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Skyrme Forces used in the calculations

Skyrme Forces

Skyrme Forces used in the calculations

Force 0t

MeV fm3 
1t

MeV fm5
2t

MeV fm5
3t

MeV fm3+3α
0x 1x 2x 3x 0W

MeV fm5

α

SLy4 -2488,91 486,82 -546,39 13777,0 0,834 -0,344 -1,000 1,354 123,0 1/6 
SkM* -2645.00 410.00 -135.00 15595.0 0.090 0,0 0,0 0,0 130.0 1/6 
Ska -1602,78 570,88 -67,70 8000,0 -0,020 0,0 0,0 -0,286 125,0 1/3 
S3 -1128.75 395.00 -95.00 14000.0 0.450 0.0 0.0 1.0 120.0 1 

SkI2 -1915.43 438.45 305.45 10548.9 -0.211 -1.738 -1.534 -0.178 120,6 1/4 
SkI5 -1772.91 550.84 -126.69 8206.25 -0.117 -1.309 -1.049 0.341 123.6 1/4 
SkP -2931.70 320.62 -337.41 18709.0 0.292 0.653 -0.537 0.181 100.0 1/6 
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HF equations:

Axially deformed oscillator basis for deformed nuclei (DHF)

Hartree Fock Equations with Skyrme Forces

2 2( ) 2 ( )
r r rn n nr N e Lψ β η ηΛ Λ Λ

⊥=
2 2rη β⊥=

( )!r

r

n

r

N
n

Λ =  
+ Λ 

2 2 2

* 2 * *

( 1) 1 3
( ) ( ) ( ) { ( ) [ ( 1) ( 1) ]

42 2 2q

q q q

l l d d
R r R r R r U r j j l l

dr r drm r m m

α α
α α α α α α α

   + 
′′ ′− + − + + + + − + −             

h h h

1
( )} ( ) ( )qW r R r e R r

r
α α α× =

Spherically symmetric nuclei are also solved through iterated differential 
equations (SHF)

BCS approximation with the paring constant  Gn,p=(19.5/2)[1 ±±±± 0.51(N - Z)/A]

•DHF: only with bound single-particle states. 

•SHF: also quasistable continuum states under the centrifugal barrier are included. 
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Green region shows the atomic nuclei which are experimentally known [Audi, Wapstra].

Solid line and black squares represent 1n drip line(λλλλn=0) obtained in the HFB

calculations with Skyrme forces SkM* [Stoitsov, Dobaczewski, Nazarewicz, Pittel, PR. 

C68 (2003) 054312 ]. The orange arrow shows typical direction in the HF or HFB 

calculations. 
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Red squares show isotopes stable with respect to one-neutron emission. 

Z is changed in the direction shown by the orange arrow. 

Stability enhancement should be checked on neutron magic numbers. 
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One neutron 

separation energies 

for Oxygen and the 

drip line fragment
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The stability enhancement 

through adding neutrons. The 

last neutron is also confined 

by the centrifugal barrier 

(dotted line shows its density 

distribution). 



Spherical with Ska Axially deformed with Ska

Comparison of single particle spectra in SHF, DHF and RMF methods. 

Ska forces for HF and G1,2,3 and NL3 for the RMF method
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Red squares form the  peninsulas of stability. 

In brackets: the quantum  numbers of the stabilizing level. 
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neutron emission between N=126 and N=184. 
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The same as in the previous figures but for SkI2 forces. The location of the 

peninsulas is the same, but for N=58, 126, 184 

the peninsulas’ edges appear at larger Z then for SkM* forces.

For N=184 the peninsula edge corresponds to Tellurium with A=236. 
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The location of the peninsulas is the same 

but the edges locate at smaller Z compared to SkM* and SkI2  forces. 
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Comparison with grid calculations

•Empty squares: spherical equations with resonances incuded in BCS

•Black filled squares: Deformed HF with only bound states in BCS
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The mechanism of stability enhancement at N=184 (the edge of stability

peninsula). The appearance of peninsulas beyond the drip line is due to the 

complete filling of the corresponding neutron subshells with large values of 

angular momentum. Being partially filled these shells locate in the continuum 

but descend into the discrete spectrum getting further filled.
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compared to HFB calculations [PRC 68 (2003) 054312 ].

Right: the same for two neutrons separation energy. 
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Proton and neutron density distributions for Oxygen

Interesting relations between proton 

Rp and neutron Rn

root mean square radii (SkM* forces)

For nuclei in the middle of stability valley

Rn – Rp ≈ 0.1 ÷ 0.2 fm

40O

Rn – Rp ≈ 1.29 fmRn – Rp  1.29 fm

Rn / Rp ≈ 1.44

248Gd

Rn – Rp ≈ 0.77 fm

Rn / Rp ≈ 1.14

240Ba

Rn – Rp ≈ 0.94 fm

Rn / Rp ≈ 1.17



HF+BCS calculations of 

proton and neutron density 

distributions for 16,40O and 
146,248Gd with SkM* forces. 146,248Gd with SkM* forces. 



The same for isotones with N = 258 

from Z=86 (Radon) up to Z=124. 
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•Fig. (a): Total energy

• Fig.(b): Two-neutron separation energies

•Fig. (c): One-neutron separation energies and chemical potentials

•Fig. (d): Neutron and proton deformation parameters
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Total energies of uranium 

isotopes

One-neutron separation 

energies and neutron 

chemical potentials of 

uranium isotopes



Two-neutron separation   

energies of uranium isotopes

Parameters of deformation ββββ
of uranium isotopes



Which is the heaviest Uranium isotope?

Relativistic mean field and HF+BCS calculation. 
Left: assuming spherical symmetry. 

Right: axially deformed case. Model N (1d) N (2d) Etot (2d)

NL-Z2 258 258 2021 MeV

SkM* 246 220 1987 MeV

SkI4 258 218 1975 MeV

SLy6 184 206 1929 MeV



Peninsula on the shell N=258
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Mechanism of stability enhancement on the example of Pb isotopes



Density distribution in 
230

Pb
Left: normally deformed          Right: superdeformed
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Conclusions

� The peninsulas of nuclei stable with respect to emission of one or two 
neutrons can exist beyond the drip line that was previously known 
theoretically.

� The numbers N which correspond to the peninsulas of stability are 
close or coincide with the known magic numbers.

� The stability restoration through adding more neutrons and formation 
of stability peninsulas appear for various Skyrme forces. 

� The isotones with N=32, 58, 82, 126, 184 which belong to the 
peninsulas of stability have spherical shape.
The isotones with N=32, 58, 82, 126, 184 which belong to the 
peninsulas of stability have spherical shape.

� The mechanism of stability restoration is due to the complete filling of 
neutron subshells lying in the discrete spectrum and having large 
values of angular momentum. These shells being partially filled are 
located in the continuum. 

� Our results are in a good agreement with the results obtained by the 
HFB method with Skyrme forces up to neutron drip line .

� The obtained results show that the structure of the drip-line can be 
rather complex and reflects the shell structure. The drip line may 
extend further beyond what it was generally assumed previously.



Stability of matter around us

Thermodynamics: the energy is an extensive quantity

lim
N→∞

E (N)/N = e0 Exists,

where N is the number of atoms. With pointwise nuclei and
electrons E (N) is a mathematically well defined quantity. Stability
implies that there exist c, C > 0 such that

cN ≤ E (N) ≤ CN



Proof of Dyson and Lenard

In 1967 John Freeman Dyson and Andrew Lenard presented a
mathematical proof of matter’s stability.

Without the Pauli principle the matter is not stable, since without
it E (N) ≃ N5/3. That is, the assembly of any two macroscopic
objects would release energy comparable to that of an atomic
bomb.



Protons and Neutrons also Form Matter

◮ For finite nuclei with N neutrons and Z protons
(A = Z + N)one has Bethe-Weizsäcker formula

E = aV A − aSA2/3 − aA

(A − 2Z )2

A
− δ(A, Z ), (7)

where we assume zero Coulomb forces.

◮ For large N with gravitational forces we observe neutron stars



Masses and Radii of the Stars are governed by Equation of
State



Nuclear Hamiltonian



Three-Body Force

Nucleons are not elementary particles!



Three-Body Force

Nucleons are not elementary particles!



Urbana IX Three-Body Potential

UIX contains two contributions



Cutoff Functions of OPE

The functions T (r), Y (r) are given through

Y (r) =
e−µr

µr

[

1 − e−br2]

,

T (r) =
(

1+
3

µr
+

3

µ2r2

)e−µr

µr

[

1 − e−br2]2
.

Here µ = (mπ0
+ 2mπ±

)c/(3~) is the average of the pion masses
and b = 2.0 fm−2.

Expanding the exponents it is easy to see that T (0) = Y (0) = 0,
which means that the whole three-body interaction vanishes if

three nucleons occupy the same position in space! Urbana VI
does not have that problem.



Form-Factors in Electrostatics

Figure: Identically uniformly charged spheres repel each other but the
repulsion is zero when the spheres overlap completely.



Urbana IX Three-Body Potential



Urbana IX Three-Body Potential



Urbana IX Three-Body Potential



Nuclear Matter vs Pure Neutron Matter



Light Nuclei calculated with AV 18 + Illinois 2



The Experiment in which Tetraneutron was “Found”



Necessary stability condition for pairwise interacting matter

Theorem [Zhislin, Vugal’ter ] Let E (N) denote the ground
state energy of N fermions (or bosons) that interact through the
pair potential v(r) satisfying the following condition

∫

r1,r2∈K
v(r1 − r2)dr1dr2 < 0 (1)

where K is a fixed arbitrary finite cube in R
3. Then

E (N) < −cN2 for N > N0,

where c, N0 > 0 are constants. Condition (1) can be improved

∫

r1,r2∈K1

v(r1 − r2)dr1dr2 +

∫

r1∈K1

r2∈K2

v(r1 − r2)dr1dr2 < 0,

where K1 ∩ K2 = ∅ are two disjoint cubes of equal size.



Sketch of the Proof

Figure: The neutrons are placed into two disjoint cubes Ku, Kd each with
the side length L (subscripts u, d stand for “up” and “down”
respectively). The upper cube is shifted by a distance D along the Z -axis
with respect to the lower cube.



Sketch of the Proof

Consider 2N neutrons that are described by the following
Hamiltonian

H = − ~
2

2m

2N
∑

i=1

∆ri
+ V2b + V3b = T + V2b + V3b.

The kinetic energy operator T includes the center of mass motion;
m is the neutron mass and ri for i = 1, . . . , 2N are neutrons’
position vectors. The term V2b =

∑

i<j vij is the sum of
two-nucleon interactions given by the Argonne V18 potential. The
term V3b is the three–body interaction, which can be one of the
modern versions of Illinois three-nucleon interaction, namely
Urbana IX or Illinois 7.



Construction of the Trial Function (1/2)

Each cube confines N neutrons, which form an excited state of the
Fermi gas. The trial function depends on three parameters
L, D, ω > 0, where ω is an integer. For any p = 1, 2, . . . and x ∈ R

we set

ϕp(x) = (L/2)−1/2 sin
(

2πpL−1ωx
)

if x ∈ [0, L],

and ϕp(x) = 0 if x /∈ [0, L]. Let us fix the an integer n in a way
that makes the inequality n3 ≤ N < (n + 1)3 hold. For each
t = 1, . . . , N we choose a triple of positive integers {t1, t2, t3} so
that 1 ≤ t1, t2, t3 ≤ n + 1 and

∑

3

i=1 |ti − t ′
i | Ó= 0 for t Ó= t ′. Using

these triples we define the one particle states for t = 1, . . . , N as
follows

ft(r) := ϕt1
(r x )ϕt2

(r y )ϕt3
(r z),

where r x , r y , r z are the Cartesian components of the vector r.



Construction of the Trial Function (2/2)

Let us set

ΨΠ(r1, . . . , r2N) := f1(r1)f2(r2) · · · fN(rN)

×f1(rN+1 − D)f2(rN+2 − D) · · · fN(r2N − D),

where D := (0, 0, D) is a three-dimensional vector. We construct
the trial function for 2N neutrons as

Ψ̃A = ΨA(r1, . . . , r2N)|n ↑〉|n ↑〉 · · · |n ↑〉,

where the spatial part of the wave function is ΨA =
√

(2N)!AΨΠ.
Here A is an antisymmetrizer on the permutation group for 2N

particles S2N (only spatial coordinates are permuted).



Poof (continued)

By the variational principle

E (2N) ≤ 〈Ψ̃A|T |Ψ̃A〉 + 〈Ψ̃A|V2b|Ψ̃A〉 + 〈Ψ̃A|V3b|Ψ̃A〉,

where E (2N) is the ground state energy of 2N neutrons.
Contribution of kinetic energy is easy to compute

〈Ψ̃A|T |Ψ̃A〉 ≤
(

2πω~√
mL

)2 n+1
∑

i=1

n+1
∑

j=1

n+1
∑

k=1

(i2 + j2 + k2) = O(N5/3)

Contribution of the 2-body interactions

〈Ψ̃A|V2b|Ψ̃A〉 = O(N8/3)

The power is different from 2 due the terms proportional to the
square of the angular momentum.



3-body Term Contribution

〈Ψ̃A|V3b|Ψ̃A〉 = QN3 +Υ(ω)N3

Let W (r1, r2, r3) be the 3-body interaction potential. Then the
constant Q is defined through

Q =

∫

r1,r2,r3∈Kd

W (r1, r2, r3)dr1dr2dr3

+

∫

r1,r2∈Ku

r3∈Kd

W (r1, r2, r3)dr1dr2dr3

Due to form-factors the constant Q can be made negative by
taking the small size of the cubes.



Behavior of the 3-body Potential
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Figure: The plot of the function W (0, 0, D) (where D ≡ (0, 0, D)) versus
parameter D. The plot shows that to ensure neutron matter collapse one
can set D = 1 fm.



3-body Term Contribution

The constant Υ is defined through

Υ(ω) = sup
d∈D

∣

∣

∣Re

∫

L

0

ds1 . . .

∫

L

0

ds9W(s)

× exp
(

i2πL−1ω(d · s)
)

∣

∣

∣, (8)

where d is a non-zero vector with integer components. Note that
W (r1, r2, r3) is square-integrable in the cube, that is

∫ L

0

ds1 . . .

∫ L

0

ds9

∣

∣W (s)
∣

∣

2
< ∞. (9)

By Bessel’s inequality that Υ(ω) → 0 for ω → ∞, since the
integral in Eq. (8) is proportional to the Fourier coefficient of the
function W (s). Thus the total energy of 2N neutrons grows like
−QN3. The matter cannot be formed!



Behavior of the 3-body Potential
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Figure: The plot of the function W (0, 0, D) (where D ≡ (0, 0, D)) versus
parameter D. The plot shows that to ensure neutron matter collapse one
can set D = 1 fm.



Collapsed Wave Function

Figure: Schematic plot of density of 10000 neutrons.



Corrections are substantial

It is important to show that the required corrections of the 3-body
interaction are substantial. Let us consider a hypothetical change
in the Urbana IX interaction

Ṽ3b = V3b + V3NR ,

where
V3NR(r1, r2, r3) = UCW(r12)W(r13)W(r23).

UC is a constant and

W(r) =
[

1+ exp
(

(r − R)c−1
)

]−1

with R = 0.5 fm and c = 0.2 fm.



Corrections are substantial

The necessary stability condition in the integral form reads

1

3
B1 + B2 +

1

3

∫

r1,r2,r3∈Kd

V3NR(r1, r2, r3)dr1dr2dr3

+

∫

r1,r2,r3∈Kd

V3NR(r1, r2 + D, r3 + D)dr1dr2dr3 ≥ 0, (10)

where

B1 :=

∫

r1,r2,r3∈Kd

W (r1, r2, r3)dr1dr2dr3

B2 :=

∫

r1∈Kd
r2,r3∈Ku

W (r1, r2, r3)dr1dr2dr3

Inequality (10) should hold for all values of the constants L, D > 0
such that D − L > 0 (the cubes should remain disjoint). Let us set
D = 0.9 fm so that W (0, 0, D) ≃ −13.7 MeV and take L → 0.
Then UC > 51 MeV.



Conclusions

◮ Neutron matter with AV18+UIX forces is unstable: the
binding energy of N neutrons in the ground state E (N) grows
proportionally to N3

◮ The problem is due to the force vanishing when 3 nucleons
occupy the same site in space

◮ Old Urbana VI three-body force does not have that problem

◮ The matter can be quasistable, one has to calculate the
potential barriers and probabilities for their penetration

◮ Primitive Minnesota and Volkov types of interaction predict
bound multineutrons with growing density: the matter is
unstable in this case as well since |E (N)| ≃ N2.

◮ Rigorous mathematical methods provide useful insight into
the structure of nuclear forces


