man. OpHaxo
nepefitu K mpefeny, 3aMenus C(k) Ha §-GyHKUHIO, MBI He MOXeM, TaK Kak He
NOJyuuM KBaJPaTHUHO WHTErPHPYeMOro pellleHus ypaBHenus [lpeaunrepa.

** JIMeerca HeCYlleCTBEHHOE pasnnuue B 3anucH. Ham ynoGHee 3mech cuu-
tath £ > 0, H 3HAK HMIyJbca B SKCIOHeHTe e+!** ppimuchiBaeTcs fABHO. Kpome
TOro, HHTerpHposanye B (2) MOXHO PacnNpOCTPAHHTL Ha BCO BELICCTBEHHYHI OChb,
tak kak C(k)==0 npu k& < 0.

*** BoJiee TOUHO: CO CKOPOCThIO 2k, nepeMemaercsi 061acTb, B KOTOPOH OT-
JIMYHA OT HYJIS BEPOSTHOCTb HAHTH 9ACTHILY.
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Tak Kak npH f—>—oo @_(x,)=0 npu x<<—a u ¢4(x,{)=0
OpH X >> a. AHAJOrHYHO NpH {— 00

I: @ (x, )= A(k)o_(x 1),
I1: @ (x, ) =B (k) o, (x, 1)

Mut BuamM, 4TO 3ajgoaro g0 paccesHuHst (f-> —oo0) YacTHIE
C BePOATHOCTBIO, PABHOH eJHHHIle, HAXOLHUTCS cjaeBa OT Gapbepa
H JIBUXKETCH 10 HANpaBJIEHHIO K Gapbepy CO CKOPOCTbIO 2kp.

Boiuncaum Beposithoctn W, m W, oGHapyXHTb wacTHLy IpH
t— 400 B obgactax [ u [/ coorBercTBeHHO. MMeeMm

Wi={1oi(x, 0fdr=1 AP | |o_(x, P dr=

o0

=] AR | Jo_(x, nPar=|a(k)P.

- 00

3ameHa 06JaCTH HHTErpHpoBaHHs [ Ha BCIO BEUIECTBEHHYIO OCh
BO3MOXKHA, TaK KakK NpH {—> +oo @-(x, )= 0 Toabko B obaacru /.
Toyno Tak xe nposepsieTcs, 4TO

Wy =B (ko) P.

I'padukn byunkuun |@;(x,?)|?> Kak GyHKUHM OT x NpU [-> =00
n3o0paxeHsl Ha puc. 12,

| 2 2
f o — oo |‘P1(~’Xf,t)l b + 00 |(p,(x,t)]
v=2Kkg v=-2ky v=2kg
L 1 : \— 1 1 J t
-a a x -a a x

Puc. 1,2.

Takum o6pasom, peuwenne ypaseenus [lpenuurepa o, (x,?)
ONHCBHIBAET YACTHILY, KOTOpas HO. paccesiHus npub/aMxKaercs K Io-
TeHI(HaJIbHOMY Oapbepy CO CKOPOCTBIO 2Ry H C BEPOATHOCTHIO
1A (ko) |2 orpaxaerca or Gapbepa MJIH C BepOSTHOCTbIO |B (ko) |2
- IPOXOJMT Yepe3 NOTEeHLHAJbHHI Gapbep *.

O6paTuM BHHMaHHE Ha TO, YTO PE3YJbTAT He 3aBHCHT OT BHJA
¢ynkuuu C(k), BaxHO TONMbKO, 4TOGH HHTEpBaJs Ak, B KOTOpOM
C(k) orauuna or HyJas, Gl Mas. Pu3uueckH 3T0 TpeGoBaHHe IO-
HATHO, €CJIH Mbl XOTHM 3KCHEPHUMEHTaJIbHO HAHTH 3aBHCHMOCTD,

* B opHoMepHO# 3a1ade MOHSTHe CeueHHs TepsieT cMbica. Bceio nEpopmanuwmig
0 paccesiHHH cofepikat Bepoarnoctd |A|*u |B|%
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Hanpumep, Koddbdunuenta orpaxenus |A(R)|2 or k, HOMKHHE
HCOOJb30BAaTh YACTHIbl, HAXOASILLIMECS B COCTORHHUH C BO3MOXKHO
MeHbIlel AucnepcHell &£ (cocTosiHHil ¢ HyJeBo# aucnepcHell He cy-
mecTByer). Ilpn KOHKpDeTHHIX pacuerax Ko3(h(UIHEHTOB OTpaxKe-
Hug H npoxoxaenns |A(k)|?2 u |B(k)|? Her HeoGxomMMOCTH pe-
H1aTh HecrallMOHAapHOe ypaBHeHme llIpenuHrepa, AOCTATOYHO HAMTH
peuienne P; (&, x). 3aMeTHM, 4TO pelieHHe @ (x,f), KOTOPOE MOXKHO
NOCTPOUTL MO (YHKUHH Yo(k, X), UMeeT TaKOMl Ke CMBICHA, TOJbKO
gyacTuua npubanxaercsi K 0apbepy cnpasa.

Bcnomuum cBoficTBa MaTpuubl paccesuns S. PaBerctso B = D
MPUBOAHMT K PABEHCTBY BePOSITHOCTEH MPOXOXKAEHHS depe3 Gapbep
B IPOTHBOMOJIOXKHLIX HaNpaBJeHHSX H, KAK MOXKHO IOKa3arTh, fB-
JsieTcsl CJEACTBHEM HHBapHaHTHOCTH ypaBHenus Llpenunrepa ot-
HOCHTeJIbHO 00palleHHsl BpeMend. PaBencrBa

|A124|B|2=1, |BI24+|C|2=1

BHIPAXKAIOT 3aKOH COXPAaHEHHs BEPOATHOCTH. [lefcTBHTEJNBHO, HOP-
MHUpOBKa pemeHu#t @i(x,?) ¥ @o(x,f) OT BpEMEHH He 3aBHCHT,
a npH f— 00 pMeeM

00

i 101 (c, 012 dr=1 A(k) 1241 Bk P =1.

§ 38. PaccesiHue Ha nmPAMOYroJibHOM Gapbepe

paCCMOTpI/IM KOHKDETHHIH NpHMep 3afaUd O PAaCCEsSHHH OJHO-
MepHOH 4YaCTHUB Ha MPSIMOYrOJIbHOM [MOTeHIHaJbHOM Oapbepe.
IMycrs
VO! ixlga, V0>O’

”wz{a x> a.

YpaBuenue Hy == k%) B atom cayuae B obaacrsax /—J// umeer
BHA

I u Il p” + k=0,
IIL: ¢” + o2 p=0, (1)

rae o= «\/k“’ Vo (mng onpeneseHHOCTH cuHTaeM, 4ro o > 0
npu k2 — Vo> 0 u —ioe > 0 mpu k2 — Vo << 0).
[Tocrpoum pemenue ¥ (&, x). dro peuwenne B obaacrax [—I/]
HMEEeT BHJ, _
I &% 4 Ae~'**, 2
II: Be'*, 3)
L. meisy 4 ne-iox,
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Koadduuneutsr A, B, m, n HaXOAATCA M3 YCJHOBHI HENPEPHIBHOCTH
(GYHKLIHH ;) H ee MPOU3BOAHOA B TOUKAX —a H @

e—ika + Aeika — me-—iaa _I_ neiaa’
k (e—ika — Aeika) —=q (me—iaa —_ neiaa),
meiaa + ne—ita — Beika’
a (me'®® — ne~i%a) = kBe'ka,
BuimuuieM BbIpakKeHue A zéoatbdmunema B

=[letB? oiea __ (2=R) o (k+a)a]_1
B'_[ aak © ok € )
Herpyano npoBepuTb, 4To B ->0 npu BhimojdeHuu J060ro u3 yc-

JIOBMH:
1) B=>0, 2) Vo—>o0, 3)a—>o0, B2V,

Hao6opor, B— 1 npn BHIOJHEHUH OZHOTO H3 YCJIOBHUH:
4) k—> o0, 5y Vy—0, 6) a—0.

Mpbl BUAHM, UTO B Npeje/bHHX ciydasx 1)—5) pesyabrars, mojy-
YyeHHble Ha QCHOBE KBAHTOBOH MEXaHHKH, COBMNAHalOT C KJjacCHue-
" ckumu *. Ha puc. 13 npusesen rpaduk
[8(x)| ¢oyukuun |B (k) |2 Us rpaduka sumwo,
P _ YTO IPH HEKOTOPBIX KOHEYHBIX 3Haue-
HUAX Kk  BEPOSITHOCTb  NPOXOXKIEHHS
|B|2=1. UHTepecHo OTMeTUTH, YTO
ypasaenua (1) Bmecre c¢ ycioBusimu (2)

4 (3) omHCHIBAIOT TPOXOXKJAEHHE CBETO-
BHIX BOJIH Yepe3 MPO3pauyHble MNJACTHH-

% Ku. Ilpu srom |B|? n |A|? nponopuuo-
Ha/JbHB HHTEHCHBHOCTSM MpPOXOAAIIEH
Pue. 13. i oTpaxenHoit BosH. B cayuae |B|2=
=1, |A|2=0 orpaxeHHas BoJHa OT-

CYTCTBY€T. 910  aBJeHHE HCIIOJNb3YEeTCA anda NnpoCBeTIeHU]
OINITHKH.

§ 39. PaccesHue na noTeHUHANbHOM LiEHTPE

Ilns 3afauum O paccesiHHH Ha MOTEHIMAJIbHOM LEHTPE OnepaTop
[lpenunrepa uMeer BHA

= — A4V (x). (1)

(Mbt cHOBa cumraem, uto m = 1/2, h = 1). B paanabuefilmeM Mu
o6bluHO OyZeM CUMTaTh, YTO NoreHuuan V(x)— dunutHas QyHKIHA

* CorJlaCHO KJacCHUeCKO# MeXaHHKe yacTHHIA ¢ BEPOSATHOCTLIO eAUHHUa MPO-
XOOUT yepes 6apbep apu k2> Vo H C BEPOATHOCTHLIO eAHHHIa OTpa)Kaercda MNpH
k? < Vo.
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(V(x)=0 nmpu |x]|> a). HanoxkeHue mMOCTPONM MO TOH Ke cxeMme,
4TO U B OJHOMEPHOM cJaydae, T. €, CHauaja pPacCMOTPUM HEKOTOpble
pellleHHs craloHapHoro ypaBuenus [lpexnnrepa, a 3ateM BHISiC-
HUM HX GH3MYECKHH CMBICJ C TMOMOIIbID HECTALHOHADHOrO ypaBHe-
uua lpenunrepa.

Hama nepBas 3apaua — chopMmyaupoBaTh aCHMITOTHYECKOE
(npu r —> 00) yci0BHe Ha pelUeHHe YpaBHEHHS

— A (x) + V (x) § (x) = £* (x),

KOTOpOe COOTBeTCTBYeT (PH3HUECKOH KapTHHE PACCEsHHS H SBJSETCS
anajgorom ycJgaoBu#t (36.4) ans omHOMepHOH 3ajpaun. EcTecTBeHHO
OXHAATb, 9TO OJHO CJaraeMoe acHMNTOTHYECKH OyaeT COOTBETCTBO-
BaTh YacTHUE, HaJjeTalolleHd Ha pacCeMBAIOIUH LEHTP IO Onpefe-
JEHHOMY HaNpaBJIeHHIO, a BTOPOE — COOTBETCTBOBATb paCCesIHHOf
YacTHLE, KOTOPas 'MOXKET MMeThb pasJjHyHble HalpaBJeHHs IBHKe-
HUS TIOCJe paccestHHd M yjaagasercd OT LeHTpa. AHanoraMu ¢QyHK-
Huii e’** u e~i** B TpexMepHOM cJjydae SBASIIOTCH GYHKUUH e'[r
n e *[r. TlostoMy pa3yMHO NpPEANOJIOKHTb, UTO YacCTHIE O M
nocjie  paccesHHss B ACHMITOTHKE COOTBETCTBYIOT —cJjaraeMble
—ikr ikr

= —on+o) u er S (k, n, ®). Mn wucnoabsyeMm cjeaylomue
o6osHayeHus: k- umnynbc Hanerawome#i yactuusl, o = k/k, n =
= x/r, 8(n-—no)— 6-QpyHKIHA Ha eXUHHYHOH cdepe, onpexedse-
Mas PaBeHCTBOM

S f(n)8(n —ng)dn=f (no), dn=sin0Bd0do,

S,

S(k,n, ®) — HekoTOpas GYHKUHs, KOTOpas, Kak Oyner MOKa3aHo,
COMEPXHT BCIO HHOpPManMIO O Mpolecce paccesHHST H KoTopast
HoJiKHA ObITb HafA€HA NpU PelIeHHH 3agauu. Mul YBHAHM B AaJb-
HefimeM, yTo QYHKIHA S (R, n, @) sBIseTcs AAPOM HEKOTOPOI'O YHH-
TapHOro ofmepartopa S, KOTOpHIH Ha3biBaeTcs ONEpaTopoM pac-
CesTHuS.

Mgl pHXOIMM K CieiyiolleHdl MOCTAHOBKE 3aJauyH O PaccesHHn
Ha CHJIOBOM IleHTpe: TpeOyeTcsl HaWTH pelleHHe YPaBHEHHS

— AP (x, &)+ V(0 (x, k) = &2 (x, k), @
KOTOpO€ HpH r—> o0 UMeeT aCHMIITOTHKY
.g—ikr elkr 1
P(x, K=""—8n+0)— =Skt ne)+o(+). @

O6ocHoBaHHe TakKOH IOCTAHOBKH 3ajaul MoXeT OHITb AaHO
TOJIbKO NPH NOMOILH HeCTAallHOHapHOro (opMasH3Ma TEOPHH pac-
cesiHHs, 3T0 OymeT clenaHo B caeaylomem naparpade. Bonpoc o cy-
IleCTBOBAHHH pewleHUsl ypaBHeHHs (2) c¢ ycioBHeM (3) MH TaKxKe
obcyaum Hmxke. Ha ator Bompoc, oaHaxo, MpPOCTO OTBETHTL AJA
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cayuass V(x)= 0. [Toxaxem, uto $pyHkuus

k R k .
— — pikx T pikrnw
o (X, 1) = o et = o g,

KOTOpas, OUeBHAHO, sBAserTca peweHdeM (2) npu V(x)= 0, ynos-
JeTBopsieT U ycJaoBHIO (3), u Hafizem BuA OyHKUHM S(k, n,®) piaa
3TOro CJayuas.

Mpb HIueM acHMOTOTHKY QYHKIHH Po(X,k) B Kaacce o6GoGiieH-
HBIX QYHKUHH, MO3TOMY NOJIKHBI HaHTH aCHMITOTHYECKOe BHIpaikKe-
HHE NIPH r —> 00 HHTErpaJja

= {7 () %o (rm, ko) an,

S

rie f(n)—raankas ¢ysknua. Henmoabsys sBHBIA BHL Yo (X, k)
‘M BBOASI C(hepHUECKYIO CHCTeMY KOODAHHAT, MOJIAPHAS OCh KOTOPOH
HanpaBJieHa MO BEKTOPY ®, HMeeM

2n

n
1=3§7 S do S f (cos 8, ) e*r<os® sin 0d 6 =
0 0

27 1
k
=—2-n78 de S anf(n, g)et.
0 =1
Hurerpupys no yactaM, noJydum

2n

n !
1—-—-2‘;,708 de = ,k, f, @)™

on 1

1
—?:E OS do - S dn fa (0, @) e™*™

-1

Eie pa3 mpOHHTErpHpoOBaB MO 4acTAM, Jerko yO6eduThCs, 4TO BTO-
poe cjaraeMoe HMeeT MOpsLoK 0(1/r2) 03TOMY

[=— 5 § do (¢¥f (@) —e i (— ) +0 () =

e_tkr

F— o) = @)+ 0 (&).
Takum o6pa3oM, MBI MOKa3aJH, 4TO

: e—1kr pikr |
hx)="—0m+0)——8(n—0)+0(5). @

CpaeuuBas (4) c (3), na#inem ¢yHruuo S paa csoGogHofi yac-
THIIbI
So(k, n, ©) =0 (n— o).
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Hcnonsays (4), MOXHO mnepemnucarh acCHMITOTHYECKOE YCIOBHe
(3) B dopme

b= (o f 0 £ ) 40 (L), ©)

rie ysxuua f(k,n, ) cesizana ¢ ¢yuxuue#t S(k,n,®) COOTHO-
LIeHHEM

S(k, n, ©) =5 (n— ©) + - f (&, n, ©). ®)

®yukuus f(k, n, ©) HaspBaercs aMIJHTYAOH paccesHnsi. OQueBHIHO,
yto f(&, n, @)= 0 npu V(x)= 0. Mbi yBHAHM, YTO uepe3 3Ty (yHK-
uuio HauyboJjiee NIPOCTO BLIPAXKAETCH CeUeHHE pacCesHHS.

BMmecro acumnroruyeckoro ycjoBHS (5) €acTo HCNOAL3YIOT

b (x, k) = @)

KOTOpOe MHpHBOAUT K OoJiee ynob6HOH HOPMHDOBKe (QYHKLIUH
¥ (x,K).

[MocMoTpuM Tenepp, KaKMMH cBoficTBaMH o6JajaeT QyHKIHA
S(k,n,0). Jaa usydenus 3THX CBOHCTB yJOOHHIM OKa3blBaeTcs cJje-
LyIOlllee BCIIOMOraTesIbHOE YTBepiKIeHHE.

ITyctb GyHKIHE P (X) H 2 (X) YAOBIETBOPAIOT ypaBHeHHIO (2)
M aCHMITOTHYECKHM YCJOBHAM NpHU r—> 00, KOTOPLIe MOXKHO OJAHH
pas zuddepeHIHPOBATh 1O 1

b1 (x) =4 (n) * +Bl<n>——+ (+).
2 (x) = 43 (1) <=+ By (n (+):
Torpa cnpaBeflyINBO PaBEHCTBO
{4 @ Ba (o) dn = { A (n) By () dn. ®)
S S:

DT0 yTBEpKAEHHE JErKo [OKas3blBaeTcsi NpPH INOMOIUK (OpPMYJH
I'puHa

S (Pilipy — oA py) dx = S (6 32 — g, 98 Yaz. (9)

B kauectBe 06JacTH HHTerpHpoBaHusa Q cjaeayer BbIGparh mIap
paguyca R u mnepefiTh K mpefejy npu R —> oo, [losnoxum

5(n+0)— LSk, n,0) +o0 (L),
8(n+0)— £ Sk, 0) 40 (L),

’lp](X)='llJ(X,k =

p—ikr
e (X) =P (x, k') =

T o) + L8+ o) o (L),
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rae k' = kw’. Ilpumensis dopmyay (8) K dyHRuuaM P; H P, NO-
JYYHM

S(kv — 0, (’)/)=S(k, - (!),, (0),
HJIH, 3aMeHsiA ® Ha —@,

Sk, 0, 0)=8(k, — o, — ). (10)
dra- dopmyna saBasiercs aHanoroM paBeHcTBa B = D pas ogHo-
MepHOH 3ajaul paccessHHs M BbipaxaeT TOT (akKT, YTO 3HAUYEHHS
¢yaknuu S gas npamoro (o — ®) u obpalieHHOro BO BPEMeEHH
(—® > —®’) npoueccoB CTOJKHOBEHHH COBNaaaloT. MoXHO nOKa-
3aTh, YTO 3TO CBOHCTBO (TaK e, KaK W CHMMETPHS S-MaTpHIbI
B OJHOMEPHOM cJydae) SIBJSIeTCS CJEJCTBHEM HHBAaPHAHTHOCTH
ypaBuerHust lllpenunrepa oTHOCHTENbHO OGpalIeHHS BpPEMEHH.

Hanee, npuMensas dopmyay (8) K QYHKUHMAM ¢; H Y3, NOJYIHM

[S®n, 7Sk, n, 0)dn=8(0— o). (11)
S,
Ecniu paccmatpuBath (yHKIHIO S(k,n,®) Kak f1p0 HHTErpafb-
Horo omeparopa B L2(Sy)
So©@={sk e, ) @) ds,
S
To popmyna (11) Moxer GHITH MmepenHcaHa B BHIe

, S'S=1I.
VuurwiBasi (10), u3 (11) caemyer, 4ro cnpaBefJIMBO PaBEHCTBO
§§*=1.

W3 nociegHHX ABYX COOTHOWIEHHH cJaexyeT, YyTo omnepatop S dB-
JSIeTCSl YHHTaPHBIM.

Mg BuAHM, 4yTO omepaTop S AJS 3ajauM paccesHHss HAa MOTeH-
nUaJbHOM IeHTpe obJjiajaeT TeMH XXe CBoficTBaMM, 4TO H S-Mart-
puLna A1 OZHOMepHOH 3amauy paccesHus. V3 yHUTapHOCTH ofe-
paropa S BHITEKaeT BaXKHOe COOTHOIIEHHE

4
{17 n, 012 dn="21mf (&, 0, 0), (12)
S,
KOTOpPOe HOCHT Ha3BaHHE ONTHUYECKOH TeopeMHl. JlefiCcTBHTE/bHO,
Henoansys (6) u (11), noayunm

{[6tn—0)— 4= F& n, @)][s(n — 0) + 4= 7 (&, n, ©)] dn=
82

=8 (0 — o)+ [ (k, 0/, @) — (&, 0) ]+

2
+ o { Tk n 0) ko, ) dn=5(0 — o).
Sy
IMonaraa ® = ®’, MBl cpasy npuxogum kK dopmyne (12).
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B § 42 mb yBHAUM, uTO HHTerpasa B seBoH gactu (12) coena-
JaeT ¢ NOJHBIM CeYeHHEM ¢ [AJil paccesiHUs YacTHIB Ha MOTeH-
nuajabHoM HeHnrtpe. [lostomy (12) MoXHO mepenucath B BHAE

=ik“L Imf (k o, 0).

dta QopMmysia CBA3BIBAET NOJHOE CEYeHHEe pAacCesHHS C MHHMOH
YaCThIO AMILIHTYIH PacCesHHS Ha HYJeBOH yroJ.

Hcnonbsya yHHUTapHOCTH omepatopa S, JerkKo I10Kasath, HUTO
byHrunn P (x, k), yaoBierBopsioliHe acCHMNTOTHYECKOMY YCJIOBHIO
(7), UMEIOT HOPMHPOBKY

P (x, k) (x, k) dx = (27)* 8 (k — k') (13)
R3

T. €. HOPMHPOBAHH TaK XK€, KaK pEIeHHs AJs CBOGOAHON YaCTHILH
ekx Uro6pl nposeputs (13), yMHOXKHM paBeHCTBA

A (x, k) + k2 (x, k) =V (x) ¥ (x, k),
A (x, k') + F9 (x, k) =V (x) b (x, k')

Ha P (x,k’) u P(x,k) coorBercTBeHHO, BHIYTEM INEpPBOE H3 BTOPOrO
H MPOHHTErPUPYEM MO Mapy paauyca R, Torna

P (%, )P K) dx = g | [0 (x, &) AP x &) —
op 2R

— P (x, K) Ap (x, k)] dx.

C nomombio dopmyasl I'pHHa 3TO paBeHCTBO MOXKHO MepeNHCaTh
B BUJE

S‘p(x,k)¢(X,k/)dX— k”S(‘p( k) 2y & k) a‘l’(x k)
2r

— b &) 2R Yy,

rae Sz — chepa paguyca R. ®opmyaa (13) mosnyuaercs u3 nocJen-
HET0 COOTHOIUIEHHS NEPeXOoJOM K mpeneny OpH R -» oo, HHTErpan
B NpPaBOi 4aCTH CYHTAETCA C NOMOLILI0O ACHMITOTHYECKOrO BHIpa-
XeHHs Aaa P(X,k). Mbl He IPHBOAMM COOTBETCTBYIOMIHX BBIKJa-
IOK, TaK KaK OHH OYKBaJbHO NOBTOPAIOT BHIYHCJEHHS, KOTOpHIE
npuBesH Hac K ¢opmyaam (36.9), (36.10).

§ 40. JIBukeHHe BOJHOBLIX NMAaKETOB B MOJ€ CHJOBOTO LEHTPa

ITocrpoum c¢ momompio ¢yHKuHH P (X,K) pemieHne HecTalHO-
HapHoro ypaBHeHnus llIpenunrepa

. d s
i 2D — iy (x, 1)
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BH A

ofew

bx, )= (5)

Ecau ¢pynxruua C (k) yaoBneTBOpsieT YCJIOBHIO

f1cmwzak=1, @)

R!

S C (k) (x, K) e~ dk. 1)

T0 P (X, ) Bcnencreue (39.13) umeeT MpPaBU/LHYI0 HOPMHPOBKY

Voo nizax=1.
R'v
Kak ¥ B OZHOMEpPHOM ciaydae, Pa3yMHO pacCMOTpeTb pelleHHe
¢ ¢yukuuest C(k), cocpefoToueHHONH B MaJsioff OKPECTHOCTH TOYKH
ko = kowo. TTo Teopeme Pumana — JleGera mnpu |¢|— o0 P(x,1)—>0

74 S|’LP(X, £)12dx —0 nns aw06oét kKoHeuHo# obgactn Q.- [Tostomy
¢yukuua (X, ) onuchBaeT MHOUHHTHOE ABHXKeHHe yacTHUH. Hac
MHTEPECYeT T[OBEJEHHe 3TOro peleHus npu |f|->o0 u r—o0

n MB MoxeM 3aMmenutb {P(X,k) B dopmyne (1) ee acumnrToTHye-
CKHUM BEIpaXKeHHEeM

p(x, 0= 2L (6 (nho)— £ S (ko n, @) + 0 (1),

[Ipu r - oo umeem

P 0= (o ) Skzdkgdm(](k,m)?:—i e 5 (n+ o) —

lkr

— =Sk n, 0) ) e =1 (%, ) + o (x, 1),

rae Yi(x,f) u pa(x,?) cooTBeTcTBYIOT cxXoadAuleiics e~* /r u pac-
xopasilnedica e*7/r BoJHe B aCHMNTOTHKE,
Oyuruus P (X, f) Moxer GHITh NMEpenucaHa B BUIE

oo

P (%, Z)ZTV—%‘{ S kC (k, —n)e~tkre=ikt gk 3)

(MBI pacHnpoCTpaHHIH HHTErPHPOBAHHE HA BCIO BELIECTBEHHYIO OCh,
nonoxuB C(k,n)==0 npu k<< 0). Beluucasia unrerpan (3) mero-
JIOM CTAllMOHAPHOH (hasbl, MOJYIUM

Py (X, t)=(—|217f);2_(3(—§,——n)e"x—!—0(|—tlp—); (4)

yepes y, Kak Bceraa, o003HauyeHa BellieCTBEHHaa (QYHKLHSA, KOTOpas
Hac He HHTepecyerT.
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Has Toro uto6el BBHIYMCJAHTL Pz(X, ), HCIHOJAB3YeM (HopMyny
(39.6) paa ¢ysxunu S

00
1

Polx, ) =— 7= S kdk SdmC(k, o) [s(0—w) +

-0 82
LS

ik ikrp—ik? . L
+ o [k n,m)]e"e R e s S kdk[C(k, n) +

r

4 Ci(B) ] (B, , )] et b=k, (5)

3pecy Mb BBenH o6o3Hauenue C (k)=SC(k, ®)do® §#, yIHTHBas
S,

§-o6pasHoctp ¢yHKRuHM C(k, @), 3aMeHuan ¢yHkuuio f(k,n,0) ee

3HaYeHHEM B TOUKe @ == ®p. VIHTerpas B (5) BBHIUHCJAETCS METOAOM
CTallMOHapHOH (asbl

3
Py (x, ) = (7211—1)2 (3 n) +
+ 3 G (37) F (gm0 @) e+ 0 (7).

Hakonen, yuutbiBas 8-o6pasHocts ¢yHkumu Ci(k) (oHa cocpeno-
TOYEHa B OKPECTHOCTH TOYKH k), NMOJYUHM

3
1 2 r .
’q’ﬂ'(x! t)=(|2t| ) [C(g, n) +
' ik ; 1
+ 52 Ci(57) [ (koo m, 0| e+0 (17w) - 6)
Ws ¢opmya (4) u (6) BuAHO, uTO P; AaeT BKJIajd B (X,f)
TOJILKO MPH {——00, @ P — TOJBKO NpU {—>-oo. Jlasg miorHo-

cTH (QYHKIHH pacnpeeseHus Koopiunart |¢(X,f)|? umeeM

c(—=4 ——n)]2, t—> — oo, )

' 1
|1I>(X,l‘)|2éms—

vt (o (o m) & m () o) X

e ,
X ko 1,00 + 5o |G () 17 (kom0 12]. t> 00 (8)

W3 dopmya (7) u (8) cruexayer, uTo INOJydYeHHBIE dCHMITOTHYeE-
CKHe BbIpaxeHHs i (X, f) HMeIOT NPaBHJAbHYI0O HOPMHPOBKY IIpH
t > +oo. (IlpoBepka 3TOro yTBepxkKIeHHS AJS cayuasd f[-—»-—oo
TPUBHAJbHA, a B Caydae f{—>-|-o0o cielyeT HCIOJAb30BATh (GOPMYJy
(39.12).)

Benomunas, uro C(k, @) OTJIHYHA OT HYJASl TOJLKO B MaJjoil
OKDECTHOCTH TOYKH Rowg, a8 C1(R)— B MaJjlOf OKPECTHOCTH TOUKH Ry,
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MBI BHAHMM, YTO MpH {-—>—o00 IJIOTHOCTb (PYHKIUHH paclpejeNeHHs
KOOpAMHAT |P(X,f)|? oTanHYHa OT HyJAss B OKPECTHOCTH TOYKH
r = —2kot, n = —ay. [Ipu { > 400 mIOTHOCTb |Y(X, ) |? OTAHUHA
OT HyJsl BHYTPH TOHKOro c(epHuecKOro cJjos pajguyca r = 2kt
YrioBoe pacmpezesieHHe BEPOSTHOCTH MOKHO IIOJIYYHTb *, NpPOHH-
tTerpupoBaB (8) mo mepemeHHOi r ¢ BecoM 72 SlcHO, 4YTO mepBHIe
JBa cjaraembix B (8) HalmoT BKJaJ B 3TO paclpeleseHHe TOJbKO
NpH HaNpaBJEHHAX, OJH3KHX K 0o, YTJI0BOE PACIpeseeHne o BCEM
OCTaJIbHBIM HAIllpaBJIEGHHSIM MPONMOPUHOHAMABHO |f(ko, N, o) |2
Tenepr MBI JIerKo MOXKeM NpeACTaBHTb, KaK INPOUCXOAHUT [BH-
JKeHHe 4YacTHHbl B COCTOSIHHH, ONHChHIBaeMOM ¢yHKIHeH P (X, ).
3agoaro a0 paccesHus (f-> —oo) uyacTHIA €O CKOPOCTBIO 2K

\

\\ \ / /// t— +oc
N 72
t—=—o0 ~ /q}é %
% =—2kyt T _\’/ o
- —  Pacceubuowui | ==
uenmp \%
v =2k, w, - \\\\
LTI

npubsauxKaercs K pacceMBaiolieMy LeHTpPY, ABHrasch [0 Hampa,Jjie-
HHIO @o. [Tocne paccesnua (f— -oo0) uacTHna yAafasercs oTf pac-
CeMBaiolllero LEHTPa € TOH Ke CKOPOCTbIO, NMPHYEM OHa MOXKET
ObiTb OoOHapyXeHa B J1000f Touke cdepHueckoro cJjog pajguyca
r == 2kot ¢ BEpOSITHOCTHLIM paclpejesieHHeM IO YriaM, 3aBHCSILIEM
or C(k) u f(ko,n,mp). Ha puc. 14 zamiTpuxoBannl o6Jsactu, B Ko-
TOpPHIX BeJIHKA BEPOSTHOCTb OOHAPYKHTb YacTHLy HOpH {—> —-oo,
KpecT-HakpecT 3amITPHXOBaHb 00J1aCTH, B KOTOPBIX 3Ta BepOAT-
HOCTb OTJIHYHA OT HYJsl H IPU OTCYTCTBHH PaCCEHBAIOLIErO IEHTpa.

Tpu caaraeMeix B dopmyse (8) AOMyCcKawT CJAeAYIOIIEE TOJMKO-
paHue. MHTerpaJ 1o BceMy HPOCTPAHCTBY OT CYMMBI IIE€PBHIX ABYX
cnaraeMblx W) eCTb BepOSTHOCTb TOTO, YTO YaCTHila NPOHJAET MHMO

* Mbl He BBIUTHCHIBaeM TOYHBIX (GOPMYJ AJs1 YIJIOBOrO pacipefieieHus BeposiT-
HOCTH, TaK KaK OHO CYIleCTBEHHO 3aBHCHT oT BHAa OyHkuuH C(k) ¥ nostomy
He #ABJseTcA YAOGHON XapakTepHCTHKOH npouecca paccesHus (ynkuus C(k),
COOTBETCTBYIONLAsi KOHKPETHOMY 3KCIEPHMEHTy IO pacCesHMIO, HHUKOrja He H3-
BecTHa). Tloaxoasiuieil xapakTepHCTHKON siBjsiercst cedenue. Kak Ml yBHAHM, ce-
YeHHEe OKa3bIBaeTCst HeuyBCTBHTeNbHbIM K BUAY C(K), BaXKHO TOMBKO, uTOGH 3Ta
dynkuus Golia cocpelloToYeHa B MaJofl OKPecTHOCTH Touku ko Pusuuecku 370
TpefOBaHHe O3HAuaeT, YTO HMIYJAbC HaAeTaloWiell YacCTHIB A0JKeH ObITb IIOYTH
3ajaH.
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CHJIOBOTO IeHTpa 0e3 paccessHH. DTa BEPOATHOCTb MEHBIUE eJH-
HHIBI 32 CYET BTOPOro cjaraeMmoro. VIHTerpasn oT Tperbero cjarae-
moro Wy ecTb BEpOSITHOCTE paccesHHsi. Mbl yiKe YNOMHHAJH, Y9TO
aCUMIITOTHYeCKOe BBIpaxeHHe (6) masi ¢(X,f) HMeeT NPaBHJILHYIO
HOPMHPOBKY, . IO3TOMY

W1+W2=1.

Mu BupuM, uto pemexHne ypaBuenus [lpenunrepa P (x,1),
IIOCTPOeHHOe NPH noMoud GyHKHHH (X, k), TpaBHIbHO ONHCHIBAET
(H3HYIECKYI0 KapTHHY paccesiHusl. DTo ompasjblBaeT BHIOOpD acHM-
NTOTHYECKOTO YCJIOBHS 151 GYHKUHH (X, K).

OTMeTHM ellle HeKOTOpHEe ocobeHHocTH pemteHus: P(x,?). He-
TPYAHO BHIAETh, YTO IIPH {—>-—o00 3Ta (QYHKIUA HMeEeT TaKyl ¥Ke
acUMINTOTHKY, KaK H pemeHnHe ypasHenusg Ilpexunrepa nns cso-
OORHOH YaCTHIIH

o(x, t)—( ) SC(k ) et tkx—k g,

(3xecy C(k) Ta xe ¢dyHkuus, yro u B uHterpate (1).) Hed#creu-
TEJILHO,  PACXOASIIIHECS BOJNHH e*"/r He NalOT BKJAaja B ACHMITO-
THKY OpH {-—>—oo, a Ko3pdHuuueHTs npu e—*"/r B acuMmnroruue-
CKOM BBIpaxKeHun ausi GpyHxuuii e’** y ¢ (x, k) cosmaznaror.

[TokaxeM, uro u npu f-> oo pelieHue P(X,?) acCHUMOTOTHYE-
CKH CTPEMHTCS K HEKOTOpoMy peuleHnio ypaBHeHus Illpenunrepa
s cBOGOAHON YaCTHIB. YUYHTHIBas, 4TO NpH {— 00 cXoAasuecs
BOJIHB e~*¥"/r He NalOT BKNaja B aCHMITOTHKY, NOJYYHM

b (x, )= (5= )3 SC(k)\p(x, k) et dk =

R
&~ — (L)%(So k2 dk 382 doC(k, o ) 2mnui S (k, n,m)f.i_?.e—ikrt=

=_(E%)§§°k2 dkgdmgdm'%‘;iS(k, o, 0)C(k, ©)d (0 —n)X
0

S: S:

ik g
X emimr— — (L *{ Kk dor 28k, 08 (0 —n) X

0 &
3 ~ ~
dbr o1 ve () etk gk = g (x, 1).
X Ee ikt=(_é_r_‘_) RS
3nech

C (k) =C (&, )= S Sk, @, ®)C (k, @) do’. )

8:
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Msl BuauM, uTO pemieHue ypaBuenus lllpenunrepa $(x,!) acum-
NTOTHYECKH CTPEMHTCH K DelreHuio §(X,?) A1 cBOOOAHON HaCTHILBI
npu t—co. Oynxuus C(k), onpenensiiomas KOHEYHOE COCTOSIHHE
cBoBopHOro nBUKeHHUS, moaydaerca u3 ¢yskunu C(k), sanawomehn
HayaJibHOE COCTOSIHHE, B pe3yJbraTe AeHCTBHsi omepaTtopa S. YHH-
TApPHOCTb omnepaTopa S ofecneuuBaeT TNPAaBUJABHYIO HOPMHPOBKY
¢(x, 1), TaK Kak BCJEICTBUE YHUTAPHOCTH

S|é(k)l2dk=1.

R'!
§ 41.- UnrerpansHoe ypaBHeHHe TEOPHH pacCesHUS

OcHoBY OOJBIIMHCTBA TMOAXOAOB AJS I[OCTPOCHHS peUIeHUH
P (x,k) H amaautynsl paccesnus f(k,n,@) cocTaBasieT HHTerpanib-
HOe ypaBHeHHe

. 1 eikix—yl
P(x, k) =g —

4m ) Tx—yl
R.(

V(y) ¥ (y, k) dy, (D

KOTOPOe 4acTO Ha3bIBAaIOT ypaBHeHHeM Jlunmnmana — [lIsunrepa.
[IpoBepuM, UYTO pelleHHe 3TOTO YpaBHEHHS YJOBJAETBOPSET
vpaBHenuio (39.2) u acumnToTHYeckoMy ycaoBHio (39.7)*. [leii-

CTBHTEJIbHO, HCIOJB3YS (OPMYJIHI

(A4 k) etx=0, (A+ ke |r=— 4nd(x),
TOJTYYHM _
B+Bbx =0+ {sx—y) VP Kdy=V @ ¥x k.
2

AcUMNTOTHUECKOE YCJIOBHE [POBEPUM MJs cayuyas (HHHTHOrO
notennuana (V(x)= 0 opu r > a). Mmeem

1 1
Wm'}'—"o('r]—z)v r'=1X|, Iy|<a1

2 2 1
x—yl=r A/l =2+ L —r —ny+0(L).

re

1
Ik 1x~y| == pl(kr—Fkny) -
eik1x=y| == i (kr=kn +o(,).

[Moasromy ana dyukuuu ¥ (x, k) noayyum
L ek
P (x, k)= et — == (et (y) g (y, k) dy + O (7).

Rt

CpaBHuBas nociennonw dopmyay c (39.7), MBl BUIMM, 4TO peme-
HHE HHTETPAJbHOIO YPaBHEHHS HMeeT NPaBHJBHYIO ACHMITOTHKY,

* MoXHO, KOHeYHO, MPOBEPHTb H OOGpPATHOE YTBEPIKIAEHHE,

156



H, KpOM€ TOro, rnoJjydyaem

f(k, n, 0) = — - S e=iknx Y (x) (X, k6) dX. @)

4nt
R3
dopmyna (2), B KOTOpOHl aMIIHTYla paccesHHs BbIPaXKeHa uepes
pemlentie ypaBHeHus (1), yacTo okaswiBaeTcs TNOJE3HOW AJsS NpH-
6amxKeHHOro HaxoxaeHus f(k, n, o).
Onun M3 NpHOJMIKEHHBIX METOHO0B TEOPHH PACCESHHS OCHOBAaH
Ha HCMOJIb30BAHHH DsAfa HTepauu# ypasHenus (1)

b k)= b (x, k), ®)
rae
PO (x, k) = ekx (n+1) (x k)______l_ aibadl V (y) $™ (y, k)
3 e ’ 'lIJ ( ) 47 ‘ X — yl (y "b y’ *
RS

Psin (3) masmiBaercsi GOPHOBCKMM psiioM, moxcraHoBka (3) B (2)
naer OOPHOBCKHE pPSiA JJs aMIJAHTYIBl paccesHHsl. DBOpHOBCKHE
PN [Jg 3aJadM pacCesiHHs Ha MOTEeHLUHAJbHOM LEHTPe XOpollo
usydeH. MaBectHo, HanpuMmep, YTO OH CXOZUTCS NMPH YCJIOBHH

mle S V(y)l 7] dy < 4sm.

R3

M3BecTHO TakXKe, UTO NMPH 3TOM YCJIOBHM Ha MOTEHIHAJ omepa-
Top H He MMeeT QHCKDPETHOro crnekrpa. ECJM AUCKDETHLIH CIEKTp
MPHUCYTCTBYET, TO psA (3) CXORZHTCA He NPH Bcex k. B To Xe Bpemsi
IpH JOCTATOYHO OoJbIuX R psix (3) CXOAHUTCS AJS BecbMa IIHPO-
KOro KJiacca NMOTEHIHAaJOB.

TIpocreiimee NpHOGIMIKEHHE A8 AMIVIHTYAB PACCESHHA TMOMY-
unrcs, ecau B (2) smecto P (x, k) nomcrasurs PO (x, k) = etkx

Fa(k m, 0) = — o { o= itnxV (x) ethox dx.

R?

Do npubauKeHne HasbiBaercs GOpHOBCKUM npubaukenuem. Tou-
HOe YTBepXKJAEHHe COCTOHT B TOM, YTO NpH OGONBIIHX R

f(k’ n, (’))_fB(kv n, m)=0(1)

PaBHOMEPHO 110 N H .

HurerpanbHoe ypaBHEHHEe HCHOJB3YETCS NS MaTeMaTHYECKOTo
H3yueHHs1 3amauu o paccesiHun. IIpu nomxonmsimem BbiGOpe (yHK-
IIMOHAJIBHOTO MPOCTPAHCTBA 3TO YPaBHEHHE MOXKET OBITh CBEIEHO
K ypaBHEHHIO BTOPOTO pOAa

Y=0+ AP
157



¢ BIMOJIHE HENpEepHIBHHIM omepatopoM. IloatoMy ans ypasuenuss (1)
cupaBennuBul TeopemMs Dpearonbma. Jas wHPOKOro KJjacca Io-
TEHIMAJIOB I[OKa3aHO, YTO COOTBETCTBYIOIlee OJHOPOAHOE ypaBHe-
HHE MOXKET HMeTh pellleHHs JHIIb NPH MHHMBIX 3HAYeHUSAX mapa-
Metpa k (R, = i%s, %, > 0). DykBanpHO MOBTOPSAsT BHIYHCJIEHHS,
NpHBeJIeHHBle B HauaJje 3TOro maparpada, Jerko yGemautbes, uTo
pelieHHe P,(X) ONHOPONHOrO YpaBHEHHS YAOBJIETBOPSET ypaBHE-
nuo [pexunrepa [—A + V (x)] ), (X) = — %2}, (X) 1 umeeT acum-
NTOTHKY Y. (X) e f(n)e*a"/r, rne f(n)— HekoTOpasd QYHKIHS, Olpe-
JeNeHHAs Ha eJHHUYHON cdepe. DTo 3HAUHT, UTO pELIEHUS Of-
HOPOJIHOTO yPaBHEHHS SBAFIOTCS COOCTBEHHBIMH  (DYHKHHAMH
IMCKpeTHOro cnekrpa omeparopa H. C moMOUIBIO HHTErpasibHOTO
ypaBHeruss (1) Owina pokasana mnoaHota HaGopa COGCTBEHHBIX
oyuxuuit {P.(x), P (x,k)} oneparopa H.

§ 42. BoiBoz hopmyabl aas ceyeHus

OcCHOBHO! XapaKTepHCTHKON INpolecca pacCesHHs YaCTHIH Ha
NOTEHIHAJNBbHOM ILeHTpe sABJAgeTcd JHPdepeHHUaNbHOE CeueHHe.
B cornacum c o0muM onpepeseHHeM ceueHus AuddepeHuuanbHOe
ceueHne do onpenensiercs HopmyJsoi

dN
d0'=T, (1)

rae dN — BepoATHOCTb OOHAPYXHTh WYacTHIY II0C/KE€ pacCCesHus
(f— o©) B sJeMeHTe TeJIECHOro yriaa dn, HOCTPOEHHOrO OKOJO He-
KOTOpOTro HanpasJeHus n; [ -— BepOSITHOCTh mepeceueHuss CBOGOI-
HOW uvacTHUeH NJIOMAaAKH eIHMHHYHOH NJOmAJH, OPHEHTHPOBAHHOH
neprneHHKYAAPHO JBHKEHHIO YaCTHIb. DTa BEPOATHOCTb ONpeje-
JsieTCsl B TOH TOYKe, IJie HaXOAMTCA paccenBamolui nestp. O6pa-
THM BHHMaHHe Ha TO, YTO dN eCTh XapaKTEePHCTHKA YACTHIH B IOJe
pacceuBalollero IeHTpa, - a | -—XapaKTepHUCTHKa CBOGOAHOM
JACTHIH!.

O coCTOssHMM @ CBOGOJHON YaCTHIH TMYyYKa HM3BECTHO OBOJBHO
majo. de#icTBHTeNbHO, H3BECTHO, YTO YACTHLIA HMEET WMNYJIbC,
npubJmKeHHO paBHBIH Ko == koo, M3BECTHA MHCHEPCHS HMNYJbCa
(Ak)ﬁp:(Akl)ip—l-(AkQ)gp +(Ak3)§p; NPHUYEM NIl TOTO UTOGH ONBITH
MO0 PACCeSHHUIO MNONMYCKaJH MPOCTYIO WHTEPNPETAIHI0, CTPEMSATCS
HCMOJIBb30BaTh MYYKH YACTHL C MaJofl aucnepcHedt uMmmynabea. O Ko-
OpAMHATAX YAaCTHLH MyYKa H3BECTHO OOBIUHO coBceM waJjo. Ho
BCe XK€ M3BECTHO, YTO B HEKOTODHIHI MOMEHT BpeMeHH (KOTOpHIf
MOXHO TPHHATHL 32 f= () vacTHLa HAaXOZHTCS B MaKPOCKOMHUe-
CKOlt 06J1acTH, PACHOJIOKEHHON MEXKAY YCKODHTENEM H MHIUIEHBIO;
nonepevHble pa3Mepbl 3TOH 06JaCTH MOXKHO OTOXKIECTBHTH C JAHa-
METpOM NyuYKa. 3aMeTHM, YTO CYyLIeCTBOBaHHe TaKoil 06/acTH Ha-
KJaAblBaeT COTJIACHO COOTHOUIEGHHIO Heomnpenenenuocres [ elisen-
Gepra OrpaHHYeHHS Ha JUCIEPCHIO HMITyJbca CHH3Y.
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[Ipn BriBoae dopmyanl aas AH(bdEPEHUHANBHOTO CEUEHHS Mbl
cienaeM [IBa NPEANOJOMKEHHS OTHOCHTEJNBHO MAaJOCTH KOPHSI M3
JIUCIIePCHH HMIilyJbca, KOTOPbIH OyneM o6o3HauaTh uepes Ak:

1) Ak << kO)

2) [F(k n,0)— (£, n,0)| < [[(k,no) |, ecan |ko—Ka'|<

< Ak.
B npurnune sTum TpeGoBaHHSM BCerjia MOXKHO YAOBJETBODHTD,
eciu f(k,n,®)— HenpepriBHasi ¢yHKuus oT k = ke (HempepwB-
HOCTb (YHKUHMH [ MoxKeT ObIThb JOKasaHa /A8 IIHPOKOTO KJjacca
norennuanoB). OOBIYHO Ha NPAKTHKE 3TH YCJOBHS BLINOJHSIOTCS.
OnHako BCTPEHAIOTCH CJAyYad, KOrja MpH MaJjoM H3MeHEeHHH Iepe-
MEHHOH K MpOMCXOINHT cHIbHOe H3MeHeHHe QyHKuMH (&, n,®) (cay-
uyal y3Koro pesoHaHca). Beaunuuna Ak B KOHeUHOM cueTe onpese-
JSIeTCA KOHCTPYKLHEH YCKOPHTEJsl M NMPAKTHUECKH He MOMKeT OBITh
cAenaHa Kak yrojaHo MaJjo#. [1o3ToMy B HEKOTOpBHIX 3KCIHEpHMEHTaXx
VCJIOBHE 2) MOMKeT He BBIMOJNHATBHCH. B 3TOM ciydyae Heab3s NpH-
MeHATb NOJYUYEHHYIO HHXKe (OpMYJy I CeYeHHS.

[Toka)keMm, uto mpH BemoJHenud yciaoBuit 1) n 2) nuddepen-
HuajbHOe CeyeHHe 3aBHCHT OT COCTOSIHHSl HaJeTarouiefl 4YacTHIIBI
TOJIbKO 4epe3 2y H cnpaBefJjinBa QopMmyJa

do == (ko, n, &) Fdn.

HanbGonee o6muM cocTossHHEM 1J51 CBOOOZHOH UYaCTHLBl SIB-
JIeTcs CMellaHHOe, 3alaBaeMoe MaTpHuel mioTHocTH My (f), Ko-
TOPYIO MBI INIPEACTaBUM B BH/IE BLITYKJOH KOMOHHALHH UYHCTHIX

COCTOSIHHH
My (t) = ; Py Yo =1

Uncroe cocrosinue P, , oOnpejensieTcs  BOJHOBOH  (YHKIMed
s

Ps(X, 1), HMewlel BHI
3

9. (%, )= (5 )7 | C.tR er0-rn ak.
2

on

MoOXHO yTBEpXKAaTh, YTO 3aMETHHIH BKJAad AAIOT TOABKO TaKHE
YUCTBIE COCTOSIHHSA, AHCIEPCHST HUMITyJbca B KOTOPHX He IIPEBOCXO-
IUT AHCOEPCHH BMIysabca B cocrosiuuu My(f). IlostomMy mbl Gynpem
cuhTath, 4T0 Bce (GYHKUHH Cs(K) OTJNHYHBI OT HYyJis JHIIb B MaJoH
OKPECTHOCTH TOUKH Ry = Rowo H JHAMeTP 3TOH OKPECTHOCTH He
npeBocXoauT Ak. Mb He HMeeM HHKAaKOH HH(POpPMAIMH HH O KOH-
kperdoMm Buae ¢pyukuuit * Cs(k), HH 0 Becax os U He OyaeM aesarb
OTHOCHTEJbHO HHX KAaKHX-JTHGO NPeAnoNoKeHHU .

* Pasupim ¢QyHkuusaM Cs(k) cOOTBeTCTByeT KaK pasnuyHas ¢opma, Tak H
pasjiMyHOEe PACIMOJIOXKeHHe BOJHOBBIX MaKeTOR B KOH(QHUIYpalHOHHOM MpOCTpal-
cTBE B HEKOTOpBIl MomeHT BpeMeHu. ITycTh, HampuMep, HexoTOpas (YHKLHS
Cs(k) 3ajaer BOJHOBOM MaKeT, UEHTP THXKeCTH Koroporo (x(f))cp ABHKeTCH
BIOGJIb OCH X3, HaHpaBJIeHHOﬁ o BgKTopy Wy H npoxou;ﬂueﬁ yepes pacceHBalomuﬁ

iku
uenrp. Toraa ¢yuxuun Cy(k)=e ICs (k) GymeT COOTBETCTBOBATL IAKeT, CMe-
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Belancaum cravana BeposTHocTh /. Buifepem cHcTeMy KOOpaH-
HaT C HayajJioM B CHJIOBOM I€HTDE M OCbIO X3, HaIpPaBJEHHOH MO
BEKTOPY @o. sl YHCTOro cocTosinusi ¢s(f) BeposTHOCTb /() mpoule
BCEFO BLHIYHCJAHTb, HCIOJb3Yys BEKTOP MJIOTHOCTH IIOTOKAa BEPOAT-
HOCTH

j(s) (X, t) =i ((pqu)s - @sV(Ps):

TOr/1a S — S i(s) (x z‘). di.
Boiuncasns - ;
i (. 0%s - Ops
56 Dl =‘(‘Ps v, 0 023) -0
1 , , o
= Ty RS dk §3‘“‘ (ks + £5) C, (k) C ) e 7=k,
NOJNyYuM
1 4 I 2 2
N
! ’ 4 O (1) r2
o ) 4k \ K’ (ks + £5) C, () C &) (k" — ) =
R R
1 , kgt kg
= Gny RSadkédk =2 C () T (K) O (K — k)=

S dk S dk'C, (k) C, (k) 8 (k' — k).

3

=(n>

ITpu BBIYHCIEHHAX HCIOJb30BAHO PaBEHCTBO

8 (k2 — k)= 5 (6 (b — k') + 8 (k + k) (2)

a yeaoBue Ak < ko, KOTOpOe M03BOJISIeT 3aMeHHUTh (k3 + £3)/2k Ha 1.
Btopoe cnaraemoe B ¢opmyne (2) BEKJaja B HHTErpaJ He JaerT,
Tak Kak B o0jacTu uHrerpHpoBaHus k>0 u &' > 0.

Has cMewanHoro cocrosuua My (£), oueBHAHO,

1=Yq 72—;)7 S dk § dk'C, (k) C, (k') & (k — k).
s 3

Ra

LIeHHBIT HA BEKTOP U; B KOHOHIYDaUMOHHOM MPOCTPAHLTBE (eiku — 3T0 oneparop
CABHra, 3aNUCAaHHBIH B HMIYJbCHOM npeictaBieHuu). KaaccHueckuM anagorom
COCTOSIHHA @s(X,?) (XOT M He BROJHE TOUHBIM) MOJKHO CYHTAThb COCTOSIHHE 4a-
CTHUbI, JBHXKYUIEHCS MO NPsSIMOJMHEHHON TPAeKTOPHH, TPOXOLALLEll yepes pacceH-
Baouit enTp, CocTosiHHIO @ (X, f) TOrfa COOTBETCTBYET TPAEKTOPHS, NPOXOAf-
as Ha pacCTOSHHH O OT PaCCeHBalOLlero LEeHTPa, PABHOMY NPOEKLHH BEKTOpa u;
Ha IIOCKOCTh MNOMNEPeYHOro cedyeHHs Nyuyka. B KiaaccHueckoll TeopuH paccesiHust
paccTosiiie p, na KOTOpPOM Mpowuia Obl yacTHUA OT HEHTPa, ecad Obl He GblIO
B3aHMOJEHCTBHA, HA3LIBAETCA MPHIUCAbHbIM NapaMeTPOM.
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Breiuucaum tenepb dN. Ilpn BHIYHCIEHWH MBI JOJIKHB HCIOJB-
30BaTh MaTPHUIy IUIOTHOCTH M (¢), ONHCHLIBAIOHIYIO COCTOSiHHE, KO-
TOpOE 3aJ0Jro [0 paccesHus (f—>-—oo) acCHMITOTHYECKH CTpe-
mutcad K Mo(f). Oneparop M(¢f) MOXHO 3amucarb B BHAE

M(t) = ; (ls P'lIPS(f)’

I YHCTHie COCTOSIHUSA Py _(y ONpPENEEeHb BOJHOBHIMH (QYHKUHAMHU

(0= (57 ) Sdkc ()  (x, k) e="#, 3)

IlnoTHOCTL (PYHKIHH pachpejesieHHss KOOPAMHAT B HHCTOM CO-
crosuuu Py ) ectb |Ps(X,?) |2 u ans BeposTHOCTH dN) 0GHApY-

KHTb YaCTHLy OpH {—> 00 B 3JIeMEHTE TeJecHoro yraa dn B Co-
cTosHHH Py ) moayuum

(4)

dN® = lim dn S r2dr| P, (x, ) P
Q

t> 400

Mbl 3HaeM, 4TO NpH {—> 00 YaCTHIA YXOAHT Ha GECKOHEYHOCTDH, 110-
sToMy mpu moacraHoBke (3) B (4) MoxkHO 3aMeHHTb YP(X, k) ee
ACUMITOTHYECKHM BbIPaiKeHHeM, TOTAa

dN® = lim dn§°r2 dr (%)%Sdkcs(k)x
0 R?

t->+co

X (eikx+ f(k, n, m)_ei;) etk l2.

3
13\% .
CIDymcr_n/I;:.(%)2 SdkC (k) etkx— k" gpyiseTcsl BOJIHOBHIM TMAaKETOM
) . :

JJia cBOOGOAHON YacTHLKI M OTJIMYHA OT HYJS TOJbKO B TOH 9acTH
KOH(UIypalMOHHOTO NPOCTPAHCTBA, IJe KOHEYHAa BEPOSTHOCTH 006-
HapyXKHTb HePacCesHHYI0 YaCTHIy MNydKa, T. € BHYTPH Y3KOro KO-
Hyca, MOCTPOEHHOr0 OKOJIO HalpaBJieHHS . [JS BceX OCTaJdbHBIX
HampaBJieHHH BKJajJ . JlaeT TOJbKO pacXoAfiliasics BOJHA H JJd
TaKHX HanpaBneHHﬁ

oo

dN® = lim o {ar (5)
[}

w0 2O

( CS (k) f (k, n, (0) e”"—ik?t dk 2
&

Hcnonbsya yciaoshe 2), MOXHO 3aMeHuTh (yrkuuio f(k, n,e) mox
3HAKOM HHTerpaja ee 3HaUeHHEM B TOUKe k == ky, @ = @y H BBIHe-

CTH 32 3HAK MHTerpaJja. Jlanee HHTerpan SC‘ (k) etér—i#" dk mocne
R?
MHTErpHPOBAHUA MO YTJOBBIM NepeMeHHBM BeKTopa k craHOBHTCSH
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OJHOMEPHBEIM BOJIHOBBIM NAKETOM H KaK (YHKUUS OT r NpH [—> oo
OH OTJIHYEH OT HYJ/fl TOJbKO IpPH GOJBLINX MOJOXKUTENBbHHIX r. [To-
3TOMY HMHTErpHpOBaHHE 1O r B (D) MOXKHO PacnpoCTPaHHThL Ha BCIO
BELIECTBEHHYI0 ocb. Torpa

. d
dN® ——-t_l)linm ‘(‘231%| [ (ko, m, @) P X

X § ar {ak §ake, (0T @) erb-rrremite-r?) i =
—- 00 R? R3
= dn| (ko 0, 00) Pz | dic { dk'C, () G, 0 (6 — )

(2m)?
R? R?

Haxkonen, 115 cMewmanHoro cocrosuus M (f)

dN =dn|f (ke n, o) Y a E;T)? S dk S dk'C, (k) C, (k') & (k — k')

R3 Rfi
HJIH dN =dn| [ (ky, n, &) 1,
OTKyJZa cpasy nojyyaem
do ==|f (ko, n, @) Fdn. (6)

B saxJioueHne 3aMeTHM, 4YTO MH noJyuuiau dopmynay (6) ans
BCeX HaNpaBJeHHH n, 32 HCKJIlOYeHHeM n = @, Ceuenue pacces-
HHUSl BIepen He MoxeT ObITb onpeaeneHo dopmysaoit (1), Tak kak
BEPOSTHOCTb OGHAPYKHUTb YaCTHIY NpPH f—> oo B TEJNECHOM yrie dn,
NOCTPOEHHOM OKOJIO HalpaBJ/eHHs N = @y, He NPONOpUHOHaJbHA [
(kpoMe TOrO, MBH BOOOLIE HE MOXEM OTJIHYHTb YaCTHLY, PacCesH-
HYI0O BHepel, OT HepaccessHHOH uacTHuel). Korza ropopar o ceue-
BHH paccesHHsl BIepefl, BCErJAa IIOAPa3yMeBalOT IKCTPATNOJSALHIO Ha
HyJE€BOH YroJl CeueHHH paccesHHs Ha MaJble yraol. [Ipm TakoM
MOHHMAHHH JJsl CeYeHHs pacCesiHHsl BIepe] cnpaBeisuBa ¢op-
myaa (6). '

Jas MHOrmx 3anau yao6HOH XapaKTepPHCTHKOH DacCesiHHsl OKa-
3bIBAETCSl IOJIHOE ceueHue, KOTopoe onpejensercd (opMmyJoi *

0= Slf(ko, 1, (‘)0) l2dn-
Sy

§ 43. AGcTpakTHas Teopus paccesiHug

B 21om naparpade Mbl 6yaeM CTPOro NpuAepKHBATHCH CJeLyiO-
mux obosHauenuii. Onepatop Illpemunrepa nns cBoGomuo# uac-
THlIH o6o3Hauaercss uepe3 [, omepartop lllpeaunrepa uacTHIEI

* B kJaccHYecKofi MeXaHHMKe MNOJHOE CedeHHe O == 0o, eCjli MOTEHUHaa He
apasieTcd QUHUTHHIM. OcOGEeHHOCTBIO KBAHTOBOH MEXAHHKH $fBJASETCH KOHEYHOCTb
ceueHHd ¢ AJ JOCTaTOYHO OLICTPO YOLIBAIOUIMX MOTEHIHAJOB,
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B moJje uepe3 H
H=Hy+V,

rge V —omnepatop NOTeHUHAJNbHOH 3Hepruu. Jloboe pemenue He-
crauuoHapHoro ypaHeHusi lllpenunrepa nas 4acTHisl B noje o6o-
3Hauaercss yepe3 P(f). IDTOT BEKTOP OAHO3HAYHO ONPEIE/IACTCS
CBOHM 3HaueHHeM HpH ! =0, KoTOpoe MHE o603HauaeMm uepes 1,

T. €.
P () = ey,

(HamoMHHM, uTO e~ — onepaTop 3BOJIOLHH).

Ananoruuno Jio6oe pemenue ypaBuenusi [Ipenunrepa agas cso-
6oxHOfl yacTuib obo3HayaeTcss CHMBOJOM ¢(f), a ero sHaueHHe
npu ¢t == 0 yepes g,

@ () =e"tg.

Pasnuunbie pemenus ¢(f) MOryr cHabxKaTbCsl JONOJIHUTENbHBIMH
unpekcamu. CooTBeTcTByWOINe BektopaMm ¥ (f), ¢, ¢(f), ¢ BoJaHO-
Bhle (QYHKIMHM OyAyT 3anuchiBaThbcsl Kak Y(X,f), v(x), @(x,1),
¢(X) B KOOpPAHHATHOM IIpejcTaBjeHMH H Y(p,?f), VY(p), @(p,?),
¢(p) B MMIOyJbcHOM IpeacraBjeHud. HakoHel, coOCTBEHHBIE BeK-
Topbl omepatopa H (ecaH oHH cyllecTBYIOT) Oymgem o0603HAYaTh
uepe3 Yn, Hyn = Enyn.

B § 40 mo mocrpouan pemenne ypabHeHus [Ipenunrepa
P (X, t) == e~ifl'yy (X), KOTOpOE TPH {—> F00 ACHMIOTOTHYECKH CTpe-
MHJIOCh K HEKOTODHIM pellleHHSIM ypaBHeHusi Ulpennurepa anasi cBo-
GonmHol yacTHLH @ (X, ) = e~ lgp_. (X), MOITOMY MOKHO OXKHIATh,
YTO JJf TaKOro pemieHus P(f) cnpaBeisuBbH pPaBeHCTBA

i —iHby — p—iHotg [ =

limJe= i — e=itig_ | =0, 0

®du3nueckyl0 KapTHHY paccesiHusl MOXKHO IIPeACTaBJSTL cJe-

ayomum o6pasoM. 3a0aro KO paccesHHs YacTHUa CBOOGOAHO ABH-

JKeTCsd BJaJH OT pacCeuBaloOllero IHeHTpPa, 3aTeM OHA MNONajaer

B 30HY HeHCTBHS MNOTeHUHaja (IPOUCXOAHT pacCesiHue) M, HAKO-~

Hell, 4epe3 JOCTATOYHO OOJBLIOH NPOMEKYTOK BpeMeHH ABHUMKEHHE

YacTHIBI CHOBAa CTAHOBHTCH CBOGOAHBLIM. Ilo3TOMY ecTecTBeHHOMH

npeacTaBjsercs CJeAylomas MOCTaHOBKA HECTAlMOHADHON 3afaym
O paccesiHuH:

1. Tlo mpoH3BOJILHOMY BEKTOPY @- H3 MNPOCTPAHCTBA COCTOS-
Hufi S 1OCTPOHTb BeKTOp P Takofr, uro (1) cmpaBemauBo mpn
{ > —o0,

2. ITo mocTpoeHHOMY BEKZOPY ¢ HAfiTH BEKTOP @i & H# Takoil,
yro (1) cmpaBensuBO NpH f-> oo,

Bertop ¥ (f) = e~f""p onucriBaeT Takoe COCTOSIHHE YACTHIID,
KOTOpOe B JajleKOM NPOIJIOM coBmajaer ¢ @_(f)==e—#fp_ u npn
t— 0o nepexoaut BQ (f)=e~ g, Dusuka mATEpECYyeT CBA3b
MeXIy BekTcpaMH ¢_ H @4. [TosToMy K mynkTam 1 u 2 moCTaHOBKM
3ala4yu MOXKHO NM06aBUTL CJelyioliee.
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3. TlokasaTh, 4TO CYyLIECTBYyeT Takofi yHHTapHHf onepatop S,
qro
¢, =S¢_.

Haunem c myukra 1. [TocTaBuM 3agady HeCKOJbKO LINpe H MO-
CMOTPHM, BO3MOXKHO JH II0 T[POM3BOJBHEIM BEKTOpaM Q- & 6
H Q& J6 NOCTPOUTh TaKHe BEKTOPH ¢, 4To (1) cnpaBeisnBO mpH
{-—>—o00 U t—>-}0o COOTBETCTBEHHO (pasymeercs, BEKTODH P, IO-
CTpPOEHHbIE 110 Q— U MO @4, He 00513aHbl COBNAAATh).

[lepenuchiBass (1) c yyeToM YHHTapHOCTH omepartopa e~!
B BHJE

lim ”“’ — ethe—iHetcp:FH= 0,
t=>TF oo
Mbl BHAHM, UTO IIOCTaBJIEHHBIHl BOOPOC CBOAHTCA K CYLIECTBOBaHHIO
CUJBHBIX TIPeJesoB
lim elfte=ifit = U ()
> o0 *
Onepartopnl U+, eciu OHH CYLIECTBYIOT, Ha3bIBAIOTCHA BOJIHOBBIMH
onepatopamu. Eciu mocrpoen oneparop U_, To Bektop $ = U_9-
VIOBJIETBOPSIET NMYHKTY 1 NMOCTAHOBKH 3aJauH.

Hafinem npocroe JOCTaTOYHOE YCJIOBHE CYIIECTBOBAHHA BOJHO-

BHIX onepaTtopoB. Pacemorpum omeparop

U (f) = ettite—iHit,
BHIYHCJAHM €ro MPOU3BOAHYIO *

_qgl_t(ﬂ_ == jelH! (H —_— HO) e—iHit — jetftYg=iHt,

Quesuano, uro U(0) = /, noaromy
t
U@ =1+i{emve-imigy,
0
+o0

U, =I+1i S eiHY o= 1Ht i, 3)

0

‘Bonpoc o cymecTBoBaHHH onepaTtopoB U. MBI CBeJIH K BOMPOCY
0 CXOZMMOCTH HHTerpanoB (3) Ha BepxHeM mnpepese. I[OoCTaTOUHBIM
YCJIOBHEM CXOAMMOCTH (3) fBJseTcs cyLlecTBOBaHHe HHTErpaJioB

o0
{ 1ve-mignar (4)
0

Ans noboro ¢ & 6 (MH YUl YHHTApHOCTb omepatopa e'f*), Ha-
KoHell, UHTerpasnl (4) CXOAATCS HA BEPXHHX Npefenax, ecaH AJs

* O6paruM BHHMAaHHe Ha 3alHCh NPOM3BOAHOM, KOTOpas YYHTHIBAET HEKOMs«
myratusHocts H v Ho,
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Jwboro ¢ = H#
1
I Ve-mof(pll=0(|“;‘lm)’ e>0, |t]—> o0, 6]
[TocMoTpuM, st KAKHX NMOTEHIHAJOB BhNoMHAeTCs (5). B Koop-

AZHHATHOM Hpe}ICTaBJIEHI/II/I MBI HMEEM OlleHKy* A4 BOJIHOBOM
byHKuHH @ (X, 1) = e~ il (x)

C
lo(x, )<

3
112

PaBHOMEDHO OTHOCHTEJIBHO X. Torna

| Vemititg |2 = S [V () @(x, ) Pdx < T?CIT S [V (x) Pdx.
RS R?

Mul BHIMM, 4TO ycsaoBHe (5) BHINOJHSETCA, €CJIM TNOTEHLHAJ
KBaJpaTHUHO HHTerpupyemas ¢yHKuus. Pasymeercs, 3T0 ycjoBHe
He sBJjsieTcsl HeoOXoAUMBIM. Kuacc NMOTeHLHAJNIOB, AJs KOTOPBIX CY-
mectBYOT Usx, INHPe, HO CYILECTBYIOT MOTEHIHAJbl, AJIS KOTOPHIX
HeJIb3sl MOCTPOHUTH BOJIHOBBIE ONEPaToOphl. BaxkHelmHM mnpumepom
TAKOro TMOTeHLHasNa SBJAseTCs KYJOHOBCKHI mnorexuuan V(r)=
= ot/r. TIpuunHO# OTCYTCTBHA BOJHOBBIX OIIEPATOPOB IJS KYJIO-
HOBCKOI'O MOTeHHHAaJj a BJAETCS €ro CJAHIIKOM MejAJeHHoe yGhiBa-
Hue Ha GecKoHewuHocTH. PellleHus ypaBHenusi lllpeaunrepa pnis ky-
JIOHOBCKOT'O MOTEHIMaJa He CTPeMATCH K pellleHusM s CBOGOAHOM
YACTHIH NPH {~> 400 (4acTHIAa UYBCTBYET» IOTEHIMAJ Aa)ke Ha
OeckoHeuHOCTH). B cBfI3H ¢ 3THM M wWecralnuoHAapHas, H CTALHO-
HapHas NMOCTAHOBKH 3aJa4H O PACCESIHHHM B KYJIOHOBCKOM IIOJIe Tpe-
OyoT cepbe3HON MoAM(HKAUHM. ACHUMNTOTHYECKHH BHA KYJOHOB-
ckux ¢Gyuxuuit ¢ (x, k) oramyen or (39.7).

BepreMcss K pacCMOTPEHHIO MOTEHIMAJNOB, IJS KOTOPHIX CyIles
CTBYIOT BOJIHOBhIe omeparopsl U. # o6cyaum nyHKT 2. MoxHo
MOCTaBUTb TAKOH BoOmpoc: AJast J1060ro JH BekTopa P & J6 Hail-
LyTcsi BEKTOPH (4 M @_ Takume, uro (1) cnpaBexnuso mnpu
{— 4o00.

Oxka3anlBaeTcst, 4TO ecH y omepartopa H cymecTsyioT coGeTBeH-
Hble BEKTOPH ¥, %, =1, To mna umx pasenctBo (1) wuecnpa-
BEMJIMBO HH IIPU KaKUX Qi H Q. JeACTBHTENHHO, B 3TOM cJjyuae
JIETKO MOXHO COCUHTATb IJIs NpPOU3BOJBHOTO @&, |loll =1

* Ora omeHKa NOJAYYaeTCs n@ OCHOBE METORA CTANHOHApHO# dasn Aag

ACHMIITOTHYECKOI'O BHITHCJICHHS HHTerpana ¢ (x, f) =(—21—-) 2 S q;(k)ei (kx—~k%) gpe.

T R .
Meron crannonaphoii ¢dassl MOXKHO NpHMeHATh, ecau @ (k) yroBierBopsier
onpeseseHHEIM ycaoBuaM raaaxkoctd. Ho muHoxecrBo ryaakux dyHkuuii 2 mior-
HO B 26, a onmeparopnl U(f) u U. orpaHrueHH, MO3TOMY AOCTATOYHO A0Ka3aTh
CyLieCTBOBaHHEe CHIbHEX mpenenoB U(f) Ha MHoxecTse D).
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npezesibl
—iEt o~ iHot

lim |e™ "y, — e lp|= lim [e™*Fn’y, — ol=
t>+oo

t>too

= lim Vi F+lof —2Ree ™ (1, e 'g) = V2.
> koo

Mul yusd, 4TO

t>xoo

lim (y,, e~ iftg) =0, (6)

Tak Kak BekTop e~ ifligp cmabo cTpeMHTCS K HYyJIO0 NpH f-> 400,

M3 ¢usngeckux coobpaikeHHit TakKe JIETKO MNOHATh, MOYEMY
cocrosinue e~‘Hly ~ He CTpeMHTCS AaCHMNTOTHYECKH K HEKOTOPOMY
COCTOSIHHIO CBOOOAHOrO ABM:KeHHS npu e~ ilp. Bekrop ey,
ONMCHIBAET COCTOSIHME YAaCTHIB, JOKaJH30BAaHHOH OKOJO pacceu-
BAIOLIEro LIeHTPa, a BeKTop e~ H'gpnpu n06oM ¢ &€ # — cocrosiHue
YaCTHIBI, YXOAALeA NpH f{— 400 Ha 6eCKOHEUHOCTb.

Slcno, uro (1) HecmpaBeasuBO M AJsi JI00Oro BeKropa y < &,
rae % — NOANpPOCTPAHCTBO, HATAHYTOE Ha COOCTBEHHbIE BEKTOPH Yn
onepatopa . ByneM HaseiBaTh MOANPOCTPAHCTBO % MOANPOCTPAH-
CTBOM CBSI3aHHBIX COCTOSIHHIL.

Htak, MBl BHAHM, YTO 1O HPOH3BOJLHOMY BEKTOPY P, BooOIue
rOBOpSl, HeNb3s1 NOCTPOHTb BEKTOP @3, yAOBJeTBopsiomuit (1) mpwu
t— 4 co. Jlag TOro ytoOHl BBISCHHTb, BO3MOXKHO JIU MO MOCTPOEH-
HOMY BeKTOpy ¢ = U_@_ HaWTH ¢4, HaM norpeGyercs H3YUHUTH
CBOICTBA BOJIHOBBIX OIIEPaTOPOB.

O6o3Hauum yepe3s R+ obmactu 3naueHu#l onepatopos U.. [lo-
KaxeM, urto H+ 1 %.

HocraTouHo mnpoBepuTb, YTO BeKTOPH U+@ OpTOrOHaJbHB
K COGCTBEHHBIM BEKTOpaM ¥, LJs Jawboro ¢ = . V3 (6) nonyyum

(U:I:(p’ Xn) = t_l)ig‘loo (ethe— iHof(p’ Xn) =

. E t —iHt
= lim e'n (e Holo, x,,)=0.
1> oo
Cunenyiomee CBOHCTBO MH NpHBeaeM 6e3 mokasaTesnbcrBa. Oka-
3HIBaeTCs, UTO

B, =F_ =T, RORB=%. @)

JLoKa3aTeNbCTBO 3TOTO YTBEPKAEHHS fABJseTcs HauGoJiee CAOKHBIM
B abcrpakTHol Teopuu paccesHus. [lommpocrpancrso %, cosna-
mawpomee ¢ obsacTIMu 3HaueHH# onepatopoB Ui, 4aCTO HA3LIBAIOT
IOANIPOCTPAHCTBOM COCTOSIHHH pacCesiHusl.

[TokaxeM nanee, uro omepatopsl U. SIBASIIOTCS H30METpPHUE-
ckAMH. [leficTBHTeNIbHO, M3 CHJABHON cxomuMmocTH omepatopa U(f)
npH {— 4-00 H YHHTApHOCTH 3TOT'O ONepaTopa CAeLYeT, YTO

U U, 9)= tlirinm U)o, U)o)=(9, 9),
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T. €. OHepafOpr Ui COXPaHAKT HOPMY BEKTODa ¢, H IO3TOMY
U;Ut = 1. (8)

Oneparopsl Us AIBJAIOTCS YHHTApHBLIMH TOJBKO NPH OTCYTCTBHH
COOCTBEHHBIX BEKTOPOB [HCKDETHOTO CIleKTpa Yy oneparopa H.
B stom ciaydae omepartopnl U. orto6paxaioT 6 Ha F B3aUMHO
OJHO3HAYHO, H TOrja Hapsiny ¢ (8) HMeeT MeCTO PaBEHCTBO

U.UY,=]1. 9)

Ecaun H umeer AHCKpeTHHIN CeKTp H Y & %, Torna Hahpyrcs
TaKHe BEKTOPH @4 H Q_, 4TO

v=U.9,.
JlomHoxkas 9T0 paBeHCTBO Ha U, u yuuthiBas (8), HOJy4HM
Ub=9,, (10)
UUsbp=1, v=4. (11)

C zpyro#i cTOpoHH, 411 ¥ & % ¥ Jo6oro ¢ = 6
(U;:X: (P) = (X, U:‘P) == 0;

II03TOMY
Uwy=0, U.ULiy=0, yx=4%.

J11060i BEKTOP ¢ & 6 MOXKHO NPeACTaBHTb B BHAE
r=x+% 1B VY=
u UsUrp=19=(—P)q,

raie P— npoeKkTop Ha MOANPOCTPAHCTBE CBS3aHHBIX COCTOAHHH Z.
Takum oGpasoM, B obumem caydae BMmecto (9) uMeer MecTo pa-

BEHCTBO
UsUh=1—P, (12)

NO3TOMY NpPH HaJHYHH IUCKPETHOro chekrpa omepatops U. He
SIBJISIIOTCS YHUTAPHBIML

Haxkonen, nokaxem, 4to nJsi Ji060H OrpaHHYEHHOH QYHKIHA
f(s), s = R cnpaBefJaHBO paBeHCTBO

F(H)Us=U.f (Ho). (13)
[Tepexoas k npemeny npu f=> --co B paBeHCTBE

eiH"ethe—lHotq) p— eiH (t+’t)e— iHy (t+‘¢)eiHa1:q>’ (= %’ =] R,

MONYIHM
eiHTU;b —_— UieiHoT,

OTKyZa cpasy caeayer (13).
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BepHeMcs K HeCcTallMOHAPHOM 3ajfaue O paccesiHHM, MOCTAHOBKA
KoTOopo# Oblia cgopMmysupoBaHa B HauaJse nmaparpada. Ecaun gad
HEKOTOPOro IMOTeHHHasa V CyllecTBYIOT BOJHOBHIE omnepaTopn Us
H cnpaBefJuBo (7), TO HeCTallHOHAapHas 3a7aua O PacCesTHHH HMeeT
€JHHCTBEHHOE DeHICHHeE.

BexTop ¢ HaxomuTCs AJIs NMPOHU3BOJIBHOIO Q- & JB mo dopmyJe

Y=U_q_.
Bektop ¥y = &, noaromy corgacuo (10)
, ¢, =U,
HJIH o, =U/U_g_,
4TO MOXKHO HepenucaTh B BHJIE
¢, =So_, (14)
rae S=ULU_.

YHuTapHocTs oneparopa paccesnusi S caeayer u3- (8), (12) u oue-
BHJAHBIX paBeHCTB PU+ = 0. [lelicTBUTEJbHO,

S'S=UUUU_=U.(I—P)U_=1

H aHAJOTHYHO
8§ =1I.

Hanee u3 (13) caenyer, 4to
Sf(Ho)=1[(Ho)S. (15)
3anuuweM (15) B HMIyJbCHOM IpeACTaBJEHHH HPH [(S)=s

S(k, k') = kS (k, k).
Mub BHAHM, 4YTO fAApPO omeparopa S MOXKeT 6HLITh 3aMHCAHO
B BHOE . ,
Sk, K)=22E29 (g2 ), k=to, (16)

H cooTHomenue (14) mpuHHMaer Bup

q>+ (k, (’)) — S d(!), S k12 dk, 2S (krkmv 0),) 6(k2;' k/) q)_ (k,, ml) —_—

S 0

— S Sk, ©, o) g_(k, o)de’.
s: .

CpaBauBasi aty dQopmyay c (40.9), noayuaeMm, 4TO OyHKUHS
S (k, o, ®"), BBeaeHHas cooTHoweHneM (16), coBnagaer ¢ Qyuruues
S(k,o,0’) uz § 39. dra cBA3b MeXAy S-0mepaTopoM HeCTaUHO-
HAapHOH TCOPHH paccesiHHS M ACHMITOTHKOH BOJIHOBHIX (DYHKIHH
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CTallHOHAPHON 3aJa4M O PACCESHUM MOXKeT GBITh YCTAHOBJEHA, KO-
HEYHO, H B PaMKax CTPOrod TEOpHH.

CyuiectByer mpocras CBsi3b MEXJAY BOJHOBBIMH ONepaTopaMu
U+ u BBemeHHbIMEH B § 39 pelucHHSIMH ypaBHEHHA Lilpenunrepa
P (x,k). HanoMHuM, uTO pelleHHe HECTALHOHAPHOLO YpaBHEHHS
IIpenunrepa V(x,?), mocrpoennoe mo GyHKUUH (X, k), HMeeT BHI

vx H)=(32)" {o_ 0¥ x We ¥ ak.

Ra

3mece Mb o6osuaunan ¢yHkuuio C(k) uepes ¢-(k). Mbl 3Haewm,
uto GyHKOHS P(X,{) IpH f— —o00 aCHMOTOTHYECKH CTPEMHUTCH K

3
o_(x, f)== (%)2 S @_ (k) etkxe— ik gk,
R?
[Tonaras B TuX paBeHCTBax f == 0, NONyYHM

3 3
v =(3)" (v Wo_ Wk, o_(0=(3) | et=o_(k) k.
R® R?

CpaBuuBas 3tH (opMyan ¢ P == U_q_, B3alHCaHHOH B HM-
NyJbCHOM HpeJCTaBJIeHUH

v ={U_k K)o_ k) ax,
Ri
nosyvaem, 4ro

U_(k, k') = (T;)T S =ik (x, K') dx.
R®

MoxHo nokasartb Takxke, YTo

U, (k, K)= (2—;)3— S‘e"”"‘w x, —K)dx.
R3

Cgasb onepatopoB Usx ¢ COGCTBEHHBIMH (DYHKIHAMHU HeNpephB-
HOTO crekTpa omnepartopa f{ cTaHOBHTCSI 0COOGHHO HATJISIAHOH, eCH
semmucath (13) npu f(s)=s, (8) m (12) B ummyJbcHOM mpen-

CTaBJIeHHH
HU:E (p’ k) = kQU:t (P’ k) (17)

(H — omepatop Illpeannrepa B HMIYJLCHOM HNpeJCTaBJICHHH),
(U0, ) T, o) dp = (ks — ko) (18)

S X —

Us(p, U=, K)dk+ ) % (D)% @) =08 —p).  (19)

R
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®opmyna (17) nokasbiBaer, uto fapa oneparopos Us, pac-
cMaTpuBaeMble Kak ¢YHKIHH OT P, eCTb COOCTBeHHBIE (YHKIMH He-
NpPEPLIBHOIO CIEKTpPa, COOTBETCTBYIOIIHE COOGCTBEHHOMY 3HAYEHHIO
k2. Torpa (18)— ycioBue «OpTOHOPMHPOBAHHOCTH» COOCTBEHHBIX
dyukunit U.(p,k), a (19) — ycaoBue mnosnHoTh cucreM {X,(p),
Us(p,k)}.

§ 44. CsoiicTBa KOMMYTHPYIOLIHX ONEePaTopos

B sroM maparpacde MB pPaccMOTPHM CBOMCTBA KOMMYTHPYIOMIHX
ONepaTopoB, elie pa3 ob6cyauM BOIpoC 06 OZHOBPEMEHHOH H3MepH-
MOCTH Ha0JI0faeMblX H BBeJAEM BaXKHOe [Js1 KBaHTOBOH MeXaHHKH
HOHSATHE MOJHOro Habopa KOMMYTHPYIOIIHX HaObJ/I0LaeMbIX.

a5 Havaja pacCMOTPHM [Ba CaMOCONPSIKEHHHIX KOMMYTHDPYIO-
mux onepatopa A U B ¢ yucto ToueuHHIM creKTpoM. [Tokaxewm, uto -
TaKye onepatopbl HMeloT OOIIM{ MOJHBIA Habop COOGCTBEHHLIX BEK-
topos. Ilyctn

Aq)g;)=}"m(p$rit)’ l=l’ 2’ crc
B‘l’g)zﬂnﬂ’ﬁzj), ' ]=1: 2, ciuy (l)

ITo ycnosmio na6opn Bektopos {9} u {$} sBasiorcs nonHHIMH
B NPOCTPAHCTBE COCTOSHUHN J6.

OG6o3nauuM uyepe3 B, cOOCTBeHHOE INOANPOCTPAHCTBO omepa-
Topa A, cooTBeTcTByIOLIee COOCTBEHHOMY 3HAUYEHHIO Am, Uepe3 P,
IPOEKTOP Ha 3TO MOANPOCTPAHCTBO. AHAJOTHYHO BBefeM o6; U Py
ans  onepatropa B. W3 ycaosus AB = BA cneayer, uTO
PP, = P,P,. Beenem omnepatop Ppnp=PmP,. OueBugno, uto
Pmn— onepaTtop MNPOEKTHPOBAHHS HA NOANPOCTPAHCTBO Hmp =
= HmHn Eciun ¢ & Hmp, T0 OH yHOBIETBOPAET OGOHM ypaB-
uwenusam (1). Hanee, #Mmn L Hpn, €CM HHAEKC mA OTJAHYIEH OT
ungekca m'n’. Ilyers {@¥)}, k=1, 2, ... — Gasuc B noanpocrpan-
cTBe Hmp. A TOro 4TOOB NOKA3aTh MOJHOTY CHCTEMBl BEKTOPOB
{q;ﬁf;}l} k,m,n=1,2,... B 6, ROCTaTOYHO NPOBEPHTb, YTO HE CylIe-
CTByeT BeKTopa ¢ & 76, ¢ #= 0, OPTOroHaJbHOTO KO BCeM I, U3
fosHoTHl HaGopa cOOCTBEHHBIX BEKTOPOB omnepaTtopa A caexyer,
4TO A4 Jioboro ¢ = 0 Hafinerca HoMmep m1, AJg KOTOporo Pne 5= 0.
AHnajoruuHo Hafifercss HoMmep n Takod, 4yTo PrPmp==0, T. e
Pmnp 5= 0 g5 no6oro ¢ = 0 1 HEKOTOPHIX m H A

Takum o6pa3om, MBI NOKa3aju, d4TO {q)gj}l} sBjasieTcsi 0asucom
B 46, cocrosmuM H3 OOLIHX COOGCTBEHHBIX BEKTOPOB ONepaTo-
poB A u B.

CopaBensinBo H obpaTHoe yTBepxkaenue. Ecou aBa oneparopa
UMeloT OOIUi MOoJMHBIA Habop coOCTBEHHBIX BEKTOPOB, TO OHH KOM-
MyTupywot. [leficTBurensno, nycts {¢%)} — obwmit moanuii Habop
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coOCTBEHHEIX BEKTOpOB omepatopoB A u B
A8, = 1, 0l
Be®) =p ok k=12, ... £y

mn?
Torna ABo®), =1, n 0% u BAg® =i n ¢¥. W3 noaHots Ha-
6opa caenyer, 9TO AB(p = BAg anga nwboro ¢ = .
-~ JloKa3aHHble YTBEDXKAEHHS CHPABEJIUBBI [Js1 [POH3BOJBHOTO
YHCJa MOMAPHO KOMMYTHDYIOUIHX CaMOCOIDSIKEHHBIX ONEPaTOpOB
Ay, ..., As ... C YHCTO TOYEYHHIM CHEKTPOM H C HEKOTOPHLIMH OTO-
BOPKaMH JJIS ONEPaTOpPOB C HENPEPHIBHBIM CHEKTPOM.

HwMeer MecTo TaKXe cjeayioulee yTBepxkiaenue. Ecau camoco-
npsKeHHble onepaTopnl Ay, ..., A, NonapHo KOMMYTHPYIOT, TO Cy-
HleCTBYeT TaKol caMOCONPAXKEHHHl omepaTop R, 4TO BCe omepa-
tTopl A;, i=1, 2, ..., n aBnsorca ero byHkuuamu A; = F;(R).

Jlais omepaTopos ¢ WHCTO TOUEUHHIM CHEKTPOM MOCTPOHTH TAKOH
onepatop R ouenb Jjierko. PaccMoTpum ciyuall ABYX KOMMYTHPYIO-
mux omnepatopoB A u B. OHM HMeT OGIYI0 TNOJHYIO CHCTEMY
COGCTBEHHBIX BEKTOPOB {@¥)}, KOTOpHe YIOBJETBOPSIOT YypapHe-

HuaM (2). Onpenenum onepatop R COOTHOUIEHHSAMHE
(k) — plk) @lk
R(p ré nq)( )

mn?

rae ri¥) — pemectBenyble passuuHble uucaa. OueBHAHO, 4TO R —
CaMOCOUPSIKEHHBI ONMepaTop C MPOCTHIM YHCTO TOYEUHHIM CIIEKT-
poM. Beenem rtenepp BeuiecrBeHHble pyHkuuu F(x) u G(x), ymos-
JIeTBOPAIOIIHE yCaAOBHSAM A, = F (r(k’) W, -G(r<k>) Jana 3Haue-
HHl ¥, He coBNajamWux ¢ uncaamu ri® Bua dynkuui F(x)

H G(x) HecywectBeH. M3 onpenesenus GyHKUHM OT omepartopa
cpasy caenyer, uto A = F(R) u B = G(R). Ob6wmas teopeMa aJs
KOMMYTHPYIOLIUX onepaTopoB Aj, ..., A, ¢ NPOH3BOJBHLIM CIIEKT-
pom Obuia mokasaHa ¢on Helimanowm.

OﬁCYlII/IM (pH3MUeCKHe CJIeICTBHSA C(bopmy.nnpOBaHHux yTBEpXK-
AeHUH IJIs KOMMYTHPYIOIIMX omepaTopoB. HamoMHHM, 4TO COOTHO-
meHHe HeompepneneHHocrell [efisenfepra He HaK/iaIbIBaeT HHKAKHX
OrpaHHYEHHH Ha JHCNEPCHH KOMMYTHPYIOLIHX HaGJaofaeMblx H
B 3TOM CMBIC/IE Mbl Ha3BaJjJH HX OJHOBPEMEHHO H3MEPHMHIMH. Mbl
Teepb MOMKEM YTOUHHUTH IOHATHE OJHOBPEMEHHOH H3MEepPHMOCTH.
[Tociennee yTBEpXKAEHHE MOKA3BIBAET, UTO IJISl U3MEPEHHS YHCJIEH-
HBIX 3HAUEHHH KOMMYTHPYIOIIUX HaOMI0aeMBIX MIOCTATOYHO H3Me-
pUTh OfHY Hab.ogaeMylo R, T. e. NPUHIHIHAJIBHO BO3MOXKHO IpH
eIMHHUHOM H3MEePEeHUH Y3HaTh UMCJCHHBle 3HAUeHWs Bcex Habio-
naembx Ay, ..., A, W3 cyuectBoBalus cucreMb obUHX COGCTBEH-
HBIX BEKTOPOB CJEIYeT CyIIecTBOBaHHe OeCKOHEUHOTO MHOXEeCTBa
COCTOSIHHH, B KOTOPHIX BCe 3TH HalbjiofaeMble HMEIOT ONpeneseHHble
uyuCcJAeHHble 3HaueHus. Hakonel, M3 pe3yJNbTaTOB CJjeRyloOUlero na-
parpada 6yfer caef0oBaThb, YTO MOMKHO NMOCTPOUTH O6LIYIO (YHKUHIO
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pacnpesieNleHHs] YHCJIEHHBIX 3HAaYeHHH OXHOBPEMEHHO H3MEPHUMBIX
HabJ0aaeMBIX JJs JI0O0r0 COCTOSIHHS.

Beenem nonsitne (byﬂmmn 0T KOMMYTHPYIOIIHUX onepaTopOB A
u B. Ilo BemectBeHHOl ¢yHKUMEH f(X,y) MOXKHO IOCTPOHThH CaMo-
conpsixkeHHblll oneparop f(A4, B), nonoxus

f(A, B) o =f (A, 1,) 0%,

rie BekTopr @)  ymoBieTBopsOT (2). ITO omnpeneneHue Ccoria-
CyeTcsi ¢ BBEJEHHBIM DpaHee omnpejeneHHeM (YHKIHUH OT OXHOBpe-
MEHHO H3MEPHMBIX HaOMIONaeMBIX.

CnpaBesIUBLIM sIBAsIETCH CJefyioliee yreepxaenue. Ecau ome-
patop D KoMMyTHpYeT ¢ JIOOLIM omepaTopoM C, KOMMYTHPYIOUHM
co BceMu onepartopaMu A, ..., A [Ai; Ar]l =0, 10 omepatop D
apasiercsd (yHKIHeH OT 3THX omepatopoB. [Ipm noKasaTelbCTBe
ONSATh OTPAHUYHMCS CJy4aeM ABYX ONEPATOPOB C YHCTO TOUEUHBIM
CIIEKTPOM.

Ilycts xaxao#t nmape cOOGCTBEHHBIX 3HAYEHHH A, M p, COOTBET-
CTBYET OJHH COGCTBEHHBIH BEKTOP

Aq)rnn =MAn@mns»  BPmn = Wu@mn.

B srom ciayyae mOCTaTOYHO KOMMYTATHBHOCTH omneparepa D ¢ ca-
mumu onepatopamu A wu B. [efictButensho, ecau [D,A]=0
HQEHm 10 4 Dp = Hnm, Tak Kak AD@ = DAg = AnD¢. Ana-
goruuHo w3 ycaosus [D,B]=0 _rnoaysaem, 4YTO BMeEcCTe. C
o=, u Dp=bn,. Tlostomy, eciu ¢  Hmn, 10 Do E Hmn. Tlo
YCJIOBHIO NIPOCTPAHCTBA FBmn ONHOMEDPHHB H D@, JHIIb YHCJIEHHBIM
MHOXHTEJNEM. MOXKeT OTJIHYATBCA OT Qmn, T. € DQmn = %mnPmn.
Bmﬁnpa;x cpyHKumo f(x,y) Tarywo, 4T0 %mn = [(Am, Arn), BHAUM:

= [(4,

HepeuaeM K 0oJiee CJIOXKHOMY CJYYalo, KoTZa MOANIPOCTPAHCTBA
Hmn He SBIAAIOTCH ONHOMEPHBIMH

Agl) =1 o®, Bol) =p ok, k=1, 2,

PaccMOTpHM  COBOKYNHOCTb COGCTBEHHBIX BEKTOPOB, COOTBET-
CTBYIOILIHX Tnape Am, W, VHIEKC mn [ COKpAalUeHHs 3aIHCH
onyctuM. Baejem omeparopmt CY) u CUD, onpenesHB HX paBeH-

CTBAaMH

COP™ — 8,0

o, k=1,
Cling® =1 @b, k=],
0, k#*j, k|,
C(f)q) — C(/l)(p —_ 0’ P E%;l-n’
rae by — OPTOTOHAJBHOE NOMOJHEHHE K MOANPOCTPAHCTBY Hmn.
Jlerko mpoBepuTb, uTO Bce omepatodwml CU) u CUD gomMyTHpylOT
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¢ A u B. U3 yenosusa [D, CP] = 0 nonyuum
D@ = DChhh = CH D,
oTKyJa caexnyer, uro Do) mpomopunonanen ¢):
Dq)(]) o M(i)q)(f).
ITokazxkem, uTo Bce yHcaa %) coBHmagawT

1Pt = Dl = DCUNGD == CUH Dp®) == CUDyD ! = O,

Takum o6pasoM, BekTopbl @) ABAAIOTCA COOGCTBEHHBIMH BEKTO-

paMu omepatopa D, mpuueM cOOGCTBEeHHBIE 3HAUEHHS OT MHMAEKCA A
He 3asHcAT Do) =x o [losromy, KaK u B NepBOM ciyuae,
D = f(4, B).

OGpaTuM BHHMAaHHe Ha TO, YTO KOMMYTATHBHOCTH omepartopa D
¢ camuMu onepatopaMu A u B 3aech 6bli0 OBl HemocraTouHo. Bo-
Jlee TOro, eCJH H3 YCJOBHS KOMMYTAaTHBHOCTH omepatopa D ¢ A
i B caepxyer D = f(A,B), TO MOXHO YTBEpXJAaTb, UTO KaxKIOH
nmape COOCTBEHHBIX 3HAauYeHHA Am H [, COOTBETCTBYeT OXHH COG-
CTBEHHBIH BEKTOD Qmn. ILE€HCTBHTENDBHO, €CJH TAaKUX BEKTOPOB He-
CKOJIbKO, TO BCErja MOXKeT ObITb MOCTPOEH OMepaTop, KOMMYTH-
pyiomnit ¢ A 1 B u He ABAALOIMACT HX (yHKOHeH. B Kayecrse
TAKOro ONeparopa MOXKHO B3fiTh, Hampumep, oneparop CUD.

Teneph Mbl MOKeM BBECTH BaKHOe IOHSITHE O IMOJIHOH CHCTeMe
KOMMYTHpPYIOIIHX omepaTtopoB. CHCTeMa CaMOCONPSAXKEHHBIX OIepa-
TopoB Aj, ..., A, Ha3bIBaeTcd MOJHOA CHCTEMOH KOMMYTHPYIOUIHX
‘onepaTopoB, €CJIH

1) omeparopsl A; momapHo KoMMyTHpyWT [A;,A;]1=0, [, j=1,
2, ..., 1,

2) HH onMH M3 oneparopoB A; He sABiserca (yHKHHEH OT oc-
TaJIbHBIX,

3) mw6ofi onepaTop, KOMMYTHpYIOWHi co BceMu A;, ecTb QYHK-
HUS OT 3THX ONEePaTOpPOB.

W3 nokasaHHBIX BbIIE yTBepXAeHHH u ycnoBu#t 1) u 3) ompe-
Jellendss moaHoro HaGopa Ay, ..., A, ciexyer, 4TO CYIIECTBYeT
obmas moJHas CHCTeMa COOGCTBEHHBIX BEKTOPOB BCeX 3THX OIe-
paTopoB

A0, =0, . ap =12 ..,n

n

IpHYeM KaXKJOH COBOKYIHOCTH COOCTBEHHBIX 3HAYeHHH ay, ..., Qna

COOTBETCTBYET OAHH COOCTREHHBIH BEKTOD @, ... Y8 ycaosus 2)
preees By

cJefyeT, uTO NOCJEIHHM CBONCTBOM He obJjagaer obumias nosJHas
CHCTEMA BEKTOPOB JIsl yacCTH omepatopoB Ay, ..., A, Pakruueckn
ycnosue 2) o6osHauaer, uto cpean omepatopoB Ay, ..., A, HeT
«JTUIIHUX>.

Eciu B pesyabraTe H3MepeHHH H3BECTHO, UTO YHCJEHHbie 3HA-
yeHusl MoJHOro HabGopa HabaiomaeMelx Ay, ..., A, B HEKOTOpOM
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COCTOSIHUM C JOCTOBEPHOCTBIO PpAaBHB &1, ..., Qn, TO MOXKHO
yTBEPXKJIATh, UTO 3TO COCTOSHHE ONHCBHIBACTCA BEKTOpOM (Dal

e @y

B 3akJjoyeHde 3aMeTHM, 4TO ecJd Ha0bOp MONapHO KOMMYTH-
PYIOIMX HE3aBHCHMEIX OMEPaTOPOB He ABJSETCHA MOJHBIM, TO €ro
MOJKHO ¥ [MPATOM MHOFMMH CHOCOOaMH JOMOJHHTH A0 TOJHOrO
nHabopa.

§ 45. MpencraBieHne NPOCTPAHCTBA COCTOSAHHH
no NoJAHOMY Habopy HaGaI0AaEMbIX

[Tycte naum mnoauwbiit HaGop omepatopoB Ay, ..., A, € 4YHCTO
TOYEUHBLIM CNIEKTPOM. DTH ONepaTopsl MMeloT oOululi moJHbA HaGop
CcOOGCTBEHHLIX BEKTOPOB @, .. B KaX10My Habopy COGCTBEHHBIX
e Fn

yyces COOTBETCTBYET OJIHH BEKTOD @, . ITpousBosbHbIll BeK-
t

TOp P & 6 MOKeT ObITb MPEACTaBaeH B BHIAE pAaa
1b=al'nz" an"‘p(aly coey an)’ (Pal,“_, an, 'lb(al, caey aﬂ)z("’p’ @a], . aﬂ).

drta dopmyna onpenensieT B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
MeX1y BeKTOpaMH ¢ H GYHKUMAMH Y(ay, ..., dn), ONPEJEJeHHBIMH
Ha crnekrpe oneparopoB Ay, ..., Ap,

\p*_"lp(ah veey an).

OueBHAHO, 9TO

(‘bl’ q’2)=a Z o ‘Pl (ab vy an)lp?(al’ ey an)’
Ap > ab(ar, ..., an),

T. €. IOCTPOEHHOE MpeJACTaBJeHNe ABJAAETC COOCTBEHHBIM IS BCeX
onmepatopoB A, ..., A, (#eficTBHe 3THX ONEPaTOPOB CBOAUTCH
K YMHOXEHHIO Ha NepeMeHHYIO).

Oyukuusg P(ai,...,a,) HazbBaercs BoJHOBOH dyHKuMeH. UToObl
BBIICHHTb ee (HU3MYECKHH CMBICJ, MOCTPOMM, Kak B MpeablaylieM
naparpade, onepatop R rtakoit, uro A;= Fi(R), i=1, 2, ..., n,

='_-"'r
R‘pal,...,an ag, oo, anq)al,..., a,’

THE 7a,, ..., a,— PA3JHYHBIE BEWECTBEHHbIE UHCAA K a;=F;(ra,, ..., a,).
Mu snaem, uto |(b, @, . . 4 ) F=[%(a ... a,) [ ects Beposit-
HOCTb B pe3yJ/ibTaTe M3MepeHHs NOJIYUHTh UHCJEHHOe 3HaueHMe Ha-
6monaeMoli R, paBHO® rq,. . a,. IlosTOMy |¥(ai,...,a,)|? sB-
JSIETC BEPOSATHOCTBbIO MOJYYHTb B pe3yJbTaTe OJHOBPEMEHHOrO
H3MepeHHs Habaonaemuix Ay, ..., A, 3Ha4eHHS Qi, ..., Qn.

Bce atn pesynbraTthl 0606wmaiTcs Ha cayya#l mojnoro Habopa

onepatopoB Ay, ..., A, ¢ IPOU3BOJAbHLIM creKTpoM, Chopmyanpyem
6e2 10Ka3aTeNbCTBA TEOPEMY,
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Teopema. [lycts nan mnosubifi Habop KOMMYTHpPYIOUIHX oOflepa-
T0poB Ay, ..., A, Toraa cymecTsyer Takoe HpeACTaBJeHHe NMPOCT-
PaHCTBa COCTOSIHHH, YTO BeKTOp Y & #¢ npeicraBasercss GyHKUHeH
Y(ai,...,a,), onpeieseHHONl Ha HEKOTOPOM MHOxKecTBe U (a =
= (ay,...,a,)=%). Ha mHoxecrBe ¥ 3amaHa Mepa dp(a) # ¢Ka-
JsIpHOe NpOU3BeleHHe onpefessercs GopMyJon

(b1 ¥ = { %1 (@) 2@ dp (a).

A
Oneparopnl Ay, ..., Ax B 3TOM NpeACTaB/ieHHH SBJSAIOTCS ONEpPaTo+
paMH YMHOXKEHHS Ha MepeMeHHYIO
Apblay, ..., a)=a (@, ..., a,), i=1,2,..., n.
®yukuua |p(ay,...,as)|? ectb naoTHocTh obuieli GYHKUHH pac-
npefeseHds AJas HaOjionaeMbix Aj, ..., A, OTHOCUTEJBHO MepHl

du(a).

Brime Mbl yXe UMeJH IPHMepHl MOJHBIX HaGOPOB KOMMYTHPYIO-
ILHX ONIepaTOPOB H COOTBETCTBYIOIUHX HpeJCTaBJEHUl NpOoCTpaH-
CTBa COCTOSIHH# 8.

Jns 6eccTpyKTYpHOH yacTHLB NOJHBIE Habop obpasyior onepa-
TOpHl KoopiuHaT Qi, Qg Q3. DTOoMy Habopy COOTBETCTBYET KOOpP-
ILUHATHOE NpejicTaBJeHHe., AHAJIOTHYHO CTPOHTCS HMIYJbCHOE Tpej-
CTaBJIeHHe MO NoJHoMy Habopy Pi, P, P, Ilonnwi#i Habop obpa-
3yI0T Takxe onepatopwl H, L2, Ls, rane H — onepartop lllpenunrepa
JJisl YaCTHIBl B lleHTpaJbHOM noJe. I1peacraBneHue, COOTBETCTBYIO-
uiee 3TOMY INOJMHOMY Habopy, omucano B § 31. [lana opHoMepHOi#
yactuubl onepatop llpexunrepa H ansi rapMOHHYECKOTO OCLHJJSA-
Topa caM 1o cebe npeacrasJ/feT NoJHBIH Ha6op. CooTBeTCTBYIOLLEE
npejacrapyenue 6bl10 mocrpoeno B § 18.

§ 46. Coun

Jlo cux mOp MBI CUMTAJH, YTO 3JIEKTPOH NpeAcTaBiasier coboit
MaTepHaJbHYIO TOYKY C MAacColl m M 3apsiioM —e, T. €. SABJSETCs
OeCcCTPYKTYpHOH uacTHLeH, NPOCTPAHCTBO COCTOSIHHE KoTOpo#t I8
MOXKeT OLITh peasH30BaHO, HampuMep, Kak mnpocrpancTBo L2(R3)
KBaJpaTHYHO HHTerpupyemuix ¢ynkuuéi P(x). Ha ocHoBe Takoro
npencraBaeHusi 006 2JeKTPOHe MBI PACCUHTANH SHEpreTHyecKue
YPOBHH aTOMa BOLOPOJA M HOJYYHJH pe3ynabTaThl, KOTOpble ¢ 60Jb-
IWOH CTEeNneHbI0 TOYHOCTH COBMAJAIOT C JKCIEPHMeHTaNbHBIMH. TeM
He MeHee CYLIEeCTBYIOT SKCNEPHMEHThl, KOTOpble MOKAa3bIBAIOT, UYTO
nmofo6Hoe ONuUCaHHe JEKTPOHA He SIBJISIETCS IOJHBIM,

Mp yxe ynomunanau o6 onsitax Ilrepna u Tepsaxa. Oru
OTIBITH [OKa3aJIH, 4TO NPOEKUHS Ha HEKOTOpoe HaIpaBJeHHe Mar-
HHTHOTO MOMEHTa aroMa BOJOPONA B OCHOBHOM COCTOSIHHH MOKET
MpUHMUMATb fABa 3HaueHua. B § 34 ™Mbl NOCTPOHAH KBAHTOBYIO
Habal04aeMyl0 «MPOEKLUs MAarHHUTHOIO MOMEHTa» 3apsKeHHOH
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GecCTPYKTYpPHOR YaCTHHBI ¥ BHAEAH, YTO TPEThbsi NMPOEKIHs Marsut-
HOTO MOMEHTA TPONOPUUOHAJIbHA NMPOEKUHH MOMEHTa HMIyJabca Las.
13 pacyera aTomMa BOZOPOXA Ml 3HaeM, YTO YHCJEHHOe 3HaueHHe Lj
[/ OCHOBHOFO COCTOSIHHSI €CTb HyJib. [l03TOMy H MarHuTHelfi Mo-
MEHT -aTOMa B OCHOBHOM COCTOSIHHH JOJI)K€H PaBHATBHCH HYJAI0. DTO
IPOTUBOPEUYNE MOXKeT OLITb OOBACHEHO, €CJM INPe/IOJIOXKHTb, UTO
caM 3JIeKTPOH MMeeT MAarHUTHBIH M MeXaHHYeCKHH MOMEHTLI, MpoeK-
I{H KOTOPHLIX HA HEKOTOpOe HalpaBJjieHHe MOTYyT NpHHHUMAaTb JBa
3HaYeHHs.

CoOCTBEeHHBIH MOMEHT HMOYJbCa 3J€KTPOHA HAa3bIBAIOT CIIHHOM
B OTJIHUHE OT MOMEHTA, CBSI3aHHOTO C €ro JBHIKEHHEM B IIPOCTPaH-
CTBe, KOTOPHIH OOBIYHO HA3BIBAIOT OPOGMTAJbHBIM MOMEHTOM.

CymeCTBOBaHHe Ha0JIOaeMOH, YMC/eHHBIE 3HAYEHHsi KOTOPOH
MOryT NMPUHHMATh [BA 3HAYEHMs, NPUBOJUT K HEOOXOJHMOCTH CUH-
_TaTh, UTO 3JIEKTPOH MOMKET HaXOJUThCcsl B ABYX pPa3JHUHBIX BHYT-
PEHHHX COCTOSIHHSX, HE3aBHCHMO OT COCTOSIHHSl €ro JABHXEHHS
B IpocTpaHcTBe. DTO B CBOIO O4epefb MNPHBOAHT K YABOGHHIO
obliero uncja COCTOSIHHE 3JeKTpoHa. Tak, KaXIOMY COCTOSIHHIO
3JIEKTpOHA B aToMe Bojpopoxa (6e3 yuera CHHMHA) COOTBETCTBYET
ABa COCTOSIHHS, PA3/IMUAIOIIHUXCS NpPOeKIHel CIHHAa HA HEKOTOPOoe
HampaBJieHHe.

Eciiu npeAnosoXuTh, YTO He CyLIECTBYeT KaKoro-iuGo J0MoJHH-
TeJbHOTO B3aHMOJEHCTBHSA, CBSI3aHHOTO CO CIIHHOM, TO KPAaTHOCTb
Bcex COOCTBEHHBIX 3HAUeHHII SHEPrHUM OKasbiBaeTcs B JBa pasa
GoJblre, yeM s GecCOHHOBOH dYacTHIBl. Ecau ke TakHe B3aHMO-
JeHCTBHSl CYIIECTBYIOT, TO BHIPOXKIEHHS, CBA3aHHLIE CO CITHHOM,
MOTYT CHHUMATBLCSl H IIPOM3OHJET pacllenyieHHe 3SHepreTHYeCKHX
ypoBHe#l. OnbITH MOKa3bIBAIOT, YTO TaKOe pacllellJieHHe NeHCTBH-
. TeJIbHO HMEeT MEecCTO.

B § 32 mbl onucajau MojJenb aTOMOB LIEJOYHBIX MeTaJljloB, OC-
HOBAHHYIO Ha MPEANOJIOXKEHUH, YTO BaJleHTHBIH 3JIeKTPOH aroma
JBUXKETCS B LEHTPAJbHOM IoJjle, dTa MOJesb HelJOXO ONHUCHIBAET
pacrnoJioKeHHe YHEPreTHYeCKHX YPOBHeH aTOMOB LIENIOYHBIX MeTaJ-
JIOB, OJ(HAKO HH CaMa MoJesb, HU Kakoe-THOO ee yCOBEPIIEHCTBO-
BaHHe He MOryT OOBSICHHTH HabaiogaeMmoe pacllenyieHHe YpOBHeEH
npu [ =0 Ha gBa Guuskux. [HIoTe3a O CnMHe IIO3BOJISET JIETKO
006bACHUTD 3TO pacliemnsenne. B aroMHo#l (u3HKe CYLIECTBYeT elle
MHOYKECTBO fIBJIEHHH, KOTOpble HaXOAAT CBOe 0ObsICHEHHE Ha OCHOBE
9TOH TUNoTe3bl. Mbl YBHAMM 11033K€, YTO TOJBKO yABOEHHEe 4ucJja Cco-
CTOSIHMH 3JIEKTPOHA, CBSI3aHHOE CO CIIHHOM, [03BOJseT OODBACHUTD
IJIMHY NepHonoB B Tabanue Menaeneesa.

Xotesoch OB MOJYEPKHYTH, YTO CHUNOTE3a O CIIHHE 3JEKTPOHA
sIBJISleTCS THITOTEe301 O TpHpOJe KOHKPETHOH 3JeMeHTapHOH uac-
THLH H. He 3aTpardBaer OOLIMX MPHHIUNOB KBAHTOBOH MEXaHHKH.
AnmaparT KBaHTOBOH MeXaHHKH OKasbiBaercsl IPHCIOCOOJeHHBIM
JJIS OIMCAHHUS YACTHIB CO CIIHHOM.

Mbl HauHeM C THOCTPOEHHS MPOCTPAHCTBA COCTOSTHMH AJS 3JeK-
tpeHa. bes yuyera cnuHA IPOCTPAHCTBOM COCTOAHUHA J& B KOOpAH-
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HaTHOM MNpeJCTaBJeHHH siBaserca npocTtpaHcTBo L2?(R3). BBenenue
cnuHa TpebyeT pacuMpeHHsi NPOCTPAHCTBA COCTOSIHHY, TakK Kak
YHCJIO COCTOSIHHE YacCTHIBL CO CHHHOM 0oJibllle, YeM Yy GecCITHHOBO
YaCTHIHL

Y uBoeHHST UYHCIA COCTOAHUH 6e3 U3MeHEeHHs (HU3HYECKOro Co-
JIepXaHusi TEOPHH JIerko NOOHThCS, 3aMEHHB NMPOCTPAHCTBO COCTOSI-
HHll 6 = L?(R3) na s = L?(R3)® C? ¥ CONOCTABHB. KaXKjaoh
nabaonaemoit A B 56 nabmonaemyio A® [ B Hs.

[osichuM ato noapoGHee. DjeMeHTaMH NPOCTPAHCTBA COCTOSHHH
YaCcTHIBL CO CIHHOM SBJSIIOTCA Napbl QYHKUUH

(¥ (X))
r=(w) @
CkasaspHoe npoH3BeJeHHe B IIPOCTPAHCTBe J4s 3amaercs GopMmyJoh
(%, @)= { 4 (091 09 dx + { (0 7203 ax. ©

R R

Bynem ucnonbsoBath ans Habawonaemeix A® 1 B s Te ke o06o-
3Ha4YeHHUs W Ha3BaHUS, 4TO U JAuas Habmawogaemblx A B #4. Tak Bos-
HUKAlOT ONepaTophl KOOpAMHAT Q), Qi Qs ONepaTroph NpPOeKLHH
umnyasca Py, Py, P3 u T. ., AeficTByouHe B #s. Hanpumep,

0 B 0 (x)

lx i axl

P“I’=P‘(wx> “\Lon
L Xy

KaxaoMy 4HCTOMY COeTOSHHIO Y(X) B 6 Tenepb COOTBETCTBYET
IBa OPTOTOHAJbHEIX COCTOSIHUS B Jfs

w=(%"): n=(ym)

unu jaobas ux JguHeiiHas KoMOHHANHUA. SICHO, YTO CpefHee 3HaueHHe
Jo6o#t HabmonaemMolt A B cOCTOSHHM P GYAeT PaBHATHCS CpemHeMy
3nayenuo Habmaogaemoit A ® I B cocrosuuax W, u W, Takum 06-
pa3oM, BBelisl NMPOCTPAHCTBO JBs M OTPAHAYHBASICH PACCMOTPEHHEM
HabGmogaemMblx Buga A @ /, Mbl IeHCTBHTENbHO AOGHJIHCH YIBOCHHS
4HCJaa COCTOSIHMH, COXPaHHUB Bce (U3HYECKHE CJIEJCTBUS TEOPHH.

B npocrpaHcTBe s, ojHAKO, Hapany ¢ HabGmogaemMbiMH A ® [
CYILECTBYIOT W JApyrue HaQJjiojgaeMmble, HanpuMep, Buaa /® S, rue
S — camoconpsikenssit oneparop B C2 PasyMmeercs, B 56s cyle-
cTBYIOT HalJionaemble, He mpeacTaBuMble B Buge AQ 7 unu [ ® S,
HanpuMep, CYMMBI HJIH TIPOU3BEIEHHS TaKHX HaBJIIOfLAaEMBIX.

Paccmorpum mabuaionaemble tHna /@ S. Ilpexnge Bcero oue-
BUAHO, uTO Jio6as Takas HabjawojxaeMas KOMMYTHpyeT ¢ Jaw060H
HabaonaeMolt A® [ u He sBasercs dyHKuued oT HabJIONaeMBIX
takoro tuna. IlosTomy B nmpocrpaHcTBe #s HabawogaeMele Qp, Q»,
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Q, He obOpasyooT nojsoro HaGopa KOMMYTHPYIOIIMX HabJiomaembix
H MBI JOJXKHB GyfeM AOMOJHHUTb 2TOT Ha6Op A0 MOJIHOTrO,

JIro6o#k camoconpsikeHHbi onepatop S B mpocrpaucree C?
IIPeJICTaBHM CaMOCOMpPSIXKeHHOH MaTpule# BTOPOTO MOPAAKA U MO-
KeT ObITb BblpaXKeH B BHAe JNHHefHOH KOMOHHAIMH YeThipex He3a-
BHCHMBIX MaTpHul, B KadecTBe Takux Marpun ynoGHO BuGpaTh
efuHuuHylo Martpuuy / u marpuus Ilayau o, o, 03

(1 0) (o 1) (o —-i) (1 0)
I=\o 1) o=\ o) 2= o) %=\o —1)

CpoiictBa marpun [layau obcyxkpanucs B § 27. Marpnun §; =
= 0j/2, j =1, 2, 3 UMeIOT NepecTaHOBOUHbIE COOTHOUIEHHS, TAKHE
Ke, KaK H 1J15 OopOUTAJbHOIO MOMEHTa HMIYJbCa

[S1, So]=1i8s, [Sa Ss] =Sy, [Ss, Si1=1iS8,.

Mul Buzenu, 4TO NEepPECTaHOBOUHBLIE COOTHOLIEHHS fBJSIOTCS OJHUM
H3 Haubojlee BaXKHLIX CBOHCTB ONEPATOPOB MOMEHTA HMIyJibCa.
[TosToMy pasymuHo ortoxaecTBHTh omepatopel [ ®S;, j=1,2,3
C oneparopaMu NpoeKuuit cnuHa *. B panpHefiieM 31U omepaTopl
Oyznem o6o3nauath o6GbiuHO uepe3 S;. Omepartopm S; uMelOT c0O6-
CTBeHHble 3HaueHHsi =1/2, Koropwle H SIBASIOTCS OOMYCTUMBIMH
3HaYeHHSIMH NDPOEKUHH CIMHA HA HEKoTopoe HampaBJieHue ** Bek-

X 0
TOPH ‘I’1=(¢(() )) n¥Yy= (Tl’ (x)) ABJIAIOTCA COOGCTBEHHBIMH BeK-

TOpaMu oneparopa Ss ¢ coGCTBEHHBIMH 3HaueHHAMH —+1/2 u —1/2.
IToaToMy 3TH BeKTOpPH ONUCHIBAIOT COCTOSIHHSL C OMNpejeJEeHHbIM
3HaYeHHeM TpeTheH NPOEeKUHH CITHHA.

Hns panpuefiiero #HaM yaoO6HO H3MEHHTL OGO3HAUEHHS H BeK-
Top ¥ = 565 3anuceiBath B Buae GyHKumH W(X,S;), rae x < RS,
a s; NpuHUMaer nBa 3HaueHusa —-+1/2 m —1/2. Takas 3alnHCb SKBH-
BaseHTHa (1), ecaqH MONOKHTD

¥(x 3)=h® ¥(x —5)=th

U3 paseHcTBa

1
P, (x) 'E'\l)l (X)
(0= — 5 ()

* Bosee rayfokue coo6paKeHHs OCHOBaHBI HAa TOM (pakTe, UTO AJS CHCTEMB
co chepuueckH CHMMeTpHYHHIM onepatopoMm lllpenunrepa omeparopw L)+ S; aB-
JIA0TCA KBAHTOBHIMH HHTerpajiaMu JABHXKeHHSl. DTOT BONPOC MBI O6GCYIHM MO3XKeE.

** Bce ¢opMyan MB 3amHChIBaeM B CHCTEME eMHHI, B KOTOpofi h == 1.
B o6bIuHOf cHCTeMe eXHHHI ONepPaTOPH NMPOeKUnH cnuHa uMelot Bui S;= (h/2) g
B IOMyCTHMble UHCJICHHBIE 3HAUeHHs 3THX NPOEKUHH paBHbl -£h/2. 3ameTum, 4TO
UpH nepexofe K KJaaccHueckoll Mexawuke A — 0 M COOTBETCTBEHHO MPOEKUHH CIH-
Ha cTpeMaATcs K HyJo. IlosToMy chnuH saBaserca crnemndHdecKd KBAHTOBOR Ha-
6monaeMoi.
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caeayer, 4To
S;W (X, s3) = s3W (X, s3),

T. €. onepatop S;, Tak Xe, Kak H onepatopn Qi, Qi Qs sfiBAgercs
ONepaTopoM YMHOXKEHHsI Ha INepeMeHHyHO. MB BUAHM, YTO IO-
CTPOEHHOE INPEACTABJEHHE MPOCTPAHCTBA COCTOSIHMH ~YACTHIBI CO
CHUHOM $BJsieTcsi COOCTBEHHBIM AJfi omepaTtopoB @, Qs Q3 u Ss,
a 3TH oneparopsl 00pa3yioT HOJHBIH Ha0Op KOMMYTHPYIOUIHX OIle-
paTopos B Js.

Tenmeppr serko noHATb (uaHYecKHil cMblca QyHKUuHE W(X, s3).
B cooTBercTBuH ¢ 06iuM ToaKoBaHHeM |W(X,sSs)|? ecThb MJIOTHOCTD
(GYHKLHM pacrnpeneseHHs KOOPAHHAT NPHU YCJAOBUH, HUTO TPEThS

NMpoeKlHs CIOHHA HMeeT 3HaueHHe Sz, a Sl‘P’(x, s3) Pdx ectb Be-
R?
POSITHOCTb B pe3yJbTaTe H3MepeHUs CHHHA IMOJYYHTb 3HaYeHHe,
PaBHOE Sj.
Hapsany ¢ HaGmonaemeimu S), Sz, S; MOXHO BBECTH olleparop

KBajpara CIHHA S2=Sf+ S5 +S§. IMogcraBisisl B 3TO BhlpaKeHue
S; =%o, W YYHTHIBas, YTO 0} ==/, MOJy4uM S2=%1. Mu BuaHM,
yto Ji060# BekTop W & s siBaseTcss «COGCTBEHHBIM» [Jis omepa-
Topa S? ¢ co6CTBeHHBIM 3HaueHHeM 3/4. D10 co6CTBEHHOE 3HAYEHHE
MOXHO 3anucatb B Buae* s(s- 1), rae s = 1/2. IlosTromy roso-
pSIT, UTO CIIHH 3JIeKTpOHa paBeH 1/2.

[TocTpouM mpeiacTaBjeHHe TIPYMNBl BpPalieHHH B MPOCTPAHCTBE
#6s. HanomuuM, uto B nmpocTpanctee 6 = L2(R®) pefictByer mpen-
craBleHHe BpalieHu#i g oneparopamu W (g) =e i LatLlatLa)
a B mnpocrpanctBe C? — oneparopamu U (g) = e~ SatSantSa),
Orobpaxenne g— Ws(g), rae Ws(g)= W(g)Q U(g) ssasercs
npeacraBieHHeM B npocTpaHcTBe JBs. [Ipencrasnenue Ws ecth npo-
u3BejeHye npejacrasyenuit W u U.

Onepatopsl B s HasbBalOTCA CHepHYECKU-CHMMETPHUHBIMH,
€CJIH OHH KOMMYTHPYIOT cOo BceMH onepatopaMu Ws(g). Ecau one-
parop lllpenunrepa H siBasieTcss chepHYECKH-CHMMETPHUHBIM, TO
onepartophl Ws(g) u MH)HHHTE3UMAJbHbIE ONMEPATOPHI '

ow
da

S| =—i(L@I+I®S), i=1,23,

I la=0

ABJAIOTCA HUHTErpaJJlaMu ABHIKEHHA. HOBTOMY JJis1 CHCTEMBI CO C(be'
pHUECKH-CHMMETPUUHBIM omepaTopoM llIpeaunrepa crnpaBenjuB 3a-
KOH COXpaHEHHA NOJIHOTO MOMEHTa HMIIYJbCa, IIPOCKUHH KOTOPOro
Ii=Li+S;.

* B § 29 MBl nOKasajH, YTO M3 MEPECTAHOBOUHHIX COOTHOLIEHHH AJs MO-
MeHTa HMIUyJbca ClelyeT, YTO CcOGCTBeHHble 3HAYeHHs OMepaTopa KBajpaTa MO-
MeHTa HMelT BHA j(j+ 1), rie j— uenoe WAH NOJyLeNoe HUCAO, DTO YHCIO
IJs onepaTopa CNHHA NPHHATO 0603Havath GYKBOH .
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3ameruM, uTro B ofmieM cayuae cdepHUECKU-CHMMETPHYHOTO
omeparopa /H HeT 3aKOHOB COXpaHeHHsI OPOHTAJBHOTO H CIHHOBOIO
MOMEHTOB MO OTAeJbHOCTH. OJHako, ecau chepHUyeCKH-CHMMETpUU-
Hblit oneparop Lllpenunrepa B #s KOMMYTHDYET U CO BCEMH Ofle-
patopamMu W(g)®@ /, TO OH KOMMYTHPYET CO BCEMH ONEpPaTOpaMu
Q@ U(g), u UMeIOT MeCTO 3aKOHB COXpaHeHusi M HabaloaaeMblX
L; u §; no orgenvroctu. IlpumepoM Ttakoro omeparopa lpenun-
repa aBiasiercs omepatop H @/, rne H — omepatop Llipennurepa
AJI 4aCTHIB B IIEHTPaJbHOM IOJIE.

§ 47. CnuH cHCTEMBI IBYX 3JEKTPOHOB

TIpoctpancrBo C?, BBeneHHOe B MpeAbIAyHIEM Haparpade, yacto
Ha3bIBAIOT CHHHOBBIM MPOCTPAHCTBOM [Js1 3JeKTpoHa. I/ cHcTeMbl
U3 BYX 3JEKTPOHOB CIHHOBHIM IPOCTPAHCTBOM $SIBJSIETCS MPOCTPaH-
crBo C*== C?@® C% B npocrpancree C? BhGepeM Gasuc, COCTOS-

1 0
K U3 cO6CTBEHHBIX BEKTOPOB onepaTopa S; U = (O) nU_= (1)

¢ co6cTBeHHBIMH 3HaueHHsMH 1/2 m —1/2 coorBercTBeHHo. B ka-
yecTBe O0a3sHCHBIX BEeKTOpOB B mpocTpaHcTBe C* MOXKHO B3SITH
sektopsl  UPUR, UPU®, UPU® w UYUYP, rme unpexcw (1)
(2) HyMepyIOT CIHHOBBIE MOAMPOCTPAHCTBA 3JEKTPOHOB.
Bonee yno6HbIM, oxHako, OKa3biBaeTcs APYro#l OPTOHOPMHPO-
BaHHHI# 6a3HC, COCTOALIHH U3 BEKTOPOB

W, =UYU?

Wo— U(I)U(2)
W= ~;};- (U2 + vu?),
W= "/2 (U(I)U(2 U(-I)U(-%-))-

Yno6erBo HOBOro 6asnca COCTOMT B TOM, UTO BeKTOpH Wi =1,
2, 3, 4 aBasOTCA COOCTBEHHLIMH BEKTOpPaMH OINEpPaTOpOB

(1) + S(2)
n sﬁ=s%+s%+s§.

3necy omneparop S; ecThb TPeTbA NMPOKIHs IOJHONO CNHHA IBYX
3/]IEKTPOHOB *, AHAJOTHUHBIH CMBICJI HMEIOT omepatopn S; H Sa.
Omnepatop S? ecTh KBaZpaT HOJIHOTO CIIHHA.

* B Gosee Tounofi aanuck S; =—;—03 ® 1+—;— I ® 03. OnepaTopm o, ®RIu

(1 (2)

1®a] Mbi 0003HauaeM B AajbHefilleM uepes G;' H Oj' COOTBETCTBEHHO,
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Ias toro urobb nposepHTh CHOPMYJIHPOBAHHOE yTBepKIeHHE
OTHOCHTENBHO BeKTOpoB W, i =1, 2, 3, 4, Hallgem pesyabrar mel-
CTBHSl ONEpPaTopoB 0Oy, Oz O3 Ha OasucHele Bektopw U, u U_.

Hmeem
0 1\ /I 0y
U p——ct ——] =
M (1 0)(0) (1) U

oU_=U,,

U, =iU_, i
olU_=—ilU,

U, =U,,
o/ .= —U_.

Hcnonbsys 3tu GopMyabl, moayuum

San——(G(l)—:— o) UDU? = UPU? — 1w,

S3W/2 2—— 1“72, (2)
SgWg = OW3,
83W4 == 0W4.
Hapany ¢ (2) umeor mecto dopMys!
SW;=2Ww,;, =1, 2, 3,

SW,=0W,.
ITpoBepum dopmyay (3) ans Bektopa Wi
S'Wa=(Si+ Si+ S5) W=
= L0 + o)+ (o oY + (o) + oI W=
[ I+ 1 L (6P + of'oP +U(1>G<z>)] _ (VYU 4 U0 =
——;’—W3+—2—W3+7W3—?W3=2W3.

3aech Mbl Hcnogb3oBaau (1) u paeencrsa o=/, j=1, 2, 3. Ta-
KM o0pasoM, nepsele Tpu Bektopa W, W, u W3 onuceiBamT co-
CTOSIHUA, B KOTOPbIX KBaApaT MOJHOIO CIHHA CHCTEMbl M3 IBYX
aJieKTpoHOB paBed 2, Yuciao 2 MoXHO 3amucaTh B BHAe 2 =
=S8(S+ 1), rme S =1, NO3TOMY TOJHBIH CIHH B 3THX COCTOS~
HMSX DaBeH €IHHHIE. Hpoekum MOJIHOTO CHHHA B COOTBETCTBHH
¢ OOWHMMH CBOHCTBAMHM MOMEHTAa HUMIYJbCa NPHHHMAET B 3THX CO-
crosHUsAX 3HavYeHHs =1 u 0. Bektrop W, omuchiBaer cocrosnue
C TOJHBIM CIOHHOM, PaBHBIM HyJ0. MHOrpa rosopsr, YTO B COCTOSI-
Huax Wi, Wi W3 cnuHB 3J/1eKTPOHOB NapaJiie/ibHbl, & B COCTOSA-
HuUM W4 — aHTHIApaJl/Ie/bHBbL,
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OGcynum  roJiyYeHHBIHt pe3y/abTaT ¢ TOYKH 3peHHs TeopHuu
rpynn. Mbl 3HaeMm, yto B mpocrpaHcrBe C? aeficTByeT HempHBOAM-
Moe npejcraBjeHHe Tpynnsl BpalleHnit orepaTopamMu

_L(aal"l"o 2+0:a;)
U(g)=e 2 7% . Scuo, uro oroGpaxenne g-—>U(g)=

=U(g) ® U(g)=-e #Sm+StSa) ecrp mpencTas/ieHHe IPyNnsl Bpa-
uenuit B npocrpancrBe C* Ilpencrasnenne U sBJisfeTc] TEH30DHBIM
NpoH3BeJeHHEeM ABYX ONHHAKOBHIX IpeacTaBjeHufi U, H OHO NpHBO-
aumo. CoraacHo pesyabrataM § 29 npocrpancrso C* npencraBHMO
B BHJE NPAMOH CyMMBI IBYX HHBaPHAHTHBIX OTHOCHTEJbHO ONEpaTo-
poB U(g) moampocTpaHCTB, B KOTOPHIX AEHCTBYIOT HEIPHBOJHMBIE
npenacrapiaeHusi. [lepBoe H3 5THX NMOANPOCTPAHCTB HATATUBAETCS Ha
sekTopsl Wy, W, Ws, a BrOopoe —na Bekrop W4 Mcmomabsys 060-
snavyeHHd § 29, Ml MOXeM 3amucaTh 3TOT Pe3yJbTaT B BHAE

D__l_ ®D =D0®Dl.
2

1

2

3aMeTHM, 4TO MBI JI0OKa3aJH YacCTHHI cayyali TeopeMbl O pasJo-
KEHHH TEH30PHOTO IPOM3BEJEeHHS HENPHBOAHMMEIX IHpeACTaBJeHHH
rpynnsl  Bpamwenunit. Cdopmyanpyem 3Ty Teopemy O6e3 10Kasa-
TEJbCTBA.

[Tycte B mpoctpanctBax &, H &y HEHCTBYIOT HeNPHBOAHMBIE
npejcraBiennss rpynnsl Bpamennit D, w D,. Toraa TensopHoe

NpoU3BeeHHE NIPEJCTaBIEeHHI NPeJCTABUMO B BH/eE NPSMOH CyMMHI
HENPUBOLMMBIX IIPeICTaBJICHHMA

D;,®Dj,= Dyj— @ Dyj—1+1D . . . ® Dyt

[Tocnepnsis ¢opMysna HasbiBaeTcs pasyoxennem Kiebma —
Topnana. CaMo pasJjioXeHHe MoJydaeTcs HepexoioM oT 0asuca,
COCTaBJIEHHOTO M3 BEKTOPOB €j,m,eymy Me==—jr, —fe+ 1, ..., ],

k=1,2, rne ej,m, — COGCTBEHHEIE BEKTOPH ONEPATOPOB (j(k))2 n J®
K 6asucy u3 BekT0poB e, , o I =|Jj; —iy|, [/ — Q|+ 1. oi i+,

=—J,—J41, ..., J. BektopHl ¢, ; ;s ABJASAIOTCS COGCTBEHHBIMH
AJs 4eTBIPEX KOMMyTHpYyIomux onepatopos (J1)2, (/@)

P=0 400 4+ (8 + 10V 4+ (18 + 19Y, Is=1 + 1Y\
BekToptt € ;) NPeACTABHMHI B BHAE v

N ef1]2!M= mlzmz Cl'x]zJM; flfzmlmzeflmleizmi' (4)
HHgekcet  CyMMHpOBaHHA  my  npoberaloT  3HAYEHHST  —j,
—je+1, ..., jr, k=1, 2. Kospduunents paznoxkenus C B (4)

HaswlBaloTcs Koadduuuenramu Krnebma — I'opmana. 3aMerum, uro
Mbl, nepexoast kK 6asucy Wi, W, Wi, W, nawam atu Kosdpdu-
LHEHTHl AJS cayvas j; = jp = 1/2.

U3 chopMmyaupoBaHHOH TeopeMH CcJiefyeT TakiKe, UTO €CJH
B HEKOTOPOM COCTOSIHHH MOMEHT HMmyJabca J(!) pMeeT sHaueHHe jj,
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a MoMeHT /@ — 3HaueHHe [y, TO NMOJHBLIA MOMEHT J MOMKET MPHHH-
MaTtb 3HauYeHus |j;—jo|, |[j1—j2|l+ 1, ..., ji 4 jo. CraangsiBaTh
TaKUM 06pasoM MOXKHO KaK OpPOGHTaJbHBE€ HJH CIHHOBbiE MOMEHTH
IJIsi Pa3NHYHBIX YaCTHI, TaK H OPOHTAJbHBIH H CNHHOBOH MOMEHT
[JIs1 OJHOH YaCTHLHL.

B 3akuaiouenne sroro maparpada OTMETHM BaXKHOe IJS Aajb-
He#mero cBOHCTBO 0OasHCHBIX 3JeMmeHToB W, i=1, 2, 3, 4. Insa
3TOTrO 3amuuIeM HX, BBOIS CIHHOBHe NepeMmenHbie si) u s{, kaxnas

H3 KOTODHIX MOXeT IIPHHUMAaTh [Ba 3HauyeHuss +1/2
W, (s, ) =U, () U, ()
Wy (s§), s§)=U_(sP)U_(sP),

Vil o) = [V, () U (69) +U_ () U, ()} ©
Vo0, ) = (U, () V- () = U () U, ()]

1 A 1
e U, (3)=1 U.(—5)=0 U_(3)=0, U_(—5)=1
W3 (5) caenyer, uro ¢yukuun W;, Wo, W; asadiorcs cuMMmer-
PHUHBIMH QYHKUHSAMH OT CIIHHOBBHIX IIepeMEeHHBIX

W, (s@, s{)y=W, (s, s@), i=1,2,3,
a W, — aHTHCHMMeTpHUYHAs1 (YHKUHUSA
2 13 ) W— 1 2
W, (s, s)=— W, (s, s).

§ 48. CucreMbl MHOIMX YacCTHIL
IpuHUMN TOXAECTBEHHOCTH

o Hacrosmero naparpada Mbl H3y4a/H B OCHOBHOM NOBEJEHHE
ONHO#W KBaHTOBOM 4YacTHUB. ITpocTpaHCTBOM COCTOSIHME YacTHIB
Ges CciHHa SIBJASETCS B KOOPJAHHATHOM IPEACTAaBJIEHHH MPOCTPAHCTBO
L2(R%), a mns uactuubl co cmuHoM 1/2— L2(R®)® C% EcrecrBesn-
HBIM 06G06IleHHeM TaKMX [POCTPAHCTB Ha CJayYall CHCTEMB! W3
7 YaCTHILl TPEICTABASIOTCS TPOCTPAHCTBO

LRMY=L[2R)® ... ® L°(R}
JOJIS1 4acCTHL, 6e3 cnuHa H IpOCTPAHCTBO
LPRYRC"=L2R)®C’® ... ® L*(R®) ® C?

IUJISL 4acTHI, co cnuuoM 1/2.

CpaBHeHMe TEOPHH C IKCIEPHUMEHTOM II0OKa3bIBaeT, OJHAKO, YTO
Takoe TNPEAINOJOXKEHHe O INPOCTPAHCTBAX COCTOSIHHIA CHCTEM H3
r. 4aCTHI[ OKA3bIBAETCs] CIIPaBEeAJHBHIM TOJNBKO B TOM CJyuae, Koraa
Cpedd YaCTHIl CHCTEMbl HET OAMHAKOBHIX. IIpH HAJMYHM OJHHAKO-
BbIX YaCTHII B TMOBeJE€HHH KBAHTOBHIX CHCTeM OOHapyXHBaIOTCA
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0COBEHHOCTH, OOBbACHEHHE KOTOPHIX CTAHOBUTCS BO3MOXKHBIM Ha
OCHOBE TaK Ha3LIBAEMOro MNpHHUMNA ToxkmecrBeHHocru. Cpasy 3a-
METHM, YTO NPHUHIHN TOXKAECCTBEHHOCTH SIBJSETCS HOBBIM INPHHIU-
IOM KBaHTOBOY MexaHHKH. OH He MOXKeT OBITh BHIBEJIEH H3 APYTHX,
chopMyJHPOBAHHBIX paHee, OCHOBHBIX TIOJIOKEHHHA KBAaHTOBOH Mexa-
HUKM H JO0JXKeH GbiTh MOCTYJHPOBAH.

Bynem o6o3snauath OJHHM CHMBOJIOM J8 mpoctpancrsa L2(R37)
u L2(R3")® C?", a s3/ileMeHTHl 3THX NPOCTPAHCTB 3aMHUCHIBATL B BUIE
Y(E,...,En), rme & =xW-—pna OecCHHMHOBOH YaCTHIH H
§i=(x(">, S(si))-ll.}lfi YacTHUB CO CIOHHOM, S{) — CIHHOBas nepe-
MeHHasl (- yactuubl. s wacTunsl co cnuHoM 1/2 mepeMeHHble s{
NPHHUMAIOT ABa 3HaueHust =+ 1/2.

CkansipHOe INpOH3BELeHHE B NPOCTPAHCTBAX J TaKKe MOKHO
3aMUCHIBATH €AHHOOGPA3HO

(lIJ’, (D):'Slp(gh v ey gn)(‘D(gl! LS ] gn)dgl e dgm

nojipasyMmeBasi, UTO JJs 4aCTHI, CO CIMHOM HHTErpHpOBaHHe MO me-
pPeMeHHBIM §; ecThb HHTerpHpoBaHHe MO MNPOCTPAHCTBEHHBIM IHepe-
MeHHBIM X) M CyMMHpOBaHHEe 10 CIHHOBBIM NEpEMeHHBIM s,

Ilpexkpe ueMm nepexoauTb K (DOPMY/HPOBKE NPUHLATIA TOMXKIE-
CTBEHHOCTH, PACCMOTPUM TIpYINY NepPecTaHOBOK S,, KOoTOpas Ha3bl-
BaeTcs TaKXKe CHMMeTPHYeCKOH rpynnofl. djeMeHTaMH 3TOH PYMIIbl
ABJISIIOTCS TI€PECTAHOBKH

1,2, ..., n
w=\{, . . ),
iy Loy wony Iy
a eIVHUYHBIH 3JeMEeHT €CTh TOXK/JECTBeHHas NepecTaHOBKa
1,2,...,n
I= .
,2,...,n
ITpouspenenneM NePeCTaHOBOK T = 7y HA3HIBAETCS NepecTa-
HOBKa, KOTOpas IIOJdyyaeTcssl B Pe3yJbTaTe MNOCJAENOBATEJLHOTO BhI-
MOJIHEHHUS TEPeCTaHOBOK 7y M .

JIerko MmocTpouTh MpeACTaBAeHHe TPYNsl S, B POCTPAHCTBe J4.
BBeneM omepatopsl Py, NOJNOXKHB

Pﬂ‘lf(gh ey gn)=qf(§ip cer gin)-

OueBuniHO, Py SIBASIOTCA YHHTAPHBIMHU ONlepaTopaMu U OTOOGpaxKeHHe
n— Py eCTb NpeiCTaBjeHHe CHMMeTPHYECKOH I'PYHNH B MPOCTPaH-
cTBe F8. ’

B npocrpaHcTBe J8 cpasy BHIAENSIOTCS ABA WHBAPHAHTHHIX OT-
HOCHTEJIBHO ONepaTopoB Py NOANPOCTPaHCTBA. ITO MOANPOCTPaH-
CTBO Jfs CHMMETPHUHBIX QYHKUHUH, AN KOTOPBIX

Pﬂ\y(glx veey gn)=qr(§b D) gn)
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H TOANPOCTPAHCTBO FB4 AHTHCHMMETPHUHBIX (QYHKIHHK
Pnly (gh ceey gn):('—l)[nllp(glv e ey §n)’

rie depe3d [n] o6o3HaueHa YETHOCTb MepPecTaHOBKH . OueBHAHO,
uTo Ha L Hs.

B caywae aByx uactul J6 = B @ F6s. eficTBuTeqbHO, a106ad
¢dysxknusa W(Er, &2) MoxKeT ObITh 3anHcaHa B BHJIE

W, &) = W (&, §2)42‘11’(§2, E1) + W (&1, E2) : V(€ &) _
=lP'S(§1v §2)+\FA (gb g?)’ rae Ws E%Si a Wy Hba.

B cayuae Gospliero uyucja 4acTHIL WMeloTcst U Gojee CJOKHbBIE,
yeM s W J6. WHBADHAHTHBIE NMOLNPOCTPAHCTBA, OJHAKO HHTepeca
5TH MHOJANPOCTPAHCTBA He IpeAcTaBasior. [IpHHLHN TOXaecTBeH-
HOCTH YTBEpXKIAaeT, 4YTO MNPOCTPAHCTBOM COCTOSIHHH CHCTEMBI H3
1 ONHHAKOBBIX YaCTHI SBJseTC JAHOO NpoCTPaHCTBO B4, aHOO
NPOCTPAHCTBO JBs. BHGOpP ONHOrOo M3 3THX NPOCTPAHCTB B Kauye-
CTBE MPOCTPAHCTBA COCTOSIHMH 3aBHCHT TOJbKO OT DOA2 YAaCTHIL

['oBopAT, UTO YaCTHIBl, COCTOSHHS KOTOPHIX OIHCHIBAIOTCS CHM-
METPHUYHBIMH (YHKUMSAMH, NOJUMHSIOTCS CTaTHCTHKe DBose — Diin-
mTefiHa, a YAaCTHLB], ONHCHIBA€MElE AHTHCHMMETPHUHBIMH (YHK-
HMSIMH, TORYHHAIOTCS cratHcTuKe Pepmu — Mupaka. [lepsuie Ha
3nIBalOTCs 6030HAMH, a BTOpble — (DEPMHOHAMH.

Oka3biBaercsi, YTO CTATHCTHKA, KOTOPOH MONYMHSAIOTCS UaCTHILHI,
ornpenensieTcss X cnuHHOM. HacTHUB C LeJbIM COHHOM (B TOM 4YHcae
u 6e3 cnuHa) SABJSIOTCS GO30HAMH, a YAaCTHMUBL C MOJNYLUENbIM CIIH-
HOM — ¢epMHOHAMH. B HepeJsATHBUCTCKON KBAaHTOBOH MeXakHHKe
HeT OOBACHEHHS CBSI3M CIHHA M CTATHCTHKH, OTYaCTH 3Ta CBA3b
o6 bsicCHSIeTCA B PENISATHBHCTCKOH KBaHTOBOH MexaHHKe. PepMHOHAMHU
ABJISIIOTCS  9JEKTPOHBI, MNPOTOHLI, HEHTPOHBI, CIHH KOTOPBIX pa-
BeH 1/2, 6o30HaMH sBJsIIOTCS (DOTOHBI, CIHH KOTOPLIX paBeH ejnHu-
HUIle, 0 Me30HBl, Y KOTOPHIX CIHH paBeH Hyso. CTaTHCTHKA COCTaB-
HBIX TOXKJIECTBEHHBIX YaCTHI (HAaNpuMep, aTOMHBIX sifep) OIpene-
JseTCsi UeTHOCTBIO BXOASIIIMX B HX COCTaB ()ePMHOHOB, TaK Kak [e-
pPEeCTaHOBKA OJHHAKOBBIX CJIOXKHBIX UACTHIL SKBHBAJIEHTHa MepecTa-
HOBKE HEeCKOJIbKHX Iap 3JeMeHTapHBIX dactul. Tak, AeATPOHHI, co-
CTOSIIME H3 HEHTPOHA M NPOTOHA, ABJSIOTCH 6030HaMH. 3aMeTHM,
4YTO CIMHH JedTpoHa lenbl#i ¥, TaK KaK CIHHB NPOTOHA M HEHTpPOHa
paBHbl 1/2.

" Bminumem omnepatop lllpenunrepa AJA CHCTEMBI NONAPHO B3aH-
MOAEHCTBYIOLIMX YaCTHL, Haxojsuledcs BO BHeIIHeM IOJe

n ‘n n
1 ' ; . .
H=—Y s—A+ ) V(x)+ Y U (x — x®),
i=1 i=1 i<k
[lepBuifi uwjeH ecTb ONEPAaTOP KHHETHUECKOH SHEPrHH CHCTEMBI
YJaCTHL, BTOpOﬁ—OHHCbIBaeT B3aHMOﬂeﬁCTBHe YACTHIL ¢ BHEHNIHHM

* M3 aKcHepHMEHTOB H3BECTHO, YTO CNHMH AefTPOHA paBeH eLHHHIE.
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noJseM, a Tperufl — B3aHMoAeHCTBHe yacTHI MexAy coboii. O6patum
BHUMaHHE HAa TO, UYTO MacChl BCeX YACTHI OAMHAKOBH, a IOTEH-
uvaan B3aumonedcTeus V(x) u U(x) He 3aBHCAT OT HOMEpOB dyac-
tHI. Beaencreue storo oneparop lilpeaunrepa H KOMMYTHpyeT co
BceMH onepatopaMu Py, [H, Pyl =0

§ 49. CuMMeTpHsi KOOPAMHATHBHIX BOJHOBBIX (QyHKUHH
CHCTEMBI ABYX 3JACKTPOHOB,
AToMm reans

DJIeKTPOHH fIBASIOTCA (PepPMHOHAMH, MO3TOMY BOJHOBas (YHK-
UM AJS CHCTE€MBI JBYX 3JIEKTPOHOB JOJIKHA ObITb AHTHCHMMET-

pHYHOH
v (g2v gl) =—-¥ (El» §2)-

Pasnoxum ¢yukuuio W (€, &) no BBegeHHbM B § 47 6asnCHHIM
¢ynkuuam Wy, Wo, Wi, Wy

4
W (xOsh, xOs@) = izl W, (x®, x?) W, (s, s@). (1

Ilepsble TPU cj1araeMbiX B 3TOH CyMMe COOTBETCTBYIOT COCTOSHHAM
C MOJHBIM CHOHHOM e[MHHIA, 4 YETBEPTOE ONUCHIBAET COCTOSIHHE
C MOJIHBIM CIIHHOM HYJb. BBenenuble cootHoulenneM (1) dysKunu
¥ (xD, xD), {=1, 2, 3, 4 Ha3bLIBAIOTCA KOOPAMHATHBIMH BOJIHO-
BoIMH (YHKUHAMH B orauuHe oT W(Ei, &), KOTOpYIO Ha3bBalOT
nonHo# BonHOBOH Gynkumed. B § 47 mu Bumenu, uro W, (sf, s9)
npu i = 1,2,3 ABJSAIOTCS CHMMETPHYHBIMH OTHOCHTEJILHO TepecTa-
HOBKH CNIHHOBHIX TiepeMeHHbX, W, (s§), s‘2’)—aHTuchMeTpmﬂaﬂ
¢yuruus, Torga M3 aHTHCUMMETPHUHOCTH MOJHOM cpyHKuuH cre-
LYET, 4TO
W, (x, x0) =, (x0, x®),

T. €. KOOpAHHATHbLIE BOJHOBLIE (bYHKIlHI/I JJISI COCTOSIHHH CO CITHHOM
eIMHHIA $BJASIOTCA AaHTHUCUMMETPHYHBIMH, a MAJd COCTOSAHUH CO
CIHHOM HYJ/Ib — CHMMETPHUYHBIMH.

[IpumeHUM 3TOT pe3y/ibTaT K atoMy renaus. Oneparop LI_Ipenm{-
repa aJig aromMa I‘EJ]PIS] B npeHeﬁpemeHHu CNHHOBLIMH B3aHMOIEH-
CTBHSIMH HMeeT BUJ *

H=——A1~—‘—A2"'"2"—2‘+—1'.

ri T2 rig

* B ToyHOli mocTaHOBKe 3ajaaun omepatop IlpeauHrepa comepXMT useHwH,
32BUCALIHE OT CMIUHA, OAHAKO BHIBOJ, BHIPaXKeHHs AJs1 CIIHHOBOIO B3aHMOJENCTBHUS
BO3MOMXEH TOJbLKO B PeNATUBHCTCKON KBaHTOBOH MexaHuxke. Kpome Toro, aas
aroMa reJHS 5TH YAeHHl WrpaioT poJb MaJjblX HONPaBOK H BCerAa YYHTHIBAIOTCS
No TEOPHH BO3MYILEHHH,
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Ecan ¥ (&), gg) SIBJISIETCS peleHueM ypaBHEeHMS
qu (glr §2) = E¥ (gly §2),

To u KoopauHaTHele Qynknun W;(xD, x®) ynosaersopsioT ypas-
Henuio [lIpenunrepa c teM xe coOcTBeHHBIM 3HaueHueM E. [lo-
5TOMY 3ajJaua CBOJMTCS K OTHICKAHHIO pelleHHH YPaBHEHHA

HY (x1V, x@) = E¥ (x, x®) @

B IIOANDPOCTPAHCTBAX CHMMETPHYHBIX HJH aHTHCHMMETPHUHBIX
(yHKIAHA. flcHO, yTO pelleHUil ypaBHeHHS (2) B KaXKJOM H3 TaKHX
NOJANPOCTPAHCTB MeHblle, yeM B npocrpaHcrBe L2(RS). Te sHaue-
HHa E, nas KOTOpPHIX ypaBHeHHe (2) HMeeT pellleHHe B INOIIPOCT-
paHCTBe aHTUCHMMeTpHuHbIX Gymkuuit W(x, x®), coorBercTByIOT
COCTOSIHMSAM CO CIIHHOM eAMHHLA, a Te 3HaueHHs E, 1S KOTOPBIX
CYUIECTBYIOT CHMMETpHUHBIE pelleHHs ypaBHenus (2), cooTBer-
CTBYIOT COCTOAHHAM CO CIIHHOM HYJIb,

Mbl BHAMM, YTO YPOBHH 3HEPTHH aTOMAa reJiHs 3aBHCAT OT MOJ-
HOTO CMHHA Jaxe B npeHeOpexkeHUH CIHHOBLIMH B3aHMOIEHCTBHAMH
B onepatope llpenunrepa. D1a 3aBHCHMOCTb SIBASIETCA CJELCTBHEM
NPUHLHUIA TOXKAECTBEHHOCTH H BO3HHKAET uepe3 CHMMETPHIO KOop-
LMHATHBIX BOJIHOBBIX (DYHKILHEL.

MoxHo J0Ka3aTh, YTO OCHOBHOMY COCTOSIHHIO aTOMa TeJjiusi Co-
OTBETCTBYeT CHMMETPHYHAsi KOOpDJAHHATHas BOJIHOBas (QYHKIHS,
T. €. CIOHH aToMa rejHsi B OCHOBHOM COCTOSIHUH paBeH HYJIIO.

VHTepecHO OTMEeTHTb, YTO NEPEeXOAbl C HCIYCKAHHEM HJH IOrJo-
IIeHHeM KBAaHTOB MexXAy cocTosgHUsAMH ¢ S=0 u S =1 okasn-
BalOTCA MaJoBepOSITHBIMH. I103TOMY ONTHYECKHH CNeKTp rejust Ta-
KOB, Kak ecjd OBl CyllecTBOBaJo JBa copra rejus ¢ S=0
u S = 1. TlepBuiit copT re/usi Ha3bLIBAIOT NaparejueM, a BTOPOH —
oproresnneM. KaxkJ1oMy 3HepreTHYeCKOMY YPOBHIO Naparesusi COOT-
BETCTBYeT OJHO CNHHOBOe coCTOsfiHHe W4 a YpOBHIO OpTOrejusi —
TPH cnHHOBHIX cocTosinust Wi, Wo, Wi Ilostromy cocrosuus napa-
FeJIMs  HAsbIBAalOT CHHIJIETHBIMH, & OpPTOTeJHS -— TPHIIETHLIMH,
Yyer CNMHOBHIX B3aHMOAEHCTBHH MPHBOAHMT K DACIIENJEHHIO TpH-
NJIeTHBIX YPOBHEH 3HePrHu Ha TpU GJAU3KHX *.

§ 50. MHOro3/1€KTPOHHBIE ATOMBI.
OnHO9JIEKTPOHHOE NPHOAMKEHHE

Oneparop [llpenuHrepa MHOrO3JEKTPOHHOrO aToMa HJH HOHA
C 3apsiioM sigzpa Z uMeeT BHI

n n n
He=—g Y b= Y5+ ) o

1
‘ i
=1 i=1 i<j 1

* MoxHo nokasaTh, YTO TaKOe pacHIeN/eHHe MPOHCXOLHT, €C/H NOMHHI op-
6uTasNbHBIA MOMEHT HBYX 3JIeKTPOHOB L %= 0, mostroMy pacluenyieHde Haluiogaercst
He JJIsl BCeX TPHUIIETHHIX YPOBHeH 3Hepruu.
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StoT onepaTop 3alucaH B npeHeGpeKeHUH ABHIKEHHEM A1pa H CIH-
HOBBIX B3auMoAeHcTBuH. IIpeHeOpexeHne NBHXKEHHEM Sipa CJIOXK-
HBIX aTOMOB BIIOJIHE 3aKOHHO, TaK KaK MONPaBKH, BO3HUKAIOLIHe
IIDH €ro ydere, Ha HECKOJbKO MNOPSAKOB MEHbIIEe MOrpeuHocTel
COBPEMEHHBIX METOAOB pacuera CJOXKHBIX aTOMOB. CIIHHOBLIE B3aH-
MONEHCTBHS NpPAKTHUECKH BCerja YUHUTHIBAIOTCS [0 TEOPHH BO3MY-
IIeHUHA, H HX poJb Mbl OOCYJUM HHXKeE.

Onepatop H cooTBeTCTBYeT HeHTpasbHOMY aToMy NpH Z = n,
NOJIOXHUTEIbHOMY HOHY NpH Z >>rn ¥ OTPHLATENLHOMY HOHY IIpH
Z < n. TlpocTpaHCTBOM COCTOSIHHI MHOTO3JIEKTPDOHHOTO aTOMAa HJH
HOHA fBJSAETCA TNPOCTPAHCTBO B4 AHTHCUMMETPHUHBIX (YHKIMH
W (Ei,...,E). Oro mpocTpaHCTBO, KaK H B pa3oGpaHHOM cJyuae
IBYX 4aCTHH, pacnajaercs B NPAMYIO CYMMY NPOCTPAaHCTB C oOlpe-
JleJleHHbBIM TNOJHEIM  cnuHoM. COOTBETCTBYIOLIHE KOODJAHHATHHIE
(GYHKIHH YAOBJETBOPSIIOT HEKOTOPLIM YCJOBHSM CHMMETPHH, KOTO-
pble OKasbiBaroTcsl 6oJjiee CIOXKHBIMH, YeM B cJyuae ABYX 3JEKTpO-
HOB, ¥ MBI HX He OyJeM ONHMChHIBaTh. 3afaya O HaXOXKJEHHH CNeKTpa
onepatopa H B 64 cBomMTCS K 3ajayaM o Clektpe onepatopa H
B INOANPOCTPAHCTBAaX . KOODAHMHATHBIX (GYHKLIUH C OlpeaeseH-
HbIMH YCJIOBHSIMH CHMMETDHH.

Cnekrp omepatopa H B NOANPOCTPAHCTBAX JBr XOPOUIO H3YUYeH
npu Z>n. B stoM ciaydae cHeKTp HeNpepeiBeH Ha MHTEpBaJe
—p << E << oo ¢ HekoTOpHEIM, BOOOIEe TOBOPS, MOJOMKHTEJNbHBIM I
H COCTOUT U3 GeCKOHEUHOH CepHH OTPULATENbHBIX COOCTBEHHBIX 3HA-
yeHUH, HAKAMVIMBAIOLIMXCS K —u. B pasinuHbIx moampocTpaHcTBax
3HaYeHHS | MOTyT OblTb pas3auuHbiMH. Ilpu 3TOM AHCKpPETHHIH
- CIIeKTP B OAHOM M3 3THX MNOANPOCTPAHCTB MOXKET HaJaraThcsi Ha
HenpepbiBHBIY creKTp B apyroM. Takum o6pa3oM, Ha 4acTH OTpH-
HaTeJbHOH NOJYOCH cnekTp oneparopa H cMmeuwaHblil, co6CTBEH-
Hble 3HaUeHNs JliexkaT Ha HeNPEepPLIBHOM CNEKTpe.

Cayuait Z < n uccneIoBaH MeHee faerasbHO. Ilpumeps moka-
3bIBAIOT, UTO MAHMCKPETHBHI CIeKTP MOXKeT OBbITb KOHEUHBIM HJIH
orcytcrBoBaTh. OTCyTCTBHE RHCKPETHOIO CIEKTpa O3HayaerT, "uTo
YCTOHYHBEIX COCTOSIHHH TAKOro OTpHLIaTeJbHOro #oHa Her. M3 akc-
NepHMEHTOB, HANpHUMep, M3BECTHO, UYTO CYLIECTBYeT OAHO YCTOM-
YHBOE COCTOSIHME OTPHIIATEJBHOTO HOHA Bojgopoxa (Z =1, n=2).
Crporo moKa3zaHa TOJBKO KOHEUHOCTb MNUCKPETHOTO CIeKTpa AJs
TaKO{ CHCTEMBI.

3ajmaua o nocTpoeHnk cob6cTBeHHBIX GYHKIHE onepatopa H anaa
MHOT03JIeKTPOHHOTO aToMa SBJSieTCS UpPeSBHIUAfiHO CJIOXKHOH, Tak
kKak ypaBHenue HY = EW He jonyckaeT pasfesieHHs NEpeMeHHBIX.
3ra CNOXKHOCTH CBSI3aHA C TMOCAENHHM UJeHOM B oneparope H, yuu-
THBAIOMUM B3aUMOJIEHCTBHE MeXAY sJekTpoHamu. [TonsiTka yuecThb
STOT YJIeH MO TEOPHH BO3MYIIEHHI NMPHUBOAHT K NJIOXHM pe3yJbTa-
TaM, TaK KaK B3aUMOJEHCTBHE MeXAY 3JEKTPOHAMH HMEET TOT XKe
MOPAAOK, UTO ¥ B3aHUMOJEHCTBHE 3JIEKTPOHOB C $JPOM.

OpauH W3 TPOCTHIX crocofoB MPUONHKEHHOrO yuera B3auMojei-
CTBHSl MEXJAY 2JEeKTPOHAMH COCTOHT B 3aMeHe IOCJaeJHero yjeHa
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n
B H cymmoir ), V(r;), rae motennuas V(r) MOMKeT GBITb HCTONKO-
i=1

BaH KakK I[OTeHIHaJ B3aHMOJeHCTBUS 9JIEKTpOHaA C pacrnpepencH-
HBIM 11O 06’bemy aToMa 3apsajoM OCTaJbHBIX 3JEKTPOHOB. IToteHn-
muaJa V(f) Ha3bIBAlOT CaMOCOrJFACOBAHHLIM, TAK KaK OH 3aBHCHT OT
COCTOsAHHSA aTOMa, KOTOpPOE B CBOK oOuU€peLb 3aBHCHT OT V(f)

n

3aMena mocJgaejaHero ujeHa B H Ha Z V(r;) npuBoguT K Tmpu-
i=1
6auxeHHoMy onepartopy lllpexunrepa

n

H==3YA&+YUr),

i=1 i=1
rae U(r)= —Z/r+ V(r). O norenunane U(r) anpuHopu Mbi MoO-
JKeM CKasaTb TOJBKO, UTO

Un=—2, r>0, U ——, r—>co.

Mpbl yBHAMM B [JafbHEHIIEM, YTO CYUECTBYIOT METOMBI, II03BO-
JSIOLIYe HAXOAHTb 5TOT MOTEHIHAJ, OAHAKO JJISi MOHHMaHHS CTPYK-
TYPHl CJIOKHBIX ATOMOB JOCTATOYHO INPEANONOXKeHUd, uto H MoxKer
ObITb JOBOJBLHO TOYHO annpOKCHMHpOBaH omnepatopom H’, a pas-
Boctb H'— H = W MoxeT OHITb yuTe€HA 1O METONY BO3MVIIEHHH.

ITpu6anxkenHoe ypaBHenue lllpenunrepa

Hlllf(gh'--) gn)squ(gl’H"gn) (1)

JOMYyCKaeT pas3AesJIiCHHE II€PEMEHHBIX. BYILBM HCKaTb peLIeHHs 3TOro
YpaBHECHHA B BHAC

WEL e EB)=11E) ... bulEn) @)

[TopcranoBka (2) B (1) mokaseiBaer, uro ecau GyHKUuu (&), ...
vevy Pa(En) aBasioTCA cobcTBeHHEIMM (GYHKUHAMH onepartopa Ilpe-
JHHTepa A/ YacTHUL B LeHTpaJdabHoM noge U(r)

1
— 5 A% ) + U () ¥r (§) = Exr (8), 3
to (yuruusa - (2) aBigercs co6cTBeHHOH (QyHKUHeHl omepatopa H’,
cooTBeTcTBYyOIIeli cobcTBeHHOMY 3HaueHHio E ==F;+4 ... + E..

Oyukuna (2), 0QHAKO, He YIOBJETBODPSET NPHHLHIY TOXKAECTBEH-
nHocth. [lonnas BosHOBasi (QYyHKIMS AOJXKHA OBITH aHTHCUMMETpPHY-
HOH. 3aMmeruM, uyto ecan W yposiersopser ypaBHeHuHwo (1), To u
P,¥ saBasierca coGcrBeHHON ¢yHKuHedl H' ¢ TeM ke COOCTBEHHBIM
snayenneM E. Iloatomy B KauecrBe coGCTBeHHO! (DYHKUHH, yAOB-
JeTBOpsilOUlell  NMPHHIMUIY  TOXJAECTBEHHOCTH, CJEAYyeT  B3ATb
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AHTHCHMMeTpHUHYI0 KomOuHanuio ¢yHkuuil Pr¥, 1. e.

PrE) ..o b6
Yy ovns E)=C| - . , 4
L (3) B N (39

rae C— MoCTOSIHHAS, KOTOpas HAaXOMHTCH M3 YCJIOBHA HOPMHPOBKH.
Oynknus (4) ABjseTCS aHTHCHMMETPHUYHOH, TaK KakK IepeCcTaHOBKa
KOOpAMHAT 3JKBHBAJIEHTHA [epeCTaHOBKe CTOJOGLOB ONpeNeHTEls.

Oyekuuu (2) u (4) MoryT OHITh HCTOJKOBAHHl CJeAYIOLIHM
obpaszom. @ynKuus (2) ONHUCBIBACT COCTOSIHHE CHCTEMBl 3JIEKTPO-
HOB, B KOTOPOH INepBHIAl 3J€KTPOH HAXOAHUTCS B ONHO3JEKTPOHHOM
COCTOSTHHH |, BTOPO#l 3/1€KTPOH — B COCTOSIHHH Y2 U T. 4. OyHKuUHSA
(4) COOTBETCTBYeT COCTOSIHHIO CHCTEMEl, B KOTOPOM A 3JEKTPOHOB
3aTMOJHSIOT 1 OAHOJIEKTPOHHBIX COCTOSIHHH H He HMeEeT CMbICjia
FOBOPUTH O TOM, KaKOH 3JIEKTPOH B KaKOM COCTOSIHHH HaXOJHUTCS.

3aMeTHM, YTO He s Jo6oro peumeHus (2) BQ3MOXKHO IOCTpoOe-
Hue ¢ynkuuun (4). Onpepenurenb (4) OTJAHYEH OT HYJS TOJBKO
NpH YCJIOBHH, 4TO Ccpeiu OYHKOUH ¢y, ..., (P, HET OJHHAKOBHIX.
DTOT pes3yabTaT Ha3blBaeTcs MpHHUHNOM Ilayiaum H ero MOXKHO
chopMyTHPOBATb CJAEAYIOLIHNM 06pasoM.

B omHOM H TOM Xe OJHO3JIEKTPOHHOM COCTOSIHHH He MOKeT
HaxoauTbcs 6oJiee OLHOrO 3JEKTPOHa.

[lpeacraBiaeHde O COCTOSIHHH OTIEJbHOTO 3JIeKTPOHA CBSI3aHO
C ONHOZJEKTPOHHHIM mnpubJHKeHHeM. 1715 MPOH3BOJBHOrO COCTOS-
HHSl CHCTEMBl BOJIHOBasl (YHKIHS He NpeicTaBuMa B BHAe (2) uiu
(4), u MOHATHE O COCTOSIHHH OXHOTO 3JeKTpoHa Tepsier cMbica. Cy-
ecTByer ¢opMmyaupoka npuHuuna Ilaysnu, He cBsi3aHHAs C OJHO-
9JEKTPOHHBIM TNPUOJHKEHHEM, ONHaKO B obweli ¢GopMynupoBke
npuHuun [laysau Tepsier cBOW0 HarJsigHOCTb, H Mbl He GyaeM mpH-
BOJAUTh Takyw ¢opmyaupoBky. OrmeruM, uro npunuun [laynu sas-
jsieTcsl  CJIEJCTBHEM AaHTHCHMMETPHYHOCTH BOJIHOBOH (yHKUMH
M CIpaBelJIMB TOJbKO s (PepMUOHOB,

PaccmoTpum Bompoc 0 KJaccH(DHKALMH 3HEPreTHUECKHX YPOB-
Hefl MHOrosJieKTpoHHOro atroMa. Tounblil omeparop [Ipeaunrepa
IJIsi aTOMa MOXHO 3aMycaTh B BHJE

H=H +Wc+Ws
n l n
rae WC:Z T*Zv(fz),

a Ws onucwiBaeT CNHHOBbLIE B3aHMOAeHCTBHA. SIBHHIH BHA omepa-
topa Ws Ham He noHajpo6utcsl. PacueTbl aTOMOB NMOKAa3hIBAKOT, UTO
nmonpaBKH, BHocHUMble omepatopamu We u Ws, D0OBOJBHO TOYHO
MOrCYT ObITh HalJeHH NO TEOPHM BO3MYIIEHHH, NMPHUEM IJiS aTOMOB
nepBOi TNOJOBUHB TaGanusl MeHzesneeBa rJiaBHBI BRJAJ AAIOT
nonpaBku. oT We¢. [ToaToMy BO3HHKaeT BO3MOXHOCTL IOBTOPHOTO
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MPHUMEHEHUS] TEODUH BO3MYIIEHHN, T. e, CHayasJa B KauecTBe HeBO3-
MYIIEeHHOro onepaTtopa MOXHO B3ATb H’ u omepatop W, paccmar-
puBaTh KakK BO3MylleHHe, a 3aTeM Ws paccMaTpPUBAaTh KakK BO3MY-
menue onepatropa H' + We.

Onepatop H’ BecbMa 6GOraT CHMMETPHSIMH, NMO3TOMY COGCTBEH-
Hble 3HaueHHs 3TOTO Omeparopa OGLIYHO MMEIOT HLOBOJbHO GOJIBIIYIO
kpaTHocTb. IlocMoTpHM, 3a cyer uero oHa Bo3HHKaeT. CoGcTBen-
Hble QYHKIHUH ypaBHenusi (3) 6e3 ydera cnuHa KAacCCHGHUHPYIOTCS
TpeMs KBaHTOBBLIMH UHCJaMH n, [, m. CNHHOBBIE COCTOAHHS MOXKHO
ydecTb, BBeJlsl CIIHHOBOE KBaHTOBOE YHCJO M, NPUHUMAloOLlee ABA
3HaueHna =4:1/2 no opmysne
Uy (s, me=1,

Uma (33) = 1
U._ (33)’ mg== 9

Torpa coGcerBenHble (DyHKUMM ypaBHeHHs (3) Moryr OBITH 3amH-

CaHbl B BHJE
\pnlmms (X, SS) = ’lpnlm (X) Ums (83)' (5)

CofcrBenHble 3HAYEHHS1 ypaBHeHHS (3) 3aBUCAT TOJNbKO OT KBaH-
ToBHX uuces #, [ Ilostomy cobGcTBeHHOoe 3HaueHHe E omnepaTopa
H’ szaBucut ot Habopa KBAHTOBBIX uHuces] 7 H [ JJs BCeX 3JMEKTPO-
HOB. DTOT HaGOp KBAHTOBBHIX uHCe] n H [ Ha3biBaeTcs KOHQHUrypa-
uuefi aroMa. Huas 3amucu KOHQUTypallHM TMNpPHHSATO 3HAUYEHHSIM
i=0,1, 2, 3, ... conocrasaire 6ykBH 8, p, d, f, ... Torama oano-
3JIeKTpoHHOe cocTosiHHe (5) ¢ n==1, | = 0 HasnBawT ls-cocros-
HHeM, cocTosuye ¢ n==2, [ =1 2p-cocrosnueM u T. A. s atoMa
JUTHSA, HanpuMmep, BO3MOXKHB KoHburypauunm (1s)22s, (1s)22p,
1s2s2p, ... B nepBoil u3 3THX KOHOUrypalu#l ABa 3JeKTPOHA HAXO-
AATCS B 1S-COCTOSIHHH H OJHH B 25-COCTOSTHUH.

COBOKYIIHOCTb COCTOSIHHH € OXHMHAKOBBIMH KBAHTOBBIMH UYHC-
aamu n u [ HaspiBaercst 060104KoM. COCTOSIHHSI 3JIEKTPOHOB ONHON
060J104KH Pa3JHYaloTCsl KBAHTOBBIMH YHCJIAMH m H ms. Jas o6o-
JIOUKH C KBAHTOBBIM YHCJOM [ UHCJO TaKHX COCTOSIHHII paBHO
2(2/+ 1), Tak Kak m npHHHMaeT 3Hauenus —I[, —I4+1, ..., [
a ms = =+1/2. O6oa0uKa, B KoTopo# 3aHsiTh Bce 2(2/ -+ 1)-cocrtos-
Huil, Ha3bIBAETCH 3aNOJHEHHOH. 3amoJHeHHOW 0060J0uKe COOTBeT-
CTBYeT BIIOJIHE ONpefeseHHbli Habop yHkuui (5). Ias Hesano.s-
HeHHOH 060JIOUKH BO3MOXKEH pas3nuuubii Beibop ¢ywxknuit (5), or-
JUYAIOINUXCSA UYHCAAMH m U ms. 1103TOMY KPaTHHIMHM OKa3bIBaKOTCS
Te coBcTBeHHBIC 3HaueHHs omeparopa H’, KOTOPHIM €COOTBETCTBYIOT
KOH(UTypaluH, ComepKauive He3anoJHeHHble oO6oJsouky. Hampu-
Mep, KPaTHOCTb COOCTBEHHOI'O 3HAUEHHS, COOTBETCTBYIOLIEro KOH-
durypannn (1s)2(2p)2, pasma Ci=15, Tak Kak WMeeTcs wWIECTh
2p-cOCTOSIHHH, KOTOpbLIE 3aHATH ABYMS SJEKTPOHAMH,

[TonpaBxku oT Bo3myuieHusi We Moryt ObiTh HaHJeHBl NPH QHA-
[OHAJH3AIUH MATPHULB 3TOT0 BO3MYUIEHHS, IOCTPOEHHOH TIpH
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IOMOIIK BCEBO3MOXHBIX (YHKLUHE (4), COOTBETCTBYIOIUHX NaHHOMH
Konpurypauun. OnHako o6bYHO B TAaKOH NHATOHAJH3aLHUH HET He-
06XOIHMMOCTH. B TeopHH aTOMHLIX CII€KTPOB JOKa3blBAeTCH, UTO
ecau 3aMeHHTb cobcrBeHHble (yHKUMH (4) AAd AaHHOH KoH(ury-
pauu# HX JHHEHHBLIMH KOMOHMHAUHUSIMH, KOTODbIE SBJASIOTCS OG-
CTBEHHBIMH (YHKLUHSMH ONEpaTOpoB KBajpara IOJHOIO O0pOGHTaIb-
HOrO MOMeHTa uMnyabca L2, KBajpaTa MOJHOIO CIOHHOBOIO MO-
medta S? u omepartopoB L, S;

LW =L(L+1)¥,
SW=S(S+1)¥,
LW = M, ¥,
SaW = MW,

TO MaTpHIla BO3MYILEHHSI OKA3bIBAETCS NHATOHAJBHOH OTHOCHTEJBHO
KBaHTOBHIX uucena L, S, My, Ms, npuueM ee 3/eMeHTH He 3aBHCAT
or yucea M, u Ms. TakuM 006pa3oM, BHIPOXKJACHHBIH YPOBEHb 3HEP-
THH, COOTBETCTBYIOIHH KOHQUrypauuu K, paclienssieTcs Ha He-
CKOJIbKO YPOBHEH, COOTBETCTBYIOIUMX BO3MOXKHBIM 3HAUeHHsIM L
u S. CoBokynHocts (2M. -+ 1) (2Ms -+ 1)-cocTosiHu# ¢ 3aJaHHBIMH
KoHburypannei 1 yucaamMu L u S HaseiBaeTcss TepMom *.

Yuer Boamyuienua Ws Moxer ObITh clesaH Ui KaXK[IOro TepMma
0 OTHeNbHOCTH. IIpH 3TOM OKasbiBaeTcs, 4TO YDOBEHb 3HEPTHH,
COOTBETCTBYIOLIMH TepMy, paclienisieTcsi Ha HECKOJbKO OJH3KHX
ypoBueil, COBOKYNHOCTb 3THX YPOBHeH Ha3bIBAeTCs MYJbTHIJIETOM.
MoOXHO MOKasaTh, YTO COCTOSIHHA, COOTBETCTBYIOILHE pa3JIMUHBIM
YPOBHAIM MYJIbTHIJIETd, DPa3/JUYalOTCH KBAHTOBBIM uHcjaoM J. 3T
YHCJIO XapaKTepuayer coOGCTBeHHble 3HAuUeHHs KBaJgpaTa MOJHOrO
MOMEHTa HMIYJbCa, SIBJASIOIErocss CYMMOH NOJIHOrO OpOHTAJBHOTO
U IIOJIHOTO CIHHOBOI'O MOMEHTOB.

HakoHen, KaxAOMy YpPOBHIO MYJbTHIIJIETA COOTBETCTBYET He-
CKOJIBKO COCTOSIHH, pa3/HyaloliuXcs NPOEKIVeH MOJHOTO MOMEHTa
M;. Jro BBIpOKIEHHe MOMKeT ObITh CHATO, €CJH NOMECTHTb aTOM
B MarHUTHOe II0JIe.

MEr BUAMM, UTO KJ1acCH(PHUKALUA SHEPTeTHUECKUX YPOBHEH CJI0XK-
Horo aroMa (xkoHbwurypauus, L, S, J) CcOOTBeTCTBYeT HepapXuu
cnaraembix oneparopa lllpenunrepa H’, W¢, Ws.

§ 51. YpaBHeHHs1 CAMOCOrJIacOBaAHHOTO MOJS

OnucanHbli B NpeAbAylleM naparpade NOAXOA K H3YUEHHIO
CTeKTpa CJOXKHBIX aTOMOB XOTH M MO3BOJSET MOHATH KiaaccHpuka-
[HI0 SHEPreTHYECKHX YPOBHeH, HO He sABJsAeTCS YIOOGHBIM IS Mpak-
THUuecKUX pacyeToB. Haubosee addheKTHBHBIM NJst 3TOH IeJH B-

* Ecin B He3anoJHeHHBIX 06onoukax Gojiee ABYX 3JIEKTPOHOB, TO MOMKET
NIOSIBUTBCS HECKOJbKO TEPMOB € OJAMHAKOBHIMU KoHpurypauwed, L u S. B srom
caydae MaTpHia Bo3MylueHHss We saBfisieTcsl KBa3WAMAroHAJbHON 1 JJIst BBHIYHCJC-
HUS TONPABOK MepBOro NpHOJHKEeHus HeoOXOJHMa ee AHArQHaJH3alHs.
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JisteTést MeToa caMocorsiacoBarHoro mons (Meton Xaprpu — doka),
OCHOBaHHH{l Ha NpHMeHeHHH BaPHALHOHHOIO TNpHHUHNA. B 3TOM
naparpade Mbi pacckaxeMm 08 OCHOBHBIX MIEfX 3TOr0 METOAA.

B ocHoBe Meroma Xaprpu — Poka TakKe JEXKHT OLHO3JIEK-
TpoHHOe mnpubJHKeHue. BosaHoBas (YHKUHS -CJAOXKHOTO aToMa
aNnpoKCHMHpyeTcs JHOO NMpPOM3BEAEHHEM OJHO3JEKTPOHHBIX (YHK-
i W= 9;(&1) ... Pn(E,) (OPHHUHI TOXKIAECTBEHHOCTH NPH 3TOM
HE YUMTHIBAeTCs), JUbO OIpeaenuTeseM

PrE) oo i (Ea)
v=c| . .
'lpn (gl) e 'lpn (gn)

aubo sauHeliHOH KoMOMHauuMe#l Takux ompepeauntesein. M3 ycaosus
craunoHapHocTd ¢yHkuuoHasa (AW,¥) npu IONOJHHTENBHOM YyC-
goeun (¥, ¥)= 1 noayuaercsn cHcTeMa HHTerpoauddepeHInalb-
HBIX YPaBHEHHH /151 ONHO3JEKTPOHHHIX (PYHKUHE P (X), ..., Pa(X).

[TpounmocTpupyeM TakoH NOAXOJ Ha INpHMepe aToMa TeJHs,
oneparop lllpeannrepa AJiss KOTOPOTO HMeeT BHI

1 1 2 2 1 1

rie Hi=—%Ai-——r27, i=1,2.

Bynem uckath NpuGJIHKEHHYIO BOJHOBYIO (GYHKIHIO B BHJE
F(x®, x@) = (x) 1hy (xP).
3aMmeTuM, 4TO yCJOBHE
(¥, W)= { [y (<)  (x®) P dx© dx® =1
RG
MOXKeT ObTb 3aMeHEHO ABYMSI YCJOBHSAMH
flomrax=1, {1wEpax=1, @)
R R
KOTOpHle He CYXKaloT Kjaacca BapbHpyeMblx ¢yHKIuH. DyHKIHOHAN
(HY,¥) umeer BUI
Y, W)= { i dx® {19, P ax +
R R

+ { Batlppax® (g paxen 4 [ LLLRE gy gy (3)
R R Ry
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Bapbupys 31707 GyHKIUHOHAA MO (QYHKIUAM P; B Pp OPH yCJIO-
BHSAX (2) M HCIOJIb3Ysl METOJ -HEONpeJeseHHbix MHOXHTesel Jla-
rpaHxa, HMeeM

Hm+(§

R3

Hypy + ( S | 11::; x(l)) Po = &9a.
R?

1l dx(z’) by = ey,
4

Mbi TONYYHAM CHCTEMY HEJHHeHHBIX HHTerpoiuddepennuab-
HBIX ypaBHeHUH AJns GOYHKUIHH ¥;(X) H Po(x). YpaBHenus (4) no-
IyCcKaloT OveHb NpocToe (us3nyeckoe ToskoBanue. Hampumep, nep-
BOE ypaBHEHHE MOXKHO DaccMaTpHBAaTh KaK YpaBHeHHe lpenun-
repa Ui TepBOr0 3JEeKTPOHA, KOTODHIHi HAaXOAMTCA B IoJe sjApa
¥ B IOJIe, CO3/aBa€MOM 3apsilOM BTOPOTrO 3JeKTPOHA. DTOT 3apsij
Kak Obl pasmasaH no o6beMy atoMa ¢ NJIOTHOCTBIO | (x®)|? (Ha-
IIOMHHM, 4TO 3apsJ 3JeKTPoHA ¢ = 1), U HHTETpasJ BO BTOPOM cCJia-
raeMoM (4) ecThb MOTeHIHaJ TakKOro 0o0BEMHOTO pacHpejeseHHus
sapsifa. OTMeTHM, YTO 3TOT NMOTEHLHAJ HEH3BeCTeH M HaXOLHTCS
OpH pelleHHH CUCTeMBl (4), KpOMe TOro, B OTJHYME OT MOAENHU Ipe-
IbIAyIero maparpada KaXKABH 3JeKTPOH OKasbBAETCA B CBOEM
HOTEHIHAJIbHOM IOJIe, 3aBHCSLIEM OT COCTOSIHHUS JPYTOTO 3JIeKTPOHA.

YpaBHeHus (4) Oblin BrepBhle NpeasoxkeHbl XapTpH, KOTOPBIH
Hampcaj HX HCXOAS H3 NPHBEJEHHLIX Bhllle (H3HYECKHX coobpa-
xenuil. PoK yCTaHOBHJ CBA3b 3THX YPaBHeHHH C BapHAUMOHHBIM
MPUHIIUIOM, U UM Xe OBlJIO NPeAsoKeHO YTOYHeHHe MeToAa XapTpH,
yuYHTHIBaloLlee MPHHIUI TOXKIECTBeHHOCTH. YpaBHeHus QPoka oka-
3BIBAIOTCSl HECKOJIBKO CJIOJKHee, YacThb M3 BXOJASILIMX B HHX <IIOTEH-
1najgoB» (o6MeHHblEe MOTEHLUHAJbI) YyXKe He JONyCcKaeT CTOJAb Ipo-
CTOro (U3HUYECKOrO TOJKOBAHHS. ODTH IOTEHIHAJbl BO3HUKAIOT
BCJIE[ICTBHE CBONXCTB CHMMETPUH BOJIHOBOH (YHKIIHH.

[Tpu npakrnuecknx pacyerax o merony ®oka oOBIYHO C CaMOTO
HayaJa HILYT OJLHO3JIEKTPOHHble (PYHKUUH P (E) B BHIAe (YHKIHA

HeHTPAIBHOTO TN WY,y €)= Bij-@— Y, (n) U'"s (s,)-

OcHoBHbIE 3Tanbl pacuera cocTosT B caeayoouieM. CHauaja Ha-
XOJAT BhHIpa’KeHHe AJIS BOJNHOBOH (YHKLHH ONpPELeJeHHOro Tepma
B BHJe JuHe#HON KoMmMOHHaluuu onpefenunteneir. lanee cocras-
asieTcsl BRIpaxenue aas ¢yuxkuuonasa (HW,¥). Hakowmen, sror
(QYHKIHOHAJ BapbHPYeTCH MO pafuaJbHbBIM GYHKIHAM R (r) (Tex-
HHKa BCeX 3THX ONepaluii HeTanbHO paspaboraHa). B pesyabrare
moJy4aercss CHcreMa HHTerponu¢depeHuua bHbBIX YPaBHEHHH [Jis
byHKUME onHolt nepemeHHo#. UMca0 HEH3BECTHHIX (YHKIHHA 3TOM
CHCTeMBl PaBHO YWHCJAY 060J0ueKk H3yuaeMoil KOH(pHrypauuu artoma.

CpaBHeHMe pe3yJbTaTOB PacuyeTOB C SKCIEPUMEHTAJbLHLIMH JaH-
HBIMH IIOKa3bIBAeT, YTO TOUHOCTh BBIYHCJEHHS 3SHEPreTHUYeCKHX
ypOBHeH JIErKHX aTOMOB IO METOJY CaMOCOIJIaCOBAHHOIO IOJS CO-
crasJjsieT okKoJso 5%,
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§ 52. llepronuueckas cucrema ajnementos JI. H. Menneneesa

[Tepuonuuecknuit 3akoH Obl1 OTKpuHT MeHgeneesniM B 1869 r.
H fIBJASIETCS OAHHM H3 Ba)KHeHIMX 3aKOHOB NpPUPOAB. B ocHoBy
cBoeli cucTeMbl MeHaeseeB NOJIOXKHA TOT (PaKT, UTO €CJAU PACIONO0-
JKHTb 3JEMEHTH B INOPSAKE BO3PACTAaHHS ATOMHBIX BECOB, TO 3Je-
MEHTHl C GJH3KHMHM XHMHUYECKHMH H (DH3HUECKHMH CBOMCTBAMH Ie-
PHOJIHYECKH IIOBTOPSIIOTCS.

K MOMEHTY OTKDBITHSI NMEPHOAMYECKOro 3aKOoHa O6blJI0 H3BECTHO
Juuib 63 3JeMeHTa, aTOMHble Beca MHOTHX 3JIEMEHTOB OBLIH ompe-
IeJjeHbl HemnpaBUJbHO H MeHJesneeBy NPHINJIOCE HX H3MEHHUTH *.
Pan knerok tabauisl MeHgeneeB OCTaBHJ He3amoOJHEHHLIMH, CYH-
Tas, YTO UM COOTBETCTBYIOT €llleé HEOTKphITHie 3JaeMedTh. CBoHcTBa
TPeX TaKHX 3JIEMEHTOB OblIH TpejacKasaHbi MeHueseeBbIM ¢ ynu-
BHTEJbHOH TOouHOCTbIO. HakoHel, B HecKoJbKHX ciayuasx Menpe-
JIeeB OTKAa3aJCsl OT CTPOrOro PAaclOJIOKEHHS 3JEMEHTOB B IOPSAKE
BO3paCTaHUS ATOMHBEIX BECOB M BBeJ MOHSATHE 06 aTOMHOM HO-
Mepe Z.

OtkpoiTolii MeHpe/neeBHIM 3aKOH MNMEPBOHAYAJBHO OBIT UHCTO
smnupuyeckuM. Huxakoro oObSCHeHHS TEPHOAHUYHOCTH CBOHCTB
3JIeMeHTOB BO BpeMeHa MeHaeseeBa He OBIJIO, Ja M He MOIJO
ObiTb, Bellb 3JeKTpoH OBl oTKpuiT ToMmcoHoMm B 1897 r., a aToMHoe
sinpo — Pesepdoprom B 1910 1.

OO0bsicHeHHe MEePHOAMYECKOr0 3aKOHa BO BceM o6beMe fiBJseTcs
CNOXKHOM 3aJayell KBAHTOBOH XMMHH, OAHAKO MOHAThH NPHPOAY Ile-
PHOJIHYHOCTH CBOHCTB 2JIEMEHTOB MOXKHO yKe B paMKax VIpPOIIeH-
HOM Mozenan aroma, onucanHoit B § 50. HanomuuMm, uro addexrus-
HBIHi TIOTEHUHAJ [JA 3JeKTpoHa B atoMe V(r) He sBAseTcs KyJo-
HOBCKHM H COOCTBeHHble 3HaYeHHs OJHO3JEKTPOHHOIO omneparopa
HIpenunrepa 3aBHCAT OT KBAaHTOBHIX yucen n u . Pacuern mnoka-
3BIBAIOT, UTO AJS THHHYHOro 3(PGdeKTHBHOrO NOTeHIHaJJa aToMa
co6cTBeHHBle 3HauyeHHst E, BO3pacTalOT B CJAEAYIOLIEM HOPsKe:
1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, Bs, 4d, 5p, ... VIMenno B Takom mo-
psilKe TIPOHCXOAMT 3aloOJHeHHe 3JEKTPOHHBIX 000J0YeK aToMma
(B 3TOM maparpade MBI paccCMaTpHBAaeM TOJbKO OCHOBHBIE COCTOS-
HHSI aTOMOB). DTOT NOPANOK, OJHAKO, HE SIBJSETCS CTPOTHM, TaK
KaK y KaxJIOro 3sJeMeHTa CBOH 3(p¢deKTHBHBIH NOTEHUHAN H Aa4
HEKOTOPHIX 3JIEMEHTOB BO3MOXKHH HeOOJIbIIHe OTKJOHEHHS B no-
pSKe 3anoJHEHHST 060JI0YeK.

Yro6Hl MOHATH NPUHUHIL, 10 KOTOPOMY NPOHCXOMHT AeJeHHe 3Jle-
MEHTOB II0 NMEPHOJAM, YKa)KeM Ha CJeAYIOWYI0 OCOGEeHHOCTh d- U
f-371eKTPOHOB, OTJHYAIOUIYI0O HX OT S- H p-3JeKTPOHOB. Pacuers
MOKa3bIBAIOT, YTO IJIOTHOCTL (DYHKUHH pacrpenesieHHs] KOOPHAHHAT
[9(x)|%2 mas d- u f-3M€KTPOHOB COCPenOTOUeHA B OBJNACTH MeHb-
IIHX PasMepoB, yeM AJIs S- H p-3JeKTPOHOB C GJH3KHUMH 3HEPTHAMH.

* Hanmpumep, aTOMHHI Bec He3Hst cunTajcs pasHbiM 92, Mengenees mpumu-
can emy sHaueHHe 138 (coBpeMenHoe 3Hauenue 140),
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310 3HAUMT, YTO d- H [-3TMEKTPOHBHI B CPENHEM HAaXOAATCA 3HAUH-
TeJbHO Gauxe K SIAPY, UeM S- U p-3JeKTPoHBL. [1o3TOMY 3/eMeHTH,
B KOTOPHIX NPOHCXOJAHUT 3amoJiHeHHe d- H ocobeHHO f-o6osouer 06-
JNafaloT CXOMHBIMM XHMHYECKHMHM cBoiicTBaMH. (XHMHYECKHE CBOH-
CTBa B OCHOBHOM 3aBHCSAT OT COCTOSIHHH rnepudepHUeCKHX 3JeKTpo-
HOB atoMa., OObsACHEHHe 5TOr0 YTBEPXKAEHHS J1aeT KBAHTOBAs TeO-
pHsi BaJEHTHOCTH. )

IlepBBIM 3JME€MEHTOM KaXJAOro nepuoga Ttabauubl MeHjeneesa
ABJSETCS 3JIeMEHT, Y KOTOPOTO HAUHHAET 3aMOJHATHLCA S-000J10YKa.
Bce aTH 3/MeMeHTH, 3a MCKJUEHHEM BOJLOPOJA, — LIEJOYHEIE Me-
tajabl, [locjegHUM 3JIeMEHTOM KaXJOoro NepHoAa SBJSETCS 3Je-
MeHT, Y KOTOpOro 3aBepllaeTcsl 3aNloJHeHHe p-000J0UKH (HCKJIIO-
YyeHHe TPEJCTABJASET NepBLIi NepHOJ, 3JeMeHThl KOTOPOro, BOAOPO
1 renufi, He coepxKar p-3aeKkTpoHoB). [TocsenHNe s71eMeHTH MepHo-
IOB SBJSIOTCS OaaropogHnMu razamu. KoHourypauuu atoMmos Gaa-
I'OPOIHBIX Ia30B COCTOSAT K3 3aNOJHEHHbIX o6ojouek. MOXKHO 1OKa-
3aTh, YTO COOTBETCTBYIONIME COCTOSIHHA Hpeo6pasyloTcs NpH Bpa-
LIeHUsIX [0 HEeNpPHBOLMMOMY npejcTaBieHHI0 Dy, T. e. SIBJSIOTCA
cheprugecKH-cUMMeTpUUHEIMA. TakuM e CBOHCTBOM 00/1aRalOT 1O-
JIOXKHTEJNbHble ONHO3apALHBbIE HOHBI IIEJOYHBIX METaNJ0B, KOHQH-
Trypanust KOTOPHIX COBIafaeT ¢ KOHOHUIypaUHSIMH HperiiecTBYIO-
mero 6saropogHoro rasa. MMeHHO Mo3TOMY ONTHYECKHe CBOHCTBA
HIeJIOYHBIX MeTaJJ0B XOpOLIO ONHCHBAET MOJEJb BAJEHTHOTO 3JeK-
TPOHA B LIEHTPAJbHOM HOJIE.

[TocnenoBatesibHOCTh 3JEKTPOHHBIX o6oJOueK pasbuBaercs MO
nepHosaM CJaelyioLUM 06pasoMm:

I ls, 2 ajleMeHTa
I 2s 2p 8 snemMeHTOB
Il 3s, 3p, 8§ —»-—
IV 4s, 34, 4p, 18 —»—
V  5s, 4d, 5p, 18 —»—
VI 6s, 4f, 5d, 6p, 32 snemeHTa
vl 7s, 6d, 5f, . . .

Homepa nepnonoB o6o3HayeHsl puMCKHMH uudpamu. CrnpaBa yka-
3aHO YHCJO 3JIEMEHTOB MEepPHOAA. JTO UHCIO JerKo HAXOLHTCS, eCH
BCIIOMHHUTD, YTO YHUCJIO OXHOIJEKTPOHHBIX COCTOSHHE C KBAHTOBBLIMU
yucaaMu n u [ paBHo 2(2/+4-1). Hanpumep, uuciao snementToB
wecroro népuoga pasHo 2 1441046 = 32. Howmep nepuona
COBMajaeT ¢ TJIABHBIM KBAHTOBBIM YHCJIOM 3alOJIHSIOUIHXCH S- U
p-060J10YeK.

DneMeHTH, cojepKauue 3anojHeHHbe d- U [-060/0YKH (MM
He cojepallue Takux 0060J0UeK), HA3KIBAIOTCS 3JIEMEHTAMH TJaB-
HBIX Tpynm DJeMeKTh, B KOTODHIX INPOHCXOAHMT 3amoJjiHeHue d-
u f-000J104eK, Ha3LIBAIOTCA 3JEMEHTAMH INIPOMEXYTOUHBIX TPYyIII,
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D/eMeHTH MPOMEXYTOUHBIX TPYNI HMeEIOT OJH3KHE XHMHUECKHE
CBOICTBa, B OCOGEHHOCTH 3TO CIPaBelJHBO AJs IPYyNN, B KOTOPBIX
IPOHCXOIHUT 3aroJiHeHue f-obosouek (obGosouka 4f samonnsercs
B TPYIIe PeKO3eMEJbHbIX 2JIEMEHTOB).

OTmeTuM, 4TO NMpH 3aHOJHeHHH d- U f-o6oJi04eK HHOrAa HabJaio-
JAIOTCS OTKJIOHEHHS OT YKa3aHHOro Bbllle mnopsjaxka. Hanpumep,
KOH(QHTypalusiIMH OCHOBHHIX cocTosinufi aromoB V, Cr, Mn ss-
asioress (3d)3(4s)2, (3d)%4s, (3d)5(4s)? coOTBeTCTBEHHO (MHI He
BHIMHCAJH KOHQUTypalMI0 3aNoJIHEHHBIX 000J0uek, OOWyI AJs
Bcex 37X atoMoB (1s)2(2s)2(2p)¢(3s)2(3p)¢). OrasbiBaercs, 4TO

£3B
25 He
20
151 Kr
I Xe
L Rn
10 /’\
3 ¥ ‘l\ Ac
L g
sk 154 A
- [ Ra \\
r Rt Cs v
L {

L )l 1 | 1 I 1 1 H . 1 — . 1 1 . 1
7 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 2
Puc, 15,

koHpurypaunsi (3d)%4s ana atoma Cr sHepreTnuecku Gojee BBHI-
rogna, uem (3d)*(4s)?, koTOpy0 Mbl NpHOHCAJH OB XPOMY, PYKO-
BOJACTBYSCh Halllefl MOAENBIO. SICHO, UTO 3TO OTKJOHEHHe He MOXKET
ObiTb OOBACHEHO B paMKax MOJeNH, B KOTOPOi 3ddeKTUBHBI mO-
TeHIIMaJ OJHHAKOB JJis BCEX 3JEKTPOHOB.

B sakaioueHise mNpocjefuM 3a H3MEHEHHEM 3HEPrHH CBS3H *
9JIEKTPOHA B aToMaX. DTOT NapaMeTp TeCHO CBfI3aH ¢ XHMHYECKHMH
CBOHCTBAMH 3JIEMEHTOB M XapaKTEpHU3yeT CIOCOOHOCTh aTOMOB «OT-
1aBaTh» 3JEKTPOH, BCTymasi B XHMHUECKHE COeJHHEHUS.

BenoMuuM, uro 3¢ ¢eKTHBHHH noreHuuas aroma U(r)==—1/r
npu r—oo u U(r)y= —Z/r npu r—>0. [TosrOMy ecTecTBeHHO OXH-
gaTh (K 3TO TOATBEPXKAAETCS pacyeTaMH), YTO C YyBeJHUYeHHeM Z
5 GeKTUBHBIH MOTEHLUHAJ CTAaHOBHUTCH Oojiee CHJIBHBIM, T. €.

. * DHepruell cBs3M Ha3biBaeTcss abGCOJIOTHAA BeJHYHHa DA3HOCTH MeXAy 3SHep-
THAMH OCHOBHBIX COCTOSIHUH aTOMa M COOTBETCTBYIOLIErO [OJIOKHTENbHOIO ONHO-
3apsiAHOTO HOHA, WHAue TOBOPS, SHePrHsl CBS3H paBHa MHHUMaJbHOH paboTe,
KOTOPYIO HYXXHO 3aTPaTHTh, 4TOObl BLIPBATHL /ICKTPOH H3 aTOMA.
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COOTBETCTBYIOLIHE OJHO3JEKTPOHHbIE YPOBHH 3HEPruH AJsl IoCJe-
IAyIOLIEro aToMa Jexart rayOxKe, ueM Ajas npeisiayutero. [losrtomy
SHePrHs# CBS3H [OJXKHA BO3PacTaTb B DALY 3JEMEHTOB, COOTBET-
CTBYIOLI[eM 3aMOJIHeHHIO HEKOTOpoH o6Gojouku. OQHAKO TpH Tepe-
XOfle K 3aNOJIHEHHIO clefylolled 0GOJIOYKH 3HEpPTHSl CBSIBH MOXKET
nagate. Oco6eHHO CHJIbHOe HaJeHHe SHePTrHH CBSI3H HabJ10jaeTcs
B HauaJe KaX<IOro NepHojia, Korja HayuHaeT 3aNoJIHATbCA HOBas
s-o6os0uka. Ha puc. 15 HaHeceHbl 3KCHepHMEHTAJIbHBiE 3HAaUYeHHS
JHEPrHH CBA3H IJIs Pa3JUYHBIX 3jeMeHTOB. [lo ropusoHTasbHON
OCH OTJIOXKEH aTOMHHIH HOMep 3JeMenrta Z. M3 pHcyHKa BHAHO, UTO
IJs KaxXAOro nepHoja MHHHMaJbHOe 3HAUCHHE 3HEPrHH CBSI3H
HMEIOT LIeJIOYHble MeTaJsJbl, 2 MaKCHMaJbHOe — aTOMbl 6Jaropoj-
HBIX ra3oB. XMMHYecKass MHEPTHOCTL 6/1arOPOAHBIX ra3oB B 3HAYM-
TEJbHOH CTEMeHH 06BbsiIcCHAETCS GOJNLINOH BENHYHHON JHEPTHH CBA3H.
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