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Undulator RadiationUndulator Radiation
•• Properties of URProperties of UR —— high beam intensity, narrow conehigh beam intensity, narrow cone

of emissionof emission —— decisive for UR applications. They gavedecisive for UR applications. They gave
rise and development to free electron lasersrise and development to free electron lasers –– FEL.FEL.

•• Modern undulatorsModern undulators produceproduce fastfast andand high coherent ehigh coherent e––

beamsbeams, have, have high brightnesshigh brightness,, highhigh ωω —— Roentgen range.Roentgen range.
•• They workThey work withwith multiple magnetic fieldsmultiple magnetic fields and containand contain

many periodsmany periods to achieve given emission characteristics.to achieve given emission characteristics.
•• ProblemsProblems (some of them):(some of them): distortionsdistortions of theof the magneticmagnetic

field,field, inhomogeneity of periodic structure, energyinhomogeneity of periodic structure, energy
spread and beam emittancespread and beam emittance can effect operation of thecan effect operation of the
devices significantly.devices significantly.

•• Mathematical instrumentsMathematical instruments for our analysisfor our analysis —— modifiedmodified
special functionsspecial functions toto obtainobtain analytical expressionsanalytical expressions..



• Magnetic field of a planar undulator, distorted by a
constant magnetic field, usually present in undulators
with constant magnets. Consider it in transversal plane:

•  and ρ – coefficients, relating the amplitude of the
constant constituent of the magnetic field BBdd to the
amplitude of the periodic magnetic field BB00.

• Common approximations for undulator problems:

Planar Undulator with TransversalPlanar Undulator with Transversal
Constant Magnetic ComponentConstant Magnetic Component
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Radiation IntegralRadiation Integral
• Far zone: distance undulator − observer exceeds

significantly undulator length. The radiation integral:

• Exact mathematical treatment: onon--axisaxis —— generalizedgeneralized
Bessel functions of two argumentsBessel functions of two arguments:

•• Angle distributionAngle distribution —— generalized Bessel functions ofgeneralized Bessel functions of
four argumentsfour arguments.. Generating exponent for them:
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AddAdd--On: Properties of Bessel FunctionsOn: Properties of Bessel Functions
•• Integral presentation:Integral presentation:

•• ExpansionExpansion inin series of 2series of 2--variables generalized Besselvariables generalized Bessel

•• ExpansionExpansion inin series of common Bessel functionsseries of common Bessel functions..

•• Generating exponent:Generating exponent:

•• Symmetry propertiesSymmetry properties —— reflection propertyreflection property..
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Generalized Airy FunctionsGeneralized Airy Functions

Non-periodic magnetic components are accounted for
by generalized Airy functions.
Off the axis — SS((αα,,ββ,,εε)) ofof three arguments ::

On the undulator axis it reduces to SS((αα,,ββ))::

In purely periodic oscillating field it becomes sincsinc((αα/2/2)):
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|S|2Fundamental harmonic line of

the UR: with an ideal sinusoidal
field β = 0 — continuous line; in
the presence of the constant
field, such that β = 4 — dashed
line, β = 6 — dash-dotted line,
β = 7.5 — thick dashed line.

Fundamental UR harmonicFundamental UR harmonic

UR line has good shape when 8



Common Planar Undulator spectrumCommon Planar Undulator spectrum

— undulator parameter,
n — harmonic number.

Undulator spectrum consists of the harmonics nωR0 and it is
characterized by the detuning parameter νn:

νn is the α parameter in SS((αα,,ββ)).

νn = 0 determines the peak frequency of a common UR line.
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Modified Undulator SpectrumModified Undulator Spectrum

Bending angle
(like off the axis!):
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•Bending angle ϑH, is due to constant constituent Bd.

•ϑH, depends on the absolute value of Bd field.

•Its effect is accumulated along the undulator and
depends on the number of undulator periods N .

•The total undulator length L counts !
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• Constant magnetic field shifts the spectrum with Δωn:

• Peak frequency of n-th harmonic of the undulator,
affected by the constant magnetic field corresponds

• It is exactly zero when κ1= 0 and since       ~           it is
highly sensitive to the number of undulator periods and
to the field intensity Bd.

Spectrum Shift by a Constant FieldSpectrum Shift by a Constant Field
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• For the undulator radiation off the axis we have
expressions, involving                        and SS((αα,, ββ,, εε).).

• On-axis we have 2-argument Bessel and Airy functions.
• In a weak Bd field (κκ,,ρρ11), on-axis UR intensity becomes:

OnOn--Axis UR intensityAxis UR intensity

 






























































































n

n

nn

J
S

N

JJS

n

k
k

c
Ne

dd
Id

2

2n

n2

1

2

2

1

2

1n

2

22

2222

0=

2

8
4

88

21
=










 

),(
)(

,

)/(

 
3210
xxxxJ pn ,,,

~
,



0
0.5

1

1.5

2

2.5

104

-24
-18

-12
-6

0
6 12 18 24

n

0

0.0025

0.005

0.0075

0.01

I0
0.5

1

1.5

2

2.5

104

0

0.0025

0.005

0.0075

0.01

I

• The 2d harmonic of the undulator with N = 100, k = 2
due to the constant field Bd=κ1B0. Note low intensity.

OnOn--Axis URAxis UR ―― EvenEven (n=2)(n=2) HarmonicHarmonic
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Condition for Good UR Line ShapeCondition for Good UR Line Shape
•Condition for good line shape of UR harmonic, in the
presence of the constant magnetic field Bd :

Otherwise, we
have a flat broad
frequency spread
of the radiation.
.        is in the
middle of the UR
frequency band —
much wider than
common harmonic.
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• 3d harmonic broadening,
N = 100, k = 2.



Emission Line Width andEmission Line Width and
Broadening by the Constant FieldBroadening by the Constant Field

Is surely fulfilled if κ < κmax. Field broadening parameter:

for distinguished line shape

Half-width of the broadening due to the constant magnetic
field:

•Half-width of the common UR harmonic:

for any realistic N
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Broadening by Off the Axis EffectsBroadening by Off the Axis Effects

• Half-width of the broadening due to emittance:

• Emittance broadening parameter:

• Θx,y — electron beam angular divergences in the undulator,
εx,y— horizontal and the vertical emittances of the beam,
σx,y — the beam size.

• Is the broadening dominated by the angular divergence of
the beam or by the constant magnetic field? It depends on
which bending angle is bigger: Θx,y> θH or Θx,y< θH
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CombinedCombined —— Field and Off the AxisField and Off the Axis
Effect on the UR SpectrumEffect on the UR Spectrum

• UR spectrum with off the axis and with field
effect:

•• Constant field and off the axis effect canConstant field and off the axis effect can
compensate each other, but NOT completely!compensate each other, but NOT completely!

))(()()(
,





















HH

RB k

n
n

d

3
2

1

2

22
2

2

0
00n

  .cossin
1
 



Off the Axis Effects CompensationOff the Axis Effects Compensation
• Angular divergence is compensated by bending angle:

• Horizontal (radial) divergence compensation by vertical
field component:

• Vertical divergence compensation by horizontal field
component:

• Best compensation (in half-plane) up to:
(with very little on-axis fade!) for              .
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• Broadening due to the electron energy spread in beam:

• Relevant line broadening is                                   with
zero average shift.

• Energy spread broadening parameter:

• Broadening effects, induced by energy spread in beams,
are negligible when

Broadening Due to Beam Energy SpreadBroadening Due to Beam Energy Spread
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• Beam energy spread effects on the fundamental
harmonic of the undulator with k = 2, N = 100.

Broadening Due to Beam Energy SpreadBroadening Due to Beam Energy Spread
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• Noticeable distortion
already for BBdd~~88∙∙1010--55BB00..

OnOn--axis Line Broadening for Fieldaxis Line Broadening for Field
parameterparameter

Emission line for NN = 150.= 150.

nn = 1,= 1, kk = 2= 2

• Spectral line rapidly degrades with rise of Bd.
• Undulator with NN = 15= 1500 periods, 5 kGauss on the axis in the

Earth’s magnetic field 0.5 Gauss - means Bd~1∙10-4B0 notice
deterioration of spectral line — at limit of effectiveness!

• The Earth creates significant distortions when N>150!

• Reasonable limit for
constant magnetic field:
BBdd maxmax ~10-4B0.
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• Fundamental harmonic line shift and angular divergence
compensation by the constant magnetic field Bd=κ1B0.

Field Compensation ofField Compensation of thethe
OffOff--AxisAxis Line broadeningLine broadening

Emission line for
NN = 150,= 150, nn = 1,= 1, kk = 2,= 2,

σσ = 10= 10--1010,, offoff--axis angle:axis angle:
γψγψ = 0.15= 0.15

Best compensation at
BBdd ~1.0÷1.8 10-4B0.

For BBdd >>2 10-4B0
incoherence
prevails.
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• Fundamental harmonic line shift and angular divergence
compensation by the constant magnetic field Bd=κ1B0.

Field Compensation of OffField Compensation of Off--AxisAxis
Line broadeningLine broadening

Emission line for
Novosibirsk, Siberia 2:

NN = 300,= 300, nn = 1,= 1, kk = 0.5,= 0.5,

σσ = 10= 10--88,, B0 = 7.5kG,= 7.5kG, offoff--
axis angles:axis angles: γψγψ ~ 0.04.~ 0.04.

• Compensation at
BBdd~0.7 10-4B0 ≈ 0.5G0.5G.
(for BBdd >>10-4B0 incohe-
rence prevails on the
axis, line broadens).



•• Constant magnetic field can cause serious change in URConstant magnetic field can cause serious change in UR
spectrumspectrum,, intensityintensity and causeand cause line broadeningline broadening in realin real
devices.devices.

•• Underlying physics of disturbanceUnderlying physics of disturbance —— deviationdeviation of anof an
electronelectron from its regular oscillatory trajectory andfrom its regular oscillatory trajectory and
disruptiondisruption of the coherence of electron oscillations inof the coherence of electron oscillations in
undulators due toundulators due to constant component of magnetic field.constant component of magnetic field.

•• PerturbationsPerturbations of the electron trajectory due to the fieldof the electron trajectory due to the field
are accumulated along the undulator length and areare accumulated along the undulator length and are
comparable with those due tocomparable with those due to offoff--axis effects, energyaxis effects, energy
spread in beamsspread in beams and other broadening contributions.and other broadening contributions.

•• Constant fieldConstant field cancan partially compensate offpartially compensate off--axisaxis effect.effect.
•• Developed analytical method can be applied to virtuallyDeveloped analytical method can be applied to virtually

any undulator with distortions of periodic magnetic field.any undulator with distortions of periodic magnetic field.

Conclusions
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