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Main topicsMain topicsMain topics
 Introduction: the concept of the Flavour MixingIntroduction: the concept of the Flavour Mixing

in the Standard Model.in the Standard Model.

 Neutrino Mixing in the Standard ModelNeutrino Mixing in the Standard Model -- PMNSPMNS
matrix. Similarities and differences with quarksmatrix. Similarities and differences with quarks

 Exponential parameterisation of the NeutrinoExponential parameterisation of the Neutrino
Mixing matrix.Mixing matrix.

 Mixing and Space Rotations.Mixing and Space Rotations.

 QuarkQuark -- Lepton Complementarity.Lepton Complementarity.

 Exponential parameterisation of the CP violatingExponential parameterisation of the CP violating
terms in the neutrino mixing matrix.terms in the neutrino mixing matrix.

 Discussion and Conclusions.Discussion and Conclusions.
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Fermions in the Standard ModelFermions in the Standard ModelFermions in the Standard Model


j

Generation 2 Generation 3

τTau -1/2sμMuon -1/2seElectron -1/2s

ντTau +1/2s
Neutrino

νμMuon +1/2s
Neutrino

νeElectron +1/2s
Neutrino

LeptonsLeptons
L=1L=1

bBottom -1/2ssStrange -1/2sdDown -1/2s;-1/3e
tTop +1/2scCharm +1/2suUp +1/2s; +2/3eQuarksQuarks

B=1/3B=1/3

Generation 1

 Each generationgeneration of particles exhibit similar physicalsimilar physical
behaviourbehaviour.

 QQuarksuarks carrycarry colour chargecolour charge besides weak isospinweak isospin, and they
interactinteract with each otherwith each other via the strong forcestrong force.

 LeptonsLeptons do not carry colour chargedo not carry colour charge,, they have weakweak isospinisospin..
 NeutrinosNeutrinos have isospin +have isospin +½½,, do not carry electric chargedo not carry electric charge, so

their motion is directly influenced onlyonly the weakweak forceforce.
 EElectronlectron,, muonmuon and the tautau lepton have isospinhave isospin --½½,, carrycarry an

electric chargeelectric charge,, so they interactinteract electromagneticallelectromagneticallyy.
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Flavour Mixing in the Standard ModelFlavour Mixing in the StandardFlavour Mixing in the Standard ModelModel


j

The conceptThe concept: weak and mass eigenstates differweak and mass eigenstates differ!

 A quark of a given flavourquark of a given flavour is anis an eigenstateeigenstate of theof the weakweak
interactioninteraction part of the Hamiltonian: it will interact in a
definite way with the W+, W− and Z bosons.

 A fermionfermion of a fixed massof a fixed mass is an eigenstate of the kineticis an eigenstate of the kinetic
and strong interactionand strong interaction parts of the Hamiltonian. This mass
state is a superposition of various flavours.

 The flavour content of aflavour content of a quantum statequantum state may change as itmay change as it
propagates freelypropagates freely. Thus a neutrino or quark created with
one flavour can be measured with another flavour.

 For quarks,For quarks, mixing, i.e. the transformation from flavour totransformation from flavour to
mass basismass basis is given by the so-called Cabibbo-Kobayashi-
Maskawa matrix (CKM matrix).

 For neutrinos,For neutrinos, the mixing is specified by the PMNS
matrix. It defines the strength of flavour changes under
weak interactions of neutrinos.
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CPCP is the product of twoproduct of two
symmetriessymmetries:

CC - for chargecharge
conjugationconjugation, it
transforms a  particletransforms a  particle
intointo its antiparticleantiparticle.
PP - for parityparity, it createscreates
the mirror image of athe mirror image of a
physical systemphysical system.
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Charge-Parity CP in the Standard ModelChargeCharge--Parity CP in the StandardParity CP in the Standard ModelModel


j

 The matrices specify the mismatch ofmismatch of quantum statesquantum states of
quarksquarks when they propagate freelypropagate freely andand when they take
part in thepart in the weak interactionsweak interactions. Kobayashi, Maskawa got
Nobel prizeNobel prize for it in 20082008. (Nicola Cabibbo not awarded…)

 Both CKM and PMNS matrices allow forallow for CP violationCP violation if
there are at least three generationsat least three generations. Illustration of CP:
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Neutrinos, Mixing, Notes …Neutrinos, Mixing, Notes …Neutrinos, Mixing, Notes …
 Our understanding of neutrino physics is vaguer than thatOur understanding of neutrino physics is vaguer than that

of quarks:of quarks:
 Possible existence of 4th type – sterile neutrino. ???...
 Possibly, neutrino and antineutrino are the same particle,

the hypothesis first proposed by Ettore Majorana (Italy).
 The neutrino mixing was originally invented by Pontecorvo

in 1957 and developed by him in 1967. One year later the
solar neutrino deficit was first observed.

 Differently from quarks, neutrino mass termDifferently from quarks, neutrino mass term is likely to
have another originanother origin than that of quarks (not due to Higgs)
and it is implemented through the Majorana mass termMajorana mass term.

 Flavour mixingFlavour mixing in the lepton sectorlepton sector can be formalised in the
way, similarsimilar to the mixing in the quark sectorquark sector:

 Flavour statesFlavour states ννee,, ννμμ oror ννττ, are linear combinations of, are linear combinations of
neutrino states with different masses, analogous to that ofneutrino states with different masses, analogous to that of
the bottom components of the quark pairs.the bottom components of the quark pairs.

 For 4 neutrino generations mixing mechanism is the same.
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Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) Matrix

PontecorvoPontecorvo--MakiMaki--NakagawaNakagawa--
Sakata (PMNS)Sakata (PMNS) MatrixMatrix

 UUPMNSPMNS -- the unitary leptonic mixing matrixthe unitary leptonic mixing matrix -- PMNS matrixPMNS matrix ::

 Lepton mixing means that the charged WW±± boson can coupleboson can couple
any charged lepton mass eigenstate and any neutrino massany charged lepton mass eigenstate and any neutrino mass
eigenstateeigenstate (analogy with the quark mixing).

 Associative productionAssociative production of the lepton of the type αα and the
neutrino state of the type αα implies the superposition of allsuperposition of all
neutrino mass eigenstates.neutrino mass eigenstates.





321 ,,

*

i
iiPMNS   U iiPMNS


U

UUααii - the amplitude of the decay of the W+ boson into the
lepton of the type αα and the neutrino of the type ii..



20/08/2009 Dr. Konstantin Zhukovsky 8

Ex
po

ne
nt

ia
l F

or
m

 o
f 

th
e 

M
IX

IN
G 

M
A

TR
IX

Ex
po

ne
nt

ia
l F

or
m

 o
f 

th
e 

M
IX

IN
G 

M
A

TR
IX

In collaboration with ENEA Italy and Lomonosov MSU, Russia

UPMNS Neutrino Mixing MatrixUUPMNSPMNS Neutrino Mixing MatrixNeutrino Mixing Matrix
..

2
chjJ

G
L  




 For 2 lepton pairs mixing is expressed via theFor 2 lepton pairs mixing is expressed via the real unitaryreal unitary
matrixmatrix -- rotation matrix in the anglerotation matrix in the angle θθ in 2 dimensions.in 2 dimensions.

 For standard 3 neutrinos theory theFor standard 3 neutrinos theory the neutrino mixingneutrino mixing isis
expressed viaexpressed via 3×33×3 unitaryunitary matrixmatrix UUPMNSPMNS::

,
cossin

sincos










CabCab

CabCab




Cab
V

MjrPMNS
UPU   122 21 ,, //  ii

Mjr
eediagP






















132313231223121323122312

132313231223121323122312

1313121312

321

ccescsscesccss

csesssccessccs

escscc

ii

ii

i



















U

ijij
c cos

ijij
s sin

The mixing is given by three mixing angles θθ1212, θθ2323, θθ3131,
and the CP violating phases δδ, ααii and αα22.
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Values for Neutrino Mixing ParametersValues for Neutrino Mixing ParametersValues for Neutrino Mixing Parameters

 The phases αα11 and αα22 are non-zero only if neutrinos are
Majorana particles, which effectively means that they are
identical to their antiparticles. αα11 and αα22 do not influence
the neutrino oscillations regardless of whether neutrinos
are Majorana particles or not.

 MatrixMatrix UU in the neutrino parameterisation matrix UUPMNSPMNS

is identical to the  CKM matrix for quark mixingidentical to the  CKM matrix for quark mixing.

 The mixing angles θθ1212 and θθ2323 are quite well determined
experimentally:

 The third mixing angle θθ1313 is quite small, moreover, no
strict experimental bound on its value! Approximate:

13
13


Large values!Large values!
42933

12
..  745

23


Small!Small! PossiblyPossibly
Zero…Zero…
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 Neutrino mixingNeutrino mixing is characterised by 2 large angleslarge angles and only
one small angle. No small parameter for series expansionNo small parameter for series expansion!
Striking contrast with quark mixingStriking contrast with quark mixing:

 In CKM quark mixingquark mixing matrix all three angles are smallall three angles are small..
Approximate parameterisations are based on the expansion
into power series of the parameter λ=sinλ=sin θθCabibboCabibbo≈0.22.
EXPERIMENTAL:EXPERIMENTAL: The tritri--bimaximalbimaximal (TBM) formform of the
mixing matrix is consistent with the experiments :

 But there are no physical reasons for it to be exactno physical reasons for it to be exact! Thus,
approximations with 3 parameters for (TBM)approximations with 3 parameters for (TBM) form appear.
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Values for Neutrino Mixing ParametersValues for Neutrino Mixing ParametersValues for Neutrino Mixing Parameters















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






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1
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0
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2

TBM
U

0
13
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 21
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4
23

/ 
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Exponential Parameterisation of
the PMNS Matrix

Exponential Parameterisation ofExponential Parameterisation of
the PMNS Matrixthe PMNS Matrix

 Notice: ifNotice: if δ=0 i.e. for conservedi.e. for conserved
CP,CP, mixing matrixmixing matrix inin exponentialexponential
parameterisationparameterisation is theis the angleangle--axisaxis
presentation of rotationspresentation of rotations inin
classical mechanics.classical mechanics.

 Exponential form ofExponential form of
the neutrino mixingthe neutrino mixing
matrix.matrix. (Dattoli, Zhukovsky)

Mixing anglesMixing angles θθ1212 and θθ2323 are ofare of
the order of 1, no hierarchy asthe order of 1, no hierarchy as
with quarks!with quarks!

,AeU

NO!NO!

?2

2
 ?? 3

3
 

Does it holdDoes it hold
the same asthe same as
for quarks?for quarks?

((UU-- unitary.unitary.  accounts for theaccounts for the
violation of CP,violation of CP, λλ1,2,31,2,3 –– for thefor the
neutrino mixing).neutrino mixing).
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Classical Rotation and Exponential
Parameterisation of Quark Mixing Matrix

Classical Rotation and ExponentialClassical Rotation and Exponential
Parameterisation of Quark Mixing MatrixParameterisation of Quark Mixing Matrix

 Mixing matrixMixing matrix inin exponential parameterisationexponential parameterisation withwith
conserved CP (i.e.conserved CP (i.e. δ=0) is the) is the angleangle--axis presentation ofaxis presentation of
rotationsrotations in classical mechanics.in classical mechanics.




















 0
0

0

23

2

3










i

i

e

e

A
 Exponential form ofExponential form of

quark mixing matrixquark mixing matrix::
(Dattoli, Zhukovsky, Eur.Phys.J.C)

( accounts for the violation of CP, λ – for the quark mixing and ,1)

 ,,,ˆ
zyx nnnn

Classical rotation matrixClassical rotation matrix M::
Single angle of rotationSingle angle of rotation ΦΦ
and theand the direction unitdirection unit
vectorvector

  N
rot nPM  e,
̂























0
0

0

xy

xz

yz

nn

nn

nn

N

z

x
y

Φ
n


,ˆ AeV
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New Parameterisation of PMNS matrixNew Parameterisation of PMNS matrixNew Parameterisation of PMNS matrix
 Let us write aLet us write a newnew exactly unitaryexactly unitary exponentialexponential

parameterisationparameterisation for the mixing of neutrinosfor the mixing of neutrinos
(Dattoli, Zhukovsky, Eur.Phys.J.C)::

MjrCPRot
PPPV ~

Notes:
 the rotation angles in the matrix PRot are not the

same as in the PMNS matrix in the standard
parameterisation U.. The same only for small CP violation.

 No small parameter λ in Neutrino mixing matrixNeutrino mixing matrix U
contrary to CKM matrix for quarks. The values of the
phase δ as well of the phases α1 and α2 so far remain
unconstrained by experiments.

CPe
CP

AP 

Mjre
Mjr

AP 

















000

020

002

2

1

/

/



i

Mjr
A

V~
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New Parameterisation ExplicitlyNew Parameterisation ExplicitlyNew Parameterisation Explicitly
The parameterisation ,, omitting Majorana part becomes:

   2222
13231
sincos,,sincos

~ U



















zx

yx

x

M

M

M

1



















zy

y

xy

M

M

M

2



















z

yz

xz

M

M

M

3
2

 sin 2


 i
ie

 

   sincoscos
kijkijjiij
nnnM 1

 CompareCompare these expressionsthese expressions withwith thethe standardstandard formform UU ofof
the PMNSthe PMNS and express matrix rotationand express matrix rotation angleangle ΦΦ and theand the
rotation vectorrotation vector nn in termsin terms of the parameters of theof the parameters of the
standard form of the PMNSstandard form of the PMNS mixing matrixmixing matrix ccijij andand ssijij..
Relations appear cumbersome …Relations appear cumbersome …

V~

CPRotCP
PPMPU ~
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Analogy with the RotationsAnalogy with the RotationsAnalogy with the Rotations
 Compare the common generatorCompare the common generator MM of 3D rotations with theof 3D rotations with the

rotational partrotational part PPRotRot of the exponential parameterisation ofof the exponential parameterisation of
the PMNS matrixthe PMNS matrix :

  NnM Φe,̂























0
0

0

xy

xz

yz

nn

nn

nn

N

 zyx nnn ,,ˆ n

 MM –– generator of rotations in 3D. It is the same asgenerator of rotations in 3D. It is the same as PProtrot..
 ParametersParameters of the purely rotational partrotational part of the neutrino

mixing matrixmixing matrix in exponential parameterisation related toto
the angle and the axis of the three dimensional rotationthe angle and the axis of the three dimensional rotation:





xn





yn





zn
222  
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The Entries of the Exponential Matrix
Parameterisation of the PMNS

The Entries of the Exponential MatrixThe Entries of the Exponential Matrix
Parameterisation of the PMNSParameterisation of the PMNS

 Compare the exponential form with TBM matrixCompare the exponential form with TBM matrix
values, which agree with experiment, we obtainvalues, which agree with experiment, we obtain
for parametersfor parameters (Dattoli, Zhukovsky, Eur. Phys. J. C)::

759902415058310 .,.,.  

 ||μμ|| is rather small,is rather small, compared with 1, and hence we could
possibly make use of it, performing the expansion in
series of this small parameter:

1 ,
CPRot
PPU
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 Calculate the coordinates of the rotation vectorcoordinates of the rotation vector nn for thefor the
exponential form of the PMNSexponential form of the PMNS neutrino mixing matrix andand
CKMCKM quark mixing matrix from the experimental data.from the experimental data.

 Surprise! The value of the angle between these vectors isangle between these vectors is
practicallypractically 4545 degreesdegrees.
(Dattoli, Zhukovsky, Eur. Phys. J. C)

 The fact that the rotation axes for the neutrino and therotation axes for the neutrino and the
quark mixing form the angle,quark mixing form the angle, very close to 4545 degreesdegrees is
another way to formulate the hypothesis of equality andhypothesis of equality and
complementary angles for quarks and neutrinoscomplementary angles for quarks and neutrinos!!Ex
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Quark –Lepton ComplementarityQuarkQuark ––Lepton ComplementarityLepton Complementarity

z

x y

QUARK
n


NEUTRINO
n


45 degrees
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CP-Majorana Terms TogetherCPCP--Majorana Terms TogetherMajorana Terms Together
 Now let’s combine the CP violating term and the MajoranaNow let’s combine the CP violating term and the Majorana

term in one, including parameterterm in one, including parameter  andand αα,, with the help ofwith the help of
the following identity:the following identity:

 




  

MjrCP
AAAA AAMjrCPMjrCP ,

2

1
1eee

 The commutator is of the order ofThe commutator is of the order of OO((αα11μμ).).
Suppose that the parametersSuppose that the parameters αα andand  are smallare small
Then, we obtain VVMCPMCP matrix -

 

 
 












1
2

1

001

0
2

0

10
2

O

e

i

ei

i

i






























exp
MjrCPMCP
PPV
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Parameters of CP-Majorana Matrix VMCPParameters of CPParameters of CP--Majorana Matrix VMajorana Matrix VMCPMCP

 VVMCPMCP matrixmatrix –– the factor in the exponential parameterisationthe factor in the exponential parameterisation
of the PMNS matrix, responsible for the CP violation effectsof the PMNS matrix, responsible for the CP violation effects

 VVMCPMCP is not symmetric with respect to the parameters ξ1,2

and the Majorana term can interplay with the  phase.
 When αα11==00,, the symmetric form of the VVMCPMCP is restored.
 For ξξ22=1=1,, i.e. αα22=0=0,, the form of the VVMCPMCP matrix reminds the

form of the mixing matrix for 2 lepton generations, acting on
an electron, taon and correspondent neutrinos with the
weights ξξ11 for the entry of the mixing matrix (1,1), κκ++ for the
entry (3,1) and ξξ11 κκ-- for the entry (1,3) of the mixing matrix.


























202

00

202

1

2

1

cossin

sincos






MjrCPMCP
PPV

2
21

21,

,



 i
e

2


 i
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 

2

 sin
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Neutrino under the action of VMCPNeutrino under the action of VNeutrino under the action of VMCPMCP

 For non-zero value of αα22 the vector of the mixed neutrino
states under the action of the V*MCP matrix writes as
follows (Dattoli, Zhukovsky, Eur. Phys. J. C):


























22

22

311

22

311

cossin

sincos
~

**

*

**







IVVVV
MCPMCPMCP

1
MCP

  IVVVV 1   ~~~~

 unitarity ofunitarity of VVMCPMCP matrix and unitarity ofunitarity of VV (PMNS)(PMNS) :
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Complete PMNS Transform with VMCPComplete PMNS Transform with VComplete PMNS Transform with VMCPMCP

 The neutrino vector after the PMNS transformation:The neutrino vector after the PMNS transformation:

 Thus, the contribution due to ν2 neutrinos is affected only
by α2 Majorana phase (factor G), whereas the ν1 and ν3

neutrino enter respectively with α1 and α2 dependent
factors F and H. Above transformation can be seen as a
rotation in the angle 2Δ, determined by the CP phase δ
with the weights Ξ and κ and their products
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Discussion and ConclusionsDiscussion and ConclusionsDiscussion and Conclusions

 Analogy between mass states mixingAnalogy between mass states mixing in Standard Modelin Standard Model
with conserved CPwith conserved CP andand rotationsrotations in classical mechanics.in classical mechanics.

 Exponential mixing matrix parameterisationExponential mixing matrix parameterisation -- rotationrotation
around a fixed axisaround a fixed axis in 3D space on anglein 3D space on angle ΦΦ.. WhenWhen ΦΦ =0=0, the, the
mixing fadesmixing fades out since the mixing matrix becomesout since the mixing matrix becomes II..

 CP violationCP violation breaks this symmetrybreaks this symmetry -- rotation axisrotation axis getsgets
complex coordinatecomplex coordinate y.y. Majorana phasesMajorana phases αi break it further.break it further.

 Rotation axes for the neutrino and the quark mixing formRotation axes for the neutrino and the quark mixing form
the angle of ≈the angle of ≈4545 degreesdegrees with each other. QuarkQuark--LeptonLepton
complementarity.complementarity. UUCKMCKMxUxUPMNSPMNS=U=UMM direct correlation in GUT.direct correlation in GUT.

 Exponential parameterisation of CKM and PMNSExponential parameterisation of CKM and PMNS allowsallows
generation ofgeneration of new unitary parameterisationsnew unitary parameterisations withwith
distinguished CP violatingdistinguished CP violating part.part.


