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O KOPPEKTHOCTHU 3AJAYN UJEHTUOUKALINN [TAPAMETPOB
3AKPEIUIEHHOCTHU 1 HATPYXXEHHOCTU OAHOI'O 13 KOHIIOB FAJIKI1
DUJIEPA-BEPHYJUIN
AwutbaeBa A.A.

HUncmumym mexanuxu um.P.P. Masniomosa YHI] PAH, 2. Y¢ha, Poccus.
e-mail: phunakoshi@mail.ru

AnHoTanus. PaccmarpuBaercs 3amada HWACHTHU(PHUKALUH TApaMETPOB YIIPYTOro
3aKperuIeHus (3KECTKOCTH MPYKMHOK) OJTHOTO M3 KOHIIOB Oaiku Diiepa-bepHyuim, a Takke
rapaMeTpoB HArpyXKE€HHOCTH 3TOTO KOHIA (Macca ¥ MOMEHT MHEPIMH COCPEIOTOUYCHHOTO
KOHIIEBOTO rpy3a). IlokazaHo, 4TO /i OJHO3HAYHOTO OIPEICICHHUS O3THUX IapaMeTpoB
JOCTAaTOYHO MCIOJIb30BATh MATh COOCTBEHHBIBIX YACTOT M3THOHBIX KOJICOAHMI OaIK.

Knrouesvie cnosa: koppekmumocms 3adayu, obpamuas 3aoada, 6aika, coocmeeHHbvle
Yacmomsl, COCPe0OmMoOYeHblll UHEPYUOHHBIU dTIeMEHM

ON WELL POSEDNESS OF PROBLEM OF PARAMETERS
IDENTIFICATION FOR ELASTIC FIXATION AND A POINT INERTIA ELEMENT TO
ONE OF THE ENDS OF THE EULER-BERNOULLI BEAM

Abstract. The paper considers the problem of identification of two relative stiffness
coefficient of spring attached to one of the ends of the Euler-Bernoulli beam and the mass and
moment of inertia of load concentrated at this end is studied. It is shown that five natural
frequencies sufficient for unique identification of parameters of elastic fixing and loading at
the beam end.

Key words: well posedness of the problem, inverse problem, the natural frequencies,
the boundary conditions, beam, point inertia element.

PaccmarpuBaetcst omnopoaHas 6anka Dinepa-bepuymnu [1], neBbii KOHEI[ KOTOPOit
3aJleiaH, a Ha MPaBOM €€ KOHLE COCPENOTOYEH Ipy3, KOTOPBIM yIpPYyro 3aKperjeH Ha JBYyX
MIPyKUHKaX. Hens pabGotrel: 1) HaliTH mnmapameTpbl YHOPYroro 3aKkpervieHust Oaliku
(K03 PUIIMEHTHI )KECTKOCTEH MPYKUHOK), a TaKXKe MapaMeTpbl KOHIIEBOIO Ipy3a (Macca U
MOMEHT MHEPLHH) 10 COOCTBEHHBIM YacTOTaM €€ M3rMOHbIX KoyieOaHuil; 2) ompenenuThb
KaKo€ MHUHHUMAaJbHOE YMCIO COOCTBEHHBIX YAacTOT IOHAAOOUTHCS JUIsl OJHO3HAUHOM
UJCHTU(PUKAIIMN 3TUX HEU3BECTHBIX NapaMmerpoB. B oTimume ot pabotel [2], 31ech ObLIO
YMEHBIIEHO YHUCJIO COOCTBEHHBIX 3HAUEHMH, MCIOJB3YEeMBIX JUISI  OJAHO3HAYHOM
unentudukanuu, ¢ 7 10 5. Jlokazana TeopeMa 0 KOppekTHOCTH 1o Anamapy [3] 3amaun 00
UACHTUQUKAIMM  YeThIpeX NapaMeTpoB (IBYX KO3(DPPUIMEHTOB KECTKOCTEH NPYKHUHOK,
Macchl U MOMEHTa MHEPLUU KOHLEBOTO Ipy3a) MO MATH COOCTBEHHBIM yacToTaM. B naHHOM
paboTe TakKe MPUBEIACHBI KOHTPIPUMEpPHI, MOKA3bIBAIOIIME, YTO IMPH  HCIOJIB30BAHUU
MEHBUIEr0 YHUCla COOCTBEHHBIX  YacTOT, OJHO3HAYHOCTh HJECHTU(UKALHUKU MapaMeTpoB
HapyIIaeTcs.

Pa6ota BbimonHeHa npu nopepskke POOH (mpoekt 15-31-50973).
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O KOPPEKTHOCTH 3AJIAUU OIPEJEJIEHUS BHIA KPAEBBIX YCJIOBUIA
HA OJHOM U3 KOHIIOB CTEPXXH:
AXTsMOB A.M.l’z, AutGaeBa A.A.°
]Eamkupcmd 20Cy0apCmeeHHblil YHUgepcumem, ? HUnemumym mexanuxu um.P.P.
Masnmomosa YHI] PAH, 2.Y¢a, Poccus.
e-mail: akhtyamovam@mail.ru, phunakoshi@mail.ru

AnHoranusi. PaccmarpuBaercs 3amada uaeHTU(UKAMK BUAA U KOI(P(PUIIMEHTOB
KpaeBbIX YCJIOBHM OJHOTO M3 KOHLOB OJHOPOIHOro cTepxkHsA. [lokasaHo, 4yTOo MO Tpem
CcOOCTBEHHBIM YaCTOTaM €ro CBOOOJIHBIX KOJeOaHUN MOKHO OJHO3HAYHO UJIEHTU(PHUIIUPOBATH
HE TOJIbKO KO3 (UIIMEHTH KPaeBOr0 YCIOBUS ONPEIEICHHOIO BU/1a, HO U TO, KAKOW U3 BUJIOB
KpaeBOIo yCJIOBUs pealin3oBaH. JlokazaHa KOPPEKTHOCTh MOCTABJICHHOM 3a/lauu Mo Axamapy.
[Ipennosxxen MeTon perieHus 3Tl 0OpaTHON 3a/1a4uM, a Tak)Ke MPUBEACHBI COOTBETCTBYIOLINE
MIPUMEPBI U KOHTPIIPUMEPBI.

Knrouesvie cnosa: xoppexmuocms 3adauu, obpammuas 3adaua, ycirosus Ilnoxkepa,
cobcmeeHmble Yacmomul, Kpaesvle YCl08UsL.

ON WELL POSEDNESS OF THE PROBLEM OF DETERMINATION OF
TYPE OF BOUNDARY CONDITION AT ONE OF END OF ROD

Abstract. The paper considers the problem of identification of the type and the
coefficients of the boundary conditions at one end of the rod. We can uniquely identify the
coefficients of specific type of the boundary condition and determine what type of boundary
condition is implemented by three natural frequencies of vibrations of the beam. We prove
Hadamard well posedness of the problem. We offer a method for solving of this inverse
problem, and appropriate examples and counterexamples.

Key words: well posedness of the problem, inverse problem, Pluckers conditions, the
natural frequencies, the boundary conditions

PaccmarpuBaercs 3aaua uieHTUGUKALUN BUAA U KOAPPUIIMEHTOB KPAeBbIX YCIOBUI
OJIHOTO M3 KOHIIOB OJIHOPOJHOTO CTepxHsS. [l ompenenieHHOCTH MpenroJiaraercs, 4ro
JIEBBIM KOHEIl CTEP>KHsI 3a/i€JIaH, a Ha MPAaBOM €ro KOHLIE MOKET Pealin30BbIBATHCS OJIMH U3
JIECSITH BUJOB 3aKpEIUICHUsI CTEpXKHSA, omucaHHbix B [1, c. 153-154]. Dro — 3anenka,
CBOOOJHOE ONHMpaHue, CBOOOJHBINA KOHEI|, IUIaBarolas 3aJellka, S5 BHJIOB YIPYroro
3aKpeIyIeHUsl, THEPLUUOHHBIN 3JeMEeHT Ha KoHue. /loka3piBaeTcsi TeopeMa, yTBepiKaarolas,
9TO IO TpeM COOCTBEHHBIM YacTOTaM H3THOHBIX KOJICOAaHWI CTEpKHA MOXHO OJHO3HAYHO
UACHTU(DHUIIMPOBATH BCE JIECATHh BUAOB 3aKPEIUICHHUH, a TaKKe IMapaMeTphbl ATHX 3aKpeTICHUN
(K03 PUIMEHTHI )KECTKOCTEH NMPYXKUHOK WJIM MOMEHT MHEPLMU U Maccy rpy3a Ha KOHIIE).
DTa TeopeMa yCHUIIMBAET pe3yiabTar paboTel [2], rae ObUIO MOKa3aHO, YTO YISl TOTO, YTOOBI
OJTHO3HAYHO WICHTHU(HUIMPOBATH BHJl KPAaeBOTO YCIOBHUS OJHOTO W3 KOHIIOB CTEPIKHS
(3agenka, cBOOOJHOE oONHMpaHue, CBOOOJHBIM KOHEL, IUIaBalollas 3ajJelika, YIpyroe
3aKperuieHNe, WHEPIUOHHBIA 3JIEMEHT Ha KOHIIE) JOCTATOYHO IIECTH COOCTBEHHBIX YacTOT
€ro M3ruOHBIX CBOOOHBIX KOJICOAHMIA.

[Tomumo TeopeMbl 00 OJHO3HAYHOCTH BOCCTAHOBJEHHMS BHUAA W IApaMETPOB
3aKpeIJICHUs] Ha MpaBOM KOHIE CTEp)KHS, B HAcTollel paboTe OOKa3bIBaeTCsl €lle JBe
TEOpEMbI. DTO TEOPEMA O HEIPEPHIBHON 3aBUCUMOCTH BUJIOB U MapaMeTPOB 3aKPEIJICHUS OT
COOCTBEHHBIX YacCTOT, a TAKXKE TeOpeMa O CYIIECTBOBAHWHU PEIICHUS. DTH TPHU JOKAa3aHHBIC
TEOpPEMBI 00ECIIEYMBAIOT KOPPEKTHOCTh 3amauu 1o Anmamapy [3]. Mertoa pemenus 3agadu
UACHTU(DUKAIMA BHJIA M TIApAMETPOB 3aKPEIJICHUSI CTEP)KHS CYIIECTBEHHO OTIMYACTCS OT
MEeTOJIOB paboT [2,4-6]. OH ocHOBaH Ha BHIOOPE, C TOMOIILIO TaK Ha3bIBAEMBIX COOTHOIIIEHUH
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[Tnroxkepa [4,7], €eTMHCTBEHHOIO PEIICHUS U3 JIBYX €ro ajJbTEPHATUBHBIX MpPEJICTaBICHUM.
[IpuBoauTCS TakXke KOHTPIPUMED, MOKA3bIBAIOLIUM, YTO JABYX COOCTBEHHBIX YacTOT MJIs
OJIHO3HAYHOCTH BOCCTAHOBJICHUA HE JOCTATOYHO.

Pa6ora Boimonnena npu nopgepyxke POO (mpoexr 15-31-50973).
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OBPATHAS 3AJTAYA OJId JIMHENHOM MOJIEJIN
IIOIIYJIAIIMOHHON AUHAMUKNI C JOINOJIHUTEJIbHBIM
N3MEPEHVEM B TOYKE

H. A. Aiirkanmmena, P. 1. Kyuaepos, A. FO. Illermos

Mocxosckuti 2ocydapemesennvit ynusepcumem umenyu M. B. Jlomonocosa, garysomem
BUHUCAUMEALHOT Mamemamuru U kKubepremuru, Mockea, Poccus

e-mail: nazgul_uralsk.90@mail.ru, kr.vip.93@mail.ru, shcheqg@cs.msu.su

Annoranusi. B crarbe npejcrapiena JuHeiinas Moje b HOIYISIIUOHHON JuHa-
MHUKH ¢ HEOJHOPOJHBIM ypaBHEHHEM IlepeHoca, ITpaBasl YacTh KOTOPOTO 3aBUCHUT OT pa3-
JIeJIEHHBIX TepeMeHHBbIX. VccememoBanbl oOpaTHBIE 33Ja9d Pa3/IeTbHOI0 BOCCTAHOBICHUS
byHKIH, cOCTABISIONUX TPABYIO YaCTh ypaBHeHHs repenoca. [Ipejcrasienbl aaropur-
MBI JIJIsl YACJIEHHOTO PeIeHnsi OOPATHBIX 33/1a9 C BBIJICJICHHEM YCJIOBUNH Pa3perrnMOCTH.

Karwuesvie caosa: obparHas 3ajada, MOJAEIb HOILYIAINAOHHON JIUHAMUKY, YpaBHEe-
HUE TepeHoca.

INVERSE PROBLEM FOR A LINEAR POPULATION DYNAMICS
MODEL WITH AN ADDITIONAL MEASUREMENT AT A POINT

Abstract. The article presents a linear model of population dynamics with
heterogeneous transfer equation, the right hand side which depends on split variables.
Investigated the inverse problem of separate recovery functions that comprise the right side
of the equation. The presented algorithms for the numerical solution of inverse problems
with the allocation of solvability conditions.

Key words: inverse problem, model of population dynamics, transfer equation.

Mogenn monyadanuit pa3anaHON CTPYKTYPH NPUMeHSIOTCA /I ONMUCAHUSA KaK Mpo-
CTBIX OIHOPOJHBIX IPYIIT 00BEKTOB TaK U CJIOXKHBIX co00IIecTB. IIpu 3TOM 1acTo Bo3HHKA-
eT HHTepec K MOCTAHOBKAM U peleHno obparubix 3aga4 [1-2]. Cama momenb, cocrosimasi,
KaK TPaBUJIO, JIaKe B TPOCTEHTIIeM BapuaHTe U3 YPABHEHHS B YACTHBIX MPOW3BOIHBIX C
KpPaeBbIM YCJOBHEM CIEIU(MUIHOTO HHTEIPAIbHOI0 BUIA, TPebyeT OTeTbHOI0 BHUMAHUS
IIPH UCCJICIOBAHUN YCJIOBHH PA3PENIUMOCTH M YUCIEHHOTO pelrenus. OCcHOBHOE YpaBHEHHE
MOJIE/TH ¥ KPaeBoe YCJI0BHE MHTETPAJTHLHOTO BHAA JaCTO PACCMATPHUBAIOTCS B BUJIE CHCTE-
MBbI. DTa OCOOEHHOCTH, CBSI3aHHAs ¢ HPUCYTCTBHEM B CHCTEME HECKOJBKUX PA3HOTHIIHBIX
ypaBHEHWI, YIUTHIBAETCH U TIPU aHan3e oOpaTHBIX 3371249 KaK MPHU HOMYJIATTHOHHOM MO-
JeJIMPOBAHNHN, TAK W B ITOCTAHOBKAX 0OpaTHBIX 3aja4 JJIs IPyTuX Mojesei [3-7].

JIuHelHAaA MO/IeTb MONMYASIIMOHHON TUHAMUAKH UMeeT CJIeIVIONIUil BUI:

w(x,t) +ug(x,t) = —f(x)g(t), O<z <1, 0<t <], (1)

u(0,t) = /p(:r)u(x,t)dm, 0<t<l, (2)

u(z,0) = p(x), 0 <z <1, (3)
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rae u(x,t) - WIOTHOCTD pactupeeseHns 0cobeil MOy AN ¢ BO3PACTOM I 110 BPEMEHH ¢,
f(z), g(t) - koabdunuenTHI, ONpesesIAONIe CMEPTHOCTL B TOMysuu, p(z) - Koahdu-
[UEHT, ONPEEJISIONTHI POKIAEMOCTD, () - HAYaIbHOE pacipeiesenne ocodeil.

[ycts byuknun f(x), g(t), p(z) u p(xr) HEIPEPHIBHBI U HEOTPUIATENBHBI, & TAKKE
camo pemenune u(x,t) n HauaIbHOE pacupenesenue ¢(x) HenpepbiBHO muddepeHnnpyemb
Ha 0061aCTsIX oupeenenus. [lycTh TakzKe BBIIOJHAETCH yCJAOBIE COTJIACOBAHUS HAYATBHBIX
JaHubX B Touke (z,t) = (0,0), KOTOpOe UMeeT CJIeyION il BII:

B pamkax npsmoit 3aga4qu Heobxoaumo 1o ussectubiM f(z), g(t), p(z) u ¢(z) naiitu
IJIOTHOCTD pacipeesenust ocobedi momynsaunu u(x,t) Ha Beeil 3a1aHHO0l 00/1aCTH.

Lenbio pemenns o6paTHOM 3a/1a4n sIBIsI€TCS BOCCTAHOBJIEHHE OJHOIO U3 K03 du-
IIMEHTOB MPAaBOH YaCTU YPaBHEHHUS 110 U3BECTHBIM 3HAYECHUAM JPYTUX KOIDPDUIUEHTOB, a
TakzKe JIOMOJTHUTEIbHO 3aJaHHOi (DYHKIIUN

c(t) = u(zo, t), 0 <t <1,

rJe Ty - HEKOTOpasi BHYTpeHHsist Touka oTpeska [0, 1], To ecTh 06JacTH U3MEHEHUsI apry-
menTa x. [Ipemnonaraercs, 4ro jgonoinuresibHast ungopmanus ¢(t) gana ¢ HeKOTOPOii 110-
I'PEITHOCTBIO, PErJIAMEHTHPOBAHO 3a/IaHHOI B OHOM U3 (DYHKIHMOHAIBHBIX TPOCTPAHCTB.
WNurepec mpeacTaBasiioT BhIAEIEHWE YCJIOBUI HA BHYTPEHHIO TOYKY o, WHOOP-
Mallus B KOTOPOM OyeT JOCTaTOYHOH /I OJHO3HAYHOIO pelleHHs 0OpaTHOoil 3aja4u, u
Ipe/IJIOKEeHHe I YUCJICHHOTO OIpeJieIeHns HCKOMBIX B paMKaX 0OpaTHBIX 3aJa4 (pyHK-
Ui TaKuxX aJropuTMOB, KOTOPbIE OTJIMYAIOTCH COIVIACOBAHUEM OLECHOK HOIPELIHOCTHU.
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TEOPETUYECKUNI 1 YNCJIEHHBIN AHAJIN3 IBYMEPHBIX
OBPATHBIX 3ATAY MACKNPOBKU MATEPUVUAJIBHBIX TEJI
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Annoramuga. PaccvarpuBaiorcs 3aja4du ONTUMAJIBLHOIO yipaBienust st 2D mo-
JIeJIN 3JIEKTPOMArHUTHOTO T0JId, OonuchiBaoleii paccesiune T M-moasipu30BaHHBIX 3JIEK-
TPOMArHUTHBIX BOJIH Ha HEOJHOPOJHOM IPOHHUIAEMOM HPEHSITCTBUU C YaCTUYHO MOKPHI-
TOI TpaHuIieii. Y Ka3aHHbIe 33]a91 CBI3aHBI C PEITeHneM 3371a9 MaCKUPOBKHT JIIsT COOTBET-
CTBYIOIIEH MOJIE/IN pacCesiHusi C UCHOJIb30BaHUEM MeToja onruMuianuu. O0CyK1aTcs
TeopeTuvecKne u YuCJIeHHbIe ACHEKThI JAHHOTO MOIX0/IA.

Karouesvie caosa: 3adava pacceanus, ypasnenue I'eavbmzoiviya, mackuposka mame-
PUAAOHOLL TEN, MEMOD CUH2YAADPHO20 PA3AOACEHUA, IPPHEeRMUEHAA NAOUGID PACCEAHUSA,

Theoretical and numerical analysis of 2D inverse cloaking problems
G.V. Alekseev!?, A.V. Lobanov!, J.E. Spivak?,
U Institute of Applied Mathematics FEB RAS, Vliadivostok, Russia
e-mails: alekseev@iam.dvo.ru, alekslobanovl @mail.ru

2 Far Eastern Federal University, Vladivostok, Russia
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Abstract. The optimal control problems for the 2D electromagnetic field model
describing scattering TM-polarized electromagnetic waves by an inhomogeneous penetrable
obstacle with the partially coated boundary are considered. These problems are associated
with solving cloaking problems for respective scattering model using optimization method.
Theoretical and numerical aspects of this approach are discussed.

Key words: scattering problem, Helmholtz equation, invisibility cloaking, singular
value decomposition, scattering width

In recent years significant research has focused on design of invisibility devices
cloaking material bodies from detection of radar system. Beginning with pioneering papers
[1-3] the large number of publications was devoted to developing different schemes of
cloaking material bodies. Transformation optics (TO) is the most popular method of
designing cloaking devices (hereafter, cloaks). In fact, this is the mathematical method
that enables us to design suitable material structures (metamaterials) that when placed
around the object may drastically suppress its scattering and therefore to hide the object
from detection of radar system. The methodology of cloaking based on this method
obtained the name of direct design because it is based in fact on solving direct problems
of electromagnetic scattering.

It should be noted that this design possesses several drawbacks. The main drawback
is the difficulty of technical realization of cloaks designing using the TO approach. In
particular some components of spatially dependent parameter tensors of ideal cloak are
required to have infinite or zero values at the inner boundary of the cloak [3,4] which are
very difficult to implement. One of the approaches of overcoming such kind difficulties
consists of replacing “exact” cloaking problem by approximate cloaking (or near-cloak)
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problem whose solutions admit relatively simple technical realization. This idea has been
exploited in a number of papers (see, e.g., |5] and references therein) devoted to development
of different mathematical methods of study of approximate cloaking problems.

Alternative approach consists of using optimization method for finding solutions of
approximate cloaking problems. This approach is based on introducing a suitable tracking-
type cost functional which adequately corresponds to inverse problem of constructing
respective cloaking device. As a result initial cloaking problem is reduced to solving
certain control problem posed for the scattering model under study. Based on optimization
method the new cloaking design methodology became develop recently. It obtained the
name of inverse design since it is related with solving inverse electromagnetic (or acoustic)
problems [4]. Using this methodology enables us to take into account different constraints
for designing cloaks and in particular to solve some limitations connected with technical
realization of solutions of cloaking problems. A growing number of papers is devoted to
applying the inverse design methodology in various cloaking problems (see, e.g., |7, 8]).

In this paper we formulate and study control problems for 2D electromagnetic
field model describing scattering TM-polarized electromagnetic waves by an penetrable
inhomogeneous obstacle D with boundary partially coated for masking. These problems
arise when optimization method is applied for solving cloaking problems for the scattering
model. The refraction index of the inhomogeneous obstacle and boundary conductivity
of the coated part of the boundary play the role of controls. Quadratic tracking-type
functionals play the role of cost functionals. Based on methods of [8,9] we prove the
solvability of control problems, derive the optimality system describing the necessary
conditions of extremum and establish the sufficient conditions on the data which provide
the uniqueness and stability of optimal solutions. We also develop an efficient numerical
method of solving cloacking problems and discuss some results of numerical experiments.

This work was supported by the Russian Science Foundation (project no. 14-11-
00079).
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OBb ONNPEAEJIEHUU HEU3BECTHBIX KOO®®UIIUEHTOB ITPU CTAPLINX
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AHHoTanus. Vccnenyercst oOpaTHas 3ajjaua HaX0XkA€HUA KOA((ULHUEHTOB U peIICHUs
JIMHEWHOTO DJIJIUIITHYECKOTO YPaBHCHUA IIPpH PA3HBIX T'paHUYHBIX YCJIOBHAX B 3aJaHHOM
MMpsAMOYT'OJIBHUKE. C IIOMOIIIBXO METOJa IIOCJIICAOBATCIBHBIX HpI/I6J'II/I)K€HI/II\/'I IMOCTPOCH
PEryISpUUPYIOIIUN aITOPUTM I OTPEENIEHUSI HECKOJIBKUX KO3 (UIIMEHTOB.

Knrouessie cnoBa: OOparHas 3a1a4a, 3JUIMOTHYECKOE ypaBHEHHE

ABOUT THE DETERMINATION OF UNKNOWN COEFFICIENTS IN THE LINEAR
ELLIPTIC EQUATION
Abstract. Inversion problems on restoration of coefficients to the differential equations
with private derivatives are of interest in many applied reseaches. Using a metod consecutive
the alqorithm for definition of several factors is constructed.
Key words: Inversion problem, eliptic equation

Bonbioe 3Hauenne umeroT ko3GpUiUeHTHbIE 3aau JUIsl JITMOTUYECKUX YPaBHEHUM, B
KOTOPBbIX HEU3BECTHblE KOA((UIMEHTH HE 3aBUCAT OT OAHOW mepeMeHHOU [1-4].Takue
MOJENU XapakTepHbl Ul 3adady Teopuu QuibTpanuu. B uacTHOcTH, ompeneneHue
TEIUIOPU3NYECKUX XapaKTEPUCTUK Cpel B CTAMOHAPHOM Ciydae MPUBOIUT K OOpaTHBIM
3a/layaM JUIsl SJUIMIITUYECKUX YPaBHEHUMH.
iy +1

Mycrs [ ={1,2}, iy,eel,i = - k,qel0,1}, b, =t+(-1)(k+q-2kg),

0
d = [1—k(k=D)] [t + (—1)’q], t =0,1.Yepes b,,d,, t = 0,1 0003HaUUM KOHCTAHTbI, KOTOPbIE
OIpefensroTcs caexyromum obpasom: npu k =0,g=0:b, =b,,d, =d,,npu k=0,q =1:
bt :blOt’dt = let’HpI/I kzl’q =0: bt :bOIt’dt :dOIt’ Hpu kzl’q =1: bt :bllt’dt = dllt’
t=0,.

PaccmoTpum 3amady 00 ornpeneneHuu {aio (x,), u(x,,x, )} U3 CIICAYIOMINX YCIOBUH

—a,(x, )“xm —a,(x, )uw62 +e(x,))u=h(x;,x,), (x,,x,)€ D, (1)
u(0,x,)=¢,(x,), (e=Du, (I,,x,)+2-eu(l,x,)=¢,(x,), 0=x, <l,, ()
byu, (x,,0) +bu(x,,0) = ¢ (x,), 0<x, <1, 3)

dou, (x,,5)+du(x;,l)=¢,(x), 0<x <1, 4)

a; (x, )uxl 0,x,) =g, (x,), 0<x, </, (%)

npudgeM by, (0) +b,4,(0) = ¢,(0),d¢,,, (1,) + d p,(,) = 9,(0), by9,,, (0) + b, (0) =
=1, ),dod,. (L) +d ¢, (1)) = oSV (1).3nece D = {(x,,x,)|0<x, <I[,0<x, <L},
h(x;,x,),¢,(x,), ¢,(x), 8, (x,),i =1,2—3anannsle pynkunn h(x,,x,),h, . (x,x,) € C* (B),
¢, (x,) € C***(0,1,) " C[0,1,], ¢,(x,) € C***(0,1,) n C10,1,], @,(x,) € C*"**(0,1,) N
N CI0,1, T, @, (x,) € C***(0,1,) ~ C[0,/,], g, (x,) € C*[0,1,], O<a<l.

Onpeoenenue .OyHKIINN {aio (x,),u(x,,x, )}HazoBeM pemrenueM 3agaun (1)—(5),ecnu
0<a, (x,)eC[0,/,],u(x,x,) € C*(D)~ C(D) u ynosnerBopsitorcs cootHommenus (1)-(5).

Merto nocnenoBaTeabHbIX NPUOIMKEHUH Ui perienus 3a1aun (1) —(6) npumensercs
10 CXeMe:

21



ig-1 2

_ (s+l) (3) (s+l) z (s+1)
>, ey, —a Gt = D a e+
i=

iy=ig+]

e (e = h(x,.x,), (%, x,) € D, ©)
ut(0,x,) = ¢ (x,), 2 —)u" " (1, x,) + (e —Dul ™ (1, x,) = ¢, (x,), 0 x, <L, (7)
bul™ (x,,0)+ b (x,,0) = ¢ (x,), 0<x, </, (8)

doul™? (x,0) +du® " (x,,1) =@, (x,), 0<x <1, 9)

al-(om)(xz )u)(cfﬂ)(o’ x,) = g (x), 0<x, <[, (10)

[To cxeme (6) — (10) nmocnenoBaTeNbHbIE UTEPALIMH POBOAATCS CIEAYIOUIUM 00pa3oMm:
criepBa BBIOMpAIOTCS HEKOTOpbIE al.(oo) (x,)>0,i=12 npunagnexamme C“[0,/,] u

TnojicTaBNsIOTCA B ypaBHenue (6). danee pemraercs 3anada (6) —(9) u naxomures u' (x,,x,).
[lo ¢yHkuMsIM ug)(O,xz), n3 ycnosuit (10) HaxonsTcs al.(o')(xz) U 3TH (QYHKUUU

WCTIOJIB3YIOTCS JIJIs TIPOBEJICHHS CIIEAYIONIETO [1ara NTepauu.
Teopema 2. llycte pemenue 3agaun (1)—(5) cymectByer m mpu Bcex s=0,1,...,

u®(x,,x,)e C’ (D),afos) (x,)eC” [O,I2 ], g,(x, )uf:) (0,x,) >0, NI/, <1mnpon3BOHbIC
dynxkumn " (x,,x,) Mo x,,X, 0 BTOpPOro MOpsJKa PaBHOMEPHO OrpaHMYeHbL Torma
GyHKIIMI {afos) (x,),u (x, ,xz)} MOJIy4YE€HHbIE METOJIOM IOCJIEI0BATENIbHBIX MPUOINKEHHM

(6) — (10) mpu s — 400 paBHOMEPHO cXOJATCs K peunieHuto 3anauu (1)—(5) co ckopocTbio
reOMETPUYECKO Tporpeccuu. N —TIOJOKUTEIbHOE TOCTOSIHHOE, 3aBUCSIIEEe OT JaHHBIX
3ajad.
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OBPATHBLIE 3AJIAYU TEINJIO®OU3UKHA C ITPUJIOKEHUSMU B
ABPOKOCMHUYECKOM TEXHUKE
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Mockea, Poccus
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AHHoTanus. B n1oknane paccMarpuBaeTcst METOJO0JIOTUS UCCIIEIOBAHUS TEIIOBBIX
MIPOIIECCOB M CBOMCTB MaTE€pHaIOB, OCHOBAHHAs HA PEIICHUH 00paTHBIX 3a1a4. O000IIeHBI
OCHOBHBIC TCOPCTUUCCKHUE U SKCIICPUMCHTAJIBHBIC PE3YJIbTATHI, IIOJTYYCHHBIC B MockoBcKkoM
ABHALIMOHHOM HMHCTUTYTE B T€UECHHE psAja jeT. [IpeacraBiensl KOHKPETHBIE TPUMEPBI
MMPUMCHCHUA IIaHHOI\/’I MCTOAOJIOTUHU IIPHU IPOCKTUPOBAHUHN U UCHBITAHUAX aOPOKOCMHUYCCKUX
armaparos.

Kniouesvie cnoea: oOparHble 3a7aud TEIUIOOOMEHA, MTEPALMOHHAs perysspu3anus,
TEIJIOBOE IPOEKTUPOBAHKE, [TapaMeTpruuecKas UIeHTU(UKaLK, TeIUI0(U3NYECKUEe CBOICTBA,
IIPOrHO3UPOBAHUE CBOWCTB MaTEPUAJIOB.

INVERSE PROBLEMS OF THERMO-PHYSICS WITH APPLICATIONS TO
AEROSPACE TECHNOLOGY

(1 nunTepnan)
Abstract. The paper discusses the methodology of the study of thermal processes and

material properties, based on the solution of inverse problems. The main theoretical and
experimental results obtained at the Moscow Aviation Institute for years are generalized. The
concrete examples of the application of the methodology for design and testing of the thermal
protection of aerospace vehicles are presented.

Key words: inverse heat transfer problems, iterative regularization, thermal design,
parametric identification, thermal properties, material’s properties prediction.

[ToTpebHOCTh B pelieHrr 00paTHBIX 3a7a4 JAJIs MaTeMaTHYECKUX MOJieen
TEII0(PU3UKHU U TEIJIO0OMEHAa BOSHUKAET BO MHOTHX MPHUJIOKEHUSX, CBI3aHHBIX C
TEXHUYECKOM JUAarHOCTUKOMU, NACHTU(UKALIMENH pa3IMUHbIX TEII0(U3NYECKUX MTPOLIECCOB,
yIpaBie€HUEM TEIIOBBIMU MTPOLIECCAMU, ONITUMU3ALUEN TEXHUYECKUX O0BEKTOB,
(YHKIIMOHUPYIOIIUX B CIIOKHBIX TEIJIOBBIX YCIOBUSX.

ABualnMoHHAas, pakeTHas U KOCMUYECKas TEXHUKA SBISETCS SPKUM IMPUMEPOM TaKOM
cutyaud. C OJHOW CTOpPOHBI, HEOOXOJAMMO OO0ecrneuuTh TpedyeMyro HaJleKHOCTh U
0€30MacHOCTb, HO C JPYrod — caesaTh 3TO MPU MUHUMAJIbHBIX IMPOEKTHBIX 3amacax, TaKux
KaK 3amachl IPOYHOCTH, 3arachl MO TOJIIMHAM TEIJIO3AIIUTHBIX W TEMJIOU30JIALUOHHBIX
MOKPBITUH, MO MOIIHOCTH CHCTEM TEPMOPETrYIUpPOBaHUSA U T.I. B 3HauMTENbHON CTeneHu
9TOMY MOTYT CIOCOOCTBOBAaTh METOJbl MCCIEAOBAHUN, Oa3zupyloIIMecss Ha pelleHun
oOpatHbIX 3a7a4. CUCTEMHOE HUCCIIEJIOBaHUE Pa3HbIX MOAXO0JOB K MOJYYEHHUIO YCTOWYMBBIX
pemiennii O3TO, ocHOBaHHBIX Ha TE€X WJIM MHBIX NMPUHLUIAX PETYISIPU3ALNU, ObLJIO HAYATO
aBTOPOM C KoJileramu B Hadajie 70-X roJI0B U M3JI0KEHO B KHUTaX [ 1-6].
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Ocob6oe 3HaueHWE B KOMIUIEKCE pa3pabOTaHHBIX METOJOB HMEET HWTepalMOHHAas
perynspusanusi. 9TO YHUBEPCAIbHBIA METOJ, C TTIOMOIIBbIO KOTOPOTo 3(PPEKTUBHO peraroTcs
KaK JIMHEWHBIC, TaK W HEJIMHEWHBbIC OOpaTHBIC 3a/ayd, B OJHOMEPHOW W MHOTOMEPHOMU
[IOCTAaHOBKAaX, HE IepeonpeeiieHHble W MEepeonpe/ieieHHble, B TOM 4YHCle IS
MHOTO(AaKTOPHBIX IPOLIECCOB TEIUIO- M MaccoOOMEHa, OINMCHIBAIOUIUXCA CUCTEMaMU
OOBIKHOBEHHBIX JU(GEpEeHINaTbHBIX YPABHEHUN U ypaBHEHUI ¢ YaCTHBIMH ITPOU3BOIHBIMH.
B srom mnoaxonae ymnpaBieHue Mepoil OIM30CTH NPUOIMKEHHOTO pEIIEHHS K HCKOMOMY
oOecnieunBaeTcsi BRIOOPOM KOJIMYECTBA MTEpAlMil C BHIXOJOM Ha YpOBEHb HEBS3KH, KOTJa
KOHEYHOE NMPUOIMKEHHE K UICKOMOM (DYHKIIMU WM BEKTOP-(PYHKIMU Oy/IeT COOTBETCTBOBATH
MOTPEIIHOCTH 33/1aHUS UCXOJHBIX TAHHBIX.

B nocneanee BpeMst co3at0TCsl OCHOBBI HOBOT'O HAIPaBJIEHUS B U3y4E€HUHU (PU3MUECKHUX
CUCTEM C CHJBHOM IPOCTPAHCTBEHHON HEOJHOPOJHOCTBIO, HEPETYISPHOCTHIO U
anmsotponueit. [lpemnoxkennpii u paspabotanasiii B [7-10] moaxon K HCCIIeIOBaHUIO
CBOMCTB TakuX MaTepualoB MpEACTaBlIseT CO00N JBYXYpPOBHEBYIO HJAECHTU(DUKALINIO
MaTeMaTUYEeCKUX MOJeNiel, OMUCHIBAIOIIUX (DHU3MUYECKHUE MPOLECChl B Marepuaiax HpU HX
HarpeBe WM OXJIaXICHUU.

[lepBbIii YpOBEHH - 3TO KOCBEHHOE SKCIIEPUMEHTAIILHOE OIPE/IeJICHUE psifa KIIOUEBBIX
(b ()EKTUBHBIX TEIIOPU3MUECKUX XapaKTEPUCTHUK O0Opa3lloB MaTepHalia Ha OCHOBE pPEIICHUS
o0OpaTHBIX 33/1a4 TEIJIO0OMEHa.

Btopoii ypoBeHb uieHTUPUKALMN MOKHO Ha3BaTh HACTPOUKON OoJjiee MoTHOM
(pacmpeHHo) MaTeMaTHYECKON MOJIENH PaAualliOHHO-KOHAYKTUBHOTO TEIJIO0OMEHa
uccieyeMoro Marepuaina Ha 3 GekTuBHbIE TEINIOPU3NYECKUE XapaKTEPUCTUKH, HalICHHbIE
Ha MEPBOM YPOBHE UCCIIECIOBAHUM.

Ceituac Hakonuicsi 00JIbIION ONBIT B IPUMEHEHUN METOI0JIOTUH OOpATHBIX 3a/1a4
TEII000MeHa MPHU MPOESKTUPOBAHUH U UCIIBITAHUAX HOBOM TeXHUKU. OCHOBHbBIE 00JIaCTH ATUX
uccae0BaHui U pa3paboOTOK, B TOM YHCIIE MTPEACTaBICHHBIC B myOmukamusax [11-18],
MIEPEYUCIICHbI HIKE B MIPWIOKEHNUU K a9POKOCMHUYECKON TEXHUKE:

1. JluarHoctuka v MOJIEIMpPOBAaHUE TEIJIOOOMEHA B CBEPX3BYKOBBIX U I'MIIEP3BYKOBBIX
TpyOax.

2. JluarHocTuka U UACHTU(UKALMS TEIJIoNepeadl U SpPO3HOHHOTO pa3pyLICHUS
MaTepHUaIOB B CBEPX3BYKOBBIX I€TEPOTr€HHBIX MOTOKAX.

3. VYmpamieHnue npoieccaMu Temoo0MeHa 1 MPOEKTUPOBAHUE TEIIIOBOM 3alUTHI.

4. UccnenoBanue TemO(MU3NUECKUX XapaKTEPUCTHUK MAaTepUalioB, IOJBEPrarolInXCs
TEIIOBOM AECTPYKIHUH.

5. MonenupoBaHue epeHoca Terjia B MHOTOPa30BOil TEMJIOBOM 3aIIUTE
a’POKOCMHUYECKHX alapaToB.

6. UccnenoBaHue yabTparoOpUCThIX U aHU30TPOIHBIX MaTEPHUAIIOB.

7. Wnentudukauus paanaliioOHHO-KOHAYKTUBHOI'O TEIJI000OMEHA B 3KpaHHO-BaKyYyMHOMN
TEIUIOU30JISIUH.

8. JleTHble UCHBITAHUS TEIIOBBIX PEXUMOB U TEII03auThl JIA.

9. HccnenoBanue cTabUILHOCTH TEPMOPETYIUPYIOLUIUX MOKPBITUN KOCMUYECKHX
anmnapaToB B YCIOBUSIX OpOUTAIILHOTO MOJIETA.
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10. 3KCHCpI/IMCHTaJ'IBHO-BBI‘IHCHHTGHBHBII;'I KOMIIJIEKC [JId HCCICAOBaHUSA TCIIJIOBBIX
PEXKUMOB MAaTEPUAJIOB U 3JIEMEHTOB KOHCTPYKIIMI.
11. Pa3zpaboTka TEpMO30HA0B Ul KOCMUYECKUX [TEHETPATOPOB.
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Variational Regularization for an Atmospheric Tomography
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Abstract

One important predictor in meteorology is the humidity of the atmosphere. This
is estimated by fan-beam measurements between satellite transmitters and land-
based receivers. The measurements are sparse and fluctuate randomly with receiver
availability. The task is to reconstruct from these measurements the 3-dimensional,
spatially varying index of refraction of the atmosphere, from which the relative
humidity can be inferred.

Before determining our appropriate regularizer for the minimization problem,
we first recognize the refractvity profile N as a function of refractive index n of
the light as in scattering theory, i.e. N = 10%(n — 1). This leads to the correct
characterization of the target function.

We then propose well-known smoothed total variation (smoothed-TV) regular-
ization for solving this atmospheric tomography problem named as GPS-tomography.
GPS-tomography involves the reconstruction of some quantity, pointwise within
a volume (e.g. humidity) from measurements transmitted by nonuniformly dis-
tributed transducers (satellites). These measurements are collected by nonuniformly
distributed receivers on the ground (ground stations). As with conventional tomog-
raphy, the task here is the reconstruction of the density profile of a layer in the
atmosphere from a set of line integrals.

We develop the necessary theory which contributes to convex variational regu-
larization. Particular interpretation of this analysis will be for the smoothed-TV
functional that we observe the necessity of the regularized solution for our varia-
tional minimization problem to be in the class of W1, We will also discuss about
the characterization of the convergence of the regularized solution to the true solu-
tion.

We finally demonstrate our regularization on simulated data, employing a novel
reverse-communication large-scale nonlinear optimization software.
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HEKOPPEKTHOE BbIUYNCJIEHUE MHJEKCA TEKCTYPbLI [10 HABOPY
OPUEHTALIMU 3EPEH ITOJIMKPUCTAJIJIA

A. O. Autonosa, T. . Casénosa

Hayuonanvnwiii uccneoosamenvckuii aoepHuiil ynusepcumem « MHUDU
115409, Mocksa, Kammpckoe mocce, 1. 31
Temn.: 89851773206, e-mail: aoantonova@mail.ru
Ten.: 84953934653, e-mail: TISavelova@mephi.ru

OnHO¥ W3 XapaKTEPUCTHK TEKCTYPHI MOJUKPUCTAIUIMYECKOTO MaTepuaia sBISICTCS WHACKC
TekcTypbl [1,2]. MHAEKC TEKCTypbl JAaeT MpPEeACTaBIEHUE O CTENEHU OCTPOThI (PYHKIUU
pacnpenenenust opueHrauuii (PPO): ecan PO Ginu3ka K paBHOMEPHOMY paclpe/iesIEHUIO,
TO MHJIEKC TEKCTYpbl OMU30K K enuHUIE (OTHOCHTEIHHO WHBAPUAHTHOW MEpHl Ha TPYIIE
Bpamenui SO(3)), ecnmu TeKCTypa KpUCTala CTPEMHUTCS K MOHOKPHUCTALUTY, TO HHIECKC
TEKCTYpHl HEOTPAaHUYEHHO PACTeT.

B nmanHOI paboTe NPOWM3BOAMTCS BBIYMCICHHE WHICKCA TEKCTYPBl [UII HOPMAJIbHBIX
pacnpenenenuii (HP) ma rpymnme Bpamenuin SO(3) [3]. Beraucisitorcss OIeHKH MOJTHOTO U
YCEUCHHOTO WHJEKCa TEKCTYphl MO HA0Opy OTHIENBHBIX OpUEHTAWUH, MOJEIHPYEMbBIX
crnenuanu3upoBaHHbiM  MeTonoM Monrte-Kapno ma HP, m um3ydarorcs ux OCHOBHBIE
CTATUCTUYECKHE XapaKTEPUCTUKHN HA OCHOBE TOJIX0/a, pa3BuBaemMoro B [4—7]. Jlns momHOM u
YCEUCHHOH OIICHOK MHJIEKCA TEKCTYPHI MOTY4eHbl MAaTEMaTHUECKOE OKHUJAHUE U JUCTICPCHS,
a TaKk)Ke M3y4aeTcsi BOIPOC CMEIICHHOCTH M COCTOSITEITHHOCTH OI[CHOK.

ChopmynupoBaHbl yTBEpXKACHHUS O TIOBEJIEHUU OLEHOK HHJEKCA TEKCTypbl M HX
CTaTUCTUYECKUX XAPAaKTEPUCTHUK B 3aBUCHMOCTM OT H3MEHEHHH IapaMmeTpa OCTPOTHI
TEKCTYpbl, 00beMa BBIOOPKM U BEIMUYMHBI MMapamerpa yceueHus psaa. [lokazano, yrto s
HEYCEUCHHOM OLIEHKM HHJEKCAa TEKCTYypbl CBOMCTBO COCTOSITEIBHOCTHM MOXKET HE
BBINIOJIHATHCS. Pemraercs 3agaua BpIOOpa mapaMmerpa oOpe3aHus psijaa U BEIMYMHBI 00beMa
BBIOOPKH OT OCTPOTHI TEKCTYpPhl MAJIsi YMEHBIICHUS] HOTPELIHOCTH BBIYUCIECHUS OLEHKU
YCEYEHHOTO MHJEKCA.
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YPABHEHN A BOJIBTEPPA I POJA B MHTETI'PAJIBHBIX MOJIEJIAX,
YUUTBIBAOIIINX BO3PACTHYIO CTPYKTVYPVY
PA3BUBARKOIIINXCA CUCTEM
A.C. Anapriun
Hnemumym cucmem anepeemuru um. JI.A. Meaenmoesa CO PAH, Upxymck, Poccus
e-mail: apartsyn@isem.irk.ru

Awnnoramus. IlpuBoasrcs dbopmysibl oOpalieHns TeCTOBBIX ypaBHeHuit Boabrep-
pa I posa, y9uTHIBAIOMIMX BO3PACTHYIO CTPYKTYPY PA3BUBAIOIINXCS CUCTEM.

Karouesvie crosa: pasBuUBaioIiasicsl CUCTEMa, BO3PACTHAS CTPYKTYpPa, YPABHEHUS
Bousibreppa I posa, dpopmyiibl obpalienus.

THE VOLTERRA EQUATIONS OF THE FIRST KIND IN INTEGRAL
MODELS THAT CONSIDER THE AGE STRUCTURE OF DEVELOPING
SYSTEMS

Abstract. Inverse formulae of test Volterra equations of the first kind that
consider the age structure of developing systems are given.

Key words: developing system, age structure, Volterra equations of the first kind,
inverse formulae.

HpI/I IIOCTPOEHUN MHTEI'PaAJIbHBIX th,ILeJIeI'/JI Pa3BUBaIONIUXCA CUCTEM, IJIEMEHTBI KO-
TOPLBIX IIpHUHaJAJIE2KaT 7t BO3PaCTHbBIM I'DYIIIIaM, BOSHUKaIOT OaJlaHCOBBIE YpaBHEHUA Bouib-

teppa I poaa
ai_l(t)

Z / K;(t,s)x(s)ds = y(t), t€[0,T], (1)

e
ag(t) =t > a1(t) > ... > a,(t) =0; al(t) >0, a1(0) <1, a;(0) =0 Vi,

K;(t,s) — koapduiment 3pHEKTUBHOCTH JIEMEHTOB -0ff BO3PACTHOl I'PYIIILI, B KOTO-
PYIO BXOJST 3JIEMEHTHI x(S$), mMerormue Bo3pact t — s € [t — a;—1(t), t — a;(t)), y(t)
— HEKOTOPBIl MHTerpasIbHBIN [OKa3aTe/b yPOBHS Pa3BUTHs CUCTeMbl (Hampumep, B |[1]
IPUMEHHUTEIbHO K 9JIEKTPOSHEpreTndeckoii cucreme Poccun B Kadectse y(t) mpuHUMA-
JIach CyMMapHasl pacroJiaraeMasi MOITHOCTh 3JjieKTpoctaniuii). B ciayuae n = 1 Teopust
U 9HCJIEHHBIE MeTOJ bl pemenus (1) meranbho uccienosanbl B [2]. Coyuait n > 1 noka
maJtoucciesioBan. Jlocrarounsie ycinosus paspenmyoctu (1) B Clo r) npusesienst B [3].

st monmmanmst crerudukn (1) BazKHYIO POJIb UI'PAIOT TECTOBBIE YPaBHEHMUSI, KO-
raa K; = const (K = 1), a a;(t) = ait, 0=, < ... < o9 = 1. Ilpu s70M, eciu

n—1
Z |Ki — Kia]ai <1, (2)
i=1

TO B CUJIy [IePECTAaHOBOYHOCTHU oliepaTopos B (1) HempepbiBHoe pererne (1) MoxkeT ObITH
HOJIyYeHO B BUjie siBHON (hopmyJibl obpaierust [4].

Huzke paccMaTpuBaioTes ciydau HapylieHus yeaosus (2).
Teopema 1. Ilycms dasn nexomopozo namypasvhozo k*

n—1

D (K= Ki) of =1,

i=1
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n—1

> (K- Kip) of Ina; 0, n>2,
i=1
u y(t) = C[((i;)], yD(0) =0, i=0k*—1, y*)(t) = X\ = const.
Tozda cnpasedausa dopmysa obpawserus (1)

k*—1
M (Int— Y 1)
7e(t) = = T et
(k‘* - 1)' (Kz - Ki+1)Oél-k* In (073
=1

(2

C — MPOU3BONLHAA NOCTNOAHHAA.
B ciygae n = 2 crpaBeua
Teopema 2. [ITycmov
(1 — KQ)O./l > 1,

. [_111(1 - KQ)}

In oy

([-++] — uesran wacmo wucaa),
ke *
y(t) € ChtV. y(t) = O ).

Tozda gopmyaa obpawenus (1) umeem eud

e n(-Kp) 4

zo(t) = Y (1= Ka)'aty'(ajt) + et o

=0

C — MPOU3BONBHAA NOCNOAHHAA.
Pabora Boimosinena npu nojjep:xke POOU, npoekt Ne15-01-01425-a.
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IMTPUMEHEHME OITTUMAJIBHOI'O BOCCTAHOBIJIEHHU A: OIITMCAHUE KJIACCOB
PELLIEHHBIX JIMHEMHBIX OBPATHBIX 3AJAY
A. B. baes
OAO «MKF «Komnacy, Mockea, Poccus
e-mail: andrewbayev@mail.ru

AHHoTanus. B noxnane pacckaspiBaeTcst O MPUMEHEHUH TEOPUH ONTHMAIBHOTO BOC-
CTAaHOBJICHUSI K PEIICHUI0 HEKOTOPBIX KOHKPETHBIX KJIACCOB JIMHEHHBIX OOpAaTHBIX 3ajad.
Omnucanbl Ki1accsl 0OpaTHBIX 3a/ad, Ul KOTOPBHIX yIAJIOCh IMOCTPOUTH ONTHUMAJIBHBIEC ajro-
pPUTMBI (7151 YCIOBHO KOPPEKTHBIX 3a/1a4) W ONTUMAJbHBIC PETYJSAPU3YIONIHE aIrOPHTMBI
(17151 HEKOPPEKTHBIX 3a/1a4).

Kniouegvie cnosa: onmumansHoe 6occmanosiienue, JuHelinble 0opammubvle 3a0a4u, Ko-
HEeUHOMEPHAs ANNPOKCUMAYUSL.

APPLICATION OF OPTIMAL RECOVERY: THE DESCRIPTION OF CLASSES
OF THE SOLVED LINEAR INVERSE PROBLEMS

Abstract. The report tells about the application of optimal recovery theory to solving
certain classes of linear inverse problems. Optimal algorithms have been constructed for some
classes of conditionally well-posed problems. And optimal regularizing algorithms have been
constructed for some classes of ill-posed problems. Here, these two classes of linear inverse
problems are described.

Keywords: optimal recovery, linear inverse problems, finite-dimensional approxima-
tion.

BOJIBH_II/IHCTBO 06paTHI:IX 3a4a4 sIBJISICTCS HGKOppeKTHBIMI/I, HO €CJIM, IOMHMO Hp0qe-
ro, IJIsl pEIICHUS] U3BECTHBI allPHOPHBIC OTPAHUYCHHS OTPEIeAEHHOTO BHUIa (HapuMep, KOM-
MAaKTHOE MHOXXECTBO alPUOPHBIX OTPAHUYEHUM), TO 3a7ady MOKHO CBECTH K 3aJadye ONTH-
MaJIbBHOTO BOCCTaHOBJIeHMS [1,2]. DTa MeToMKa MO3BOJIAET pelaTh 3aa4y UMEHHO TEM Me-
TOJIOM, KOTOPBII TOYHEE BCEX BO3MOXKHBIX, KOTOPBIA 00JalaeT MHUHUMAIBHOW anpuopHol
noepewHocmoio. JImutenbHoe BpeMsi TEOPHsl ONTUMAIBLHOTO BOCCTAHOBJICHUSI HE MMEa ajro-
PUTMOB pelIeHUs IOCTATOYHO HIUPOKOro Kiacca 3aaad. CuTyarus u3MeHUIach Mocie uccie-
JIOBAHUH 1T0 KOHEYHOMEPHOW anMpOKCUMAIUH 3a7a4 ONTUMaJIbHOTO BOCCTAHOBIICHHS [2].

I[OHyCTI/IM, 3a1a4a MOXKECT GBITB 3alIMCaHa B BUAC

zZe M, |F(z)—v| <e (1)
3/1ech Z — BOCCTaHABIMBAEMOE MOYHOE peuleHue, SIBISIIOEECs SJIEMEHTOM JeHCTBUTEIbHO-

m o o v
r0 HOPMHUPOBAHHOIO MpoOCTpaHcTBa Z, F':Z — R — U3BECTHBIN JIMHEWHBIA HENPEPHIB-

9 « m
HBII oneparop, M C Z — W3BECTHOE MHOMCECME0 anpuopHvlx ocpanudenuti, v € R —
W3BECTHBIA BEKTOP, MMCIOLIMH CMBICT MPUOTMKEHHOTO 3HAYCHHS IS BhipakeHus F(Z),

m vy

e > 0 — nocpewnocmo 3a0ayu. B pa3HpIX 3agayax HopMa B R™ MoXkeT ObITh pa3inuyHOM,
m

HO B JIIOOOM CIlydyae CyHIECTBYET BBIYKIIOE YPaBHOBEIICHHOE MHOXKECTBO {2 C R™, Takoe
— *

4TO BTOpOE yciioBue B (1) sxBuBaneHTHO BKmoyenuo F(z)—v € Q_. Ilycts £ € Z~ — He-

KOTOPBI (PMKCUPOBAHHBIN JIMHEHHBIN HenpepbIBHBIN (yHKIMOHAT. BMecTo 3amaun (1) Mox-
HO pemaTh 3a7ady MUHUMU3ALUN anpuopHoll NoSpeuHoCmu 80CCMAano8IeHUsl (YYHKYUoHana

m
¢ cpenm Bcex memo0og eoccmarnosaenus p : R — R:

sup [0(z) = ¢(y) — min, 0:R™ = R (2)
zeM, yeR™: F(2)—yeQ, ®
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Mycts ¢: R™ — R — pemenue 31oit 3amaun. Ero uuTepnperaius Takopa: NpuoImKeHHEM
a1 aucna ((Z) cuntaeM 4ucio @(v), a MOrPeIHOCTBI0 STOr0 MPUOIKEHNUs Oy JeT 3HaYCHUEe
MHHHMyMa B 3axa4e (2). Jlas GOIbIIMHCTBA NPUKIAJHBIX 3a[ad 9TO 3HAUYCHHE PABHO 00,
T.€. BCE METOJIbl BOCCTAHOBIICHHS ( UMEIOT OECKOHEUHYIO allpHOPHYIO OTPEIIHOCTh. B 3TOM

cllydae MO>KHO MCKaTh ONTUMAJIbHBINA perynspusyromuil anroput™m. Ho eciu muoxxectso M
JIOCTaTOYHO Y3KO, TO MUHHMYM MOYET ObITh KOHEUHBIM. B 3TOM cilydae MOXXHO MCKaTh pe-
IIEHUE ¥ 3HaUYEHUE 3a1a4M (2), T.e. MOXKHO IIOCTPOUTH HanboJiee TOYHbIM METOJI peleHHs 3a-
Jla4yy U HAUTHU €ro MOrpeurHoCTk.

B [2] Opina mpemiokeHa METOAMKA PELIeHUs JAOCTaTOYHO MIMPOKMX KIJIACCOB 3ajjay
tuna (2) ast ciydasi, Korja MHOKECTBO VM BBINYKJIO M YpPaBHOBEIIEHHO. MeTouKa OCHOBa-
Ha Ha KOHEYHOMEPHOH aIllpOKCUMAalU MCXOJHOM 3a1add. 31ech OCOOCHHOCTBIO SIBISETCS
TO, YTO MPOCTOM KOHEYHOMEPHOM alNpOKCUMAalUU HE JOCTATOYHO, ITOCKOJIBbKY IPH ITOM Te-
psieTcsi CBOMCTBO ONTUMaNbHOCTH. bblia pazpaborana MeToauka, B KOTOpoil 3a1aya (2) cBo-
JUTCSI K 3aJ]a4€ TOro K€ BUJA, HO B KOTOPOW MPUCYTCTBYIOT TOJIBKO KOHEUHOMEPHbIE 00BEK-
Thbl. AJITOPUTMBI JJI1 KOHEUHOMEPHBIX 3a/1a4 ObUIN Mpe1oKeHbl B [3]. OHM NPUMEHUMBI IS
MHO’KECTB KBaJIpaTUYHBIX (M KaK YaCTHBIN CIy4all JINHEHHBIX) OrpaHUYeHUN BUA

M:{QUER”\”Ganzgl Vo € ¥}, ng{yERm]”éJy”2§€2 Vo €3},

n
rIe Y — KOHEYHOE MHOMKECTBO MHJEKCOB, a Juist moboro o €3 G :R™ — RY" — nu-

HelWHpIA oneparop, p, € N. AHalOrMYHBIM ONPENETIECHUAM YIOBIETBOPSIOT OOBEKTHI X U

G, .

B [4] nocTpoeH onTHUMalbHBIM PeryJIIpu3yIOLUINil adropuT™ AJisi HEKOPPEKTHON 3aza-
yu ¢ M =ImV, rone V:W — Z — wu3BecTHbI TUHEHHBIH MHBEKTUBHBINA KOMITAKTHBIN
orepaTop, AEUCTBYIOUINI U3 JeMCTBUTEIBLHOTO r'MiIb0EepTOBa NpocTpaHcTBa W, a MHOXKECTBO

Q e SABIIACTCA 3JIJIUIICOUOM. OTO0T AJITOPUTM UMCCT CMBICIT IPUMCHATH, €CJIM MUHUMYM B 3a-

nade (2) paBeH +oo. Ecnu ke 3T0 3HaueHUE KOHEYHO, TO MPEANOYTUTENBHO pelIaTh 3a1auy
ONTUMAJILHOTO BOCCTAHOBJICHUS.
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OBPATHbIE 3AAA4YUN B UHTEFPA/TbHBIX ®OPMYJIAX
N. UN. BaspuH (r. Mocksa) ivbavrin@yandex.ru

OOHUM M3 MOLWHbIX CPeacTB MUCCeAOBaHWA B KOMMJIEKCHOM aHanuse
ABNAIOTCA MHTErpasibHble npeactaBneHua. Teopma aHaAUTUYECKMX QYHKLMIA KOMNAEKCHOTo
nepemMeHHOro NocTpoeHa B 60/1bLLel CTeNeHn Ha OCHOBE UHTerpanbHoin dopmynbl Kowwm [1].
3HaYMTENbHBIM K1aCCOM HEKOPPEKTHO NOCTABNAEHHbIX 3334, BO3HUKWNX B GU3UKE, TEXHUKE
N apyrmx ob6s1acTax 3HaHWN, ABAAIOTCA Tak Ha3biBaemble obpaTtHblie 3agaun [2] — [4].
Astopom [5] — [6] ana ¢yHKumm f(z), ronomopdHon B Kpyre KR : [z| < R, yctaHOBNEeHa
WHTerpanbHas popmyna

_ too 21
f@ =y e tdt [, es=—de, (1)

1

2mi
ABNAOWAACA peweHMeM obpaTHOM 3ag4aumn gnsa uHTerpanbHon dopmynbl Kowwn B Kpyre KR.
®opmyna (1), 8 otinume ot dopmynbl Kown, no 3HayeHuam o yHKUMK f(z) Ha nobon
OKpYy»KHOCTU Cr : [z| =r (0 < r < R), nexauwei B Kpyre KR UAn Ha NPON3BOIbHON 3aMKHYTOM
KYCOYHO-TNAaAKON NMHWUKW, OXBATbIBAlOWEN HA4yasio KOOPAMHAT M coAeprKallenca BHYTpwU
OKpYXHOCTM CR — rpaHuubl Kpyra KR, BbipaxaeT ee 3HAYeHUs BO BCEX OCTa/IbHbIX TOYKAX
Kpyra KR. B [5] nosiyyeHbl 1 pelieHnsa obpaTHbIx 3aaa4 ans ¢opmyn Myaccona [1] v WWeapua
[7, a B [5] — [6] — wn pna dopmyn npousBoaHbix ¢opmynbl Kowwm [1].
ObpaTHas 3agaya Ana WHTerpanbHoh ¢opmynbl lyaccoHa wcnonb3oBaHa [8] ana
0606LeHna ¢opmynbl MNMyaccoHa — MeHceHa [7], 3 koToporo ¢opmynbl lMyaccoHa —
MeHceHa M MeHceHa BbITEKAIOT KaK YacTHble c/iy4an. AHANOrMYHO Mchonb3oBaHa [9] u
obpatHas 3apava ana  obobuieHma  popmynbl  WeBapua —  WeHceHa  [7].
B cnyyae Konbua D: r < [z] < R yctaHoBneHo [10] uHTerpansHoe npeactasneHue (8 [10] ato
dopmyna (1)) ana ronomopdHon B obnactm D yHKuMm f(z)), KoTopoe, B OTINYME OT
dopmynbl Kol ana Kosbla, Mo 3HaYeHUsMm f(z) Ha NPOU3BOJIBHON 3aMKHYTOM KYCOYHO-
rMagKou NUHMK, OXBATbIBAIOWEN HAYa/N0 KOOPAMHAT U COAEpKalLencs BHYTPM Konbua D,
Bblpa)KaeT e€é 3HaYeHWs BO BCEX OCTa/IbHbIX TOYKAX 3TOro Kosnbua, T.e. B [10] peweHa
obpaTHas cEVIERE! ana dopmynbi Kowwmn n B cnyyae Ko/bLa D.
B cratbe [11] B cnyyae Kpyra KR HaliieHO pelueHMe obpaTHbIX 3a4ay A/1A MHTEerpasbHbIX
dopmyn, npuseaéHHbix B [12] (B [12] 310 dopmynbl (3) n (4)), cnpasegnmsbie ana GyHKLUNM,
roNIoMopPHbIX B 3BE34HOM obnactm OTHOCUTENbHO Hayana KoopAMHar.
dopmyna KowKn MMeeT MecTo M B Cayyae MHOMMX KOMMNEKCHbIX NepemeHHbIX ( cMm.,
Hanpumep, [13]). B coobuweHun [14] B cnyyae noaukpyra E R=E(R4,...,Rn)={z=(z,,
...,2n):|zy | <R4, ..., |zn] < < Rn} peweHbl obpaTHble 3aaaun Kak ana popmynbl Kowwm,
TaK U 4NA BbiTeKalowmx n3 Heé dopmyn (aHanornuyHble popmynam LLeapua u MyaccoHa B
C/ly4yae 04HOro KOMMAEKCHOro NepeMeHHOoro).

PeweHbl obpaTtHbie 3agaun [15] u B cnyyae uHTerpanbHbix dopmyn Temnsikosa (06
aTux dopmynax cm., Hanpumep, [16]). HakoHeu, B HacToAlWem coobLIEHMM B ciyyae
BbIMYKNAON 06/1acTU M Kpyra YMNOMSHYTbl ABa HOBbIX WMHTErpasbHbIX NPeacTaBNeHUA, U3
KOTOPbIX OAHO €eCTb MWHTerpasbHoe npeactaBneHne ana OGyHKUMA, TONIOMOPOHbLIX B
BbINYKAOM 061acTu, a Apyroe— pelleHne ero obpaTHoOM 3aaaum B Kpyre KR.
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Numerical reconstruction of unknown temporal load distributions in a
vibrating Euler-Bernoulli beam from measured momentum
O. Baysal
Lzmir University, Gursel Aksel Blv. no:14 Lzmir-Turkey
e-mail: onur.baysal@izmir.edu.tr

Abstract. In this study, new numerical algorithms are proposed for numerical
reconstruction of a temporal load H(t) in the identification problem related to Euler-
Bernoulli beam equation m(z)uy + (EI(2)Uy)ee = F(x)H(t), (z,t) € (0,1) x (0,7),
with clamped ends (u(z,t) = u,(z,t) = 0, z € {0,1}). The spatial load F(x) is assumed
to be given and the momentum M (t) := (E1(2)uz,(x,t)).—0 at left boundary is assumed
to be known by available boundary measurement. The formulation of this identification
problem can be given by a proper input-output operator WH : L*(0,7) — L?*(0,T),
(WH)(t) := ug (0,85 H), t € (0,7T), which is equivalent to the operator equation: VH =
M. For the constant coefficients case, Fourier series or forward collocation algorithm
gives efficient reconstruction of unknown source H(t) combined with some regularization
techniques such as cut-off and Tikhonov regularization. This algorithm not only allows
to reconstruct an unknown load with high accuracy, but also permits one to estimate the
degree of ill-posedness of the considered inverse problems. On the other hand, for the
variable coefficient equation, we perform the self-stabilized conjugate gradient algorithm
based on adjoint problem approach. This approach allows for find an explicit formula
for the Fréchet gradients of the cost functionals. Series of numerical experiments indicate
effectiveness and bounds of applicability of considered algorithms.

Key words: Temporal load identification, Euler-Bernoulli beam, Inverse problems
Fréchet gradient, Lipschitz continuity, ill-posedess
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MHorormaroBsle MeTOAbl JJIsl YNCJICHHOTO PElleHns NHTEerpo-ajaredbpanvecKkmx
YPaBHEHUII C MepEMEHHBIME IPeAejlaMi MHTEerPUPOBAHUS
M.H. Boropoesa, M.B. bymraros
Iledazozuueckuts uncmumym Hprymckoz0 20cydapcmeentozo YHUSEPCUEma,
Hrnemumym dunamuru cucmem u meopuu ynpasaenus um. B.M. Mampocosa CO PAH,
Hprymecex, Poccus
e-mail: masha888888Q@mail.ru, mvbul@mail.ru

AnHoTamusa. B crarbe paccMaTpuBaIOTCH HHTErPO-ajiredpanveckue ypaBHEHUS ¢
JIBYMsI TIepEMEHHBIMA TPeJIeIaMi HHeTPpUpOBaHus. /11 UX YUCAEHHOTO DPeIreHust mpuMe-
HAIOTCAd MHOIomaroBblie MeTOAbl, OCHOBaHHbIC Ha ABHbIX KBa/JpPaTypPHbIX CbOpMyﬂaX THUIIQ
Anamca u Ha 3KCTPOIOIAIMOHHBIX (POpPMYyIax.

Karouesvie crosa: Nuarerpo-anrebpanydeckue ypaBHEHUsI, TEPEMEHHbBIE MTPE/IEJIb UH-
TErPUPOBAHUS, MHOTOIIATOBBIE METOJIbI.

MULTISTEP METHODS FOR NUMERICAL SOLUTION OF
INTEGRO-ALGEBRAIC EQUATIONS WITH VARIABLE LIMITS OF
INTEGRATIONS

Abstract. In this paper we consider integro-algebraic equations with two variable
limits of integrations. We employ multistep methods for numerical solution of these
equations. These methods are based on Adams formulas and formulas of extrapolation.

Key words: Integro-algebraic equations, variable limits of integrations, multistep
methods

Paccmorpum MAY ¢ aByMmst iepeMeHHBIME TTPEIEIAME WHTETPUPOBAHUS

A(t)z(t) + / K(t,s)x(s)ds = f(t), t €[0,T], s € [0,1], (1)

rae A(t) m K(t,s) — kBaaparHble MaTpUIlbl pasmepaoctu n, f(t) u x(t) — wusBecTHAs
1 HCKOMasi n—MepHble BeKTOP—()YHKIMA COOTBETCTBEHHO, ¢ — U3BECTHAS TIOJOKUTETbHASL
OCTOsIHHAY BeJinvuHa. Jljig JaHHOi cucTeMbl 3a/laHa CTapTOBast BEKTOP-(PyHKIIMS

x(t) = 2°(t), t€[—c0). (2)
Baech marpuna A(t) — TOKIECTBEHHO BbIPOXK ICHHASI
det A(t) = 0. (3)

[Mpeanosaraercs, uro Bxoausie pauubie A(t), K(t,s), f(t) obaagaror HeoOX0HUMOI
crenenbio ryajakocTu. [loj perennem 3a/1a4du MOHUMAaeEM JOO0YI0 HENMPEPbIBHYI BEKTOP-
dbynkmmo z(t) obpamaroniyio (1) B TOXKIECTBO ¥ HENPEPHIBHO CTHIKYIOILYIOCS CO CTAPTO-
BOit BekTOp-yHKIHedi (2) B HavagbHOl ToUKe t = 0.

YeJI0BHS CYIIECTBOBAHUS € TMHCTBEHHOIO HEIPEPBIBHOTO pemnteHust 1ist 3aa9u (1)
cdhopmysuposanbl B [1].

B JOKJIade IIPUBOIATCA PE3JbTAaThl YUCJICHHOTO peIleHud IIpeACTaBJICHHDBIX YpaB-
HEHMIT MHOTOIIArOBBIMIA MeTOIaMi, OCHOBAHHBIME Ha KBaJApaTypHOil (dbopmyie Amamca u
Ha SKCTPOMOJISIIIMOHHBIX (hOpMyJIax.
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k i
Air Z ;T +h Z WN—k+1, K100 = fit1, (4)

i=0,1,.., [52 +1] +1,[]— uenas qacrs uncia.

OTMeTHM, 9TO TaKue MeTOJbI OBLIH MpeJioKeHbl s pemterust AV B [2]. Tam
JKe TIpUBeJeHbl 3HaUYeHHd KOI(PPUIUEenToB Wy_f4+1,; 1 000CHOBaHA YyCTONYMBOCTH TaKHX
MeTo/10B tipu k < 5.

Pabora nmomnep:kana rpantamu PO Ne14-01-31224mo001_a, 15-01-03228  A.
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HesiBHbIEe MHOroOIIaroBble MeTOAbI JJIsI YMCJIEHHOIO PEelIeHUS
WHTErpo-ajireopandecKnux ypaBHEHUM
0O.C. Bynnukona, M.B. Bynaros
Iledazozuneckuts uncemumym Hpkymckozo 20cy0apcmeentozo YHUSEPCUmMema,
Hnemumym dunamuru cucmem u meopuu ynpasaenus um. B.M. Mampocosa CO PAH,
Hpxymcex, Poccus
e-mail: 0sbud@mail.ru, mvbul@mail.ru

AnHoTarmusi. B ctarhbe paccMaTpUBAIOTCs BHIPOKICHHDBIE CUCTEMbI HHTETPAJTHHBIX
ypasuennit Bosibreppa. s ux YUCIEHHOrO pelenusi CTPOSATCs HesIBHbIE MHOIOIIATOBLIE
METO/IBI.

Karouesoie caosa: nrerpo-aaredbpandeckne ypaBHEHUs, MHOTOIIIATOBBIE METOIbI

IMPLICIT MULTISTEP METHODS FOR NUMERICAL SOLUTION OF
INTEGRO-ALGEBRAIC EQUATIONS

Abstract. In this paper we consider singular systems of Volterra integral equations.
We construct implicit multistep methods for numerical solution of these equations.

Key words: Integro-algebraic equations, multistep methods

PaccmarpuBatorcst cucreMbl HHTErPATbHBIX YPABHEHUI BUIA:

A(t)x(t) + /K(t, s)x(s)ds = f(t),0 < s <t <1, (1)

rae A(t) m K(t,s) — 3amamnbie MaTpuisl, pasmepruocru (n x n), f(t) u z(t) — n—wmepubie
U3BeCTHAs M MUCKOMasl BeKTOP-DYHKIMK U

det A(t) = 0. (2)

Bagauu (1) ¢ ycaoBueM (2) IPUHATO HA3BIBATH HHTEIPO-AJITeOPANIECKUME yPaBHE-
nusivu (MTAY). Tlepsasi crarbsi, TOCBSIIEHHAS] UCC/IEIOBAHUIO TAKUX YPABHEHUIl, BbIIILIA
B 1987 rosy [1], B Heil puUBeIEHbI JOCTATOYHBIE YCJIOBUSI CYIECTBOBAHUSI € TMHCTBEHHOTO
HENpPEPBIBHOTO PEIeHNsT, & TaKXKe MPeJJIOYKEeH YNCTeHHBIH MeTOJT PEIeHusl.

B macrosimee Bpemst, uccienopanueMm MAY 3anmmMaercss Tpu HEOOIBIINX IPYIIIbI
noy pykosogcrsom M.B. Bymarosa (Upkyrck), H. Brunner (T'omkonr), M. Hadizadeh
(Turepan). Bosiee mompobubIit 0630p MOKHO HaiiTi B cTarbax [2], [3].

st aucaennoro perenns 3agaqu (1) ¢ ycsoBueM (2) mpe/yioyKeHbl HesIBHbIE MHO-

rOIIATOBBIE METOJBI:
i+1
Aip1xig +h g Wir1 1 Kip1,Ti41 = fi. (3)
=0
Kiaccuaeckue metosibl Tuna Ajjamca u MHOTHE JIPYTUe MHOIOIIANOBbIE METOJIbI (3)
JJIA paCCManI/IBaeMbIX BaﬂaLI, KaK HpaBI/IJIO, HOpO}Kﬂ,aIOT HeyCTOIU/ILII/IBbIe HpOL[eCCbI.
B j0K/1ajie IpUBe/IeHbI ye/I0Bus Ha KO3MDMUIMEHTB! Wiy 1, MPH KOTOPBIX METOJIbI

(3) ycroituusbl. JaHbl pe3ybraThl YUCIEHHBIX PACIETOB MOJIEIBHBIX TPUMEPOB.
Pabora nomepxana rpantamu PODU Nel14-01-31224mo051_a, 15-01-03228A.

JIuteparypa
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OBPATHAA B3AJJAYA BAPUAIIMOHHOI'O NCUHUCJIEHUA J1d
OIIEPATOPHOI'O YPABHEHIS CO BTOPOM ITPON3BOJIHOMN I10
BPEMEHN
C.A. Bynoukuna, B.M. Casunn
Poccutickuti ynusepcumem dpyotcoor Hapodos, Mockea, Poccus
e-mails: sbudotchkina@yandex.ru, vsavchin@yandex.ru

Annotaimga. Haiineno pemrenne obpaTHOil 3aja9u BapHAIMOHHOTO HCUYUCTIEHUS
JIJIS OIIEPATOPHOIO YpaBHEHHSI CO BTOPOI IPOM3BO/IHOM 110 BPEMEHHN.

Karouesvie caosa: obpaTHas 3a1ada BapHAIMOHHOTO MCYKUC/ICHHSI, BapUAIlMOHHBII
OPUHIIAIL, [IOTEHIAAJBHBIIA OIEePaTop.

AN INVERSE PROBLEM OF THE CALCULUS OF VARIATIONS FOR
AN OPERATOR EQUATION WITH THE SECOND TIME DERIVATIVE

Abstract. A solution of an inverse problem of the calculus of variations for the
given operator equation with the second time derivative is found.

Key words: inverse problem of the calculus of variations, variational principle,
potential operator.

B pamkax coBpeMeHHOTO BapHaIlMOHHOT'O UCIUC/IEHUs KJIACCHIEeCKO 0OpaTHOil 3a-
jadeii Bapuanuonuoro ucuncienust (O3BU) cunraercs 3agada o moctpoeHnu hyHKIHO-
HaJla, YpaBHEHUs dKCTpeMaJjeil KOTOPOTO COBIAJIAIOT ¢ 38 JaHHBIMUA YPABHEHUSIMU.

PaccmarpuBaembie B HacTOsiIeil paboTe BOIPOCHI TECHO CBSI3aHBI CO CJIEYIOTIEH
nocranoekoit O3B, obobraroreit ee KaaccuIecKyo GpOopMyInpOBKY.

laHo omnepaTopHOe ypaBHEHME CO BTOPOI TPOU3BOIHON 110 BPEMEH!

N(u) = Poyyuy + Prugus + Py gu; + Q(t,u) =0, (1)
d d?
'LLGD(N)QUQV, tE[to,tl]CR, utEDtUE%u, uttzﬁu-

Bnecw Vit € [ty t1], Vu € Uy oneparopwt Py, : Uy — Vy (i = 1,3) aBngiores quHeHBIME;
Q : [to, t1] x Uy — Vj - IpousBOJIbHBII omepaTop, BooOIe roBopst, HeauHenHbrit; D(N) -
0b6J1acTh olpejieieHusa oneparopa N,

D(N)={uecU: u(t) € WVt € [ty, t1], uli=t, = ¥1, Uli=t, = P2,

ut’t:to = 3, ut‘t:tl =4, 0 €Uy (Z = 17_4)}a (2)

U = C?*([ty, t1); Un), V = C([to, t1]; V1), U, Vi - neiicTBuTEIbHbIC IUHEHBIE HOPMUPOBAH-
uble ipoctpancTsa, Uy C V;. MuoxkectBo W onpejiesnisiercss BHENTHUMEU CBA3AMU, HAJIO-
JKeHHBIMU Ha, CUCTEMY.

Tpebyercs HaliTu QyHKIIMOHAT, MHOYKECTBO CTAIIMOHAPHBIX TOYEK KOTOPOI'O COB-
[aJIaeT ¢ MHOYKECTBOM perenuit 3agaqu (1), (2).

Ota nocranoska O3BU 00061aeT n3BECTHYIO B KJIACCHIECKOM MeXaHuKe 00paTHYIO
zajtaay lenbmrosbia. [lociennsas cocrour B ToM, 9T0OBI TOCTPOUTDH (pyHKmio Jlarpan-
Ka (JarpaHzKuaH) 10 3a/IaHHBIM YDABHEHUSIM JIBIZKEHHsI, SABJISIONIIMCS OObIKHOBEHHBIMI
nuddepeHITNaIbHBIMI YPABHEHUSAMHI BTOPOTO MOPSIKA.

OrmernM, 4ro oneparoproe ypashenue (1) MoxkeT ObITh OOBIKHOBEHHBIM e~
PEHIUAIBHBIM, JuddepeHInalIbHbIM YPAaBHEHUEM ¢ YACTHBIMU ITPOU3BOIHBIMU, HHTEIPO -
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b depeHImaIbHbIM yPaBHEHUEM, YPABHEHUEM C OTKJIOHAIONIUMUCI apryMEeHTaMU U JIp.,
a TaKzKe CUCTEMOI TaKuX ypaBHEHUN.
B nasbHeiiem jis yrpomienusi obo3Hadenuii 6yjiem anucbsarh (1) Takxke B Buje

N(u) = Poyuy + Pryug + P3uut2 + Q(u) =0,

cuntast, 9ro oneparopbl P, (i =1,3) u @) 3aBucar Takxke u ot t.

JlaHHasi craThst ABASETCS MPOJOJZKeHHeM pabor [1-4], mosromy GymeM HCIOIB30-
BaTh 0DO3HAYEHNS M TEPMUHOJIOIUIO 9TUX PaboT.

[Tosry4eHs! cireyonye pe3yIbTaThl.

1. TTomy4ensl HEOOXOUMBIE U JOCTATOYHLIC YCIOBH HOTEHIMAILHOCTH OIIEPATOPA,
N (1) ma muoxectse D(N) (2) oTHOCHTEIBHO 3a/IaHHON OUITMHENHHOH (HhOPMBI.

2. B repmunax HEOOXOJMMBIX M JOCTATOYHBIX YCIOBHI OIIpejesieHa CTPYKTypa
ypasHenusi (1), JOIMyCKAOIIEro MpsiMyio BAPUAIMOHHYIO (DOPMYJIUPOBKY.

3. ITocTpoen (byHKIMOHAT - BAPUAIMOHHBINA IIPAHITHIL

t1

Fy[u] = / {<IR3u(utu) + Rowtty + Ry (u) — %u, ut> + B[u]} dt,

to

D(Ry(u),ur) = 7/1 <—P111()\)(U — ), a%(:\)> dAdt,

tp 1
ou(A
(D(nguU,t,Ut) = // <—P2a()\)(ut — Uot), 8(15 )> d)\dt,
to O

o) = | [ {~pu (20 a) ZDY o

Blu] — /1 KQ(&(A)) 2P0,y (PP u0>] dx,

rie

ot ot?
0
() = up + Mu — ug), uo - durcuposanmnsit sement uz D(N).
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YEPHBIE JIbIPbI B IBOMHBIX 3BE3IHBIX CHCTEMAX M SIJIPAX TAJIAKTHK
A.M.Yepenanryk
L'ocyoapcmeennwiti acmponomuyeckuu uncmumym umenu I[1.K. [llmepubepea,
MI'Y umenu M.B. Jlomonocoea, Mockea, Poccus
e-mail: cherepashchuk(@gmail.com

B 1964 romy Obuin onyOnukoBaHel mnHOHepckue padoTsl f.b.3enbpnoBuua  u
E.E.Cannutepa, B KOTOpBIX OBUIO MpEACKa3aHO TUraHTCKOE BBIJCJIEHUE DSHEPruu IMpu
Hec(epuyecKol aKKpeluu BelecTBa Ha YEPHYIO JbIpy. 3a NpOIUEIIINe MOJBEKa JOCTUTHYT
00JbIION IpOrpecc B HCCIEJOBAHMU UYEPHBIX IbIp. V3MepeHbl Macchl OKOJIO TPEX JECSTKOB
3BE3/HBIX YEPHBIX JbIp U MHOTHUX COTEH CBEPXMACCHUBHBIX YEpHBIX IbIp. V3MepeHbl yrioBble
MOMEHTHI BpallleHUsl psla 4YepHbIX AbIp. [laHbl HaONIO#aTeNbHbIE OrPAaHUYEHUS] HA PaJUuyChl
KOMIIaKTHBIX OOBEKTOB, aCCOLMUPYEMBIX C UEPHBIMU JbIpaMU, KOTOPbIE HE IPEBBIIAIOT
HECKOJIBKMX I'PaBUTALMOHHBIX paanycoB. Bo3Huki1a HOBas 00J1acTh acTpOPU3UKU — AeMorpadus
YEepHBIX JbIp, M3yyarollas pPOXAECHUE, POCT YEPHBIX IbIp U 3BOJIOLUOHHYIO CBSI3b 3THX
AKCTpEMAJIbHBIX OOBEKTOB C JApPYyruMU oObeKTamMH BceneHHOW — 3Be3gamu, rajlakTUKaMH,
CKOTUICHUSIMH TaJIaKTHK.

[Inanupyrotes cnenyanbHble HA3eMHbIE U KOCMUYECKUE 3KCIIEPUMEHTHI C OUYEHb BBICOKUM
YIJIOBBIM pa3pellieHueM i NOJy4deHHUs H300paKeHUS TEMHON «TE€HM» OT YEepHOW JbIpbI Ha
SApKOM (POHE AKKPEIMOHHOI'O JUCKAa BOKPYI CBEPXMACCHBHBIX UEPHBIX JbIP, PACIIOJIOKEHHBIX B
LeHTpax Hamel ["anakTuku u ranaktuku M87.

OOHapyXeHue Takol «TeHW» IMO3BOJIUT OKOHYATEJIbHO J0Ka3aThb, YTO MHOIOYMCIIEHHbIE
MAacCCUBHBIE M UpPE3BbIUAIIHO KOMIAKTHbIE OOBEKTHI, CBOMCTBA KOTOPHIX OYEHb IIOXOXKH Ha
CBOICTBA YEPHBIX JBIP, SABJSAIOTCS JEHCTBUTENILHO YEPHBIMU AblpaMu B cMbiciae OO0miel teopuun
OTHOCHUTEJIbHOCTH DMHIITEHA.
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INFLUENCE OF THE TIKHONOV-PHILIPS REGULARIZATION ON THE STABILITY
OF SOLVING INVERSE PROBLEMS

Michat Ciatkowski, Andrzej Frackowiak
Poznan University of Technology, Chair of Thermal Engineering,
Poznan, Poland e-mail: michal.cialkowski@put.poznan.pl

Introduction

In this paper, an one-dimensional heat conductivity equation is considered. Such an
equation describes, for example, a wall which exhibits temperature changes across the
thickness, whereas the temperature remains constant along the in-plane directions. The
problem of recovering the unknown temperature at the left end point of the domain is studied.
It is assumed that the temperature and the heat flux are measured at the right end point of the
domain. Using the Laplace transform, the problem is reduced to an integral equation defining
the unknown temperature at the left end point as a function of time. An approximation of the
integral equation yields a linear system defining the values of the unknown function.
Additionally, the graph of the unknown function is considered as a sequence of overlapping
parabolas, and the condition of common tangents at common points of neighboring parabolas
1s imposed.

Model Equation

For the region shown on the figure below, the governing equation and the initial and
boundary conditions are the following:
e heat conduction equation

oTr o oT
LY 2L 1
pc Py éx[léx)’ xe(0,5), t>0 (D)
e initial condition
T(X,O) =T, (X) (2)

e Dboundary conditions, > 0
T(e=5,0)=H(), -1~
ox

=0(t), T(x=0.1)=F(r) A3)

x=0

when omitting the last of conditions (3), the problem formulated is a Cauchy problem.

Further, the following dimensionless variables are introduced:
T X A
Tow = max(Tx,t)) 8=2—, =5, ©=

- ;T @

>0 max

Moreover, the case where q(t) = 0 and 9, = 0 is considered. Under these assumptions,
the solution can be written in the following form:

9(,1)= jx(p)-w(& p)dp, &e(0,1), (5)

where

w(&r.p)= 22 1 sin g e 50

n=l1
Conditions (3) and equation (5) yield the following Volterra equation of second kind for the
determination of the function y():
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9(1,7) jx w(l,%,p)-dp =h(x) (6)

Regularization and solution of the inverse problem

Remember that the approximate solution is searched as a grid function assuming values
X; at grid points ;, j = 0, ... M. The idea of the regularization is to introduce some rigidity to
the graph of the approximation. This can be done via the approximation of the graph by
overlapping three-points parabolas and penalizing the condition of equal derivatives in

common points of them.
¥ b)

A A

! ; >
Tia T T Tisz T Tz Ta T T Tz T

Fig.1. Idea of the regularization via overlapping parabolas ( b),c),d) ) and approximation of
the derivation of function % (t): a) in interval <t.;, 7>, b) in point t;, ¢) in points T, Ti+1, d) in
points T, Tj, Ti+|

The following integral can be expressed as follows

fearoseat oo ([{ T (O]

1(6)=[lwloct- F [ +a zzg( e = [l f [+ 3w, Jof = min

k=L,

Optimal choice of regularization parameter

Processes of heat flow are accompanied by entropy production and energy dissipation.
The intensity of the source of entropy is given by formula

2 2
S T ot T2 T 72
and the function of energy dissipation
AMVTY

2
vy, =To, = pcz—f—diV(XVT)—q+ X(VTT) =LT+

Function of temperature satisfies the heat conduction equation LT = 0, thus total intensity of
the source of entropy and, relatively, of energy dissipation in the time interval <0,t> and the
region Q is equal to

wta,_”c -dQdt ” VT) dQdt, \ywta,_” -dQdt ” T) dQdt

Physical processes proceed w1th minimal increment of entropy Giotal and minimal dissipation
of energy Wiol. Therefore, the regularization parameter will correspond to the minimal value
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Gtotal O Wiotal and will also depend on the form of the regularization functional. Other way is to
construct U — curve, Fig.2. Comparision of above criterion shows the Fig.3.

1

0,9
08 1" — |delta_random| = 5.0%, alfa_extr =0,080022, | |A*X-Y|| =0,63816 Y~ _
0,7 4= = |delta_random| = 0.0%, alfa_extr =0,07860, | |A*X-Y|| = 0,55641 N o
. Y
—©—alfa_energy_opt = 0,18022 ; energy_min= 3,2890 ; \3
= 06 - —o—alfa_sigma_opt = 0,10408 ; sigma_min = 1,1376 ; \
a: 0,5 | —8- alfa_psi_opt =0,14268 ; psi_min = 1,9240 ; | /,
= —A—alfa_discrepance = 1,39E-02; gamma_discrepance = 1,03 ; 4
04 X N pidi
’
e
03 T
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0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4 0,45
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Fig.2. U - curve : [|[A*X-Y|| = f{|jalfa*W*X]|)
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Fig.3. Solution of inverse problem. Temperature distribution at surface x=0.0,
|delta_random| = 5.0%; Comparision for different choice of regularization parameter alfa.
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OB OJITHOM MOJIEJIbHOM 3AJIAYE JJISI YPABHEHUSI
PEAKIIUA-IU DD Y3USI-AJIBEKLIUSA
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AHHoOTanus. VccnenoBaHo aCHMIITOTHYECKOE TTOBEICHUE PEIICHHS C TTOTPAaHUIHBIMHU
CIIOSMH B MaTeMaTHYeCKOW MoJein peakuuu-auddy3nn-aaBeKuy, OIMKMCHIBAIONICH
pacripeieieHue KOHIIEHTPAIIUH YIIIEKUCIIOTO Ta3a.

Knrwouesvie cnosa: acumnmomuueckue memoovl, MoOeib peaxyuu-ouggysuu-
aosexkyui,

NOSPAnCIIOUHOe peulerue, KOHMPACMHAs CMPYKmypa.

ON A MODEL FOR THE REACTION-DIFFUSION-ADVECTION EQUATION

Abstract. The asymptotic behavior of solution with boundary layers in mathematical
reaction-diffusion-advection model, describing a distribution of the concentration of
carbonate gas was investigated.

Key words: asymptotic methods, reaction-diffusion-advection model, boundary-layer
solution, contrast structure.

Pacnipenenenne KoHIIEHTpAIIMU YIIIEKUCIIOTO Ta3a B SKOCUCTEME “1ec-00JI0TO” UMeEeT
BUJ] KOHTPACTHON CTPYKTYPBI, IPUYEM MOJIOKEHHE BHYTPEHHETO IEPEXOTHOTO CIIOSI H3BECTHO
3apaHee W COBIAJACT C IMOJIOKEHHUEM TPaHHIBI MEXIy Jiecormoysocoi nu Oomorom. Ha arame
MOCTPOCHHSI MaTeMaTHYeCKOW MOJENH 3aadyy MOXXHO CYHTaTh OOpaTHOW, MOCKOJIBKY
napaMeTpbl MOJIENIM TIOJOMPAIOTCS TaKUM 0O0pa3oM, YTOOBI pealin30BaNach KOHTpAacTHAs
CTPYKTypa C (PUKCHPOBAHHBIM MOJIOKEHHEM BHYTPEHHETO CIIOS.

B pabote paccmarpuBaeTcst OJJHa U3 MOJCIBHBIX KPAaeBhIX 3a7ad Ui CTAllMOHAPHOTO
CHHTYJISIPHO BO3MYIIEHHOTO YpPaBHEHUsS peakius-TuQQy3us-aJBeKINs, BOSHUKAMOMAS TPH
OMMCAHUU MPOLIECCOB NIEPEHOCA T'a30BOM IPUMECH B IKOcHCcTEME “Nec-00510T0”. IIpuMenenue
MeTo/a TMOTrpaHuYHbIX (QyHKUuMW [1] M acumnroTHdeckoro meroaa auddepeHIaTbHbIX
HEPaBEHCTB [2] TMO3BOJISIET IOCTPOUTH ACHMIITOTHKY PEIICHHS IOTPAaHCIOWHOTO THIIA,
JI0Ka3aTh CYIIECTBOBAHUE PEIICHUS C TIOCTPOCHHONW aCHMITOTHUKON M €ro aCHMITOTHYECKYIO
YCTOWYMBOCTh N0 JIAMyHOBY, Kak pelIeHHs] COOTBETCTBYIOLIEH MapaboIMyecKor 3a/ladi.
OnHuM H3 pe3ynbTaToB pabOTHI SBISIETCS ONPEIEIeHUE JOKATLHONW 00macTu (opMUPOBAHHS
peleHus IMOTPaHCIOHHOTO THIIA.

Pa6ota Beimonuena npu nopaepxkke PODOU, mp. Ne13-01-00200, rip. Ne14-04-01568.
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Stability Estimates For Fractional Nonlinear Ill-posed Problems
Amar Debbouche*
* Department of Mathematics, Guelma University, 24000 Guelma, Algeria
e-mail: amar_debbouche@yahoo.fr

Abstract. In this talk, we investigate a final value problem for a class of nonlinear
fractional differential equations with positive self-adjoint unbounded operator coefficients.
The problem is ill-posed. The regularized equation is given by a modified quasi-reversibility
method. For this regularization solution, the Hlder type stability estimate between the
regularization solution and the exact solution is obtained.

Key words: Fractional Calculus, Inverse problems, ill-posed problems
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OBPATHBIE 3A/TAY, BOSGHUKAIOIIIVE B
SQJIEKTPOO®UN3NOJIOI'IN CEPIIIA
A.M. Jlenucosn
Mocxosckuii 2ocydapemesennwiti ynusepcumem umeny M.B. Jlomonocosa, Mocksa,
Poccus
e-mail: den@cs.msu.ru

Awnnoramus. PaccmarpuBaiorcs obparTHbIe 3aa91, BOSHUKAOIINE B 3JEKTPOQU-
3UOJIOTUN Cep/IIla M YNCJIEHHbIE METO/Ibl UX PeIeHunsl.

Karouesvie crosa: obpaTHas 3aj1a49a 31eKTpoKkapuorpadun, oOpaTHbIe 3a/1a49u JJIst
Mozeseil B30y KIeHus Ceplia, 3ada4un JIeKTPOUMIIETAHCHON ToMorpadun

INVERSE PROBLEMS ARISING IN THE HEART
ELECTROPHYSIOLOGY

Abstract. Inverse problems arising in the heart electrophysiology and numerical
methods for their solution are considered.

Key words: inverse electrocardiography problem, inverse problems for models of
the heart excitation, electrical impedance tomography problems

Oioit 3 HanboJIee aKTYaJIbHBIX O0PATHBIX 38184 9JIEKTPOMU3UOJIOTHH CEPIIIA STB-
JisieTcs obpaTHad 3aJilada dIeKTpokapauorpadun. B TpaJMIMoOHHON TOCTAHOBKE OHA CO-
CTOUT B OIIPEJIC/IEHUN TTOTEHIIHA/IA JJIEKTPUIECKOTO 10151 Ha BHEIITHEH MOBEPXHOCTHU CEep/Ila
10 M3MEPEHUSAM MOTEHIINAIA Ha JaCTU MOBEPXHOCTH TOpca dejioBeka. C MaTeMaTuIecKoi
TOYKU 3PEHUs 3Ta 3a/1a49a dBJsieTcs odbodbmennem 3a1aun Ko s ypasuenus Jlamiaca.
OjiHako ee pereHne CBA3aHO C CYNIECTBEHHBIMU TPYIHOCTAMU, OOYCJIOBJIEHHBIMEI HEOOXO-
JUMOCTBIO pelllaTh 3aJ1a4y B peaslbHON TpeXMEpHOU I'eOMETPUU U B HEOIHOPOJHON cpe-
Jie. MatemaTndeckre MOJIE/IM TIPOIIECCOB BO3OYKJICHUS B CEPJIlE IMPEJICTABIAIOT COOOM
HavaIbHO-KpPaeBble 3aJa4 JJIsd CHCTEM KBa3W/IMHEIHBIX yPaBHEHWI B YACTHBIX ITPOM3-
BoAHBIX. [IpobiemMbl TuarHocTUKN psifia KapAUOJOTHIecKuX 3a00JIeBaHnl CBA3aHBI C 3a-
JlavaMu OIpeJie/IeHNsl UCTOUHUKA BO30YK/IEHUs B PAMKAX 9THX MATEeMaTUIEKUX MOJIEJIeN.
Bajiatn 9JeKTPOUMIIETAHCHONW ToMOTpaduu B cjiydae KyCOUHO OJIHOPOJHON CPEJbl BO3-
HUKAIOT TIPU JIMArHOCTUKE PA3IUIHBIX 3a00/I€BAHUIN, B TOM YHCJIE U KAP/IHOJIOTTICCKUX.
B mux tpebyercs orpeeMTh BHYTPEHHIOI T'PAHUILY HEOJIHOPOJHOCTH 110 U3MEPEHUSIM
XapaKTEPUCTUK SJIEKTPUIECKOTO MOJId Ha BHEIIHEN I'DAHUIEe Tea.

JloKJ1a)1 TIOCBAIIEH UCCIIeIOBAHUIO OIMCAHHBIX BBIIIE OOPATHBIX 33J/1a9 U pa3padoT-
Ke YHCJIEHHBIX METOJIOB UX perieHusd. PaboTa BbIoIHEeHa 1IPU 1ojepkke Poccuiickoro
dona dyHmaMeHTaIbHbIX ucciegoBanuii, mpoekT 14-01-00244.
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KOMILIEKCHBI HEUPOCETEBOM MOJAXO/ INPU PELLIEHUU
OBPATHOM 3AJIAYU MATHUTOTEJJTYPUYECKOI'O 30HIAUPOBAHMUSI
C.A. JloneHKo(]), U.B.Ucaes'”, E.A.O6OpHCB(2),
1.E.OGopues®, N.T Ilepcuannes'”, M.W.I1Inmenesna”

DHUU soeproii pusuru umenu J.B. Ckobenvyvina,

Mockosckuii eocyoapcmeennwiii ynusepcumem umenu M.B.Jlomonocosa, Mockea, Poccus
@ Poccutickuii 20CY0apCmBeHHblU 2€071020PA38E00UHbLL YHUBEPCUMEem UMeHU
C.Opoorconuxuosze, Mockea, Poccus
e-mail: dolenko@srd.sinp.msu.ru

AnHoTanus. PaccMarpuBaeTcsi IByXdTalHBIA KOMILIEKCHBIA TOAXO0M K PEIIEHUI0 00-
paTHOM 3aJauyu MAarHUTOTEJUIYPUYECKOTO 30HIUPOBAHUSA C IIOMOIIBIO HMCKYCCTBEHHBIX
HelpoHHBIX ceTeil. Ha mepBoM sTane myTéMm pelieHus 3afadu KiacCU(pUKaluu BbIOMpaeTCs
HauOoJee ajJieKBaTHasl cxeMa IMapameTpu3anuu paspeza. Ha BTopom stame oOpaTHas 3ajqauda
pelIaercs ¢ IOMOIIbIO HEUPOHHOM CETH, HATPEHUPOBAHHOMN B paMKax BBIOPAHHOW CXEMBI.

Kniouesvie cnosa: obpammuvie 3a0auu, MazHUMoOmMenN1ypuieckoe 30H0Uposanue, UcKyCc-
cmeenHble HelpPOHHble cemu, KIaccupukayus, cxema napamempuzayuu

A COMPLEX NEURAL NETWORK APPROACH TO SOLUTION
OF THE INVERSE PROBLEM OF MAGNETOTELLURIC SOUNDING

Abstract. This study considers a two-stage complex approach to the solution of the in-
verse problem of magnetotelluric sounding with artificial neural networks. At the first stage,
the most adequate section parameterization scheme is selected by solving the classification
problem. At the second stage, the inverse problem is solved with the neural network trained
within the selected scheme.

Key words: inverse problems, magnetotelluric sounding, artificial neural networks,
classification, parameterization scheme

Pemenne oOpaTHO# 3amaun MarHuToTeITypruieckoro 3oaaupoBanus (O3 MT3) npen-
CTaBJISIET COOOM IMpoLecC NOCTPOEHUSI 0OPAaTHOTO OIepaTropa, MO3BOJISIONIET0 BOCCTAHOBUTH
pacmpeenenue MeKTpuaeckoi mpoBogumMoctu (O11) B TomImIe 3emian Mo 3HaY€HUSIM KOMIIO-
HEHT WHIYLIUPOBAHHOTO MPUPOJIHBIMA UCTOYHUKAMH AIEKTPOMArHUTHOTO I0JISI, H3MEPEHHO-
ro Ha ee nmoBepxHoctu. Metoag MT3 6b11 pennoxken akagemukoM A.H.TuxonoBsiMm [1].

B Hacroseit pabore paccmarpuBaetcst nsymepHas O3 MT3, npencrasisiomas codoit
ko3¢ punmentyo O3 s ypaBHenus ['enbmroinbua [2,3], koTopas B o011eM citydae pacrpe-
nenenus DIl sBnseTcs HEKOPPEKTHOHM BBUY €€ HeycTOMunBOCTH. OIHUM U3 crlocoO0B pabo-
THI C MMOJOOHBIMH 3aJ]a4aMHM SIBJISICTCSI CBEACHHUE OOIIeH 3a/1aui, HEKOPPEKTHOW 0 Anamapy,
K HECKOJIBKMM YaCTHBIM 3a/laduaM, KOPPEKTHBIM 110 THXOHOBY. B 1aHHOM KOHTEKCTE OJIMH U3
MyTei MOyYeHUsT PETYISIPU30BAHHOTO TPUOIIIKEHHSI COCTOUT B CY)KEHHH KJTacca MOJIENeH —
HaIpUMep, PACCMATPUBAIOTCS CTPYKTYPHI ¢ HEOOJIBIINM H 3apaHee WU3BECTHBIM YHCIIOM CIIOEB
[4]. OmHako 3apaHee HEU3BECTHO, KaKas M3 TMOJIOOHBIX CTPYKTYP MOXKET OKa3aThCsl Hanubosee
aJIeKBaTHOW B K&KIOM KOHKPETHOM cirydae. [|OmoIHUTEbHBIE CIIOKHOCTH BBI3BIBACT BBHICO-
Kasi pa3MEpPHOCTh paccMaTpUBAEMON 33/1a4M KaK MO BXOY (KOJMYECTBO M3MEPSIEMBIX 3HAUe-
HUW TSI OJHOTO PacHpeiesICHUsl COCTABIISIET HECKOJIBKO THICSY), TaK M 1O BBIXOAY (a/IeKBaT-
Hoe orcaHue pacnpeneneHus: D1 ucnonp3yeT HeCKOIBKO COTEH ITapaMeTpoB).

OpnuuMm u3 3(p(HEeKTUBHBIX METOIOB pelIeHUs HEKOPPEKTHBIX O3 BBICOKOI pa3MepHOCTH
SBIISICTCSI TIPUMEHEHHE AampPOKCUMAIIMOHHBIX TIOJXOJI0B, B YAaCTHOCTH — HCKYCCTBEHHBIX
Herponnsix cereit (MHC) [5,6]. B nannoii pabore paccMarpuBaeTcsi MCHOIb30BAaHUE KOM-
MIJIEKCHOTO HEMPOCETEBOTO MOAX0Aa s pemenust nsymepHoit O3 MT3.
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Jlnist peaM3aniy Takoro IMOJX0/1a HEOOXOIMMO 337aTh CIIOCO0 ONMMCAHUS pacmpeserne-
Hust D1 KOHEUHBIM YHCIIOM OTpEACIsIeMbIX TTapaMeTPOB, T.€. 3a/1aTh T.H. CXeMY IapaMeTpH-
3aruu (CII), 1 pemuTh ciemyronme moa3aaaqn:

1. Pa3pabotka o6mieit CII u HECKOJBKMX YAaCTHBIX CXEM, MPEANOojaralouiux Haludue
OTIPENICICHHBIX TE€OJIOTMYECKH ONPAaBIAHHBIX CTPYKTYP.

2. PazpaboTka mMeTosa Kiaccu(pUKALNK, MO3BOJISIONMIETO B KAKJIOM KOHKPETHOM CITydae
BBIOpaTh Hamboee noaxoasmyro CII.

3. Pa3zpaboTka ontumanbHOro anroputMma pemenus O3 B pamkax oomeit CI1.

4. TIpoBepka NpUMEHUMOCTH NOIX00B K pewieHuto O3, pazpabotanubix Ha oomeit CII,
K yactHbiM CII.

B cnygae ycnemHOTO pemieHHs BCeX ITHX MOJ3a7ad MOYKHO TOBOPHUTH O pean3aliuu
JBYX3TAITHOTO KOMIUIEKCHOTO Toaxo/a. [Ipu 3ToM Ha mepBoM 3tare OyieT MPUMEHSTHCS Me-
ToJ Kiaccupukauuu i Beioopa Haubosiee anexkBatHoi CII, a 3aTtem OyneT nmpou3BOAUTHCS
MHBEPCHS C MOMOIIBI0 HEHPOHHOM CEeTH, HATPEHUPOBAHHOU B pamkax BbiOpaHHOi CII.

Panee aBTOpaMu ObuIM NpeaokeHbl oAHa obOmas u mecth yacTHeix CII, npeanonara-
IOIIMX HAJIMYHE OT OJHOTO JI0 TPEX MPUIIOBEPXHOCTHBIX CIOEB C PA3HBIMH THIIAMH MTPOBOIH-
MoctH (cm.[7]). Jast kakmoi u3 cxeM MmyTéM pacuéra pemieHus: IpsMoil 3a1adu ObLUIH TOITY-
YeHBI TaHHBIE JUTsI 00YYSHHS COOTBETCTBYIOIINX HEHPOCETEBBIX alllIPOKCHMATOPOB.

beio takxe nmokazano [8], uro ¢ momonisto MHC 3anmava knaccudukanuum mo onpese-
nenuto Hanbosiee aaekBatHou CII mo maccuBy 3Ha4eHMI T0JIeH pemraercs ycnemHo ¢ 97.5%
MpaBUJIbHBIX paclio3HaBaHUIl B CpeTHEM IO KilaccaM U ¢ 6osee yeM 95% npaBHIIbHBIX pacio-
3HABaHUM B HAUXYJIIEM KJacce.

B Hacrosimeit pabore mMmoka3aHo, 4TO MpPEJIOKEHHBIH paHee aBTOpaMHU AJITOPUTM
HerpocereBoro pemenus O3 MT3 Ha ocHOBe I'pynmoBOro OnpeAesaeHus napameTpoB [7] sB-
nsiercst 3PQEKTUBHBIM | JUIS BCEX APYTHX pacCMAaTPUBAEMBIX CXEM ITapaMeTpH3aIiy pa3pesa.

Takum oOpa3om, pa3paboTaHBI U MPOBEPEHBI BCE COCTABIISIONINE, HEOOXOAUMBIC IS
peayin3alii KOMIUIEKCHOIO HEMpOCEeTeBOro mojixoja Mnpu pemeHuu asymepHoi O3 MT3.
JanpHeiimas padoTa JODKHA BKITFOUATh TECTHPOBAHUE BCETO MOIXO0A B LIEJIOM.
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MOJINP®UKAIINS OBOBIIIEHHOI'O METOJA HEBA3KU AJI4
NCXOJHBIX JAHHBIX C YPOBHSIMU ITIOTPEIITHOCTEN,
N3BECTHBIMU B OCJIABJIEHHBIX HOPMAX
A A. [dpsixenkos, M.M. Iloramnos
Daxysvmem BMK MI'Y umenu M.B. Jlomonocosa, Mockea, Poccus
e-mail: andrja@Qyandex.ru, mpotapov@tochka.ru

Awnnoramus. [Ipeioxken aaropuT™ YUCJICHHOTO PEIIEHUs 3a/1a9 YCIOBHON KBaI-
pPaTUYHON MUHUMHU3AIUKA B THILOEPTOBBLIX HPOCTPAHCTBAX. AJITOPUTM IIPEICTABIISIET CO-
601t Mo UKAIIIO OOOOIIIEHHOTO METOIa HEBA3KHU, IIPEIHAZHATCHHYIO /I pabOThI B yCJIO-
BUSIX, KOT/Ia IIOIPEITHOCTH B OII€paTOpe, 3a1af0IieM (DyHKIIMOHAJ, I3BECTHBI HE B HCXOIHOM
pPaBHOMEPHOII OIlepaTOPHOIT HOpME, a B JIBYX OCJIaOJIEHHBIX 110 OTHOIIEHHWIO K Hell HOpMax.

Kaouesvie crosa: HEKOppPEKTHBIE 3a/1a91, KB IpaTUIHAT MIHUMU3AIUsI, 0000IIEH-
HBIA MeTOJ HEBA3KH.

A MODIFICATION OF GENERALIZED RESIDUAL METHOD
FOR INITIAL DATA WITH ERROR LEVELS
KNOWN IN WEAKENED NORMS

Abstract. An algorithm for numerical solution of conditional quadratic minimization
problem in Hilbert spaces is proposed. Algorithm actually represents a modification of
generalized residual method for the case when error levels in operator defining cost
functional are known not in standard uniform operator norm, but in two weakened norms.

Key words: ill-posed problems, quadratic minimization, generalized residual method.

PaccmaTpuBaerca ciemyromas 3a/1a9a yCIOBHON MIHUMABAIAN:
Au — — min 1
A il — min. (1)

e A : H — F — iuHeifHbIii OrpaHMYeHHbIi onepaTop, JAeHCTBYIONHI B I'HIb0EPTOBBIX
npoctpancrBax H u F, a U C H — ci1abo 3aMKHYTO€ MHOXKECTBO.

[IpeamonaraeTcs, 9T0 BMECTO TOYHBIX MCXOAHBIX JaHHBIX A, f,U 3amaan (1) us-
BECTHBI HEKOTOPbIE UX MPUOJIMZKEHUS .A f U. YPpOoBHHU HOrpPEIHOCTe!l 0¢ U oy TPUdJIN-
JKeHHU# K 3jeMeHTy f 110 HOpMe TpocTpaHcTBa F u npubnmkennit K MHOxKectBy U B
xaycI0p¢doBoOil MeTPUKe IMPOCTPAHCTBa H IpenoaraloTcsa n3BeCTHBIMMU:

If = fllr <05, W(U,U) <op. (2)

OCHOBHBIM OTJIMYMEM PACCMATPUBAEMOl B JIAHHON paboTe ITOCTAHOBKHU 331891 OT KJIACCU-
YecKuX 1MOoCTaHoBOK |1| 3amau Buma (1) siBisiercst OTKa3 OT 3HAHUS YPOBHS OTPEITHOCTH
h npubimxkenuit K oneparopy A B paBHOMEDHOH OIEPATOPHON HOPME MCXOIHBIX IIPO-
crpanctB H u F':

1A — Allcspy < D (3)

Bumecro (3) cunrarorcst m3BeCTHBIME ypOBHU morpernsocteii At u h™ B coeayromux 6osiee
cs1abBIX 110 CPABHEHHIO C (3) OIEHKax:

|A - Allzaor+y < h7T, |A - Allza-—r) <h. (4)
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[Ipeanosaraercst, 9T0 Jyig TUILGEPTOBBIX npocTpancts FT u H™ u3 (4) umeror mecro
HENpepbIBHbIE U BCIOMY IJIOTHBIE Biaokenus F C F™ u H- C H. Tlycrs Takyke HapsLy
¢ (2) u3BecTeH ypoBeHb MOIPENTHOCTH 0}“ B 3JIeMeHTe [ 10 HOpMe IpocTpancTsa ' :

H]?— flle+ QO}L. (5)

[Ipu ciaenmaHHBIX MPEIIIOIOKEHUSX TPEJJIAraeTcsl CAe YOI IBYXITAITHbIN aJIro-
PUTM YHCJIEHHOTO perrieHust 3a1aan (1), sistrorumiics Mopudukarmeii 0606IIEHHOTO Me-
TO/Ia HEBA3KHU [2].

Oman I. Haxopures ontuMaabaoe 3HAYCHHUE @ 0000IIEHHO HEBA3KM:

fi= i (JMAu=flle+ bl ) + ovll Alleom + o, (6)

ueH—NU

Oman II. Unercs pemenue (U, 1)) ciaeayomeil 3amaqu:

@y < inf_|jullg +¢, (@,9) €M,
(u,)eM (7)

M = {(wv) € (U + By ) x P [0llp < i |Au—F = olles < ulln+o7 )

rzie napaMeTp € > 0 BbIOMpaeT BLIMUCINUTENb, Yepe3 B,, 0003HadeH map B IPOCTPAHCTBE
H ¢ nenTpom B HyJsie pajmyca oy, a IOJ CYMMOIA U + B,, nonumaerca ob0beIuHEHHE
BCE€BO3MOZKHBIX IIOIIaPHBIX CYMM 3JIEMEHTOB MHOXKECTB (7 u BJU. HepBaH KOMIIOHEHTA ﬁ
perienus 3a7a9u (7) 00bSBIISIETCS UTOTOBBIM HPUOJIMZKEHHEM K TOYHOMY HOPMAJTHLHOMY
PEIIeHNIO U, ucxomHoil 3amaun (1).

Teopema. [lycmo 3adaua (1) umeem HOPMAALHOE PEUEHUE Uy, GOINOAHENDL MPE-
bosanus (2),(4), (5), donycmumvie mroorcecmaa uz (6), (7) nenycmo: u 3amvikanue 6 npo-
empancmee H enympennocmu U cosnadaem ¢ camum U. Toeda npu cmpemaenuu scex
yposneti nozpewnocmert oy, O'j[, h*,h™, 0y u napamempa € K HYMO GHPAOAMBIEAEMDIE A1~
20PUMMOM NPUOAUNCEHUA U 00400a10M, COTCMEOM CUNHOT CTOOUMOCTU:

|t — wi||z — 0.

3amevanme. Tpebopanue U = intU ko MHOZKECTBY U MOKHO CHATDH, 3aMECTUB
MHOIKeCTBO U €ro &- pacimupenuemM U+ B. u yBeiuuuB Ha £ 3HaYEHUE ITapaMeTpa oy .
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AHHoTanusi. B pabore TpenCTaBICHBI pE3yNbTaThl CPAaBHUTEIHHOTO aHAIN3a
MIPUMEHCHHSI MHOTOCJIOWHOTO TIEPCENTPOHA M METOJa YaCTHYHBIX HAUMEHBIINX KBaJPAaTOB
JUTS PEIICHUS 33J[a4d OTPECIICHUsT KOHIICHTPAIIUH paCTBOPEHHBIX HEOPTAaHHUYECKUX COJICH B
MHOTOKOMIIOHEHTHBIX BOJIHBIX PACTBOPaxX IO CIIEKTpaM KOMOWHAITMOHHOTO PacCesTHUS CBETA.
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COMPARISON OF THE QUALITY OF SOLVING THE INVERSE PROBLEM
OF SPECTROSCOPY OF MULTI-COMPONENT SOLUTIONS
WITH MULTILAYER PERCEPTRON
AND WITH THE METHOD OF PARTIAL LEAST SQUARES

Abstract: This study provides comparative analysis of application of multilayer
perceptron and of the method of partial least squares (PLS) for simultaneous determination of
types and concentrations of inorganic salts dissolved in multicomponent water solutions by
Raman spectra. It is shown that the PLS has several advantages, such as the quality of the
solution and the time of creation of a regression model.

Key words: neural networks, partial least squares, inverse problems, spectroscopy,
identification.

B pabore mpencraBieHbl pe3yabTaThl CPaBHUTEIBHOTO aHANW3a IMPUMEHEHHS
uckyccrBeHHo HeipoHHoW cetn (MHC) - mHorocnoitHoro mepcentpona [1] u mertona
YaCTUYHBIX HAaUMEHbIINX KBajapaToB (partial least squares, PLS) [2] nHa npumepe peuieHus
00paTHOM 3a7a4M 10 OTPEACICHUIO MapIHAIBHBIX KOHIIEHTPAIMK 5 HEOpraHUIeCKUX COJIeH,
pacTBOpEHHBIX B BOJAE, IO CcHeKTpaM KoMmOuHanuoHHoro paccesHus (KP) [3].
Ucnonws3zoBanuck crnektpbl KP Boawsr B nuamazone 200-4000 CM_I, MPEACTABJIEHHBIE B BUJIE
2048 3HayeHM WMHTEHCHUBHOCTU B pa3HbIX KaHajlax crekrpa. Jns paboTbl aganTHBHBIX
QITOPUTMOB OBUIO MPOBEIEHO COKpAIIEHHE Pa3MEpPHOCTU IAaHHBIX, MYTEM OTOpachIBaHUS
CHEKTPAJbHBIX KAaHAJIOB, HE 00JaJAIOIIMX 3HAYUMOCTHIO U3 (U3NYECKUX COOOpaKeHUU, U
paBHOMEpHOE yCpeAHEHHE (arperarys) 3aJaHHOTO YHCiia COCETHUX KaHaoB [4].

[IpousBeneHo cpaBHEHHUE pellIeHUs 3a/1a4d B OJUH U JBa 3Tana [5]. B nepBom cityuae
npou3Boauioch oOydenue MHC Ha maHHBIX BCEeX BO3MOXHBIX KOMOWHAIMM coJiel B
pactBope. Ha Bxox MHC nomaBanuchk BOCBMUKPATHO arperupoOBaHHBIC CIICKTPHI, KEIAEMbIC
OTBETHI CETH — KOHIIEHTPAIlMU PACTBOPEHHBIX coyiei. [ 0O0ydeHus ceTu HMCIOJIb30BaJICs
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Habop maHHbIX B 9144 cnekTtpa, pa3OUTHII HA TPEHUPOBOYHBIM, TECTOBBIM U
9K3aMEHALMOHHBIM  Habopel B  cooTHoweHun  70:20:10. TpenupoBouHblii  HabOp
ucnoJsib3oBancs s noactpoiiku BecoB MHC, TecToBbIf — i1 OCTaHOBKM CETH IIpU
BO3HUKHOBEHHH 3(Ddekra nmepeoOyueHus, SK3aMEHAIIMOHHBIA — JUIsI HE3aBUCHMOW OIICHKU
KayecTBa padOThl 00yUEeHHOMU CeTH.

[Ipu nByxsTanHOM nojxojae Takxke ucnosib3zoBanack MHC, o0yueHnHas Ha BceM Habope
JAHHBIX, HO HA ATOT pa3 eJIaeMbl€ BBIXOJbl ObUIM OMHAPHBIMH: TPeOOBAJICs JUIIb OTBET Ha
BOINPOC O HAJIMYMUM TOW WJIM MHOM COJIM B pacTBope. Jlanee s onpeaeseHuss KOHIEHTPaui
ucnoJib3oBanack perpeccuontas moaens (MHC umu PLS), chopmupoBanHas Ha mpumepax
CIIEKTPOB pPacTBOPOB C TEM € COJIEBBIM cocTaBOM. CTOUT OTMETUTh, YTO (OPMUPOBAHUE
perpeccoHHOi Moaenu MetoioM PLS 3aHuMaeT MeHbIlle MUHYTBI, B TO BpEMS Kak B Cilydae
HNHC cuer uner Ha yachl.

[lonyueHnHbple pe3yabTaTbl CBUJAETENBCTBYIOT O TOM, YTO METOJ YacCTHYHBIX
HaMMEHBUIMX KBaJApaToB JeMOHCTpUpyeT ayumue, yemM MHC, pe3ynbTarsl ipu onpeaeneHuu
KOHLIEHTpAalMK{ CoJel OTHOCUTENBbHO NPOCThIX (A0 3-X KOMIIOHEHT) pacTtBopoB. llpu
UCCIIEIOBaHUU 00Jiee CJIOKHBIX PAacTBOPOB, BBHAY OOJIBIIOTO KOJWYECTBA NPUMEPOB
oOydJaromieil BBIOOPKM M Bo3pocumiei HenmuHeiHoctu 3amaun, UHC copanstores mydire.
OpHako NPAaKTHUECKH TEX K€ pe3ylnbTaToB yaaercs noctuub u PLS meromom mnpu
UCI0JIb30BAHUN HEIMHEWHOH NpeoOpaboTKu CIIEKTPOB (onepanus JorapuGMUpOBaHUs).
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Awnnoramus. B fokiaje npeacraBieHbl HEKOTOPBIE aKTya IbHbIE 3a/1a9l MaTeMar-
TUIECKON MMMYHOJIOTHH.

Karouesoie crosa: MatemaTndeckoe MoOJIe/IMPOBaHNe, MMMYHHAas CUCTEMA, MaTeMa-
THYECKasi OHKOMMMYHOJIOT U, HH(PEKITMOHHBIE DOJIe3HN

MATHEMATICAL IMMUNOLOGY: PROBLEMS AND METHODS

Abstract. A review of modern challenges in mathematical immunology.
Key words: Mathematical modeling, immune system, mathematical oncoimmunology,
infectious diseases

MaremaTnieckasi UMMYHOJIOTUS ABJISETCA OJIHOM M3 HAamOOJIee MOJIOJBIX U WHTEH-
CHBHO Pa3BUBAOIIUXCsl HAYK B coBpeMenuoM mupe. Coryacto [1], MaremaTudeckast uMmy-
HOJIOTUST — 9TO 00JIaCTh MPUKJIATHON MATEMATUKH, CBsI3aHHAS C IIPUMEHEHIEM MaTeMaTH-
YeCKUX METOJIOB U KOMITBIOTEPHBIX TEXHOJIOTUI JIJIsT MOJIEJIMPOBAHNUS, AaHAJIN3a U TPOTHO3a
JIMTHAMUKI TMMYHHBIX ITPOIIECCOB.

Hauasno npumenennsi MareMaTndeCKuX METOJIOB B UMMYHOJIOTMU OTHOCAT K Cepe-
JIMHE IIPOIILIOTO cTojIeTus, a B 70-X rojax myOJIuKyIOTCs Tejible CepUu PaboT KOJIJIEKTUBOB
yaensix u3 CIIA, CCCP, Bocrounoit u 3amauoit Esporer [2]. B 1970 Txopmkem Ber-
J0M ObLiIa, OIyOJMKOBAaHA OCHOBOIIOJIATAIONIAS CTAThs 3], B KOTOPOii MPe/TIZKEHO OIHca-
HUe I'yMOPaJIbHOM MMMYHHON peakIuy Ha OCHOBE MaTeMaTUYeCKONl MoJied KJIOHAJJIbHON
ceneknuy u anrurensonpoaykiuu. B 1974 roxy Besn ocnosan B Jloc-Asnamoce (CIITA)
IPYIILY TeOPeTUdIecKoil buosornn n 6nou3nuK, KOTopas BIOCIEJICTBUN IPEBPATUIIACH B
BeJLy I IIEHTP TeopeTudeckoit umMmmMmyHosiorun u kiaeroanoit 6uosoruu. B CCCP k ocnoBo-
[OJTATAIOIIIM ITYOJTUKAIUSIM B 00/IACTH MATEeMATHIECKOW UMMYHOJIOIUU OTHOCSTCS pabOThI
["". Mapuyka 110 UCCIETOBAHUIO HH(EKITMOHHBIX ITPOIECCOB U UMMYHHON PEAKITMU Opra-
um3Ma Ha naroren [4,5]. B 1974 roxy 8 BI CO AH CCCP (HoBocubupcek) akaieMIKOM
["I.Mapuykom B TecHoMm corpyiaaudectse ¢ akajgemukamu AMH CCCP P.B.IlerpoBbiM
u H.M.HuceBuu Ob1IM MHUIUUPOBAHBI PAOOTHI 110 MATEMAaTUIECKOMY MOJETUPOBAHUIO B
UMMYHOJIOTUU U MEJIUINHE, KOTOPhIe OBbLIN MPOI0/IKeHbl B VIHCTUTYTE BBIYUCITUTETBHON
maremarnku PAH (Mocksa). B 510 ke Bpemsi Takue pabGoThbl 6bLIn HavaThl Ha Kadeape
6nodmsuxku B MI'Y um. M.B. Jlomonocosa (Mocksa) [6].

Kpyr 3a7a1 maremarndyeckoit IMMYHOJIOTUN YPE3BLIYANHO OOIIUPEH - OH OXBATHI-
BaeT OOJIBINHCTBO AKTyaIbHbBIX IIPOOJIEeM TeopeTndeckoir uMmmynosornu. Hazosem TosibKo
JIBa BayKHEHIIUX HAIIPAB/ICHUS UCCIEI0BAHUN B 9TOW 00/1aCTH, CTUMY/IUPYIOIIIX OIPOM-
HOE KOJIMYeCTBO paboT, — MaTeMaTUdecKoe Mojie/inpoBanue narorenesa BUY-undexmun
U MaTeMaTHIecKast OHKOMMMYHosorus (cM., Hanpumep, [7],[8]).
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AHHOTaIII/Iﬂ. B crartee PaCCMOTPCHBI 3aa4a HHTPOIIPOAOJDKCHUA NOTCHIHMAJIIBHOTO
IoJis1, 3aJada BBIMECTAHHMA MacC U npo6neMa KOHOCHTpaOluu Macc. B xowmmiekce oHH
IIO3BOJIAIOT JIOKAJIN30BaTh NCTOYHHUK ITOJIA.

Knrouesnie cnosa: uHmponpO()OJzofceHue, KOHYeHmpayus, ebiMenarnue.

PROBLEMS CONCENTRATION AND SWEEPING MASSES IN
GEOPHYSICS.

Abstract. In the article considered: problems introcontinuation potential field,
problem sweeping of masses and problem concentration of mass. Corresponding algorithms
are used for lacalization source of the field.

Key words: introcontinuation, concentration, sweeping.

B crarbe MBI paccMOTpPUM KOMIUIEKC U3 3-X QJITOPUTMOB HMMEIOIIHN LEJBIO

HHTCPHIPCTALUIO IMMOTCHIUAJIBHOI'O IIOJIA M3MEPCHHOI'O0 Ha I[HeBHOﬁ IMOBEPXHOCTU C LECJIBIO
N

onpezeneHuss Mmopgoisiornyeckux € = UQi U IUIOTHOCTHBIX O(®), ® € () XapaKTEepUCTHK
i=l1

ucrounuka Q noinsg U(X) B pamkax anpuopHO# nHpOpMaLIUU.

[lepBrlii anropuT™ MPEAINOIaraeT nepecyer rpaBUTAMOHHOTO JIM00 MATHUTHOTO IMOJIS
C IHEBHOM MOBEPXHOCTHU Ha ONPECIICHHYIO ITTyOMHY B paMKax KpaeBoW 3aJjauu [epBoro poja
JUIS SJUTUNTUYECKOTO YpaBHEHUS:

AUX)=0, XeQ, U(x,0)=U,(x,y).

Pemenune 3amaun umiercst B Buje psaga ®Oypre. KosimyecTBo 4jieHOB psfa ONpEneiser

rIyOMHY M3y4aeMOro MOJI- TO €CTh SBJISETCS XapaKTEPUCTUKOW HACTPOWKH HEIMHEHHOro
¢unbTpa. B kauectBe (QuibTpa BhICTyNAeT NOJIHBIM HOpMmupoBaHHbIM rpaaueHt (ITHI) [1]

GN:\/Uj(X)+Uj(X)+Uf(X) ySJ‘\/Uj(X)+Uf,(X)+Uf(X) , e S -

oOpabaTeiBaemast momab. [lpeanoxken HOBbIM KOHEeUHO-pa3sHocTHBINA BapuanTt [THI™ (KITHI)
MCIOJIb3YIOLIUHI EPEKPECTHBIN aHAIN3 110 OCSIM adCLIMCC U OpJUHAT.

3amaua  KOHIIGHTPAMM  MOXKET  HCIIOJB30BAaTh  YBEIHMUCHHYIO  TPEABLAYIIAM
QITOPUTMOM  aNpUOPHYI0 HHPOpMaANMIO O p = {Q,5 (a))}. Kpome Ttoro, mns uedtn
o(w)e[0.4 2/ em’ 2/ cm’]. Tlpobnema TpejamonaraeT MHOTOKPAaTHOE peIIeHHe 3a/a4u

BBIMETAHHMS MAacC B paMKaX CTAaTUCTUYECKOW pPETYISIpH3allid Ha OCHOBE HEBSI3KH JIHOO
CTJIQXKUBAIOUIET0 (PYHKIMOHAA.
B oneparopnoit hopme 3amaua KOHIIEHTpAMH (OTIPEACTCHUS P) UMEET BU/I:

3 3 o v v
Ap=06.(s ), s €', rne A omnpexpensercs KpaeBod 3anadedl sl JMHEHHOTO

napabosnyeckoro ypaBHenus, =0V , V:V 5 Q.
AJIFOpI/ITM KOHIOCHTPAIWX BKIIIOYACT 3aJa49y MUHHUMH3AlWU KBaJApaTa HCBA3KHU MCKIY

) * * 19 o
3aJaHHON  Op(s ), s €' M TrpaHMYHOM IUIOTHOCTBIO  PACCYUTAHHOW IIOCPEINCTBOM
MHOTOKpPAaTHOTO BBIYHCICHUSI IUIOTHOCTH O(w), @€ Q wmerogom Monre-Kapno u ee
BBIMETaHUS Ha rpaHully OV . 3ajjaua BHIMETaHUS pealn3yercss YUCIEHHO Ha OCHOBE cxeMbl /1.
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3ugapoBa. OO6nacTs () ompenenseTcss Ha IEPBOM 3Talle AITOPUTMa Ha OCHOBAHHH IEJIEBOTO
YCIIOBHA. 3ajadya MHUHHUMH3AIHWHA KBaJpaTa HEBS3KH pENIacTcs I CUCTEMBI BIIOKCHHBIX
KOMITaKTOB:

A 2

A . 2 * 2 * %
p=arginf p“(Ap,6.(s )), V>V ,rne p°(Ap,0.(s )):HAp—c‘)‘r(s )L
2
3amavya pemaercs B JaBa JTana. Ha mepBoM — 1O M30JMHUSAM HAa TpaHsIX V Mol
omnpenenseM Mopdosoruto obmactn Q. Ha BTOopoM - O6(w) B pamMKax CTaTHCTHYECKOM

peryaspu3anuu.

B MIPOBEICHHBIX BBIUMCIIATENEHBIX AKCTIEPUMEHTAX
V =[0,lxm]x[0,1xm] x[1/3xm,4/3xm].

[TocpencTBOM HMHTEpIpPETAIIMM PACCUYMTAHHBIX KapT, MBI JIOKAIA3YEM TOTIOJIOTHIO
obmactu () B BHJE: IIapa MaJIOTO pajnyca pPacroJiOKEeHHOTO Ha riyonHe 1 kM (mozaens 1);
IBYX IIapOB Ha pa3IMYHBIX TIyOMHax (MOJenb 2); IBYX TOPU30OHTAIBHBIX KpPYTrOBBIX
UMWIHMHAPOB (Moenu 3,4); TOMOJIOrHYECKOro IPOU3BEICHNUS Iapa Ha JiBa MEPIEHANKYISIPHBIX
OTpe3Ka MapaIeIbHBIX O0csM abcuucce U opauHar. s 6osee MENKOro mara JIOKaJIU3yeTcs
Mopdostorust obmactu €, kak: Ky0 B meHTpe obnactu V; mapamienenunen (Moaenb 7); 1Be
CBSI3HBIX 00J1acTh B popMe KyOoB (MoeTb 8).

Ha BTOpOM »3Tame KOHIEHTpPAIMK MBI OIpPENeNsieM IUIOTHOCTH JIOKATH30BaHHBIX
00BEKTOB KaK TOCTOSIHHBIC, HO JUISI HEKOTOPBIX CBS3HBIX OOJIACTEH pPACIOJIOKEHHBIX Ha
pa3HBIX NIyOMHAX pa3TMIHbIC BETHYNHBI.

o = 3
JUis  TOYHBIX  3HAQYEHUH  IUIOTHOCTH O (S )  MOrpPEelHOCTh  pe3yibTara

— 2 ~
€ = H(S(a)) -5 (co)”l2 <1.5%. Jlna 3a1aHHBIX ¢ HOTPEIIHOCTBIO 3HAYEHHUH MIOTHOCTH Op(s'):

5 =[6:(s")=8:(s)

2
[ <5% e <5%.

ANropuT™M BKIIIOYEH B KOMIUIEKC MpPOTpaMM HHTEpIpeTanuu JUisi He(TIHbIX
MECTOPOKICHUMN.
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O NIPIMEHEHUU ITPUHITUIIA IBONICTBEHHOCTU
B SAIJAYAX VIIPABJIEHUA 1 OBPATHBIX 3AJTAYAX
JI19d TIAPABOJINMYECKUX YPABHEHUN
H. JI. Toabaman
Mocxoscruti Tocydapemeennnts Ynusepcumem um. M.B. Jlomorocosa, Mockea, Poccus
email:goldman@srce.msu.ru

Awnnoramusg. Ha ocHoBe npuHIUIIA IBOIICTBEHHOCTH YCTAHOBJIEHBI CBOWCTBA ILIOT-
HOCTHU yCPeJIHEHHbIX HA0J/II0/IeHUI B 3a/la4aX YIIPaBJIeHUs JIJIs JIMHEHHbIX 11apab0/IniecKux
ornepaTopos. [IpuHIun JIBOWCTBEHHOCTH TIO3BOJISET UCHOJb30BATh ITH CBOMCTBA ILJIOTHO-
CTH TIPU UCCJIEJOBAHUY YCJIOBHI €JIMHCTBEHHOCTU B HEKOPPEKTHBLIX 0OpaTHBIX 1mapaboin-
YeCKUX 3a/1a9ax ¢ (PUHAJTBHBIM IIePEOIpPe/Ie/IEHIEM.

Karuesvie caosa: TPUHIIAI JIBOMCTBEHHOCTH, TapabOInIeCKe YpaBHEHN, 33, 1a4U1
yIpaB/eHnus, oOpaTHbIe 3aa4i, GUHATHHOE ITepeolpe/Ie/eHne, e IMHCTBEHHOCTD PeIlIeHNs.

ON APPLICATION OF THE DUALITY PRINCIPLE
IN CONTROL PROBLEMS AND INVERSE PROBLEMS
FOR PARABOLIC EQUATIONS

Abstract. On the basis of the duality principle density properties of the averaged
observations in control problems for linear parabolic operators are proved. The duality
principle allows one to use of these density properties for investigation of uniqueness
conditions in ill-posed inverse parabolic problems with final overdetermination.

Key words: duality principle, parabolic equations, control problems, inverse problems,
final overdetermination, uniqueness property.

PaccmarpuBaeTcs cucreMa, COCTOSIHIEE KOTOPOIi OIIpe/IesseTcs Kak pertenne u(z, t; v)
3ajaun ynpasiaerus B obractu () = §2 x [0, 7]

— Lu =0, (Jf,t) €Q, (1)
u|S><(O T — 07 U|t—0 = ’U(iC), T c Q? (2)

n

Lu = Z(am T, 1)Uz, ), Zb x, t)u,, — c(z,t)u,

ij=1
ryie Lu — paBHOMEPHO JJIMIITUYECKHIT OTIePaTop ¢ BEIeCTBEHHbIMU TJIaIKUMU KO3 duu-
enramu, () C R" — orpanuvennas 00/1acThb ¢ TJIaJKON rpanuteit S, v(x) — ynpasisiomas

dbyukua u3 8’ Q).

Jng ee mabmonennii, ycpeJHeHHBIX Ha BpeMeHHOM unTepsase [T — To, T,

T
u(x;v) = TO_I/ uw(z, t;v)dt, 0<Ty<T,

T—Tp
YCTAHOBJICHBI CJIeIYIONIe CBOMCTBA.

Teopema 1. Ilycmo xoadpuyuenmo, ypasnenus (1) nenpepwieno, 6 QQ emecme ¢
npouseodnvMu (a;;)z, (aij)e, (b;)z, v kpome mozo, c(x,t) > 0 6 Q). Ipu npobezarnuu ynpas-

0o
nenuem v(x) ecezo npocmpancmea C () nabarodenus u(x;v) obpasyrom muoscecmeo,
_ 0
6ctody naomuoe 6 Lo(§), m.e. uz coommnowenus dasn nexomopot dynryuu w(x) €C ()
0
/ﬂ(m;v) w(x)dr =0 YveC ()
0

caedyem, wmo w(x) =0 npu x € Q.
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O06o00IIeHneM 3TOT0 CBOMCTBA SIBJIETCH
Teopema 2. Ilycmo svinosnens, ycaosus meopemnv, 1. Ecau das aobozo ynpas-

0o
aenus v(x) us C () coomeememsyrowue pewenus zadawu (1), (2) ydosaemeoparom
COOMHOULEH IO

T
/ /u(:v,t;v) alz,t)dedt =0 Yo E(Oj' Q)
T—Tp
Q

05 HEKOMOPOT HenpepuleHot 6 @ Pynryuu oz, t), ne menaowet snak no nepemennol
t€10,7], mo a(z, T —Ty) =0 npu x € Q.

JlokazaTebCTBO 9TUX YTBEDKJIEHUI OCHOBAHO HA NPUHIUIE JIBOHCTBEHHOCTH U
CBOiiCcTBE OOpPATHON €JMHCTBEHHOCTH JIjIsI JIUHEHHBIX MapaboIMYecKux ornepaTropoB. FKcimn
Lu — camoconpsizkeHHbIil onepaTop ¢ Koahdurmenramu, He 3apucsiumu ot ¢, 10 B [1]
COOTBETCTBYIOIINE CBOMCTBA IJIOTHOCTH ycTaHoBgeHbl 2K.-JI. JImorcom ¢ momorbio mpe-
obpazoBanus @ypbe. PesynbraTsr Teopem 1, 2 MOATBEPKIAIOT €TI0 MPEINOJIOKEHNE, UYTO
CBOICTBO IJIOTHOCTH YCPEJHEHHBIX HAOJIOJEHUI MMeeT MeCTO W B CJIydae JIMHEHHBIX Ia-
pabosmaecknx oneparopos OoJiee 0bmero Bujaa, dem B [1].

3HaveHne STUX CBOUCTB IVIOTHOCTH (KaK yCTAHOBJICHHBIX JIHOHCOM, TaK 1 uX 0600~
IeHni) He OrPAHUIMBACTCS 3a/a9aMu yipasienus. /{anuas pabora MPOJOIKAET UCCTTe-
noBaHus |2, 3| 0 IpUMeHeHNH YKA3aHHBIX CBOWCTB K 0OPATHBIM HApabOJINIeCKIM 3a,1aaM
HA OCHOBE HPUHIIUIA JIBOWNCTBEHHOCTH. TaKOil MOIXO0/1 MO3BOJISET YCTAHOBUTH CBS3b MPO-
OJ1eMbl €IMHCTBEHHOCTH JIJIsi 0OPATHBIX 33/1a4 ¢ (DUHAJBHBIM IIePeope/Ie/IeHIeM CO CBOii-
CTBaMH ILTOTHOCTH PeIleHnN COOTBETCTBYIONIUX COMPIKEHHBIX 3a/1a1, KOTOPbIE SIBIII0TCS
3ajadaMu ynpasienus suga (1), (2).

Jlns obparnoit 3aga4uu o naxox gennu dbyuxmmit {u(x,t), f(z)} B k1accax Teapaepa
HYPAHN2(Q) x HMNQ) (0 < A < 1) u3 yeaosuii

ug — Lu = h(x,t)f(x) + p(x,t), (x,t) €Q
U|S><(O,T] = ’U($’t)> ($,t> €5 X (O7T]’

u|t:0 = gO(I‘), u|t=T = g(l’), S QJ

Ha OCHOBE IPEJJIATAeMOTr0 MOIX0/a JTOKA3aHA

Teopema 3. ITycmv xosdduyuenmos a;;, (aij)z;, bi, ¢, h up npunadaescam HM/?(Q);
dynryuu v u © npunadaesicam, coomeemcmeenno, H>PMFN2(S x [0, T)) u H*A(Q) ¢
eparuneti S us xaacca H*T; evinoanenv ycaosus coeracosanua

Uy — L90|mes,t:0 = {h(x, O)f(x) +p(:p, 0)}|cceS-

Hpednonosicum maroice, wmo dunarvnas Gynxuus g(x) npunadiescum H>TQ) u ydo-
BAEMBOPAEN. YCAOGUAM COZAACOGAHUA

v = Lglaesi=r = {h(2,T) f(x) + p(x, T)}aes-

ITycmw, xpome mozo, koadduvuenm c(x,t) > 0 npu (z,t) € Q, npouscodnve (a;); u
(bi)z, nenpepvienn, 6 Q, Kosdduyuenm h(z,t) ne mensem snax no nepemennoti t € [0, T]
u snaroonpedeser npu t =T, m.e. |h(z,T)| > 0 npu x € Q.

Tozda 6 cayuae cywecmeosanus pewenus {u(z,t), f(z)} € H*FMFN2(Q) x HNQ)
0HO ONpedessemcs 00HO3HAYHO.

[Toy4yenHbIe PE3YJbTATH MO3BOJISIOT PACIIUPUATDH KJIACC 0OPATHBIX 3a1a4, 00J1a,/1a-
IONIUX CBOWCTBOM €IMHCTBeHHOCTH pertennst (cm. [4-6]).
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MATEMATUNYECKAA MOJIEJIb
OJHO®A3HOW 3AJAYN CTE®AHA C HEI3BECTHBIM
PACITPEAEJIEHHBIM KOHBEKTVBHBIM KO®PUNIINEHTOM
H. JI. Toabaman
Mocxoscruti Tocydapemeennnts Ynusepcumem um. M.B. Jlomorocosa, Mockea, Poccus
email:goldman@srce.msu.ru

Awunoramug. Vccneayercs nocranoBka ooparHoii 3agaun Credana B ogHOMpa3HOI
obJtacTu i mapaboIndecKoro ypaBHEHHS ¢ HEHM3BECTHBIM KOI(DMUIUEHTOM IpH MJIa/I-
el mpou3BoAHOI. B KadecTBe HomoHITEIbHOM HHMOPMAIINK O PEIIeHIH IPAMOii 31241
Credana 3aano puHaabHOE Mepeonpenenienne. /lannas Moaenb cBg3aHa ¢ uaeHTuduKa-
nueit koddduinrenTa KOHBEKTUBHOIO TEIJI0O0OMEHA 110 M3BECTHBIM B KOHEYHbBITT MOMEHT
BPEMEHHU PACIIPEIICHUIO TeMIEPATYPhI U MOJI0KeHHI0 (ha30BOro (hpoHTA.

Kawueswvie caosa: obparnas 3agada Credana, ¢azoBoiit ¢ppont, koddduiment
KOHBEKTHBHOI'O TeILI00OMeHa, (hHHATBHOE ITepeolpe/ie/ieHne, MapadomIecKoe ypaBHeHHe.

A MATHEMATICAL MODEL OF ONE-PHASE STEFAN PROBLEM
WITH AN UNKNOWN DISTRIBUTED CONVECTION COEFFICIENT

Abstract. A statement of an inverse Stefan problem in a one-phase domain is
investigated for a parabolic equation with an unknown coefficient multiplying the lowest
order derivative. Final overdetermination is specified as additional information on the
solution of the direct Stefan problem. This model is connected with identification of
the convection heat transfer coefficient from the temperature distribution and the phase
boundary position given at a final time.

Key words: inverse Stefan problem, phase boundary, convection heat transfer
coefficient, final overdetermination, parabolic equation.

PacemarpuBaemas mojenb oopaTtHoil 3aga4un Credana npejicrapiasgeT coboil B Tel-
JopU3NIECKOH HHTEePIPEeTAInH onpeaeaenne KoddduimenTa KOHBEKTUBHOIO TEILITO00Me-
Ha 110 U3BECTHBIM B KOHEYHBI MOMEHT BPEMeHH paclpeJeseHUI0 TeMIlepaTypPbl U ITOJI0ZKe-
auio azororo ¢pporTta. COOTBETCTBYIOMAS MaTEMATHIECKAsT MOCTAHOBKA COCTOUT B Ha-
XOKJIeHIH HEHM3BECTHOTO KO3(hMUIMEHTa IPU MJIA el IIPOU3BOJIHON B KBa3WIHHEITHOM
napaboImIecKOM ypaBHEHUU B OiHOMA3HOI 00/1aCTH € JOIOJHUTE/IbHOM nHMOpMaIueii B
BHIe (PUHATBLHOTO IepeoIIpe e/ IeHns.

[Tycrs npsimas 3agaua Credana 3ak/ovaercs B Haxoxkgaenun dyuknun u(z,t) B
oanodasnoit obmactn Q = {0 < x < £(),0 < t < T} u dasosoro dbponra &(t) upn
0 <t < T us ycnosmii

clx, t,u)uy — Lu = f(x,t), (x,t) €Q, (1)

Ulg=o = V(t), Ulg=eqy =u"(t), 0<t<T, (2)

ulimo = p(z), 0<a <l &=o=1l, l>0, (3)

7(17’ L, u>|x:§(t)§t<t> = CL(ZL’, l, u>uﬂﬂ|x:§(t) + X(I, L, u)|x:§(t)7 0<t< T7 (4)

rJle PABHOMEPHO JLIHITHYECKHil oneparop Lu uMeer Buj
Lu = (a(x, t,u)uy,), — p(z)b(z, t,u)u, — d(z,t, u)u,

a > Qpin > 0,0, ¢ > cpin >0, d > dyin >0, p, f, v, U™, 7Y > Yin > 0, X 1 ¢ — U3BECTHBIE
GYHKIAA, Gminy Cmins Qmins Ymins lo = const > 0.
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[Tox pemenuem cooTBeTcTBYIOIIEHl KO3 dumenTHoit obpatroit 3agaun Credana
HOHUMAETCs COBOKYNHOCTh (pynknuii {u(x,t),£(t), p(z)}, npunamexamux kiraccam

u(z,t) € H¥MHA(Q), &(t) € H'V20,T),  pla) € CH0, B4,
0<Bo<&(t) < Bi, Bo,Br=const, By >1,

V/IOBJIETBOPSIONINX cOOTHOMIEHIsAM (1)—(4) 1 JOMOTHUTEIBHOMY YCIOBUIO B KOHETHDIH MO-
MEeHT BpeMeHN
ult:T = g(m)a 0 S x S la £’t=T = la [ > 07 (5)

B [peJoIoKennn, 9To ¢(z), [, a TakzxkKe Bce Apyrue BXoaHble janubie B (1)—(4) 3aaHbl.

Broi6op GpyHKIMOHAIBLHBIX OPOCTPAHCTB JJId PElleHns W BXOJHBIX JAHHBIX 3TOM
00paTHOM 3a/a4u IIPOBOAUTCH Ha OCHOBE TOYHBLIX JAu(@EPEHIMaJbHbIX 3aBUCUMOCTEH B
kJsaccax Lesbaepa, ycranosiennsix B |1] mst npsimoii 3agaan Credana (1)—(4). dst usy-
JeHWsl yCJIOBUil ofHO3HaTHOCTH onpejesenust perrennst {u(z,t),&(t), p(x)} (B cayqae ero
CYIIECTBOBAHUS B YKA3aHHBIX KJIACCAX) JIEJIAeTCsl PEIBAPUTEIHHO 3aMeHa ITePEeMEeHHbBIX
"primpamiaenue dponta'y = x£71(t), npeobpasyomas dbaszosyo obmacTh () B IpAMO-
yroabiyio obaacts 11 = {0 <y < 1,0 < ¢t < T} dbukcuposannoil mupuuel. DT0 H03B0-
JISIeT MOJIY9YHTh COOTBETCTBYIONIEE yTBep:KaeHue st ooparnoii 3agaun Credana (1)—(5)
[0 aHAJOTUH ¢ [2], rae mccsieoBanbl yCIOBHsI €JMHCTBEHHOCTH pertennst Koadhdumment-
HOil oOpaTHOi 3aja4uu /i MapadboJIHIecKOro ypaBHeHUs B 00J1acTH ¢ (PUKCHpPOBaHHBI-
MU rpaHunaMu. JonoaHuTenbable TpeOoBaHnd K BXOJHBIM JAHHLIM, HOMAMO YCJIOBHIA MX
ITAJKOCTH, COTTTACOBAHHOCTH M HEBBIPOZKIEHHOCTH (Ha30Boil obmacTi (, yCTAHABINBAET
caeyonast

Teopema. Ilycmv 6 obaacmu ceoezo onpedeachus koapduyuenm b > by > 0,
Npou3BodHbLE Ay U Cp HENPEPBLLEHDL U, KPOME M020, Punasvras ynkyus g(x) npunadie-
orcum H*T0, 1], ydosaemeopaem ycaosusam cozracosarusa le—o = li=r, glomi = u*|i=r
u umeem snaxoonpedesernyio npouzeoonyio |g.(z)| >0 npu 0 < x <.

Tozda pewenue {u(x,t),&(t),p(x)} 6 cayuae ceoezo cyuecmeosanus ABAACMCA
eduncmeennvim 6 H>TNFN2(Q) x HFA2(0, T x CH0, B1], npu yeaosuu anarumuunocmu
koadppuyuenma p(x) npu 0 < x < Bi u suakonocmoancmea no t € [0,T] npouseodnot
ug(z,1).

JlokazaTeibcTBO OCHOBAHO HA TPHUHIHIE JABOMCTBeHHOCTH [2], cBolicTBe 0GpaTHON
eJIMHCTBEHHOCTH JIJIs JIMHEHHBIX 11apabondecKuxX Oneparopos |3 u Ha ycJoBUSAX OIHO-
3HAYHON Pa3permuMOCTH KPaeBbiX 3aj1a4 ¢ (uxkcupoBanubiMu [4] 1 cBOGOAHBIME IDaHU-
navu [1]. PacemarpuBaemas nocranoska obpartHoii 3amaun Credana (1)-(5) momyckaer
HEMOHOTOHHOe JBum:KeHne (pazoBoro ¢pponta. Ecim Bo BpeMs cBoero ABUKeHHS (POHT
&(t) mpm o6om ¢, 0 < t < T, He HPeBOCXOAUT ¢BOEro (hUHAIBLHOTO TMOJN0KeHus &|—p = [,
TO OT TpeboBaHus aHAIMTUIHOCTH KOd(bdUInenTa p(xr) MOKHO OTKA3ATHCS.
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HAXOXEHUE BCEX OBOBIIEHHBIX YPABHEHUI LITYPMA — JINYBUIS CO
3HAKOITOCTOSIHHBIMU KYCOYHO-AHAJIMTUYECKMMU KODOOUITMEHTAMMU,
MMEIOHINX JAHHYHO MATPULLY MOHO/IPOMUU
A.A. TonyOkoB
CYHI MI'Y um. M.B. JlomonocoBa, MockBa, Poccust
andrej2501 @yandex.ru

AHHoTanus. [lycTb H3BECTHO, YTO CYyIIECTBYET XOTS Obl OJHO ypaBHEHHE BUJA

!
( f(x) y’) + (r(x) — 22 w(x) )y =( ¢ HEU3BECTHBIMH KYCOYHO-aHAUTHICCKUMH KOA(PUITECH-
TaMu (PYHKUUU /U W , KPOME TOTO, 3HAKOIIOCTOSIHHBI U HE 00pallaiTcs B HyIlb), UMEIOIIee
Ha otpeske [0,a] 000OIIEHHYI0 MaTPUIy MOHOAPOMUHN M (4). B moknazne pemieHa 3amaua

HaX0XAeHUs KO3 (UILIMEHTOB BCEX TAKUX YPaBHEHUIH.
Knrouesvie cnosa: obpammuas cnekmpanvHas 3adaud, mampuya MOHOOPOMuUU, 0000-

wennoe ypasnenue LLImypma—/luyeunis.

FINDING OF FULL FAMILY OF GENERALIZED STURM - LIOUVILLE EQUATION
WITH SING-CONSTANT PIECEWISE ANALYTIC COEFFICIENTS HAVING GIVEN
MONODROMY MATRIX

Abstract. Let it is known, that there exist an equation of type
( f(x) y’) + (r(x) — 22 w(x) )y =0 with unknown piecewise analytic coefficients (functions
f(x) and w(x) are also sing-constant and not equal null), which has generalized monodromy
matrix M (4) oninterval [0,a]. A problem of finding of full family coefficients of such equa-

tion is solved in this paper.
Key words: inverse spectral problem, monodromy matrix, generalized Sturm — Liouville
equation.

K HacTosimemy BpeMeHU XOpoUIo M3ydyeHa oOpaTHasl CleKTpasbHasl 3aja4a JUlsl LIUpo-
Koro kjacca ypaBHeHuil LlItypma—IJInyBuiisl ¢ OAHUM HEU3BECTHBIM KO3(DPUIIMEHTOM U3
Tpéx [1, 2]. B wacTHOCTH, M3BECTHO, YTO €CJIM TaKas 3ajladya UMEET pPEelIeHUE, TO OHO €/IUH-
ctBeHHO. [Ipu 3TOM oueHb ciabo u3y4yeH ciiydaid, korjga B 00o0meHHoM ypaBHeHuu LTyp-
Ma—JInyBusuis Heu3BecTHO Oosiee ojiHOro KO3 duureHTa. ECTh TONBKO OT/ENbHBIE PE3yiib-
TaThl JUIsl YPaBHEHUM, OJUH U3 KOIPPHUIIMEHTOB KOTOPBIX SBISETCS KYCOYHO-IIOCTOSHHBIM

[3].

bynewm naswiBath ypasnenuem A-muna o6odmennoe ypasuenue [Itypma—IJInyBummis

!
(f(x)y’) +(r(x)—12w(x))y:0,xe[O,a],a>0, (1
C BEIIECTBEHHBIMU KYCOYHO-aHAUTHYECKIMH K03 (OUITMEHTaMu, €CIIM U3BECTHO, YTO (yHK-
mun f(x) 1 w(x) 3HAKOTIOCTOSTHHBI M HE 00paIarTcs B Hyab Ha oTpeske [0,a].

Iyers y;(x,4), j=1,2 — pewennst ypaaeHus (1), yAOBICTBOPSIOMINE IPAHUYHBIM
yemoBusim ¥, (0,4) =1, y{(0,4)=0, y,(0,4)=0, f(0)y5(0,1)=1. Obobwennoii mampuyeii
moHoopomuu ypasuenus (1) Ha otpeske [0,a] Ha30BeM MaTpuiry

n A A
M(i):( Jﬁ(a’ ) J’2(a: ) ]
f@)yi(a,4)  f(a)y;(a,A)

Bynem HazbiBaTh ypasnenuem B-muna ypaBaenue lltypma-JInyBuis Buga
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d (Vo(z> du
dz\ a dz
3neck: 1) o — HEKOTOpas NOJIO0KUTENbHAA KOHCTaHTa. 2) OyHkuusa R)(z) sABIAeTCA Kycod-

]"‘ (Ro(z) —AZOCVO(Z) )u(z) =0, ze[0,a].

Ho-aHanuTudecko. 3) Otpesok [0,a] pa3bur HeKOTOpbIMH TOYKaMU 0=z <z,...<zy=a

(N=2k wmm N =2k+1, k>1 — moboe HarypasbHOE unciio) Ha N —1 dyacteil. Bo Bcex
TOYKAX Zj,Z3,....,Zy5_, JIM00 cama QyHkuus V(z), mbo ee mponsBoaHasd, 1100 U QyHKUUSA, U

e€ mpousBojHas mpereprneBaroT ckadok. 4) Hna  zeZ, =[z,z,,]1Y[zy 2y i ]
(=12,...,k=-1), zeZ, =[z;,2z,,,], a B cnywae N=2k+1 nw wuia zeZ,,, =[2;,1,2412]>
Gbynkuusa V(z) 3amaercs cieayronuMu GOpMyIaMu:

Vo(2) = 04, /1i(2) + 0y 15 (2) + 03, 3, (2) + @y f4i(2) + a5, f5(2) , 2 € Z;,
rre i=12,...,K; K=k, em N=2k u K=k+1, em N=2k+1;

(d; —2)2 (d; =3z, +22) (z —Zi)2(3dl~ -z, —2z) (z—2z,)(d, _2)2
(z)= , (2)= ) i\Z)= ’
fll( ) (di—Zi)3 f2( ) (di—Zi)3 f3( ) (di—Zi)z
(z-z)*(z—d.) (z—z)*(d, —z)* ,
(2) = i Ay (2) = I ! ; di=zy npu i=12,.,k mu
J4i(2) , _Zi)2 Ss5:(2) , _Zi)2 N—i+l p
dy) =2y 04,0, ,00,,00,; — HEKOTOPBIE BEIIECTBEHHBIC YHCIA, IPUYEM O U O, THOO

BCE IIOJIOKUTEIBHBI, JTU00 BCE OTPULIATENBHBI, Os; :aﬁzi /(3a0i); Cg; :min(oc3l.,—oc4l.) pu
o).

B noxiane nokazana cieayroliasi OCHOBHasi Teopema: eciu Matpuua M (A) sBisercs

a,; >0 u ag =max(ay,—a,,) npu a; <0; o = sign(a“)min(|och.

9

0000111eHHOM MaTpHlIe MOHOJAPOMUHN HEKOTOPOTO ypaBHEeHUS! A-Tuna Ha otpeske [0,a], To:
1) cymecTByeT, ¥ MPUTOM €IUHCTBEHHOE, ypaBHEeHUE B-Tumna (Ha3oBeM ero ypaBHEHH-
em B1), umeromee Ha otpeske [0,a] 00001IeHHYIO MaTPUILy MOHOJPOMHH PABHYIO M 1);
2) MHOXECTBO BCEX ypaBHEHHS A-THIA, UMEIOMUX 0000IEHHYI0 MAaTPUIly MOHOJIPO-
mun M (4) , MoryT OBITH MOJTy4YeHbI U3 ypaBHEeHUs Bl ¢ moMoIibpio MHOKECTBa Bcex peodpa-

z
30BaHUM BUma: x(z) = J.n(v)dv , Y(x)=u(z)u(z), tne n U y yIOBIECTBOPSIOT YCIOBHSIM:
0
a) (bYHKIII/II/I n 1 U ABIAIOTCA IHOJOXUTCIbHBIMU KYCOYHO-aHAJIUMTUYCCKUMU

¢dbyakuusmu Ha otpeske [0,a];
b) [n(v)dv =a; ¢) u(0) = u(a) =1, /'(0)= p'(a)=0;
0

d) dysxiun p u Vyu' Bcromy HenpepbiBHBI Ha [0,a].
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[IOCTPOEHUE PEIIIEHNS BbIPOXXIEHHOM 3AJTAYM B TEPMUHOJIOI M1 YKOP-
JAHOBBIX IHETIOYEK
I'paxcoanuyesa Enena IOpveena
KaHo. ¢uz.-mam. Hayk, ooyewm, Mncmumym Mamemamuxu, dxonomuxu u Unpopmamuxu
Upxymckoeo I'ocyoapcmeennoeo Ynusepcumema, HUprkymck
E-mail: grelyur@mail.ru

AHHOTauusi. B crarbe mocTpoeHO pemieHus 3amaddl Ui audepeHIuanbHO-
Pa3HOCTHOI'O ypaBHEHUS IIPU MOMOLIY (yHIaMEHTaIbHOM ornepatop-QyHKIUN

Kniouegvie cnosa: 6aHaxoBO MPOCTPAHCTBO; MU depeHranbHO-pa3HOCTHBIN onepa-
TOP; JKOpJAHOB Habop; GyHIaMEHTalIbHAs OnepaTop-(QyHKIIHSL.

THE BUILDING THE SOLUTION OF THE DEGENERATION TASK IN THE TERMI-
NOLOGY OF THE JORDAN SET
Grazhdantseva Elena
Candidate of Science, associate professor of Irkutsk State University
E-mail: grelyur@mail.ru

Abstract. The building of solution of task for the difference-differential equation with
use the fundamental operator-function in presence the article.

Keywords: the Banach spaces; the difference-differential operator; the Jordan set; the
fundamental operator-function.

Bo3spacratomuii nHTEpeC K ypaBHEHHUSIM, HEpPa3pEIICHHBIM OTHOCUTEIbHO CTaplIel
MIPOU3BO/IHOM, 00YCIOBIIEH HEOOXOAUMOCTBIO PEIICHUS BaXKHBIX MPUKIIATHBIX 33]1a4 (B 4acT-
HOCTH, B 00nactu GU3uKu aTMocdepbl, PU3UKU TU1a3Mbl, TEOPUU IJIEKTPUUECKUX LIETIEeH, Au-
HaMUKe KoJIeOaHUM cTpaTUPUIMPOBAHHON XKUAKOCTH U MHOTHUX JIPYTUX), a TAK)KE €CTECTBEH-
HBIM CTPEMIIEHHEM K W3YYEHHIO HOBBIX MaTEMaTHUYECKUX OOBEKTOB.

B Gonpuieit yactu padoT, NOCBSIIEHHBIX TEOPUU KpaeBbIX 3a4ay sl JudepeHun-
aIIbHBIX YPAaBHEHUH paccMaTpuBaiCs ciydail, KOrja omepaTop HpH crapiiedl MpOU3BOIHON
HEBBIPOXK/IEH. Eciau yciioBHe HEBBIPOKJIEHHOCTH HapylIaeTcs, TO HEOOXOJIUMBbI JOMOJIHU-
TelbHbIe TpeOOBaHUs Ha JaHHbIE 3a1a4u. 1lo100HOTO posia TpeOoBaHMs €CTECTBEHHBIM 00pa-
30M CY)KalOT BO3MOKHOCTH IPUMEHEHHS NOJy4deHHBIX pe3yiabTaTtoB. [losToMy npenacrasisier-
Csl UHTEPECHBIM CTPOUTH OOOOILEHHBbIE pElIeHus, UIsl KOTOPbIX HET HEOOXOJUMOCTH B JI0-
MOJIHUTEIbHBIX YCIOBUSX.

OnHako HEMOCPEACTBEHHO TOCTPOEHUE 0000IIEHHOTO (M HEMPEPHIBHOTO B TOM YHCIIE,
€CJIH TaKOBOE CYILECTBYET) PELICHHS] COMPOBOXKIAETCS OYEHb I'POMO3JIKUMHU U JIOCTATOYHO
HEeyI0OHBIMH BBIKJIaJJIKAMU, YTO B CBOIO OYepe/b 3aTPYIHSAET OUCK PELICHHUS.

[lonatue ¢yHmameHtampHOW  omepatop-GyHKIMHM, BBeAeHHOE Tpodeccopom
M.B.®ananeeBplM, KaKk pacllMpeHHE MOHATUS (YyHIAMEHTAJIbHOTO pelieHus auddepeHun-
IBbHOTO (MHTErpajbHOrO0 M HHTErpo-auddepeHInanbHoro) onepatopa Ha OaHAXOBBI IMPO-
CTPaHCTBA, Ta€T BO3MOXKHOCTh OTOWTHU OT IPSIMOTO MOCTPOEHHUSI 0000IEHHOTO peleHus, Mo-
Jy4asi ero Kak CBEpPTKY (yHJaMEHTaJbHOW omneparop-(QyHKIMH ¢ UCTOYHUKOM (MpaBoil ya-
CThIO ypaBHEHUSI — cBOOOJHON (QyHKUHMelN). 3HaHUuEe yHIaMEHTAIbHOHN ornepaTtop-QyHKIMN
MO3BOJISIET B 3aMKHYTOM (hOopMe BBIMUCHIBATh OOOOIIEHHbBIE PELICHUS U ONPENEATh YCIOBUS
CYLIECTBOBaHMS HEMPEPHIBHOTO PELIEHUS UCCIEyeMOM 3a/1aul, U30erasi HermoCpeICTBEHHOTO
nmocTpoeHus nocueanero [1].

PaccmatpuBaercs kpaeBas 3aadya
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2(5_””@,) = G2 (e =)t ) f670),
X

ot \ Ox
u(¢, x,
rneuzu(l‘,x,y)z 1( y) ’ulz(taxay)xzo :ulz(taxay)le’
uZ(taxay) ’ y=0 ’ y=l
al(xay)
u(taxay)‘tzo :a(xay) > C((X,y) = ) al,z(xay) x=0 = al,z(x»J’) x=1>
o5 (x,y) =0 y=1
0 _1 t)‘x)
szﬂ( j, G=[gll glz],k—quHoe, f(l‘,x,y)=[fl( y)j,
10 821 &2 fo(t,x,p)

dynkumn f 5 (¢, x,y) nenpepsisubie 1o £, X, ¥V, u f1,(6,x,¥), uy 5(t,%, ), @ 5(x,y)
npunauiexar kiaccy BUC(R, E,) [2] npu mo0six ¢puxcuposanusix £, X, 1= 0.

Takum oOpa3zoM, 0000IIEHHBIM PEIICHUEM UCXOTHOM 3aaun OyIeT Cieayromas
GyHKIMS:

u(t,v)=U(,v)* (f(z‘,f/) + Ba(v)o(t)) =

:(riﬂ(z_i‘f( oy >Aq0;p’_i)]9(t)x S (1) IO kW) +

+2 p { D) oy ) }5 DY ChS - lit)] *(/(2.9) + Ba(M)s(0).

rae B= ai +K, A= Gai , I' - onepatop Tpenoruna Imuara [3] nns oneparopa B .
28 x
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1. I'paxnanueBa E.JO. ®dynnameHnTtanbHble OnepaTop-QyHKIUU BBIPOKICHHBIX

nuddepeHnnaIbHbIX ONEepaTOPOB BBICOKOTO MOpsiIKa B 0aHAXOBBIX MPOCTPAHCTBaX: MOHO-
rpadus / E.1O. I'paxxpannesa. — Upkyrck: U3n-so UT'Y, 2013. —91c.
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Identification of unknown temporal and spatial load distributions in a
vibrating Euler-Bernoulli beam from boundary measurements
A. Hasanoglu (Hasanov)*, O. Baysal
* Izmir University, Gursel Aksel Blv. no:14 Izmir-Turkey
e-mail: alemdar.hasanoglu@izmir.edu

¥ Lymir University, Gursel Aksel Blv. no:14 Izmir-Turkey
e-mail: onur.baysal@izmir.edu.tr

Abstract. We consider a system governed by Euler-Bernoulli beam equation u;+
(E1(2)uzz)ee = F(x)H(t), (x,t) € (0,1) x (0,T), with simply supported ends (u(0,t) =
Uz (0,t) = 0, x € {0,1}), where the slope 6y(t) at © = 0 is assumed to be a given available
boundary observation (measured data) for all ¢t € (0,7"). We formulate two identification
problems. In the first problem the temporal load H(t) is assumed to be a given input and
one needs to identify the unknown spatial load F'(z) from the observation (output) 0y(t) :=
u(0,; F'). In the second problem, the temporal load H(t) needs to be identified for a given
input F'(z) and the output 0y(t) := u,(0,¢; H). We introduce the input-output operators
@ : L20,1) — L*(0,T), (PF)(t) := uy(0,t; F),and VH : L*(0,T) ~ L*(0,T), (VH)(t) :=
u.(0,t; H), t € (0,T), and reformulate these problems as the operator equations: ®F = O
and WH = O . Since all observations contain a random noise, we use the most prominent
regularization method, Tikhonov regularization and prove the unique solvability of quasi-
solutions of both regularized problems. We develop the adjoint problem approach to derive
the adjoint problem corresponding to these identification problems and prove that the
corresponding cost functionals J(F) := ||®F — O||r2¢0,r) and J(H) := ||V H — O¢|| 20,1
are Fréchet differentiable and the Fréchet gradients can be derived explicitly via the adjoint
problem solution and known load. Moreover, we show that these gradients are Lipschitz
continuous. The last result allows use of gradient types convergent iteration algorithms.
Results of numerical simulations illustrate robustness and high accuracy of the algorithm
based on the proposed approach.

Key words: Temporal and spatial load identification, Euler-Bernoulli beam, In-
verse problems Fréchet gradient, Lipschitz continuity, ill-posedess
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Inverse source problems for a vibrating Euler-Bernoulli beam based on
boundary measured data
A. Hasanoglu (Hasanov)
Lzmir University, Gursel Aksel Blv. no:14 Lzmir-Turkey
e-mail: alemdar.hasanoglu@izmir.edu

Abstract. This work presents a systematic study inverse source problems for a
vibrating Euler-Bernoulli beam equation uy + (EI(2)uy, )2 = F(2)H (t) based on limited
boundary measured data. The following two class of identification problems are formu-
lated. In the first class of problem the temporal load H(t) (or the spatial load F(x)) is
assumed to be a given input and one needs to identify the unknown spatial load F'(x)
(or the unknown temporal load H(t)) from the observation (output) 0y(t) := u,(0,; F)
(slope at = = 0), i.e. Dirichlet type measured data. In the second class of problems, the
temporal load H(t) (or the spatial load F'(x)) needs to be identified for a given input
F(z) (or the unknown temporal load H(¢)) and the output M(t) := (EI(2)uzs)z—0 (mo-
mentum at z = 0), i.e. Neumann type measured output data. In view of physical models
(simply supported bridge model, helicopter rotor blade model, etc.) both measured data
are available in engineering applications. In the temporal load identification problems,
we introduce the input-output operators ® : L?(0,1) — L2(0,T), (PH)(t) := u,(0,t; H)
and W : L?(0,T) — L*(0,T), (VE)(t) := (EI(2)uz)s—o- In the spatial load identifica-
tion problems these operators can be introduced in a similar way. Then these problems
are reformulated as the operator equations: ®H = 6 and VH = M. Since all obser-
vations contain a random noise, the most prominent regularization method, Tikhonov
regularization is used to prove the unique solvability of quasi-solutions of both regular-
ized problems. We develop the adjoint problem approach based on weak solution theory
for PDEs to derive the unique adjoint problems corresponding to these identification
problems. Then we prove that the corresponding cost functionals J(H) := ||® — 9||%2(0’T)
and J(H) := ||V — MH%Q(O’T) are Fréchet differentiable and the Fréchet gradients can be
derived explicitly via the adjoint problem solution and a known load. Moreover, we show
that these gradients are Lipschitz continuous. The last result allows use of gradient types
iteration convergent algorithms. Results of numerical simulations illustrate robustness and
high accuracy of the algorithm based on the proposed approach.

Key words: Temporal and spatial load identification, Euler-Bernoulli beam, In-
verse problems Fréchet gradient, Lipschitz continuity, ill-posedess
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ON SMOOTHNESS CONCEPTS IN TIKHONOV REGULARIZATION
FOR NONLINEAR ILL-POSED PROBLEMS IN BANACH SPACES

B. Hofmann*

* TU Chemnitz, Faculty of Mathematics, D-09107 Chemnitz, Germany

e-mail: hofmannb@mathematik.tu-chemnitz.de

Abstract. Since the 1960s the Moscow research group founded by A. N. Tikhonov
developed the basics of the theory and practice of Tikhonov regularization for the stable
approximate solution of ill-posed operator equations in abstract spaces and corresponding
numerical implementations. With the monograph [1] the scientific community throughout
the world became familiar with Tikhonov’s regularization method. A few years later the
monograph [2], essentially edited by A. G. Yagola, gave an overview of results with focus on
nonlinear inverse problems. At this time, also the monograph [3] by H. W. Engl et al. was
published which contains two chapters on the variational and iterative regularization of
nonlinear ill-posed problems.

It is well-known for thirty years that specific conditions concerning the smoothness
of solutions are required in order to obtain convergence rates in regularization of ill-posed
problems formulated as linear or nonlinear operator equations in Hilbert spaces. Origi-
nally, rate results for such problems were based on source conditions of range-type, i.e.
the solution has to belong to the range of some linear operator closely connected with the
forward operator or its linearization. Since ten years range-type source conditions also
play a prominent role for convergence rates in Banach space regularization. However, in
the case of nonlinear ill-posed equations in Hilbert and Banach spaces additional condi-
tions with respect to the structure of nonlinearity of the forward operator are necessary.
It is a substantial advantage of variational source conditions, which have been developed
since 2007 (cf. [4]), that they combine solution smoothness and nonlinearity conditions.
Variational source conditions express the interplay of error terms in the pre-image space
and changes of the forward operator in the image space in form of variational inequalities
which have to be satisfied for all regularized solutions under consideration (cf. [5-7]).

In this talk, the opportunities and limitations of this new smoothness concept for
obtaining convergence rates in Tikhonov regularization are outlined. Moreover, based
on variational source conditions, there are presented new results on Tikhonov-type -
regularization for ill-posed problems under the condition that the sparsity assumption
slightly fails, but the solution is still in ¢! (cf. [8]). Specifically, new ideas refer to the
improvement of recently published convergence rates results and their extension to non-
compact forward operators. One part of the talk is devoted to the relationships between
M. Z. Nashed’s types of ill-posedness and mapping properties of the forward operator
like compactness and strict singularity. The focus of another aspect of the talk is on
the applicability of variational source conditions to Lavrentiev regularization in a Hilbert
space setting when the forward operator is nonlinear and monotone. As in Tikhonov
regularization also in Lavrentiev regularization appropriate variational source conditions
have the potential to yield convergence rates.

Parts of the presented results are taken from joint work with Jens Flemming,
Steven Biirger, Ivan Veseli¢ (Chemnitz), Peter Mathé, Giinter Steinmeyer (Berlin), Ot-
mar Scherzer, Radu Bot, (Vienna), Barbara Kaltenbacher, Elena Resmerita (Klagenfurt),
and Martin Burger (Miinster). The research is supported by the Deutsche Forschungsge-
meinschaft (DFG) under grant HO 1454 /8-2.
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PEIIEHUE OBPATHBIX 3A/IAY XUMHWYECKOW KNHETUKH HA IIPUMEPE
MOJIEJIX OPET'OHATOPA
P.J1. Uxpamos, C.A. Mycraduna
Cmepaumamaxckuii ¢punuan bawkupcroeo I'ocyoapcmeennozo Yuueepcumema,
Cmeprumamax, Poccus
e-mail: rustam_ikramov@mail.ru, mustafina_sa@mail.ru

AHHoOTanus. PaccMOTpeH anroputm perieHusi oOpaTHBIX 3a7ad MOUCKA U YTOUHEHUS
KMHETUYECKUX MapaMeTpoB MoJeel XMMHUYECKUX KoJjebaTelnbHbIX peakuuil. AnpoOupoBaH
QITOPUTM Ha [pUMepe MoJenu KosebaTesnbHOM peaknuu benoycopa-XKaboTuHckoro
Operonarop. B kadectBe pemieHus mMpsMOW 3aaddl HMCIOJIb30BaH Meroa PoszenHOpoka c
JNeUCTBUTENbHBIMU KO3 ULIneHTaMu.

Kniouesvie cnosa: ronebamenvnvie peaxyuu, Opezonamop, peaxyus benoycosa-
Kabomunckoeo, kpumuueckue sA61eHus.

SOLVING INVERSE PROBLEM OF CHEMICAL KINETICS FOR OREGONATOR
MODEL

Abstract. The paper considers an algorithm for solving inverse problems of finding and
verifying models of chemical kinetic parameters of oscillatory reactions. The algorithm is
tested on the model of the oscillatory Belousov-Zhabotinsky reaction Oregonator. As a
solution to the direct problem Rosenbrock method is used with real coefficients.

Key words: oscillating reactions, Oregonator, BZ-reaction, critical phenomena.

Peakmus benoycoBa-’KaGOTHHCKOTO SIBISETCS THIUYHBIM IPUMEPOM KOJIeOATEITBbHBIX
peakuui, MOJEIMPOBAHUEM M YHUCIIEHHBIM HCCJIEJOBAaHUSAM KOTOPOH 3aHUMAlOTCS MHOTHE
yU€Hbl€, HO JI0 HACTOSILEr0 BPEMEHH OCTAeTCs OTKPBITBIM BOIPOC pa3pabOTKU METOJOB U
ATOPUTMOB pEIIeHHsI OOPAaTHBIX 3a7ad MOWCKA W YTOYHEHHS KUHETHYECKHX IapaMeTpOB
peakuuu. OAHOM U3 W3BECTHBIX MOJeNel KoyeOaTelbHbIX peakuuil SBISETCS MOJIeNb
peakunu  benoycoBa-Kabotunckoro «Operonarop» [1]. Ee Maremarwdeckuii Bun
MIPEJICTaBISET COO0M KECTKYIO cucTeMy AU epeHInanbHbIX YPaBHEHUH ¢ OOJIBIINM YUCIOM

00YCIIOBJICHHOCTH:
ax _ kAY —k, XY +k,AX — 2k, X*
dt
%:—k]AY—k2H+ﬁSZ (1)
Z—f =k,AX —kZ

C HAYaJIbHBIMU YCIIOBHSIMU
X,=5-10",Y,=3-107, Z,=5-10". (2)
st pemienns psimoit 3aaauu (1) - (2) 6b11 BeIOpan metoa Po3eHOpoka, OCHOBaHHBIM

Ha HESIBHBIX CXEMax peHIeHUs CHCTeM JIMHEHHBIX anreOpandeckux ypaBHEHHH. B
MPOCTEHIIeM citydae MeTo bl Tua Po3eHOpoka MOTYT UMETh BU]T

(E+ChJ+Ch I )y, —v,)=hF(y, +ChF), 3)
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rae y,,, — UCKOMOE YHCIEHHOE PEeIIeHHEe Ha OJHOM Illare MHTerpupoBaHus MuHel /i, C,,
C, n C; — x03hOHULIHEHTHI, ONIPEAEIAOIUe METOA, ¥ U [ — n -MepHbIE BEKTOP-(QyHKIUH,
J — marpuna SIko6u ucxoaHon cucreMsl AU pepeHnanbHbIX ypaBHEHUN, E — eTUHUYHAS
marpuna. Otmerum, uto £ u J (0e3 aprymMeHToB) BcroAy o3Havaror F(y,), J(»,).
OOpaTtHas 3amadya COCTOMT B OIpeleleHHH mapamerpoB k(i =1..5) Ha ocHOBe

OKCIICPUMCHTAJIBHBIX JaHHBIX KOHHGHTpaHHfI, YYaCTBYIOIIUX B PCAaKHU BCIICCTB. Torna
(bYHKIII/IOHaJ'[ KpUTCPUA MOMCKA KWHCTHYCCKUX KOHCTAHT IIPUMCET BUA:

W N ¥4 E]

x? —x )
E E B - k| 5 min, (€))
k=1 i=1 xkj

rae W — KOJIM4ecTBO 3KCIEpUMEHTOB, N — KOJIMYECTBO HAOII0Aa€MbIX BELLIECTB.
B o01ieM Buje anropuT™ noucka peuieHus 00paTHoi 3a1a4i COCTOUT U3 TPEX I1aroB:
1. 3agaTh HauvadbHbIE MapaMeTpbl METOJAA MMHUMM3AIMKM (YHKIHMOHANIA KavyecTBa,
JaHHbIE JKCIEPHUMEHTAa, HayajlbHOE MPHUOIIKEHWE 3HAYEHUN KUHETHYECKUX KOHCTAHT

k(i=1.5);

2. HailtTu MUHMMYM (¢QyHKIOUMOHala KauyecTBa (4), pemas npsamyro 3amady (1) c
HavyaJIbHBIMH YCIIOBUAMH (2),

3.COrIacHO ANTOPUTMY METOJa MHUHHMH3AIUU MEHSEM 3HAYCHHS KHHETHYCCKHUX
KOHCTaHT k(i =1..5) u nepexoaum K mary 2.

B kauectBe Merona MMHMMH3AIMM (DYHKIIMOHAJAa KadyecTBa MCIOJIb3YETCS METO]
Xyka-JxuBca. [lpu pemeHun oOpaTHOW 3ajaud IMOMCKAa KHUHETHUYECKUX MapaMeTpoB B
mojenu (1) - (2) ObuIM yrouHEeHbI 3HaYE€HUs] KOHCTAHT CKOpocTed &, k;, ks:

kl k3 k5
Dtanon 1.34 8000 0.5
YucneHHbIH ITOUCK 1.25 8130 0.57

HOJ’[y‘{CHHBIC PE3YIbTATHI MOKA3bIBAIOT, YTO 3HAYCHUA KMHCTUYCCKUX KOHCTAHT k] -
k, OTAMYArOTCA OT STAJOHHBIX C NOIrpeIHOCTBI0 He Oonee 11%. Takas morpemHoCTh

CUMUTAETCS AOMYCTUMOM B KHHETHYECKOM HKCIIEPUMEHTE.

Takum o00pa3om, B paboTe pa3paboTaH alrOpUTM pelieHdus OOpaTHBIX 3ajad,
OCHOBaHHbIM Ha L-ycroitumBom Merone Po3eHOpoka, KOTOpHI MO3BOJIET OINpPEAEATh
KMHETUYECKHE TapaMeTpbl KojeOaTeJbHOM peakluuH, MPOBOJUTH pacdyeT MpsSMOn
KHHETUYECKOW 3aJaud W HaXOJIUTh NEPHOJbI KoJieOaHWW peakiuu. Pesynbrartel pacuera
pPEaTM30BaHHOIO AJITOPUTMa IIOKA3aJIM YIOBIETBOPUTEIBHOE COIJJACOBAaHUE C JaHHBIMH,
OMyOJIMKOBaHHBIMU B pabote [2].

Jlureparypa
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KoJieOaTeIbHOM peaknuu npumepe peakuuu benoycoBa-XKaboturckoro // bamkupckuit
Xumunueckuit XKypnan. 2015. T.22. Nel. C.87-91.
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IMPOBEPKA HA MO/JIEJIbHBIX TAHHBIX
3O®PEKTA MOBBIIEHUSI TOYHOCTU HEMPOCETEBOI'O PEHIEHU S
MHOI'OITAPAMETPHYECKOM OBPATHOM 3AJIAYH
IMPU I'PYIITIOBOM U ITO3TAITHOM OIPEJAEJIEHUU TAPAMETPOB
N.B. Ucaes, C.A. JloneHko
HUU AHoepnoti puzuxu umenu /I.B. Crobenvyvina MI'Y umenu M.B. Jlomonocosa,
Mockea, Poccus

e-mail: isaev_igor@mail.ru, dolenko@srd.sinp.msu.ru

AnHoTtauus. [Ipu pemenun MHoromapamerpuyeckux oOpatHbix 3aaad (O3) Helfpoce-
TEBBIMU METOJIaMU ObLJIO 0OHAPYKEHO MOBBIIIEHUE KaUueCTBA PELIECHUs [IPU I'PYIIIOBOM U MO-
ATAIHOM OIPEAEICHUH apaMeTPOB, UMEIOIIUX CXOHbIE 3aBUCHUMOCTH OT BXOJHBIX JAHHBIX.
OddexT1 ObLT TPOBEPEHBI HA MOJICBHBIX JAHHBIX, 33JIAHHBIX SIBHBIM 00pa30M, H cliejaH BbI-
BOJ 00 MX MPUHAIIEKHOCTH K (YHAAMEHTAJIbHBIM CBOMCTBAM IEPCENTPOHOB KaKk METOj]a
pemenus O3.

Knrouesvie cnosa: mnoconapamempuyeckas obpamuas 3a0a4a, nepcenmpon, epynnogoe
onpeoeneHue napamempos, NOIManHoe onpeoeieHue napamempos.

TEST ON MODEL DATA FOR THE EFFECT OF PRECISION IMPROVEMENT
IN A MULTI-PARAMETER INVERSE PROBLEM SOLUTION
WITH GROUP AND STEPWISE DETERMINATION OF PARAMETERS

Abstract. In solving multi-parameter inverse problems (IP) with neural network meth-
ods, an improvement of the solution quality has been discovered with group and stepwise de-
termination of parameters having similar dependences on input data. The effects were tested
on model data defined explicitly, allowing one to make the conclusion that these effects be-
long to fundamental properties of perceptrons as a method of IP solution.

Key words: multi-parameter inverse problem, perceptron, group determination of
parameters, stepwise determination of parameters.

Oo6parnas 3agada (O3) MarHuToTeITyprUecKoro 3oHaupoBanus (MT3) 3akimouaeTcs B
MMOCTPOCHUH pacTpeieieHus deKTponpooaHoctu (D11) B Tose 3eMiu Mo u3MEpPEHHBIM Ha
€e TIOBEPXHOCTH KOMIIOHEHTAaM 3JEKTPOMArHUTHOTO TIOJISI, WHAYIIMPOBAHHOTO TPUPOIHBIMH
UCTOYHUKaMU. Iy peanu3any HEMpPOCETEBOrO pellieHUs JaHHOW 3a/a4yl MCKOMOE pacipe-
JIeJIeHUE 3a/1aeTCsl KOHEUHBbIM YHCIIOM MapaMeTpoB U B caMoi o01iell gopme onmuchIBaeTcs
3HaueHusMu Ol B y3:1ax 3apaHee onpeaeneHHON NPOCTPaHCTBEHHON CETKU C MOCIeIyromen
WHTEPHNOJISIIUENA MEXIY Y3IaMHU.

OpHako, Ui aIeKBaTHOTO OIMCAHUS PACIIPEAETICHHS YHUCIO0 TaKUX IMapaMeTPOB JOKHO
OBITH JIOCTAaTOYHO OOJIBIIMM, JAOCTUTasi HECKOJIbKUX COTEH Jake€ B JIBYMEPHOM Ciydae, 4To
CYLIECTBEHHO CHHM)KA€T TOYHOCTb M YBEIMUYMBAET BBIYUCIUTEIBHYIO CIIOKHOCTh PEIICHHUS.
[ToaToMy npu HENpOCeTEBOM pelIeHUH MHOronapamerpuieckux O3 mpUMEHSIOT OIX0/1, OC-
HOBAHHBIN Ha pa3/eJeHUH UCXOIHOM 3aaauu, coaepxaiieil N onpezensieMblX TapaMeTpoB, Ha
N 3amay 115 01HOTO MapamMeTpa Kaxiasl.

B pabore [1] Obuto MOKa3aHO, YTO 0OBbEIUHEHHE UCKOMBIX MapaMeTpoB B HEOOJbLINE
TPYIIBl C OJHOBPEMEHHBIM OTIPEICICHUEM IMapaMeTPOB BHYTPH Ka)IOH TPYIIBI €IWHOU
HEHPOHHOM CeThI0 MO3BOJIMJIA YBEJIUYUTh TOYHOCTH perieHuss O3 MT3 B ciaydyae cXOJIHBIX
3aBHCHUMOCTEH IPYNIUPYEMBIX ITAPAMETPOB OT BXOIHBIX TAHHBIX.
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O¢ddexT noBpIlLIEeHUsT KayecTBa PELIECHUs MPHU TIPYNIIOBOM ONPEICIIEHUU IapaMeTpoB
HaOmrogancs u B ciaydae pemienus O3 MT3 ¢ ucnonp3oBaHHEM JPYTrUX CXEM MapaMmeTpusa-
LMY, KOTJa ONpEeNIieMbIMHU MapaMeTpaMu SIBJISIFOTCSI HE TOJbKO 3HAUYEHHUS DJIEKTPUUECKON
IIPOBOJMMOCTH B HEKOTOPBIX TOUYKAX, HO U T€OMETPUUYECKUE pa3Mephl ONpPeAeIEHHBIX Ie0JI0-
TUYECKUX CTPYKTYDp [2].

B pabote [3] ObUTO TTOKA3aHO, YTO MPH MOJaYe HA BXOJ HEUPOHHOU CETH, TOMUMO 3Ha-
YeHU noJsei, eme u 3HayeHuil D11 mapameTpoB, UIMEIOIIUX CXOJAHbBIE C ONPEAEIIEMbIM Hapa-
METPOM 3aBHUCHMOCTH OT BXOJHBIX JaHHBIX, TAKKE€ OTMEYAETCs MOBBIIIEHHE KayecTBa pellie-
Hus. [Ipupoct a¢pdexkTuBHOCTH HAOMIOJANICA KaK IPH 110Jja4€ HA BXO/Jl CETH TOYHBIX 3HAUECHUN
3JIEKTPOIPOBOJIHOCTH, TaK U MpHU M0Jia4e 3HAYECHUN, ONPEEIEHHBIX aHAJIOTMYHBIM 00pa3oM
Ha IpEeIpIIyIuX dTanax (I03TanHoe ONpeiesieHue napaMeTpoB).

Panee moaxon, cBsi3aHHBIM C MO3TAHBIM ONPEJEICHUEM MApaAMETPOB, TAKKE MOKa3aj
CBOIO 3(D(PEeKTUBHOCTH MpU pelIeHnH MHoromnapamerpuueckoi O3 QuyopumeTpun Hachlie-
Hus [4].

B nacrosmem uccnenoBanun HaOmrogaemble 3(p@exTsl ObUIM IPOBEPEHBI B BBIYUCIIHU-
TEJIbHOM PKCIEPUMEHTE Ha MOJEIbHBIX JJAHHBIX, 33a/1aBa€MbIX SIBHBIM 00pa3oM B BHJIE MOJIH-
HOMHUAJIHLHON 3aBHCHUMOCTH "HaOIIOAaeMbIX 3HaUCHUIU" (3aBUCUMBIX NIEPEMEHHBIX) OT '"mapa-
MeTpoB" (HE3aBHUCHMMBIEC TIEpeMEHHBIC). bbuto moka3zano, 4To 06a »ddexTa COXpaHsSIIOTCS: B
cllydae MOJOOHBIX 3aBUCHUMOCTEH OT BXOJHBIX J@HHBIX JJISl TPYNIUPYEMBIX WM MOATAITHO
OTpe/eIIeMbIX TapaMETPOB 00a MM0AX0/1a O3BOJISIOT YBEJIUYUTh TOYHOCTh pemeHus O3.

Takum oOpazom, 06a 3hdexTa BOCIIPOU3BOIATCS MPU PEIICHUH HECKOJIBKUX Pa3IMYHbIX
no cBoeil mpupose O3. DTO NPUBOAUT K BBIBOLY, YTO HaOmromaemble (P(EKThl SBISETCS
(GbyH1aMEHTaJIbHBIM CBOIMCTBOM MEPCENTPOHOB KaK METOJIa PEIICHNUS] MHOTOTIapaMeTPHUUECKUX
O3, 1 4TO TPYIIIOBOE U MMOATANHOE ONPEEICHNUE MAPAMETPOB MOT'YT YCHEIIHO MPUMEHSITHCS
U JUI JPYTUX TUIIOB MHOTonapamerpuyeckux O3.
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Awnnoramus. [lyrem peayKimn K ncc/ieloBaHOMY paHee B paboTax aBTOPOB KJIacCy
HeJIUHENHDBIX O6paTHbIX 3aJa49 dJId BI)IpO}K,Z[eHHbIX SBOJIIOIIMOHHBIX ypaBHeHI/Iﬁ JOKa3aHa
OJTHO3HAYHAs Pa3PeIInmMOCTh OOPATHON 33141 ¢ HEU3BECTHBIM MCTOUYHUKOM JIJIS CUCTEMBbI
ypasuenuit OCKOJIKOBa, ONUCHIBAIOIIEH JTUHAMUKY BA3KOYIPYTOil kujakoctun KesbBuaa—
®doiirra.

Karouesvie crosa: obpatHas 3ajaqda, cucrema OCKOJIKOBa, *KUIKOCTh KerbBuHa-
@Doiirra, BRIPOKIEHHOE IBOIOINOHHOE YpaBHEHHE.

INVERSE PROBLEM FOR EQUATIONS SYSTEM DESCRIBING
DYNAMICS OF KELVIN-VOIGT FLUID

Abstract. By means of reduction to a class of nonlinear inverse problems for
degenerate evolution equations, that researched before in authors’ works, unique solvability
is proved for the inverse problem with unknown source to Oskolkov system of equations,
describing the dynamics of viscoelastic Kelvin—Voigt fluid.

Key words: inverse problem, Oskolkov system, Kelvin—Voigt fluid, degenerate evo-
lution equation.

Pacemorpum obpaTHyto 3a1at1y /s HEJTHHEHHOW CHCTEMBbl YpaBHEHUH

(1 —xA)v(z,t) = vAv(z,t) — (v- V)v(z,t) — r(x,t) +u(z, t), (z,t) € Qx[0,T], (1)
V-v(x,t) =0, (x,t)€Qx]0,T], (2)
v(z,t) = (x,t) € 0Q x [0,T], (3)
v(x,0) =wv(z), =€, (4)
[ K@ tdy = v, (o0 2 x 0.1) (5)
Q

Baecs Q C R?® — orpanmuennas obsacTb ¢ Tiajakoit rpanuneit 0, T > 0. Bekrop-
dbyukmmm v = (vy, va,v3), = (11, 79,73) U u = (U1, Ug, U3) HEU3BECTHBL. 3aJIAHBI (DYHKITH
K : Q x Q — R u ekrop-byuxuus ¢ = (11,1, 13) : Q x [0, T] — R3. Cucrema ypasne-
auit (1), (2) Mozjesupyer AUHAMUKY BA3KOYIPYTOil Hec:kuMaeMoii )uakoctu KenbBruHa—
Doitrra [1].

O6ozuaunm uepes Ly = (Ly(Q))3, H' = (W3(Q))3, H? = (WZ(Q2))? cobonesckue
POCTPAHCTBA BeKTOP-byHKIUi w = (wq, Wa, w3), ONpeeIeHHbIX B ob1acT §. 3aMblKa-
mme £ = {v € (C°(Q))? : Vv = 0} no nopme Ly o6oznaunm 4epes H,, a no nopme
H' — uepes H.. Byaem ucnosbzosarh Takxke oboznauenne H2 = H! N H? O6ozmaunm
qepe3 H,, oproronasbaoe gomosnenue K H, B Lo, gepes X : Lo — H,, Il =T — X —
COOTBETCTBYIOIIUE OPTOIPOEKTOPHI.

B mpocrpancree £ paccmorpum oneparop A = XA, NPOIOIKEHHBINR 10 3aMKHY-
Toro oneparopa B npocrpanctee H, ¢ obiacTbio onpejenenns H2. YauTbBas paBeHCTBA
(2), (3), BbIOEpEM MTPOCTPAHCTBA U ONEPATOPBI B HUX JEHCTBYOIINE

X=H:xH, P=L,=H,xH, U=H,,
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([ I—-xA O B vA 0O .
L_(—XHA @)’M_(VHA —I)EL‘(%’@)'

Tem cambiM 3a71a4a (1)—(5) pexynupoBana K 06paTHOIl 3a1aue

Li(t) = Mz(t) + N(t, z(t),u(t)), tel0,T], (6)
Pz(0) = xo, (7)
Ox(t) =W(t), telo,T]. (8)

Snech X, %), U — banaxoswl npocrpancrsa, L, M : X — ), & : X — U — ymnelinoie
u HenpepbiBEble onepatopsl, N : [0,7] x X x st — ), ¥ : [0,7] — Y. HeusBecrabmvn
spaistiorest yuknuu  : [0, 7] — X, w : [0, 7] — Y. IIpu srom mpemoaraercs, aro ker L #
{0}, omeparop M cunbho (L, 0)-paauaseH, a epe3 P 06o3HAYEH MPOEKTOP BIOJb AIpa
ker L. C momonipio Teopemsr 11 2] o paspermmmoctn 3agaun (6)—(8) mosyduM cieyroree
yTBEpXKICHUE.

Teopema 1. IIycmo v,x # 0, x ' & o(A), vy € H2, K € Ly(Q2 x Q), onepa-
mop J : H2 — H, nenpepwiscno obpamum, 1 € C*([0,T];H,), evinoansemeca ycrosue
cozaacosanun | K(x,y)vo(y)dy = ¢(x,0). Toeda npu nexomopom Ty € (0,T] pewenue

Q

v e CY[0,T1];H2), r € CY([0,T1]; H,), u € C*([0,T1]; H,) ob6pamnoti zadavu (1)-(5) na
ompesxe [0, T1] cywecmeyem u eduncmeento.
Hnsa K € Ly(Qx Q) wepes J 31ech 0603HaYEH OlIepaTop, AefHCTBYOIIUIT 110 TIPABUILY

(Jv)(z) = S{K(%y)v(y)dy-
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J.A. Nsanos, M.M. IToramos
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Annoranus. [Ipeioxken ycTolvuBbIil METOJI PEIEHUs 3a/1a9u OBICTPOJEHCTBUA
B KJIACCE CUJIBHBIX ODODINEHHBIX PENIEHU BOJTHOBOTO YpaBHEHUS I JIBYCTOPOHHUX T'Da-
HUYHBIX yrpasjenuit Tuna /Iupuxie, Heitmana n Pobena B 1060t mx KoMOMHAIIAN.

Karouesvie caosa: BOTHOBOE ypaBHEHMe, TDAHITHOE yIIPaBJIeHNE, 3aa9a OBICTPO-
JIefiCTBUS, IPUOJINYKEHHOE PeIlleHNe, CXO/IUMOCTb.

OPTIMAL TIME BOUNDARY CONTROLS FOR THE WAVE
EQUATION IN CLASS OF STRONG GENERALIZED SOLUTIONS

Abstract. A stable numerical method is suggested for optimal time problem in
class of strong generalized solutions of the wave equation for two-sided boundary controls
of Dirichlet, Neumann and Robin type in arbitrary their combination.

Key words: wave equation, boundary control, time optimal control problem, appro-
ximate solution, convergence.

PaccmarpuBaercs 3amada ObICTPOAEHCTBUS ¢ PA3JIMIHBIM KOMOMHAIIASIME JIBYCTO-
POHHUX I'DAHUYHBIX YIIPABJIEHUN TPeX OCHOBHBIX THUIIOB JJIsl BOJIHOBOI'O YPaBHEHUS BHAJIA

Yt = Yoo — O(x)y, t>0, 0<z<l, (1)

B KJIacCe CuAbHbr 0O0DIEHHBIX perneHnii. Tpedyercs HallTu 1mapy rpaHHYHBIX YIIPaBJie-
ol u, = (upw(t), u14(t)), obecreanBaomux TOYHOE MOMAJAHNE B 3aJaHHYIO Tedb f =
(f°x), f(x)) 3a naumenvwee spems T, = T,(f),

L =mtT: ylir= @), wleer=rf'(z), 0<z<l (2)

B coorBercTBUM ¢ M3BECTHBIMU CBOMCTBAMU CHUJIBLHBIX ODOOINEHHBIX PEIIeHUii B KA4eCTBe
npocTpancTia neaesbix cocroguuit f = (fO(z), f1(z)), kak u B [1], BEIGUpaeTcst MHOKECTEO

F = HY0,1) x L*(0,1).

B [1] nHa BpemeHHOM HpPOMEXKYTKe 3aJaHHON JOKpUTHYecKoil mauHbl T < | pemasach
3a/1a4a HAWJIydIero NpuoJInzKeHns K 3a/IaHHOi 1e/Tu:

[y | =1 — f0||12ql(o,z) + lye | e=r — f1||%2(07l) — inf,

a 311ech permaercs npobsema (1), (2) Hanckopeiinero TOTHOTO ee JTOCTUKEHHS.
B pabore mpejiyiozKeH JBYXITAIHDBIN aJTOPUTM MPUOJIMKEHHOTO PEIICHUs 3a/1a9H

(1), (2), crocobubIi ycroitunpo obpabarbiBarTh Herounble jganubie f = (fO, f1) € F ¢
[OIPENIHOCTSIMU U3BECTHOIO yPOBHst § > 0 :
17 = Pl <0, I = fHllzzen <0 (3)

CHauaJsia o npubJIMKEeHHBIM JJAHHBIM (3) BBIYUCIIsieTcs] TPUbIKeHHOe BpeMst ObICTPOIeii-
crBust T, a 3aTe€M C MOMOIILIO BAPUAIMOHHOTO METO/IA 2], UCHOIB3YIONIEro Moy YeHHbIE
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B [1| KOHCTPYKTUBHBIE OIIEHKHU U Y7Ke Haii/[eHHOe 3HAYCHUe i, CTPOATCA TPUOJIMKEHUS K
ONTHMAJIBHBIM 110 BPEMEHH T'PAHUIHBIM YIPABJIEHUM.

JlokasbiBaeTcs cxoauMocThb Ty — T, MOMEHTOB OBICTPOIEHCTBUA, & TAKXKE CUJIbHAS
CXOJIIMOCTD TTPUOJIMKEHHBIX TPAHUIHBIX YIIPaBJICHUI IIPU aCHMITOTHICCKOM YTOTHEHUN
apaMeTpoB KOHEIHOMEPHOH AIPOKCUMAINA U YMEHbIIIEHUN YPOBHS TOTPEITHOCTUA 0 B
38 IaHUN Te/1eBbIX MyHKIII. OTMeTHM, 9TO JaHHBIN aJrOPUTM CyIIECTBEHHO UCIIOJIb3yeT
crienuuKy MPOCTPAHCTBEHHO-OJIHOMEPHOTO BOJHOBOrO ypasHeHwus (1) u Ha paccmaTpu-
BaeMOM KJIacCe 3a/1a9 MMeeT 3aMeTHbIe ITPENMYIIECTBA KaK 110 KOHCTPYKTUBHOCTHU, TaK
U 110 SKOHOMUYHOCTHU TI€PE]] OOIIUMEI METOJaMK PEIIeHns 3a/a4 OblcTpojieficTsus u3 |3,
cdepa IPUMEHNMOCTH KOTOPBIX CYIeCTBEHHO mupe. [IpuBossgTes pe3yibraThl YUCIeHHBIX
SKCIEPUMEHTOB, WIJIIOCTPUPYIOIINE BO3MOXKHOCTHU IIPEJJIOZKEHHOI'O aJIIOPUTMA.
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BAPUAIIMOHHBIN I[10X0/ K PEIIIEHIIO COBMEIIIEHHOI
OBPATHON 3AZTAYU PACIIPOCTPAHEHU S BOJIH B MEJIKOI1
BOAE: MOAEJIMPOBAHUNE NI BU3VYAJIN3AILINA
C.U. Kabauuxuu, O.11. Kpusoporbko
Hremumym sviuucaumenvroti mamemamuru u mamemamuveckot 2eopusury CO PAH,
Hosocubupck, Poccus
Hosocubupcruti 2ocydapemeennvit ynusepcumem, Hosocubupcer, Poccus
e-mail: kabanikhin@sscc.ru, olga.krivorotko@ssce.ru

Annoramuga. B crarbe 4mciieHHO HCCe/loBaHa COBMelleHHAst oOpaTHas 3aJ/iada
olpejie/IeHrs] UCTOYHUKA PACIHPOCTPAHEHMS BOJIH B TEOPUM MEJIKOM BO/bl OJIHOBPEMEH-
HO [0 JABYM THUIAM JOMOJHUTETbHON WHMOPMAIUU: U3MEPEeHNs OTKJIOHEHWS BOJHOBOTO
HOJIsL OT COCTOSHHS MOKOS B KOHEYHBIX TOYKAX MPOCTPAHCTBEHHOU OOJIACTH U pacipe/ie-
JIeHUe BOJTHOBOT'O TOJIsI B (DUKCHPOBAHHBII MOMeHT BpeMeHH. llokazano, 4To KOMOMHA-
1Usl JIBYX THUIIOB JIAHHBIX YBEJMYUBAET YCTOMYMBOCTH U CXOJUMOCTH YUCJEHHOI'O pelle-
Hus oOparnoit 3a;a4u. [Iposemoncrpuposana Tpexmepuas ['MIC Busyasmsanuu cucreMmbl
arMocdepa-okeaH ¢ pa3pabOTaHHBIMKU AJIIOPUTMaMHU.

Knouesoe caosa: copMernienHas obpaTHas 33/1a49a, yTOTHEHHe HCTOYHUKA Iy HAMH,
BapHaIllMOHHAs MOCTAHOBKA, I'PAINEHTHBIE METO/IbI, MOETNPOBAHNE, BU3YATN3AIUS.

VARIATIONAL APPROACH FOR SOLVING COMBINED INVERSE
PROBLEM OF WAVE PROPAGATION DESCRIBED BY THE
SHALLOW WATER THEORY: MODELING AND VISUALIZATION

Abstract. We numerical investigate combined inverse problem of determining the
tsunami source using two types of additional data, namely the deviation of the wave field
from zero in fixed space type points and the wave field destribution at fixed time moment.
We show that combination of two types of data allows one to increase stability and
convergence of numerical inverse problem solution. We present the 3D GIS visualization
and information atmosphere-ocean system with embedded described mathematical tools
of simulation of processes in atmosphere and ocean.

Key words: combined inverse problem, identification of tsunami source, variational
approach, gradient algorithms, modeling, visualization.

Bagaua Komm pacrupocrpanenusi BOJIH B JIMHEHHON Teopun MeJIKOH BOJIBI B pas-
MepHOM BH/Ie Oe3 yueTa BO3/IeiCcTBIS BHeMTHUX cil Kopuosmca m JOHHOTO TPeHHs MOYKeT
OBITH 3aIMCaHa B CJEYIONEM BH/JIE

{ ny = div(gH (x,y) gradn), (x,y) € Q, (1)
77(% Y, O) = q(xu y)7 nt|t:(] = 0.

Buece Q@ = {(z,y) | = € (0,L,),y € (0,L,)}, n(x,y,t) onncelBaer cMmerieHue BOJ-
HOM IIOBEPXHOCTU OTHOCUTE/IBHO HEBO3MYIIEHHOIrO ypoBHst, H(z,y) — dyukuus jna, g =
9.81 M/c¢? — yckopenue c¢BoGoauoro najgenus. Oynkmus ¢(,y) OMUCLIBACT HCTOYHUK BO3-
Mytienust. [l HpOCTOTHI U3JI02KEHUs] IPUBEJIEHBI OJJHOPOJIHbIE IPAHUYHbIE YCJIOBUSI.

[Iycrb 0 KosIe6aHusX BOJHOII MOBEPXHOCTH 3a/iaHa JOHOJHATEIbHAsT HHMDOPMAIUS
B KOHEYHOM YHCJIe TOYEK POCTPAHCTBEHHON obsractu |1]

Ty Yy t) = fin(0)y  (Tonsym) €Q, m=1,2,..., M, M €N, (2)
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u B pukcupoBaHHBIl MOMeHT BpeMenn T’ Ha wactu obaactu w C ) 2]

n(r,y,T) = f(x,y), (2,y)€w. (3)

Cosmewsennan obpammnan 3adaya (1)-(3) COCTONT B yTOUHEHNH HAPAMETPOB UCTOY-
HUKA BO3MYIIEeHHs ¢(z, y) HO JTOMOTHATETbHBIM H3MEPeHUsIM OTKJIOHEHNUsT BOJHOM MOBepX-
wocr fu(t) u £(2,9).

[Tokazana HEYCTOIUMBOCTH PELICHMs COBMEIIEHHOH 0OpaTHOIl 3aJa4u Ha OCHOBE
aHa/IM3a XapaKTepa yObIBaHUs CUHIYJIAPHBIX YUCeJ JUCKPETHOIO aHaJI0ra OllepaTopa COB-
MeleHHo#t obparHoit 3aaaun. [locrpoen meron peryigpusanuu 0OpaTHOR 3aa4du, OCHO-
BAHHBIN HA UCCJIEJOBAHUN BAPHAIMOHHOI TOCTAHOBKY [3].

Cosmerniennas obparnas 3aa4a (1)-(3) cBogurcs K 3a1a4de onpe/ie/eHusi MEHIMY-
Ma, 1eJ1eBOT0 (PYHKIIMOHAJIA,

J(q) = / (D Yo 150) — Fon(£))° d + / / (0, T5q) — floy)? dedy. ()

Pemenne 3asa4n MunuMusanun nejaeBoro GyHKponasa (4) moaydeHo ¢ HOMOIIBIO I'Pa-
JIMEHTHBIX METOJA COIPIKeHHBIX I'paaueHToB. [loiyueHO gBHOE BBIpaskKeHHe I'DajHeHTa
nesesoro dbyuknuonana J(q) (4), CBI3aHHOE C pelIeHHEM COOTBETCTBYIONIEH COMPSZKEH-
HOH 3a/1a4M.

[TpuBejieHbl pe3y/bTaTbl YUCAEHHBIX PACYETOB, JEMOHCTPHUPYIOIHE padboTy aJiro-
purMma. HOKaBaHO, YTO UCHOJIb30BaHUE JIBYX THUIIOB ,Z[OHO.HHI/ITGJ’H)HOI;'I I/IH(I)OpMa]_H/H/I yBeJiu-
4UBAET yCTORYUBOCTD M CXOAMMOCTD YHC/ICHHOIO pelreHus: odparHoit 3agadn (1)-(3) [4].

Busyaiusanus IIOIyYeHHBIX Pe3yJbTaToB MPOBOIWIACH € HCIOJIb30BAHHEM TPEX-
MepHOIi remHMOpPMANUOHHON cucTembl, paspadboranuoit B IBMuMI' CO PAH ¢ Bo3moxk-
HOCTBIO M3MEHEHHsI MaciTaba B peajibHOM BpeMmeHHu [5|.

Paboma wacmuuro noddepacana Munucmepcmeom obpasosarnus u Hayrxu Poccuti-
ckoti Pedepayuu u Poccutickum dondom dyrndamenmanronox uccaedosarud (eparm N 15-
01-09230).
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PEIVJIAPU3AIINA 3AJAY TTPOOJOJIZKEHN A ®PUSNYECKUX
IIOJIEN C YACTU 'PAHUIIBI: TEOPUS 1 IIPUJIOXKEHI S
C. 1. Kabanuxun'?, M. A. Hlumuiennn?3
L Hnemumym svvucaumenvroti mamemamuru u mamemamudeckoti 2eopusuru CO
PAH, Hosocubupck, Poccus

2 Mnemumym mamemamury, um. C. JI. Cobosesa CO PAH, Hosocubupck, Poccua

3 Hosocubupcrkuti zocydapemeennuiti ynusepcumem, Hosocubupes, Poccus
e-mail: kabanikhin@sscc.ru, mshishlenin@ngs.ru

Annoramus. Pa3paboTaHbl HOBbIe METOIbI PEryISpPU3AIMH 33189 MPOIOIKEHNS
€ 4aCTU I'PAHUIBI PEIICHUN IJUIMITUYECKUX, TaPaDOJIMYeCKUX U TUIePOOIMYeCKuX ypaB-
nennii. HekoppekTHas 3amada npomaoszKennsa GOpMYInpyeTcs B Buae oOpaTHON 3amadn
Aq = f, npubaunkeHHOe perenne KOTOPOii UIMeTCs] TPAINEeHTHBIM METOI0M MUHUMU3AIHH
mesieBoro (pyHKIMoHaJa. VcciemoBana HEKOPPEKTHOCTD 33149 IPOIOJIZKeHUs] Ha OCHOBE
aHAJIM3a CHHIYISPHBIX dncen omeparopa A. IlpuBemeHbl pe3yIbTaThl YHCIEHHBIX pacde-
toB. [lokazano, 4ro pasmep objacTu HAOJIIO/EHUS JAaHHBIX OOPATHON 3a/a4u SIBJISIETCS
mapaMeTpoOM Peryasipu3alIii.

Karwuesvie carosa: 3amadn MPOMOIKEHUsI, PETYIAPU3AINS, TPATHEHTHBIE METOIHI.

REGULARIZATION OF THE CONTINUATION PROBLEMS OF
PHYSICAL FIELDS FROM THE PART OF THE BOUNDARY: THEORY
AND APPLICATIONS

Abstract. New regularization methods of the solution continuation of the elliptic,
parabolic and hyperbolic equations from the part of the boundary are developed. Ill-
posed continuation problem is formulated in the form of the inverse problem Aq = f and
the approximate solution is founded by a gradient method of minimization of the cost
functional. The ill-posedness of the continuation problem is investigated based on the
analysis of the singular values of the operator A. The results of numerical calculations are
presented. It is shown that the size of the measurements domain of inverse problem data
is the regularization parameter.

Key words: continuation problems, regularization, gradient methods.

UccrenoBana 3a1a9a MpOJOIZKEHHs DENIeHNs] YPaBHEeHUsl IeKTpoauHaMuku [1,2]:

e(z,y)uy + o(z,y)uy = @(u% + Uyy ), z€(0,h), ye(0,L), te(0,T), (1)
Uz|z=0 = g(yvt)v U’z:() = f(y7t>7 Yy e <O7L>7 te (OvT)' (2)

Buech (2, y) — AUdIEKTPUUECKAs! IPOHUIIAEMOCTH CPeIbl, (i(2, i) — MATHUTHASI IIPOHUIIAE-
MOCTb CpeJibl, 0(2,y) — NPOBOAUMOCTD, u(Z, Y, t) — rOPU30OHTAIbHAST KOMIOHEHTA BEKTOPA
IEKTPUICCKON HAIPAKEHHOCTH 3JICKTPOMATHUTHOTO MOJIS.

Bajaua MpOIOIKEHUsT PellleHns ypaBHeHus sekrpoguaavuku (1), (2) dbopmynn-
pyerca B Bujie 00paTHOl 3ajaun: Tpedyercs oupeaeaurs byHKnuio ¢(y, t) u3 cooTHONIEeHMT
(1), (2) u 1ONOJHUTEIHHBIX HAYAJBHBIX W TPAHUIHBIX YCJIOBHIL:

u‘t:O = 07 ut‘t=0 = 07 YIS (07 h)7 yc (07L)7 (3)
uly—o =0, uly—r =0, 2€(0,h), te(0,7T); (4)
u|z:h - Q(y7t)7 ) € (07 L)u te (07T) (5)
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s pemenust o6parnoit 3aga4n (1)—(5) IpuMensieTcst Tpa/IHeHTHBI MeTO MEHIMI3AINT
nesieBoro (byHKIHOHAJIA,

Ia) = [ [ (u0..0) = fl0.0)) dar

[Mosyuena dopmyia Ui BBITHCICHHs MParneHTa (YHKIHOHAIA Yepe3 pelleHne
COTIPAZKEHHON 3a/1a49H.

B ciydae pexkuma rapMmMoHudeckux kosiebanuit u(z,y,t) = v(z,y)e™! nomydennt
q)OpMyJIBI AJId BIMUCJICHUA CUHI'YJIAPDHBIX YHCEJI OIIePpaTOpa 3aJa4i IMPOJOJIZKEeHU A A:

- V2
N V/cosh(2a,,h) + cos(26,h)

om(A

3nech

V(m? — ew?)? + 02w? + m? — ew?

Ay = 9
2

5 — V(m? — ew?)? + 02w? — m? + cw?
m 2 .

@opmysia CHHIYISIPHBIX YUCEJT OIePATOPa 3a0a9H IIPOJOJIKEHIST II03BOJISIET OXapaKTepu-
30BATb HEKOPPEKTHOCTH 3aJa4d W ITOCTPOUTH MPHUOIMKEHHOE pPelleHre OCHOBAHHOE Ha,
mepBuiX M CHUHTYISPHBIX YHCE]T B 3aBUCHMOCTH OT TJIYOMHBI BOCCTAHOBJIEHUS h, TapaMmer-
POB CpeJIbl € U 0, YaCTOTHI W U YPOBHS OIIHOOK B JAHHBIX f.

YucmeHHO TOKA3aHO, YTO pa3Mep obJacTu HAOJII0IeHus JaHHBIX 00paTHO# 3a1a9u
SIBJISITCS TAPAMETPOM PEryIsapH3allii.

B kagecTBe mpuioKeHni IPUBEIEHBI PE3YILTATH YNCIEHHBIX PACIETOB 33039 IPO-
JOJIZKEeHUsT CTAIMOHAPHBIX TEIUIOBBIX MOJIefl 1 BOJHOBBIX TOJIeH ¢ TaHHBIMHI Teopanapa [3].

Paboma swnoanera npu gunancosots noddeporcke POOU (epanm N 14-01-00208),
Munucmepemesa obpaszosarus u nayku Poccutickoti @edepayuu, Munucmepemesa 06pa3o-
sanus u nayku Pecnybauru Kasaxcman, npoexm HTII 04.03.02 “Coszdanue memodue-
CKUT OCHOB 2€00020-2€0U3UYECKUT UCCAEI08aHUT 04a208uT 30k TISB 6 mazmamuveckus
nopodax”.
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84



YCTOMYHUBOCTH PEHIEHUI CUCTEM JMHEWHBIX UHTETPAJIbHBIX
YPABHEHUWI NNEPBOI'O POJIA C IBYMS HE3ABUCHUMbBIMHA
INEPEMEHHBIMUA
3.A. Kagenosa - x.¢.-m.H., doyenm,
3amecmumens MuHUCMpa mpyoa, Muepayuu U Moa00exdcu
Kuipevizckoti Pecnyonuxu, 996 555 88 40 66

e-mail: Kadenova7l@mail.ru

AHHoTanudA. B Hacrodiieil cratbe — JOKa3aHa TEOpEMa O OLEHKH YCTOMYMBOCTH
peuieHuil CHCTEM JIMHEWHBIX WHTETPAIIBHBIX YpPAaBHEHMM IIEPBOrO poJa C JByMs
HE3aBUCHUMbIMU TE€PEMEHHBIMU B HEOTPAaHUUEHHBIX 00JIaCTAX.

Knrouesvie cnoea: numeiinvie unmezpanvhvie YpagHeHUs, Nepeoco pood, ¢ 08YMs
He3a8UCUMbIMU NEePEMEHHbIMU, eOUHCIEEHHOCb.

STABILITY OF THE SYSTEMS LINEAR INTEGRAL EQUATIONS OF
THE FIRST KIND WITH TWO VARIABLES IN UNLIMITED AREAS

Abstract. In the present article the theorem about an assessment of stability of
solutions of systems of the linear integral equations of the first t with two independent
variables in unlimited areas is proved.

Key words and phrases: linear integral equations, first kind, two variables, solution
and uniqueness.

PaccmotpuMm cucremy ypaBHEHUI

Ku = j.K(t,x,y)u(t,y)dy + Jt.H(t,x,S)u(s,x)dx + T}C(t,x,s,y)u(s,y)dy =

N t a

:f(t,x),(t,x)e G, G:{(t,x)eRz, t, <t <o, aéxéb}, (1)

e
A(t,x,y), t,St<ow, a<y<x<b;
B(t,x,y), t,St<ow, a<x<y<b,

K(t,x,)= { )
A(t, X, y), B(t, X, y), H(t, X, S), C(t, X, S, y) - U3BECTHBIE N X N -MepHBIE
MaTpHuHble (PyHKIHHU, ONpPeIeICHHbIE COOTBETCTBEHHO B 00IaCTH
G, :{(t,x,y):to <t <o, aéyéxéb},

G, ={(t,x,y):t, <t <o, a<x<y<b},
G3:{(t,x,s):to£s£t<oo,a£x£b}, G’ =GxG,

f (l‘, x) -U3BECTHaA, u(t,x) -HEU3BECTHAsl /1 -MEpPHbIE BEKTOP-PYHKIIHH.
OcHoBorosararoniye pe3yapTaThl Uil HHTErpajbHBIX ypaBHeHUNl ®pearonbma
MEePBOTr0 poja mojy4deHsl B [1,2], Tae it pemeHusi TUHEWHBIX MHTETPaIbHBIX YpaBHEHUN
@pearonbma MEPBOro  poja IMOCTPOEHBI pEryisipusupyromue omnepatopel no M.M.
JlaBpentbeBy. PaccMoTpeHa eJMHCTBEHHOCTh, U YCTOMYMBOCTh PEIICHUMN Ul OJJHOTO Kjlacca
UHTErpaibHbIX ypaBHeHUM DpearojsbMa MEpBOro pojaa ¢ JABYMA HE3aBUCHUMBIMU
IepeMeHHbIMU paccMoTpeHa B [3]. B nanHO# paboTe mosydyeHbl OLEHKH YCTOMYMBOCTU
pelIeHu CHCTEM JIMHEHHBIX MHTETPAJbHBIX YPABHEHHWHW IIEPBOrO poAa C JByMs
HE3aBUCUMBIMU [IEPEMEHHBIMU B HEOTPAaHUYEHHBIX 00JIaCTsIX B Kiacce L, (G)
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Beenem caenyromue 0003Ha4eHU:
1) CoBokynHOCTh Bcex MaTpul, aeiictyromux B R” o6osnaunm M, < ., . > - ckanspHoe

|4

npoussenenue B R”, , MH- HopMbl cootBeTcTBeHHo 11 X 11 - mepHoii marpub!

Az(a,-j)EMH n- MmepHoro Bekropa U , T.e. mus moObix U :(UI,UZ,---,Un),
3=(9,%,..,9, )eR"
u,® =u9 +u,9, +..4+u,9,,

= . =330 ))

i=1 j=l

2) L,,(G) - npocTpaHcTBO N — MEPHBIX BEKTOPOB ¢ diemenTamu u3 L, (G), H 1, “HOpMa

B L,,(G) - 1.e. mis moGoro u(t, X) € Lz,n (G)
|

|t |

ty a

Hu(l‘,x){

3) L, (( 2) M ) - mpocTpancTBO N X1 - MepHBIX MaTpHII ¢ dieMenTamMu u3 L,(G°),

H'HL2 -HOpMa B Lz((GZ)M) - T.€. JUIs J1II000T0 A(t,x,s,y)e L, ((Gz) ;M)

1
= (1 Alt,x, s, * dydxdsdt 2.
L= | IG5 )

thyty a a

HA(t,x,s,y)(

[Ipeamonaraercs, 4TO SIIPO ||C(t,x,s, ym el, (Gz) it
C(t,x,s,y): o (s,y,l‘,x), (t,x,s,y) eG?, rue C*. COMPsDKEHHAsT MaTpUIla K MaTpPHUIIE
C . Torma marpuunoe sgpo C (t,x,s, y) pasiaraercs B psii B CMBICIE CXOJUMOCTH B

HOpMe npoctpanctse L, , (Gz ):

o!(t,x)

C(t,x,s,y)zZli . (qol(i)(s,y),...,qo,si)(s,y)), [<m<oo, 3)

o (t,x)

e {((p(i)(t,X))Z( f")(t ,X))} - OPTOHOPMHPOBAHHAS TOCIIEAOBATEIFHOCTh COOCTBEHHBIX

BeKTOp - Qynkmmit n3 L, (G), {ﬂ,i}- MOCJIEI0BATEIILHOCTh COOTBETCTBYIOIIMX HEHYJICBBIX

CcOOCTBEHHBIX 3HAUY€HUN HHTEerpaibHOro omeparopa C, MOPOXKIAECHHOTO MAaTPUYHBIM SIPOM

C (t , X, S8, y) , IPUYEM SJIEMEHTHI {li} PacroJIO’KEHBI B MOPsIIKE YObIBaHUS UX MOAYJIEH T.€.
=2, ...

0O0o03HaUNM

86



P(s,y, z) = A(s,y, z)+ B*(s,z, y), (s,y, z) €q,. 4)
re B’ (s,z,y)— conpsixennas matpuua u marpune B(s, z, y).
[ToTpeGyeM BBINOTHEHUS CIEAYIOUINX YCIOBUM:

1) P*(s,y, z) = P(s, y,z), (s,y,z) eG,.
2) Marpuist P(S, b, a), %1_{2 H(ta AN )9 PZ'(S: b, Z): %1_{2 HT' (ta Y, T)- HEOTPHUIIATEITbHBI
COOTBETCTBEHHO IPH BCEX 3HAYCHUSX S E[fO,OO), y E[Cl,b], (S,Z), (T, y) eq,

HP(s,b,a)ﬂ € C[to,oo), }imH (t, v, toj € C[a,b], P (s,b, ZX € C(G), limH (t, y,rj
—>0 —0

3)MaTpuiibt Py’(S, Y, a), HS, (S, AL ), PZ; (S, Vs, Z), HT,; (S, Y, T)- HEIOJIOKUTEIbHBI
[IPY BCEX 3HAYEHUAX COOTBETCTBEHHO (S s y) egq, (S ,y,z) € G] s (S, T ) € G3 ,
Py'(s,y,aj‘ e C(G), |H! (s, .1, )ﬂ e C(G), P (s,y,z)” eC(G), |H" (s,y,r)ﬂ e C(G,);

4) BeimosHgeTCst XOTs OBl OJTHO W3 CIEAYIOIHNX YEThIPEX YCIOBUM:

e C(G);

a) TIpH [TOYTH BCEX (S R y) eG MaTpHIa Py, (S s Vs a)- OTPHUIATENBHBL;
0) Ipu TIOYTH BCEX (S,Z ) eG Marpuiia PZ'(S , b, z ) - IOJIOKUTEIIBHBI;
B) IIPH TMOYTH BCEX (S, y) eG marpuna 1 ; (S, Y.t )- OTPHUIATEIIbHBI;
T') PU TTOYTH BCEX (T, y) € G marpuna }im H T’ (00, Y :T) - TIOJIOKUTEIIbHBI
-
A 14 J11000Tr0
X b t
v(t,x) e Ly, (G), [ A, x (e, )dv, [Bt.x, e, y)dy, [H(t.x,5)(s,x)ds € L, ,(G),
a x ty
e Z‘O,OO), C(G), C(G]) 1/1 C(G3)-HpOCTpaHCTBO BCEX HETPEPBIBHBIX U

OTpaHUYEHHBIX (QYHKIIMI COOTBETCTBEHHO B 001acTH [to,oo), G, G] u G3;

o!(t,x)
Clt.x,5,)=> 4. (09 (s, )00 (5,7)) )
i=1

o!(t,x)

e {((p(i)(t,X))Z( f")(t ,X))} - OPTOHOPMHPOBAHHAS TOCIIEAOBATEILHOCTh COOCTBEHHBIX

. 2
BEKTOp - QYHKIMH U3 L2 (G ), {jv, } - IIOCIIE0BATEIBHOCTh COOTBETCTBYIOIIMX HEHYJIEBBIX
COOCTBEHHBIX 3HAUY€HUN HHTEerpaibHOro omeparopa C, MOPOXIAECHHOTO MaTPUYHBIM SIPOM

C (l‘ »X,S, y) , IPUYEM DJIEMEHTEI {ﬂv,- } PacIoyIoKEHBbI B IOPsiIKe yObIBaHUS UX MOyl

A=A,z

bynem cumrtarh, 4TO BCEe COOCTBEHHBIC 3HAUCHUS lv , MarpuaHoro siapa C(z,x,s,y)

ITOJIOXKUTCIIBHEI.
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B cuny BnosiHe HENPEPBHIBHOCTH U caMOcoMpsiKeHHOCTH oniepaTopa C, MOpoKI€HHOTO

MaTpUYHBIM SAPOM C(t,x,s,y) OPTOHOPMHPOBAHHAs IOCJIEI0BATEIbHOCTh COOCTBEHHBIX

BEKTOp — (QyHKIUIA {(gov (t,x)): (gol.(v)(t,x))}- nomsa B L, (G) OueBHIHO, YTO €cCiH
u(t, x) el,, (G), TO

e o), =

v=1

H( Lo e )deds, (v=12....)

aty

CeMeicTBO MHOKECTB KOPPEKTHOCTEH M , Brigenum CJIETYIOIUM 00pa3oM:

M, = {u(t,x) eL,, (G): il;"‘ ) < c},
v=l

e ¢>0, O0<a<omo,

_”< t,x), tx>dxdt (v=12,.).

O6e vactu cucremsl (1) ckansipHO YMHOXKHM Ha M(f s X ) U UHTETpUpYyEM 110 00J1acTH
G. Jlanee, ucnonb3ys popmyisl Jupuxie u yuutsias (3), uMmeeM

1 T<P(s, b, a)j. uls, v)d v, j.u(s, v)d v>ds ! Tj-< F, (5,7, a)'y.-u(s, V)dv, 'yfu(s, v)dv>dyds#

a

%ﬁ< 5,b,2) }u (s.v)dv, j (s, v)dv>dzds—

z z

l\)|>—‘
St = 8
/\
e}
VJ
‘S
N'—.E

¥
u(s dv,ju s v)dv>dzdyds+

il
<1msz, Tuéy)dé Ju 5y)d5>dy—

fo

% < (5,00 )f e,y (é,y)d5>dsdy+

fy

“'—:8 N
/\

lim . (z, v, rj (&, y)dgj (&, yd§>dm’y—

“< a(sy.t juéydafj fyd§>drdsdy+

'H tx dtdx

at

Orcrona, ucnonb3ys HepaBeHcTBa ['enbrepa, nmMeeM
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L)

> 2 e oYl ) ©

Eciu f(t, x) =0 V(t, x) e G, 10 u3 (6) nmeem u(t,x)=0 V(1,x) e G.
C nmpyroit CTOpOHBI
1
‘uw 2\

5 © 5 @ 0
< > A" ) (7)
v=l =1 A‘V
IIycTp u(t , X) € M ,. Torna, yautsisas (6), u3 (7) umeem

S ol

N3 (8) mostyuum cienyromyro OLeHKY YCTOWYMBOCTHU:

L .
Jule ), < > | f )z ©

Takum oOpa3om, Teopema JIoKa3aHa.
Teopema. Ilyctb BBITIONHSIOTCS ychmoBus 1)-2), K (M o ) - Lz,n (G) - o0pa3 M o

a

NgE

u®

v

a 1

Jra et ()

npu otoOpaxkenuu K. Torga Ha pemienue cuctemsl (1) eTuHCTBEHHO LZ,n (G) Y MHOXECTBE

] -1 9
K (M a) CYyLIECTBYEeT paBHOMEpPHO HemnpepbiBHBIN omepatop K, obOparusii k K, T.e.

crpaBeyiiBa oreHka (9).
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O KOPPEKTHOMI PA3PEIIINIMOCTI OBPATHON 3AJJTAYUN JIJ14
BBIPOXKTAIOIIINXCH ITAPABOJINYECKINX YPABHEHUN ITIPU
YCJIOBUUN MHTEI'PAJIBHOT'O HABJIFOJIEHN A
B.JI.KaMmbiauu
Havuorarvrut uccaedosamenvexuti adeproiti ynusepcumem MUDU, Mockesa, Poccus
e-mail: vlkamynin2008 Qyandex.ru

Annoranusi. [lomydensr TeopeMbl CyNIecTBOBaHUS, €INHCTBEHHOCTH U YCTOWYN-
BOCTH OTHOCHUTEIbHO BO3MYIIEHUS BXOJHBIX JAHHBIX PEIeHril 0OpaTHBIX 3a/1a4 /I BbI-
POXKIAIOMIMXCS TapabOJIMIeCKIX yPaBHEHUN Ha IJIOCKOCTU IIPH YCJIOBUH HHTEIPAJJIHLHOTO
Ha6.HIO,ZLeHI/IH. HOJ’Iy‘—IeHbI OICHKHN pelleHud C KOHCTaHTaMU, ABHO BBIIIMCbIBEMbBIMU Y€PE3
BXOJHbIC JaHHBIC 3aJa49M.

Karouesvie crosa: Obparabie 3a1a4m, Boipox tarormmecs mapadboIndecKne ypaBHe-
HUST

ON CORRECT SOLVABILITY OF THE INVERSE PROBLEM FOR
DEGENERATE PARABOLIC EQUATIONS WITH THE CONDITION OF
INTEGRAL OBSERVATION

Abstract. We obtain theorems of existence, uniqueness and stability with respect
to perturbations of the input data of the solutions of inverse problems for degenerate
parabolic equations on a plane with the condition of integral observation

Key words: Inverse problems, Degenerate parabolic equations

We consider the questions of existence, uniqueness and stability with respect to
perturbations of the input data of the solutions {u(t,z),p(t)} of inverse problem for
degenerate parabolic equation

Uy — (I(t, [E)uxx = p<t)g(ta ZE) + h’<t7 33)7
with initial and boundary conditions
uw(0,2) = ug(x), wu(t,0) =u(t,l) =0,

and additional condition of integral observation

/0 u(t, z)w(x)de = p(t).

The inverse problem is considered in rectangle @ = [0, 7] x [0, ].

It should be mentioned that the inverse problems for degenerate parabolic equations
are very useful in applications. In particular, they arise in the study of option pricing
models in financial markets.

Theorem. Suppose that

a(t,z) >0, a(t, z), € L,(Q), ¢>1,

a(t, )

92 h2
g(t,%), h(t,l‘), E € LOO<O,T, Ll(O,l)), ; € LI(Q)
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w(x) € Loo([0,1]), ((a(t, 2)w(2))z € Loo(0, T; L2(0, 1)),
uo(x) € W5[(0,0)], uo(0) = uo(l) =0,

!
a(t,0)w(0) = a(t,Hw(l) = 0, /0 a(t,x)g(t, x)w(z)dx| > go >0,

l
o), (1) € Loo([0, 7)), (0) = /0 o(2)w(z) da.

Then there exists a unique generalized solution {u(¢, ), p(t)} of the inverse problem
concerned, for which the estimates of stability with respect to variations of the functions
o(t), uo(x), g(t, x), h(t,z) are valid.

The constants in the estimates are written out explicitly via input data of the
inverse problem.

Our research is based essentially on the results on solvability of the direct problem
for degenerate parabolic equations obtained in [1].
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KOPPEKTHHBIE IIOCTAHOBKU TPETHEN KPAEBOM 3AJTAYN JJI
BUTAPMOHUNYECKOI'O YPABHEHU A
B.B. Kapauuk
FOoicno- Yparveruti 2ocydapemesennviti ynusepcumem, Yeasbumnck, Poccus
e-mail: karachik@susu.ru
B.T. Topebek
Hnemumym mamemamury u Mamemamus4eckozo MooesuposaHus, Aimamol,
Kaszazcman, e-mail: turebekb85Q@mail.ru

Ammoramusi. B crarbe ucciaeayercss o600IIeHHAsT TpeThs KpaeBas 3aJad9a JIIs
OJIHOPOJIHOIO OUTaPMOHUYECKOIO YPABHEHUS B €JIMHUYHOM IIAPe C FPAHUYHBIMH OlePaTo-
paMu 0 TPEThEro MOPsIKa BKAIUTENRHO. JlJoKa3aHa TeopeMa CyIecTBOBAHUSA.

Karoueswvie caosa: OHTapMOHMYECKOE ypaBHEHHEe, KpaeBas 3aada, HOPMAaJIbHbBIE
[IPOU3BOIHEIE,

CORRECT FORMULATION OF THE THIRD BOUNDARY VALUE
PROBLEM FOR THE BIHARMONIC EQUATION
V.V. Karachik, B.T. Torebek

Abstract. In this paper a generalized third boundary value problem for the
homogeneous biharmonic equation in the unit ball with boundary operators up to third
order is investigated. The existence theorem is proved.

Key words: biharmonic equation, boundary value problems, normal derivatives.

VeTaHOBUBIIMECH TIPOLECCH PA3IMIHON (PU3MUECKO IIPUPOABI 9aCTO OIHUCHIBAIOT-
cd ,ZLI/ICI)CI)epeHHI/IaﬂbHBIMH YpaBHEHUAMU SJIJIMIITUICCKOI'O THUIIA. O,ZLHI/IM N3 BazKHbIX YaCT-
HBIX CJIYYa€B DJIJIMIITUYICCKUX ypaBHeHI/Iﬁ YeTBEPTOr'O IMOPAAKA ABJIAETCA 6I/IFapMOHI/Iqe—
CKO€ ypaBHEHHC. B nocjaeanee BpeMsd CTaJiu aKTUBHO U3YYaTh Pa3JIUYHBIE TUIIBI KPa€BbIX
33144 JIJIs OUrapMOHHYECKOro ypaBHeHusl Takue Kak 3ajgada Jupuxie [1-2|, Pukbe, Heii-
mana [3-4], 3amaua Pobena u 3ajauu ¢ oneparopamu JIpoGHOToO mopsiika [5].

B exunnunom mape S = {x € R" : |z| < 1} paccmorpum CIeayionyo KpaesByro
3aJady i OUrapMOHHYECKOrO YpPaBHEHHA

A*u= f(z), z€S, (1)

0
Ao + aolau + ClozAU‘as =p1(s), se€as,

(2)

0
an@u + appAu + algaAu’% = QOQ(S), S € 85,
0 .
rie i BHEIIHAS HOpMaJsbHAd IIPOU3BOAHAsL, KO3(MMUIMEHTE ag; U ai; upu j = 1,2, 3
v

— HeficTBUTETbHBIE U TIOCTOSHEDBIE, & f (), p1(x), po(x) — 3amannble DYHKIINH, TIATKOCTH
KOTODBIX Oyzer ykazana Huzke. Pemmennem 3amaun (1)-(2) HazoBeM GHIapMOHHYECKYIO B
S dynxmuo u(r) m3 xknacca u € C*(S) N C3(S) ynosrersopsomyto ma 05 yemosusm (2).

OcHoBHO}i pe3ynbTaT paboThl — TeOpeMa CYIeCTBOBAHNs perrenus 3agaqn (1)-(2)
TUTst OMHOPOIHOTO GUTAPMOHHIECKOTO ypaBHenus, T.e. npu f(x) = 0.
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Teopema. Pewenue 3adauu

A*u=0, €S, (3)
Qoo + amgu + QOQAU‘ = 1 (S), S 35,
ov oS (4)
0 0
CLH%U + apAu + algaAu)as = 902(8), x € 0S

us waacca u € C3(S) npu npouseorvnur dynxyuazr o, € C*(0S) u py € CHDS) cywe-
cmsyem moada u moavko mozda, xK020a NoAUHOM 6UdG

aoo + am)\ 2&01 -+ (QTL + 4)\)(102

AN = an\ 2a11 + (2n +4N) a2 + A(2n + 4N\ ) a3

ne umeem xopret ¢ Ng = NU {0}.
ITpumep. 3anava Pukne-Heiimana: npu ag; # 0, a;3 # 0 (Bce octanbubie Koadh-
bunueHTH paBHBI HYJIO) UMEEM

0 0
A*u=0, x€S; amau‘as = p1(s), a13$Au‘as = o(s), se€0S.
JIst 3TOM 3a/1a4M HETPYIHO BBIYUCIUTE, ITO
_ an1 A 2a0; 2
A(/\) = 0 )\(271 + 4)\)(113 =\ (2n + 4)\)(101(113

u 3Ha4nT ypasaenne A(\) = 0 umeer B Ny enuucrsennoe pemenne A = 0. MokHO mOKa-
3aTb, YTO yCJIOBUE CYLIeCTBOBaHUs pelleHus 1O 3a4a4u uMmeeT BUJL

/ ©a(s)ds, = 0.
as
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KOMIITOHOBCKOE PACCESIHUE B ITIO3UTPOHHOI
SMUCCUOHHON TOMOTPA®UN
. I'. Kazanmnes*
Hnemumym svivucaumenvnots mamemamury u mamemamuveckot zeopusuru CO
PAH, Hosocubupcx 630090, npocn. Axad. Jlaspenmvesa 6
e-mail: kazantsev.iwan6@gmail.com

*

Awnnoranusi. B pabore paccmarpuBaercss HHTerpaJibHasi MOJIeIb paccesdHus o-
TOHOB B TIO3UTPOHHOI SMUCCUOHHON ToMOrpaduu. B ujieayn3npoBanubIX MIPE/IITIOI0KEHN-
sIX O PEOMETPHUH PErUCTPAINN JIAHHBIX BBIBOJIUTCA UHTEIPAJIbHOE ypaBHeHue (popMupoBa-
HUS JTAHHBIX C YIETOM OJTHOKPATHOT'O PACCEsHUS.

Karoueswie caosa: Tomorpadusi, paccesinue pOTOHOB, HHTErPAJIbLHAS MOJIEb

Jist paciipe/iesiennst BHyTPEHHUX UCTOYHUKOB aKTUBHOCTH n30Tona f(x,y, 2) BHYT-
PH CpeJibl ¢ JINHEHHBIM KoM huImeHToM ocabiennst [i(z, Yy, z) 1 JeTEKTOPOB MAJIBIX Pa3-
MepoB A u B, uHTerpajibHas MOJIE/b MO3UTPOHHON sMuccronHoii Tomorpadun (I19T) Ha
HEPBUYHBIX (HE PACCEHHBIX) GOTOHAX XOPOIIO m3BecTHa 1| 1 mMeer BHT:

B

B
PAB — exp —/u(az’,y’,z’)dl’ /f(x,y,z)dl, (1)
A

A

ryie dl, dl’ —snementsl jyuabl Ha tuaun A B. 3ajiatda cocTOUT B olpeieieHin (PEKOHCTPYK-
1Mn) aKTHBHOCTH n30TonoB f 1 nocurens D(f) mo manuein PAP | perncrpupyembiv 60.1b-
MM MHOYKECTBOM 1ap JereKTopoB (A, B). B rpagununonnoit mojgemm [19T skcnonenry-
AJIbHBIA MHOXKUTENb B (1) cuuTaeTcs M3BECTHBIM U3 JIAHHBIX IIPEIBAPUTEIBHOIO CKAHUPO-
BaHUsl (HAIIPUMED, METOJaMU KJIACCHYECKONH PEHTTeHOBCKOI MM MarHUTHO-PE30HAHCHOM
tomorpadun). Pusmueckast Moenb 19T ocHoBana Ha ucnoaB30BaHUE GOJIBIIONO HC-
Jla map raMMa-KBaHTOB (U, V), PA3JIeTAIONIUXCsS TPUOIU3UTEIBHO B IIPOTUBOMOJIOKHBIX
HalpaBjieHusiX 13 Touek Hocuresss dbyukinuu f (Puc. 1 a) B pesysbrare CTOJIKHOBEHMSI
MMO3UTPOHA, U3JIYIaeMOr0 PaJUOHYKIUIOM f, ¢ OJHUM U3 SJEKTPOHOB cpeiabl f. Jlan-
HbIe JleTeKTopoB PAP KoppekTupyioTcss n 3aTeM HHTEPIPETHPYIOTCA KAK HHTErPAJbl OT
f TI0 IPSIMBIM JIMHUSIM, B KOTOPBIX YIUTBIBAIOTCST TOJIBKO MEPBUYIHBIE (DOTOHBI ¢ SHEPTHEH
E =511 x3B.

O/iHaKo Ha NPAKTUKE B JIETEKTOPBI MONAJAI0T U (POTOHBI v/ ¢ MEHbIIUME SHEPIH-
svu F' < FE, uperepresiiue komironoBckoe paccestaue (Puc. 1 6). B 3aBucumoctu ot
pas3pelenns IeTeKTopa 10 SHEPTUU, B MIPOCTEHIIEM CJIyvdae UCHOJIb3YETCs CIIEKTPAIbHOE
OKHO dyBcTBUTENbHOCTH [¢, 511] ¢ Oporom ¢ u GoTOHBI ¢ SHEPrHeil BHE OKHA B AJTOPHUT-
max [I9T ue yuurniBatorcs. g monasmmx B OKHO (DOTOHOB METOJIAME MOJIEJIMPOBAHUS
OIICHUBAETCS OTHOIIEHNE YUC/IA MEPBUYHBIX K PACCETHHBIM (POTOHAM U JAHHDBIE MACIITA-
OUPYIOTCS B COOTBETCTBUU C STUM OTHOIIEHUEM, UTO MPUHITO HA3LIBATL KOPPEKIMel Ha
paccesHuUe.

N3 dpusmyeckux SKCIEPUMEHTOB U3BECTHO, YTO B MEJIUIMHCKUAX CKAHEpaxX pacce-
suuble hoToHbl coctapiAioT oT 30 10 70 IPOIEHTOB OOINEro YUCIa PEruCTPUPYEMbBIX
oroHOB, IPU STOM OJHOKPATHO pacCesiHHbIe (BTOPUYHBIE) (POTOHBI COCTABJSIIOT OOJIb-
mmHCTBO (90-95 IPONEHTOB) U3 BCeX MHOTOKPATHO PACCESHHBIX (DOTOHOB. 3a MOCJIEHUE
JIBA JIECATUJICTUST JIOCTUTHYT ITPOIPECC B CO3JIAHUU JIETEKTOPOB C JOCTATOYHO BBICOKHM
(110 2-3 IPOIEHTOR) pa3perierneM 1Mo SHepruu. [109ToMy akTyaJ bHON CTAHOBUTCS 3a/a4a
He TOJILKO KOPPEKIINU, WK OTOpPAChIBAHUSA PACCETHHBIX (DOTOHOB, HO M HUCIOIHL30BAHUSI
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fw.o.n
Vi \ A8z
HW.o.r
(8)

Puc. 1: M neanusupoBatuble Mojien MO3UTPOHHOI smuccnornoit Tomorpadun (I19T). (a)
[19T na nepuunbix dhoronax (u,v) ¢ sueprueit £ = 511 kaB, C' € D(f) - Touka anauru-
. (6) II9T Ha ofHOKpaTHOM KOMITOHOBCKOM paccestHuy; (u, v) - napa aHHATH/ISIH-
oHHbIX doronos, S € D(u) - Touka paccesnus, v’ - dboron v suepruu E’, paccesHHBII ¢
yruioM . Touka P reoMeTpuyecKu sIBJISETCs MOTEHIMATBHON TOYKON PACCesTHUsSI ¢ YIIIOM
6, onnako naxoures Bue cpepl 1 (P ¢ D(u), u(P) = 0) u BKiIaa B 3HAYCHHAS CICTINKA
B ne naer. (B) IloBepxHOCTD Yy - FeOMETPHYECKOE MECTO TOUEK S paccesHus ¢ yrioMm 6 n
cepuueckumu koopaunaramu (1, ¢, |AS|). Touka Cyy, - npoexrus C' Ha IWI0CKOCTL TAY,

/ABS =0 — .

UX B aJrOPUTMAaX BOCCTAHOBJIEHWsI aKTUBHOCTHU f(z,y,2) BHYTPEHHUX MCTOIHUKOB. JIjst
9TOro0 HEOOXOUMO MMETh MHCTPYMEHT MOJECIMPOBAHUS PEIMCTPAIMH IIOTOKA PACCEIHHBIX
dboronos, mogobHbI Mogean (1).

U3 reomerpun 0JHOKpaATHOIO paccesiHust Jerko Bujierh (Puc. 1 B), uro ayst Beex
TOYeK paccesHus S ¢ YoM paccesHus  CIpaBeijIiBO IIPOCTOE MeOMETPUIECKOE CBOIi-
crBo: LZASB = w — 0. Torma reMerpuyecKuM MECTOM TOYEK, IJe MPOUCXOINT PACCEsTHIE
C OIIPEJEJIEHHBIM YIJIOM 6, SIBJISETCH IIOBEPXHOCTD Yy TeJjia BpalleHns Vy, 00pa3soBaHHOIO

—_—
BpaienueM BoKpyr ocu Z jayru ASB (Puc. 1). Torga MoxkHO nokasars [2], 4T0 MIHOBEH-
HOE KOJIMYIEeCTBO (POTOHOB, PACCEAHHBIX C YIVIOM ), PErUCTPUPYEMBIX JIETEKTOPOM B 1pu
YCJIOBHH, ITO B A 1momasu nepBudibie GOTOHDI, OMMCHIBACTCH (HDOPMYJIOit

0 2 s B |AS|
. (o —0 .o, |AS|) 8 —<fudl+fu’dl>
i = [apienta =t [ Mt BN EE WY [y anan @
0

e dg—g — nuddepeHnuaabHOe cedeHre KOMIITOHOBCKOTO PacCesiHsI, TOIKA paccessHus S

onpejiessiercs: B cpepruaecknx KoopauHaTax Kak (1, ¢, |AS|), paccrosiaue ot Touku A 10
_ sin(0—¢) /
S ecro |AS| = |AB|= 5, |/ - koacbdpunuenT ocnabieHus MOCIe PACCEAHNS.
Buianuoit pabore BBIBOJATCs YacTHBIE BUIbI IpeobpasoBanus (2). [IpuBomgres pe-
3yJIBTATHI IMCIEHHBIX KCIEPIMEHTOB.

Pa6ora wactuano nomaep:xkana PODU (rpant 13-07-00068).

JIureparypa
1. Tepemerko C.A. Merosbl BbraucauTeabnoit Tomorpadun. M.: @usmariut, 2004.
2. Kazannes U.I'., fposenko N.I1., [Ipoxopos 1.B. Mojenuposanue nporecca n3-

MepEeHUsT KOMIITOHOBCKOTO PaCCesiHusi B MO3UTPOHHOI SMUCCHOHHOI ToMorpaduu // Bei-
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RECONSTRUCTION IN PHASELESS INVERSE SCATTERING PROBLEMS
Michael V. Klibanov
Department of Mathematics and Statistics
University of North Carolina at Charlotte
Charlotte, NC 28223, USA

e-mail: mklibanv(@uncc.edu

Abstract. The Phaseless Inverse Scattering Problems (PISPs) arise in applications to imaging
of microstructures of sizes of the micron range of less (1 micron=1um=10"°m). Only the
intensity rather than the phase can be measured in these applications. Reconstruction formulas

for PISPs will be presented [1,2]. In addition, numerical results will be shown.

If time will allow, then a new mathematical model for the Black-Scholes equation will
presented as well. This model enables one to forecast prices of stock options for 1-2 trading
days via the solution of an ill-posed problem. The validity of this model is verified on real
market data [3]. It is shown, on the examples of twenty randomly picked stock options, that

this model enables one to make profit on the market of stock options.

[1] M.V. Klibanov and V.G. Romanov, Reconstruction procedures for two inverse scattering
problems without the phase information, www.arxiv.org: 1505.01905v1, 2015.

[2] M.V. Klibanov and V.G. Romanov, Two reconstruction procedures for a 3-d phaseless
inverse scattering problem for the generalized Helmholtz equation, www.arxivorg:
1507.0275v1, 2015.

[3] M.V. Klibanov and A.V. Kuzhuget, Profitable forecast of prices of stock options on real
market data via the solution of an ill-posed problem for the Black-Scholes equation,
www.arxiv.org: 1503.03567, 2015.
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ITIO/JIMHOMMAJIBHBIE OITEHKN CKOPOCTU CXOAMMOCTU
PASBHOCTHBIX CXEM /JI4d HEKOPPEKTHBIX 3AJIAY KOIIIN
M.M. Kokypun
Maputickuis 2ocydapemeennod ynusepcumem, Howkap-Oaa, Poccus
e-mail: kokurin@nextmail.ru

AnHoTanusi. YcTaHABIUBAIOTCS TTOJTNHOMUAJIBHBIE OTIEHKH CKOPOCTH CXOIMMOCTH
HEKOTOPBIX KJIACCOB PA3HOCTHBIX CXeM JIJII HEKOPPEKTHBIX 3a/1a4 Korm mepBoro u BTOporo
MOPsJIKa B THILOEPTOBOM ITPOCTPAHCTBE.

Karouesvie caosa: duddepenimaibio-onepaTopuble ypaBHEHUs, HEKOPPEKTHDIE
3a1a4u, 33 1a49a Korm, pa3sHoCTHBIE CXeMbl, CKOPOCTH CXOJIMMOCTH

POLYNOMIAL ESTIMATES FOR THE CONVERGENCE RATE OF
DIFFERENCE SCHEMES FOR ILL-POSED CAUCHY PROBLEMS

Abstract. We obtain polynomial estimates for the convergence rate of some
classes of difference schemes for ill-posed Cauchy problems of the first and of the second
order in Hilbert spaces.

Key words: Differential operator equations, ill-posed problems, Cauchy problem,
difference schemes, rate of convergence

Nsyuatorcsa nekoppekTHbie 3a1a4dn Ko s auddepenuaibHO—-0epaTOpHBIX
YPaBHEHUIT CJIeTYIOIIEero BUIa

©(t) = Az(t), «(0) = f € D(A); (1)
#(t) = Az(t), 2(0) = f € D(A), #(0)=0; (2)
#(t) = Az(t), x(0)=0, &(0)=f. (3)

Buaech A : H — H — HeorpaHMYeHHBIH, IIJIOTHO OIPEACICHHBIN, CAMOCONPIKEeHHbIN JIH-
HeHBIIT ollepaTop B ruyibbepToBoM mpoctpancTse H co ciektpom o(A) € [a, +00), a > 0.
s kazkioit u3 3aza4 (1)—(3) craBuTest BOIPOC 0 AUCKPETHOI AIIPOKCHMAITIH KJIACCHTe-
ckoro pemenns z : [0, 7] — H ua orpeske [0, 7], npudem cyIecTBOBAHHE STOTO PEIeHVst
npejnosaraercd. M3secrro, uro kaxas us 3a1a4d (1)—(3) me Mmoxker umerh 60jiee 0JJHOTO
KJIACCHYECKOIO PEIICHH.

s permenns 3ajgaqau (1) mpejyraraercst Kiaace OJHOMANOBBIX PA3HOCTHBIX CXEM C
napamerpoM (3 > 0, UMEIOIIUX MOPSI0K AIIPOKCUMAIIH 11 = 1:

—Ty + Ty = AtA((l + B)x, — ﬁxn+1), 0<n<N-1, z9=1/. (4)

Kpowme Toro, paccMaTpuBaeTcs KJIace ABYIIArOBBIX PA3HOCTHBIX CXeM C HapaMeTpaMu 7y, €
(1,2), v2 < v uts 3agaqu (1), UMEOMUX MOPSAIOK aIlIPOKCUMAIIT M = 2

(2% +3)zp + (271 — 4)Tpy1 + Tpgo = AtA((*m —2)zp + (371 — 292)xpi1+

5
+ (2= M)Tn42), 0<N<N—=2, my=f, z=2f—(E+AtA)'f. )

st perenns 3aa4m (2) npejyiaraercs KJIace JIBYIIArOBbIX PA3HOCTHBIX CXEM C [apaMeT-
pom [ > 0, UMEIOIMKX MOPSATOK AITPOKCUMAIIAN M, = 2:

Tn — 2xn+1 + Tpyo = (At)QA(_ﬂxn + (1 + 2/6)5En+1 - /Bl’n-i-Z)a 0 S n S N —2. (6)
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HauasbHble 971eMeHTh! g, 21 B (6) BbOHpatoTcs mo dhopMmynam

1

zo=f, x1 = (E+3/2(At)*A)(E + (At)*A)” f. (7)

Haxkower, st perenust 3ajauu (3) npejiaraercs Kiaace cxeM (6) ¢ HadaaIbHBIMU SJIEMEH-
TaMn

Ty = 0, T = Atf (8)

B dopmynax (4)-(8) At = T/N ectb mar mauckperusaruu, T, € H — npubinkenne K
sHavennio x(nAt) uckomoii dbyskimn x(t) B n—M y3ie quckperusanuu, F — e mHIIHbIIT
omeparop B H.

Ecmun x(t) — xiaccudaeckoe pemienue ofgaoit u3 3amad (1)—(3), To snement z(7T)
JIOIyCKaeT ucTokoobpasuoe mpencrasienne (1) = A™Pw ¢ mexoropeim p > 1, w € H.
Cuietyoriye TeopeMbl yCTAHABJIUBAIOT CTEIIEHHBIE OIEHKN CKOPOCTH CXOIUMOCTH cxeM (4)—
(6) B 3aBHCHMOCTH OT ITOKA3aTE A HCTOKOMPEACTABUMOCTH P COOTBETCTBYIOIIEIO PEIICHIS.

Teopema 1. Jlaa paswocmnvix crem (4) pewenua 3adavwu (1) cnpasedausa ouyerka
CKOpOCU CTOOUMOCTIAU

Ci(At)P?, 1<p<?2

— <
o~ st < { DR S

}, OSHSN, 01201<p)

Teopema 2. Jlas pasnocmuwx cxem (5) pewenus zadavwu (1) enpasedausa ouenka
cKopocmu croouMoOCm

Co(AB)?3, 1<p<3

N R e R

}, OSTLSN, CQZCQ(p)

Teopema 3. Jlaa cxem (6), (7) pewenus 3adavwu (2) u das cxem (6), (8) pewerus
sadavu (3) cnpasedausa ouenka ckopocmu croduMocmu

C3(At)*/3, 1< p<3/2

|z, — z(nAt)|| < { C3(At)?, p>3/2

}, OSTLSN, 03203(]7)

B reopemax 1-3 npesnonaraercs, 9ro saement f B 3agadax (1)—(3) 3aman TodHo.
O1HaKO GBIJIO YCTAHOBJICHO, YTO PA3HOCTHBIE cXeMbl (4)—(6) MOKHO IPUMEHSTH U B CJIydae
PUOJIMZKEHHO 3a/[aHHBIX BXOJHBIX JIAHHBIX, U [IPU HAJJIEZKAIIEM COTJIACOBAHUM IIIAra JINC-
kperusaiu At ¢ yPOBHEM IIOIPEITHOCTU 3JIeMeHTa f 9TH CXeMbl JAal0T PEeryJispu3yolue
AJITOPUTMBI JIJIsi HeKOppeKTHBIX 3aja4 (1)—(3). Kpome Toro, mokazaHbl TeopeMbl, 0Opat-
HbIe K TeopeMaM 1-3: OHM yCTaHABIMBAIOT HEOOXOJMMbIE YCJIOBHsI CTEIIEHHON CXOJIMMOCTH
cxeM (4)—(6) ¢ mokaszaTeseM CTEHEHHN ¢ B TEPMUHAX [OKA3ATEJIsl P HCTOKOIIPEICTABUMOCTH
uckoMoro perenusi. Hakorerr, mosrydensl 0600mieHns TeopeM 1-3 u 06paTHBIX K HUM JIJIst
HEKOPPEKTHBIX 3a1a4 Kot B 6aHAXOBOM IIPOCTPAHCTBE.

JImteparypa

1. Kokypua M.M. O6 onrummusanum OIEHOK CKOPOCTH CXOJMMOCTHA HEKOTOPBIX
KJIACCOB PA3HOCTHBIX CXEM pellleHusi HeKOppeKTHo 3ajaun Kormm // Beraucauresapabie
MeTo/ibl 1 iporpammupoBanue. 2013. T.14. C.58-76.

2. Kokypurn M.M. Pasnocrable cxembl perenus 3ajadn Komm s JTuHEHOTO
s bepeHIaIbHO-0IePaATOPHOTO YpaBHEHUsT BTOporo tmopsiyika // 2KypHas Berauc/u-
TeJILHON MaTeMaTuku u Maremartudeckoii huzuku. 2014. T.54, N 4. C.569-584.
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YCTONYUBBIN I'PAANEHTHO-IIPOEKIITMOHHBIV METO/I, JJ14
HEJIMHEVHBIX YCJIOBHO-KOPPEKTHBIX 3AJAY
M.IO. Kokypun
Maputickuti 2ocydapcmeennwitl ynusepcumem, HuoumapfO/La, Poccus
e-mail: kokurinm@yandex.ru

Annoramus. B crarbe onmchiBaeTcd KJace HEJTHHEHHBIX YCIOBHO-KOPPEKTHBIX
3a/1a4, /11 KOTOPBIX BO3MOYKHO TIOCTPOEHUE YCTONYMBBIX UTEPAITMOHHBIX IPOIECCOB Ha
OCHOBE TIPUMEHEHUST KJIACCUYIECKUX ITPOIIE/ YD MUHUMUA3AIUN B CXeMe KBa3UPeIeHunii.

Karouesvie cro6a: HEKOPPEKTHBIE 38/1a9H, YCJIOBHO-KOPPEKTHbBIE 3a/1a91, UTePaIll-
OHHBIE METOJIbI, METO/I, TPOEKITUN TPAINEHTA, CXOJIMMOCTh, YCTOUINBOCTH

STABLE GRADIENT PROJECTION METHOD FOR NONLINEAR
CONDITIONALLY WELL-POSED PROBLEMS

Abstract. In this paper we describe a class of nonlinear conditionally well-posed
problems for which it is possible to construct stable iterative processes with the use of
classical minimization procedures in the quasisolution scheme.

Key words: ill-posed problems, conditionally well-posed problems, iterative methods,
gradient projection method, convergence, stability

PaccmarpuBatorcs nemHeiinbie oOpaTHbIe 331891
Flu)=f, weD, (1)

rae P Hy — Hy — auddepennupyemplii 1o @pere onepaTop ¢ JIMIIMIAIL-HeIPepbIBHOM
IPOM3BOMHOM, BMecTO 31eMenta f € Hy mocrymnno ero npubmmxenue f, || f — fllm, < 6.

[Ipeamonaraercs, aro oneparop F' MHBHEKTUBEH Ha BBITYKJIOM 3aMKHYTOM OT'DAHUYEHHOM
MHOXKecTBe D, copepxkaiieM nckomoe pertenne u*. Ilyers amsa 1 < p < 2 BBINIOJIHSIETCS
reJIbJIEPOBCKadA OIEHKA YCJIIOBHON YyCTONYUBOCTHA

[1F(u) = F(u)|g, 2 mllu—u*|y, VueD (m=m(p)>0). (2)
PaccMOTpUM METOJT TPOEKINU TPAIICHTa
Upt1 = Pp(u, — pj’(un)), u €D, p>0
JUI MAHUMA3AIUU Ha D DyHKIMoHaIa HeBA3KH
Jw) = | F(w) = Flly; e D.

Teopema 1. [Tycmo 6 ycaosuu (2) p = 1. Tozda 6 cayuae docmamouno marvi p,
3, [Jug — u*|| g, 6vMMOAHAIOMCA COOMHOWENUSA

1 n
”'Lbn - U*H%-h < 61152 + HUU - u*“ih (1 - §C2P) y = Oa 17 S

lim sup ||u, — u*|| g, < C40. (3)

n—oo

Teopema 2. [Tycmov 6 ycaosuu (2) 1 < p < 2. Tozda 6 cayuae docmamowno Masvls
p, 0, |[ug — u*|| g, 6vMOAHAEMCH

lim sup ||t — u*|| g, < Cs0'/. (4)

n—oo
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Kpome mozo, cnpasedausa ouenka

* o~ ol 9
e [ =

Onenku (3), (4) HeyaydmaeMbl 110 TOPSJIKY Ha Kiacce 3ajad (1), yaoBieTBopsi-
fonux ycsosuio (2). Ilpu ciemaHHBIX TpenonokeHnsX (byHKIMOHA J B obleM ciyuae
MHOrO9KcTpeMaJsied Ha . Ecim MaOXKecTBO ) KOMIIAKTHO, TO B YCJIOBUAX TeopeM 1, 2 BbI-
nosasiercst J(un41) < J(u,), n=0,1,..., nocaenoBaresbHOCTD {u, } UMeeT IpejesbHbIe
TOYKHU U KaxKjiasd TaKas TOYKa U YJIOBJIETBOPAET HEOOXOIUMOMY YCJIOBHIO MUHUMYMa B

sagade min{J(u) : w € D} u Kpome TOro

|7 — u*||g, < Ced'?, 1<p<2.
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AHHoTauusi. B cratee paccmaTpuBaeTcs 3azada 00 ONPENENIEHUU PACHPEIEIICHUS
TEMIIEpaTypbl U CKOPOCTH BHYTPH JIAaBOBOT'O MTOTOKA MO U3MEPEHUSIM HEKOTOPBIX (PU3NUECKUX
[apaMeTpoB JIaBbl HA MIOBEPXHOCTH MOTOKA. 3a7aya popManusyercs Kak oOpaTHas rpaHUYHas
3a7a4a JUisi MOJENIHM JWHAMUKHM BSA3KOM TEIIONPOBOAHOW HEC)KMMAEMOM HEOAHOPOJIHOMU
KUJKOCTU. 3a]1aua ABJIIETCS HEKOPPEKTHO MOCTaBlIeHHOU. Pa3paboTanbl METObI, AITOPUTMBI
U IIPOTrpaMMHBIE CPEACTBA PELICHUS ITOH 33aja4uu B CTALlMOHAPHOM CIIydae.

Kniouesvie cnosa:  nomox nasvi, 643Kas JCUOKOCMb, OOpAMHAS 2PAHUYHAA 340a4d,
HeKkoppekmuas 3aoayda, memoo Tuxonoea, yucieHnoe MooeauposaHue.

RECONSTRUCTION OF VOLCANIC LAVA PROPERTIES BASED ON
MEASUREMENTS OF SOME PHYSICAL PARAMETERS ON DAILY SURFACE
OF LAVA FLOW

Abstract. We consider a problem of volcanic lava flow to determine the temperature and
velocity distributions from the measurement on the surface of the lava. Mathematically this
problem is reduced to an inverse boundary problem for viscous incompressible heterogeneous
heat-conducting fluid flow. This problem is ill-posed. We have developed methods and
solution algorithms for this problem and considered the case of steady-state flow.

Key words: lava flow, viscous fluid, boundary inverse problem, ill-posed problem, Tikhonov
method, numerical simulation.

OmnuieM KpaTKO OJIMH M3 BapUAHTOB 3aJ[a4d, PEIICHHE KOTOPOTO0 OCHOBAHO HA METOJIE
Tuxonosa [1]. MaTemaTrnueckast MOJIeJIb YCTAHOBUBIIIETOCS JBUKEHHUS KUIKOCTH B 00JIaCTH

QcR? crpanuneii ['=T, U, UL, UT, (cM. puc.) NpeacTaBieHa ypaBHEHUAMH [2]

V-(u(Vu+Vu'))=Vp—RaTe,, xeQ, (1)
Vau=0, xeQ, (2)
V(kVT)=(u,VT), xeQ, 3)

rae )>X — TOYKa IMPOCTPAHCTBA C JAEKApTOBBIMU

KoopauHaTaMH (x,,X,); u=(u,(X),u,(X)) — BEKTOp

: CKOPOCTH ABW)KEHHUS KUJIKOCTH; p = p(X) — JaBIICHUE;

T'=T(x) — Ttemneparypa; Ra — wuucio Panes;

u=u(T) — Baskocte; K =k(T) — xOdIpPUIMEHT

TemmneparypornpoBoaHoctu. Ha rpannne I' obmactu Q
3a/1aHbl TPAHUYHBIE YCIIOBUS

l—‘R
Puc. O6nactes QQ u ee rpanuna I.
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[:T=T, u=u,; I,:u=0; I[,:T=T,, ueon—pn=0 (6=Vu+Vu'); (4)
I,: T=T,, «(VT,n)=¢, (u,n)=0, en=6n—(en,n)n=0. (5)

3aoaua. Haiitu pemenue (7,u, p) kpaeBoit 3amaun (1)—(5) B obmactu (2, a Takxke
HaWTHU PacIpeleICcHHe TEMIEPAaTyphl HAa rpaHune [, W clI0l KOPKU OCTBIBAIOIIEH JIaBbI MO

rpanunei I, (oH onpenensiercs 0 NOPOrOBBIM 3HAYEHUSM TEMIIEPATYPHI U BA3KOCTH).

3asaya CBOJUTCS K MUHUMHU3ALUU PETYISIPU3UPOBAHHOTO (PYHKIIMOHAJIA HEBSI3KU

J,0) = x(T) (eT,/om)-9|, . +o | V| — min: veV, (6)

2 2
L,(Ty) Ly(T5)
rae ¥V — HEKOTOpoe IMOAMHOMKECTBO JONMyCTHMBbIX 3neMmeHToB ve L, (I',), (T ,u,p) —
peuienue kpaesoii 3anaun (1)—(3) ¢ rpaHUYHBIMU YCIIOBUSIMU
I':T=7, u=u;; I',:T=v,u=0; I,:T=T,, puon-pn=0; @)
I,:T=T,, en=6n—(on,n)n=0. (8)

OynkunoHan (6) MUHUMU3ZHPYETCS KAKUM-JIMOO MOAXOISALIMM METOJIOM, HaIlpUMep,
METOJIOM COTPSDKEHHBIX T'PAJAMEHTOB WM KaKHUM-HHOYIb M3 KBAa3MHBIOTOHOBCKUX METO]IOB
[3]. Ilapamerp o HaxogUTCs KBa3HONTUMAIbHBIM METOJOM B pE3yJbTaTe peIlIeHUs
COOTBETCTBYIOLIEH OJTHOMEPHOM 3aja4 MUHUMU3AIWH.

I'pamuent neneBoro GyHkroHana

VJ, () =(x(T,) (9z/om)+2a )|,

HAaxOJIUTCS U3 PELICHUS COIPSIKEHHON KpaeBOy 3a1aun
V- (u(T)(VW+Vw'))=Vq+zVT, xeQ,
V-w=0, xeQ,
V(k(T)Vz)+(u, —&"(T)VT,,Vz) = p'(T)[(VW+VW'),Vu ]-Ra(e,,w), xeQ;
[:z=0,w=0; T,:z=0,w=0; TI,:z=0,u6n-gn=0, (6=Vw+Vw');
I,:z=2(x(T)(@T,/on)—¢), (w,n)=0, 6n=0.

MUHUMHU3UPYIOIHAA 3JIEMEHT V=7V, B 3amade (6) maeT mpuOIMXKEHHE K HCKOMOMY
pacrpesielleHuI0 TeMieparypel Ha rpanuue [',, pemenue kpaeBoi 3amauu (1)—(3), (7)~(8)
nmpu v =v, Aaer npubiamxeHue Kk uckomomy pemeruto (7,u, p) kpaeoit 3amauu (1)—(5),

3aTreéM, IIO HOpOFOBBIM 3HAYCHUAM TeMnepaTprI U BA3KOCTHU onpez[enﬂeTcsl CJ'IOfI KOpKI/I B
obmactu Q.

B cootBeTcTBHE C MpCAJIOKCHHBIM crocodom peicHuA 3aJa4dr IPOBCACHBLI CCPHUU
BBIYUCIIMTCIIbHBIX OKCIICPUMECHTOB, ITIOKAa3aBIINX pa6OTOCHOCO6HOCTB MCTOAAa U aJiTOPUTMOB.

Pa6ora BeinonHena npu ¢puHancoBoit nogaepxke PHO (mpoexra Ne 14-17-00520).
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Fast processing of the tomographic data.
Nikolay Koshev.
ICMC USP, Sao Carlos, SP, Brazil.

e-mail: nikolay.koshev@gmail.com

Abstract. Tomographic imaging is a very powerful instrument of non-destructive research
and control of the internal structure on non-opaque objects. An important branch of
tomographic techniques is transmission tomography, which can be used at nano, micro
and macro resolution levels.

Physically, all types of transmission tomography are based on registering the energy
loss or/and intensity loss of the incoming electrogmanetic wave (X-rays for instance), after
passing through the object under investigation also refered here as sample). In our case,
we consider that X-rays generated from a synchrotron light source hit the object under
investigation determining a projection image (also referred as frame) at a cCD (charge
coupled device) camera.

We consider the feature function, i.e. the function, which represents the internal
structure of the object in the plane of the given slice, and the sinogram - the output signal
of the tomographic device. In case of the tomography in parallel rays the feature function
is connected with the sinogram via well-known Radon transform operator (see [1]):

%:U~—>V:g(0,t)E%f:/f(m)é(m-ﬁg—t)dm, (1)

where U,V are the Hilbert spaces, & = (cosf,sinf)T, z € R2 The adjoint operator
BV — U defined as
be) = Fg(a) = [ gl 0000 )
(0,7]

Since the Radon transform is well-known for a long time, a big number of reconstruction
algorithms have been developed. Unfortunately, most of them has sufficient disadvantages
and the work on developing new methods is still actual. One of the most noticable
disadvantages of known algorithms is big computational complexity.

We consider two fast methods to obtain the backprojection/reconstruction of the
feature functions from the sinograms. The first one, called Andersson’s formula (see [2]) is
based on representation of the backprojection as a convolution in Log-Polar coordinates,
which allows us, after all necessary preparation, use the Fast Fourier Transform techniques
on uniform meshes.

The second approach was developed by authors, we call the Backprojection Slice
Theorem (BST) [3], is related to the well-known Fourier Slice Theorem, but provides the
backprojection instead of the reconstruction. This approach based on uniform convolution
in curvilinear coordinates and the Hilbert transform, and gives the possibility to work in
polar coordinates (i.e. the natural coordinates, in which we have sinogram) instead of
Log-Polar, which reduces both calculation time and the interpolation error.

Both algorithms can dramatically reduce the calculation time and computational
needs due to the fact, that the calculation complexities of them are closed to the complexity
of the uniform convolution. We present the comparison of performance of both algorithms
with other popular algorithms of sinogram reconstruction on Fig.1. Due to high performance,
these algorithms can give us two main possibilities:
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Puc. 1: Comparison of calculation time of size dependence for two considered approaches.

e Reconstruction of big science datasets (with resolution over 64 megapixels). Both
algorithms are easily can be parallelized with usage of MPI techniques for clusters
or GPU-+CPU systems.

e The developed algorithms can be used in the development of new iterative methods
of the sinogram reconstruction. These algorithms can provide better images than
analytical techniques because they allow for improved modeling of the sensor, the
photon emission phenomenon, among others issues such as beam-hardening. Furthermore,
iterative methods can successfully reconstruct images from data acquired under less-
then-ideal circumstances such as when the sample does not fit the scanner field-of-
view or when sparse or limited angular sampling is required.

Key words: Inverse problems, ill-posed problems, tomographical imaging, signal
processing
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BOCCTAHOBJIEHUE KO®P®UNIINEHTA IIP1 U, B YPABHEHUU
TEIIJIOITPOBO/HOCTMU I10 YCJIOBUIO HEJIOKAJIbBHOTI'O
HABJIFOAEHN A
A.B. Koctun
Haovyuonarvrnt uccaedosamenverut adeproiti ynusepcumem "MHPH", Poccus, Mockea
e-mail: abkostin@Qyandex.ru

Awunoranus. Nmercs koaddunment p(x) = py + r(x) nepen u; B ypaBHEHUH TEILIONPO-

BomHOCTH. 1[OMIMO HAYAJBHBIX W TPAHUYHBIX YCIOBHI 3aMaTCs yCI0BHE HAOJIIOACHUS
T . . )

B Buge [, u(z,t)du(t) = x(z) ¢ ussecrnoit Mepoii du(t) u dbynxuueii x(z). [lomydens:

JIOCTATOYHbIE YCJIOBHSI CYIIECTBOBAHUS U €JMHCTBEHHOCTH pereHusi 0OpaTHON 3a/a4u.

Kaoueswie crosa: KoasdpduimenTabie odpaTHbie 3a/a491, oOpaTHas 3a/a49a, J1JIs
yPaBHEHHsI TeIJIONPOBOHOCTH, HEJOKAJIbHOE HADJII0eHNe (W TTePeorpeieieHne).

RECOVERY OF THE COEFFICIENT OF U; IN THE HEAT EQUATION
FROM A CONDITION OF NONLOCAL OBSERVATION

Abstract. The inverse problem of finding the coefficient p(x) = pg + r(z) multiplying
u; in the heat equation is studied. In addition to the initial and boundary conditions, a
nonlocal condition is specified in the form fOT u(z,t)du(t) = x(x) with a given measure
du(t) and a function y(z). Sufficient conditions for the existence and uniqueness of a
solution to the inverse problem are obtained.

Keywords: coefficient inverse problems, inverse problem for the heat equation, nonlocal
observation (or overdetermination) condition.

ITycrs Q C R™ — orpanmuennas obsiacts ¢ rpanuneit 02 € C?. B uumnape Q =
2 x (0,T) ¢ 6okopoit moBepxHocTbio S = I X [0, T] paccMoTpuM 33349y O HAXOXKJICHHH
napbr Gyukui {u(x,t);r(r)} u3 crexywomux yeaoBui

(1 +7r(x)w(z,t) — Au(z,t) = g(z,t), (x,t) € Q, (1)
u(z,0) = up(x), =z €, u(z,t) = B(x,t), (x,t) €S, (2)

() = /0 (e ) du(t) = y(z), =€ (3)

Bnecy dbynkmun g, ug, 3, i, x 3amanel, A oneparop Jlammaca. O6oznaunm u°(z,t) pe-
menue npsamoii 3axaun (1), (2) ¢ r(z) = 0. Orpanudenus Ha 3aganuble QYHKIHT OKa-
3bIBatOTCA Gostee ciaabbiMu B caydae du(t) = w(t)dt, mosToMy CIydam HHTErPATHLHOIO
Haboierns u obiiero nepeonpeaesnenns (3) ¢ dyukiueii y € BV[0,T| paccmarpuBaiot-
csl OTJIeNIbHO. B mocneiHeM ciiydae WHTerpas B YCJOBAM (3) MOHMMAETCS KaK MHTErpasl
Pumana-Cruitbeca.

OrpaHuuumcst 3JeCh CJly4aeM MHTerpajbHOro Habsogenus, 1.e. du(t) = w(t)dt B
(3), pu 3TOM GymeM MpPEeANOIaraTh BbIIIOJTHEHHBIMU CJELYIONHE YCIOBHSI

9, Gt € Loo(Q); Aug, Ay € Loo(Q); 3®(z,t) : @, &, € W2EH(Q), mpuuém
BeinostHenbl yeaosusa: Pz, 0) = uo(z) B Q, D(x,t) = (x,t) wa S;
weCHo,T], (1) = fOTw(t)dt =1

UO(I)zﬁ(x,())’ l(ﬁ)(x):X(Qj)v r € 09.

[Ipu Bemommenun yenosuit (A) as 1060r0 1 € Loo(€2), () > 0 pentenne npsamoii 3a1a4n
(1), (2) mpumamexur W2H(Q) ¢ p > n+ 1, mo Teopeme Bozxenus u € C(Q).

(4)
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Omnpezenenne 1. [apy dyuxmmit u € WPH(Q) (cp>n+1) ur € Lo(Q), 7(z) > 08 Q
Ha30BeM perreHneM o6paTHoii 3agadun (1)-(3), ecim 9Tu HYHKIMH YIOBIAETBOPSAIOT YpaB-
meruio (1) m.B. B Q, a ycsosusam (2), (3) B KJIACCHIECKOM CMBIC/IE (IO HEMPEPBIBHOCTH ).

BazkHy10 poJib B Pa3pernnMocTi 0OpaTHOM 3a/1a41 UIPAIOT KOHCTAHTHL
Bo = mSin{Bt(x, t)}, = essQinf{Auo(x) +g(x,0)},
s = esssup{Ax(x) +1(9)()},
a TaKKe HePaBeHCTBA
9>20,>08BQ;u>08Q >0,3>0mn8S w>0, <0 na[0,T]; (4
By >0, 2 > 0, 2 < . (5)
Teopema 1. Ilycmo ewnoanero ycaosue (A), nepasencmsa (4), (5) u
All(u®) — x](z) <0 6 Q.

Tozda cyuecmeyem u npumom edurncmeennas napa {u;r} — pewenue obpammot 3adayu
(1)(3), npuuém u(x,t) obradaem caedyrouumu ceoticmeamu donosHumervrotl 2aa0Ko0-
cmu

u € C([0,T); Ly(Q)), u e C([0,T); W)(Q) npup>n+1,
a pynryua r(x) > 0 ydosaemsopaem ouenke r(x) < M = max{0, /8y — 1}.

Hnst caydas obiiero HaOMOIeHAs, T.e. Koraa mpo GYHKIUIO (i(1) W3BECTHO JIUIIb,
aro p € BV[0,T], Tak:Ke MOJIyIeHBI JOCTATOYHbBIE YCJIOBUS PA3PENTUMOCTH W € HHCTBEH-
noctu. Pesynbrarel onybiukoBanbl B pabore [1|, mosydeno obobienne na ciaydaii na-
paboJimaeckoro ypaBHeHus ¢ Koa(pdunuenrtamu, 3apucamumu or © u t. JlokazareabcTBO
ONMpaeTCsl Ha TeOpeMy eJIMHCTBEHHOCTH DellleHus JuHeiHoN 3aqaun u3 2| u Ha Teopmio
MOHOTOHHBIX 0OmeparopoB. HesokanbHOe yeaoBre Buia (3) BIEepBble B OGPATHBIX 3a/1a9aX
HOSBIIIOCH B pabore 3], oHO BKIOUaeT B cebs (bUHAIBHOE U WHTErPAIbHOE HADJIIOIEHHE.
Ormeuy Takzxke paboThl [4-6], rie paccMaTpuBagInCh OTAEIbHBIE YACTHBIE CIYUYAH.
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CXOIUMOCTDb CUCTEM C PEI'VJSAPU30OBAHHBIMU OIIEPATOPAMHA
JJOKAJIBHO JOITYCTHUMBIX YIIPABJIEHUI
B.H. Ko3znos, A.A. Edppemosn
Canxkm-Ilemep6ypeckuii [lornumexnuueckutl ynugepcumem Ilempa Benukoeo,
Canxkm-Ilemep6ype, Poccus
e-mail: saiu@ftk.spbstu.ru

AHHoTanus. PaccMaTpuBaeTcsi CXOAUMOCTb U PErysspU3alus CUCTEM C IIPOEKIMOHHBIMU
aJIrOPUTMaMHU JIOKAJIBHO JOITYCTUMBIX YIIPaBJICHUHN 7151 AUHAMUYECKUX OOBEKTOB.

Knrouegvie cnosa: ounamuueckuii obvekm, HPOEKYUOHHBIL Memoo, peyaapu3ayus u
CX00UMOCTb, OZPAHUYEHUS HA KOOPOUHAMbL U YNPAGIEeHU.

CONVERGENCE OF SYSTEMS WITH REGULARIZED OPERATIONS OF LOCALLU
VALID CONTROL IMPACTS

Abstract. Convergence of regularization of projection algorithms for synthesis of locally valid
control impacts for dynamic object is introduced.

Key words: dynamic object, projection algorithms, convergence of regularizations, valid control
impacts.

PaccmatpuBaercs GyHKIMOHAIbHASA PEryisipU3alus U CXOAUMOCTh JUCKPETHOM CHUCTEMBI
aBTOMATUYECKOI'O  YNpaBJIEHUs C JIOKAJIbHO JONYCTUMBIMM  ynpasieHusmu — (JIAY),
YUUTHIBAIOIIMMH CMELIAHHBIE OIPAHUYEHUs Ha KOOPAMHATBl U YIPABIEHUs, KOTOpbIE
CHUHTE3MPOBAHbl HA OCHOBE IPOEKIIMOHHBIX ONIepaTopos [1]

X, =Pp,+(1-20.)P'Cé,,
0. =p(0,)=(]0]-]0. -1|+1)/2¢€[0. 1], 6, =(1-6}")/2,

1/2

6. =|a,/p|"”, a,=r bl (447) b, 20, p=C"P'C>0. (1)

HccnenoBansl ycioBUSL CXOJUMOCTH Pa3HOCTHBIX ONEPATOPOB AMHAMUYECKUX CHCTEM B
€BKJIMIOBOM NIPOCTPAHCTBE COCTOSIHMM € peryisipuzauueil. Pesynbrar chopmynupoBaH B

YTBEP)KJICHUU.
YrBepxnenue. [IycTb BBIIIOIHEHB! YCIOBUS:
1. PazHOCTHBI omepaTop CHUCTEMBI JIOKAJbHO JIOMYCTUMBIX YIPaBICHUN C

oneparopoM (1) umeet Bujg

X1 = G(xkapk ) = Hx, + Fu,. (xk) =
= Hy, + F,TT| P,Hx, +(1-20,.) |o |* P'C |, x,0 =x". 2)

a peryJasapu30BaHHBIA MpPOEeKUMOHHBIN omeparop JIJIY 3aman c¢ ywuetom mnpexacrasienus (1)
CIEAYIOUUMU COOTHOLICHUSIMU
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12

O = P(040) =(| 00| | 010~ 1] +1)/2€[0, 1], 0,,=(1-6,")/2. 6, =] e,/ p|".

|6]"=e (%), () =\/r2 ~o(|Poi| ). b=t p=CTP'C 20,

2 2|, 2,2 1
go(q):O,S(‘q—g ‘—‘q—rl ‘+5 +7; ), qgeR.
2. CocTosiHus 00BEKTa yrpasieHus B (2) siBisitorcs ynpasisieMbiMu 1o P. Kanmany u

JOCTHKHUMBI IIPU PEryJIApU3YIOLIUX apaMeTpax oneparopoB B (1) u (2) mpu ydyeTe cMeIIaHHbIX
OrpaHUYEeHMI Ha KOOPJIMHATHI U YIPaBJIECHUS

@ =a(x)=r-o(| Pl [ ) >0,

1
Alsr=r((e 1)

3. OOnacTh ONpeAeNICHUS PEryIIpU30BaHHOTO HEJIWHEWHOr0 oOIeparopa JOKaJbHO
JIOTTYCTUMBIX YIIPaBJICHUH ONpeaesieTcs YCIOBUAMHU COBMECTHOCTH

a,=r"—(b P[P, )>0, b, =Hx,, k=12,..,

KOTOpBIE FapaHTUPOBAHHO BHIIMOJIHEHBI B CUITY IIpeIaraeMoil perysipu3aiii.
4. CyeTHOEe CEMEWCTBO  pPa3HOCTHBIX omneparopoB cuctembl JIIY Ttunma (2) umeer

-1

b, =Hx,, P[P =(44")

HavaJbHBIC YCIOBHA X, = x'eTl , npuHauIexKamue mapy 7 < R", UMEIOLIEMY LEHTD B

Hayajie KOOpuHar.
Torma ycioBust cxatus Ui olepaTopa 3aMKHYTOM CHCTEMbl aBTOMAaTHYECKOTO
ynpasieHus (2) IpUHUMAIOT BUJ

a=lHlE TP 2 L T [P) < 0

[IpuBoauTCcst nOKa3aTeNbCTBO YCJIOBUH cxogumoctu onepatopa (2) B Buzme (3),
C(I)OpMyJ'II/IpOBaHHI)IC B CBKIIMJIOBOM TIIPOCTPAHCTBE Ha OCHOBC IIpUHOUIIA CKHUMAKOIIUX
oToOpakeHuid. M3 »TUX yCJIOBHMI CieayeT OrpaHMYCHHE Ha CHEKTPAIbHYI0 HOPMY olepaTopa
00paTHOM CBsI3U, AOTIOJIHSIOIIEE YCIOBHS CKaTHs, OJIydeHHbIE B [1, 2].
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MATEMATHYECKOE MOJIEJTMPOBAHUE TEO®N3NYECKHUX OJIEN
B KYCOYHO-ITOCTOSAHHBIX AHU3OTPOITHBIX CPEJAX
B.H. Kpusckuii, M.b. bensera, C.B. Bukropos, A.P. Hadukosa, JI.3. Cynranos
Bawxupckuii 2ocyoapcmeennviil ynusepcumem, Yga, Poccus
e-mail: Krizsky@rambler.ru

AnHoTanus. [TpemioxeHsl aropuTMbl PEIICHUS PSIMBIX U OOpaTHBIX 3aJla4 MaTeMa-
THYECKOW Teo(PH3WKH B KYCOUYHO-IIOCTOSIHHBIX aHU3O0TPONHBIX cpenax. OOCyxmaroTcs pe-
3YJIBTATHI YACICHHON pean3aliuy IS 3a7a49 TCOAICKTPUKY, TUPPY3UH-aIBEKIIUN PaIOHA.

Kniouesvie cnosa: KycouHO-noCmosHHAsi AHU3OMPONHAS cpedd, Kea3uppaxmanvHoe
BKIIOUEHUe, NPAMAs U 0OPAMHAS 3a0a4d, 2e091eKMmpuKa, ouddy3us-aosekyus paooua.

MATHEMATICAL MODELLING OF GEOPHYSICAL FIELDS
IN PIECEWISE CONSTANT ANISOTROPIC MEDIA

Abstract. Algorithms for solving direct and inverse problems of mathematical
geophysics in piecewise constant anisotropic media were offered. Results of calculations for
geoelectric problems and radon diffusion-advection were discussed.

Key words: piecewise constant anisotropic media, quasi-fractal inclusion, direct and in-

verse problem, geoelectric problem, radon diffusion-advection.

PaccmoTpeH kitacc MareMaTHyecKuX MOJIeNel, MpeCcTaBlIIeMbIX KPaeBbIMU 3ajjauaMu
MaTeMaTU4eCKON (PU3UKU, ONMCHIBAIOIINX Pa3JIMYHbIE [10 CBOEH MPHUPO/Ie HECTALMOHAPHBIE U
CTallMOHApHbIE (PU3NYECKHUE IM0JIs1 B KYCOYHO-IIOCTOSIHHBIX aHU30TPOIHBIX CpeflaXx ¢ CUMMET-
PUYHBIMU TEH30paMHU aHU30TPOIIHUU CPEJIbI B TOA00IACTSIX.

[IpencraBiaeHbl anropuTMbl PELISHUS MPSIMBIX CTAllMOHAPHBIX U HECTALIMOHAPHBIX 3a-
Jla4, OCHOBAHHbIE Ha METOJaX MHTETPalIbHbIX IPEeoOpa3oBaHU, HHTETPAJIbHBIX MpeJICTaBIIe-
HUW ¥ TPAHWYHBIX HHTETPAIbHBIX ypaBHEHHH [1,2]. AITOpUTMBI TIO3BOJISIIOT CTPOUTH PEKYp-
CUBHBIE IPOLEAYPHl IMOHUKEHUSI T'€OMETPUYECKON CII0KHOCTH cpenbl. [lokazaHa BO3MOX-
HOCTb MCIIOJI30BaHMSI aJITOPUTMA JUIS 3a]1a4 CMELIAaHHOIO TUIIA.

EauHCTBO MoaXo/Aa K pelIeHUI0 pa3InyHbIX 10 TUIY 3a/1a4 U BO3MOXKHOCTh pacrapai-
JIeIIMBaHMSI TIPOIlecca BBIYUCIIEHUS (POPMYIT MO3BOJISIIOT CTPOUTH €UHBINA MPOTrpaMMHBIN KOM-
IJIEKC /111 MHOTOIIPOLIECCOPHBIX BHIYMCIUTENBHBIX CUCTEM U KJIACTEPOB.

[IpennosxeHHble aNrOPUTMbI F€HEPALIUU I0JIEH UCIOJIb30BAHbI IPU PELIEHUH 0OpaTHBIX
IPaHUYHBIX 33/1a4 B BapUALIMOHHBIX MPOLEypax MOMCKa allIPOKCHUMHUPOBAHHBIX CIUIaliHAaMU
IPaHULl Cpe]l KaK dKCcTpeMalielt peryiaspusupytoniero ¢pynkunonaia A.H. TuxoHosa.

[IpuBosATCS YKCICHHBIE MPUMEPHI PELICHUH HEKOTOPBIX MPAKTUYECKU 3HAYUMBIX Ips-
MBIX ¥ 00paTHBIX TPAaHUYHBIX 3a7a4 reou3uku (reodnextpuku [3], auddy3un-aaBeKiuu pa-
noHa[4]) B KyCOYHO-IIOCTOSIHHBIX OJHOPOJHBIX M AHU30TPOIHBIX Cpelaax (BKJIKOYas KBa-
3udpakrtangbHble cpenbl JKronua, MOAETUPYIOUINE pyIHble U HE(TEera3oHachIILEHHbIE BKpaIl-
JIEHHBIE, IOPUCTHIE WIIU TPELIUHOBATHIE AHU30TPOITHBIE OOBEKTHI).

Jlureparypa
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HEKOPPEKTHO INOCTABJIEHHBIE 3AJIAYU B METPUYECKOM AHAJIM3E
A.B. KprHeB], I'.B. .HYKI/IHl, K. YILYMSIH]’Z
' Hayuonansmwiii uccnedosamenvcruii s0epnuvii ynueepcumem « MUDHy, Mockea, Poccus

? University of Miami 1320 S. Dixie Hwy, Coral Gables, FL 33124, United States
e-mail: avkryanev@mephi.ru

AHHOTanusA. B cratbe  paccMaTpuBarOTCS HEKOPPEKTHO IIOCTABJIEHHBIE 3aJa4H,
BO3HHUKAIOIIME IPU PEIICHWM NPHUKIAJHBIX 33Jad C IOMOLIBI0 METPUYECKOr0 aHaau3a.
[IpumepamMu Takux 3a1a4 SBJSIOTCS 3aa4d HHTEPIOJSILIUY, GUIBTPALUU U IPOTHO3UPOBAHUS
3HauYeHUN (QYHKUMNA OJHOM M MHOTHUX IIE€PEMEHHBIX, BOCTPEOOBAHHBIX IpPU pEIHICHUU
MPUKIAIHBIX 3a7a4 (PU3UKHU, TEXHUKU, SKOHOMUKH U JPYrux 00sacTeil uccieaoBaHui.

Kniouesvie cnosa: nekoppekmno-nocmaenienuvie 3a0a4u, MEMmpudeckuil anaiu3

ILL-POSED PROBLEMS IN METRIC ANALYSIS

Abstract. The paper deals with ill-posed problems that arise in dealing with applications
using metric analysis. Examples of such problems is interpolation filtering and
prediction values of functions of one and several variables, sought the solution of
applied problems in physics, engineering, economics and other areas of research.

Key words: ill-posed problems, metric analysis

In this paper it is presented a universal approach for solving of the problem of
multidimensional interpolation, smoothing and forecasting [2-4] without fixing the kind of
functional dependence of the function of its arguments. This approach uses only the
information about the location of the point at which we restore the value of function with

respect to locations of interpolation knots )71), . .,)T,: as well as the values of function ¥;, i =
1, ...,n at interpolation knots [5-11].

We consider the problems associated with functional dependence:
Y =FX) (1)

where the function F (X—)) is unknown, and it value should be restored at point X* using the
function values Y;, i = 1, ...,n at interpolation knots X, = (X;q, ..., Xpr)T, i = 1, ..., 1.

In accordance with the scheme of the metrical analysis we form a matrix W of metric
uncertainty for the point X* on a set of points X, = (X;1, ..., Xi) T, i = 1, ..., 1

PR X)) (%,X,) (%,.%,)
W= (sz)?l) pz(X'z’X'*) (XZvXn) (2)
(%,.%) (%.%) . p(%,.%)

where

P2(X, X)) =X v K — X2 (X0, X) = iy v e — X0) - (X — X3), e
determine the functions sensitivity degree of its arguments.
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The interpolation formula for the restored value Y* at the point X* has the form:
V' =2inz Y 3)

where the interpolation weights z;,i = 1, ..., n as usual for the interpolated formulas satisty to
normalized condition X.7-; z; = 1.

The required vector z* and interpolated value Y * are given by equalities [5-7]:

— w1 « _ (WTILY)

¥ vV — T
7= v =S P = (e YT, 4)

where W1 is the inverse matrix.

The problem of filtration and prediction are solved by reducing them to the
interpolation schemes support functions [5-13]. If the matrix of the metric of uncertainty is ill-
conditioned or degenerate, then used a regularization scheme for the solution of these
problems [1, 5].
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KJIACTEPHBIE MOJEJIA B PEI'YJISIPUBUPYIOLUX AJITOPUTMAX
PACUYETA MOJIEKYJISIPHBIX CHJIOBBIX ITOJIEN
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AHHoTanusi. B Jjoknmame paccMOTpeHbl 1IpoOJieMbl TOCTPOEHUS CHIJIOBBIX — IOJIEH
CyNIpaMOJIEKYJISIPHBIX CHUCTEM  Ha OCHOBE KIACTEPHBIX MOJEIEH B paMKax TEOPHUH
peryiaspu3anyy HEIIMHEWHBIX HEKOPPEKTHBIX 33]1a4

Knwouesvie cnosa: cynpamonekyna, xnacmep, MONEKYIAPHOE CUN060€ Nofle, meopus
pe2ynapuzayul, HeKOPPEeKmHo NOCMABIEHHAS HETUHEUHAs 3a0a4d, MeNamOHUH.

CLUSTER MODELS IN REGULARIZING ALGORITHMS OF MOLECULAR
FORCE FIELD CALCULATIONS

Abstract. We consider the regularizing algorithms of force field calculations within cluster
models based on the theory of regularization of non-linear ill-posed problems. These
algorithms are applied to construction of force fields of supramolecular systems.

Key words:supramolecule, cluster, molecular force field, theory of regularization, non-
linear ill-posed problem, melatonin.

OOpartnast 3amada Koj1e0aTeTbHONW CHEKTPOCKONHH — PACUeT MOJICKYJISIPHOTO CHIIOBOTO
MOJISI — OTHOCHUTCSI K KJIACCy HEJIIMHEWHBIX HEKOPPEKTHO IOCTABJIEHHBIX 3aJlady, IMpUYEM He
YIOBJIETBOPSIOIIMX HU OJHOMY U3 YCIOBHM KOppEeKTHOCTHU. J[Jisl MpeoaoaeHus] HEKOPPEKTHOCTH
JaHHOW 3ajmaud  Oblla MpeaoKeHa IIOCTaHOBKAa 3a/Jayd C BKIIOYEHHEM B KauecTBe
JIOTIOTHUTEIBHONW apuOpHON MH(POpPMAIMU U B KaYeCTBE CTaOMIIM3aTOpa PEIICHUs Pe3yIbTaToB
KBaHTOBO-MEXaHUYECKUX PACUETOB, BHITNIOJHEHHBIX HA COBPEMEHHBIX YPOBHSIX TEOPUHU U CO3/1aHbI
COOTBETCTBYIOILIME PETYISAPU3UPYIOIINE AITOPUTMbl HAXOXKJEHUS T.H. PEryaspHU30BaHHOTO
KBaHTOBO-Mexanuueckoro cuijoBoro monst (PKMCII) [1]. B pokmame paccmaTpuBaroTCs
poOIeMbl IPUMEHEHHS JJAaHHBIX AJITOPUTMOB JUIsI OTIPEAETICHUS CUIIOBBIX TOJIEH CypaMoJIeKyl,
B KOTOpBIX B KauecTBe ()parMEHTOB MOTYT BBICTYNATh OT/AEIbHBIE MOJIEKYJIbI, JTUOO KJacTepsl
Mosiekyn. OOpa3oBaHHME TaKMX CIOXHBIX CHCTEM MOXKET IMPOUCXOAUTH 3a CyeT T.H.
KOOPJIMHAIMOHHBIX B3aMMOJECHCTBUI C MOHAMU METAJIOB, MEXKMOJEKYISIPHBIX BOJOPOJIHBIX
CBsA3€H, BaH-JEp-BAAIBCOBBIX B3auMOAECUCTBUM M T.[. [Ipm aHanm3e CHEKTpPAIBHBIX CBOWCTB
CYIIPaMOJIEKYJIIPHBIX CHCTEM, B YacCTHOCTH, OTHOCSIIUXCS K OHOJOTHYECKHMM OObEKTaM,
HEO0OXOIMMO TIOJIHO€ 3HAHUE O TIEOMETPUYECKOM CTPYKType M KOJeOaTEeNbHbIX CIIEKTpax
OTJIENbHBIX (ParMEeHTOB MOJIEKYJIbl W B paboTe 3THU JaHHbIE IOJYYEHBl M3 pE3yJIbTAaTOB
KBaHTOBO-XMMHUYECKUX PACUETOB OTJEIbHBIX MOJIEKYN MU (parMeHTOB KiactepoB. Jlanee 3tu
JAHHBIE HCIOJIb30BAHbI B YCTOMYMBBIX YHUCIIEHHBIX aITOPUTMaX KOPPEKLHU CUJIOBBIX IOJEH
KJIaCTEpOB B paMKaX TEOpUHU PEryisipu3alud HEIMHEHHBIX HEKOPPEKTHBIX 3agad. B kauectBe
MIPUMEPOB PACCMOTPEHBI MPUJIOKEHUSI K aHAJIU3y CHJIOBBIX IOJIEH psifia OMOJIOTUYECKH Ba)KHBIX
MOJIEKYJI — MEJIaTOHUHA U €ro MeTaboauToB, nap Hykieotunoss JJHK u knactepoB mponsBo HbIX
MUIIEPUINHA.

Pa6ora BeinosiHeHa npu yactuyHoi nojaepxke rpanta PODOU Ne 14-03-00929a.
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NOKANNbHO 3KCTPAONTUMAJIbHbLIE METO/A bl PELLEHUAA MHOITOMEPHbIX
HEKOPPEKTHO NOCTABJIEHHbIX 3AZ1AY C PA3PbIBHbIMU PELLEHUAMMU

NeoHos A.C.
HayuoHanbHsili uccnedosamesnsckuli a0epHsbili yHusepcumem «MUDU»
115409, MockBa, Kawwunpckoe w., 4. 31
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1. ITycte Z u U — HOpMHPOBAHHBIE ITPOCTPAHCTBA C JIEMEHTAMU Z U U COOTBETCTBEHHO.
B mpocTtpanctBe Z 3amaiuM HEKOTOPYIO TOIIOJIOTHIO CEKBEHIMAIbHOM CXOJMMOCTH T .
[Iycts, manee, D #J — 3agaHHOE€ MHOXECTBO B Z, F:Z —U HEKOTOPBIA oOIepaTop,
BO3MOJKHO, HENWHEHHBIH, a [ =(f,z) — JUHEHWHBI 7T -HEPEPHIBHBIN (YHKIIMOHAT,

onpezneneHHelii Ha D. [Ipennonoxum, 4To oneparopHoe ypaBHeHUE F(z)=u uUMeeT s

JNaHHOW mpaBoil yactu u € U eauHCTBEHHOE penie-Hue z € D . Ham TpeOyercst BbIYUCIUTH
3HayeHne ¢GyHkmuoHana (f,z). Jngd HaxoxneHus QyHKOWA Zz(S) H TOCIEIYIOIIETO

BBIYHCIICHUS BEIWYHMHBI (f,Z) OyaeM HCIOIb30BaTh NMPHO-IIKESHHBIC JAHHBIC 3aadu:
omepatop F,:Z—>U wu osnement ugzelU. IlpubmmxenHele  nansble (F,,uy),
anmnpoKCUMHUPYIOLUE TOYHbIE JaHHbIe (F,u), YAOBIETBOPSIOT yCIOBHSM:

|F.(2) - F(2)| < W (h,Q[z]),Vze D, |u, —u|| <5,

B KOTOPHIX BENMYWHBI 1) =(h,0) SBISAIOTCS W3BECTHBIMU XapaKTEPUCTHKAMHU TOYHOCTH

anmpokcumanuu, a Q[z]>0 — 3amaHHbld  ¢QyHKIMOHAN. TpeOoBaHusi Ha Mepy
annpoxkcumauuu ¥ u pynkunonan Q[z]06ynyt chopMmylInpoBaHbl B JOKIIAJE.
2. 3amada TPUOTMKEHHOTO BBIYMCIICHUS BEIMUYMHBI (f,Z) B 0OIIeM cilydae sBISETCS

HEKOPPEKTHO IOCTaBleHHOU. Pemum ee cinenyromuM oOpasoM. CHadana HMCHOJIB3YeM JUIs
peuieHus ypaBHeHUsI F(z)=u HEKOTOPbIN peryispu3yroluil aJrOpUTM U HalieM ¢ ero

IIOMOIIBIO NPUOIMIKEHHBIE petueHus z, € D rtakue, 410 z, —>Z (IO TOMOJOTMA T ) NPH
n—0. 3arem Berumcnum (f,z,) — npubmmwkenwe s (f,zZ). Hac wunTepecyror
anocmepuopHvle OyeHKu TOYHOC-TH BBIYUCIICHUS BEJIWYUHBI (f,Z), T.e. OICHKU s

[{f>z,—Z)|. OueHku Moryr ObITb MOJYYEHBI IO CICAyIOLICH cxeme. 3Has z,, HalaeM

7

Benmuueel A, =C HFh(Zq)_“a ,R,=CQz ], rne C>1 — 3a1aHHas OLIEHOYHAS KOHCTAHTA.

BBengem MHOKECTBO
z, ={zeD:||F,(2)-u,| <A, Q<R |
A IPEANOJIONKUM, YTO EeZ”. Torma cnpaBeIIMBBI CIEAYIOIIME AllOCTEPUOPHBIE OLECHKHU

TOYHOCTH NPUOIMKEHHBIX PELICHHH Z, :

qu —ZH < sup{”zq —z|:ze z,y}ig(n), (f.z,—2)|<sup{|(f.z,~2)|:z e Z”}iEf(n)

Omnpenenenne 1. Hazosem @ynxyuio £(n) enobanehou, a gynryuio E (1) — rokans-nou
(no gynxkyuonany f) anocmepuopnoii OyeHKot mouHOCHU NPUOTUNCEHHO20 PEULCHUS. Z,, .

JlokanbHas ouenka £ ,(17) ompepenser TOYHOCTh BbIYMCICHHMA (GyHKUMOHAna (f,Z).
Y CTaHaBIMBAIOTCS JOCTATOYHBIE YCIIOBHS, TAPAHTHPYIOIIHME BKIIOYECHUE Z € Z, .

3. Tunuunbple ouEHOYHbIE (DYHKIMOHANBI I IOJYYEHHUS JIOKAJIBHBIX allOCTEPUOPHBIX
OILICHOK.
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(a) [loToyeuHoe olEHUBAHUE TOYHOCTU NPUOIMKEHHOTO PpEHICHMUS: < /. ,z> =z(s),
Z=D=C(T),seTcR":
E, () =sup{| 2(5)~z,(s) |-z € Z, .

(6) OuenuBaHME TOYHOCTH CPEIHUX 3HAYEHUN NPUOIMKEHHOIO PELIEHUS B HEKOTOPOI

1
okpectHoctn  B(s), B(s)cT, Ttoukm s, seT\oT: <f;,Z>:—J. z(x)dx,
mes B(s) 36

Ef(n)zsup{m :zeZU}.

4. B joknane BBOAMTCS MOHATHE TOYHOCTH A (17,F,) Merona F, BbIMHCICHUS

Z=D=L(T),

[ CRERENE

¢dbyHKIIMOHANA < f ,E> , ONITUMAJILHOM TOYHOCTH €10 BhIYHCIeHUs AT (17) M Pery/apu3yIomero

anmroputMa B,  J0KanbHO  OnmuMaibho20 ho  nopaoky no  Gynkuuonamy - f':

A (m,B)<kAT (1), kg >0, V.

5. Onpenenenne 2. Pecynsipusyiowuu aneopumm z, = P, (F,,u;,n) Hazeieaemcs 10KaibHO
IKCMPAONMUMATLHBIM O QYHKYUOHANY [, eciu anocmepuopHas oyenKa e2o moyHOCMuU —
Qynrkyusi E (1) — saeusiemcs onmumansHol no nOpsoKy, m.e. Hauoemcs Onpeoensiemas dmum

aneopummom koncmanma k, >0 maxas, umo E (1) < k,Af/’,”’ (n) (xomsa 6v1 npu docmamouno

manvix |1 |]).

Oxka3biBaercsi, 4ro Meron perynspusauun A.H.TuxoHoBa c amocTepHOpHBIM BBIOOPOM
napamerpa no 00001eHHOMY PUHIUITY HEBA3KU SIBIISIETCS IKCTPAONTUMAIIbHBIM.

6. ®opmynupyercs YHCIECHHBIM alrOpuTM HAXOXKJIEHUS JOKAJIbHBIX aloCTEPUOPHBIX
OLICHOK TOYHOCTH. OH CBOAMTCS JUIsl IMHEHHBIX OOPAaTHBIX 33/1a4 K MUHUMU3ALUU JTUHEHHOTO
(GyHKIMOHAJIA PU KBAaJIPaTUYHBIX OTPAHUYEHUSIX.

7. llpennaraemast METOMKA MOJYYEHHUs JIOKAIBHBIX allOCTEPHOPHBIX OLEHOK HIUTFOCTPUPY-
€TCsl YUMCIICHHBIMU IIPUMEpPaMHU MPU PEeLIEHUH 0OpaTHBIX 3ajau C pa3pbIBHBIMU PEIICHUSIMHU Ha
Kiaccax (YyHKIMA JTBYX MEPEMEHHBIX C OTPAaHUYCHHOW BV -Bapualuend M OrpaHUYCHHOU
MOJTHOM Bapuanuen tuna Xapau [2]. B yactHOCTH, IS 9TUX KJIACCOB PEIICHUN MOTYyYaroTCs
arloCTEpUOpHBIE OIIEHKU CPEJHUX 3HAUYEHUN NpUOIMKEHUH B JIByMEpHOH (1O IpOCTpaH-
CTBEHHBIM II€PEMEHHBIM) JIMHEHHOI 00paTHON peTpPOCIEKTUBHOMN 3a7aye TEIIONPOBOJHOCTU
1 B 3a1aue 00paboTKu 1eOKYy-CUPOBAHHOTO M 3alTyMJICHHOTO M300paKeHHUS.

Pabota Beimosinena npu noaaepxxkke POOU, npoextsr Ne 14-01-00182-a u 14-01-91151-
I'®EH-a.
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NTEPAIIMOHHBIE METO/IbBI IONCKA PEITNIEHUN HEJIMHENHBIX
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Annoramusa. [Ipejyraraercss MeTo/ [ MOMCKA MaJiONO PelleHus i HEeJTUHEHHbIX
yPaBHEHUI ¢ BEKTOPHBIM MapaMeTpPOM IMOCIEI0BATEIHLHBIMA TPUOTHKEHUSAMU TIPU yCJIO-
BHX, KOIJIa TEOPEMa O HEeSIBHOM OII€PaTOpe He BBIMOJTHSIETC.

Karuesvie caosa: HeIMHEHHOE YpaBHEHHE, METOJ ITOCJIEI0BATEIbHBIX TPHOIHIKe-
HIil, 6aHAXOBO IPOCTPAHCTBO

ITERATION METHODS FOR CONSTRUCTING OF SOLUTIONS OF
NON-LINEAR EQUATIONS IN SECTORIAL DOMAINS

Abstract. We suggest method for constructing small solutions for degenerate non-
linear operator equation with the vector parameter using method of successive approxima-
tions.

Key words: non-linear equation, method of successive approximations, Banach
space

IIycrs X, Y — GanaxoBbl IpoOCTpaHCTBa, A — JHMHEITHOE HOPMHUPOBAHHOE IIPOCTPAH-
cTBO. PaccmarpuBaercs nejimHeiiHoe orneparopHoe ypaBHEHHE

B\ = Rz, \) + b(\), (1)

riae B(A) — 3aMKHYTBIN JHHEHHBINH OomepaTop ¢ MIOTHOH B GamaxoBoM mpocTpamcTse X
0OJIACTHIO OTpejIeNIeH s, He 3aBucdAIieil oT mapamerpa A. Hemuneiinerii oneparop R(z, A)
HenpepbiBeH 110 & U A B okpecrHoctu Toukn (0,0), R(0,0) = 0. @yurusa b(A\) co 3nauenn-
avu B Y HenpepbiBaa B Hyste, b(0) = 0.

IIpeanomaraercda, 94To

|1B~'(\)]| =0 (L) upu S 3\ — 0,
a(A)
riae a(A) ToMoKNTENbHBI (DYHKIIMOHAT, HEPEPHIBHEIN B OKpecTHOCTH HYJId, a(0) = 0;
S C A — OTKpBITOE MHOXKECTBO, IPAHHIE KOTOPOro npuHamaekuT Touka A = 0. Hdamee
MHOZKECTBO S OyIeM HA3BIBATH CEKMOPUAALHOT OKPECTNHOCTLIO HYAA.
MeTooM 1oc/ie0BaTe/IbHbIX HPUOIUKEHUN cTpouTcsd Majoe perierue () — 0
upu S O XA — 0 ypasuenust (1) 1 UPUBOAATCA YCIOBUS €0 CYNIECTBOBAHMUSL.
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Time-dependent coefficient identification problems for the heat equation
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Abstract. Coefficient identification problems are in general ill-posed and nonlinear. Con-
sequently, optimisation techniques are mainly used for their numerical solution, as well
as various modifications are made to the properties of the corresponding direct problems,
e.g. monotonicity or smoothness, [1]. In this paper, multiple time-dependent coefficient
identification problems for the heat equation are investigated. In particular, we wish to
determine:

- free surfaces (Stefan problems);

- thermal properties (conductivity, diffusivity, heat capacity, specfic heat, density);

- convection and reaction coefficients (blood perfusion in bio-heat conduction);

- heat sources (sources of pollution);

- heat transfer coefficients (thermal monitoring)

in inverse heat transfer thermal problems with applications.

Mathematical formulation

The interest is to study the unique and stable identification of multiple time-dependent co-
efficients a(t), b(t), c(t), s(t) and/or the free boundary h(t) together with the temperature
u(z,t) in the parabolic heat equation, [2,3],

ou 0%u ou
ol a(t)w + b(t)a_x +c(t)u + s(t)g(z,t),

(x,t) € Q:={(z,t)|0 <z < h(t),0 <t <T},
where g(x,t) is a given function, subject to the initial condition
u(z,0) = ¢(x), 0<z<h(0)=:ho>0 (given),
the Dirichlet boundary conditions
w(0,8) = (®), u(h(),t) = p(t), te0,7)
and additional measurements of certain physical quantities. These may involve:

—a(t)u(0,t) = fis(t), te€[0,T], (fux)
h'(t) + uz(h(t),t) = ps(t) ¢ €[0,T], (Stefan condition)

h(t)
/ Pu(z, t)de = jeq(t), t€1[0,7], k=0,1,2, (mass, energy, moment).
0

Make the change of variables
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Then the previous heat equation with initial, boundary and additional conditions become

dv _ a(t) v N b(t) +yh'(t) ov
ot h2(t) Oy? h(t) Oy

+c(t)v + s(t)g(yh(t),t), (y,t) € Qr:=(0,1) x (0,T),

<y> ) - ¢<h0y>7 y e [ 0,1
U(O’t) = ,ul( ) ( ) (t)’ te [O>T
—a(t)v,(0,t) = (t)h(t), tel0,T
0,7

]
]
L
h'<t>+%vy<1,t>=ﬂg<t> € [0.7]

)

9

9

1
hk+1(t)/ ykv(yvt)dy = /Lk+4(t)’ te [OaT]a k= Oa ]-7 2a
0
in the fixed domain Q7 = (0,1) x (0,7).

The techniques used to prove the unique solvability of these inverse problems use, [2]:
Green’s functions; Schauder’s fixed point theorem; and the theory of Volterra’s integral
equations of the 2nd kind.

Solution
Minimize the non-linear Tikhonov objective functional

F(unknown) := ||computed(unknown) — measured||* + B|lunknown)||?,

subject to constraints on the unknown, where 8 > 0 is a regularization parameter to
be prescribed according to some criterion, e.g. the discrepancy principle. Alternatively,
stopping the iterations at an appropriate threshold may play the role of regularization
parameter. Note that for the simultaneous determination of several coefficients multiple
regularization parameters may be needed.

This nonlinear constrained minimization problem is solved iteratively using the
Matlab toolbox routines [sgnonlin based on a trust reflection algorithm. Thorough nu-
merical results will be presented and discussed at the conference.

Key words: Coefficient identification, time-dependent coefficients, heat equation
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MATEMATNYECKOE MOAE/IMPOBAHNE YPBOKOCUCTEMBI HA
IMPUMEPE I'OPOA0OB BJIN2KHETO TTOIMOCKOBb A
H.T. JleBamosa, A.A. Menbaukosa, A.9. Cunopona, A.E. Cemuna
MI'Y umenu M.B. Jlomorocosa, Puauueckuti parxysvmem, Mockesa, Poccus
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Annotaiuga. B pabore paccmarpuBaeTcsl IPOCTPAHCTBEHHO-BPEMEHHAs MOJIE/Ib
[IPUPOJTHO-aHTPOIIOTEHHOM YPOOIKOCUCTEMBI, IIPEJICTABJIAIONIE cob0it 00bemHEeHnEe TO-
POJICKOI cpeibl HEeOOJIBIINX TOPOJOB U HMPUJIETAIONINX K HUM yYIACTKOB CEJIbCKOW MecT-
noctu. Mojiesib paspaborana Ha ocHoBe cucteMbl ypapaennit Tunia GurnXeio-Harymo. Ha
OCHOBAHUM PACUYETOB, CJIEJIAHHBIX 110 a’dpodoTochbeMKaM ropojoB oOsmmkHero [loamocko-
Bbsl, ITOJIy9IE€HO COOTBETCTBHE MEXKY HapaMeTpamMu Oe3pa3MepHON MOJeTbHOM 3a1adu u
COOTBETCTBYIOIIMMU BEJIMIMHAMEI B PEaJIbHOI TOPOJICKO cpejie.

Karouesvie caosa: ypboskocucTeMa, BHYTPEHHUI MTEPEXOJHBIN CJIOM, aKTHBATOP-
UHTIOUTOD

THE MATHEMATICAL MODELLING OF URBOECOSYSTEM ON THE
EXAMPLE OF THE TOWNS NEAR MOSCOW

Abstract. A spatial-temporal model of natural-anthropogenic urboecosystem
including the urban environment of small towns and surrounding rural areas is discussed.
The model is developed on the basis of the system of equations of the FitzHugh-Nagumo
type. On the basis of the estimates made by the aerial photography of towns near Moscow,
there was obtained correspondence between the parameters of the dimensionless model
problem and the corresponding values in the real urban environment.

Key words: urboecosystem, internal transition layer, the activator-inhibitor

OOBEKTOM HCCJIEIOBAHNS B HACTOAIIEH paboTe siBJIgeTCs IPUPOIHO-aHTPOIONeHHA
cucTeMa, MpeJICTaB/IsIIoNas coboil 00beIMHEHNE TOPOICKON CpeJibl HeOOJIBINX MOPOJIOB 1
[PUJIErAOIIUX K HUM y9acTKaM CeJIbCKOI MecTHOCTH. JIjist onmcanust 9Toii CUCTEMBI ITPe/I-
JI0zKeHa Mojiesib Ha ocHoBe cucteMbl PuriXbio-Harymo (A.D. Cunoposa, H.T. Jlesammosa,
A.A. Mesnbuukosa, JI.B. fkosenko, 2015)

1
U — €DyUgy = —— (u(u — a(x))(u — 1) +uv), v —eDyvye = —yv + Pu, x € [0;L] (1)
5

C Ha4aJIbHBIMA U KPa€BbIMU YCJIOBUAMU
Up(0,t) = ux(L,t) =0, v.(0,t) =v.(L,t) =0, wu(z,0) =wup(x), v(x,0)=uvy(x).

Cucrema (1) oTHOCHTCH K THIly aKTHBATOP-UHTHOMTOD. B KadecTBe akTHBATOpa
BLICTYIIAC€T KOMIIOHEHTa, U — (PYHKIUS MHTEHCUBHOCTU aHTPOIIOICHHBIX HPOIECCOB, a B
KadecTBe MHrUOUTOpa KOMIIOHEHTa ¥ — (PYyHKIUA WHTEHCHBHOCTHU IPUPOIHBLIX IPOIECCOB;
uo(z), vo(x) — HEKOTOpBIE HAaUAbHBIE (DYHKINH PACIPEIEIeHNs] AHTPOTIONEHHBIX U TIPU-
POJIHBIX (PaKTOPOB.

B kagecTBe aKTHBATOPOB CUCTEMHBIX IIPOIECCOB MOYKHO PACCMATPUBATEL TEXHOTCH-
HBbIE 3JIEKTPOMATHUTHBLIC U3/Iy4YeHUsl, KOPPO3UIO HOA3EMHBIX COOPYXKEHUI U KOMMYHUKA-
1uif, U3MEHEeHNe TeMIePaTypPbl, KUCJIOTHOCTH (pH ) 1 OKUCIUTETBHO-BOCCTAHOBUTEIbHBIT
norerrmas (Eh) noa3eMHBIX BOJI, aKyCTHIECKUE W BUOPAIMOHHbIE HAIPY3KU Ha BepXHUii
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cJ10it IuTocdephl, POCT KOHIEHTPAIIUN TKEJIbIX METAJIJIOB B OMOI€HHOM BEIECTBE, UUC-
JIEHHOCTH ¥ IJIOTHOCTD HaceJIeHns U T.7. B KauecTBe MHI'UOUTOPOB — y/IeJIbHOE SJIEKTPIIe-
CKO€ COIPOTHBJICHNE, BO3PACTAHNIE / yMEHBIIEHNE IIJIOTHOCTH ¥ BJIAYKHOCTH MOYBO-IPYHTOB,
CKOPOCTBb TE€YEHUsI U IEePEeMEIUBAHUS TOJ3eMHBIX BO/I, ILJIONIA/b IPUPOJHOIO KapKaca u
T.JI.

[TapameTpbl cucteMbl ypaBHeHnuit (1) UMEIOT eIy oM CMBICIT:

dbyukms o) onpeessieTcst B 3aBUCHMOCTH OT YUCJEHHOCTH HACEJICHUS], & MMEH-
HO, 0OpaTHO MPOIOPIMOHAIBHA TToTHOCTH Haceserus, pudeM 0.05 < a(x) < 0.25 upn
ze(0;L];

v > 0 — KMHeTH4YeCKuii mapamMeTp 3aTyXaHus MOTEHIINAIa WHIMOUTOPA;

£ > 0 — KuHeTH4IecKuil mapaMerp B3auMOJIEHCTBUS aKTUBATOPA U WHTUTOUTOPA,;

D, n D, — koaddunuentsr nuddysun akruparopa u uaruburopa, 1 < D, /D, <
10, D, € [1;10], D, € [0.1;1];

£ — TapaMeTp, XapaKTepHU3YIOIuil CKOpOCTh pacipocTpanenusi akTuBaTopa (0 <
e < 1). Hanuune muoxkuUTeIst €1 B mpaBoil yacTu nepsoro ypasHenus (1) ozHadaer, 4To
CKOPOCTH M3MEHEHUS KOMIIOHEHTDI U 3HAYUTETBHO OOJIBINE CKOPOCTH U3MEHEHUT KOMIIO-
HEHTBI 0.

Peanbublit 06beKT McC/IeIOBaHNs XapaKTEPU3YyeTCs HAJIUIHEM IePexXoIHoi obJia-
CTU OT TOPOJICKON CPEJIbl K CEJILCKOIl — TOPOJICKOI OKpaWHbI — IOJIO?KEHNE KOTOPOil He
U3MEHSIETCSl B TEUEHHE JIOCTATOYHO OOJIBIINX MPOMEXKYTKOB Bpemenu (roj u 6Gojiee). B
paiioHe rOpoJICKOil OKpaWHbI IIPOUCXOIUT Pe3Koe u3MeHeHue (hyHKIMN MHTEHCUBHOCTEM
akTuBaTOopa n mHruburopa. O6JaCTh, B KOTOPOIl ITPOUCXOINT PE3KOe M3MEHEHHe 3Hade-
HUil GYHKIINN, HA3BIBAIOT BHYTPEHHUM MIEPEXOTHBIM cj10eM. CyIecTBOBAHNE U MTOJIOXKEHIE
[EPEXOJIHOrO CJI0si B PaMKax pacCMaTpPUBAeMON MOJIeJIN olpejesisiercss (pyHkiumeir a(x),
obpaTHO mponopIoHaIbHON ioTHOCTH Hacestenus (B.@.Byrysos, H.T. Jlepamosa, A.A.
MesnbaukoBa, 2012).

Ha ocnoBanuu pacdeToB, CJieIaHHBIX 110 adPOdOTOCHLEMKAM T'OPOJIOB OJIUKHErO
[TomMOCKOBBS, TOTyYeHO COOTBETCTBHUE OIPEIEIEMOr0 MOJIE/IbIO 3HAYeHNsT Oe3pa3sMepHOit
BEJIMYUHBI IVIOTHOCTU HACEJIEHUs B O0JIACTH TEPEXOHON CJIOA U TIJIOTHOCTU HACEJIeHUS Ha
OKPanHaX PeasIbHbIX TOPOJICKUX MaCCUBOB U, TEM CAMbBIM, BbIsIBJIEH KOI(DDUITUEHT IIPOIIOP-
IUOHAJTBHOCTHA MEXKJTy IapaMeTpaMu 0e3pasMepHoOil MOJETbHON 3a/1a4i U COOTBETCTBYIO-
UMK BeJIMYUHAMU B PEAJILHOI MOPOJICKOi cpejie. PacdeTnl mokasajm, 9TO BHYTPEHHUIT
MIePEXO/IHBIN CJI0N 0oOpasyeTcs, ec/ii MJIOTHOCTH HacesleHHs paBHa S0 desloBEK Ha KBaJI-
PATHBII KUJIOMETDP. DTU PE3YILTATHI XOPOIIO COIVIACYIOTCH C JIAHHBIMU O PAaCIOJIOXKEHUN
Takux ropojioB Kak [lymkuno, BanteeBka, Mapduno, Ckoskono, [lepenenkuno, Jlyw,
Mwuuypuner, u Jp.

Pab6ora seimosnena mpu nogiepkke POOU (poextsr 13-05-01174-a , 15-01-04619-
a).
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HOBA4Ad BAPUAILINA OBOBIIIEHHOTI'O ITPUHIINITIA HEBA3KMNA,
YUUTBHIBAIOIIIA A OIIINMBKN MAIIINHHOI'O OKPYTJIEHN A,
HAKATIJINBAIOIIIMNECH TTPU PEIITEHVN MHOTOMEPHBIX
HEKOPPEKTHO ITOCTABJIEHHBIX OBPATHBIX 3ATAY
1.B. JlykbsiaeHKO
MI'Y umenu M.B. Jlomonocosa, Mocxksa, Poccus
e-mail: lukyanenko@physics.msu.ru

Aunnoramug. Opua u3 Hambosee 3(pEHEKTUBHBIX MOAXOI0B JIJIsST PEIIeHusT MHO-
TOMEPHBIX HEKOPPEKTHO MOCTABJIEHHBIX OOPATHBIX 3a74a9 — HCIOJb30BaHHE MHOTOIIPO-
[ECCOPHBIX CHCTEM, KOTOPbBIE MO3BOJISIOT 00pabaThiBaTh OrPOMHbBIE 00beMbI JaHHBIX [1].
OnHako, OMMOKM MAITUHHOIO OKPYTJIEHHS, KOTOPBIE PACTYT € YBEJIUUEHHEM 00beMa, Olle-
parmii, MOIyT CYIIeTCTBEHHBIM 00pa30M MOBIUITH Ha YCTOWIHNBOCTH HAMAEHHOTO MPUO.IH-
JKEeHHOTO pernienus. B 31oit pabore 00CyzK1aeTcs 1M0X0/1, KOTOPbIH MO3BOJISIET YUUTBIBATH
9THU OMUOKNA OKPYIJIEHUH M CTPOUTH JOCTATOYHO YCTOWUINBOE TMPHUOJIMKEHHOE YUCIEHHOEe
pelleHne perraeMblX MHOTOMEPHBIX HEKOPPEKTHO IIOCTaBJIEHHBIX 0OpaTHBIX 3aja4. Pado-
Ta 6pL1a oiepKana PO®I, npoekt No. 14-01-31201, u CynepKoMIbIOTEPHBIM IEHTPOM
MI'Y umenu M.B. Jlomonocosa [2].

Karouesvie caoea: MHOrOMEpHbIE HEKOPPEKTHO IOCTAaBJIEHHbIE OOpaTHbIE 3a/a4u,
peryasipusupyomuii aJroputM, o00OIIeHHBIN TPUHIIAIT HEBA3KH.

NEW VARIATION OF THE GENERALIZED DISCREPANCY
PRINCIPLE WITH DUE ACCOUNT TAKEN OF ROUND-OFF ERRORS
FOR SOLVING MULTIDIMENSIONAL ILL-POSED PROBLEMS

Abstract. One of the most efficient way of solving multidimensional ill-posed
problems is using of parallel computing that helps us to process a huge amount of
data [1|. But the round-off errors that grow with increasing amount of computations
can significantly affect the final result of calculations. In this work an approach that
is able to take into account these errors and to construct sufficiently stable approximate
solution of an ill-posed problem is discussed. Several recent results will be presented on the
study of the main issue of this work. The project has been partially supported by RFBR,
project No. 14-01-31201, and by the Supercomputing Center of Lomonosov Moscow State
University [2].

Key words: multidimentional ill-posed problems, regularizing algorithm, generalized
discrepancy principle.
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OB PKBUBAJIEHTHOCTHU HEKOTOPHBIX YVCJIOBUN
PELVJIAPNI3YEMOCTU NMHTEI'PAJIBHBIX YPABHEHUIT
JI.II. Mennxec, B.B. Kapauuk
FOoicno- Yparveruti 2ocydapemesennviti ynusepcumem, Yeasbumnck, Poccus
e-mail: leonid.menikhes@gmail.com, karachik@susu.ru

Annoranus. B crarbe ncenenyercs oHa OeCKOHeUHAsT cepusl JOCTATOYHBIX YCIO0-
BUIi peryJisipu3yeMOCTy UHTerPAJIbHbIX YPABHEHUI, IOCTPOEHHBIX C IIOMOIIbIO TEOPUHU JIBOM-
CTBEHHOCTH OAHAXOBBIX MPOCTPAHCTB. DTOT METOJ MOCTPOEHHS JTOCTATOYHBIX YCJIOBHI
oKazaJi cBOIO 3(PEKTUBHOCTD NP PEIIEHUN HEKOPPEKTHHIX 3a1a4. /lokazano, 94To 3TH
YCJAOBUA ABJILAIOTCA NONAPHO HE SKBUBAJEHTHBIMH, JaKe €CJIU OTPAHUYNATHCA YPABHEHUA-
MH C IVIQJKUMUA CUMMETPUYHBIMU SIPAMH.

Karouesvie caosa: wHTErpajibHble YPaBHEHUS, PEryJsPU3YyeMOCTb, 1VIAJIKUe CUM-
MeTpHUYHbIE JIPa.

ABOUT EQUIVALENCE OF SOME REGULARIZABILITY
CONDITIONS OF INTEGRAL EQUATIONS
L.D. Menikhes, V.V. Karachik

Abstract. In this article one infinite series of sufficient conditions for regularizability
of integral equations constructed with the help of duality theory of Banach spaces is
investigated. This method of constructing sufficient conditions proved to be effective in
solving ill-posed problems. It is proved that these conditions are not pairwise equivalent
even if we are restricted by the equations with the smooth symmetric kernels.

Key words: integral equations, regularizability, smooth symmetric kernels.

B paborax [1-7| uccraenoBananch J0CTATOYHBIE YCIOBHS DETYJISIPU3YEMOCTH HHTE-
IPAJIbHBIX YPABHEHHH C TOMOIIBIO TEOPUU JABOHICTBEHHOCTH DAHAXOBBIX ITPOCTPAHCTB. BbI-
JII HaiileHpl OeCKOHEYHbIe CepHU TAaKUX ycaoBuil. MIHTerpanbHbIl omepaTop 3ajadu pac-
cmatpuBaercd Kak geficrsyromuii u3 C(0,1) B Ly(0,1). On mpeamonaraercss HHHEKTHB-
HBIM, TaK KaK pedb IJeT o peryaspusyeMocTH. OIHAKO HPOJOJIZKEHHe HHTErpPaIbHOTO
oneparopa 3aja4qu Ha passudnbie nognpocrpancta M, C(0,1) € M C L9(0,1) yxe
MOZKeT UMEeTh HEeHYyJIeBoe AIpo, T.e. ObITHL HEUH'BEKTUBHLIM ornepaTopoM. BoJtee TOro, u3
CTPYKTYPBI gJpa IPOJIO?KEHHOT'O ollepaTopa MOZKHO CJ1eJIaTh BBIBOJL O Pery/Idpu3yeMOoCTu
JAHHOTO HHTEIPAIBLHOrO ollepaTopa. B qacTHOCTH, ecd NpoJoJzKeHne JaHHOrO OIepaTopa

Ha Hekotopoe L,(0,1), p > 2, wimm ua Lo (0,1), nam va () L,(0, 1) uMeeT KoHeIHOMEPHOE
>2
AP0, TO JAHHOE MHTErPAIbHOE yPABHEHHE peryﬂﬂpnsy%iao.

Takum obpazom, Mbl UMeeM ODECKOHEYHO MHOI'O JIOCTATOYHbBIX YCJIOBHUI peryasipusy-
emocTu. Panee ucciieoBasicd BOIPOC 00 SKBUBAJEHTHOCTH HEKOTOPBIX U3 3TUX yCJIOBHIl.

B nokmaze Oyaer pacckazaHO 0 HEKOTOPBIX HOBBIX pe3y/ibrarax 00 3KBUBAJEHTHO-
cT. B 9acTHOCTH, MOKA3aHO KaK U3 CJAEIYIONIUX TEOPeM BBIBOJISTCS HEKOTOPBIE Pe3yJib-
TaThl O HEIKBUBAJEHTHOCTH MHOTHX JIOCTATOYHBIX YCJIOBUIA.

Teopema 1. Cywecmeyem unsekmuenud unmezparvrod onepamop us C(0,1) 6
Ly(0,1) ¢ enadkum cummempurnvim A0pom, npodoasicerue komopoeo na aoboe L,(0,1),

P > 2 umeem beckonewnomeproe adpo, a ezo npodossicerue na (| Ly(0,1) umeem komeu-
p=2
HOMEPHOE AIPO.
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Teopema 2. Cywecmsyem unsexmuenull unmezparvuud onepamop us C(0,1) 6

Ly(0,1) ¢ eaadkum cummempuiroim adpom, npodoasicenue komopozo na (| L, (0,1) ume-
p=>2

em beckoneuromepHoe adpo, a A0po €20 npodosscenus wa Lo (0,1) xoneurnomepho.
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AJITOPUTM OLEHKHU PEHIEHUSI OGPATHOM 3AJIAYHA U3MEPEHU S

10.JI. MenpmukoB
/nenponemposckuii HayuoHabHILL YHUSepcumem, /[Henponemposck, Yxkpauna
e-mail: Menshikov2003@list.ru

AHHOTanusA. B craTtee paccMarpuBaeTCsi BO3MOJKHBIM AJNTOPUTM OLIEHKU PELICHUS
oOpaTHOM 3aauu C MNpPUOIMKEHHBIM KOMIIAKTHBIM —oreparopoM (oOpaTHas 3aaaya
u3Mmepenusi). s mosydyeHus NpUONIMKEHHOW YCTOWYMBOM OLIEHKM peleHuss oOpaTHOMU
3aJlauy UCIOJIb3YETCSl aITOPUTM PETYJSIpU3allui C MPUBJICUYEHUEM THIOTE3bl OTHOCUTEIBHO
TOYHOT'O peuieHus. JJaHpl mpuMepsl.

Kniouesvie cnosa: obpammnas 3a0aua usmepenus, pecyiapu3ayus, OCHOBHA 2unome3a

THE ALGORITHM FOR AN EVALUATION OF SOLUTION OF MEASUREMENT'S
INVERSE PROBLEMS

Abstract. One possible algorithm for solving the inverse problem with the approximate
compact operator (the inverse problem of measurement) is considered. The regularization
algorithm involving a hypothesis about the exact solution is suggested for the approximate
stable solution of the inverse problem. In paper were given the examples.

Key words: measurement's inverse problems, regularization, the main hypothesis

B npaxTuke permienust oOpaTHbIX 33aJ1a4 4acTO BCTPEUAIOTCsS 0OpaTHBIE 337a4uu, B KOTOPBIX
HGO6XOI[I/IMO IMPpUHHUMATh BO BHUMAHUC IMOT'PCIIHOCTD MaTeMaTHIEeCKOM MO eI (1)I/ISI/ILICCKOFO
npouecca [1]. Takoro Tuna 3ajauu Ha3pIBalOT OOPATHBIMH 3aJjauaMy M3MepeHus (3agadyaMu
MHTEpIIpEeTaK UM 331a4aMU paclioO3HaBaHU).

PaccmoTpuM Takoro tuma oOpaTHyIO 3ajady KakK PELICHHE CIEAYIOIIEro ypaBHEHUS C

HETOYHO 33/IaHHBIM OTIEPaTOpOM A :

Az=uyg, (D
rne ze Z,ug; € U(Z,U — QyHKIMOHATBHBIE IPOCTPAHCTBA), A €CTh HETOYHBIH KOMIIAKTHBIN
oreparop.

B paGote [1] mpeanokeH yYCTOMUYMBBIN airopuT™M JUisl YpaBHEHUS C HPUOIMKEHHBIM
JIMHEWHBIM OIIEPATOPOM A 115 BanaxoBbIx npoctpanctBs Z,U , koTOphlil Ga3upyercst Ha
METOJIE peryiasipu3anuu [2].

[IycTh morpemHocTy oneparopa A u (GYHKLIMU u;3a0aHBI:

HZ—A <h,

Z—-U

<5, (2

ex ex

rae A, ecTb TouHBIM onepaTop B (1), u, ecTh ToYHas mpapas 4acThb B (1).

Haxoxnenue pemenus ypaBHeHust (1) cBoaMTCS K  pEUICHUIO — Clenyrolen
JKCTpEMAJILHOM 3a1a4e:

‘Zz—uguz+aQ[z]}:M“[za,u5,Z], 3)

infM“[z,ug,Z]:ing{

zeZ,

rae Q[z] ects crabunusupyromuil gyHkunonan s (1).
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[Tapametp perynsipuzaniii @ OMpPENEsSeTCs U3 ypaBHEHUS 0000IEHHON HEBS3KH:

|2z ~usf, =@z 7wy, D). (4)

rae u(uz,A) ecTh Mepa HECOOTBETCTBHS.

OcHoBHAA TUIIOTE3a

B OGonpimHCTBE 00paTHBIX 3a/a4 U3MEPEHHUS BO3HUKAIOT TPYIHOCTH MO OIpPEAEICHUIO
BEIMYMHBI /. B naHHON paboTe mpennaraercss BO3MOKHBIM AJITOPUTM OLIEHKH PEIEeHUs
oOpaTHBIX 3a7ad W3MEpPEHHUs, B KOTOPOM HE HCIIOJb3yeTCs BeJIWYMHA /. AHAJIOTHYHBIN
METO/I0JIOTMYECKUN MOJIX0] MOXKHO OOHAPYXUTH B [3].

Ocnognas eunomesa: ON4 MOYHO20 peuwieHus OOpaAmHOU 3a0ayu USMEPEHUS  Z,,

6bINOJIHAEMC A HepaeeHCmaE0:
Q[z,.1>Q[z, ], )

rie z €CTh CryJIIpU30BaHHOC CIICHHUEC ABHCHUA 1 0e3 €Ta IIOT'PCIIHOCTU
04

npubamkeHHoro oneparopa A. Tounslid oneparop A, B ypaBHeHuu (1) (A, z, =u,,
MOXET HE UMETh aHAJTUTHIECKOM 3aIHCH.
PaccMOoTprM MHOXKECTBO BO3MOXKHBIX pelmieHHid Zs ypaBHeHus (1) Oe3 yuera

MOTPEITHOCTH orepaTopa A :

<5},
U

3a OLIEHKY TOYHOTO pellieHusi oOpaTHOW 3aJadl U3MEpPEeHHs] MPUHUMAETCS AJIEMEHT, Ha
KOTOPOM JIOCTHTaeTcsl TOYHas HWKHAS I'paHb cTaOmiusupyrouiero ¢yHkuuoHana (2 [z] Ha

Zs :{zeZ:Hu5 —Az

MHOXKECTBEC 25' B CUIly OCHOBHOM THIIOTE3BI MOXKHO IMOJIYYUTH IIOJIC3HBIC OUCHKH CHHU3Y

TOYHOTO PEIIeHUs 00OpaTHOM 3314l U3MEPEHUS.

JIist WIUTIOCTpallii TaKOTO TMOAXOJa MPUBEACHO PEIIEHUs BYX MPAKTUYECKUX 3amad [4]:
obpatHas 3ana4a KpsuioBa, nieHTH()HUKAIIAS MOMEHTA TEXHOJIOTHYECKOTO COMMPOTUBIICHUS Ha
MIPOKAaTHOM CTaHe.
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NCCIEAOBAHUE ITPOLECCA CONNIOJMUMEPU3ALIUA BYTAAUEHA CO
CTUPOJIOM METOJAOM MOHTE-KAPJIO C YYETOM PACIIPEAEJIEHUS 11O
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AHHoTanusl. B craThe omucaH moaxoa K MCCIEIOBAHUIO MOJIEKYJISPHO-MacCOBOIO
pacnpezenieHuss IpoJyKTa CONMOJUMepU3aluyu OyTajnueHa co CTUposioM. B ocHoBe moaxona
JEXKUT UMHUTAIMA POCTa KAXKIOM MaKpOMOJEKYJIbl COTOJMMEpa W  OTCICKUBAHUE
MNPOUCXOJAIIMX C HEH MpoueccoB. MOIEIMpoBaHUE OCYHIECTBISIETCA C  YYETOM
pacnpeaci€cHud 10 BpPEMCEHU Hpe6I>IBaHI/I$I qacTull B CHCTEME, 4YTO Aa€T BO3MOXHOCTH
UCCIIEI0BATh MPOIIecC, MPOTEKAIOIIUN B KacKa/le MOCIe0BaTEIbHO COEIMHEHHBIX PEAKTOPOB.

Knrouesvie cnosa: cononumepuzayus, MONEKYIAPHO-MACCO80e  pacnpeoeieHue,
pacnpedeneHue no epemeHu npedvisanus, memoo Monme-Kapio.

RESEARCH OF BUTADIENE-STYRENE COPOLYMERIZATION PROCESS ON
THE BASIS OF THE MONTE-CARLO METHOD TAKING INTO ACCOUNT THE
RESIDENCE-TIME DISTRIBUTION

Abstract. In the paper approach to research of the molecular weight distribution of
butadiene-styrene copolymerization product has been described. Imitation of growth of each
macromolecule of copolymer and tracking processes occurring with it is the basis of this
approach. Simulation is carried out taking into account residence-time distribution. It gives
the chance to investigate the process proceeding in the cascade of consistently connected
reactors.

Key words: copolymerization, molecular weight distribution, residence-time
distribution, Monte Carlo method.

[IpoMbIlIIEHHOE TPOU3BOJACTBO OYTaJUEH-CTHUPOJIbHBIX KaydyKOB IIPEJICTABIISIET
co00il CIIOXKHBIA TEXHOJOTUYECKUI MpOLecC, KOTOPBIM MNPOU3BOAUTCS HEMPEPHIBHBIM
criocoboM B OaTapee IMOCIIEeI0BaTEeIbHO COECAMHEHHBIX MEXAY co00M MOJUMEpPU3aTOPOB MPU
temmneparype 5-10 °C. IIpu 3TOM Kbl MOIMMEPHU3ATOP MPEACTABISIET COOOM pPeakTop
MJICAIBHOTO CMEILIEHUs HENPEepbhIBHOIO JAeicTBusA. JlJI1 HENpPEephIBHOIO Ipolecca TepseT
CMBICJI CaMO TOHATHE BPEMEHH PEAKLMHU; MOKHO TOBOPHUTH JIMIIbL O HEKOTOPOM CPEIHEM
BpeMEHU TNpeObIBaHMs Kak O CIydyailHOM BelIMYMHE, KOTOpas XapaKTepu3yeTcs
BEpPOSITHOCTHOW (yHKIMeH pacnpenenenus. Ho mpu 3ToM BO3MOXKHO, YTO MOJIEKYJSIPHO-
MaccoBO€ pachpejesieHue moJiumepa OylneT UCKaxaTbCs, TaKk KaK Ha cllydaiiHoe
MOJIEKYJIIPHO-MAaCCOBOE pacpeneneHue IIPOJIyKTa HaKJIaJIbIBaeTCsA ciIy4aitHoe
pacnpeziesieHue BpeMeHH NMpeObIBaHUS YaCTULl B CUCTEME.

BeposTHOCTB TOTO, UTO YacTHIlAa IPOBOJUT BPEMS OT ¢ 110 ¢+ dt B TEKYILIEM PEaKkTope,
paBHa p(t)dt. B ciydae peakTOpoB HICAIHPHOTO CMEIICHHS HENPEPHIBHOTO JEHCTBUS

BeIMYMHA p(f) paccuuThiBaercs o gopmysne [1]:

(1) {f) g, (1)
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IJIe 1 — KOJIMYECTBO PEAKTOPOB B CHCTEME, T — CpeIHee BpeMs NMpeObIBaHUS PEeaKIIMOHHOM
CMECH B OJTHOM peakTope (4).

CnenoBatenbHO, IJIs MOJICIIMPOBAHUS TIPOIIecca COTIOMMEPH3AINH, TIPOTEKAOIIETO B
KacKaJie PEaKkTOpOB, HEOOXOJMMO YUYUTBIBATH pacCHpeelIeHHe IO BPEMEHH IPEObIBAHUS
JaCTHUIl IIPOJAYKTa B CUCTEMC. I[J'If[ 9TOI'0O B Ka)K)IBIﬁ MOMCHT BPEMCHU HGO6XO)II/IMO OLICHHNBATH
BO3MOKHOCTh IlepexoJia KakKJIOW YacCTHIbl CHCTEMBI B CIECIYIOLUIMH PEAKTOP: €CIU BpeMs
npeObIBAaHUS MOJICKYJBI B TEKYIIEM PEaKTOpe HCTEKIO, TO HEOOXOJIUMO IEPEBECTH €€ B
CIENYIONIMNA PEaKTOp M pPacCuuTaTh HOBOE BpeMsi NpeObiBaHMA. Tak Kak Ha HMMHUTAIUIO
pa3IMyYHbIX peakuuil TpeOyeTcsl pa3inyHOEe BpeMs, TO MOMHMO BpPEMEHHU IpeObIBaHUS B
peakTope KaxAyl 4acTHUIly CTOUT XapaKTepHU30BaThb BpeMEHEM IpeObIBaHUS B PEaKLMH, T.€.
BpeMEHEM, HEOOXOAUMBIM Uil OCYIIECTBIEHUs BblOpaHHOM peakuuu. Ho nannas
XapaKTepUCTHKa TPUMEHHMA JIUIIb K oO0pa3yeMbIM dacTUIaM: JUIsd  Ipolecca
coroJiMMepu3anun OyTaueHa cO CTHPOJIOM MMH SIBIISIIOTCSI CBOOOTHBIE PaJMKaibl, a TAKKe
AKTUBHBIC U HCAKTHUBHBIC LICIIN. HpI/I OTOM BpEMH Hp€6BIBaHI/I$[ B PCaKIMU PaCCUUTBIBACTCA
coryiacHO opMmyIie:

1 1
At =——In (—], (2)
r
2R
i=1
rae R, — CKOpOCTb NIPOTEKaHMA [-W PEAKUUH, ¥ — YHCJIO, IOJYYEHHOE IIPU ITOMOUIH

reHeparopa cirydaiinpix ncer, r €[0,1].

C ydeTroM JaHHBIX OCOOEHHOCTEH OBLIO OCYIIECTBJIEHO MOJIEIMPOBAHHME Ipoliecca
COTIOJIMMEpHU3AIK OyTaJMeHa CO CTUPOJIOM B Kackaje u3 12 moaumMepu3atopoB 00beMoM V' =
10.8 M’ ¢ 06BEMHOIT CKOPOCTBIO TOTOKA Cr= 95982 /4 [2]. Ha pucynke 1 mpencrasieHo
MOJIEKYJISIPHO-MAaccoBoe pacrpeaeneHue vactui npoaykra npu t = 30 u. Co BpemeHeM
MOJIEKYJISIPHO-MAacCOBO€ paclpe/iesieHue MPoayKTa COMOJIMMEPHU3alii MOBTOPSET MOBEACHHE
MojenpHoro pactpeaenenus Lllympra-dnopu, yduTsiBaroniero oOpbeIB IENU B pe3yiIbTaTe
B3aUMOJICHCTBUS C PETYISITOPOM.
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Puc. 1. MonekynsapHo-MaccoBo€ pacupeaesieHue npoaykra npu t =30 u
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O PELHEHUU CUHT'YJSAPHOI'O YPABHEHUS T'NJIBBEPTA
METOIOM PEI'YJISAPU3ALIUN
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AHHoTamusA. B cratbe paccmaTpuBaeTCs CHHTYJISIPHOE WHTETPAJIbHOE YpPaBHEHHE
['mipbepra HEHTpabHOTO THMA TIepBOTO pona. IlpuBeaeHsl GopMyTUPOBKH TEOpEM paspe-
IIMMOCTH, OJHO3HAYHOM pPa3pelIMMOCTH HW3y4aeMOI'O YPaBHEHMS M CXOJMMOCTH DPELICHHUU
pEeryJisipu30BaHHBIX YPABHEHU.

Knrouesvie cnosa: cuneynsapnoe ypasnenue, memoo pe2ynsapusayuu, CXxoouMoCms.

THE DECISION OF THE HILBERT SINGULAR EQUATION METHOD OF REGU-
LARIZATION

Abstrakt. The article discusses the Hilbert singular integral equation neutral type of
the first kind. Given the formulate theorem on the solvability, on the unique solvability and
convergence of solutions of regularized equations.

Key words: singular equation, regularization method, convergence.

Paccmotpum cunrynsippoe mHTErpaigbHoe ypaBHeHnue ['mipbepra HeHTpaIbHOTO THUITA

(Tx)(¢)+(Kx)(t)=1(t), feH(0,27), (1)
(Tx)(t):gfctg%x(s)ds
:—jk t—s ds+—jk (t+5)x(s)ds

— peryisipHasa 4aCTb CUHTYJIAPHOI'O HHTCTPAJIBHOTO ypaBHCHI/ISI

= i b e™" ™), (t+s) z c e

— TPUTOHOMETPUYECKUE MHOrowIeHsl crenenn M >0; b, , ¢, (m =-M,... M ) — TPOU3-

BOJIbHBIE KOMIUIEKCHBIE Yucia, H ' — mpocTpaHcTBO 277 -IIEPUOINIECKHX KOMIUIEKCHO3HAY-
HBIX TE€NBJEPOBBIX QYHKIMIH ¢ mokazarenem y :0<y <1.

B Hacrosimem qokiajze B MCCIIEIOBaHUHU pa3peiimMocTu ypaBuerust (1) B H” wucmois-
30BaH METOJI peryasipu3anuu casurom [1, 2]. Jlokazansl TEOpeMbl CXOIUMOCTH PEIICHUS pe-
T'yJISIpU30BaHHBIX YPABHEHUH K PEIICHUSM COOTBETCTBYIOIIUX 3a1a4.

PaspemmmMocts ypaBHenus (1) 3aBucHT OT uucna b, +c,, paHra 1 JUHEHHO 3aBHCHMO-

i+b, c_,

CTH CTPOK MaTpul B, :{ }, k=1,...,.M.

¢, —i+b,
Teopema 1. Ilycmo by +c, =0 u detB, #0 ona ecex k=1,...,M . Toeda neobxoou-

MbIM U OOCMAMOYHBLIM yCa08ueM paspewumocmu ypaeuenus (1) saensemcs evinoanenue co-
2
OMHOUWEHUS Py I f (t)dt =0. Ecnu evinonnero ycinosue pazpewumocmu, mo. 1) ons 106020
T
0
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4
KOMNIEKCHO20 uucna d, cywecmeyem monvko oOHO pewienue x, € H', yooenemsopsiouee
2
VCI08UI0 — I X, (s)ds =d, u 2) ona 1106020 komniekcnozo yucia o #0 ypasnenue

0
2r

(Tx)(t)+(1<x)(t)+2i [ x(s)ds = £(t)+ad,

4 0

umeem eouncmeennoe peutenue x, € H'’, cxooaweeca pasnomepno k x, npu a — 0.
Teopema 2. Ilycmo b, +c, #0 u ons nekomopoco k =1,...,M evinonneno pasencmeo

B, =0. Toeoa neobxooumvim u docmamounvim ycioeuem paspewumocmu ypasuerus (1) se-

JIAemcs 8blNOJIHEHUEe yczzoem?
1 2 " 1 2 .
— | e t)dt =— T L()dt=0. 2
zﬂge (1) zﬂge £(1) )

Ecnu svinonnenst ycnosus (2), mo: 1) ona nobwix komniekcuvix wucen d_, u d,, cywecmsy-

em moJlbKo 0OHO peutenue XO eH’ y ydoeﬂemeopﬂiomee YCaosusim
2r 1 2

2;1 e™x,(s)ds=d_,, g e “x,(s)ds=d,,
0
u 2) ons 106w6ix KomniekcHolx yucen o # 0. ﬁ # 0 ypasnenue
2r
(Tx)(t)+(Kx)(t)+% [t (s)ds +2— j s)ds=f(t)+ad ,+pBd,, 3)

0

4
umeem eOuUHCMEeHHOe peuienue xa,ﬂ eH’, cxod;m;eec;z PABHOMEPHO K X, npu a—0,

S —0.

[Tapamerpsl perynspusanua @ ¥ [ B paBeHCTBE (3) SBISIOTCS CBOOOTHBIMH, TO €CTh
WX MOKHO BBIOMPATh HE3aBUCHMO JPYT OT JApyTa.
Jlist kimaccudeckoro ypaBHeHus [ miipOepra nmeeM:

Teopema 3. Heobxooumvim u O00CMAmMOUYHbIM YCIOBUEM PA3PEUMUMOCU YPABHEHUS
2

t—s
—jcthx(s)ds :f(t) a811emcs yciosue 2—If(t)dt =0. Ecau 6vinoaneHo 3mo
T
0

yenosue, mo: 1) ona 1106020 Komnaekchoz2o yucna d, cywecmsyem moibko 0OHO peuieHue
2

x, € H”, yoosnemeopsiowee yciosuwo — I xo(s)ds =d, u 2) ona 1106020 KOMNIEKCHO20
0

Y4 t—
yucna o #0 ypaeunenue > I (cthS+a]x(s)ds :f(t)+ad0 umMeem eOUHCMBeHHOe
ps

pewenue x, € H”, cxooaweeca pasnomepno k x, npu oo — 0.

PaboTa BrmonHeHa npu nmoaaepxke Poccuiickoro dhonma GpyHaamMeHTaIbHBIX HCCIIEIO-
BaHui (kox mpoekra Ne 13-01-00096a).
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UYNCJIEHHOE PEIITEHUE
JIBYMEPHOII OBPATHOI 3AJJAYN AKYCTUKU
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Annoramusa. B pabore paccMoTpena jJByMepHas oOparTHasi 3ajada akycTuku. s eé
peliieHus UCroJib3oBaHa kKomouHaims merona [enbdanga-/IeBurana-Kpeitna u 6picTporo
aJiropuTMa obparieHus TEmIeBoit Mmarpunbl. CBoiicTBa 06paTHO 3a/[a4d, B COUETAHUH
C UCIOJb30BaHUEM TEILTUINEBOH CTPYKTYPBI, MO3BOJIAIOT 3HAYUTEIHHO MOBBICUTH b dek-
THBHOCTH MeToja. [IpeacTaBieHbl pe3yabTaThl pacuéTos.

Karuesvie crosa: ObparHble 3aa4dn akycTuku, Meto lenndanga-/leBurana, obparie-
HUE TEIJINIEBOIT MaTpUIlbI

B pabore paccmarpuBaercs obpaTHas 3ajada aKyCTUKH. 3a/iada 3aK/II09aeTcs B OLpe/ie-
nennu dyukuuii c(x,y), p(x,y) u u(x,y,t), yI0BIETBOPAIONINX CJIEILYIOMNUM COOTHOIIEHU-
SIM:

c 2 (x,y)uy = Au— VinpVu, x>0,y € Rt > 0;
u|t<0 = O

Uy (+0,y,t) = g(y,1);
Ulz=0 = f(y,t),y € Rt > 0.

Jlannas 3a/1a9a ONMUCHIBAET PACIPOCTPAHEHNE aKyCTUIECKUX BOJH B cpeje. PyHk-
st ¢(x,y) OMUCHIBAET CKOPOCTH PACIPOCTPAHEHHsI BOJIH B cpejie, p(&,Y) -IJIOTHOCTD Cpe-
ael, u(x,y,t) - akycruueckoe jgaienue, u f(y,t) - naHabie 0OpaTHOI 3a1a9u.

B pa6ore npeamonaraercs, uro dbyuknus ¢(zr,y) n3BecTHa. 3ajada, TaKuM 00pa-
30M, CBOJUMTC K onpeeenuio byuxmun p(z,y). Jas pentenus 9Toi 3a1a91 UCIOIB30BAH
noaxoxn .M. Tenndanna, B.M. Jlesurana u M.I". Kpeitna. CyTs MeTo1a 3aK/09aeTcs B
CBeJICHUH HEJTMHEHHON 00paTHOl 3a/1a49i K OJHOIApAMETPHIECKOMY CeMeiCTBY JTMHEHHBIX
HHTerpaJlbHbIX ypaBHeHnii ®penrosbma BTroporo poma. Kpome toro, meron 'enbdamia-
JleBurana-Kpeiina sgBIsgeTcs IpgaMbIM MeTOIOM (HET HEOOXOIMMOCTH HEOTHOKPATHOTO Pe-
IIEHUs IPSIMOiT 331491 ) W HEe MCHOJIb3YeT allPHOPHYIO HH(MOPMAIHIO.

Obparnasi 3a7a49a aKyCTUKHA CBOJWTCS K CJIEIYIONEMY CEMEHCTBY WHTETrPaJbHBIX ypaB-
HeHWit ) (B TPe/IONIOKEHNH, YTO BCe paccMaTpuBaemble (DYHKIUH MPEJCTABHMBI B BHJIE
KOHEeUHBIX cyMM Dypbe):

1 Tk m 1 (7 et
Q)k(x’t)zﬁzm:/x<ﬂ%) (t—s)® (x,s)ds—ﬁ/ﬂmdy,k‘eZ

Oyukuus p(z,y) ceazana c¢ pemnteruem P(z,t) 9T0Oro ypaBHEHUS CJIEIYIOMIUM COOTHOIIE-
HUEM:
-2

2
T .

plx,y) = —— E O (x,x —0)e "

(@) p(0,y) |4 ( )

B pabore ypasuenune ['enbdanma-J/leButana-Kpeitna ObL10 cBeeHO K cHCTeMe JIMHEHHBIX
asirebpandeckux ypapuenuii. list e€ perenus ObLI IPUMEHEH MeTO/I, HCIOJIb3YIONIUi TEII-
JIMIEBY CTPYKTYPY MaTpHUIlbl. BbLI nCI0/1b30BaH MeTO 1, OCHOBaHHBI Ha pekypcuu JIeBuH-
cona, nmeroruii ciaozknocts O(n?). Byzer nokazano, 94To nCmoib30BaHne JAHHOTO TTOIX0/1a
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MO3BOJISIET TIOJIYUUTh Pellienne oopaTHoii 3a1a4un Ha uurepsasie « € [0, L], pemas ypasue-
nue l'esibpania-/lesurana-Kpeitna Tojibko B ojiHol Touke © = L. ByjyT npejcrabjeHbl
pPe3yJIbTaThl YUCJAECHHBIX JKCIIEPUMEHTOB.

NUMERICAL SOLUTION OF THE TWO-DIMENSIONAL ACOUSTIC
INVERSE PROBLEM

Abstract. The report considers two-dimensional acoustic inverse problem. In order to
solve it, we used the combination of the Gelfand-Levita-Krein approach and the fast
Toeplitz inversion algorithm. The structure of the inverse problem, combined with the
usage of the Toeplitz structure, allows to significantly increase the effectiveness of the
method. Result of the numerical experiments are presented.

Key words: Acoustic inverse problem, Gelfand-Levitan method, fast Toeplitz inversion
The report considers acoustic inverse problem. The problem consists in determining the
functions ¢(z,y), p(z,y) and u(x,y,t), which satisfies the following system:

c 3z, y)uy = Au — VinpVu, x> 0,y € R, t > 0;
Ulico =0

Uy (+0,y,t) = g(y,1t);
Um0 = fy,t),y € Rt > 0.

This system describes the propagation of acoustic waves in the medium. Function
c(x,y) is the speed of the wave propagation, p(x,y) is the density of the medium, u(z,y,t)
is exceeded pressure and f(y,t) is known data on the surface.

In the report we consider that function c(z,y) is known. Therefore the problem
reduces to determination of the function p(x,y). Then the approach of I.M.Gelfand, B.M.
Levitan and M.G. Krein(GLK-method) is applied for solving considered inverse problem.
The essence of this method lies in reduction of the nonlinear inverse problem to a one-
parameter set of linear Fredholm equations of the first of second kind. Moreover, the
GLK-method is direct method (there is no need in multiple solution of the direct problem)
and doesn’t use information.

The acoustic inverse problem can be reduced to the following set of integral equations(in
assumption that all considerable functions can be represented as a finite Fouriet sum):

k _1 ‘ k\/ m 1 " eiky
® (x,t)_ézn;/x(fm) (t—s) (m,s)ds—ﬁ/wmdy,k‘ez

Function p(z,y) is connected with the solution ®(z,t) of this equation according to the
following ratio:

plary) = i lzmj " (a2, z o>e—“”y]

In the report we reduce the GLK-equation to a linear system of algebraic equations and
use the method, based on the Toeplitz form of the corresponding matrix. We used the
method, based on a Levinson-Durbin recursion, which has O(n?) complexity. It is shown,
that usage of this method allows to obtain the solution of the inverse problem for = € [0, L]
by solving GLK-equation only in one point x = L. Results of numerical experiments will
be presented.
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OCOBEHHOCTHU OBPATHBIX U HEKOPPEKTHbBIX 3A/IAY B

ACIHEKTE UTHO®OPMAIINMOHHBIX CJIYYAHUHBIX MNPOLECCOB
[Tapmnna C.B.

FOoicno-Ypanvckuii cocyoapcmeennviil yHugepcumem
454080, Yensbouuck, np-t Jlennna 76
Ten.: 89514439850, e-mail: ssvetik15@yandex.ru

CHHTarMaTHYeCcKuid TMOJXOJ K HW3YYCHHIO CIyY9alHBIX IPOIECCOB B CEMHOTHKE
MO3BOJISICT PACCMOTPETh CTPYKTYPHBIE W JIOTHYECKHE B3aWMOCBS3H MEXKIY DJIEMEHTaMU
nHQOpPMAMKA TPEJCTABICHHBIMA TOCPEACTBOM 3HAKOBBIX CHCTEM B BHJIE 3HAKOB.
KomupoBanne wHpOpManmuu ¢ TIOMOIIBIO 3HAKOB, WX Iepejada M paclio3HaBaHWE IIpU
MOJIYYCHUH TIPOUCXOTUT TI0J] BIMSHHEM CIyJalHBIX (HaKTOPOB, KOTOpBIC MPHBOIAT K
HCKKEHUSAM ¥ CO3/1af0T HH(OPMAIMOHHYIO 3HTponHi0. OIeHKa BEPOATHOCTH HCKAXKEHUH U
U3MEHEHUH WH(POPMAIMU OCYIIECTBIIIETCS C MOMOIIBI0 BeMUYnHBl X = X (u(t),ﬁ(At)) -
CIIy9aiiHOW CMHTarMaTu4eckoi omuOky. OnTUMHU3AIMS TIepeadd U MOJTydeHUsT HH(OPMAITHH
MPEIoIaraeT CO3JaHWE TAKUX YCIOBHHM M CIIOCOOOB OpraHU3aIlid KOMMYHHKATHBHBIX
MPOIIECCOB, TMPH KOTOPBIX BEPOSTHOCTh  CIy4yalHOW CHHTarMaTHYeCKOW  OIIMOKH

P(X (u(t),ﬁ(At))) — 0 crpemuTcs K Hyar0. J[pyrHMH CIIOBaMH, i COTJIACOBAHHOIO

B3aUMOJICHCTBUSI M@Ky OOBEKTaMH  KOMMYHUKATHMBHOM  CHCTEMBI, HEOOXOAUMO
obecrieunBaTh  YCIOBHMsS ~ HaWMeHee  BeposTHOro  3HaueHus X =X (u(t),ﬁ(At)).
Pacripenienieane BeposiTHOocTeld [ ciiydaiiHOW BenmuuHBI X OOYCIIOBJICEHO HE TOJBKO
WCIIOJIb3YEeMBIM KOJOM, HO H CBOWCTBAMH KaHajla Iiepenadyn. B oOmem cioydae f
MPEACTABISIET COOOM IIEJIOYHMCICHHYI0 (YHKIIUIO HEMPEPHIBHBIX IMapaMeTpPOB KaHala
mepeAadyd € y4eTOM KOJUPYIOIIETO CHUTHAJIa W PEAaKIMu Ha Hero (JACKOAMpPOBAHUS).
O6o3HauuM ugepes F- GpyHkumio pacripenenenus caydyalHOW cuHTarMarudeckoit ommuoku. [1o
ompenenennio GpyHkuuu pacnpenenenus F' = f. V3MeHeHue mapameTpoB KaHaja mepeaadn
MIPUBOJIUT K M3MCHCHHIO BUAA PYHKINH f, a, CIICTOBATEIIEHO, M K N3MEHEHHUIO BHIa (DYHKITUH
F. Ecau A - oneparop npeoOpa3oBaHus CIIydailHOW CHHTAarMaTHYECKOM OIIMOKH, TO MpsMast
3aJla4a ONTHMHU3AIMH TPOoIlecca KOMMYHUKAIIMKA MOKET OBITh TpeJcTaBiieHa B Buie Af — p,
rne p =p(ky), a ky, - HauBeposATHElIIee YUCIO OMMOOK B DIEMEHTApHON CHHTArMe.
CoOCTBEHHO ONTHMH3ALUSA MTPOIIECCa KOMMYHHUKAIIMA COCTOUT HE B TOM, YTOOBI C TIOMOIIIBIO
omeparopa A mpeoOpa3oBaTh CIy4allHYH0 CHHTarMaTUYecKyl0 OIIMOKY, a B TOM, YTOOBI
OTCIeAUTh Haubosiee NpoOJEeMHBIM NapaMerp KaHaia nepenaud (JIMOO COBOKYIHOCTh
MmapaMeTpoB) C IEIbI0 €ro YCTpaHEHHWs WU 3aMEHBI IS CHIDKCHHS WHOOPMAIMOHHOU
suTponuu. COOTBETCTBEHHO oOpaTHas 3a7adya COCTOMT B OIPEACICHUH COBOKYITHOCTH
rmapaMeTpoB KaHaja TIepeaavyd, MPUBOIAIMIMX K BBHICOKONW HWH(GOPMAIMOHHONW SHTPOIUU.
WNHpiMu ciioBaM#, 10 BBICOKOW SHTPOTHH CIEAYET ONPEACIUTh YCIOBUS U COCTOSIHUS KaHaja
nepeaadnd K Hed mpuBomsmue.  OleHka J000T0 COCTOSHUS KOMMYHUKATHBHON CHCTEMBI
MOXXET OBbITh IPOBEJEHA C TIOMOIIBI0 CIIy4allHON CHHTarMaruyecko omuoku X =
X (u(t),ﬁ(At)), KOTOpas coeauHseT B cebe MHOOPMAIMIO O IOCIENOBATENLHOCTH TPEX
COCTaBJISIOMUX (KOIUPOBAHUS, Iepefadn, ACKOJAUPOBAHUS). 3aMETUM, YTO BHYTPEHHUU
XapaKkTep CIy4alHOW CHHTAarMaTUYeCKOW OMIMOKHM HE MOXET OBITh M3Y4EH MOCPEICTBOM
M3BECTHOTO MeToja lerne MapkoBa, B BUIY IEJIOCTHOTO €IUHCTBA TPEX Pa3eICHHBIX BO
BPEMEHH DJIEMEHTOB MpOoIlecca KOMMYHUKAIMU. TpeOyeTcst pacIIupeHne MeTo1a MapKOBCKHIX
uerneir. Kpome Toro, mocieaoBaTebHOCTD 3JIEMEHTAPHBIX CHHTAIM MOKET UMETh BPEMEHHOE
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(Bo BpemeHH) paccesinue. Bece 3tu ocoOeHHOCTH MH(QOPMAIIMOHHBIX CIy4YailHBIX IMPOLIECCOB
COCTaBJIIIOT  JIOTIOJHUTENbHBIE YCJIOBUS MpPU pPELIEHUH OOpaTHBIX U HEKOPPEKTHO
IMOCTABJICHHBIX 3aJa4 IMTOMCKaA MapaMETPOB JAarOIUX BBICOKYIO OHTPOIIHUIO.
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SAJTAYA OIITUMAJIBHOT'O YIIPABJIEHUA 1J1d
KBA3UJIMHENHBIX BBIPOXKJIEHHBIX YPABHEHII BBICOKOI'O
IHOPAJIKA B BAHAXOBBIX ITPOCTPAHCTBAX
M.B. Il1exanosa
Yeanbunckuti 2ocydapemeennniti yrnusepcumem, Heasbunck, Poccus
e-mail: mariner79@mail.ru

Annortanusa. VcciaenoBana paspenmmMoCcTh OJHOTO KJlacca 3aJad ONTHMAJILHOTO
yIIpaBJIEeHUS JJId PACIPe/IeJIEHHBIX CUCTEM, MOJEIUPYEMbIX KBa3UJINHETHBIMU BBIPOXK/IECH-
HBIMU SBOJIIOIMOHHBIMU YPABHEHUSIMUA BBICOKOTO MOPSJIKA B OAHAXOBBIX IMTPOCTPAHCTBAX.

Karouesvie caosa: 3aj1a9a ONTUMAIBHOIO YIIPABJIEHN, BBIPOK/IEHHOE SBOJIIOIOH-
HOe ypaBHEHIe, KBa3WINHEHOe YpaBHEHNE, ypaBHEHNE BBICOKOTO TIOPs/IKa, pacipeaeIeH-
Has CUCTeMa YIIPaBJIEHUS.

OPTIMAL CONTROL PROBLEM FOR QUASILINEAR DEGENERATE
HIGHER ORDER EQUATIONS IN BANACH SPACES

Abstract. Solvability is investigated for a class of optimal control problems to
distributed systems that modeled by quasilinear degenerate higher order evolution equati-
ons in Banach spaces.

Key words: optimal control problem, degenerate evolution equation, quasilinear
equation, higher order equation, distributed control system.

[Iycrs U, X', Y — Ganaxosbl npoctpanctBa, L : X — ), B : U — ) — juHeiiHbIe
HelnpepbIiBHBbIE orniepaTopbl, M : X — ) — JIMHEIHbI!l 3aMKHYTBII OnepaTop ¢ IJIOTHO
B X obiacteio onpenenenus Dy, N : [to, T] x X™ — Y, m € N. Pacemorpum 3ajatdy
OTITUMAJTLHOTO YIIPABJICHUST

La'™(t) = Ma(t) + N(t,z(t), a0 (2), ..., a" V(1)) + Bu(t) (1)
P(z®(tg) —2) =0, k=0,1,...,m—1, (2)
u € ﬂa, (3)
1 9 C 2 )
J(x,u) = 5”55 - x||W2m(t0,T;X) + EHU - U||L2(t0,T;u) — inf (4)

c3aganabivu zx € X, k=0,1,... m—1, 1 € WJ(ty,T; X), u € La(to, T;U).

O6osznauum p*(M) = {u € C: (uL — M)™' € L(V;X)}, ol (M) = C\p* (M),
R(M) = (uL — M)™'L, L, = L(pL — M)~"'. Oueparop M uasssaercs (L, o)-ozpa-
nunennvim 1), ecrm o (M) sBastercst orpannuennbivm Muoxkectsom B C. B atom cirydae
CYIIECTBYIOT TPOEKTOPLI

p-_L Ri(M)du € L(X), Q i/Lﬁ(M) du € L(Y).

21 27
¥ ¥

[onoxkum X0 = ker P, V° = ker Q; X' = imP, Y! = imQ. O6oznaunum vepes Ly, (M)
cyxenne oneparopa L (M) na X* (Dy, = Dy N A%), k = 0,1. B [1] nokazamo, uro
npu yeiaosun (L, o)-orpanmdentoctu onepatopa M uMeeT MecTo JeficTBHE ONepaTopoB
M; € L(XH YY), My € CL(X% D), Ly € L(X* V%), k = 0,1, a Takxke cymecTByioT
obparrbie oneparopsr My ' € L(V% X0), L1 € L(V}; X1).
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O6osmaunm Ny = {0} UN, H = M;'Ly. Ilpu p € Ny oneparop M masbBaeTca
(L, p)-orpanudennbiv, eciu on (L, o)-orpannuen, H? # O, HP*' = Q. Onpegenmm takxke
IPOCTPAHCTBO Z = {x € Wi (to, T; X) : La'™ — Mz € Ly(to, T; y)} ¢ HOPMOIi

l211% = 2l oy + 1E2™ = ML, 7).

C moMoIIbio Pe3yabTaToB paboThl [2| pacipocTpaHuB Ha KBAa3WJIMHEHHBIN Corydaii
METOJIbl UCCJIeI0OBAHIA PA3PEIINMOCTH 33J1a4 ONTUMAILHOIO YIPAaBICHUs JIJIst JIMHEHHBIX
BBIPOXK/ICHHBIX PACIPEICTIEHHBIX CHCTEM, PA3BUTHIE B |3, 4], Moy auM ciieyiolnme pesy/ib-
TaThI.

Teopema 1. IIyemv p € Ny, M (L, p)-oepanuuennoiii onepamop, omobpasrcerue
N : [to,T] x X™ — Y maxoe, wmo QN € C™P+DV=L([ty T] x X™;)) pasrnomepno aun-
wuye6o no v = (Vg, ..., Vm_1), H*Mg (I — Q)N € C™ ) ([t, T] x X™; X) npu k =
0,1,...,p, daa scex (t,0) € [to, T] X X™ ewunoanaemcs pasercmeo N (t,vg, v1, ..., Up_1) =
N(t, Pvg, Pvy, ..., Pv,_1), e Henycmoe 3aMKHymoe 6unykioe noOMHONCECTEO NPOCTM-
parnemea Ly(to, T;U), Uy N W;l(pﬂ)(to, T;U), xo, T1, ..., Tm_1 € X. Tozda cywecmeyem
pewenue (&,1) € Z X Uy 3adavu (1)—(4).

Teopema 2. ITycmwv onepamop M (L, p)-ozparuuen, omobpasicerue N : (to, T) X
X™ — Y Odaa 6cex v, Vi, ..., Up_1 € X asasemca usmepumvim wa (to,T), oo pas-
HOMEPHO AUNWUYEBO N0 U, Oaa Hexkomopozo Z € X™ N(-,Z) € Lo(ty,T;Y), imN C
YV, Uy — nenyemoe evinyk.aoe samrnymoe nodmmosicecmea npocmpancméea Lo(to, T;U),
Uy N Wgn(pﬂ)(tg,T;U) £0, xo, 21, .., Tm_1 € X', To20a cywecmeyem pewenue (T,1) €
Z x Uy sadavu (1)—(4).

Sameuanne 1. [JocTaTOYHBIM yCIOBAEM JIJIS TOTO, YTOOBI BBIIOJIHSIOCH YCJIOBHE
Up NV (P+1) (to, T;U) # 0, aBngercs, HanpuMep, HAJIUIUE BHYTPEHHEH TOYKU Y MHOMKE-
crBa Ly B Tomosiorun mpocrpanctsa Lo(tg, T5U).
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SAJJAYU OTITUMAJIBHOTO YVIIPABJIEHUNA I OBPATHASA 3ATAYA
AJ14d 9BOJIIOIIMOHHOI'O YPABHEHNA B BAHAXOBOM
ITPOCTPAHCTBE
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Awnnoramnusa. PaccmarpuBaercs cBsi3b 00paTHBIX 33129 BOCCTAHOBIEHUS HCTOYHUKA C 3a-
JadaMu yIIpaBieHus 1 HaO oaeHus. /Jloka3aH TPHHIMI MAKCHMYMa, B 3aa17€ HAXOXK TeHNS
ONITUMAJILHOTO YIPABIEHHS.

Kmoueswie caosa: obparnbie 3a/1a4u, yIPaBISIeMOCTb, HADJII0Ia€MOCTDb, OITUMAJILHOE
yIpaBJIeHHe, IPAHIAI MAKCUMYyMaA.

PROBLEMS OF OPTIMAL CONTROL AND INVERSE PROBLEM FOR
EVOLUTION EQUATION IN BANACH SPACE

Abstract. We investigate the relationship of inverse problems of the source reconstruction
with the tasks of control and observation. Maximum principle in the optimal control
problem is proved.

Keywords: inverse problems, controllability, observability, optimal control, maximum
principle.

PaccmaTpuBaroTcs ypaBHEHHs [EPBOTO poja B pedJIeKCHBHBIX OaHAXOBBIX IIPO-
crpaHcTBax. g yKa3saHHBIX ypaBHEHHUII M3BECTHBI COOTBETCTBYIOIIHE TeopeMbl BaHa-
Xa 0 Pa3PEeINMOCTH, eJIMHCTBEHHOCTH U YCTONYMUBOCTH pernenuii (cM., nampumep, [1,2,3]).
Borpoc 0 HaxoXK/ieHnu pelenns ypaBHeHHS IePBOTO POJIa TPAKTYeTCsd KaK 3a/a4a yIpaB-
JICHUsA, & COOTBETCTBYIOIIEE PeNIeHre CONPSKeHHOTO YPABHEHHs TPAKTYeTCa KakK 3a/1ada
HaDJIIOTeHH].

BBoagaTCsa MOHATHS: TOYHOU YIIPABIAEMOCTH, AllIPOKCUMATHBHON YIIPABJIIEMOCTH,
HOPMAJIBLHO PA3PeIIMMOil YIIPABISeMOCTH J1s OCHOBHOTO ypasHenud. Ha ocHoBaHum Teo-
peMm BaHaxa IpUBOAATCA YCJOBHA Ha COIIPAXKEHHOE YypaBHCHHE, KOI'JIa BBIIIOJITHEHbBI COOT-
BETCTBYIOIHE KPUTEPUU JIJIT OCHOBHOTO ypaBHeHus. /lamnbie npobjemMbl paccMarpuBa-
I0TCS B Pa3JIMYHBIX (DYHKIMOHAIBHBIX IPOCTPAHCTBAX, B TOM YHC/E, B IIPOCTPAHCTBAX
O.B. Becosa, C. M. Hukonbckoro, C. JI. CoGoseBa cwm. [4]. Bagaun ynpasiaenus u HabIio-
JIEHUs UCCITEYIOTCS KaK JJIsl CUCTEM ¢ COCPEJIOTOYEHHBIME TTapaMeTpamMu cM.[5], Tak u st
CHCTEM C pacrpe/ieJieHHbIME apaMeTpaMu cM. [6,7]. B rusbbeproBbix npocTpancTBax 3a-
Jdavn yIIpaBJIeHUd U Ha6ﬂIO,ZLeHI/IH TECHO CBA3aHBI C O6paTHbIMI/I 3aJa9aMi CIIEIIHAJIBHOI'O
Buza [8]. TIpn BBIONHEHUN Dsifia OTPAHUYEHWH JTOKA3bIBAETCS TPUHITUTT MAKCUMyMa Ha-
XOZKJI€HK TOYHBIX ONTHMAJbHBIX VIIPABJICHUH, ciipaBeiuBbiii 11 cucreMm OJ1Y, a Tak:ke
JIS TIEJI0T0 Psijia YPABHEHMH ¢ YACTHBIMH IIPOU3BOIHBIMH.
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OBPATHBIE 3AJTAYN OJI51 IIAPABOJIMYECKNX YPABHEHUI U
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FOzopcruti eocydapemeennis ynusepcumem, Xanmoi-Mancutick, Poccus
pyatkov@math.nsc.ru

Awnnoramums. Mbr paccMaTpuBaeM BOIPOCHI CYIIECTBOBAHKUSA U HECYIECTBOBAHUN
pereHnit 0OpaTHBIX 3a/a4 /I MapabOIUIeCKUX YPaBHEHUN U CUCTEM O HAXOXKJIEHUN ITpa-
BOil yacTu U KO3(MDPUIIMEHTOB ypaBHEHN, IJie 3HAUCHUS PEIIeHUs] WK €r0 IMPOU3BOIHBIX
Ha HEKOTOPBIX MOBEPXHOCTX WJINA OTJIEJIbHBIX TOYKAX, JIEKAIUX BHYTPU IPOCTPAHCTBEH-
HOIT 00J1aCTH, CIy>)KAT B KaUeCTBE YCJIOBUII 1epeonipeiesiennsd. Haxouaresa ycaoBus Ha J1aH-
HbBIE 33/1a41, KOTJIa 33/a9a KOPPEKTHA UM HEKOPPEKTHA, U YCJIOBHUS T'apaHTUPYIOIINE Ha-
JIMYNE OIEHOK yCTOMYIUBOCTH.

Karuesvie carosa: obparHas 3ajia4da, mapadboandeckas CUCTeMa YpaBHEHU N, HaUa IbHO-
KpaeBasd 3ajlada, KOPPEKTHOCTD, YCJIOBUS IIEePEOIIpe/leIeHus

INVERSE PROBLEMS FOR PARABOLIC EQUATIONS AND SYSTEMS
WITH OVERDETERMINATION CONDITIONS ON SPATIAL
MANIFOLDS
S.G. Pyatkov
Yugra State University, Khanty-Mansiisk, Russia
pyatkov@math.nsc.ru

Abstract. We examine the questions of existence and nonexistence of solutions to
inverse problems for parabolic equations and systems on determination of the right-hand
side and coefficients of the equation, in which values of a solution on some surfaces or
separate points serve as the overdetermination conditions. The conditions on the data of
the problem ensuring its well-posedness or ill-posedness and stability estimates are found.

Key words: inverse problem, parabolic system of equations, initial-boundary value
problem, well-posedness, overdetermination condition

Mgl paccMaTpuBaeM BOIPOC O OIPEIETeHUN BMECTe ¢ PeIlleHreM IIPaBoil JacTu
CIEIUAJILHOrO BUIa U KO3MMUIMEHTOB B HapaboInYecKuX ypaBHeHUsX U cucreMax. Ilycrs
G — obnactb B R™ ¢ rpanureii I’ kiacca C*™ u Q = (0,T) X G. [Tapabomyeckoe ypaBHeHHE
nMeeT BUT

w + A(t,z, D)yu =", bi(t,x)q(t, ")+ f, (t,x) € Q, (1)

riae @’ = (z1, %9, ..., Tk), ' = (Tka1, Tha2, - - -, Tp) U A — MATPUIHBILH SJTUIITHIECKHI OTT€-
paTop HopgaaKa 2m ¢ MaTpUIHbBIME Ko3hduimeHTaM pasMepHocTu h X h, 1peicTaBuMbIi
B BHJIE

At z, D) = 32 <om @alt,2) D%, D = (04, 0sys - . ., Or,).-

Ypasuenue (1) omoHsgeTCI HAYATBHBIMUA U I'PAHUIHBIMU YCJIOBUSIME

uli—o = uo, Bjuls = > bis(t,x)D7uls = g;(t,x), (2)

[B]<m;
rne mj < 2m, j =1,2,....mu S = (0,7) x I'. Heussecrusivu B (1), (2) aBismorcs
perierne u, dbyukuun ¢;(t, ') (i = 1,2,...,hs, sh > r), BXojsime KaK B IPaBYIO 9aCTh

Pabora Bumonnena mpu nosyiepke Poccniickoro dhouma dbynaaMmenTaabubx nceeposannit (I'pant
Ne 15-41-00063)
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(1) rak u B omeparop A kak kKoaddurmentsr. Mbl paccMoTpuM JBa ciydast. B mepBom
cIIydae YCJIOBUS MepeoIpele/IeHus [T HaXOXKJAEHU 9TUX (PYHKIUN ¢; UMEOT BUJL

uls, = Yi(t,x) (x€S;=(0,T)xT;, i=1,2,...,s), (3)
Bo BTopom ciyuae k=n—1u

o
ovk

re 1 < r; < 2m gma seex i ur < h(ry +12+ ...+ 7). Buecs {I;} (i = 1,2,...,9)
— MHOXKECTBO IJIQJIKUX 1 — l-MepHBIX moBepxHocTeil, jexkanmx B G (B (3') v — BekTOp
HOpMaUH K ;).

[Ipobsiembl 110/I06HOTO BU/Ia BOSHUKAIOT IPHU OIMUCAHUU IIPOIECCOB TEILIOMACCOIIe-
penoca, M@ Y3UOHHBIX TPOIECCOB, MPOIECCOB (PUIHTPAIIMH U BO MHOTHX JPYTHX 00J1a-
CTsX, B YACTHOCTHU B XUMUU 1 6uosioruu. Muoro4dncieHabie pe3yabraTbl 1 oudanorpadus,
ITOCBSIIIIEHHBIE B TOM YHCJIe W HapaboIMIecKuM 3a/1a9aM MOXKeT ObITh HaiijleHa B MOHO-
rpadusx cieayomux apropos: Asmdanos O.M. (1988, 1994, 2009), Bek /Ixx., Biaakysswt
B., Cenr-Kimp Y. (1989), Ozisik M.N., Orlando H.A.B. (2000), Ramm A.G. (2005), Ka-
banuxun C.J. (2005, 2009, 2012), Kozhanov A.I. (1999), Isakov V. (2006), Prilepko A.L,
Orlovsky D. G., and Vasin I.A. (1999), Ansdapos O.M. (1988), Tkauenko B.M. (2008),
Henncos A.M. (1994). HauboJibiee KoimdaecTBo paboT MOCBSIIEHO YPABHEHUSIM M CHCTE-
MaM BTOPOTO HOPsijKa (cucreMaM KOHBeKINH- i dy3un ), KOTOPbIe HHOTIA JIOTOTHAIOTCS
u cucremoit Hasbe-Crokca (Mmogesns Obepbeka-Byccennecka u ee 06061menust). B srom ciry-
Yae CUCTEeMa UMeeT BU/]

s, =Vil(t,z), i=1,2,...,8, k=0,1,...,7 — 1, (3"

u — vAu+ (u, Viu+ Vp = f + B.C + 0, divu =0, (4)
O; — MAO + (u, V)@ = fg, (5)
Cot (0, V)C = a;Ch, + ¥ a:Ch, + aC = [, (6)

ij=1 i=1

e v = const > 0, (z,t) € Q@ = G x (0,T) (G C R", T < ), u, ©, p, C ecrb
BEKTOD CKOPOCTH, TeMIIepaTypa KUJIKOCTH, JIABJICHUE, BEKTOD KOHICHTPAIUii ITpuMeceit
(opraHmvIecKuX WM HEOPTAaHUIECKNX) B KUJKOCTH, U f. — 0ObeMHAsl IUIOTHOCTh UCTOY-
HIKOB IIPAMeCeii, COOTBETCTBEHHO. 3/1€Ch @45, Q;, Gy — MATPHILI pasMepHocTH h X h, rae
h — 3TO KOJIMYeCTBO Ipumeceil, Jo — maTpuiia pasmMepHoctu n X h, fg — BEKTOp-
dbyukms jymsel n, A\g > 0 — koaddurment reronposognoctu. Hajio ormerurs, dro
B PEATbHBIX CHCTEMAaX, MCIOJb3YEMBIX MPH OIMCAHUU IIPOIECCOB TEIJIOMACCOIIEPEHOCA B
COOTBETCTBYIONIIX MaTeMaTHIECKUX MaKeTaxX UCIOoJb3yeTcs 10 90 pasaudHbIX HapaMeT-
POB, XapaKTEePU3YIOIIX B TOM UHCJIEC XUMAYICCKHE U GHOJIOIMYIECKHE IPOIECCHl B XKHJIKO-
cru. ITocranoBka obparHoil 3a1aun s cucrembl (4)-(6) anamornana 3amade (1)-(3), B
npocreiieM cjIydae HEM3BECTHOI sABJIsieTcsl IpaBas 4dacrb f. B cucreMe (6) Takoro xe
Buyia Kak B (1), Te. dynknusa ncrounukos. g obparubix 3aga4d (1)-(3), (1), (2), (37)
U ISl COOTBETCTBYIONIEi obpaTHoil 3amaun /s cucTeMbl (4)-(6) MbI IPUBOIUM yCIOBUS
KOIJIa 3a/1aua 6e3yc/IoBHO pasperntMa B mpoctpancTBax CobosieBa 1 cripaBe/[JInBbI OIEHKI
YCTONYMBOCTH WJIM YCJIOBHS KOTJIa 3a/a49a Pa3pelliMa B BUIOU3MEHCHHON OCTAHOBKE.
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ITPUMEHEHUE ITAPAJIJIEJIbBHBIX AJITOPUTMOB PEIITEHN A
CHICTEM JIMHEVHBIX AJITEBPANTYECKNX YPABHEHUII B
PAMKAX MOJN®UIITNPOBAHHOTIO METO/JIA
S-AMIITIPOKCUMAIIUN [IPU PEIIIEHUN OBPATHBIX 3AJTAY
I'PABUMETPUN
JI.H. PaeBckwnii, I1.9. Crenanosa
Hremumym Qusuru 3emau um. O. FO. IImuoma PAH, Mockea, Poccus
e-mail: nofirma2010@mail.ru, tet@ifz.ru

Annoramusa. B pabore onmncaubl napaJienbHble aJITOPUTMBI DETryIapU30BAHHOTO
UTEPAIMOHHOIO TPEXCJOUHOro meroja HebbimieBa u GJIOYHOIO MeTO/[a KOHTPACTUPOBa-
Hud JJid MHTepHnpeTalun JaHHBIX aHOMaJIbHOI'O T'DABUTAIIMOHHOI'O IIOJIA C HUCIIOJIB30Ba-
HUeM MOIMMpUIUPOBAHHON S-amnpokcuManuu. [IpoBeien MaTemMaTndecKuili SKCIepuMeHT
117151 oneHKH 3P EKTHBHOCTH AJTOPUTMOB.

Karouesuvie carosa: napaienbHble BBIYUCTIEHUsI, [PABUMETPUS, HHTEPIPETAIINSI, All-
HPOKCUMAIUs, OOpaTHas 3a/ia4a, peryjspu3alimsi.

APPLICATION OF PARALLEL ALGORITHMS OF SOLVING OF THE
SIMULTANEOUS LINEAR EQUATIONS WITHIN MODIFIED
S-APPROXIMATION METHOD AT THE SOLVING OF GRAVIMETRY
INVERSE PROBLEMS

Abstract. Parallel algorithms of regularizated iterative three-layer Chebyshev
method and block contrasting method for the anomalus gravity field data interpretation
using modified S-approximation method are described in this paper. Mathematical experiment
is carried out for algotihms efficiency estimation.

Key words: parallel computing, gramivetry, interpretation, approximation, inverse
problem, regularization.

['paBupasBeKa SIBISETCA OJHAM U3 METOJOB JIETATHHOTO U3YUEHUSA T€0TOTHIECKO-
IO CTPOEHUsI KOPbI M BepPXHEH MaHTHU 3emyiu. B HacTosimee BpeMst CYIECTBYET MHOYKEe-
CTBO METO/IOB WHTEPIPETAINH JaAHHBIX aHOMAJHHOTO I'PABUTANMOHHOTO 10Jis1. CoBpeMeH-
Hble OOpaTHbIE 33Ja9K I'PABUMETPUH XapaKTepHU3YIOTCs OOJIbIION pa3MepPHOCTHIO CHCTe-
MBI, TIO3TOMY TeJIeCOOOPA3HBIM IPEJICTABIAETCA CO3aHIe apaJIeTbHBIX aIlOPUTMOB UX
peleHus.

[Tpe/ ook um, 4T0 3HaYEHHsT AHOMAJILHOTO 110/ f; 3a/[aHbl B COBOKYITHOCTH TOYEK
(@14, T, w3;), 1 <7 < N. B pamrax mMoaudunupoBaHHOro Metoa S-anmnpokcumarmii [1-2]
MoJjie MPEeJICTaB/ISIeTCS B BHJIE CYMMbBI IPOCTOTO U JIBOWHOTO CJIOEB, PACIpeIeIeHHbIX Ha,
HEKOTOPOM HOCHTEJIe, 3a/eralolero HuzKe JHEeBHOro pesbeda. OCHOBHON BBIYUCIUTEhb-
HOiT TpobJIeMOit MeTOIa ABIIETCS HAX0XKIeHNEe YCTONINBOrO NpUOINKEHHOTO pelleHnd &,
COIJIACOBAHHOI'O ¢ MMEIOMIeHcst anpuopHoil madopManueir o moje. ABropaMu ObLIN LIPe/I-
JIOZKEeHBI PEeryJ/isipH30BaHHBINH UTEePAIMOHHBIN TpexcIoiiHbiii MeTox Hebbimesa 3] n 6s104-
ubiii Meros; kourpacruposanusi (BMK) [4] kak addexTnBHble MeTOAB HHTEPIPETAIN
JIAHHBIX I'PaBUMETPHH OOJIBIIOr0 oobemMa. B HacTosdieir paboTe mpeaozKeHbl Mapasiieib-
Hble aJIropuTMbl MeTon0B perrenusa CJIAY mpu HCIOIB30BAHUT S-aANMPOKCHUMAINN OIS,

OO611ee 4nCJI0 MPOIECCOPOB Ha BHIYUCANTEIbHOM KJacTepe OygemM 0003Ha4aTh depes
P. Onumem kakapiit u3 napaJsiiebHbIX aJrOPUTMOB:

I. B pamkax pery/asipu30BaHHOTO UTEPAINMOHHOTO TPEXCJIONHOTO MeTo1a Hebbinena
upeactasum CJIAY crenyrommum obpa3om

Az = f, (1)
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rie f-N-pexTop mpasoii qactn, A = AT > 0-NxN-marpuna, r-ucKoMbIi N-BeKTOp
pemtenns. [Ipumenum pacnapaJsiie/iMBaHue CUCTEMbI 110 CTPOKAM, TO €CTh Pa3/IeJIUM HC-
xoanyto cucremy (marpuiy A m Bektopa f uw x) ma P pasubix uwacreit. Takum o6pa-
30M Ha TEKYIIeil WTepannn KazKIblii MPOIEeccop HAXOIUT CBOI YaCTh BEKTOPA PeNTeHus .
Yucsio0 ¢TPOK B MaTpHUIle I KazKJOTO MPOIeccopa B 3TOM ciaydae paBao N/P, a duc-
J0 croabmoB—N. Tak Kak cucremMa TpeXCJIOHHAs U YUCIO CTOJIOIOB OCTAETCS HEM3MEeH-
HBIM, TO KaK/IOMY HPOIECCOPY TaKzKe HEeOOXOJMMO 3HATH HMOJHOCTHIO HMPEIbIIYIINE B
ureparuu. O6MeH HeoOXxoanMoit mHMOpManueit MexK/1y MpPOIecCoOpaMu OCYIIECTBIISETCS
BeyIINM ITPOIECCOPOM ¥ Peaim30BaH C MOMOIILI0 BCTpoeHHbIX B maker MPI dynkmmit
MPI Bcast w MPI__Allreduce.

II. BMK npemgnasnaden g pa3dueHus ucciaegayeMoit odbsactu D Ha 101006/ 1acTh
JIOKAJIbHBIX aHOMaJIuil, Jiuisi Kaxk/0i u3 Koropbix pemraercs cBost CJIAY. Takoit moaxosn
MO3BOJISIET 33 KOPOTKOE BPEMsi HAXOJIUTh XOPOIee HyJIeBOe NpuOJINKeHue Jjis BCel Cu-
CTeMBI, TaK KaK 1M0/100/1aCTH pa30UBaIOTCs HE MPOU3BOJIBLHBIM 00Pa30M, & B COOTBETCTBUU
¢ reomerpueil mosig. Onuinem napaJsuienbublit ajiroputm BMK: uccienyemas obiacts Jie-
auted Ha P paBHBIX mogobsacreit D,, 1 < p < P:

P
U Dy = D; Dy, ﬂDpl = 0,Vp1 # p2; |Dp,| = [Dp,| ¥p1, p2. (2)
p=1

Kazk iptii p-it mporieccop HieT KOOpIUHATHI TOKAJIbHBIX SKCTPEMYMOB I0JIs JIjIs CBO€il O/I-
obmactu D,. KoopauHaTs! HaliIeHHBIX SKCTPEMYMOB 1 3HaUeHNe AaHOMAJILHOTO IO B 3TOI
TOYKE MEePeIaloTCst BeAYIIeMy TPOIECCOPY B BUJE MACCHBA (Tis, Tos, T3s, fs), 1 < s < S,
rje f— 3HAYEHHEe aHOMAJIBHOTO TPABUTAIMOHHOTO MOJIs, 33 JAHHOTO B TOUKE (Z1g, Tog, T3s),
S — obIriee KOIMYIECTBO HalIeHHBIX IKCTpeMyMOB. [latee kaxkipiit u3 P mporeccopos st
cBoeil nogobsaactu D, IpoBepdaeT NPUHAIIEKHOCTb OTJeIbHO B3ATOH Touknu M, € D, K
onpeneneaaomy 010Ky Bg,1 < s < S, cOOTBETCTBYIOIIEMY CBO€il JIOKATBHON aHOMAIIN
B pamkax BMK [4]. B konne anropurMa 6JI0KH CYyMMUDYIOTCST BEIYIIUM TPOIECCOPOM U
nepegaiorcs Ha pemenne CJIAY merogom, onucanabiM B 11. .

Jlanubie ajropuTMbl ObLIN ANPOOUPOBAHBI HA MOJEIBHBIX MPUMEPax Pa3IndHOl
pasMepHOCTH J1d pacdera dddexrunoctu £, n yckopenus Sp:

T S
SP:T?EPZ?I)J (3)

rjie T —BpeMs BbIIIOJIHEHUS] a/I'OPUTMA Ha OJHOM Iipolieccope, T,~BpeMs BbILIOITHEHUS aJl-
ropuTMa Ha P mpoueccopax. Ecam 4uc/i0 npoueccopos seibupars u3 ycaosus N/ P > 300,
10 3ddexrunocrs E, > 90%. Ecan xxe N/P < 300, To Bpemsi pelieHusi CHCTeMbl HA
KazKI0# UTepaIuu Jijisd p-ro Ipoleccopa yMEHbIaeTC s, a BpeMs, 3aTpadiuBaeMoe Ha MeK-
IIPOIECCHOE B3aUMO/IeiicTBIe, YBEINUIUBACTCS, TIOITOMY 3D (DEKTUBHOCTH aJITOPUTMOB CHU-
kaercd. KadgecTBo ammpokcuMaiuu IpH BapbUPOBAHUU OOIIMEro YHCIa IIPOIeccopoB P
HE U3MEHSIeTCSI: HAl/IEHHBIE alllIPOKCUMAIME UCKOMBIX (DYHKIIHAN COBIAIAINA C TOIHOCTHIO
~ 99.98%. Onmucannbie MeTOABI OBLIM ANPOOMPOBAHBI Ha PEAJbHBIX JAHHBIX OOJIBIIOTO
obvema (N > 10°).

Pabotra BbIIOIHEHA € UCIIOJIB30BAHUEM PECYPCOB CYIEPKOMITLIOTEPHOTO KOMILIEKCA
MI'Y umenu M.B. Jlomonocosa [5].
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AHHoTanusi. PaccmarpuBaercs oOpaTHas 3ajaya CEKUMOHUPOBAHUS  CTEKa
M300paXeHUIl IJIa3HOrO JIHA, MPEACTABIAIOMIUX COOOM  CYNEepro3ULMHU  HCTHUHHBIX
M300paXEHUN C Pa3MBITBIMU HW300pKCHUSIMH COCEHHMX 10 TuIyOmHe cedenuil. Jlus
YCTOMYMBOTO K  HCKaXEHHSM  PEIIEHUS COOTBETCTBYIOIIEH  3aladyd  TPEXMEpPHOU
JIEKOHBOJIIOLIUM HUCIIOJIb3YETCS HESABHBIM WTEpAaLMOHHBIA MeToJ] peryispuszanuu B Dypbe-
IIJIOCKOCTH.

Knrouesvie cnosa: cexkyuonuposanue, mpexmepras OeKOHBONIOYUA, 2la3HOe OHO,
UMepayUoOHHbIL Memoo pe2yiapu3ayuu.

INVERSE PROBLEM OF OPTICAL SECTIONING IN OPHTHALMOLOGY

Abstract. The inverse sectioning problem is considered for a stack of fundus images,
which are superpositions of true images with blurred images of near-depth sections. Implicit
iterative regularization method in the Fourier plane is used for stable under distortions 3-D
deconvolution.

Key words: sectioning, 3-D deconvolution, fundus, iterative regularization method.

Baxxno#t 3amadeill, BO3HHUKAWOIIEH B OQPTAIBMOJOTHH, SBISICTCS HEWHBA3UBHOE
BOCCTAHOBJIEHHE M300paKeHUsI 3-X MEpPHOW CTPYKTYphl pa3W4YHBIX OTJIEIOB TIJa3a
(Hampumep, ceTyaTK) Ui TOCJHCAYIONIed ITUarHOCTUKA ux 3a0oneBanuil. OnuH ©3
MEePCIEKTUBHBIX METOJOB BOCCTAHOBJICHUS OCHOBAaH Ha OBICTPON TepedOKyCHUPOBKE
n300pakaroIiel CuCTeMbl (HallpuMep, C MCIOJb30BAaHUEM METOJIOB aIaliTUBHOM ONTHKH [ 1])
JUTSI TIOJTYYEHHUs CTeKa M300paKEHUN TJIA3HOTO JIHA, HAXOAIIMXCS Ha Pa3InyHOMN TIyOuHe, C
IIOCJIEAYIOIUM BOCCTAHOBJIEHHEM 3-X MEPHOM CTPYKTYpbl H3BECTHBIMH METOJAMH.
[Tonygaromuecs Ha 9STOM TMYTH H300paXEHUS B KaXI0W (OKAIbHOW TUIOCKOCTH
MPEACTABIISIOT COO0M CYNMEpHO3UIMI0 UCTHHHOTO CEYEHUsS 3-X MEPHOro 0ObEeKTa B JAHHOU
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(hoKanbHON INIOCKOCTH C Pa3MbITBIMHU M300paKEHUSIMH COCETHUX MO I1youHe ceueHui. [Ipu
9TOM Ha HMCTHHHOE M300pakeHue B (OKaJIbHOM IJIOCKOCTH HaKjIaJAbIBaloTCs abeppauuu
ONTHUYECKOIN CUCTEMBI Tja3a, QIyKTyauuu (UKCAlUU, a IPU €ro perucTpanuu MpUXOJAUTCS
TaK)K€ YUUTHIBATh UCKAKEHUSI CBETOUYBCTBUTEIbHBIX CEHCOPOB. Takum 00pa3oM, BOSHUKAET
npo0ieMa ycTOMYMBOrO K MOMEXaM MOJYyYeHHs] «OUULIEHHOTO» OT yKa3aHHBIX HCKaKEHUU
CTeKa M300pa)KeHU TJIa3HOTO JHA 110 TIIyOMHE AJIs €ro MOCIeYIOIIEro UCIOIb30BaHus B 3-X
MEpPHON PEKOHCTPYKLHUU.

XO0pomio M3BECTHO, YTO 3aJaud CEKUMOHUPOBAHUS M JIEKOHBOJIIOLMH TPEXMEPHBIX
O0OBEKTOB SIBISIIOTCS BECbMa 3aTPaTHBIMU OTHOCHUTENIBHO BBIUMCIMTEIBHBIX pecypcoB [2].
Wwmes B BUAy IUPOKHE BO3MOKHOCTH pealn3alluy el pacrnapaiieInBaHus alrOPUTMOB Ha
COBPEMEHHBIX MHOTOIIPOLIECCOPHBIX CUCTEMAX, 3aJiaua rnepeopMyIupyercs B K0l TOUKe
nonepeyHoi Dypbe-II0CKOCTH B BUJE CHUCTEMBl JIMHEWHBIX alreOpandeckux ypaBHEHUN C
MaTpuied pasmepa NxN, rane N — KOJIMYECTBO CEYCHUH 1O TiyOuHe (cM. Onm3Kue
noctaHoBKH B [3]). s ycTOMYMBOrO HaXO0KIEHUS MPUOIMIKEHHOTO PEIICHHS UCTIOIb3YEeTCs
HESBHBIM UTEpPAlMOHHBbIN MeToja (cM., Hampumep, [4]) ¢ pa3aM4HbBIMU BapHaHTaMu BbIOOpa
napamerpa u>0. [lpuBomsrcs pe3ynpTaThl CEKIMOHUPOBAHUS  CHUHTE3MPOBAHHBIX

TpEXMEpHbIX OOBEKTOB M H300paxeHuil riazHoro aHa. OOcyxaaercs mpobOiiema BbiOOpa
napaMmeTpa U KOJIM4eCTBa UTEPAIii METO/1a B YCIOBHAX rayCCOBA M ITyaCCOHOBCKOTO IIYMOB
B THIMYHBIX YCIIOBUSX, a TAKKE TIOBBIIICHHE OBICTPOACUCTBUS TIPH MCIIOJIb30BAHUH
MHOTOs/IepHO#l cTpyKTYpbl coBpeMeHnHbix CPU/GPU.

Pa6ora BeinonHeHa npu ¢puHaHcoBoi noaaepxke PODU, npoekr Ne 15-29-03896.
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REGULARIZATION OF ILL-POSED PROBLEMS VIA
REGULARIZATION OF THEIR DISCRETIZATION
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Abstract. Stable solving an ill-posed problem Au = f formulated in infinite
dimensional spaces X,Y can be achieved using different regularization strategies. Many
regularization methods are formulated just in these spaces. In general, such regularized
problems are numerically not feasible and discretization is required to treat related well-
posed problems. Another approach consists in discretization of the ill-posed problem
under consideration. As a result of discretization one obtains so called a discrete ill-
posed problem, i.e. a family of finite dimensional ill-conditioned problems for which a
condition number tends to infinity with increasing dimension of discrete problems. In this
framework, two research directions can be mainly observed in the literature:

e looking for so called self-regularization property of discretization methods. There
are many results on regularization by projections for linear and nonlinear problems
with a priori and a posteriori methods of choice of discretization level.

e applying appropriate regularization methods for discrete ill-posed problem. The
staring problem is then a least squares problem for a system of (linear) algebraic
equations and the regularization parameter is usually chosen for a fixed dimension of
a discrete problem. Often, as a result of such an approach, one obtains a regularized
solution of finite dimensional problem instead of an approximation of the true
unknown solution of the initial infinite dimensional problem.

The subject of this presentation will be a combination of the projection- and the regulariza-
tion methods for an ill-posed equation in Hilbert spaces with a linear bounded operator
with unclosed range. It is a novelty of our approach that the dimension of the projection
is treated as the second parameter of regularization. So, we deal with two-parameter
regularization of the main problem in infinite dimensional spaces. We focus our attention
on an a-posteriori parameter choice rule. A new two-parameter discrepancy principle
defines a discrepancy set DS(d) for any data error bound 6. We focus on the order of
convergence with respect to data error. Convergence rate is obtained in the case when
a pair of regularization parameters belongs to the discrepancy set and standard source
conditions are satisfied. Under certain assumptions the optimal order of accuracy can be
achieved.
Key words: ill-posed problems, discretization, regularization, two-parameter

discrepancy principle
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AnHoTanus. B crathe paccmaTpuBaeTcs METOJ PEIICHHs] KOHEYHOMEPHBIX OIlepa-
TOPHBIX ypaBHEHUs | posia Ha PeryIsIpU30BaHHBIX CETKaX C MCIIOJIb30BAHUEM HEUPOHHBIX Ce-
teil. [IpuBoATCS YMCIIEHHbIE TPUMEpPBI PEeLIeHUsI 00paTHBIX 3ajjad F€03JIEKTPUKH HA MOJIENb-
HBIX JaHHBIX.

Knrouesvie cnosa: nenuneitHas oOpaTHas 3aja4a, HEUPOHHBIE CETH, CTETICHb HEOIHO-
3HAYHOCTHU PEIICHHS, MOIyJIb HETIPEPHIBHOCTH OOPATHOTO OIepaTopa.

NUMERICAL SOLUTION OF 3D INVERSE PROBLEMS OF GEOELECTRICS
USING NEURAL NETWORKS

Abstract. The method of solving finite dimensional operator equationst of I kind at
regularized grid with using of neural networks is considered in the article. Numerical exam-
ples of the solution of geoelectric inverse problems, using the model data, are shown.

Key words: nonlinear inverse problem, neural networks, ambiguity degree of the solu-
tion, the modulus of continuity of the inverse operator.

MHorue npakTuueckue o0paTHble 3a7aun reoU3nKd MOTYT ObITh CBEAECHBI K YUCIIECH-
HOMY PELIEHUIO HEIMHEWHOTIO ONIEPaTOPHOIO0 ypaBHEHUS BUJA!

Ays=e, seS,cR", eeRY
2
Sy sy, <" <s n=1,.,N

rae s=(s,,...,Sy) - ICKOMBIM BEKTOP IIapaMeTPOB CPENbl, ONPEACIAEMbIN 3HAYEHUIMH UCKO-

(D)

max ]7

MO XapaKTepUCTUKU cpelibl (HapuMep, Y. CONPOTUBIICHUS) B sTUeKaX YKPYITHEHHOH pe2y-
nApuzoéannol cemxu 6, obpammuou 3adauu pasMepHOCTH N, S, - MHOKECTBO alPUOPHBIX

OTpaHWYeHUH, e=(e,,...,e,,) - BEKTOpP U3MEPEHHBIX JaHHBIX, A, - 3aJaHHBIA ONEPATOP Npsi-
Mou napamempuzoéanHou 3aaa4u. PerynsapusoBannas cetka 6, , Ha KOTOPOW MIIETCS pelle-
Hue oOpatHo#l 3amauu (1), cTpouTcs myTeM OOBEIWHEHHS SYEEK HCXOJHOM KOHEYHO-
Pa3HOCTHOM CETKH MPSAMOW 3aJauu QNU pasmepHoctd N, > N TakuMm o0Opa3oMm, 4TOOBI ee
pa3MepHOoCcTh N ObUla MaKCUMaJIbHON IpU YCIOBUHM, YTO CTENEHb HEOJHO3HAYHOCTH
By(20,) pewenuii ypaBHeHus (1) He mpeBbllIana 3a1aHHON JKelaeMON BEIUYHMHBI &, HIPH
3aJlaHHOM YPOBHE IOI'PEIIHOCTH JaHHbIX O, [3]:
ﬁN(zEO)S 80 ’ (2)
rae f3,(x) - MOIylb HENIPEPBIBHOCTH 0OpaTHOro onepatopa A, mnd ypasHeHus (1), onpene-
JsieMBIii BRIpaXKeHHEM, He TpeOylomuM 3HaHus o6paTHOro onepatopa A ', Buaa [1,2]:
By()=sup ||s'~sl,  mpu [ Ay~ Ays| . Sx, (3)

s,s'eSy
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Ipu sTOM mpsivMast 3a1a4a PeIaeTcst Ha HCXOAHOM KOHCYHO-PA3HOCTHOM CeTKe 0, , Ha KOTO-

PYIO IIPEABAPUTENBHO MPOCKTUPYETCS MOJENbL CPEJbl, OnpeeseMas yKpYIHEHHOW peayis-
PU306aHHOU CETKOH O, .

B pabote paccmarpuBaercs anmpoOKCUMAIMOHHBIM HEHPOCETEBOM METOJ MHBEPCHH,
Py KOTOPOM IpuOIMxKeHHoe pemieHue (1) uiercst B BUJE 3alaHHOM, CIIeNHUaIbHOrO BUAA
¢byakuuun W OT BXOAHBIX IaHHBIX €,,...,€, , HA3BIBAEMOU Helpocemvio NI Helpocemesbim
(HC) annpoxcumamopom [4]:
s=¥YWV,W,e), 4)
WM B pa3BEPHYTOM BHU/IE:

L M
s, = 21:1 vnlg(zm:] w,e,), n=1.,N, &)

rie g - 3aJlaHHas MOHOTOHHas QyHKuus, Harpumep, g(x)=1/(1+e™), V=1{v }, W ={w, }
- MatpuIlbl cBoOoIHBIX K03 dunmentoB HC anmpokcumatopa V' , onpenensiemblie B mporiec-
ce oOyueHusl HeHpOCeTH Ha MHOKECTBE OTMIOPHBIX PELICHUH NMpAMBIX 3a/1a4 (OaHKe pelIeHuit),
L - mapameTp, KOTOPbIH XapaKTepU3yeT CIOKHOCTh alMpOKCUMAIIMOHHON KOHCTPYKIUH (5).
Ecnu matpunbl ko3(pGUIUEHTOB HEHPOCETH OINpeAeieHbl, TO NPUOIMKEHHOE peIIeHHE
ypaBHeHHU (1) MOXKET OBbITH MOJIy4EHO B aHAIUTUYECKOM BHJE 10 Gopmyne (5) ans nro0bix
nannbIX e eRY . DTo pelieHMe MOXKET OBITH YTOYHEHO C MOMOIIBIO ANAPOKCUMAYUOHHO-
umepayuoHHo20 HEMPOCETEBOro anroputma [S5], CyTb KOTOPOro 3aKJIIOYAeTcsl B MOCTPOCHUU
nocnenoBarenbHocTy HC anmpokcuMaTopoB Ha MOJMHOMXECTBAX JOMYCTHMBIX PEHICHUH B
OKPECTHOCTH IIepBOro Nnpuommkenus. /i1 HaliIecHHOro IPUONMKEHHOTIO PELICHUs S5, ypaB-

HeHus (1), monydeHHOro ¢ (akTHUYECKOW HEBA3KOW O,, BBIUUCIAIOTCS allOCTEPUOPHBIE CKa-

JISIPHbIE U 8eKMOPHble OICHKU CTETIEHH HEOHO3HAYHOCTH, OIpEeNIIeMble 3HAUEHUSIMH MO-
TyJIsl HETIPEPBIBHOCTH 00paTHOTO onepaTtopa (3) u eco moouguxayusmu [3].
Jlns yucnenHoro pacdyera Matpun V ={v }, W ={w, } cBoboaubsix ko3pdunuentos HC an-

npokcumaropa (5) U XapakTepUCTHUK CTENEHUW HEOJHO3HAYHOCTH PEIIAIOTCS COOTBETCTBYIO-
[yMe HEeJIMHEWHBIC ONTUMM3AIMOHHBIC 33J]a4H C MCIOJb30BaHUEM METOJIOB rpymibl MoHTe-
Kapno. B paGorte mpencraBieHbl npuMepbl YUCICHHBIX permeHuit 3D oOpaTHBIX 3ama4 reo-
ANIEKTPHUKHU ISl MOJICIBHBIX TaHHBIX.

B pabote ucmons3oBamuch pecypchl CymepKOMMIbIOTEpHBIX KiactepoB MBC-100K
MCILI PAH, «JIomonoco» u «Ueonrmmes» HUBI MI'Y. HMcciaenoBanre BBITIOIHEHO 3a CUET
rpanta Poccuiickoro HaydHoro d¢onma (mpoekt Nel4-11-00579, WN.E.O6opues, HUUAD
MI'Y) u Poccuiickoro @onna ¢yHaamMeHTaIbHbIX uccienoBaHuil (mpoekt 13-05-01135,
E.A.O6opues, M. W.11Iumenesuy, E.A.Poguonos, MI'PU-PITPYVY).
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AHHoTanus. JloKa3aHbl TEOpPEMbl Pa3pElIMMOCTH OOpaTHOW HecaMOCONPSKEHHOM
3agaun lltypma-JInyBuiuis ¢ oOIMMHU KpaeBbIMH YCIOBUSMU TI0 JIBYM CIIEKTPaM U OJJHOMY
COOCTBEHHOMY 3HAYEHHUIO, a TAaKKe TEOopeMbl 00 OIHO3HAYHOHM pa3pemnuMOCTH 10 JIBYM
CIIEKTpaM M TpeM COOCTBEHHBIM 3HaueHHsIM. HalileHbl TOUHBIC W MPHOIMKCHHBIC PEIICHUS
oOpatHbIx 3a1a4. [IpuBeeHBI COOTBETCTBYIOIINE IPUMEPHI U KOHTPIIPUMED.

Knrwouesvie cnosa: Obpamuas 3aoaua Lllmypma-Jluysunns, Hepacnaoarowuecs
Kpaesbvle YC108Usl, HeCaMOCONPANCEHAsl 3a0ayd, pa3speuumocnb.

ON SOLVABILITY OF INVERSE NONSELF-ADJOINT STURM-LIOUVILLE
PROBLEM WITH COMMON BOUNDARY CONDITIONS

Abstract. The theorems of solvability of an inverse nonself-adjoint Sturm-Liouville
problem with nonseparated boundary conditions from two spectra and one eigenvalue are
proved. The theorems on unique solvability of an inverse Sturm-Liouville problem with
nonseparated boundary conditions from two spectra and three eigenvalues are proved also.
Exact and approximate solutions of the inverse problems are found. The examples and
counterexample are considered.

Key words: inverse Sturm-Liouville problem, nonseparated boundary conditions,
nonself-adjoint problem, solvability.

OOparnas 3amava [typma-JInyBumis paccmaTpuBajgach BO MHOTHX paboTax (CM.
noapo6uee [1,2]).

N3yuenue oOpatHOil  HecamocompsbkeHHOW — 3azaun  Ulrypma-JlmyBwins ¢
HepaclnaJaroIMMKICs KPaeBbIMU YCIOBHUSIMHU Hauyanoch ¢ pabdotsl [3]. B Helt Obulo mokaszaHo,
YTO ISl OJTHO3HAYHOTO BOCCTAaHOBJIEHUSI HECaMOCOTpsKeHHOM 3anaun Ltypma-JlnyBuis ¢
HEpaclagaronMuMHuCsa KPAaCBBIMH YCIOBUAMU AJOCTATOYHO HCIIOJIB30BAHHA TPEX CIICKTPOB, a
TaKXKe JIByX HaOOpOB BECOBBIX UYMCEI U BBIUETOB ONIpeleseHHbIX ¢GyHKIui. [Ipuuem stu
CIEKTPaJIbHbIE JTAHHBIE HCIOJIb30BAJIUCH O cylecTBY [4]. BnocnencTsuu npeanpuHMaiiuch
IIOIIBITKH BBI6paTB BOCCTaHaBJIMBA€MbI€ WM BCIIOMOI'aTCJIBHBIC 3ada4H Tak, YTOOBI
WCIIOJIb30BaTh MEHBINIEE KOJIMYECTBO CHEKTPAIbHBIX NAHHBIX Ui BOcCcTaHOBIeHUs [5-9]. B
gactHocTH, O.A. Ilmakcuna [6—7] 3aMeHMJIa  HECAMOCOIPSDKEHHBIYIO  3a/ady
CaMOCONPSDKEHHOM M ToKa3ana, yTo s €€ OJHO3HAYHOTO BOCCTAHOBJIGHHUS B KayecTBE
CIICKTPAJIbHBIX JAHHBIX JO0CTATOYHO HMCIIOJIB30BAJIMCE TPU CICKTPa CIICKTpa, HEKOTOPYIO
MIOCJIEI0BATEILHOCTh 3HAKOB U HEKOTOPOE BEILIECTBEHHOE YHUCIIO.

B pabore M.I'. I'acbimoBa, .M. I'yceiinoBa u .M. HabueBa [8] BciomorarenbHas
3ajaya Obla BbhIOpaHa TakuM oOOpa3oM, YTO KOJIMYECTBO CHEKTPAJbHBIX JAaHHBIX IS
BOCCTAHOBJICHUSI CAMOCOMNPSHKEHHOW 3ajjaund ObUIO YMEHBUIEHO Ha OAWH crekTp. T.e. B
KAauecTBE CHEKTPAJbHBIX JIAaHHBIX HCIOJIb30BAIOCH YyXKe JIBa CIIEKTpa, HEKOTopas
MIOCJIEJ0BATEILHOCTh 3HAKOB U HEKOTOPOE BELIECTBEHHOE YHCIIO.

B nacTosmieit pabote paccmoTpena HecamoconpsbkeHHas 3aada [typma-JInyBus
C HepachnajalouMMHUCs KpaeBbIMH yciaoBusiMu. llokazaHo, 4Tro Uis OJHO3HAYHOTO €€
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BOCCTAHOBJIEHUS! MOXXHO HCIIOJIb30BaTh €Ill€ MEHbIIEEe KOJIMYECTBO CIEKTPAIbHBIX JAHHBIX,
YeM HCIIOJIH30BaJIOCh JIJIi BOCCTAHOBJICHUS CaMOCOTPSDKEHHOW 3amauu B paborax [6—8]. A
HMMEHHO, JIBa CIIEKTpPA U €Ille TPU COOCTBEHHBIX 3HAYCHUSI.

Bonee toro, moka3aHo, YTO IMOJIyYE€HHBIM B HACTOSIIEH CTaThe PE3yibTaT SBIIAETCS
o0o0menuem kpurepust b.M. Jlesutana u M.I' I'aceimoBa [10].

HccnenoBanue BbINIOJIHEHO IpH (uHaHCcOBOM mnoanepxkke CoBera Mo TrpaHTaMm
[Ipesunenra PO B pamkax HayyHoro npoekra HIII-1096.2014.1, a Taxke PDODU B pamkax
HaydHbIX PpoeKToB Ne 15-01-01095 au 14-01-97010-p_moBomkbe a.
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OLIEHKWN VCTOMYUBOCTU PEIIIEHUN SAJTAYN VIIPABJIEHUA
JJIS HEJIMHEMNHOI'O YPABHEHU S
KOHBEKIINN-INP®DPY3NN-PEAKIINN C HEO/IHOPO/IHBIM
I'PAHUYHBIM YCJIOBUEM JINPUXJIE
2K 1O. Capunkas
Larvresocmounviuti edeparvhviuti yrusepcumem, Baadusocmox, Poccus
e-mail: zhsar@icloud.com

Annoranusi. Vceneayrores KpaeBast 3a/iada U 33Ja9U YIIPABJIEHUS JIJI CTAINO-
HapPHOTO YPaBHEHUsI KOHBEKIUU-TU(MPY3Un-peakiiuu, B KOTOPOM KOI(PMDUIIMEHT PeaKITuu
KB IPATHIHO 3aBUCHUT OT KOHIIEHTpaInK BerecTBa. JlokazbiBaeTcs riiodaibHasd pa3pelin-
MOCTh KpaeBoii 3a/1a4u ¢ HeOIHOPOIHBIMU ycaoBusaMu Jlupuxire 11 KOHIEHTPAIIT Belle-
CTBa M HEJIOKaJIbHadA €IMHCTBECHHOCTDL €€ DEHICHMA. TaK}Ke JAOKa3bIBaeTCAd PAa3pelInMOCTb
001X 3a/1a4 yIIpaB/IeHns, B KOTOPBIX POJIb YIIPABJICHUS BBIIOJTHIET TPAHTIHAA (DYHKITUS,
UMeEIOIasi CMBIC]T KOHIIEHTPAIMK BelllecTBa Ha rpanurie. /ljig KOHKpeTHOro (byHKIMOHA-
Jla, KQ4eCTBa BBIBOJUTCH CHCTEMa ONTUMAJLHOCTU U C €€ TOMOIIBIO MOJIyYaloTCs OICHKN
YCTOMYUBOCTH PEIIeHNs] PacCMaTPUBAEMOI SKCTpeMaIbHON 3a/1a9u.

Karouesvie crosa: ypaBHeHne KOHBEKIMHU-TU(DDy3UN-peaKkny, HeJIMHEeHAsT 3aBU-
CHUMOCTbD, 3a/Ja491 YIIpaBJICHUA, CUCTEMa OIITUMaJIbHOCTHU, JIOKaJIbHAA yCTOﬁqHBOCTb, OIeH-
K1 yCTONYIUBOCTH.

STABILITY ESTIMATES OF CONTROL PROBLEM’S SOLUTIONS FOR
NONLINEAR CONVECTION-DIFFUSION-REACTION EQUATION
WITH INHOMOGENEOUS DIRICHLET BOUNDARY CONDITION

Abstract. Boundary value and optimal control problems are studied for stationary
convection-diffusion-reaction equation, in which reaction coefficient depends quadratically
on substance’s concentration. Global solvability of boundary value problem with inhomogeneous
Dirichlet boundary conditions for concentration of substance and nonlocal uniqueness of
its solution are proved. Also solvability of common optimal control problems is proved.
In these problems boundary function, which has sense of concentration on the boundary,
plays a role of control. For a particular cost functional opitimality system is obtained and
with its help stability estimates for observing extremum problem’s solution is got.

Key words: convection-diffusion-reaction equation, nonlinear dependence, optimal
control problem, optimality system, local stability, stability estimates.

The following stationary boundary value problem in bounded domain  C R3 with
boundary I' is considered:

—AMp+u-Vo+k(p)p=f inQ ¢=v¢ onl. (1)

Here fucntion ¢ is a concentration of polluting substance, u is a given vector of
velocity, f is a volume density of external sources of substance, \ - a constant diffusion
coefficient and k() is a reaction coefficient. This boundary value problem is studied with
the help of the following assumptions:

(i) © is a bounded domain in R? with boundary I' € C%!;

(ii) f € L*(Q),u € Z;

(i) k() = 9*.

The solution should be searched in this form:

(70:@+S00a @OeHl(Q)v @QH(%(Q), (2)
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wo=1v onl, [[goli < Cr|v]H/2r (3)

Then the weak formulation can be obtained:
AV, VS) + (¢* +3¢%00 + 3¢¢3, S) + (u- Ve, S) = (1,S) VS e Hy(Q), (4)

where (1,5) = (f,S) — M(Vpo, VS) — (u- Vi, S) — (3, S). The proof of this problem’s
solution’s existence can be got by the scheme, which was described in [1] for nonlinear
hydrodynamic models with the help of Schauder’s fixed point theorem. In addition for
this case can be obtained nonlocal uniqueness of problem (1)’s solution.

Further the following extremum problem is studied:

[ 7 .
T 0) = B2 = @ully + E Nl o — inf. (5)

It consists of minimization of functional (5) on weak problem’s solutions (here ¢, is
a given concentration in some subdomain Q). The existence of solutions can be proved by
using the standart method of minimizing sequences, which is also described in [1|. Then
the method of Lagrange multipliers should be justifed according to [2]|. As the result with
the help of optimality system and weak formulation, in assumption that we have two
solutions of optimal control problem and for each of them there are different functions f
and ¢, as small disturbances, the estimates for stability of extremum problem’s solutions
are obtained:

191 = Pallier < 2o/ ) @l fI| + 0L+ clleallQ)s (6)
l1 = alls < (My + Cr)v/ Cpo/ ) (all fI| + bV ILF I + cllealle) + /AL (7)

So smallness conditions with some constants a, b and ¢, in case of which the solution
of extremum problem is stable relatively to disturbances of ¢, and f, are got.

This work was supported by the Russian Science Foundation (project no. 14-11-
00079).

Bibliography

1. Alekseev G.V., Optimization in stationary problems of heat and mass transfer
and magnetohydrodynamics. Moscow: Nauchnyi Mir, 2010. 412 p.

2. Toffe A.D., Tikhomirov V.M., Theory of extremal problems. Amsterdam: Elsevier,
1978.

3. Alekseev G.V., Brizitskii R.V., Stability estimates for solutions of control problems
for the Maxwell equations with mixed boundary conditions // Differential Equations.
2013. V. 49, N. 8. Pp. 963-974.

4. Alekseev G.V., Inverse extremal problems for stationary equations in mass
transfer theory // Comp. Math. Math. Phys. 2002. V. 42, N. 3. Pp. 363-376.

151



A THREE-DIMENSIONAL IMAGE RECONSTRUCTION ALGORITHM
FOR ELECTRICAL IMPEDANCE TOMOGRAPHY USING PLANAR
ELECTRODE ARRAYS
C. Sebu*

* Department of Mathematics, University of Malta, Msida, MSD 2080, Malta
e-mail: cristiana.sebu@um.edu.mt

Abstract. Electrical Impedance Tomography (EIT) is a technology used to image
the distribution of electrical properties such as conductivity and /or permittivity within an
object using measurements of electric currents and voltages on its surface. Since different
materials display different electrical properties, EIT can be used as a method of industrial,
geophysical and medical imaging (see, for example, [1] and the references therein). The
application of EIT considered in this paper is breast cancer imaging.

Several EIT mammographic sensors have been developed recently at the University
of Mainz in collaboration with Oxford Brookes University. In contrast to most previous
EIT instruments designed for breast cancer detection [2], but similar to devices studied by
[3-6], these mammographic sensors are planar. Detailed descriptions of earlier prototypes
can be found in [7-9]. The latest design consists of a planar sensing head with 36 disk
electrodes of equal size arranged in a rectangular array of 20 outer (active) electrodes
where the external currents are injected, and 16 inner (passive) electrodes where the
induced voltages are measured [10]. The novelty of our EIT devices, and hence of the
reconstruction methods proposed, consists exactly in the distinct use of active and passive
electrodes. The active electrodes are used only for current injection while the passive
electrodes only for voltage measurements.

A three-dimensional non-iterative reconstruction algorithm developed for conductivity
imaging with real data collected on this latest planar rectangular array of electrodes is
presented. The algorithm is based on linearizing the conductivity about a constant value
and allows real-time reconstructions. The performance of the algorithm was tested on
numerically simulated data and we successfully detected small inclusions with conductivities
three or four times the background lying beneath the data collection surface. The results
were fairly stable with respect to the noise level in the data and displayed very good
spatial resolution in the plane of electrodes [10].

Key words: Inverse problems, ill-posed problems, Electrical Impedance Tomography
(EIT), planar electrode arrays, breast cancer detection, image reconstruction
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BORG-LEVINSON THEOREM FOR ELLIPTIC OPERATORS
Valery S. Serov
Unwversity of Oulu, Finland
e-mail: vserov@cc.oulu.fi

Abstract. The analog of one-dimensional Borg-Levinson theorem for Sturm-
Liouville operator on the finite interval is generalized for the magnetic Schrédinger operator
and for the second order perturbation of the bi-harmonic operator in multidimensional
smooth bounded domains.

Key words: Borg-Levinson, magnetic Schrédinger, bi-harmonic operator

The subject of this work concerns to the classical inverse spectral problem. Do
the Dirichlet eigenvalues and some derivatives of the normalized eigenfunctions at the
boundary determine uniquely the coefficients of the corresponding differential operators?
For operators of order 2 this type of theorem is called Borg-Levinson theorem. In the case
of the Schrédinger operators the knowledge of the Dirichlet eigenvalues and the normal
derivatives of the normalized eigenfunctions at the boundary uniquely determine unknown
potential (see Nachman, Sylvester and Uhlmann [1], see also Novikov [2]). This problem
is reduced finally to the fact that the Dirichlet-to-Neumann map uniquely determines
such potentials. Using the same technique for the magnetic Schrodinger operator (as
well as for the Schrédinger operator) with singular coefficients Borg-Levinson theorem
was proved by Serov [3]| (see also [4] and [5]). For the operator of order 4 which is the
first order perturbation of the bi-harmonic operator with Navier boundary conditions
on a smooth bounded domain it was proved by Krupchyk, Lassas and Uhlmann [6]
that the Dirichlet-to-Neumann map uniquely determines this first order perturbation.
For Riemannian manifolds Borg-Levinson theorem was proved by Kachalov, Kurylev and
Lassas (they call this problem as the Gelfand inverse problem for quadratic pencil) in series
publications [7], [8]. For elliptic operators with constant coefficients and with potential
see Ikehata [9] and Krupchyk and Péivérinta [10].

The main goal of present work is to show that the knowledge of the discrete
Dirichlet spectrum and some special derivatives up to the first or third order of the
normalized eigenfunctions at the boundary uniquely determine the coefficients of the
magnetic Schrodinger operator or the coefficients of the second order perturbation of the
bi-harmonic operator, respectively.
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HEKOTOPBIE OCOBEHHOCTHY PEIIEHUSI OFPATHOM 3AJIAUM
JJIs1 YPABHEHMUSI BJIDKA-LIIOYJI3A
AN. lTapamen, JI.B. JIykpsaHeHKO
MI'Y umenu M.B. Jlomonocosa, Mockea, Poccutickas @edepayus
e-mail: sharamed.a@gmail com, lukyanenko@physics.msu.ru

AHHoTanusi. B pabGore paccMaTpuBaroTCs HEKOTOPble OCOOEHHOCTH pEeLICHHS
ko3¢ dunmeHTHOM oOpaTHOM 3aaauu Juisl apabonnyeckoro ypaBHeHnus tuna biska-Iloynsa.
JUis TOBBIIEHUS YCTOWYMBOCTH IOJYy4a€MOTO YHUCIEHHO pPEIICHUs HCHOJIb3YIHOTCS
3¢ ¢deKTUBHBIE YHUCIEHHbIE METOJbl (KBa3UpaBHOMEpPHBIE CETKM U cxema Po3eHOpoka c
KOMILJIEKCHBIMM KO3 (UIMEHTaMU) pelIeHUus COOTBETCTBYIOIIEH NpsIMON  3ajaud,
HEO0OXOJIMMOCTh B MHOTOKPAaTHOM pELIEHUH KOTOpPOM BO3HUKAET MpPHU HCIOJIb30BAHUU
IPaJUEHTHBIX METO/I0B IIPU MUHUMU3ALUN PETYISPUUPYIOLIET0 PYyHKIIMOHANIA.

Kniouesvie cnosa: ypasuenue bonxa-Llloynza, obpammnas 3adaua, napabonuueckoe
ypasHeHue,  K6a3upasHomepHas  cemka, cxema  Poszenbpoka ¢ = KomniekcHuviMu
koagpuyuenmamu (CROS).

SOME FEATURES OF SOLVING OF INVERSE PROBLEM
FOR THE BLACK-SCHOLES EQUATION

Abstract. In this work some features of solving of coefficient inverse problem for the
Black-Scholes equation is considered. In order to enhance stability of its numerical solution
we use highly efficient numerical method (quasi-uniform meshes and Rosenbrock scheme
with complex coefficients) for solving of corresponding direct problem that is usually arisen
in the process of using gradient methods of minimization of the regularizing functional.

Key words: Black-Scholes equation, inverse problem, parabolic equation, quasi-
uniform mesh, Rosenbrock scheme with complex coefficients (CROS).

IIpu pemenun paccmaTpuBaemoro ypaBHeHusi bidka-llloyn3a  Bo3HHKaer
HEOOXOMUMOCTh B pEIICHHMH KOI(PPUIIMEHTHOW OOpaTHOM 3agauuM JUiss ypaBHEHUS
mapaboJMYECKOro TUIa Ha BCed 4YmMciIoBOW mpsMoi [1]. B manHO# pabore mpenmaraercs
QITOPUTM €€ PEUICHUS] C IOMOILBI0 PEryIsSpU3HPYIOIIET0 aJrOpuTMa, OCHOBAHHOIO Ha
vuanmu3anun ¢yakinuonana A.H. Tuxonosa [2]. Jns munmvmuzanuu ¢yHkimoHana A.H.
TuxoHoBa HCHONB3YIOTCA TIpagueHTHble MeToAbl. I[lpu wuX peanusanuum BO3HUKAET
HEO0OXOIMMOCTh MHOTOKpPAaTHOIO pelleHus npsMod 3amaud. Jlnsg Oosiee  ycTouMBOrO
pelIeHus npsIMOU 3a7auu MPEJI0KEHO HCIOIb30BaTh KBA3UPaAaBHOMEPHBIE CETKU U CBEJCHHE
C HOMOUIBIO METOJIa MPSIMBIX MCXOJHOIO YpaBHEHHUS B YAaCTHBIX IPOU3BOJIHBIX K CHCTEME
OOBIKHOBEHHBIX JU(PPEepeHLInaTbHbIX YpPaBHEHUNH, KOTOPYIO MOKHO peIlaTh C MOMOUIbIO
BBICOKOA((PexTuBHBIX cxeM PozenOpoka c¢ komruiekcHbiME Kodhdunuentamu (CROS),
00J1a1aI0IIIMMHU TTOBBIIIICHHOW YCTOMYHUBOCTHIO [3].
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YUCJEHHOE PEHIEHUE OBPATHOM 3AJTAYM DJIACTOI'PA®UM HA
IMAPAMETPHYECKHX KJACCAX PEIIEHUI
A.H.IITapos
MI'Y um. M.B. Jlomonocosa, gpusuueckuti paxynromem, kageopa mamemamuxu, Mockea,
Poccus
e-mail: scharov.aleksandr@physics.msu.ru

AHHoTanusi. B pabore mnpenacraBieHO pelleHHe ChenuanbHOM oOpaTHOW 3ajauu
anacrtorpaduu: IO H3BECTHBIM 3HAUEHUs CMELIEHUI TKaHeW Tena B paccMaTpUBaeMoiu
00JTacTH OTIpeNeNuTh pacrpenesieHue TaMm Moy FOHra, nmpennomnaras, 4to Moxynb FOHra —
MOCTOSIHHAsT (D)YHKIIMST BHYTPH W BHE HMCKOMBIX BKIIIOUCHH, TEOMETPHsI KOTOPBIX 3aJaHa
napameTpuieckd. [IpoBeneHa amocrepropHasi ONEHKA TOYHOCTH TOYYEHHOTO YHCICHHOTO
pereHws.

Knrouesvie cnosa: snacmoepagus, eoccmanosnenue mooyna FOnea, obpammuas 3adaua,
anocmepuopHas OyeHKa MmoyHOCmu.

NUMERICAL SOLUTIONS OF INVERSE ELASTOGRAPHY PROBLEM TO
PARAMETRIC CLASSES OF SOLUTIONS

Abstract. In this work some special inverse elastography problem is considering. It is needed
to determine the distribution of Young’s modulus using displacement of tissue that is known.
An assumptions that the Young’s modulus is the constant inside and outside of the required
inclusions, the geometry of which is given parametrically is used. Performed a posteriory
accuracy estimates for obtained numerical solution.

Key words: elastography, Young modulus reconstructions, inverse problem, a posteriory
accuracy estimates.

Onacrorpadus — HOBas, aKTHBHO DPAa3BHBAIOIIASCS TEXHOJOTHUS B OHKOJOTHH (CM.,
Hanpumep, [1]). [Ipu anacrorpaduueckux npouenypax Ha U3y4aeMmyro OMOJIOTUYECKYIO TKaHb
JOTIOJTHUTEIHHO K YABTPa3ByKoBOMY uccienoBanuto (Y3W) HakiagpIBaeTCss HU3KOYaCTOTHOE
naBiieHue. VI3BECTHO, YTO 30POBHIE M OIyXOJIEBBIE TKAHHW COKPAIAIOTCS MO-PasHOMY. JTO
MO3BOJISIET OMPECITUTh 10 CMEIICHUSM TKaHW Hajdudue ¥ (GOpMy OIYXOJH, JaKe €CId
TUIOTHOCTH OTYXOJIA MAJI0 OTIMYAETCS OT TUIOTHOCTH 37I0POBOM TKaHU — CIy4ald, B KOTOPOM
OOBIUHBIN YIbTPa3BYK O€CCHUIIEH.

PaccmarpuBaemasi MmaTeMaTideckas mpsiMasi 3aJ1ada B IByMEPHOH IMOCTAHOBKE COCTOUT
B OIpENEIeHUHN CMELIEeHuN u(X,)), V(X,y) BIOJIb OCH X U Y B MPAMOYroJibHOM oOnactu Q u3
CHCTEMBI YPAaBHEHUH B YaCTHBIX IPOU3BOIHBIX:

o 6 FE N E-v 8u)+ 6( E-v 6v)+ 0 E 8u)+ 0 ( E 61/)_ %

ox l+v (A+v)(A-v) ox° ox (I+v)(1-v)dy 0oy 2(1+v)ody oy 2(1+v)ox ”
o, _E 8_u)+£( £ @)+i(—E-v )8_u)+i(( ) + E-v »
ox 2(1+v)oy” ox 2(1+v)ox” oy (1+v)(1-v) ox~ oy 1+v (1+v)(1-v) Oy

e u(x,y), v(x,y) — GyHKIMH, IpUHAUIexKaue poctpancty W, (Q), K, K, - KOMITOHEHTBI

) = _Ky’

o6bemHoOM cunbl, v = 0,495 - koaddumuent I[lyaccona, £ — moayns FOHra.
['pannyHbIE YCIOBUSA UMEIOT CIICTYIOLIUN BUI:

1 ou Ov I+v)(1-v ou ov I+v)1-v

RV YRR W Y B 20 (SO

2 oy Ox'|, E ox oy, E
5 5 (1)
2 =02 =0,u,=0,] =0,
only, only, 4 4

157



rae 1,2,3 1 4 — COOTBETCTBEHHO BEpXHsIs, JIeBasi, IpaBasi M HIDKHSASA IPaHUNBI oomactu Q, f,
S, - dyHKUMH, NPONIOPLUHOHANIbHBIE AABICHUIO HA TIOBEPXHOCTD.

OOpaTtHast 3agada cocTouT B ompeneneHun wmoxayias IOnra E(x,y)e Z(Q)) mno
SKCIEPUMEHTAIILHBIM 3HAUCHUSIM CMEIIeHNH Vy(X, ), rie 0 — ommOKa SKCIIepHMEHTATbHBIX
2 S0

B nmanno# pabore mpeamonaraercsi, uto moayiab KOHra B paccmarpuBaemoil oOiactu
HWMEET CIEAYIOUIUN BU/I;

JIAaHHBIX, TaKas, 9TO ||v -V

N
E(x,y)=E, +zEka(x,y),
k=1

rae %, (X,y) - XxapakrepucTHUecKre (YHKIUY SJUIMIICOB, 33JaHHBIX IapaMeTpUIecKu (LEHTP

k-ro smnunca(x,,y,), 6onbas ¥ Majas HOIyocH k-ro smmumncad,,b,, yromn nosopora ¢, k-
1 o

IO SJUIMIICA OTHOCHTENBHO OCH X), N — UHCIIO HEOJHOPOJHOCTEH B BHJE JIUIMICOB, £ -

¢doHOBOE 3HayeHue Mofyns FOHra (3HaueHue BHE UIMICOB), E, - 3HaueHue moxynsa KOHra
BHYTPHU k — IO dIUIHIICA.

Takum o0Opa3om, pemiaeTcsl mapaMmeTpudeckas oOpaTHas 3ajada, COCTOSIIAs B
OTIpEJICIICHUU YHCJIa HEOJHOPOJHOCTEH B BHUJC JJLIUICOB NV, TapaMeTpPOB JILIUICOB d U
3HaueHust Moy FOHra BHyTpH Kax0ro ammnca £, .

MeToJ pemeHus 3aa9u COCTOUT B CIISAYIOIICM:

o Pemraem oGpatnyro 3amauy mns omHoro amwurnca (N =1). B mpomecce pemenus
HaxoJATCda ONITUMAJIbHBIC ITapaMETPhL E *u oJIy4acTCAd (OTHOCI/ITGJ'IBHaSI) HCBS3Ka
A@*) =[[F(E e, y3a*) = vs|/|[va]| -
Ecmu A(a*) <3, To 3a1a4a peliena, U peieHre MMeeT BUJI
E(x,y)=E(x,y;a*)=E,+ Ey,(x,)) .
o Ecmu A(a*) >3, To perraem o0paTHyro 3a1auy Uist ABYX 3auicoB (N =2 ). Perienne
o6o3naunM ¢ **. Eciom [uis HOBOM HEBA3KM OKasbiBaeTcs, 4to A(d**)<d, 10 3amaua
pellIeHa, U PeIIeHHe UMEeT BU]T
E(x,y) = E(x,y;a**) = E, + Ex, (x,y) + £y, (x, ).
o Ecmu A(a **) >3, To perraem o6paTHyro 3amady s Tpex ayummcos (N =3). U ..

[Ipu sTOM mpeamonaraercsi, 4YT0 UCKOMOE MapaMEeTPUUECKOE PEIICHHE 3a/a4d CYIIECTBYET.
JIOTIOTHATEIPHO KPUTEPHEM OCTAHOBKH YBEIMYCHUS 4YHCIa N SBISCTCS YBEIHUYCHUE
OTHOCUTEJILHOU HEBSA3KH.

OOparnast 3amaya i Kaxaoro N pemiaeTcss MyreM MUHUMH3AIUA  HEBA3KU

A(a)= ||F (E(x,y;d))— v5||/ ||v5 || I0 TTapaMeTPaM PEIIEHUs ¢ IPH UMEIOLIMXCS OTPAHUYECHUSIX
acA.

Pemanace MonenbHas 3aa4a, B koropoit Q = {[-0,05;0,05)]x[-0,025;0,025]}, K =0, K,
=0, BenmumHbI [, f} M3 TPaHUYHBIX ycinoBuil umetot Bux (1) ¢ f, =0, f} =-10 kPa.

[IpuBenem pe3ynabTaThl pelIeHUs MOJEIBHOW 3aJaud, B KOTOPOM OIIMOKa BXOJHBIX
naHHbIX cocTaBisuia 5%.CrneBa pe3yapTaThl Ui 33J]aud ¢ TOUHBIM pPEIIEHUEM B BUJE OJHOU
JUIANITHYECKON HEOJHOPOJHOCTH, CIIPaBa — B BUJE JIBYX JUIMITUYECKUX HEOJIHOPOIHOCTEN.

1 —
Jasee mapaMeTpsl SIUTHIICOB OyaeM 0003HaYaTh BEKTOPOM ¢
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KpacHbiM 0003HaY€HO TOYHOE pelIeHre, CHHUM — MPUOIIKEHHOE PElIeHne, YePHBIM —

HayaJibHOE MPUOJIMKEHHE.
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HOBBIN I101X0/ K BOCCTAHOBJIEHIIO ®YHKIINU OTKJINKA B
IMPMNJIOZKEHN K ACTPOHOMMNYECKNM HEPABHOMEPHBIM
BPEMEHHBIM PAJIAM
E.B. ITumanosckast, B.JI. Oxkusuckuii, E.A. Bpyesuu
Mocxoscruii zocydapemeennot ynusepcumem um. M.B./lomonocosa, Tocydapecmeermviii
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Annorarmuga. Ilpemiaraercss HOBBIF 110JX0J K BOCCTAHOBJIEHHIO (DYHKIIUU OT-
KJIMKA M3JIyYalonux o0jacTeil acTpOHOMUYECKUX OO'beKTOB, coueTalonuii B cebe Kpocc-
KOPPEJSIIUOHHBIN aHAJIN3 HEPABHOMEDPHBIX BPEMEHHBIX PSI0B HAOIIOMEHUN U MeTO/] Pery-
ggpuzanun Tuxonoa. Boccranopnennyo (bYHKIINIO OTKINKA MOYKHO UCIIOIb30BATD IS
U3YYEeHUS CTPYKTYPHI U (DU3UIECKUX CBOICTB 0OJACTU MBIYUEHHUS MYyTeM CPABHEHUS C
byHKIUSIMEA OTKJINKA, TPEJICKA3aHHBIMU PA3IUIHBIMA MOJIEISIMU.

Karouesvie caosa: HEKOppeKTHBIE OOpaTHBbIE 3aJa4d, WHTErpajibHOE ypaBHEHUE
Openronbma 1 poga Tuna cBepTkHu, (DYHKIHA OTKJINKA, HEPABHOMEDHBIE Ds/Ibl, BHEra-
JIAKTH4YecKas aCTPOHOMUs, aKTUBHBIE /Ipa FAJaKTUK, KPOCC-KOPPEJTANUOHHBII aHaTIN3

NEW APPROACH TO RECONSTRUCTION OF THE RESPONSE
FUNCTION FOR ASTRONOMICAL UNEVENLY SPACED TIME SERIES

Abstract. A new approach to reconstruction of the emitting medium response
function for astronomical objects is suggested. It combines the cross-correlation analysis
of observational unevenly spaced time series and Tikhonov regularization. Reconstructed
response function can be used to investigate the structure and physical properties of
the emitting medium though comparison with response functions, predicted by different
models.

Key words: ill-posed inverse problems, Fredholm integral equation, convolution
equation, response function, unevenly spaced time series, extragalactic astronomy, active
galactic nuclei, reverberation mapping

B acrpodusuke 10cTaTOMHO TUIIMYHON SABJISETCS CUTYyaIMsl, KOTJIa W3 HaOJ/II01eHIiT
o0bekTa perucTpupyrorcst jasa curnasia Fi(t) m Fy(t), vae Fy(t) saBiasiercss pesyabraTom
npeobpaszoBanus curnana Fi(t) B HeKoTOpoil (pusnueckoit cpee:

Fy(t) ~ const + +OO Y(r)Fi(T —t)dr (1)

Oyuknus orkauka ¥(T) onpejensiercs reoMerpueii u Gu3MUECKUMH CBOHCTBAME 3TOI
cpenpl. Kak mpaBmiio, 3Tu 0COOEHHOCTH SABISIOTCS KJIOUEBBIME 71 MOJeJeil Mccie/rye-
MBIX 00BbeKTOB. [IpuMmepaMu Takwx 3a/1ad ABISIOTCS UCCAEOBAHUS CBIA3U IePEMEeHHOCTH
KOHTHHYYMa M IMUPOKUX SMUCCHOHHBIX JIMHUI B AKTUBHBIX IAJIAKTUYECKHUX sI/IPAX, Hepe-
MEHHOCTH KOHTHUHyyMa B onrudeckoMm m VK numamnaszonax. B mnepBom ciiydae msiiydeHune
HEHTPAJIHHOTO UCTOYHUKA MEPEU3/1ydaeTcs IJIOTHBIMUA ODJIAKAMHU B SMHUCCHOHHBIX JIMHU-
ax. Bo BTopom ciydae mepeMeHHOe KOPOTKOBOJHOBOE H3JTyYeHUe TeHTPAJTbHOTO NCTOTHI-
Ka Mepen3IydaeTcs MbLIeBBIMU o0IakaMu. B oboux ciaydasx g NoHUMaHusd (DU3UKU U
reoMeTpuu OOBEKTOB BAYKHO TOJYUATH U3 HAGTIOAeHuH (DYHKIHIO 1)(T), KOTOPYIO 3aTeM
MOKHO CPABHUTDH € (PYHKIMAMU OTKJIMKA, ITPEJICKA3AHHBIMU PA3JIMYHBIMU MOJIE/ISIMHU.
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Tunuunoit mpobieMoil aCTPOHOMUYECKUX HAOIIOAEHNN SIBIIETCI UX HepaBHOMEp-
HOCTH PACIPE/IEJICHNUsT BO BpEMEHH. JTa OCOOEHHOCTb HE TIO3BOJISIET TPUMEHSITh MaTeMaTH-
YeCcKue MeTO/Ibl JIjid 11o/1ydenns ¢ (7) nenocpeacrsenno u3 coornomenus (1). Cymecrsyer
PSLT METOJIOB KPOCC-KOPPEJISIINOHHOTO AHAIN3a HEPABHOMEDHBIX BPEMEHHBIX PSIIOB, MO3-
BOJIIONINX IOJIYIUTh KPOCC-KOPPEIIIUOHHY IO (DYHKIIMIO JIByX KPUBBLIX OJIeCKa Ha paBHO-
MepHoii ceTke. [Ipn 3TOM J1erKo MOKa3aTh, 4To Kpocc-Koppesnunonnas byuaknusg CCFr, p,
SIBJISIETCS CBEPTKOi aBTo-KOppessanunonuoit pyuknun ACFr, ¢ dyHKImel oTKImKa 1:

“+o0o
CCFp, g (t) ~ (T)ACFp, (T —t))dr (2)
—0o0

Orrocuresnbuo ¥(T) ypaBuenue (2) npejcrapisger coboil mHTerpaibHoe ypaBuenune Opeji-
rofbMa 1 poja THIIA CBEPTKH, SIBIAIOIIEECS KJIACCHIECKONW HEKOPPEKTHO-ITOCTABIEHHOM
obparHoit 3ajadeit. J[js1 ee pemrenusi MOXKHO HPUMEHUTH MeTOH, perysspusarnuu Tuxo-
HOBa. Perenne, mojiyueHHOe HA MPOCTPAHCTBE (DYHKIWI, WHTEIPUPYEMBIX C KBAJIPATOM,
npeJicTaBjieHo Ha puc. 1. Vcrmoab3ys anpuopHyio nHGOPMAIU0, MOXKHO MOy IUTh (DYHK-
U0 OTKJIUKA C JIPYTUMH CBOiicTBaMu TyiajikocTu. Hammdume 1ByX MakKCHMyMOB B (DYHKITHT
OTKJIMKA XapaKTepHO /I HEKOTOPBIX MOIEeil.
Pabora nomepxana rpantom PODIU 14-02-01274

0.6

0.4 —

L 0.0
0 50 100 150 0
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Puc. 1: ®yuxiusa orkanka, noaydennas n3 Haodaogennit NGC 7469 ¢ moMoIbo mpeia-
raemoro nojaxoja (cuaesa); kpocc-koppessinuontas byukiust CCFr, g, anst NGC 7469
(cipaBa), CILIONTHAS JIMHUSI COOTBETCTBYET HafiIeHHOI DYHKIMH OTK/INKA

JImreparypa

1. Tormuapckuit A.B., Uepenanyx A.M., frona A.I'. HekoppekTHbie 3a1a4uu act-
podusuku. M.: Hayka, 1985. 352 c.

2. Jleonop A.C. Pemenne HEeKOppeKTHO IOCTaBJIEHHBIX 00paTHBIX 3amad: Ouepk
Teopuu, npakrudeckue agaropurmbl u gemorcrpanun B MATJIAB. JIu6pokom, 2010. 336 c.

3. Oknyansky V.L. et al. Correlation of Near-Infrared and Optical Variability of
NGC 4151 in 2008-2013 // Astronomy Letters, 2014, V. 40, No. 9, pp. 527-536

4. Oknyansky V.L. et al. The relative wavelength independence of IR lags in AGNs:
implications for the distribution of the hot dust // Odessa Astronomical Publications,
2015 (in preparation)

5. Suganuma M. et al. Reverberation Measurements of the Inner Radius of the Dust
Torus in Nearby Seyfert 1 Galaxies // Astrophysical Journal, 2006, V. 639, 1, pp. 46-63

6. Tuxono A.H., ['onuapckmii A.B., Crenanos B.B., frona A.I. Yuciennsie me-
TOJIBI pellleHnss HeKOPPeKTHBIX 3a7a4. M.: Hayka, 1990.

161



OIIEHKA CTEINEHA HEOJJHO3HAYHOCTH NPUBJIN)KEHHBIX PEIIEHUAM
HEJMUHEWHBIX OBPATHBIX 3A/IAY 'EO®U3UKHA
M.U. lllumeneBny
Poccutickuii 2cocyoapcmeennuiii 2ceonocopazeedounsiii ynusepcumem um. C. OposconHuxuose,
MI'PU-PITPY, Mocksa, Poccus
e-mail: shimelevich-m@yandex.ru

AHHOTanuA. B crathe paccMaTpuBarOTCsl alpPUOPHbBIE U allOCTEPUOPHBIE BEKTOPHBIE
XapaKTEPUCTUKH CTENIEHN HEOJHO3HAYHOCTU NMPHUOIMKEHHBIX PeIIeHUI HEeMMHEHHbIX 0o0paT-
HBIX 33/1a4 Te0(pU3UKH, OCHOBAaHHBIE HA YUCICHHBIX OI[EHKaX MOJYJIsI HEIIPEPBIBHOCTH 00paT-
HOro orneparopa U ero Moaudukanusax. IlpuBondarcs mpuMepsl YUCIEHHOIO pacyeTra Xapak-
TEPUCTHK CTENIEHH HEOJHO3HAYHOCTH PELICHUH OOpaTHBIX 337a4 T€03JICKTPUKH.

Kniouesvie cnosea: HenuHelHas oOpaTHas 3ajada, CTENEHb HEOJHO3HAYHOCTH pelle-
HUS1, MOJYJIb HEIPEPBIBHOCTH 0OPAaTHOrO ONEPATOpPA.

AMBIGUITY DEGREE ESTIMATION OF APPROXIMATE SOLUTIONS OF THE
INVERSE PROBLEMS OF GEOPHYSICS

Abstract. In this article a priori and a posteriori characteristics of the ambiguity de-
gree of nonlinear inverse geophysical problems approximate solution, based on numerical es-
timations of the modulus of continuity of the inverse operator and its modifications, are con-
sidered. Examples of numerical calculation of the characteristics of the ambiguity degree of
approximate solution of geoelectric inverse problems are shown.

Key words: nonlinear inverse problem, ambiguity degree of the solution, the modulus
of continuity of the inverse operator.

MHorue obpaTHble 331241 reo(PU3UKH CBOJATCA K PELICHUI0 HEJIMHEHHOIo oreparop-
HOTO ypaBHeHHs | pona Buna [2]:

Ag=f, geGcG, feF, Q)
rne G , F - 3ajaHHble HOPMUPOBAHHBIE TIPOCTPAHCTBA PEIIEHHUH (MCKOMBIX XapaKTEPHCTHK
cpensl §) M JaHHBIX (M3MEpseMBIX XapaKTEepUCTHK reopusmueckoro nons f) coorBer-
CTBEHHO, A - 3a/laHHBII HENPEPBHIBHBIN OINEpaToOp MpsIMOW 3agauu, nercTByrommii u3 G B
F, G =G[Q] - komnakmnoe muOXecTBO GYHKINIA, 3aJaHHBIX B HCCIeAyeMOitl obmact Q

U OINpENEeNSIIOIUX CBOMCTBA cpellbl B ATOH 00JAaCTH C y4eTOM €CTECTBEHHBIX alpHOPHBIX
orpanuueHuil. [Ipu onpeneneHHbIX TOMOIHUTENBHBIX YCIOBHUSIX, KOTOpbIE B JaHHOW pabore
CUMTAIOTCSI  BBIINOJHEHHBIMHU, 3afaya pemieHust (1) sBiseTcss yCIOBHO-KOPpEKTHOH [2].
VY CI0BHO-KOppPEKTHBIE OOpaTHBIE 3aJayu, SIBISISICH TEOPETUYECKH YCTOMUMBBIMH, MOTYT
0CmasamvpCs. NPAKMuYyecKu HeyCmoudusbiMuy (nioxo 00yCl081eHHbIMY), YTO TPUBOAUT K
NPAKMUYECKol HeoOHO3HAYHOCMU NpUOIUdXdCeHHbIX peuieHull. JI1oOble 1Ba (IKBHBAJIEHTHBIC)

pewennst §s,J,, , yAOBICTBOPSIOLINE ypaBHEHHIO (1) IpH HEKOTOPOH MPONU3BOJIBHO 3a/1aH-
HO¥T mipaBoii yactu f ¢ HEBsA3KOM, HE MPEBBIIIAONICH YPOBEHb MOTPEIIHOCTH JaHHBIX O, HE
MOTYT OTJIMYATBCS MEKITY OO0l Ha BeJnUuHy Gobiryio, yeM [3(20;,) [4]:

19, — 9, s < B(25,), (2)
rae A(X) - MOZynb HENMpepBHIBHOCTH OOpaTHOTO oreparopa s ypaBHeHus (1), ompenensie-

MBIii BRIpaKEHHEM, He TPEOYIOIINM 3HaHus o6paTHOTO onepatopa A, Buma [1,2]:

B(x)= suglllg’—glle mpu || Ag'—Ag[l-<x, (3)
9.9€
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Oyukuust [(26,) ABIACTCA anpuoproll KONAYECTBEHHON XapaKTEPUCTUKON CTENCHH
HeoOHOo3HauHoCmu pelieHui ypaBHeHus (1), HaXOAUMBIX Tpu Jir000# npaBoit yact f e F ¢
HeBsA3KOH < ¢, . Ha ocHOBe Momyinst HempepbIBHOCTH 0OpaTHOrO oneparopa (3), paccMaTpuBa-

eMOro Mpu (UKCHPOBAHHOM § =(;, ONPCICISCTCS aNOCMepUOpHas XaPAKTCPUCTHKA
B(95,28,) crenenu neoonosnaurocmu (GUKCUPOBAHHOTO peweHust J,; ypasHenus (1),
HalJICHHOTO IpY HEeKoTopoi (ukcupoBaHHOH npaBoit yactu f, € F ¢ dakTnueckoil HeBs3-
Kol 0, [3], koTopas mo3BonsieT OOBEKTHBHO OLICHUTH Ka4eCTBO IPOBEICHHOW MHTEpIIpeTa-

1K Te0(PU3NIECKUX TaHHBIX.
Oyuaxunn f(25,), £(9 5+20;) ABISIOTCS CKAIIPHBIMU XapaKTEPHCTHKAMH, KOTOPBIE

OTIpPECISAIOT CTENEeHb HEOJHO3HAYHOCTH PEIIeHUH OOpaTHOM 3aJaud MHTErpajibHO MO BCeil
ucciaenyemort obmactu Q. B pabore paccMaTpuBarOTCA — BeKMOpPHble  ANPUOpPHbLE
B(Q,,26,), k=1..,K u anocmepuopnsie B“(g,,,,,25,), k=1,...,K xapakrepucruu,
OIpEAEIAONINE CTENEHb IPAKTUUYECKON HEOJHO3HAYHOCTU pellieHui ypaBHeHUs (1) jokaiib-

K
Ho st K -pIx mogobmactet Q,, kK =1,...,K uccinegyemoii odbnactu Q = U Q, [3], xoTopsle
k

6onee mudpepeHINPOBaHHO OTPAKAIOT CBOMCTBA PEIICHHU OOpaTHBIX 3a/1a4 M0 CPABHEHUIO
CO CKaJSIpHBIMH. BEKTOpHbIE XapaKTePUCTUKHU CTENIEHH HeOOHO3HAYHOCMY OCHOBAHBI Ha 3Ha-

k
YEHUAX MOOUPUYUPOBAHHO2O MOOYIA HenpepblsHocmu obpamnozo onepamopa [ (Q,, x),

KOTOPBII OnpezensieT KOIMYECTBEHHbIE COOTHOIIEHUSI MEX1y U3MEHEHUSIMH CBOICTB Cpe/ibl
B 3aJlaHHOM noo0nactu €, < ) ¥ COOTBETCTBYIOIMMHU UM U3MEHEHUSMH I10JIEH B 00JaCTH
usmepenui [3].

Ha ocHOBe BEKTOPHBIX M CKaJSIPHBIX AlPHOPHBIX XAPAKTEPUCTUK peIIaeTcs 3a/1ava
BbLIENIEHUS TTOAMHOKECTBA G, (0, &) = G, peuiennii ypasHenus (1), Ha KOTOPOM anpuopHas
CTENEHb MX HEOJHO3HAYHOCTU HE IPEBBINIACT 3aJaHHOW BEIMYUHBI &;, IPU 3aJaHHOM
YPOBHE IOTPENIHOCTH JaHHBIX O, [3]. B pabore paccmarpuBaroTCst TakkKe MHO2OKpumepu-
AbHblEe XAPAKMEPUCUKU CIeneHu HeOOHO3HAYHOCmY PeleHr o0paTHOW 3ajadu, MO3BO-
JSIFOIIKE OLEHUTh APPEKTUBHOCTh KOMIUIEKCHPOBAHUS re0(hU3NYECKUX KpuTepues [3].

3amaun YUCIEHHOTO pacyeTa pacCMOTPEHHBIX XapaKTEPUCTUK CTENEHH HEOJAHO3HaY-
HOCTH CBOJAATCA K MHOTOKPATHOMY PEICHHIO HEIMHEHHBIX ONTUMH3ALMOHHBIX 33Jad IO
(GyHKIMOHATY ¢ HETMHEWHBIMUA OTPAaHMUYSHHSIMU, U PEIIAIOTCs B JaHHOW paboTe METOAaMu
rpynnsl Monrte-Kapno [4]. IlpuBoaarcss uncieHHble IPUMEPHI pacuyeTa XapakTepUCTUK CTe-
NICHW HEOJTHO3HAYHOCTH PEUICHUH 00PaTHBIX 3a/1a4 T€0dJICKTPUKH.

B paGote ucnonb3oBaiMch pecypechl CyNEepKOMIIBIOTEpHBIX KiactepoB MBC-100K
MCII PAH, «JlomorocoB» n «HeoOnme» HUBI MI'Y. HMccnenoBanre BBIMOIHEHO 3a CUET
rpanrta Poccuiickoro ®onaa ¢pyHnameHTansHbIX uccaeaoBanmii (mpoekt 13-05-01135)
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EXISTENCE THEORY AND REGULARIZATION OF
IRREGULAR EQUATIONS!
Nikolay Sidorov Irkutsk State University
e-mail: sidorovisu@gmail.com
Denis Sidorov Energy Systems Institute SB RAS
e-mail: dsidorov@isem.irk.ru

Abstract. The regularization of linear equations with closed operators is consider-
ed. The stabilizing operator selection is discussed for regularized equation. Regularization
parameter can be vector. The existence theory for systems of integral equations with
piecewise continuous kernels is discussed. We also propose the method of degenerate
differential equations reduction to non-classic IVP enjoying unique solution.

Key words: irregular equations, perturbation theory, integral equations, discontinuous
kernel.

In this talk we deal with linear equations

Ax = f,

where A is closed operator acting in Banach space. It is assumed that only approximate
A and source function f are known. The regularizing equations

Az + Bla)z = f

with a vector parameter of regularization « are constructed. Range of the operator can be
open, and the homogeneous equation may have a non-trivial solution. The conditions of
solution uniqueness for such auxiliary regularized equation are derived. The convergence
of regularized solution to B-normal solution of the exact equation is proved. The bounds
estimates are derived for both deterministic and stochastic cases. The choice of the
stabilizing operator and vector regularization parameter are provided. The regularization
parameter o € S, where S is open space R, 0 € S, a = a(d), enjoy unique solution z,,
and sequence {z,} as § — 0, S 3 «(d) — 0 converges to B-normal solution z* of exact
equation Az = f, if f € R(A). The theory is applied for regularization of systems of
integral equations with piecewise continuous kernels
ai(t) az(t) t

/ Ki(t,s)x(s)ds + / Ky(t,s)x(s)ds + -+ / K, (t,s)z(s)ds = f(t).
0 a

1 (t) Qn—1 (t)

Finally we discuss application of the skeleton decomposition of linear operator for degenerate
differential equations reduction to non-classic initial value with unique solution.
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O YNCJIEHHBIX METO/JAX PEIIIEHNY YPABHEHUI BOJIBTEPPA
ITEPBOI'O POJA C PASPBIBHBIMU A/IPAMNT
JI.H. Cunopos Uncmumym cucmem snepzemuxu um. JI.A. Mesenmvesa CO PAH,
Hpxymcex, Poccus
e-mail: contact.dns@gmail.com
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e-mail: ildar _sm@mail.ru

Anvoranusi. B paGore npeyiararorcs IuCI€HHBIE METOJIbI PEIeHHsT JINHEHBIX 1
HeJIMHEeHHBIX HHTerpaabHbIX ypasHeHuit Boabreppa I poa ¢ sijpamu, mperepreBaoImMm
Pa3pbIBBI [IEPBOIO POJia BJIOJb CEMEHCTBA KPUBBIX. MeTOoIbl OCHOBAHBI Ha [PUMEHEHUH
KBa/IPaTypPHOi (DOPMYJIBI CPETHUX HPSAMOYTOJBHUKOB U ITOCTPOEHUN aJIAIITHBHBIX CETOK,
VIUTBIBAIONIX B KK bl MOMEHT BPEMEHH [IOBEJICHUE KPUBBIX Pa3pbiBa. TOTHOCTH Mpe/T-
naraembix MeToj10B coctasysger O(1/N) um O(1/N?). Merojuka OCTPOEHUS YUC/ICHHBIX
METO/IOB 00O00ITEHA TaKKe Ha CIydail CUCTEeM YPaBHEHUN TAKOIro THIIA.

Kmouesvie caosa: marerpasbibie ypasaenns Bosbreppa | pona; passuparommecs
CHCTEMBI; MOJIeNb [UIYIIKOBA; IMCIIEHHbBIE METO/IBI.

ON NUMERICAL METHODS FOR THE SOLUTION OF VOLTERRA
EQUATIONS OF THE FIRST KIND WITH DISCONTINUOUS KERNELS

Abstract. In the work the numerical methods to solve linear and nonlinear Volterra
integral equations of the first kind with discontinuous kernels are suggested. The methods
are based on the middle rectangle rule and the construction of the adaptive meshes taking
into account the discontinuities behaviour. The accuracy of these methods is O(1/N) or
O(1/N?).

Key words: Volterra integral equations; evolving systems; Glushkov’s model; numerical
methods.

B nannoit pabore paccMaTpUBAIOTCS HeJMHEHHbIE CJIab0-peryJisipHble ypaBHEHUs
Bousbreppa I pona ciemyiomero suga

t
[ Etsats) ds =10 0<s<e<T, 500 1)
0
s7Ipa KOTOPBIX OIPEJIeIAoTcs (popMyJIoit
K(t,s,x(s)=4q ... oo,

rie m; = {t,s | ai_1(t) < s < ()}, ao(t) =0, an(t) =t,i=1,n, a;(t), f(t) € C[lo,T]a
K;(t,s) mMeror HempepbIBHBIC HPOU3BOHBIC N0 t Jyuid t,s € Ty, 0 < aq(t) < as(t) <
coe < apq(t) < t, aq(t), ..., ay—1(t) Bo3pacrator B masoil okpectrocT 0 < ¢t < T,
K,(t,t) #0, a;(0) =0,0 < a/(0) < ... <al_,(0) < 1.
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YpaBHEHUS JAHHOTO TUIA MOXKHO UCIIOJIb30BaTh B MOJIEIUPOBAHUN MUPOKOTO KPY-
ra 3aJa4, B 9aCTHOCTH 33/ 189X IIPOTHO3a PA3BUTHUA SJICKTPOIHEPIeTUICCKAX CUCTEM Ha OC-
HOBe Mojlesieil 1UIymnKoBa ¢ y4eToM MX BO3PACTHON CTPYKTYDHI, IJie Ha Pa3HbIX y4acTKax
JKU3HU CUCTEMbI UMEETCsI CBOI KO3 PUIIMEHT NHTEHCUBHOCTU UCIIOIb30BAHIS MOIITHOCTEA.

Tak>ke paccMaTpUBaeTCs CUCTEMa MHTETPAJIBHBIX YPaBHEHU

/K(t, Sa(s)ds = f(t), 0<s<t<T, f(0)=0, 2)

e MaTpudHoe sjapo K (t, s) pasMepHocT m X m umeeT Ha KoMmiakTe 0 < s < ¢t < T
PaspBIBBI TIEPBOrO pojia Ha KpUBBIX § = a;(t),i =1,...,n— 1. Te.

K(t,s)=1{ oo i, (3)

Buecbm; = {t,s | ai_1(t) < s <a(t)}, f(t) = (fr(t), .., fin (@), 2(t) = (21(L), ..., 2m(t)).
Marpunpt K;(t, s) pasMepHOCTH m X M OIpeJIeeHbl, HEIPEPbIBHBI 1 UMEIOT HEIPePhIB-
HbIe TIPOU3BOJIHBIE 110 ¢ B cooTBeTCTBYIOMMX obmactax D; = (s,t)|a;_1(t) < s < a;(t),i =

1,...,m, ap(t) =0, an(t) =t. Oyakuun f;(t), a;(t) UMeOT HEIpepbIBHBIE MTPOU3BOIHBIE,
fi(0) =0,0;(0) =0,0 < af(0) <... <o, _1(0) < 1,0 < () < aat) < ... <ap_a(t) <
t npu t € (0,T]. Ilpexnonaraercsi, aro Kaxkjaast w3 marpui, K;(t,s),i = 1,...,n umeer

HenpepbiBHO Juddepentmpyemoe 1o ¢ mpogoszkerue B obacts 0 < s <t < T

Crmcok JanrepaTryphl

[1] Cumopos I.H., Teinma A.H., Mydraxos I.P., Hucjiennoe perenne nHTErpaaIbHbIX
ypasuenuit Bonbreppa | posa ¢ kycouno-unenpepoiBabiMu sijipamu Becmu. FOVpl'Y.
Cep. Mamem. modeauposarue u npozpammuposatue, ToM. 7, BeImyck 3, 2014, 107—
115.

[2] D.N. Sidorov, On parametric families of solutions of Volterra integral equations of
the first kind with piecewise smooth kernel, Differential Equations, Vol. 49, N.2,
2013, 210-216.

[3] D.N. Sidorov, Solution to systems of Volterra integral equations of the first kind
with piecewise continuous kernels, Russian Mathematics, Vol. 57, 2013, 62-72.

[4] E.V. Markova, D.N. Sidorov, On one integral Volterra model of developing
dynamical systems, Automation and Remote Control, Vol. 75, No. 3, 2014, 413—
421.

[5] Boikov I.V., Tynda A.N., Approximate solution of nonlinear integral equations of
developing systems theory. Differential Equations, Vol.39, 9, 2003, 1214-1223.

[6] D.N. Sidorov, Volterra Equations of the First kind with Discontinuous Kernels in
the Theory of Evolving Systems Control. Stud. Inform. Univ., Vol. 9 (2011), 135-146

[7] William H. Press, Saul A. Teukolsky, William T. Vetterling, Brian P. Flannery,
Numerical recipes in C: the art of scientific computing. Cambridge University Press,

2nd ed.

166



UYUNCJIEHHOE MOAEJINMPOBAHUE SHEPTETUYECKUX CUCTEM
HA OCHOBE ITIOJIMHOMOB BOJIBTEPPA
C.B. Comomymra
Hnemumym cucmem anepzemury um. JI.A. Meaenmwvesa CO PAH, Hpxymck, Poccus
e-mail: solodusha@isem.irk.ru

Annoramus. PaccMmarpuBaioTcst JUHAMUYECKHE CHCTEMBI, JIOIIYCKAIOINE aKTHB-
HBII 9KCIIEPUMEHT C TOMOIIBIO TECTOBBIX HADOPOB BO3MYIIAIOMNX Bo3jeicTBuil. [Ipume-
HEHbI aJI'OPUTMBI MOJIEJINPOBaHUs B Bujie moJimHOMOB Bosibreppa. Mnentudukarus mo-
JIMTHOMOB ITPOBOJINTCS Ha OCHOBE 3TAJOHHBIX MOJIE/IEH, ONMUCHIBAIONINX O0BEKTHI TEILIO- 1
3JIEKTPOSIHEPTETUKM.

Karouesvie crosa: wenuuelinas JTUHAMUKA, TOJHHOMBI BoJsibTeppa, 3JIeMEHT Terr-
JIOOOMEHHOT'O allllapaTa, BeTPOIHEPreTUIecKas YCTAHOBKA C FOPU30HTAJILHONW OChIO Bpa-
IeHN s

NUMERICAL MODELING ENERGY SYSTEMS BASED ON VOLTERRA
POLYNOMIALS

Abstract. The algorithms of modeling dynamic systems that allow active experiments
using test signals are considered. These algorithms in the form of the Volterra polynomials
are used. Polynomials identification is based on reference models describing heat and
power object.

Key words: nonlinear dynamics, Volterra polynomials, element of heat exchanger,

a wind turbine with a horizontal axis of rotation.

[TpobGitema BOCCTAHOBJIEHHsI MHOTOMEPHBIX MEPEXOJIHBIX XapAKTEPUCTHK HeJMHel-
HOW JIMHAMIYECKOI CHCTEMBI THIIA <YePHOTO SAIUKa> SABJISAETCH OCHOBHOI DU alllPOKCH-
MAIIUK HEIIPEPBIBHOTO 0TOOpasKeHnst BXOTHOTO curnaja x(t) = (z1(t), z2(t)) B BBIXOIHOM
y(t) ¢ momorrpio osmHOMOB Bosibreppa N —oii crenenu B hopme

Y (t) = Z Z /---/Kz‘l,.‘.,in (t,Sl, ---,Sn) kl_[lek (Sk) dsy. (1)

n=11<i1,...,in<2

Uccnenosanus Uncturyra cucrem sueprerukn um. JI.A. Menearresa CO PAH B obiactu
wientudukanun sijaep Bosbreppa 6buu Hadarsl B 90-x rojgax (em. 0630pHyio cratbio [1]).
[enb maHHON paboThl — HA MPUMEPE <3TAJOHHBIX> JUHAMUYECKUX CUCTEM PacCMOTPETH
HOBBIC aJITOPUTMbBI ITOCTPOECHUA HHTEI'PAJILHBIX MO,[Le.HeIU/I B BUJC IIOJIMHOMOB BOﬂbTeppa
(1) B nauboJsiee BarXKHBIX IS IPUJIOKEHHH ciaydasx N = 2,3.

CoBpeMeHHbIe SHEPreTHIeCKne 00bEKTHI XapaKTEPU3YIOTCS CJI0ZKHOCTHIO TEXHOJIO-
MUYIECKUX CXEM M Pa3HOOOpa3meM IIPOIECCOB, MPOTEKAOIMNX B uX jeMerTax. Cozmanue
6e30IIaCHBIX PEKUMOB IKCILTyaTallun 00OPYIOBaHUA — OJHA U3 KJIFOUYEBBIX 3aJad Mep-
CIIECKTUBHBIX 9HEPIreTUYICCKUX TEXHOJIOI'NA. B CBA3U C 9TUM aKTyaJIbHbI MCCJIeOBaHUA B
O6ﬂaCTI/I MaTeMaTUI€CKOI'O OIIMCaHuA JUHAMUKN SHEPreTuIeCKUX CHUCTEM.

B pabore ucnosib3yorcs 3TaJoOHHBIE TUHAMAYECKUE CUCTEMBI U3 00JIACTH TENJIO0- 1
9JIEKTPOYHEPreTuKU. B 1epBoM ciiydae paccMOTpeHa MaTeMaTHIecKash MOJIETh MePEXo/l-
HOT'O [IPOIECca B 9JIEMEHTE TeIIO0OMEHHOTO alapara (TelI000MeHHIKE) ¢ He3aBUCUMBIM
[IOJIBOJIOM T€ILJI&, & BO BTOPOM CJIydae — MaTeMaThdecKas MOJIeIb BETPOIHEPreTHIECKOM
YCTAHOBKH C TOPU30HTAIBLHON OCHIO BPAIIEHUSI.
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DrasjoHHas MOJIeIh TeII00OMeHa MOXKeT OBbITh MpeJICTaBIeHa B Bue |2]:

t t t

A A —X1 [ D(s)ds —X2 [ D(s)ds

Biaft) = 225 [ (30— 22aniy ) (¢ - iy ve o @
0

B (2) t — Bpewmsi, unjekcamu "0 0603HAYEHBI TAPAMETPHI HAYATBHOIO CTAIOHAPHOTO
pexuma, Dy = 0.16 (kr/c), Qp = 100 (kBr), ig = 434 (k/I:k/kr), A — npuparienue, Ha-
upumep D(t) = Dy+AD(t), \; u Ay — KOPHU XapaKTEPUCTUIECKOTO YPABHEHUS JIJIsl HEKO-
TOPOIi CUCTEMBI JIBYX OOBIKHOBEHHBIX i depeHnnalbHbIX YPaBHEHNH IEPBOroO MOPsIKa.
DTaJOHHAadA MOJEIb BETPOIHEPreTUIECKON YCTAHOBKHU ¢ FOPU30HTAJIBHOM OCHIO BPAIEHMSs
[peJICTaBjIeHa ¢ MMOMOIIBIO MeTouK |3, 4:

(1) = wT(t)R7 A1) = ( 1 0035 ) 1’
V(t) Z(t)+0.08b(t) b3(t) +1
116 12.5

Cp(t) = 0.22 (% — 0.4b(¢t) + 5) exp (—%> : (4)
oSGV der M) - Me() o !
T 2wp(t) 0 at T wr(0) = v, (5)
rje wr (paji/c) — yrioBas CKOPOCTb BPAIEHHsl 3JIEMEHTOB BETPOYCTAHOBKH, W, (paj/c)
— HEKOTOpOe CTAallMOHAPHOE 3HAYEeHUe yIJI0BOi ckopoctu Bpattenus, My (H-Mm) — KpyTs-
A MOMEHT, CO3/IaHHBII aspoauHaMuIeckoil cutoit, Mo (H M) — MOMEHT COIPOTUBJIC-
Hus HArpy3Ku, J (Kr-M?) — MOMEHT MHEpIUH JBUKYIUXCSA YacTell BeTPOBO TypOUHBI, p
(kr/m?) — mwioTHOCTH BO3yXa, S (M%) — oMeTaemast mIomaL, R (M) — pamyc BeTpOKO-
neca, b (rpaj) — yrosi HaKkJIOHa JIONACTel 110 HOpMaJId OT HallpaBjieHus BeTpa, V (M/c) —
CKOPOCTD BeTpa; Oe3pasmepuble Beauauibl: C), — K03 OUIMEHT UCHOIB30BAHI SHEPTUH
BeTpa, Z — OBICTPOXOJHOCTh, 2 — TeKylllee 3HadeHne ObICTPOXOHOCTH. VccienoBanusi,
ucross3yomue Mojesas (3)—(5), nadarst B [5.

BoruncureibHbIli 9KCIIEPUMEHT TI0Ka3asl, 9TO U3y4YaeMble JIMHAMUYECKHE CUCTE-
MBI B UCCJIEyEMOM JIUAIa30He BXOIHBIX IIaPAMETPOB SABJIIOTCA HeCTalMOHapHbIME. Tak-
JKe IO0JIy9eHO, YTO MHTErpPaJbHBIE MOJEIN, ONUCHIBAIOIINE HEJUHEHHYI0 IMHAMUKY Tell-
JI00OMEHa, BO3MOXKHO YIIPOCTUTH 3a CUET CTAIMOHAPHBIX CBOWCTB TAJOHHON Mojesn (2)
OTHOCUTEJIbHO TEeIJIOBOIl HArpy3KU.

(3)

Mr(t)
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KOJIJTIOKAIIMOHHO-BAPUAIIMOHHBIE PASHOCTHBIE CXEMBI
19 INOPEPEHIINAJIBHO-AJITEBPANYECKNX YPABHEHUN
M.B. Bynatos, JI.C. CosoBapoBa
Hnemumym dunamuru cucmem u meopuu ynpasaerus um. B.M. Mampocosa CO PAH,
Hpxymcex, Poccus
e-mail: mvbul@icc.ru, soleilu@mail.ru

Awnnoramus. B nokiaie paccMoTpeHa HadaabHas 3a1a4a, 17151 a1 depeHIuabHO-
ajrebpandeckux ypapHeHuii. /Ijis1 ee 9ucieHHOr0 perteHus IpeII0KeHbl KOJLIOKAIIMOHHO-
BapHUaIlMOHHBIE PA3HOCTHBIE cXeMbl. [IprBe/ieH KOHKPETHBIN BU TAKUX CXEM.

Karouesvie carosa: nuddepeHimaabHo-aIredpandecKie ypaBHeHus, PA3HOCTHBIE CXe-
MBI.

COLLOCATION-VARIATION DIFFERENCE SCHEMES FOR
DIFFERENTIAL-ALGEBRAIC EQUATIONS

Abstract. In the report we consider initial value problem of differential-algebraic
equations. Collocation-variation difference schemes are proposed for its numerical solution.
The concrete form of these schemes is given.

Key words: differential-algebraic equations, difference schemes.

Paccmorpum cucremy

A@)a'(t) + B(t)z(t) = f(t), t € [0,1], (1)
riae A(t), B(t) — (n x n)-marpunsl, f(t) u x(t) — 3a1aHHasg 1 UCKOMasi N-MEPHBIE BEKTOP-
dbyuxmun, srementsr Marpur A(t), B(t) u f(t) gocTtaTodHo riagkue, ¢ HAYAJbHBIM yCJIO-
BHEM

z(0) = . (2)

B nokmnazne paccmarpuBaercs cirydaii
detA = 0.

Takue 3aja4un TPUHATO HA3LIBATH JUddepeHInaIbHO-AJIreOpaAnIecCKUMA Y PaBHe-
usmu (JIAY).

[Tpeanonaraercs, aro obmiee pemienne cucreMbl (1) nmeer Bu

z(t, ¢) = c—i—/KotT dT—l—ZK () fU=D(t (3)

rae O(t), Ko(t, 7), K; - (n x n)-marpuusl, ¢ € R", rank ®(t) = m = const ¥ ¢ € [0, 1],
u Ha JoboM nnTepBate [a, ] C [0, 1] y cucremsr (1) mer perennii, oTm9HbIX OT (3).
[Ipunsaro Ha3bBaTh T MHIEKCOM cucTeMbI (1).

Bysiem mosiararh, 9To HavaJbHBIE JIAHHBIE COIVIACOBAHBI C IPABOil YaCTbIO.

Bagaanm Ha orpeske [0, 1] paBaomepnyio cetky t; = lh, [ =0,1,.... N, h=1/N, u
obosnavunm A; = A(t), B, = B(t)), fi = f(t), x; =~ x(t).

[IpubsmkeHnoe pereHne B y3J1ax CeTKH Oy/eM HCKATh U3 yCJIOBHSA MUHEMYyMa Iie-
JIEBOM (PYHKITUU

(I’(Iiﬂ, HITH) P Ii+1+1)a (4)
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riae O(.) aBisiercst KBagpaTUIHON DYHKIME ¢ OrpaHUYIEHUsIMI THIIA, DABEHCTB

k k
q _
Aivqg E OTit14+g T hBitg E Tit1+q = Nfitqs (5)
J=0 J

rie ¢ =1,2,...,p, upudeMm p < k.

Takum obpasom, (4) u (5) aBisrorcs 3aadeil KBaJIpaTUIHOTO TPOrPAMMUPOBAHUST
U IPEJICTABIISIOT OO0 pa3BUTHE WJIeN, U3I0XKEeHHO! B [1].

B j10K/18/1€ TIpUBEJIEH aHAJIM3 YACTHBIX CJIYUAEB TAKOTO MOJIXO0/IA.
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Yuciienublii aHaJIn3 AByMeEpPHOI oOpaTHOIi 3a/jauil MAacCKHPOBKHU C
HCIIOJIb30BAaHUEM MHOTI'OCJIOMHBIX MaTepUaJIoB
10.9. CrnuBak!

L Janvnesocmounmiti ghedepanvrvnd ynusepcumem, Baadusocmork, Poccus
e-mail: u3l3i3y3a3@mail.ru

Annoramus. B nacrosmeit pabore paccMarpuBaercss obparHas 3ajada g 2D
ypaBHeHus [eJIbMroJiblia ¢ CHHTYISPHBIME IIEPEMEHHBIMU KO3 PUITUEHTAMU, K KOTOPOit
CBOJIUTCS 3ajlada MACKUPOBKH IUJIUH/IPA, IIOKPBITOIO MHOT'OCJIONHOM 000I09KOi ¢ KycOod-
HO ITOCTOAHHBIMU TIapaMeTpaMu. Y Ka3aHHas 3ajiada 3aMeHsieTcs 3a1a9eil mpuO/InzKeHHOi
MackupoBKH. CTeneHb MPUOJIMKEHNS ee XapaKTePU3yeTcsl HEeOTPHUIATE/TbHBIM IIapaMeT-
pom 6 > 0, uMeromuM CMBICT TTapamMeTpa pery/sipudanun. Vlcereayores cBOCTBa perre-
HUsI JIJIA PA3/JIMIHBIX 3HAYEHNN apaMeTpa peryagapusanun ¢ n ducia M ciioeB MacKupo-
BOYHON 000JIOUKH JIJIst citydaeB nornepednoil marautaoi (TM) u nonepednoit sjiekrpude-
ckoit (TE) nporunaemocreii maaoreii miockoit BosiHbl. O6CYKIAI0TCS TEOPETHIECKIE U
YUCJIEHHBIE ACIIEKTHI OIMMCAHHOIO IIOIX0/IA.

Karouesvie caosa: 3adava pacceanus, obpamnas 3adaya, ypasuerue Ieavmeorvua,
MACKUPOBKA, MEMOD CUHLYAAPHOZ0 PA3AOAHCEHUA, IPPHERMUBHAA NAOULLID PACCEAHUS

Numerical analysis of 2D inverse cloaking problem using multi-layered
materials
J.E. Spivak!,

U Far Fastern Federal University, Vladivostok, Russia
e-mail: u3l3i3y3a3@mail.ru

Abstract. In this work, an inverse problem for 2D Helmholtz equation with the
singular variable coefficients is considered, which describes the problem of cloaking of the
cylinder that is coated with multi-layered cloak with piecewise constant parameters. The
mentioned problem is replaced by approximating cloaking problem for which the degree
of approximation is characterized by non-negative parameter 6 > 0 that has meaning of
the regularization parameter. The properties of solution are studied for different values of
the regularization parameter o and the number of layers M for both transverse magnetic
(TM) and transverse electric (TE) polarizations of the incident plane wave. Theoretical
and numerical aspects of this approach are discussed.

Key words: scattering problem, inverse problem, Helmholtz equation, invisibility
cloaking, singular value decomposition, scattering width

B noceanne roapl 60J1bII0E BHUMAHKE YIEIA€TCA CO3JAHUI0 CPEICTB MaCKUPOBKH
MaTepHaJIbHBIX 00BEKTOB OT UX OOHAPYZKEHUs € MOMOIIBIO JIEKTPOMATrHUTHOM JIOKAITIH.
PaspaboTke MeTOI0B pelenns YKa3aHHbIX 3a/1a9 TOCBAIICHO OOJIbITOE KOJIMIECTBO padboT
[1-3]. OnHako TexHUYecKas peanu3alus PeIeHnil, MOJIyYeHHBIX B 3TUX paboTax, BecbMa
3aTPYAHUTEbHA U3-3a OTCYTCTBUS B IPUPOJIE COOTBETCTBYIONNX MACKUPOBOYHBIX MaTe-
puaJjioB, OTBEYAIOMNX HaiiaeHHbIM pereHnusiM. CyIecTByeT HECKOJIbKO CII0COD0B IIPeoIo-
JIEHUsI TPYJHOCTEN ¢ TeXHU4IecKoil peaymsarueit pemennit. OIuH U3 TaKUX CIIOCOOOB 3a-
KIOUaeTCs B 3aMeHe TOYHBIX PEITeHnil 33/1a4 MaCKUPOBKH, ONUCHIBAIONINX CUHTYJISPHbIE
AHU30TPOITHBIE TTApAMeTPhbl MACKUPOBOUHOI obosouku [3,4,5,6,7|, HeKOTOpbIMU TTPUO.IH-
JKEHHBIMY (HECHHIYJISIPDHBIMIE) TapaMeTpaMu, ¥ MOCTPOCHUEM MACKUPOBOUHBIX YCTPOICTB
MMEHHO Ha OCHOBE MCIIOJIb30BaHUsI 9TUX MPUOINKEHHbIX pertennii. OCHOBBIBasCh Ha 3TOM
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ujiee, B pabore UCCIEyeTcd METO] MPUOINKEHHON MACKHUPOBKHU TeJIa IUJIUHIPUICCKOM
GOpPMBI, MOKPBHITOTO ITHJIMHIPUIECKON MAaCKHPOBOIHON 060/104uKOit. CTerneHsb mpuOnKe-
HUsI XapaKTepu3yeTcs HeOTPUIATEIbHBIM MmapaMerpoM 0 > (0, UMEIOIIMM CMBICJ Tapa-
MeTpa peryjgpusainun, npudeMm ciydail 06 = 0 orBedaeT 3ajade TOYHONH MACKUPOBKH,
pelenne KOTOPOil ONMUCHIBAET TEXHUYECKU Hepean3yeMyio 000ji0uky. Eiie ogmn napa-
MeTp M > 1 onmchiBaeT KOJUYIECTBO OHOPOIHBIX aHU30TPOIHBIX CJIOEB € TMOCTOSTHHBIMU
9JIEKTPUIECKON W MArHUTHOM MPOHUIIAEMOCTSAMHE, COCTABIAIONINX HCKOMYIO MaCKUPOBOY-
HyI0 060/10uKy. Kak u B [7], KaxK/Iblit aHU30TPOIHBIN CJIOM, B CBOIO OUEPE/lb, 3aMEHSIeTCsT
JIByMsi 9KBUBAJECHTHBIMU €My OJIHOPOIHBIMU U30TPOIHBIMU CJI0AMHU. C IOMOIIBIO METOIA
Dypbe HAXOIUTCA PEIIEHUE 3a/a91 PACCeHUs TIJI0OCKOI BOJIHBI HA YKa3aHHON 000JI0YKE B
BuJIe psasioB Pypbe 1o nummHApudeckuM QyHKinaM. Koaddunumen sl 3Tux psajioB onpe/ie-
JISTIOTCS Iy TeM pereHus cucTeMbl 4V +3 TMHeHBIX aaredpandecKnxX ypaBHEHUH ¢ TITI0X0
00ycJIOBIEHHON TIpU MaJIbiX 0 1 60sbmux M martpuneit. C yaeroMm 3T0oro B pabore pa3Bu-
BaeTcs 3(pHEKTUBHBIN YNCIEHHBIN aJTOPUTM PEIIeHUsT PacCMaTpUBaeMoil 3a1a91 MacKuU-
POBKH, UCIIOJBL3YIOIUNA METOA CUHT'YJAAPHOTIO Pa3JI0KEeHUA MaTPUIIbl YKA3aHHON JUHETHON
CUCTEMBI, 1 Pa3padaThIBACTCA KOMILIEKC TPOTPAMM, PEATUIYIONINI YKa3aHHBII aJITOPUTM.
Haxomurces npub/imzkeHHoe perenne 3a/a91 MaCKUPOBKH, OTBeYaloliee pa3HbIM 3HAYCHU-
sIM TIeEpEeMEHHBIX TapaMeTpoB §, M u Ipyrux mapaMeTpoB, BXOAAIINX B PACCMATPUBAEMYTO
3ajady. B KadecTBe OCHOBHON MH(MOPMAIMH O PEIIeHINN BbIIAI0TCS 3HAUEHN HallIeHHBIX
napaMeTpoB U 3HAYEHHUs TakK HasbiBaeMoil 3ddekTuBHO miomaan paccesiaus (DIIP),
KOTOpasi oIpeJie/isieTcst cieyomneit hopmyoii:

s 2 S 2
B2 )" _ ) [H>(p, )]
———— = lim 2mp—— 5. (1)
p—r00 | Finc ’ p—00 | Hinc |
Paspaboran KOMILIEKC TTpOrpaMM, Pean3yIoNnii pa3pabOTaHHbI aJrOPUTM, BBITIOJIHEH

) Y
IIUKJI BBIYUCTUTETBHBIX IKCIIEPIMEHTOB 110 €r0 Peau3allii B MTPOKOM JINaa30He M3Me-
HEHUs ITapaMeTPOB 3a/a4M, MPOBEJIEH CPABHUTEILHBIN aHAJIN3 TOJIYUYeHHBIX Pe3yIbTaTOB
¢ pesy/abrataMu JIpyrux aBropos. [Iposeienubiit anain3 nmokasas 3pHEeKTUBHOCTD pa3pa-
OOTaHHOTO AJITOPUTMA.
Pa6ora BeimnosiHena npu gpunancoBoii nojiepxkke Poccuiickoro donia dyniamen-
TaJIbHBIX nccsenoBanunii (mpoekt 13-03-00313-a).
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AHHoTanus. B pabote npencraBieH NoAX0 K MOJIEKYJIIPHOMY MOJEIUPOBAHUIO COBPEMEH-
HBIX BBICOKODHEPTeTUYECKUX IIPOLIECCOB HAIIBUICHHUSI ONTHYECKUX HAHOTIOKPBITHN JTHOKCHIA
KPEMHUS Ha IOJUIOKKY M €r0 pealu3alys C HCIOJIb30BAHUEM CyNepKoMIbloTepa «JIoMOHO-
COB» U MPOTPaMMHBIX MAKETOB JUISl peUIeHUs 3a1ad MojeKkyasipHoid nuHamuku LAMMPS u
GROMACS.

Kniouesvie cnosa: nanocmpykmypbl, 6blCOKONPOU3B00UMENbHbLE BbIYUCTICHUS, MameMamuye-
cKoe MOOenuposanue, MONEKYIAPHASL OUHAMUKA, PENIaKCAYUOHHbLE NPOYECCHL.

USING OF LAMMPS AND GROMACS SOFTWARE PACKAGES FOR HIGH-
PERFORMANCE DEPOSITION SIMULATION OF NANOSTRUCTURED THIN
FILM

Abstract. The paper presents an approach to molecular modeling of modern high-energy
deposition processes of optical coatings of silicon dioxide and its implementation using the
supercomputer “Lomonosov” and the software packages for molecular dynamics Lammps
and Gromacs.

Key words: nanostructures,high performance computing, mathematical modeling, molecular
dynamics, relaxation processes.

Hamnpiienue TOHKOTUIEHOYHBIX MOKPHITUH UMEET MHOXKECTBO MPAKTUYCCKH BAXKHBIX TPH-
JIO’)KEHUH B HayK€ W TEXHMKE: OT IIMPOKO MCIOJIb3YEMbIX NMOTPEOUTENbCKUX MPOJYKTOB Ta-
KHX, KaK MOOUJIbHBIE TE€JIEPOHbI, KaMEPhl, OUKH, JI0 BCEX TUIIOB JIa3€pOB, TEIEKOMMYHHUKAIIU-
OHHBIX prIbTPOB ¥ T.71. [1-3]. B paGoTe mpeacTaBieH mMoaxoa K MOJIEKYIIPHOMY MOJEITHPO-
BAHUIO COBPEMEHHBIX BBICOKOZHEPIE€TUYECKUX MPOIIECCOB HAIMbBUICHUS ONTHYECKHX HAaHOIO-
KPBITUH JUOKCHIAa KPEMHUS Ha MOJUIOKKY U €ro peajau3anus ¢ HCIOJIb30BaHUEM CYEPKOM-
nproTepa «JIoMOHOCOBY» M MPOrpaMMHBIX MAKETOB Ul PELIEHUS 3a7a4 MOJEKYISIPHOU JAUHA-
muku LAMMPS 1 GROMACS. B pesynbrare padoThl ObUIM MOJTy4€HbI HaNbUIEHHBIE CIOU
TOJILMHOM IO HECKOJIBKUX JIECSITKOB HAHOMETPOB, COJEpKAIINX 00JIee MUIUIMOHA AaTOMOB.

[IpuBenem ommcanue MPoOLEIYpPHl HAMBUICHUS, UCIIOIB3YEMOUW MPU CUMYJIAIIMK HaIlblIe-
Hus B LAMMPS. B naHHOM 4YHCIEHHOM OJKCIEpUMEHTE Oblla HCIIOJb30BaHA BEpPCHUSA
LAMMPS v. 18 Sep. 2014, nporpamma ObuTa CKOMIWIHPOBAaHA Ha CymnepkommbioTepe «Jlo-
MOHOCOB» ¢ jonoiHutensHbiMu Oubnmuorekamu USER-CUDA u USER-MISC. B kauectBe
KOMMIISATOpa ObLT Kcosib3oBaH mpicxx (OpenMPI).

B xauecTBe 001acTi MOJIEKYISIPHO-TUHAMUYECKOTO MOACITMPOBAaHU ObLT BRIOpaH Mapa-
nenenunes pasmepamu 28x23x30 HM ¢ NEPHOJUYECKUMH T'PAHUYHBIMU YCJIOBHUSMH IO BCEM
HarpaBlieHusM. Pa3mepsl 310l 0051acTH HE MEHSTUCH BO BpeMsl MoJeaupoBaHus. Vcmob3y-
erca ancam6ibp NVT, T =300 K.

" PaGora BhInonHeHa npy noaaepxkke PH®, kox mpoexta 14-11-00409.
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Crenka ¢ norenuuanoM Jlenapaa-JlxoHca ycranaBiuBaercs B koopauHare z=0. CBepxy
OT 3TOM CTEHKHU MOMENIaeTcs NpeBapUTEIbHO MPUTOTOBJICHHAS MOJUI0KKA CTEKI000pa3HOTo
S10,, cocrosas u3 90000 atoMoB.

ATOMBI KpEMHUS U KUCJIOPOJia BCTABJISAIOTCS Ha BBICOTE 4HM OT MOBEPXHOCTHU IJICHKHU C
sHeprusimu 10 ev u 0.05 ev, coorBercTBeHHO. [1070K€HNS 111 BCTAaBKM aTOMOB KPEMHUS U
KHUCJIOpO/1a BBIOMPAIOTCS CIIydyailHO, C PaBHOMEPHBIM pPacHpesieieHUeM, U HE3aBUCHMO JpPYyT
oT apyra. BcraBka aToMoB kpeMHHUsI TpoucxoauT kaxipie 40 e, kuciaopona — 20 ¢c.

B pesynpTaTe ObLIM MOJIyd€HBI CBOWMCTBA HAIMBIJICHHOTO CIIOS, OJM3KHE K AKCIICPUMEH-
TAJIbHBIM 3HaueHUSIM. [IimoTHOCTE mOmIoxkH 2.158 F/CM3, IUIOTHOCTD IUIEHKHU 2,447 r/em’
OITH3KH K SKCTICPUMEHTATBHOMY 3HAYECHHIO 2,2 T/CM’.

AHanoruuHble pe3yapTaThl ObUIM MOJYYEHB U B PE3yJbTaTe MPOILEAyphbl HANIBUICHUS JU-
OKCHJAa KpPEeMHHMs C TakuMu ke napamerpamu ¢ nomoinpto naketa GROMACS. Cootser-
CTBYIOIIIas IPOIeAypa Mo ipoOHO onrcaHa B padote [1] u HE MPUBOAUTCS 37ECh.

Uccnenosanack 3¢ (eKTUBHOCTh MPOrpaMMHBIX HAkeToB Npu ucnoJsibzoBanuun 90000
aToMoB Ha BpemeHax 14 mnc. Ilpu pacdere ¢ momouipio nmakera Lammps UCHOIb30BaINCh KaK
BbrurcnuTenbuble y3ibsl CPU, Tak u rpaduyeckue y3nel GPU. Ilpu 3TOoM Ha oauH y3en npu-
xoautes nubo 8 CPU, nmubo 2 GPU.

90k, 14 ps

—a— gromacs cpu (1 node = 8 cpu)
0,9 —e— lammps cpu (1 node = 8 cpu)
—a— l[ammps gpu2 (1 node = 2 gpu)

0,8

Efficiency

0,0 T T T T T T T T T T T T

T T
0 16 32 48 64 80 96 112 128

Number of nodes

Puc. 1. DdpdexTuBHOCTD pacmapajieiMBaHus MPOrpaMMHBIX TakeToB Gromax U Lammps.
OddexTuBHOCTH pacnapaiienuBaHus nakera Gromax CymecTBeHHO BbiIe 3(hHEeKTUBHO-
CTH pacnapasuienuBaHus nakera Lammps. PacnapamnenuBanue nakera Gromax 3¢(heKTUBHO
70 16 y3510B BKJIIOUHTENBHO, B TO BpeMs Kak pacnapaenuBanue Lammps 3 pexTuBHO
Uk A0 4-8 y3710B.
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OBPATHAA HECAMOCOIIPAXKEHHA A 3ATAYA
IITYPMA-JINYBNJIJIA CO CITEKTPAJIBHBIM ITAPAMETPOM,
HEJIMHEITHO BXOJYIIIIM B KPAEBBIE YCJIOBUSA
Ya.T. Sultanaev'2, A.M. Akhtyamov??, Kh.R. Mamedov*, F.A. Cetinkaya*

L M. Akmullah Bashkir State Pedagogical University, >Mavlutov Institute of Mechanics,
3 Bashkir state university, Ufa, Russia; *Mersin University, Mersin, Turkey
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Annorarmuga. B crarbe jgoka3ana Teopema eIMHCTBEHHOCTH pelieHust 00paTHOit
Hecamoconpsizkenuoi 3aaadn [HItypma-JInyBuiiis co crekTpajgbHBIM TapaMeTpoOM, HeJIn-
HEelHO BXOJISIINM B HEPACIa aiollie KpaeBble YCJIOBUA. DTOT Pe3y/IbTaT saBjsgeTcs 06001e-
HUEM COOTBETCTBYIOIEH TeopeMbl €IMHCTBEHHOCTH pelieHnsa obpaTHoit 3aaauu IlITypma-
JIMyBUILISA ¢ pacmagaronuMucsa KPAeBBIMU YCIOBHUSIM.

Kmoueswie caosa: obparnas 3agada [lrypma-/Inysuiis, dyuaxmus Beits, cob-
CTBEHHBIE 3HAYEHUsI, HEPACIAIAI0NINeCs KPaeBble YCJIOBUs

AN INVERSE NONSELFADJOINT STURM-LIOUVILLE PROBLEM
WITH SPECTRAL PARAMETER NONLINEARLY CONTAINED IN
BOUNDARY CONDITIONS

Abstract. The uniqueness theorem for the solution of an inverse nonselfadjoint
Sturm-Liouville problem with spectral parameter nonlinearly contained in nonseparated
boundary conditions is proved. The result obtained in the present paper generalizes the
corresponding uniqueness theorem for solution of Sturm-Liouville problem with separated
boundary conditions.

Key words: inverse Sturm-Liouville problem, Weyl function, eigenvalues, nonsepa-
rated boundary conditions

Let Ly denote the Sturm-Liouville problem
ly=—y" +q(x)y =y =75y, (1)
Uly) := s* (y'(0) + k1 y(0)) + ha ¢/ (0) + hs y(0) + h(s) y(m) = 0,

V(y) = s*(y'(7) + Hiy(n)) + Hay'(7) + Hz y(7) + H(s) y(0) = 0.

Here ¢(x) is a continuous real valued function on the interval [0, 7|, h; and H; with
i,k =1,2,3 are real constants, h(s) and H(s) are following polynomials:

h(s) = ag+ay s* +ags* + -+ ag, 2™ H(s)=ars+azs® +ass’ +--+agm_1 8"

where m is arbitrary natural number, a; with ¢ = 0,1,...2m are real constants.
The Sturm-Liouville problem inverse to Problem L in the case of separated bounda-
ry conditions (h(s) = H(s) = 0) is considered in [1|. Various inverse problems with

nonseparated boundary conditions was studied by I[.V. Stankevich, V.A. Sadovnichii,
V.A. Yurko, V.A. Marchenko, O.A. Plaksina, M.G. Gasymov, I.M. Guseinov, I.M. Nabiev,
and other authors (see [2,3|).

For the inverse problem of reconstructing Problem L in which all coefficients h;
and H; with i,k = 1,2,3 and a; with ¢ = 0, 1,...2m are unknown, no uniqueness theorems
have been obtained.
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In the present paper, we consider a nonself-adjoint Sturm-Liouville problem with
nonseparated boundary conditions. We show that, for unique reconstruction of Ly we need
2 m+1 eigenvalues of Ly and a Weyl Function M (\) of an additional problem L.

Along with problem Ly, we consider the following two problems with separated
boundary conditions.

Problem L,. The Equation (1) with boundary conditions

Un(y) := s* ('(0) + h15(0)) + hay/(0) + h3 y(0) = 0,

Voly) = s (y/(m) + Hyy(m)) + Hay/ (7) + Hz y() = 0.

Problem L. The Equation (1) with boundary conditions y(0) = 0, Vy(y) = 0.

For problem L, we pose the inverse problem.

Inverse problem. Let the potential function ¢(x) and all coefficients in the boundary
conditions of problems L; (j = 0, 1,2) be unknown. The Weyl Function M ()) of problem
Ly and 2m+1 eigenvalues \,,, (m = 0, 1,...2m) of problem Ly are known. Find a function
¢(x) and boundary conditions of problems L; (j = 0,1,2) by the Weyl function M(X) of
problem L; and 2m + 1 eigenvalues \,, (m =0,1,...2m) of problem L.

Theorem 1. Suppose Problem Ly has discrete spectrum. Then Problems L; (j =
0,1,2) can be uniquely reconstructed from the Weyl function M(X) of problem Ly and
2m + 1 eigenvalues \,, (m =0,1,...2m) of problem Ly.

For case Equation (1) the result obtained in the present paper generalizes Mamedov
and Cetinkaya’s uniqueness theorem [1] for inverse Sturm-Liouville problem with separated
boundary conditions. In the case where Problem L is a spectral problem with separated
boundary conditions (h(s) = H(s) = 0), this problem coincides with Problem L;. Therefore,
Mamedov and Cetinkaya’s uniqueness theorem [1] is a special case of Theorem 1.

This work was supported by the Russian Foundation for Basic Research (project
Ne 15-01-01095 a), by the Academy of Sciences of the Republic of Bashkortostan (project
Ne 14-01-97010-r _ povolzh’e) and by the Scientific and Technological Research Council of
Turkey.
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O KOHEYHOMEPHOU AIIIPOKCUMAIINN MHTETPAJIBHBIX
YPABHEHUI IIEPBOTI'O POJA
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Ammoramus. lVccmenoBaH peryasgpusyOmMi aJIropuT™M TpUOIUKEHHOTO pele-
HUs UHTEI'DAJbHbIX YPABHEHUI 11EPBOIO PO/, BKAOYAIONINNA KOHEYHOMEPHYIO allllPOKCH-
MaIuio ucxonoit 3aga4uu. [losydena oneHka MOrpeniHoOCTH 3TOTO AJTOPUTMA, UCIOIb3Y-
IOTIEro JUCKPETU3aINI0 THTErPAJbHOTO YPaBHEHNUs IEPBOTO PO/ia 110 JIBYM II€peMeHHbIM.

Knmoueswie caosa: WHTerpadbHOE ypaBHEHWe, KOHEUYHOMepHas allPOKCUMAIHS,
OTeHKAa TOTPENTHOCTH.

FINITE-DIMENSIONAL APPROXIMATION FOR INTEGRAL
EQUATIONS

Abstract. A regularizing algorithm for the approximate solution of integral
equations of the first kind, including the finite-dimensional approximation is studied and
obtained the error estimate of this algorithm.

Key words: integral equation, finite-dimensional approximation, error estimate.

PaccmorpuM mHTerpabHOE ypaBHEHUE TIEPBOTO POIA

Au(s) = / P(s,t)u(s)ds = f(t), c<t<d, (1)

rne P(s,t) u P/(s,t) € C(la,b] x [¢,d]), u(s) € Lyla,b], f(t) € La[c,d].
[peanonoxkum, aro npu f(t) = fo(t) cymecTByeT e TUHCTBEHHOE TOTHOE PEIICHTE
up(s) ypasuenus (1), KOTOpoe TIPpUHAJIEKUT MHOKeCTBY M, TIe

M ={u(s) : u(s),u'(s) € Lala,b], u(a) =u(b) =0}.

[Tycts Tounoe 3uauenne fo(t) He m3BeCTHO, a BMecTO Hero gannl f5(t) € Lofc,d| n
d > 0 rakue, aro || f5(t) — fo(t)|| < d. Tpebyercsa no fs5(t), § u M oupemenurs npudu-
JKeHHOe perieHue ug(s) ypaBHeHust (1) U OIEHHTH €ro YKJIOHEHHE OT TOYHOrO DEelIeHuUs
uo(s) B Merpuke npocrpancTsa Lo[a, bl.

Beenem oneparop B, orobpazkarommii upoctpanctBo La(a, b] B Loa, b], dopmy.ioii

u(s) = Bu(s) = / v(€)de;  wv(s), Bu(s) € Lya, b (2)
u omneparop C
Cu(s) = ABu(s); wv(s) € La[a,b], Cv(s) € Lyc,d]. (3)
U3 (2) u (3) caeayer, uto Cu(s) = fab K(s,t)v(s)ds, tne K(s,t) = — [ P(&,t)d€.
. ilb—a)
Pazobbem orpe3ok [a,b] Ha n paBHBIX 4acTell TouKamu S; = a + — 1=
(-
0,1,...,n—1, a TakzKe OTPe30K [c, d] HAa M PABHBIX YACTeil TOUKAMHE t; = C+](—c), j=
m

0,1,...,m— 1.
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Brenem dyuknun
Ki(t) = K(si,1), Ku(s,t) = Ki(t); s <s<siy1, t€led, i=0,1,..,n—1,

Kn’m(S,t):Fz(t]), s <8 < Sy, tj §t<t]’+1; i:(),l,...n—l, j:O,l,...,m—l

u oupeaenum oneparopsl C,, C, ., dopmyramn

b b
Chu(s) :/ K, (s, t)v(s)ds; te€[e,d], Cpmv(s) :/ Kym(s, t)v(s)ds; t e |cd].

Jnst ancsiennoro perennst ypasuerust (1) omeparop C' 3aMeHUM KOHETHOMEDPHBIM
Chm ¥ HaliieM BeSUauny Ry, pm, yAOBIAETBOPSIONTYIO cooTHOMEHHIO ||C oy — Cl < Ay,

rie
d—c b—a
P =/ (b—a)(d—c) Ny Vb —a [Nl ——,

m

N(t) = rilagb\P(s,t)k t € [¢,d] uaucao Ny = max{|K/(s,t)] : a<s<b; ¢<t<d}

Jnst pemnenust ypaBrenust (1) BOCIOIB3yeMCsi METOIOM DeryJIsIpU3AIIN
nf{[|Crmv(s) = MO + allo(s)I* + v(s) € La[a,b]}, a >0, (4)

ABJISTIONIEHICS KOHEIHOMEPHBIM BapuaHToM Meroja peryaspusamun A.H. Tuxonosa [1].

Bajada (4) uMeer eJMHCTBEHHOE DelleHue U?(n’m)(s), B KOTOpOM napamerp «(n,m)
JOJIZKEH YIOBJIETBOPSITH 0O0OIEHHOMY MPUHINILY HEBS3KH [2].

1Cmv(s) = F )] = 105" (8) || + 0. (5)

Bapuanuonnas 3a1aua (4) SKBUBAJIEHTHA CUCTEME JIMHEHHbIX aJirebpanvecKux ypas-
HEHUNI

n—1
b—a
bivi +avy =gr; k=0,1,....,n—1,
0 ZZ:; k k= Gk
m—1 m—1
d—cx—~— ,, \— d—c [b—a —
e Ok o ZK1<t3>Kk<t])7 a Gk m n ZKk<tJ>fJ
7=0 7=0
s npubauKeHHOro pentenus Uy, . = Bv?(n’m) s) ypaBHenusi (1) Oyjer umern

MECTO OIICHKA

46,0, (8) = g (8)]| < 20 ( 2[[vo(8)[[n.m + 9, [[va(s)]]);

riae uf = Pyug, w(r,r) =sup{||lu| @ we M, |[Au| <71}
u
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MATPUYHBIE U TEH3OPHBIE PA3JIOKEHUSA MAJIOT'O PAHT'A
B MATEMATHUKE U NIPUJIOXKXEHUAX
E.E. TeIpTBHIIIHUKOB
HUncmumym eviuuciumenvroi mamemamuxu PAH, Mockea, Poccus.
E-mail: tee@inm.ras.ru

AHHoTanus. B noxmane Oyzner paccka3aHO O HOBBIX HAIlPaBICHUSIX BBIYMCIUTEIBHOU JIH-
HelHoM anredpsl, koTopble noayuuiu pazsutue B UBM PAH 3a nocnennue 20 ner. Kiroue-
Basdg pOJib B HUX MMPUHAIICKHUT MaTpHllaM MaJIOTO paHra, KOTOPBIC HMCIIOJIB3YIOTCA KaK JJIsd
MMpEACTABJICHUA JAHHBIX, B TOM YHUCJIC MHOI'OMCPHBIX MAaTpUll, TaK U AJId IIOCTPOCHUA 3(1)(1)€K-
TUBHBIX BBIYUCIIMTCIIbHBIX aJITOPUTMOB. Mkl 06Cy,I[I/IM PasiindHbIC METOAbI IIPEACTABIICHUA U
arfrmpoKCuManu TCH30POB U CBA3AHHBIC C HUMHU MAaTEMATUYCCKHUE BOIIPOCHI, B TOM YHUCIIC U
OTKpBIThIE, U MEPCIIEKTUBBI HOBBIX METO0B (TEH30PHBIN MOE31 U JIp.), B KOTOPBIX BCE JIEH-
CTBHUA CBOJAATCA K MAaTPHUYHBIM OIICPALUAM. Hosrie o6nactu HpI/IMeHeHI/Iﬁ CBs3aHBI C 3aJla4a-
MU OIITUMU3AlINH, B YACTHOCTHU IAJId JOKWHIA ITPpU pa3pa60TKe JICKApCTBCHHBLIX IIPEIIapaToB H
JIIsL I/I)IGHTI/I(bI/IKaHI/II/I mapaM€TpoOB B MOACIIAX MaTeMaTHIeCKOi HMMYHOJIOTHH. HOJ’Iy‘ICHBI
TaKXKE HOBBIC 3(1)(i)eKTI/IBHI)I€ MCTOAbI AJId CIICHHUAJIBHBIX KJIACCOB HECTAMOHAPHLBIX 3a1a4, B
YaCTHOCTHU IJId TaK Ha3bIBAEMOT'O OCHOBHOI'O KMHECTUYCCKOI'O YpaBHCHHUA, U HOBBIC ITOJAXObI K
YHCJIEHHOMY peUIeHUI0 ypaBHEeHUH Thna CMOIyXOBCKOTO.
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YUCJEHHOE PEHIEHUE OBPATHOM 3AJIAUA
CIIMH-PEIIETOYHOM PEJIAKCAIIUA
Ycemanos C.M., llakupesnaos 2. /1.
Bupckuii punuan Bawkupckoeo 2ocydapcmeennoco yHueepcumema
e-mail: usm@birsk.ru, eddydan@rambler.ru

AHHoTanus. B craThe paccMaTpuBarOTCs pe3ysibTaThl YUCIEHHOIO pacyeTa Ha OCHOBE
perynspusupymomiero airoputMa A.H.TuxoHoBa MIHOBEHHBIX YaCTOTHBIX XapaKTEPUCTHUK
(CIEeKTpOB BpPEMEH KOppENALUNA) U3 SKCIEPUMEHTAIbHBIX H3MEPEHUN BpPEMEHU CIIMH-
PELIETOYHOM peNaKkcaluu Uil TPEXMEPHBIX MOJUMEPOB OJIMTOKapOOHAT(MET)aKpuiIaToB, a
TaKXKE Pa3/IelCHUI0 M UICHTU(PUKAUU MEXaHW3MOB MOJIEKYISIPHOM MOJBUKHOCTU B TpEX-
MEpHBIX MOJUMEpPax B 00JacTU MPOSIBIEHUS JOKAJIbHOTO [-mpolecca sSAEpHON MarHUTHOM
peaKcaluH.

Kniouesvie cnosa: nekoppekmuvle 3a0auu, s0epHas MASHUMHAA PeNaKcayus, 6pems
CNUH-PeuemoyHOU penaKcayuu, mpexmepHvle NoauMepbl

NUMERICAL SOLUTION OF INVERSE PROBLEMS
SPIN-LATTICE RELAXATION

Abstract. The article discusses the results of a numerical calculation based on the re-
gulyariziruyuschego algorithm Tikhonov instantaneous frequency characteristics (spec ters
correlation times) from the experimental measurements of the spin-lattice relaxation time for
the re-dimensional polymers oligokarbonat (meth) acrylates, as well as separation and identi-
fication of mechanisms of molecular mobility in the three-dimensional polymer in on-field
displays the local B-process nuclear magnetic relaxation.

Keywords: ill-posed problems, nuclear magnetic relaxation time of the spin-lattice re-
laxation time, three-dimensional polymers

CornacHo TeopwH sIIEpHOM MarHUTHOW pernakcauuu [1, 2] MOJMMEpPHBIE CUCTEMBI
MPEACTABIISIIOT COO0OM MHOTOCITMHOBBIE MOJICKYJIBI C OOJBIIUM YHCIOM CTEIEHEH CBOOOIBI
nBH>KeHUs. [T0CKOJIBKY KaXKAblii A7IEMEHTAPHBI MEXaHU3M MOJIEKYJISIPHOM MOJIBUKHOCTH Xa-
pPaKTEepU3yeTCs CBOUM KOPPEISIMOHHBIM BpeMeHeM (7 ), TO u3ydaemas oJuMepHasi CucTeMa
obnamaeT 1ensiM criekTpoM BpemeH koppersuuii (CBK). B ciydae, korga oCHOBHBIM KOMITO-
HEHTOM B3aUMOJICHCTBHI B CIMHOBOW CHCTEME SIBJISIETCSI BHYTPHMOJICKYJISIPHOE AHIIOJb-
JUTIOJIPHBIC B3aMMOJICHCTBHS, BBIPAKECHHUE JJIi BPEMEHHU CIHMH-PEIICTOYHON pellaKcaluu
(7, )3anumercs B Buue [2]:

%:AT[ L. }G(r)dr, (1)

L A+ e’t? 1+40%7°
A=y’AH}/3; y — rUpOMarduTHOE OTHOLIEHHE JUIS MPOTOHOB; @ — PE3OHAHCHAS YaCTOTa;

AH — 3Ha4YeHHMe BTOPOTO MOMEHTA JUIsl KECTKON PEIIETKH; G(r) — CIIEKTP BPEMEH KOppe-

JISIUH.
Bpewms koppensuun MOJIEKYISIpHOM TOABUKHOCTH 3aBUCUT OT TEMIIEPATYPHI MO 3aKO-

HY AppeHuyca:
v =t,exp(E/pp ) )

rone 7, — YaCTOTHBIN (1)aKTOp, E - OHEPIUs aKTUBAlMU pacCMaTpHBACMOI'0 TUIIA ABUXKCHUA,

R — yHuBepcanbHas ra3oBas MocTosiHHast, 1 — abCcooTHAs TeMIiepaTypa.
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C nomomnsto ypaBuenui (1) u (2) MOXHO OmMCaTh SKCIIEPUMEHTAIBHYIO 3aBHCUMOCTh
BpeMEHH I; OT TeMIIEpaTypBbl:

) 28 28
1 eRT 4eRT F (E)
—T(T):Kj =+ = dE 3)
! A1+ o’tjet”  1+40’tier”
}/ZAHZTZ
rae K = 3—R” — KOHCTaHTa HCCIIeyeMoro Bemecta, F (E) — QyHKIus pacipeeneH s

10 SHEPTUAM aKTI/IBaIII/II\/’I, MMpeaACiibl UHTCTPUPOBAHUA OIPCACIAIOTCA YCIIOBUAMU OKCIICPU-

E=38,0 k[/Morib —e— MO3KI
— —=— MOKHMI

1,4x10™ 5

.. | E=34.9 kx/monb
1,2x107 1 —~

F(E) E=34,4 k[x/Morb

1,0x10™

8,0x107° E=39,6 k>x/monb

6,0x10°

4,0x10°
| E=44,9 k[>xx/monb

2,0x10°

0'0 T T T T T T T T 1
3,0x10"  3,2x10* 3,4x10" 3,6x10* 3,8x10" 4,0x10" 4,2x10" 4,4x10" 4,6x10" 4,8x10"
E, >x/monb

Puc.1. Pe3yapTaThl YuCIEHHOrO pacyera (GyHKIMI [0 SHEPTUAM AKTHBAIIUH IS
00pa3IoB @, w -OMC(METaKPHUITOMIOKCHATHIICHOKCUKAPOOHMITOKCH)-1,3-

nporwieH (MIKII) u «,w -0uc (METaKpHIOMIOKCUITUIICHOKCUKAPOOHH-
nokcH)-2,2-numerrnnponwien (MOKHIID).

MEHTA.
VYpasuenue (3) npeacrasisier coboit ypaBHeHre OpearosibmMa mepBoro poja u pera-
eTcst MmerogoM peryasipusanuu A.H. Tuxonosa [3]. Pemenue npencrasieHo Ha puc.l.
Ha ocHoBe 4ncieHHOTO pemeHust 0OpaTHOM 3a/laui CIIUH-PEIIETOYHON pellaKCaluy B
oOacTy TposiBIIeHUsT 3 -Tiepexo/ia MO3BOJIHIIO HACHTU(HUIIMPOBATh HAJTMUNE HECKOIBKIX Me-

XaHU3MOB MOJICKYJIIPHOTO JBMIKEHHS, KOTOPbIE MOTYT OBITb OOHAPY>KEHBI TOJBKO C TIOMO-
1610 UMITYITbCHOTO SIMP-u3mepenus [4].
Jlureparypa
1. Penakcaumonnsie sBienus B nosmmepax. /Ilox pen. baprenesa .M., 3eneneBa
10.B. JI.: Xumus, 1972. C. 25-44.
2. @appap T., bekkep O. Umnynscuass u @ypobe-criekrpockonust SIMP. M.: Mup,
1973. 166 c.
3. TuxonoB A.H., 'onuapckuii A.B., Crenanos B.B., fIrona A.I'. Yucnennsie MeTo-
IIbl pellieHusl HeKOppeKTHBIX 3a7a4d. M.: Hayka, 1990. 229 c.
4. IakupssnoB D.J1., YemanoB C.M., Cuseprun I0.M., Yioutun H.B. Hccnenosa-
HHUE MEXaHU3MOB MOJIEKYJSIPHOW TMOJBUKHOCTH B 00ylacTu [B-mporiecca siIepHON
MarHUTHOW peJlakcallid B TPEXMEPHBIX IMOJUMEpax OJIUTroKapOoHaAT(MET)-
akpuiaTtoB//Bectauk Kazanckoro texnosnormdeckoro yauBepcutera. 2015. 1. 18.
Ne 1. C.15-19.
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UYNCJIEHHOE PEIITEHUVE OBPATHBIX 3AJTAY JJ1d
IIAPABOJINMYECKNX YPABHEHUI
I1.H. Babumesuu!, B.ll. Bacunbes?
YUBPA3 PAH, Mocxsa, Poccus
e-mail: vabishchevich@qgmail.com
2CBOY um. M.K. Ammocosa, STxymck, Poccua
e-mail: vasvasil@mail.ru

Ammoramusi. Cpeau oOpaTHBIX 3a7a4 I YPaBHEHUN B YACTHBIX ITPOU3BOIHBIX
IPEJICTABISIOT HHTepec KoM dHUIUEeHTHBIE 00paTHbIe 3a/Ia4Ud, KOTOPBIE CBI3aHBI C UICH-
Tupukanueit TpaBoil YacTH ypaBHEHUS [IPU MCIIOJIb30BAHUM HEKOTOPOH JIONOJHUTE/ILHOI
nndopmanuu. [Ipn paccMoTpeHuE HECTAIMOHAPHBIX 33129 MOXKHO BBIJICJINTH KaK CaMO-
CTOSATE/ILHBIE 33/1a9y BOCCTAHOB/ICHUST 3aBUCUMOCTHU TPABOil YaCTU OT BpPEMEHU U 3aJa4y
BOCCTAHOBJICHUsI 3aBHCHUMOCTH IPABOH YaCTH OT MPOCTPAHCTBEHHBIX IMEPEMEHHBIX. DTH
3aJIa9U OTHOCATCS K KJIACCY JIMHEHHBIX 0OpaTHBIX 3aJ1a4, YTO CYIIECTBEHHO YIIPOIIAET UX
uccjejopanue. Pabora nocssiiena mpobjieMe Onpejie/ieHns 3aBUCUMOCTH IPABOM 4acTH
MHOT'OMEPHOTO TapaboIMYecKOTO YPaBHEHU OT BPEMEHHU IO JOIMOJTHUTEILHBIM HADII0/1e-
HUSM 33 pelleHneM B TOYKe pacdeTHON objacTu. YToOBI penuTh Iuc/JIeHHO O00paTHYIO
3314y JIJId MOJICJIbHOTO YPAaBHEHHS B IPSAMOYTOJbHHKE MBI HCIIOJb3YEeM CTaHIApTHBIE
Pa3HOCTHBIE AIIIPOKCHMAIIMHI 110 TPOCTPAHCTBY. BBIUHCIMTENLHBIN aJIrOPUTM OCHOBAH Ha,
CHEINAJbHON JIEKOMITO3UIIUM PEINEHNA, TPU KOTOPOI Mepexo/l Ha HOBBI BPEMEHHOU CJIOI
peaju3yercd Ha OCHOBE PEIEHUs JBYX CTAHJIAPTHBIX CETOYHLIX IJIIUNTHYCCKUX 3aJ1ad.
[IpejcTaBienbl pe3yabTaThl YUCIEHHBIX SKCIEPUMEHTOR.

B pabore paccmarpuBaeTcs TakzKe 3aada OlpejieseHnus] MIaIIero Kosgduiuen-
Ta MHOTOMEPHOI'0 HapabOJHIeCKOI0 ypPaBHEHHs, KOTOPBIH 3aBUCUT TOJHKO OT BPEMEHH.
Jns mpubIMKeHHOrO pelleHns HeJIuHeHHON oOpaTHON 3a1a9u CTPOSITCA JUHEAPH30BaH-
HbIE AMMPOKCUMAINN 110 BPEMEHU

Kmoueswie carosa: obparHbie 3aga4dn, ujaeHTHdGUKaNNA K03 unueHTon, mapabdbo-
JITYECKOe YpaBHEHUE, PA3HOCTHBIE CXEMBI.

NUMERICAL SOLUTION OF THE INVERSE PROBLEMS FOR
PARABOLIC EQUATIONS

Abstract. Among inverse problems for partial differential equations, a task of
interest is to study coefficient inverse problems related to identifying the right-hand
side of an equation with the use of additional information. In the case of nonstationary
problems, finding the dependence of the right-hand side on time and the dependence of the
right-hand side on spatial variables can be treated as independent tasks. These inverse
problems are linear, which considerably simplifies their study. The time dependence of
the right-hand side of a multidimensional parabolic equation is determined using an
additional solution value at a point of the computational domain. The inverse problem
for a model equation in a rectangle is solved numerically using standard spatial difference
approximations. The numerical algorithm relies on a special decomposition of the solution
whereby the transition to a new time level is implemented by solving two standard grid
elliptic problems. Numerical results are presented.

Also this work deals with the problem of determining in a multidimensional parabolic
equation the lower coefficient that depends on time only. To solve numerically a nonlinear
inverse problem, linearized approximations in time are constructed using standard finite
element procedures in space.
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Key words: inverse problems, identification of coefficients, parabolic equation,
difference schemes

Bonbmoe BunManue yuensercs mpobaemMe onpeeeHus TPaBoil YacTu, MIAJIIINAX U
crapimx K03 uImenTos napabondeckoro ypaBHeHus BTOPOro nopsgjika. B gacTaocT,
paccMaTpUBAKOTCS OOpATHBIE 3372491, B KOTOPBIX MPaBasi YacTh U KO MUIMEHTH 3aBUCHT
TOJIEKO OT BpeMmenu [1,2]. TomonaHuTe bHbIe yCI0BUs Haubosee 9acTo (hopMyaupyercs B
BUJIe 3aJIaHUs PEIeHNs] BO BHYTPeHHel TOYKe (TOYKAX) WM KAK HEKOTOPOe B3BEIeHHOe
cpeiHee 3HAUEHHE — Pe3yJIbTaT MHTETPUPOBAHUS PEIIeHUs] ¢ HEKOTOPBIM BECOM IO Bceit
objiacTu Ha KaxK/Ablii MOMeHT BpeMmenu. CyIIeCTBOBAHNE W €INHCTBEHHOCTH PEITeHUs Ta-
KIX OOPATHBIX 33729 U KOPPEKTHOCTH ITUX HEKJTACCHIECKUX KPAEBBIX 33121 B PA3JTUIHBIX
GYHKIIMOHATBHBIX KJIACCAX PACCMATPUBAECTCS MHOTHME aBTOPAMM.

[Ipsimast 3aa4a hbopMyaupyeTcst ciaeayomumM odpasom. Wimercs dbyukiust u(x, t),
0 <t < T, T > 0, kKoTopad yI0BJIeTBOPAeT NapabOTMIECKOMY YDPABHEHHUIO BTOPOTO
OPSIJIKA

0
a—?: —div(k(x)gradu) = p(t)yY(x,t), =€, 0<t<T. (1)
['panudmble 0 HAYATLHOE YCIOBUS 3aIAI0TCS CJICIYIONTHM 00pa30M:
ou
k(x)=— =0, xxe€d, 0<t<T, (2)
on
u(x,0) = ug(x), x €, (3)

rae n — rnopmais K ). Popmynuposka (1)—(3) coorBercTByer npsMoil 3a3a49e, B KOTOPOI
IpaBasg 9acTh U KOADMUIMEHTH ypaBHEHNS 33/IaHbl TAKzKe KAK I'PAHUYHBIE U HAYAJTHHOE
YCJIOBHSI.

PacemarpuBaercs obparnas 3agada, B KOTOpoii Kodddunnent p(t) B ypaBHEeHHH
(1) nemsBecten. JloMOJHUTEIBHOE YCJIOBHE Y9aCTO 3a/1a€TCSI B BUJIE

/Qu(w, tn(x)de = p(t), 0<t<T, (4)

rie n(x) — Becopas dyukiusa. B wactHocTH, BeiOupas B (4) n(x) = é(x — x*) (x* € Q),
rae 0(x) — d-pyuxmus lupaka, momsyanm

u(x*, t) =), 0<t<T. (5)

MsI npegnonaraeM, 9to copMyIHpoBaHHAas BbIIe oOpaTHAs 3aJa4a MO HAXOXKJICHUIO
uapst u(x,t), p(t) uz (1)—(3) u gononnurensproro ycaosust (4) mwiu (5) gBJsieTcst XOpoIio
ITOCTaBJIEHHOIA.

JIuTeparypa

1. Babumepuu [1.H., Bacunpes B.l., Bacunbera M.B. BoeruncianrenbHas ujeH-
TudbuKanus MpaBoil yactu mapaboaudeckoro ypapuenus // ZKypHaa BBIYHCIATETHHON
MaTeMaTUKu U MareMaTudeckoit pmsukm. 2015. T. 55, Ne 6, C.1020-1027.

2. Vabishchevich P.N.; Vasil’ev V.I. Numerically Solving the Identification Problem
for the Lower Coefficient of a Parabolic Equation // Maremarndeckue 3amerku CBODY.
2014. T. 21, Ne 4 (84), C.71-87.
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ObparHas crekTpajbHas 3ajada /g OMrapMOHUYECKOIO OlIepaTopa ¢ TOYeTHBIME
KPEILICHUSIMU.
H.®. Bajees
HUMBI[ YHI] PAH, Y¢a, Poccus

e-mail: valeevnf@mail.ru

Awnnoramusi. B pabore ncciienyercst obpaTHasi ClieKTpaJibHasl 3a1a4a /I OurapMOHU-
YECKOI'0 oIrepaTopa ¢ TOYCYHbIMU KPCIIJICHUAMMN. HOCTaB.HeHHaH 3a/Ja49a CBE€ICHa K MHO-
romapamMeTpruiecKoii oOpaTHON CIIeKTpaJIbHON 3a/1ade Jjisi ollepaTopa B KOHEUHOMEPHOM
npoctpaHcTBe. [lorydena Teopema O CyIIeCcTBOBAHUU PEMIEHUI W MPEITIOKEH METOJ, TO-
CTPOEHUS PEITEHU.

Karouesvie carosa: obparHas crieKTpajibHas 3ajad9a, OUrapMOHUYIECKUIT OIIepaTop.

THE INVERSE SPECTRAL PROBLEM FOR THE BIHARMONIC OPERATOR
WITH OF POINT FIXINGS.

Abstract. In this paper we consider the inverse spectral problem for biharmonic operator
with a finite number of point fixings. The aim of this paper is to prove the existense
theorem and description of algorithms for the numerical decision of this problem. Key
words: inverse spectral problem, biharmonic operator.

B pabore paccmarpuBaercss oOpaTHas CHEKTpaJbHasdg 3ajada JIId MaJblX KOJe-
Ganuii OPTOTPOIHON IIACTUHDI, HeCyIeil cocpeoToYeHHbIe MacChl m; B Toukax M; =
M;(z;,y;j), KOTOpBIE B CBOIO OYepeb COEIUMHEHbI C IPYKIHAMH ¢ KOI(DDUIIIEHTAMI JKeCT-
koctu kj, j = 1,..,n. CyTb 0bpaTHOll CIIEKTPaJbHOIl 3aJa41 COCTOUT B OIIpEJIeIeHIN KO-
9P DUIUEHTOB KECTKOCTUA U COCPEIOTOUECHHBIX MACC 110 2N M3BECTHBIM 3HAUEHUSIM TaCTOT
COOCTBEHHBIX KOJIEOAHUI TIJIACTUHBI.

[Ipu MomempoBaHuu MOOOHOTO POJIa KOHCTPYKIUI ObIBAET y/I00HO MHTEPIPETH-
poBaTh MPUCOETUHEHHDBIE JIEMEHTBI ¢ ToMoInpio 0 - dyukiun Jlupaka. Crenennb ujea-
JIN3AIMKA MOJIEJIM B 9TOM CJIydae OCTAaeTCsd TOH »Ke caMoil, UTO W IPU MEePexXojie OT pac-
IIpeJIeJIEHHON HArPY3KU K cocpejioTodenHoii cuie. [lorennuanbaas smeprug ucciieryeMoit
CUCTEMBI OIUCHIBAETCS KB IPATHIHON (HDOPMOIi:

Pu O*u\’ 0*u 0*u u \° = )
Qlu, u] —/Q <@ + 8_3;2) 0\ o (axay) dxdy + +Zpk|u($k,yk)|

k=1

YpaBHeHHE JBUKEHUST UMEET BU/I

a84w L9 *w N
ozt 0x201y?

*w u -
a8y4+ ;’%5($—%,y—yy) w+ph ;mﬂ(?ﬁ—%y—%) wy =0

(1)
K YPaBHEHUIO IIPUCOETMHUM OTHOPOIHBIE TPAHUIHBIE YCIOBUA, 3alIUCAHHBIE B OOIIEM BHUJIE
l(w)|ag = 0. Iox perennem 3Toit 3a1a49u O6y/IeM TOHUMATDH (DYHKIIUIO U3 KJIACCA

Haee oboznadamm
0w O*w 0*w
Lw = 2b
WO + 0x201y? ta oy*
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Pazzenss nepemennsie B (1) u nepexo/is K 6e3pa3sMepHBbIM BEJIUIHHAM, TOIYIUM 388y
Ha cOOCTBEHHbBIE 3HAYEHUS JIJIA ITyUYKa OIIEPATOPOB

Lu+ Zk:jé(x—xj,y—yj) u—A 1+ij§(m—xj,y—yj) u=0, weDy (2
j=1 j=1

[Ipu sTOM cTpOroe ornpejeeHne yKa3zaHHOTO IIyYKa OIEPATOPOB MbI (DOPMYJIUPYEM depes
KBajipaTnanyio dopmy Q[u, ul.

IToctanoBka obpaTHOii cneKTpaJjibHOU 3aga4u. 1Tpebyemces nodobpams maxue
BHAYEHUA Tj MOYEUNBIT Macc U Koapduyuernmos sicecmrocmu npyotcunr ki, wmobo. 2n
COOCMBEHHBLT 3HAMEHUT ONEPAMOPHO20 NYUKG (2) Oblat PasHbl HaNePeod 3a0GHHBIM YUCAGM
AL <A <o <A, < Appg < << gy

Otmernm, aro B dhopmynuposke MITOCS kon4uecTBO HEN3BECTHBIX COBIAJIAET C
KOJINYE€CTBOM U3BECTHBIX COOCTBEHHBIX 3HAUCHMUIA.

JLnnst popMyTUPOBKU OCHOBHBIX PE3YJIBTATOB BBeJAEM HEOOXOMMble 0003HATEHUSI.
[Mycrs G(M, M’ \) sapo oneparopa (L — AI)~'. 3amerum, uro oneparop (L — AI)_%
siepHblit onepatop u'y sapa G(M, M', \) uer ocobeHHOCTEH, YTO BazKHO Jjisl KOPPEKTHOTO
ompejiesieHust ciaeayomeii MmaTpunbl. BBeiem B paccMoTpeHme

G(My, My, \) ... G(My,M,,\)

G(My, My, \) ... G(Msy, M, \
g(A) - ( 2.-- 1 ) e ( 2-.. ) ’

G(My, M1, 2) ... G(M,, M,,\)

jquaronasibaele Marpunbl k = diag{ky, ks, ....,k,} m = {my,ma,...,m,} u obozHAUMM
7\ = (u(My, A), u(My, V), ., u(My, N

C nomomipio npeobpasoBanuii ncxoaHast odpaTHasi CIHeKTpaJbHasd 3aJada IPUBO-
JIATCS K MHOTOIIapaMeTpudeckoil obparTHoii criekrpasbhoit 3a1ade (nanee MIIOC3) mis
oreparopa B KOHEYHOMEPHOM MPOCTPAHCTBE ( Pa3MEPHOCTH 2N, B TOYHOCTH PABHOIO KO-
JINYECTBY HEM3BECTHLIX IlepeMeHHbIX m; u kj )(em. [1]):

(I + g(\)(k — Am)) @(\) = 0.

Teneps, uctobayst pesysnbrarbl 0 MITOC3 11151 KOHEIHOMEPHBIX OIIEPATOPOB(CM.HATIPUMED
[1]), mosyunm Teopemy O CyIIECTBOBAHUE PEIICHMUIL.

Teopema 1 I[lycmo rankly = Ni, mozada paccmampusaemasn 0OpamHas cnek-
mpaasvhaa 3a0aua 0aa onepamophozo nyuwka (2) umeem Ny U30AUPOGAHHBIT U YCTNOTUYU-
BOIT K BOZMYWEHUAM CNEKMPANLHOIT 0GHHLT PEUEHUA.

B mannom yrBepxkaennn Ay cocrasisiorcs uz Marpur g(A;), A;jg(A;)(em. [1],[3]) u
ABJIAIOTCA (DYHKIUSIMI KOOP/IMHAT TOUEMHBIX MAcC N COOCTBEHHBIX 3HAMeHUi, T.e. Ay =
Ag(A, My, My, ..., M,).

Hawmu raxzke mokazano, aro rankAg # 0 modT BCioLy (3a MCKIIOYEHUEM AHATIH-
TUYIECKOTO MHOYKECTBa MAJIO Pa3sMEepPHOCTH ).

JIuteparypa
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OBPATHAA CIIEKTPAJIbHAA 3AJTAYN OJIA OITEPATOPA
HITYPMA-JINYBUJIJIA HA TPADPE
H.®. Banees, }F0.B. Maprsinosa
Hnemumym mamemamuru ¢ BI] YHI] PAH, Y$a, Poccus
000 «PH-YpaHUIIU1edpmos, Va, Poccus
e-mail: busal987@mail.ru

Awnnoramusa. B pabore uccienyerca mojiesibHasg oOpaTHas CIHEKTPaJIbHAA 3a/1a-
va 14 onteparopa [Itypma-JInysuiisg na reomerpudeckoM rpade. CyTh TaHHON 331291
COCTOUT B BOCCTAHOBJIEHUM N IMapamMeTpoB I'PAHUYIHBIX YCa0BUil 10 N cOOCTBEHHBIM 3HA-
YEHUSM. YCTAHOBJIEHO, UTO 3Ta 3ajada 00/1a/[aeT CBOWCTBOM MOHOTOHHON 3aBUCHMOCTHU
CcODCTBEHHBIX 3HAYEHUI OT IMapaMeTpoB rpaHNIHbIX yeaoBuil. [locrasiennas 3a1ata cBe-
JIeHa K MHOTOTIApaMeTPUIecKON 00paTHOM CIIeKTpaIbHOM 3a/1ate JJIsi OlepaTopa B KOHe -
HOMEPHOM IpocTpaHcTBe. [Ipenioyken HOBBIN aJrOPUTM UYHUCIEHHOTO PEIeHNs] paccMar-
pUBaeMoOil 3aJ1auH.

Karouesvie caosa: muddepennnaabublil oriepaTop, odparHas CIEKTPaIbHAS 38,12~
4Ja, reOMeTpPUIecKuii rpad.

INVERSE SPECTRAL PROBLEM FOR SHTURM- LIOUVILLE
OPERATOR ON GRAPH

Abstract. Investigate model inverse spectral problem for Shurm-Liouville operator
on geometrical graph. This problem consists in finding N parameters of boundary conditions
according to N eigenvalues. Establish, that given problem has property of monotonous
dependence of eigenvalues from parameters of boundary conditions. Considered problem is
reduced to multiparameter inverse spectral problem for the operator in a finite-dimensional
space. Suggest new algorithm of numerical decision of this problem.

Key words: differential operator, inverse spectral problem, geometrical graph.

PaccmarpuBaercs sjieKTprdeckas 1ellb B BUJIE COeIUHEHMST THIIA «3Be3/ay U3 TPex
3BEHBEB, Ha KaXKJIOM M3 KOTOPBIX 33JIa€TCs YPaBHEHUE 3JIEKTPUUECKUX KOJIEOAHUI B IIPO-
BOJIHUKE JJTUHOM [ ¢ pacupeaeeHHbIMA eMKOCTbIO () U UHIYKTUBHOCTBIO Ly

LiCr(Ur) et = (Uk)apay, (x1; 1), 21 € (051), k = 1, 3. (1)

PpaHI/I‘{Hble ycij0oBud OIIUCBIBAIOT CUTYyallllO, KOT'Ja k-prit IIPOBOJHHUK 3a3€MJICH Ye-
PE3 COCPEAOTOYECHHYIO CaMOMH/TYKITUTO Lk 1 eMKOCTb Ok, COCJJMHEHHbIEC II0CJIEIOBATEJ/ILHO,

(Uk)ay (I t) + Ckik(Uk)tt(lk; t) + %(Uk)(lk; t),k=1,3. (2)

B ob1iem y3i1e 3aj1ai0Tcs ycaoBrue HEIPEPhIBHOCTHU MOTEHIIHAJIA U YCJIOBHE DaJlaHca
TOKOB, M3BECTHBIE KaK 3aKOHbI Kupxroda

U1(0;t) = Us(0;t) = Us(0; 1),
{ Z?:I(Ui)mi(();t = 0.

CobcrBennbie KojiebaHmsl pacCMaTPUBAEMONl TUHAMUYIECKONW CUCTEMBI MOT'YT ObITh

(3)

IpeacTaBJICHbI B BUJ/IE

Uk(xk,t) = €Mtyk(l’k),]{? = 1,3
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Tora ¢ yueroM cieryomux o003HaYCHU

1 C - _
— Pkl = = > Oaka = _CkLkak = 173
Ch
MOJTyYuM KpaeBylo 3ajiady g oneparopa [typma-/InyBuiis
apyi” (w) + Ay(r), zr € (03 1), k = 1,3, (4)

C 'PaHUYIHBIMHU YCJIOBUAMN

Ye(lk) + (k1 + Apr2)ye (i) = 0,k = 1,3, (5)

U YCJIOBUSIMU B ODOIIEM y3JI€:

1(0) = 12(0) = y3(0),
{ y vA0) = s (©)

i1 i(0)

O6parHas crieKTpasbHas 3ajada, 11 Kpaesoii 3agaan (77)—(7?) cocTonT B HAX0XK-
JeHN BCEBO3MOZKHDBIX 3HAUYEHUN BEKTOpa ﬁ = (pllap217p317p127p22>p32> KOS(beI/H_[I/IeHTOB
IPAHUYHBIX YCJIOBUI, IPU KOTOPBIX HAIIEPE/T 3aJJAaHHBIC YUCTIA A1, A2, ..., A\g ABJISIOTCS COO-
CTBeHHBIME 3HAYEHUsIMUA KpaeBoil 3aja4uu. B pabore sTa 3ajada cBejleHa K MHOIOIapa-
MEeTPHIECKO 00paTHOR CIIeKTPaJIbHON 3ajade JIjIsd olepaTopa

B(\,p) = Bo(\) + Z(mekl()\) + praBra(N)).

[Tocnenusas 3a/1a9a SKBUBAJIEHTA PENIEHUIO CUCTEMBI 6 ajredOpandecKux ypaBHEHNH
det(B(A;, 7)) = 0. = 1,6 (7)

OTHOCUTEJILHO 6 HEeM3BECTHBIX KOOpAMHAT BeKTopa p. OTMEeTHM, YTO CTaHIapTHLIE CPejl-
CTBa MAKETOB MPUKJIAJIHBIX Iporpamm s Borauciaenuii, takux kak MATLAB, Maple, ¢
perenueM cucteMsl (77) He CHPABIISAIOTCS.

B pabore mpeaoxKeH MeTo 1 YNCJIAEHHOIO PeIeHnsI MHOIOIIapaMeTpUIecKoil oopaT-
HOIT CIIeKTpaJIbHOM 3a/1ade jiisd orieparopa B(\, p), OCHOBAHHBIN HA MOHOTOHHOW 3aBUCH-
MOCTH COOCTBEHHBIX 3HaYEHUI OT IapaMeTpOB I'PAHUIHBIX YCJIOBHUHI P11, P21, P31, P12, P22, P32
U ABJIMIONINNCA aHAJIOTOM METOJIa JIeJIEHUs OTpe3Ka monoJsiaM. Pazpaboran mpoToTut mpo-
rpamMmHOro obecriedenns B makere MATLAB mys peanmmsanun mpeaiosKeHHOTO IUCJIEHHO-
ro Metojia. TecTupoBaHue JAHHOTO MPOTOTHIA JIAJIO0 Y/IOBJIETBOPUTEIbHBIC PE3YJ/IHTATHI.
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PEI'VJIAPNU30BAHHBIE MOIN®UNUIINPOBAHHBIE ITPOILIECCHI
I'PAOIVIEHTHOI'O TUIIA JJIS1 HEJIMHENHBIX OBPATHBIX 3AJIAY
B.B. Bacun, A.®. Ckypbiauna
Hremumym mamemamury u mexaruru um. H. H. Kpacosckozo PAH, Examepunbype,
Poccus
Ypanrvckut gpedeparvrond yrnusepcumem, Examepunbype, Poccus
e-mail: vasin@imm.uran.ru,afinapal@gmail.com

Annoraruga. lcciiegyercss HOBBIN KJIacC UTEPAIMOHHBIX METOJ/IOB pelieHus: 00-
paTHBIX 3a/a49, OCHOBAHHBIN Ha HEJIMHEHHBIX Pery/asipu30BaHHBIX aHAIOTaX (r—ITPOIECCOB.
DOopMYIUPYIOTCS TEOPEMBI CXOIMMOCTH, YCTAHABINBAETCS PErYISIPU3YIOIIee CBOICTBO NTe-
paruit 1 00CyZKIAI0TCS pe3yIbTaThl YUCJICHHBIX YKCIIEPUMEHTOB.

Karueswvie crosa: HenuneitHbie ommepaTopHble YPpaBHEHHUA, (v—IIPONECCHI, PEryJid-
pusanus 1 MOJIUQUKAIHSI.

st moctpoenusi peryisipusytomiero aaropurva (PA) obpaTHoil HEKOPPEKTHO T10-
CTaBJIEHHOI 0OpaTHOil 3a/1a4u B (popMe HEJTUHEHHOIO ypaBHEHU

Au) = f (1)

¢ MOHOTOHHBIM OTlepaTopoM A u mpub/IHzKeHHO 33IaHHOl paBoil yactsio f, || f — fs|| <9,
IpeJIIaraeTcs CeIyonee ceMeiiCTBO NUTePAIMOHHbIX IPOIECCOB:
1(,,0 k k
kLK < (A'(ue) + D)™ Sc(ug), Se(ug) >

— _ £ £ k 2
UeT =Y D) + 2Dy S (), S () 5 ) @

rae S.(u) = A(u) +eu— fs, A'(u®) — HeorpunaTesLHO ONpeICTICHHbIN CAMOCOTPSKEHHbIT
oneparop, u’ — HekoTopoe npobHoe pemrenuio, —1 < a < 0o,

[Tpu JOMOJHUTETHLHOM YCJIOBHU, UTO onepaTop A ypoBiaerBopsier ycjiopuio Jlum-
IATA

[|A(ur) = Aug)|| < Nlus — us]

U HEKOTOPOM TpebOBaHMU K HAYAJIbHOMY MPUOJIMKEHHUIO, YCTAHABIUBACTCA CXOIUMOCTD
WTepannoHHON TocIenoBaTenbHoCcT! {uf} K pementio peryispu3oBHHOTO ypaBHeHus

Alu)+eu—fs=0 (3)

M JIaeTcsi OIeHKa MOrpentHocTh. [ToCKOMbKY NMpH MPHUHSTHIX MPEIITOI0KEHUX TOCTeI0-
BaTeabHOCTD {u.} pemenuii ypasuenus (3) mpu 0/a(d) u a(d) — 0,§ — 0 cxomurcs
K TOYHOMY DelleHuio U ypaBHeHus (1), TO 9TO MO3BOJIsIET MOCTPOUTH PErysPU30BAHHOE
cemeficTBO npuO/INKEHHBIX PENIeHuil, annpokcuMupyiomiee i, T.e., PA.

Bamernm, 9T0 Hporecchl (2) MOXKHO PACCMATPUBATH KaK HeJIMHEHbIe AHAJIOTH Pe-
IYJISIPU30BAHHBIX (v—TIPOIIECCOB [IJIs1 JimHeitHoro omeparopa A. B wacrroctu, mpu € =
0,7 = 1 u 3navenusx napamerpa o = —1,0,1 mpomecc (2) mepexoaut, cOOTBETCTBEHHO,
B METOJ[ MUHUMAJILHOI OMUOKU, METO/ HAUCKOPEHIIero CIycKa W MeTO/l MHHUMAThHBIX
HeBSI30K JIJIsl JTUHEeHHOro omneparopa [1]. MreparuBhas peryasgpusanus a—mpomeccoB st
JIMHEHHOTO OllepaTopa Ha OCHOBE MHOTO T0/X0/a paccMaTpuBaiach B |2].

B obmiem ciydae, Korja MOHOTOHHOCTH omeparopa A He MpeInosaraercs, pery-
JISPU30BAHHLIMU BapUAHTAMU METOJ0B MUHUMAJIBHON OIMIMOKN M HAMCKODEIIIero Ciycka
SBJISIOTCS POIECCHI [3:

A (iR A (uF J1-1gk gk
uk+1:uk_,y<[ (ug) (ﬁig’)kﬁj] Se7S6>’ (4)
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< [A/(uf)SE, SE > +e||SF||*

rae Sc(u) = A'(u)*A(u) + e(u — u®) — A'(u)* f5. Ilpu 3amene omepatopa A’(uf) ma A’(u?)
nporeccot (4), (5) mepexoaar B peryasipu3oBanubie MOIUGMUIUPOBAHHBIE BEPCHH.
[TosryueHbl TEOPEMBI CXOIMMOCTH UTEPAIMOHHBIX MeTo0B (4), (5) n ux Momudn-
[IMPOBAHHBIX AHAJOIOB U YCTAHOBJIEHO CBOICTBO cuibHON (eitepoBoctu urepanuii [4]. B
COBOKYTHOCTHU C PE3YJbTATAMHA O CXOJAUMOCTH PEMICHUIT PEryaIapU30BaHHOTO yPABHEHUS

uk’—i—l

A'(u)*A(u) +e(u —ud) — A'(u)*fs =0

JiOO ypaBHEHUSI

A'(ud) Alu) + e(u—ul) — A'(w)" f5 =0

K PEIeHUIO U U OTEHKOli TIOrPEITHOCTH PErYJIsIPU30BAHHBIX AllIPOKCUMAaIuii |5, 6], crpont-
cs Peryasipu30BaHHOE CeMeiiCTBO MPUOINKEHHBIX PEIIeHnil, alllTPOKCUMUPYIOIIee TOTHOe
perenne 4 ypasuenus (1). B upejnosioxkeHun, 9ro BBIIOJIHEHO YCIOBHE HCTOKOOOPA3HOM
MPEeJCTABUMOCTH PEIIeHNsT JTOKA3hIBAETCsI ONTUMAIBHOCTH MOCTPoeHHOTO PA.

O0cy»kaar0TCsT Pe3yJIbTaThl Y9UC/IEHHONW pean3alui Pa3BUTHIX METOJ0B Ha, MPHU-
Mepe TpexMepHO#l 0oOpaTHOH 3a/a4id IPaBUMETPHH Ha CeTKaX OOJIBIION pa3sMepHOCTH U
JTAeTCsl CPAaBHUTEIbHBIN aHaIn3 uX 3PGEeKTHBHOCTH.

Pabora Bbinosinena upu punancosoit nojyiepxke Poccuiickoro donja dynjgamen-
TasbHBIX uccsenoBanuii (mpoekr 15-01-00629).
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YCTOMUYUBOCTH YIIPYTOI'O JIEPOHA KPBLJIOBOI'O ITPO®UJISA
B ITPOTOYHOM KAHAIJIE
A.B. Ankuros, I1.A. Bensmucon
Vavsanoseckuti cocyoapcmeennblil mexnuyeckull yHusepcumem, Yiavsanoeck, Poccus
e-mail: ankil@ulstu.ru, velmisov@ulstu.ru

AHHoTauus. B crarbe mpennoxeHa maremMaruyeckas MOJENb KPbUIOBOTO MPOGMIIS C
YIPYTUM 3J€POHOM, PACTIOJIOKEHHOTO B IPOTOYHOM KaHAJIe U 0OTEKaeMOro JI03BYKOBBIM I10-
TOKOM HJI€ajIbHOro rasa. /[aHo pemieHue a’sporuapoJInHaMUYeCcKOd YacTH 3aJauyd, OCHOBAH-
HOE Ha MeToAax TeopuH (YHKIMUHA KOMIUIEKCHOTO mepeMeHHoro. IloiaydeHo wuHTErpo-
muddepeHraIb-Hoe ypaBHEHHE, TO3BOJISIONIEE UCCIIe0BATh TUHAMUKY 3iepoHa. Ha ocHoBe
UCCJIEIOBAHMSI TIOCTPOEHHOTo (PyHKIIMOHANA TUMa JIsmyHoBa AJi 3TOT0 YpaBHEHHUS TOTYYECHbI
YCIIOBUS AMHAMUYECKOM YCTOMYMBOCTHU AJIEPOHA.

Knrouesvie cnosa: aspoeudpoynpyzocms, OuHaAMUYECKAs YCMOUYUBOCMb, YRPY2dsl Nid-
CMUHA, Kpbli08oU Npoub, Kauaa, degpopmayus, oomexkauue, 0038yK080U NOMOK.

STABILITY OF ELASTIC AILERON OF WING PROFILE
IN THE FLOWING CHANNEL

Abstract. In article the mathematical model of the wing profile with the elastic aileron
located in the flowing channel and which is flowed round by a subsonic stream of ideal gas is
offered. The decision of aerohydrodynamical part of a problem based on methods of the theo-
ry of functions of the complex variable is given. The integro-differential equation allowing to
investigate the dynamics of the aileron is received. On the basis of research of the constructed
functional of Lyapunov type for this equation the conditions of dynamic stability of the ailer-
on are received.

Key words: aerohydroelasticity, dynamic stability, elastic plate, wing profile, channel,
deformation, flow, subsonic stream.

PaccmarpuBaetcs miockas 3ajaya a3poruipoyrnpyrocTi O MajibIX KoJeOaHUsIX yIpyro-
ro 3JIEpOHa TOHKOTO KPBUIOBOTO MPOGUIS MPU OOTEKAaHUM €ro OECHHPKYISIUOHHBIM MOTO-
KOM HJIEIbHOr0 ra3a (KMAKOCTH) B KaHajle C MPSIMOJIMHEHHBIMH CTEHKaMHU
G={(x,y):xe(—o0,+0),ye(—H/2,H/2)}, rne X, Y — neKapTOBbI KOOPIUHATHI. DJICPOH
Mojenupyercs ynpyroi aepopmupyemoit miactunoil. B ¢usnueckoit mnockoctu OXy ynpy-

oMYy JIEpOHY COOTBeTCTBYET Ha ocu OX oTpe3ok [b,C] (pucyHok 1).
1 Yy

AN y=7"x) ¥ = wix,t) G L
C Ty r® b | x

Pucynok 1 — Jlgycmoponnee bezompuignoe obmexkanue Kpbliogo20 npopuiis
8 NPOMOYHOM KAHAle
CkopocTb Haleraromero noroka rasa (KMIKOCTH) paBHa V U HampaBiieHa BJOJb OCH
Ox, mmpuHa kanana pasHa H. IIpemmomnaraercs, 9To BO3MYIIEHHE OJHOPOIHOTO TIOTOKA U

nehopMals YIpyroro sepona Mabl. Beenem oGosnadenus: ¢ (X, y,t) — HOTEHIHAN CKOPO-
cti notoka, W(X,t) — nepopmarms (mporu6) ynpyroro snepona, f*(x), f7(x) — dynkuum,
omnpenenstonue hopmy Heaedhopmupyemoit yactu npoduis (t — Bpems).
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MaremaTrndeckas IOCTaHOBKa 3aJa4u UMECT BU

Put0y=0, (xy)eG\[ac], (1)
lim (¢} + ¢ +9) =0, (2)
(py(x:u%,tjzo, XE(—OO,+OO), (3)
VE¥(x), xe(ab),
= |
7 (x0.1)= V*IEQO%(X nt)= {'(x,t)+Vw’(x,t), xe(b,c). )

YPaBHeHI/Ie KoJIEOaHMH 3JICPOHA C YUYCTOM adpOoruapOoJuHaMHUYCCKOIo BO3,Z[CI>'ICTBH$I
IMPpUMCT BU

MW+ DW"" + Sw+ BW"" + B W = ,o(got+ —(ot")+pV ((P: —qox_), xe(b,c), y=0, (5)
rie p,M,D,N, B,, #, B, — nocTosiHHbIC HMapaMeTpbl MEXaHUYECKOH CHCTEMbI, IITPUX U TOUYKA

0003Hayar0T YaCTHbIE IPOU3BOIHBIE 10 X U t COOTBETCTBEHHO.
Ha ocHoBe MeTo10B Teopun (PyHKIMI KOMILIEKCHOTO MEPEMEHHOTO /ISl PEUICHUs Kpa-

esoii 3amaun (1)—(4) BeIpa3wiIn MMOTEHIHAI (p(x, y,t) yepe3 (QyHKIUIO mporuda W(X,t) u

cornmacuo (5), monmydnm ypaBaenne as W(X,t)

MW+ DW"" + S,W+ BW"" + B,W = —2—pj(w(r,t) +VW (7,t))K(x,7)d7 -
T

C . (6)
2 j(w(f,t)ww(r,t))K;(m)dr—i J(17()+ 7 (D) Kitx de x< (b.0)

s [ s
h(x)=shy(x-a)shy(c-x), N= Irdx M = J.\/_

BozaeiictBue (6) mosydeHO TpH JIOOBIX CHOCO0AX 3aKpeIUIeHHs YIpYyroro 3JepoHa.
Hccnenyercs ciaydail ynpyroro COeAMHEHUs JIEBOI0 KOHIIA 3J€pOHA € KPbIJIOM U CBOOOIHOTO
MPaBOTO KOHIIA, TOT/Ia TPAHWYHBIE YCIIOBHSI HA KOHIIAX AJIEPOHA UMEIOT BHI:

w(b,t) =0, w'(b,t)=awW(b,t), w'(c,t)=0, w"(c,t) =0, (7)
IJIe YUCNIO0 & — KOA((UIIMEHT )KECTKOCTU YIPYTO# CBA3M MEX]Ty KPBIJIOM M 3JIEPOHOM.

Ha ocHoBe uccnenoBanus nmocTpoeHHOro ¢pyHkInoHai a tTuna JismyHoBa i ypaBHEHUs

(6) c rpaHUYHBIMU ycTIOBUSAMH (7) CIeAYIOUIETo BUAa

o

D= _f { MW’ + DW"? + B,W° + 2DOW"W" + B,OW" + BOW + 2 B,6,Ww +
b
+2M 0, + 3,0,W"? +ﬂ16?2w2} dx +2aDEW' (b, t)W'(b,,t) + aDw’ (b, t) +
+aB0W? (0, 1) + aB,0W? (b, t) + 2 j dx j (W(X, )Wz, 1), (X, 7) =V 2W' (X, )W/ (7, 1) Gy (X, 7)—
T %

—AVW (X, )W(z,1)G, (X, 7) — 2V W' (X, )Wz, 1) K (X, 7) — 2V 2O W' (X, )W (7, t) K (X, 7) —
=2V O,W (X, t)w(z,t)G, (X, 7) — 2V E,W (X, t)wW(z, t)G, (X, 7) + 26,w(x, t)W(7, t)G, (X, 7) ) dz.
rae  G(x,7) =05(K(x,7)+K(z,x)),G,(x,7) =0.5(K(x,7)-K(z,X)), a 6,6, HekoTopsIe

IMMOJIOKHUTEIIBHBIC MMApaMETPhI, ITOJIYYCHBI YCIIOBUSA JIHHaMH‘IeCKOﬁ YCTOI\/’I'-H/IBOCTI/I DJICPOHA.
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ACUMIITOTUKO-YNUCJIEHHBINI METO/, OIIPEJEJIEHI S
JIOKAJIN3AIINM 1 TMHAMUKN BHYTPEHHUX CJIOEB B
CUHTIVJIAPHO BOSMVYHIIEHHBIX ITAPABOJIMYECKUX 3AJTAYAX
B.T. Boakos, /I.B. Jlyksanenko, H.H. Hedeon
Kagedpa mamemamuru, dusuveckuli darxyarvmenm,

MI'Y umenu M.B. Jlomonocosa, Mocxksa, Poccus
e-mail: volkovvt@mail.ru, lukyanenko@physics.msu.ru, nefedov@phys.msu.ru

Awnnotarug. B pabore paccmarpuBaercs 10X0/1, HO3BOJISIONINI HA OCHOBE aCHMII-
TOTUYIECKOI'O aHaJIN3a Pa3BUBATH 9KOHOMUWYHBIEC YHUCJICHHbIC aJITOPUTMbI pEIlleHnd 3a/1a91
0 JIOKAJIM3AINU U JIMHAMUKE BHYTPEHHErO CJIOsi B CUHTYJISIPHO BO3MYIIEHHBIX Tapabo/in-
YeCKUX YPaBHEHUSX. DTO MO3BOJISIET CYIIECTBEHHBIM 00Pa30M IMOHU3UTL YHCJICHHYIO pa3-
MEPHOCTH peIaeMoi 3a1a4u.

Karouesvie crosa: cunry/isipble BO3MYIIEHU, JIBUKYIUECH (DPOHTHI, BHY TPEHHU
cJI0it, obpaTHbIe 3aa49n

ASYMPTOTIC-NUMERICAL METHODS FOR LOCATION AND
DYNAMICS OF INTERNAL LAYERS IN SINGULAR PERTURBED
PARABOLIC PROBLEMS

Abstract. In this paper we discuss one approach based on asymptotic analysis
to develop an economic numerical algorithms for solving the problem of location and
dynamics of internal layers in singularly perturbed parabolic equations. The asymptotic
approach allows to reduce the spatial dimension of the numerical problem, and highlight
a priori information to optimize numerical calculations and save computational resources.

Key words: singular perturbations, moving fronts, internal layers, inverse problem

M3BecTHO, 9TO CHUHI'Y/JIAPHO BO3MYIIEHHBIE HapabO/InyYecKue 3ajladu IIPU OIPe/ie-
JIEHHBIX YCJIOBUAX JOIIYCKalOT peIIeHHusdA, COAepzKalllie CTaluOHapHbIC HUJIN ABUXKYIIIHECA
BHYTPEHHUE IIEPEXOIHbIE CJI0U (d)pOHTbI). B mporiecce noctpoenust acCUMITOTHKY JIOKAJIH-
3anus (CKOpoCcTh) (hpOHTA OMpeIesgeTcs, KaK IPABUJIO, U3 YCIOBHs [JIAIKOIO CIIMBAHIS
ACUMITOTHYECKUX HpuOanmzkeHuit. IIpu 3ToM, 0HO U3 IpaHUYHBIX YCJIOBUN 3aaeTCs Ha
HEKOTOPOI HEM3BECTHOW 3apaHee KPUBOH, T.e. aCUMITOTHYECKASd MIPOIeaypa IMO3BOJIIET
chopMyIMpOBaTh 33/1a9y O HAXOXKIEHUH MOJI0ZKeHHsI (CKOPOCTH ) BHY TPEHHET0 CJ10si B hop-
me A(z) = b, rie z— uckomoe mosiozkenne (hponTa, a oneparop A craBur B COOTBETCTBHE
KazKJIOMY T U3 HEKOTOPOil 00/1aCTH PA3HOCTh 3HAUEHU TPOU3BOIHBIX PEIIeHUs 110 pa3HbIe
CTOPOHBI OT 3TOI TOYKH (KPHUBOIi). B HEKOTOPBIX CIydasaxX yIAaeTcsl MPOBECTH IIPOIEYPY
CITMBKY AHAJTUTHYECKU U TOJYUUTH JOKATU3ANUIO (CKOPOCTH) (DPOHTA B SIBHOM BHJIE, T.€.
HOCTPOUTH OlIepaTop AL OxHaKO, 9aCTO CALJIATh 9TO B IBHOM BHJI€ HEBO3MOYKHO, U HIPH-
XOIUTCS pelaTh 3Ty (06paTHyIO) 3aja4y ducjienno. [Ipu aToM, acuMnroTnyeckuii anaan3
MO3BOJIdeT MOHU3UTH NPOCTPAHCTBEHHYIO PA3MEPHOCTD 3a/I1a9M, YTO BAXKHO JJId YHACJICH-
HOTO pernierus. B pabore mpe/yiozKeHbl HEKOTOPBIE aJTOPUTMBI €€ PelleHus.
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IIPUMEHEHUE METO/JA r-PEIIIEHUN OJI9 OBPATHON 3AJAYN
IIYHAMMU
T.A.Bopouuna
Hemumym Buvucaumenvhnoti Mamemamuxu u Mamemamuueckoti Teogpusuru CO PAH,
Hosocubupck, Poccus
e-mail: vta@omzg.sscc.ru

Annoramusa. B pabore paccmarpuBaercs 3a1a4a BOCCTAHOBIEHNs IepBOHAYAILHOMI (hop-
MBI BOJTHBI I[yHAMH IO H3MEPEHUuIM KOIe0aHni YpOBHSI CBOOOTHON TOBEPXHOCTH, OOYCI0B-
JIEHHBIX IIPHUIIE/IIell BOJIHOW B Cepuu yJIaJE€HHBIX HPHUEMHHKOB, KOTOpasi CTABUTCH KakK
obpaTHas 3aja4da mMareMaTudeckoit dousuku. /g perrenust 3Toil HEKOPPEKTHON 3a/1a4u
MPUMEHSIOTCS MeTOJ, HAaMMeHbBIMNX KBaJIpaTOB W MeToJ r-pemrenuit. [Ipemioxkennas me-
TOJUKa TI03BOJIgeT U30eKaTh HEYCTONYMBOCTH YHCJIEHHOTO PEIIeHHd PaccMaTpUBaeMOil
HEKOPPEKTHO# 3a1aun. JPHGEeKTUBHOCTD TPEITOKEHHOTO MOIX0/1a TOATBEPKIAETCS Y-
TeM YHCJIEHHOIO MOJeInpoBaHus mcrodnuka nyHamu 2013 roma BOsm3u CoOJIOMOHOBBIX
OCTPOBOB.

Karouesvie carosa: HeKOppeKTHAA 3a/1a4a, IyHAMH, YACIEHHOE MOJIeTMPOBAHIE, PETY/IAPH-
3aIusd, CHHTYIApHOE pa3/iokKeHne, r-perieHne.

APPLICATION OF THE r-SOLUTION METHOD TO TSUNAMI INITTIAL
WAVEFORM RECOVERY

Abstract. The application of an inversion method to the problem of recovering the initial
water elevation field generating a tsunami is considered. The ill-posed inverse problem at
hand is regularized by means of the least square inversion using the truncated Singular
Value Decomposition. As a result of the numerical process, an r-solution is obtained. The
applied approach allows one to control the instability of the numerical solution and to
obtain an acceptable result in spite of the ill-posedness of the problem. The algorithm
was verified by the numerical simulation with a real data of 2013 Solomon Islands tsunami.
Key words: ill-posed inverse problem, numerical modeling, tsunami, regularization, singular
value decomposition, r-solution

Karacrpoduueckue mynamu nocjejnero jgecsiruierusi B Tuxom u MHaniickom oke-
aHax ¢ 0co00it OCTPOTOI MOCTABUIN BOIIPOC O MPOTHO3UPOBAHUH CTOJIb PA3PYHIHTEIHHOIO
coObITHS U pa3paboTKe Mep MO CMATYEHHUIO HMOCIeACTBUil Oyaymux yaapoB cruxuu. Lly-
HAMH - 9TO CEPHs BOJH, JABUMKYIIUXCSI C OIPOMHON CKOPOCTBIO W XapaKTepU3YIONUXCs
6ompmmoit gauHOi. Takume BOTHBI (DOPMUPYIOTCS B pe3yJbTaTe PE3KOT0 BEPTUKATHLHOTO
CMEICHn A 6OJIb1[[I/IX O6'beMOB BOJbI B OK€aHe. L[ﬂﬂ KOJIMYeCTBEeHHO OOEHKKU IYHAMHUO-
MMaCHOCTU KOHKPETHBIX YYaCTKOB HO6epe)KbH CyHnieCTBEHHBIMH OKa3bIBalOTCA XapaKTepu-
CTUKHU CaMOI0 O4ara, Ijie, KaK MpPaBHI0, OTCYTCTBYIOT HPsAMbIe MPUOOPHBIE HADJIIOICHMS.
AHanu3 oHUX TOJIBKO CEHCMUIECKUX JAHHBIX HE MO3BOJISIET JaTh JOCTOBEPHBIH MPOTHO3
0 TOC/IeYIONIeM MyHAMH. B 3THX yCIOBHAX MaTeMaTHYecKOe MOJIEJUDOBAHUE SIBISIET-
Cd 1104YTH €IMHCTBEHHBIM CPE/ACTBOM, HHO3BOJIAIOIIUM HU3Y4YUTh 3aKOHOMEPHOCTHU IIpOoHeCCa
PacClipoCTpaHeHud IMyHaMH. KJ’IIOLIeBbIM MOMEHTOM YHUCJIEHHOI'0O MOJEJIMPOBaHUA IYyHaMU
SIBJISIETCST KOHCTPYWPOBAHNE HCTOYHNUKA, KOTOPHIl TeHepUpYeT BOIHY IyHaMHU (MO 4emot-
HUKOM B ITajbHelineM Oy1eM TOHIMATh IIePBOHAYATLHOE TOIHATHE MOPCKON MOBEPXHOCTH
B 00/JIACTH UCTOYHUKA). DTUM OObSICHAETCS YBEeJUUeHNe HHTepeca K 00paTHOil 3a1a4e 1y-
HAMM, KOTOPasl 3aK/I09aeTCs B BOCCTAHOBJICHHS ITPOCTPAHCTBEHHO-BPEMEHHOU 00J1acTu
UCTOYHUKa HYHaMMU 1O XapPaKTEPpUCTUKaM PEruCTpupyemMbiX BOJIH B Y/AaJIEHHBIX ITYHKTaX
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nabmoaenns. OaHON U3 1eJeil HacTosIell PabOThL SIBJISETCS HCCAeI0BaHIe BO3MOKHOCTH
BOCCTAHOBJIEHUs (DYHKIMH MCTOYHHKA B 3aBHCHUMOCTH OT KOHMUTYPAIUHA UCIOJIb3yeMOii
cucTeMbl HaOJIO/IEHUIT U YPOBHS 3allly MJIEHHOCTH JIaHHbIX. [[j1g pemenus: odOparTHoil 3a/1a-
qn 00 odare IyHAMHU WCIOJIB3YeTCs TMOXO0/, B KOTOPOM Pery/sipu3alis orneparopa OcCy-
MECTBJISIETCST TIYyTeM CY’KeHHsT OTlepaTopa Ha MOANPOCTPAHCTBO, HATSHYTOE HA KOHEYHBII
HAabOP IEepPBBIX CHHIYJIAPHBIX BEKTOpPOB. CTpoutcsa 0600IIEHHOE HOPMAJIbHOE 7-pelleHue
(|1]). DroT moAXOT K pelIeHnio 3a1a9i BOCCTAHOBICHNST NCTOYHUKA IIyHAMH OBLT BIIEPBBIE
npeioxen T.A. Bopouunnoit u B.A. HYesepoii B pabore [2|. ObocHOBaHEE KOMIAKTHOCTH
orepaTropa IpsMoil 3ajia4uu, UCCJIe0OBAHNE CBOWCTB OllepaTopa OOpaTHOW 3aja4u myTeMm
IHUCJICHHOTO MOZEINPOBaHust OBLIO M37I0%keHo B paborax [3], [4]. BaBucumocts kavecTna
BOCCTAHOBJICHUS OT KOJIMYECTBA U a3MMYTAJTbHOIO PACIIOJIOKEHHS MPUEMHUKOB U YPOBHS
IIYMOB /Il MOJIEJTBHOIO HCTOYHUKA IyHAME HCCJIEI0BAIOCH B padore [5]. Huciennoe Mo-
JeTHPOBAHNE OCHOBAHO HA JTHMHEHHONH TEOPUH MEJIKOil BOIBI. ANMIPOKCHMAIIUS 33129l OCY-
MIECTB/ISIETCS HA OCHOBE KOHEYHO-PA3HOCTHOIO 1Moaxo0/a. [Ipemioxkennass MeToiuKa mos-
BOJIsieT n30eKaTh HEYCTOWYMBOCTU YUCJEHHOTO PeIeHusI PacCMaTPUBAEMON HEKOPPEKT-
Hoil 3ajaun. Bosiee TOro, aHa/j M3 CHHIYJISPHOTO CIIEKTpa MATPHUIIBI PEIIAeMON CHUCTEMbI
MIO3BOJISIET HOHATH, KaK U3MEHHTCS Pe3yJIbTaT MHBEPCUU HPU U3MEHEHHUH HCIOJIb3yeMOil
cucreMbl HaOMOIeHUs. [IpenMyIecTBaMu MeTo/Ia ABASIOTCS: 1) He MpeIIoIaraeTcs HuKa-
KO JIONOJIHATE/IbHON uHMOpMaun 00 UCTOYHUKE, KPOME CaMOit 00/1aCTH JIOKAJIM3AINN;
2) pelnieHre CTPOUTCS HA OCHOBE aHAJN3a CBOMCTB OlepaTopa, OMpeessieMblX BhIOPaHHOI
cUCTEeMOi HabJIIOJIEHUS ¥ PeaibHOM OaTuMeTpueil, 4To MO3BOJISIET MOJYIUTh MAKCUMAJIh-
HO HA/IeZKHBIH pe3y/IbTaT BOCCTAHOBJIEHNU JIId 33/ IaHHBIX ycaoBuil. Ha cerogusimauii 1eHb
9TOT MOJXOJ JaeT HauboJiee peaTuCTUIECKYI0 U 0OOCHOBAHHYIO ONEHKY (M (MEeKTUBHOCTH
BbIOpAHHOI cuCcTeMbl HAOJIIO/IEHUS. YCTAaHOBJIEHO, YTO KAYeCTBO I0JIy4aeMOr0 pPellleHus
CYIIECTBEHHO 3aBUCHUT OT MPOCTPAHCTBEHHOTO PACIPeeIeHIsT PETUCTPUPYIONIEil CHCTEeMbI
OTHOCUTEJIFHO TPEI0/IaraeMoro odara, ImyHaMu, KOJUIeCTBA PErHCTPATOPOB, 0COOEHHO-
crTeii pesbeda JHA B YPOBHS MTIyMOB. DMEEKTUBHOCTD TPEIOZKEHHOIO IMOAX01a OATBEP-
JKJTaeTCs TMyTeM YHCJIEeHHOTO MOJIETUPOBAHUA /I peaabHOro codobiTus 2013 roga BOIHM3H
COJIOMOHOBBIX OCTPOBOB C UCHIOJIb30BaHUEM PEaJIbHbIX JJaHHbIX. HOﬂyquHbIe BbIBO/IbI MO-
ryT OBITH UCIOJIb30BaHbI IIPU TPOEKTUPOBAHUM CUCTEM HAOJIIOJIEHU 3a IyHAMHU.
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Numerical methods of solving inverse problems of physiology. Identifiability
concepts. Software development.
D.A. Voronov*, S.I. Kabanikhin*, O.I. Krivorotko*
* Nowosibirsk State University
* Institute of Computational Mathematics and Mathematical Geophysics SB RAS
e-mail: dmitriy.voronov.89@gmail.com

Abstract. The analysis of a biological data is a key topic in bioinformatics,
computational genomics, molecular modeling and systems biology. The methods covered
in this talk could reduce the costs of conducting experiments on obtaining a biological
data. The problem of identifiability of mathematical models of physiology, pharmacoki-
netics and epidemiology is considered in this report. The definition of identifiability of
mathematical models is considered. The review of methods of analysis of identifiabili-
ty of dynamic models is given. The necessity of making a priory identifiability analysis
before estimating parameters characterizing any process is demonstrated on several exam-
ples. The examples of identifiability analysis of mathematical models of medical biology
are presented. Different approaches of estimating physiological parameters are covered in
this talk. Special software for modeling pharmacokinetic, epidemiology and immunology
processes is presented in this report.

Key words: identifiability, inverse problem, epidemiology, pharmacokinetics, nu-
merical methods
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Synchrotron-based regularizing micro-CT imaging in shale structure analysis
Yanfei Wang
Key Laboratory of Petroleum Resources Research, Institute of Geology and Geophysics,
Chinese Academy of Sciences, P. O. Box 9825, Beijing, 100029. P. R. China.

e-mail: yfwang@mail.iggcas.ac.cn

Abstract. With the development of nonconventional oil and gas exploration,
microscopic analysis of mineral distributions in shale receives much more attention in
recent years. Meanwhile X-ray computerized tomography (CT) based on synchrotron
radiation (SR), as a non-destructive technique, become an important tool and can be
applied to the study of morphology, microstructure, transport properties and fracturing
of shale. Traditional methods such as optical and scanning electron microscopy (SEM)
are common tools for providing valuable information of microstructures; however, those
surface observations are often inadequate in obtaining detailed 3D information of the
sample, such as compositional distribution inside the shale. Moreover, samples of shale
are usually damaged during serial sectioning. Therefore two scientific issues rose: one is
how to generate high level reconstructed image data using SR-CT, another is how to
use these CT image data to analyzing compositional microstructures. We study sparse
regularization methods for reconstruction of image using SR-CT data. In addition, we
study microstructure prediction with a volume of material on a simple cubic lattice, where
each site, or voxel, represents a small region of space containing a mixture of compositions
forming the material. Numerical experiments are performed to show feasibility of our
algorithms..

Key words: Micro-CT imaging, sparse regularization, shale structure
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AHHOTaIII/Iﬂ. B AOKJIaAC pacCMaTpuBaAlOTCA TCOPETUYCCKUC OCHOBBI WM YHCJICHHBIC
MCTOJbI PCIICHHA MHOTOMECPHBIX HCKOPPECKTHLIX 3a1a4.
Knrouesnie cnosa: HEKOPPEKNHO nocmaeleHHbvle 361061’41/[, MHOCOMEPHbLE 3a0ayqu

MULTIDIMENSIONAL ILL-POSED PROBLEMS

Abstract. In the talk we will consider theoretical and numerical approaches for solving
multidimensional ill-posed problems.
Key words: ill-posed problems, multidimensional problems

B nHacrosimee BpeMsi HAMOOJIBIINI WHTEPEC MPECTABISAIOT BO3HUKAIOUINE HA MPAKTHKE
MHOTOMEpPHBIE 00paTHBIE HEKOPPEKTHO MOCTABJICHHBIC 3a/1aui. B okiIane paccMaTpuBaroTCs
3ajaun 00pabOTKM H300pakeHU B acTpoHOMUH, LU(ppoBoil ¢oTorpaduu, 3IEKTPOHHOU
MUKPOCKOTIMH, 3a7adya BOCCTAHOBJIGHWS MArHUTHOTO 1Moyl KopaOms. Ilpm pemenun
TPEeXMEpHBIX  3aJad  OYeHb  BaXXHO  HWCIOJB30BAaHHE  pacHapaUIeUBaHUs |
BBICOKOTIPOHM3BOIUTEIHHBIX BEIYMCIUTEIBHBIX KIIACTEPOB.

Pa6ora noanepxkusanacs rpantamu POOU 14-01-00182 u PODU-I'®EH 14-01-91151.
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YUCJIEHHBIN METO/I PEIITEHVS MHOTOMEPHON OBPATHON
I'PAHUYHOI 3AJJAYN TEIIJIOIIPOBOJIHOCTU C
HEN3BECTHBIMUM HAYAJIbBHBIMM YCJIOBUAMMN

H.M. flnaposa

FOorcno-Ypanverkuti eocydapemesennod ynusepcumem (HUY), Henabunck, Poccus

e-mail: ddjy@math.susu.ac.ru

Annoranuga.B crarbe paccmoTpena odpaTHas rpaHUYHAS 33712498 ¢ HEM3BECTHBIME
HAaYaJIbHBIMU YCJIOBUAME, BOZHUKAIONIAd IIPU UCCIEJOBAHNE 3/IeKTPOMArHUTHBIX U TeILIO-
BBIX XapaKTEePUCTHK PAOOTAIONIMX JIBUTATECH. YKa3aHa TPUHIUIINAJbHAS BO3MOKHOCTD
HOCTPOCHUSI YUCJEHHOI'O METO/Ia PelleHusl 9TOH 3a/ia4uu, IPeJlJIOKEeHA BbIYUCJAUTE/IbHAS
cXeMa, a TakKzKe IOJIydYeHbl YCJI0BUS JIOKAJAbHON ycToWdmBOCTH MeToja. lIpemiokennsrii
HOJIXO0/1, OCJIY KU/ OCHOBOM 111 PA3pabOTKH AJITOPUTMOB YUCJIEHHOTO PEIIeHHs PaccMaT-
pUBaeMoOil 3aJ1a4n U JIJIsl IIPOBEAEHUS] BBIYUCIUTE/IbHBIX SKCIEePUMEHTOB. Pe3yIbTaThl 3KC-
HEPUMEHTOB NMOATBEPKIAI0T 3DMEKTUBHOCTD MPEJJIOKEHHOIO MeTO/1a.

Karoueswie caosa: obparHas rpaHudHas 3a/lada, MeTO/| PeryJsdpu3alun, yCToiau-
BOCTbH BBICUWIMTEJIBHONH CXeMbl, YMCJAEHHbIE MEeTO/bI

NUMERICAL METHOD FOR SOLVING AN INVERSE
MULTIDIMENTIONAL PROBLEM WITH UNKNOWN INITIAL
CONDITIONS

Abstract.The numerical method for solving an inverse boundary value problem
with unknown initial conditions is considered in this paper. This type of inverse boundary
value problem arises in the investigation electromagnetic and thermal characteristics of
working thrusters. The principal possibility of constructing the numerical method to this
problem is contained. We propose computational scheme. The conditions of local stability
for the method are obtained. The efficiency of method and accuracy of the numerical
solutions were evaluated by means of computational experiment.

Key words: obparnas rpaHndHas 3ajada, MeTOJ Peryaspu3aiui, yCTONInBOCTD
BBIYHCJINTEIBHON CX€Mbl, YMCJICHHbIC METO/bI

IMycte 2 C R™ — 3aMKHYTO€ OI'PAHUYEHHOE BBIMYKJI0€ MHOXKECTBO C KYCOYHO-
rnagkoiit rpamuneir 02 u I' C 9Q. O6oznadum Qr = Q x (0;7) masg scex T > 0, a
orepaTop A ONpeIesIuM CJIeIyIONuIM 0O6pa3oM.

A= 9 ” a;;(x t)a—2 —zn:bl(x t)i —c(z,1) (1)
= at ] 1] ’ 8'17187;7 = J ’ 8T7 ) .

iaj: =

[IpemonozKuM, 9To BBIIOJIHEHB! yeaosus a;i(x,t) € CHQr), bi(z,t) € C(Qr),
i,j =1.n, c(z,t) € C(Qr) u mua mobuix (x,t) € Qp cupasenauso m|€|? < ai;(x, )& <
no|&|?, e 1, ne— dukcupoBannble uncaa, a £ = (£, ...£, )~ TPOU3BOILHbIN BEIleCTBEHHbII
BeKTOp. PaccMoTpum ypasHenue:

Au = f, (2)
rie u(x,t) € HY2(Q,), bynkmna f(x,t) € H>'(R" x [0,7T)), u rpannauble yCIOBISL:
ou
“/('7:7t> |T‘: p(’[),f), % ’1—‘: g(%vt)a (3)
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rue p(z,t),g(x,t) € H*Y(Qr), a n — BeKTOp HOpPMaJH. 3ajada COCTOUT B TOM, YTOOBI
HajiTu BYHKIUIO , yAoBIeTBOpsonyio (2),(3), a TakKke HaflTh rpaHUYHYIO (DYHKIIUIO

u(a,t) loa= ¢(a.1). (4)

[Tpemmonozkum, uro npu HekoTopbix f(x,t) = fo(x,t), p(z,t) = po(x,t) u g(x,t) = go(x,t)
cymectByer bynkuus uy(z, t), yaosiersopsiomas (2),(3), u ussectno, uro o(z,t) € H*>4(Qr),
rae 5 € (0,1). U3 pesyabraToB, npejicraBieHnbix B paborax [1] u [2]| caeayer eauncrsen-
HOCTH pernenus 3a1a49u (2)-(4) B Hekoropoit obmactu Qp C Q.
I[Ipeanosozxum, uro cymectsytor ®, 8, S > 0 1.4. { max |0%u,| , max |0%u, |, max |0%u,| p <
T T T
u(z,1)] < @A+ Torma nis penrenns moCTaBICHHON 312Ul MBI HCIIOIb3YeM

S, m max
T
MeTOJ| AMCKPEeTHOMN peryaspusanuu. Ves Merona 3akio4daercs B caeayioneM. B nexoanoe

YpaBHEHHUE (2) ,LLO6‘CLBJ1HIOT CJlalra€eMO€ Ut | I10JIyHdaloT YUC/JIECHHOE DEIIEHUE YPaBHECHUA

Au+au=f (5)
caepyomum obpaszom. B obaactu Q1 BBOAAT KOHEUHO-DAZHOCTHYIO CETKY M, CJeLysl HO/I-
xoiy upejiozkenHomy Camapckum B pabotre [3], cocTaBiasior KOHEUHO-DA3HOCTHBIN aHa-
JIOI' YpaBHEHUA (5) ﬂaJlCC, HCIIOJIb3YyA ABHbBIE CXEMbl OIIDEAEJIAI0T 3Ha4dYeHue (bUVHKH‘I/II/I
U(I'./ t) B KazKJ/IOM y3JI€ CETKHU. ,B;JIH IIOJIYy49€EHHU A JIOKaJIbHOM y(;'l‘OﬁLU/IBOCTI/I IpeajI0ozKEeHHO-
ro0 YUCJEHHOTO METOJIa ObLJI UCIOIB30BAH MOJIX0/I, IPUHATHI B TEOPUH PEry/IdpU3allii,
cMm., Hanpumep, [4]. B pesyabrare Gbliu mosydeHbl COOTHONICHUST MEZK/Y BeJHYIUHAMU
mara JUCKpPeTU3allil 10 MPOCTPAHCTBEHHbIM IepeMeHHBIM B obiaactu () C R?, nepemen-
HOM, XapaKTepu3yoleil BpeMsi, IapaMeTpoOM PeryJisspu3aiud 1 HOTPEITHOCTHIO UCXOTHBIX
JAHHBIX, 00€CIeduBAOIINe JOKAJIBHYIO YCTONYUBOCTD [Ipe/yiaraeMoro Merojia |5]. Sru pe-
3yJIBTAThl BO3MOXKHO 0000IIUTS J1j1st ciaydas 2 C R™.

[Ipe/iozkeHHas CXeMa MOCJIY2KUJIA OCHOBOM JIIst pa3pabOTKN YMCJIEHHOIO METOoIa
penieHuA O6paTHOﬁ FpaHI/IqHOﬁ 3a/Ja491 TEeIJIONIPOBOJHOCTH W IIPOBEACHUA BBIYHUC/IUTE/Ib-
HOI'O 3KCIIEpHUMEHTa. OCHOBHaH OeJib BbIYUC/IATE/ILHOI'O 3KCIIEPpUMEHTA 3aKJil04aJlaCb B
IIPpOBEPKE llpMHuMlIMaJleOﬁ BO3MO2KHOCTH IIOCTPOECHUA YHUCJICHHOI'O pPEIICHUA 06pa’1‘110171
3aJla4¥ METOJ0M JUCKPETHON peryJspus3anud Bo Bceil 00/1acTu paccMaTpUBAEeMOR U 110-
JIy9IeHne COOTBETCTBYIOIIEH rpanndHoil GyHKumu (4), a TakKe MOJydeHHe FKCIepUMeH-
TAJIBHBIX OIICHOK HOFpeHIHOCTeﬁ YUCJICHHDBIX peHIeHI/II'/’I. PeSyﬂbTaTbI IKCIIEpUMEeHTa CBUIE-
TeJbCTBYIOT O ,U‘OCTaTO‘lHOIL/'I SCI)CI)CKTI/IBHOCTI/I IpeJJIOZKEHHOI'O MeToda.

JIuteparypa
1 Jlappeatse M.M., Pomanos B.I'., [llumarckuit C.I1. HekoppekTHbie 33138491 Ma-
Temarndeckoir ¢pusukn n anaaunza. M.: Hayka, 1980. c.

Jlagpizkenckas O.A., Cosonnuko B.A., Ypaabuesa H.H. Jluneiinple n KBasuianHeiinbie
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napabosmueckoro tumna 6e3 HadaabHbIX ycsaouil // Becrank HOxkHO-Ypaiabckoro rocy-
napcrBeHHoro yumpepcutera. Cepus: KomnbooTepHble TeXHOJIOTHH, YIIpaB/JIeHHE, PaIuo-
saekTponuka. 2015. T. 15, N 2. C. 97-108.
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OBPATHAA 3AITAYA 1JIAd TNOPEPEHIINAJIBHBIX
CUCTEM C PEI'YJIAPHBIMU OCOBEHHOCTAMMUA
B.A. FOpxko
Capamosckut I'ocydapemeernnvid Ynusepcumem, Capamos, Poccus
e-mail: yurkova@info.squ.ru

Awunoramusg. Vccneayercs obpaTHas 3ajada CIeKTPATbHOIO aHamn3a g aud-
depeHIuaIbHBIX CUCTEM IIPOU3BOJIBLHOTO HMOPSA/IKA Ha IMOAYOCH C PEery/asipHbIMH HEHHTe-
IPUPYEMBIME OCOOEHHOCTSIMU.

Karwueswvie caosa: muddepennuanbable CACTEMbI; PeryJigpHble 0COOEHHOCTH; 00-
paTHBIE CHEKTPAJTbHbBIE 33 1a9H

INVERSE PROBLEM FOR DIFFERENTIAL SYSTEMS WITH
REGULAR SINGULARITIES

Abstract. We study inverse problems of spectral analysis for arbitrary order
differential systems on the half-line with regular non-integrable singularities.
Key words: differential systems; regular singularities; inverse spectral problems

Paccemotpum ciienytomyio cucremy auddepeHnuaabHbIX ypaBHEeHUNH Ha ITOJIYOCH:

1
Y'(x) — B(z)Y (z) = pBoY (z), B(x)=-A+A%2), 2>0. (1)
x
Buecs Y = [yp]]_i—— Bexrop-cronben (T 3HAK TPAHCIOHMPOBAHUS), p— CHEKTPA/IBHBL

mapaMeTp,
By = diaglbely_15,  B(2) = [Bj (1)l =170,
A = [Apjli jotmy AN@) = [AR(@)]k jotm, Awe =0, Aj(2) =0,

rae by, Apj— KOMILJIEKCHBIE THCIIA, Agj(m)— KoMILIekcHo3HauHbIe yHKimu. Marpuna B(x)
HA3BIBACTCS HOTEHIHAIOM.

O6osznaunM € := exp(27wi/n), e, = "1, k = 1,n. IlycTb a1g MpocToTH by = &}
(oGmumit corydaii TpebyeT OUeBMIHBIX TeXHIUECKHX m3Menennit). Ilycts {4 },_1, — kopHu
xapakrepucrudeckoro muorousiena A(u) := det[ul — A] (I — eauauvnas marpuna), r.e.
{ur}p=17 — cobcrsennbie 3mauenus marpuipt A. fcno, ato py + ... 4 p, = 0. st onpe-
JleJIeHHOCTH OyJieM paccMaTpHuBarh ciaydail, korma j; # 0, uj — p # sn, s € Z, Repy <
... < Re pin. O6osmaumm A} (z) := A).(z) npn & > 1, n A}, (z) := A, (x)zn—-elmm)
npn @ < 1, n npeamonoxny, wro Ay (z) € L(0,00). yers DY = [d) ]}, — cobersenbie
BEKTOPBI MaTpHUIbl A 1718 cCOOCTBEHHBIX 3HAUCHUIT [, U det[dzj] kjeTm = L.

B kaxkjgoM cekrope S, := (p: argp € (mm/n,m(m + 1)/n)>, Kopuu Ry,..., R,
ypasuenust R"—1 = 0 MoxkHO 3aHyMepoBaTh Tak, 4to Re (pRy),... < Re (pR,), p € Sm-
[ycty @ (z, p) = [®1(z, p)]T_—, k =1,n — pemenus cucremsl (1) npu ycaoBusx

v=1,n’
Op(z, p) ~ DVt 2 — 0, @z, p) = O(exp(pRpx)), T — 00, p € Spy .

Torma

iz, p) = Crlx, p) + > Mii(p)Ci(x, p),
j=ht1
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rae dbynxmun C;(z, p)- nemsie o p pemenns cucrenmst (1) u C9(x, p) ~ D mpu z — 0.
Marpuna M(p) = [My;(p)ly. j=17, e Myj(p) := Ox; upu k > j, nasbiaercs marpuneii
Beits mist cucremsr (1).
O6parnasga 3aga4da. /lana marpuna Beiinsg M (p), mocrpouts norennunan B(z).
Teopema 1. 3adanue mampuyw. Beting 00nosnawno onpedeasem nomenyuan B(x).
MeTooM CreKTpaIbHBIX 0TOOpazKeHuii [1] moryuen Takzke ajaropuT™M MOCTPOEHUST
pellieHusi paccMaTpuBaeMoil 0OpaTHO 3a/1a4uu.

Pabora Beimosaena npu nojpaepxkke Munodpuaykn P® (mpoekr 1.1436.2014K) n Poccnii-
ckoro dbonga GyHIaMeHTAIBHBIX uccaeoBanuii (mpoekr 13-01-00134).

JImreparypa
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OBPATHA A KPAEBA4A 3A/TAYA C PACIIPEJAEJIEHHBIMUA
JJAHHBIMU
B.U. Bananmun', E.B. XapuTtonosa?
LFOoicno- Ypaaveruti 2ocydapemeennondi ynusepcumem, Yeasabunck
2 Poccuftickuti axonomuseckuti ynusepcumem um. I.B. Iliexanosa, Mockea
e-mail: vladimzal@gmail.com, alena@math.susu.ac.ru

Annoranus. B j0k71aje paccMOTpeHa IIpoliejypa oOpaiiennsd OObIKHOBEHHOI'O
b dpepeHIIaILHOIO OlepaTopa, MOPOXKIEHHOIO KpaeBoil 3a1adeil ¢ pacipe/eJJeHHBIMI
JTaHHBIMH. VccmeqoBaHbl YCJIOBHS OMHO3HAYHON PA3pelnMOCTH 9TOM 33 1a91 U HOCTPOEHA,
dyukiug 'puna.

Karueswvie crosa Oyuxiua ['puna, 3amada Bamne-Ilyccena,unrerpajibubie ypas-
HEHUAA.

An inverse boundary value problem with distributed data

Abstract. The inversion method of the ordinary differential operator was considered
in the report. The operator was generated by the boundary value problem with distributed
data. Conditions of the unique solvability of this problem was analyzed and the Green
functions was build.

Key words: Green function, Valee-Poussin problem, integral equations.

1. IlocranoBka 3ama4un
Mycrs L(x) = 2™ +p, 1 ()Y + -+ pi(8)2 + po(t)x — nuneiinoe aucbde-
pernmanabaoe Boipazkenne, U;(x), i = 1,2, ..., n — auneiiHble QyHKIHOHABI, 33/1aBaeMble

COOTHOIIIEHUAMU
b

Ui(z) = /:c(t)gi(t)dt,i —19,....n

a

PaCCManI/IBaEMaH KpaeBad 3aJa9a UMeeT BU:

Liz] = u(t), t € [a;bl,
: (1)
Ui(z) =X;, 7=12,...,n.
He orpanmumsast OOIIHOCTH PACCMOTPEHHUH, MOXKHO CIHTATh, 9TO Bee X; = 0 u
pn—l(t) =0.

Ussecrho [1], aro 3amava (1) oqHO3HAYHO paspentuMa pu 060N MpaBoil dacTu
u(t) TOT/IA ¥ TOJIBKO TOIJIA, KOTJIa CYIIECTBYeT OJHO3HAYHO onpe/iessemas GyHKius ['puna

G(t,T) Takas, 4TO:
b

x(t) = /G(t,T)u(T)dT (2)

DTO CHpaBeaINBO B CIIydae HEBBIPOKICHHOCTH MATPHIBL (g, ©) = (745), Tae

b

Yij = /@j(t)gi(t)dt

a

a ;(t) — dymramenraabuas cucreMa perrenuii oquopogHoro ypasuenns L(x) = 0.
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[Tycrb Z(t) — sKCmepuMeHTATBHO MOy YeHHOE PEIlieHre pacCMaTPHBAEMOil 3a,1ax .
Tpebyercst BOCTTAHOBHTH HPABYI0 YaCTh ypaBHeHHs u(t) MO0 UMEIONMIMMCST SKCIePUMeH-
TaJbHBIM JTAHHBIM.

TpagunuonHo, pentenne 3TON 33241 HAXOTUTCI BOCCTAHOBIEHNEM BCEeX MPOU3BOJI-
meix 208, s = 1,2,...,n [0 9KCIEPUMEHTAIBHBIM JTAHHBIM Z(t) m nocaemyoneii moacTa~
HOBKOIl TIOJyIeHHBIX 3HAYEHUIl B JIeBYIO 9acTh ypaBHEHUS. ZICHO, ITO ¢ POCTOM HOpSIKA
yPaBHEeHHS TOJ00HBIH MOIX0 IPUBOJUT K POCTY 0ObeMa BBIYUCTIEHWI U MaJeHII0 TOTHO-
¢t BoccTanopaenus dyuknuu u(t).

B nacrosmeit pabote mpeiaraetcss ¢nocod IHCIEHHOTO BoccTanoBaenust u(t), au-
IIEHHBIH EePEINCIeHHBIX HEJTOCTATKOB.

2. IaTerpajbHOEe COOTHOLIEHUE

Hapsny c 3amaqeii (1) paccMoTpuM BCIIOMOTATEIBHYIO KPAEBYIO 33129y

o = u(t), e fast] 5
Uj(l’ :0, j:1,2,...,’l7,.

~

[ycrs I'(t,7) — dyuxnus Tpuna 3amaun (3). Ecan G(t,7) — dynknus puna 3anaan
(1), To pasuocts AG = G(t,7) —T'(t,7) n pa3 HenpepbiBHO nuddepeHnIupyeMa u yIoBre-
TBOPSICT yPABHCHHIO

Lo Y O, 7) = Vie7)

OTCIO,ZL& JIE'KO YCTaHOBUTH CIIPABEC/IJINBOCTbL TCOPEMDbIL:

Teopema. Ecau gynryuu puna G(t,7) u T'(t,T) cywecmeyrom, mo cnpasedauso
UHMEPAALHOE COOTHOULEHUE

b

G(t,7)—I(t, 1) = /G(t,s)V(s,T)ds. (4)

a

3. Ob6partrenue
®ynkuus ['puna BecmomorarenbHoil 3amaun (3) JIerko MozKeT ObITH HallaeHa
0 ONpeJIeIeHn o, T.K. (DYHIAMEHTAIbHAS CHCTEMA, PEIIeHNH COOTBETCTBYIOIIETO OHOPOI-
HOTO ypaBHeHust u3BecTHa. [Ipu ussectHoit ['(¢, 7) uHTerpanbuoe coorHomenue (4) mpes-
cTaBygeT coboit nuTerpaabnoe ypasuenue @pearonbma I1-ro poma, Koropoe 3¢dphekTHBHO
pa3penumMo YuCIeHHO.
[TpaBas gacth u(t) ypasuenus (1) renepb MOKeT GBITH BOCCTAHOB/IEHA PErYJIsipH-
3anueil ypaBHeHus (2).

JImreparypa
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Mathematical Models and Regularizing Algorithms for Inverse
Magnetoencephalography Problems
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Abstract.

Scientists have been intensively studying the human brain on the level of cerebral
anatomy for millennia, yet how the brain functions is still a complete mystery. The
neurons in the brain produce macroscopic electrical currents when the brain functions,
and those synchronized neuronal currents in the gray matter of the brain induce extremely
weak magnetic fields (10 — 100 femto-Tesla) outside the head. The recent development
of superconducting quantum interference devices (SQUIDs) makes it possible to detect
those extremely weak magnetic signals. Magnetoencephalography (MEG) is a non-invasive
imaging technique using SQUIDs to measure the magnetic signals outside of the head
produced by the electrical activity inside the brain [1]. To use MEG as functional brain 3D
imaging techniques, identifiable distributed source models are required. The reconstruction
of MEG sources rests on inverting these models and is ill-posed because the solution does
not depend continuously on the data and there is no unique solution in the absence of
prior information or constraints.

In this work, we will design several novel mathematical models of the following
four inverse MEG problems: determining the number of sources, localizing the positions of
sources, calculating the moments of sources and recovering the primary current distribution
function in the head. For each problems we will develop two groups of mathematical
models — finite model and infinite model. In each type of model we will study quasi-static
approach, semi-dynamical approach and dynamical approach respectively. Moreover, we
will study statistical models for inverse MEG problems [2].

Furthermore, for each mathematical model we will develop the corresponding
regularizing algorithms. These algorithms are constructed based on the strategy of using
a priori information of the solution. Specifically, we will investigate following regularizing
strategies: boundedness of the solution, sparsity of the solution, minimal moments principle
position stability strategy, adaptive regularization strategy, and self-consistent strategy.
Error estimation is also discussed in this work [3-5]. Our numerical tests for both the
synthetic problem and practical problem are given to show the efficiency and feasibility
of the proposed algorithms.

Key words: Magnetoencephalography, inverse problem, ill-posedness, regularization

Y
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CIIEIIMAJBHBIE PEHIEHUA CUCTEM JIMHEMHBIX PASHOCTHBIX
YPABHEHHMI C IEPEMEHHBIMHA KO3®®UIIUEHTAMUA
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Koipreizcko-Y36ekckuit yausepcurer, r. O, Keipreizcran
e-mail: jjk kuu@mail.ru

AHHOTanus. [Io aHanoruy ¢ U3BECTHBIMM pE3yJIbTaTaMU I PELICHUN HA4AJIbHBIX 3a7a4 JUIs
TUHENHBIX U depeHIaTbHbIX YPaBHEHUN C OFpaHUYEHHBIM 3alla3/IbIBAHUEM apryMeHTa,
HaWJIeHbI TOCTaTOYHBIE YCIOBUS HAJIUYMSA ACUMITOTHYECKOIO Pa3JIOKEHUS PELIEHUN CUCTEM
IBYX Pa3HOCTHBIX YPABHEHUH HA «CIEIMAIBHOE» U 3aTYXAIOIIEE PEIICHUS.

Knwouesvie  cnosa: pa3HOCTHblE  ypaBHEHMs, Ju((depeHLMaTbHbIE  YpPaBHEHUSI C
3amna3pIBAOIIMM apr'yMEHTOM, HadallbHas 3aJa4ya, ACHMITOTHKA

SPECIAL SOLUTIONS OF SYSTEMS OF DIFFERENCE EQUATIONS WITH
VARIABLE COEFFICIENTS

Abstract. By analogy with well-known results for solutions of initial value problems for
linear differential equations with bounded delay, sufficient conditions for existence of
asymptotical expansion of solutions of systems of two difference equations into “special” and
fading ones.

Key words: difference equation, delay-differential equation, initial value problem, asymptotic

PaccMOTPHM ITHHEHHBIH HempepbIBHEIA onepatop W(t, ¢): 0+ xDP—R", rae @ - nexoto-
poe (MHOTOMEpHOE) JIMHEHHOE TPOCTPAHCTBO, (1 - HEOTPAHMYCHHOE CIIPaBa YIOPSI0YCHHOE
MHOXECTBO, k - HarypainbHOe uucio. s ciydas, korga Q+=R.:=[0,x), W(t, @) — pemenue
HavyaJIbHOM 3a/1a4¥l C Ha4aJIbHBIM yciioBueM @ €C[—h, 0] mist nmunetHoro auddepeHImaibHOTO
YpaBHEHHUS C OIPaHUYECHHBIM 3aIa3/IbIBaHUEM apryMeHTa, B psajie padboT (cMm. 0630p B [1], [2])
ObUIM HaWJIEHBI YCIOBUS, KOTJa CYLLIECTBYET TaKO€ MOAIPOCTPpaHCTBO @y C P, uTO

(Vpe®@)(FpoeDy)(lim i || W(t.g) = W(t, )| )=0. (1)

Pewmenus W(t, py) (po€Dy) 66111 Ha3BaHBI CHEIUATBHBIMHU.

B [3] Obut mocTpoeH mpumep, MOKA3bIBAIOIINN, YTO HAWJECHHBIC YCIOBHS SBIISIOTCS
cyuiectBeHHbIMU. B [4] HamMu mokaszaHo, 4TO Ul HOMCKa Oojiee MIMPOKUX YCIOBUMH, MPU
KOTOpbIX BbINoOJIHAETCA (1), MOXHO HCIOJNB30BaTh YMCICHHBIE OSKCIEPUMEHTHl Ha
KOMIIbloTepe. B CBA3M € ATHUMM pe3yibTaTaMHU Mbl BBIIBUHYJIM THUIIOTE3y O TOM, 4YTO
aHAJIOTMYHBIE pE3ylbTaThl JOKHBI HMMETh MecTo s Oosnee (yHIaMEHTaIbHBIX —
Pa3HOCTHBIX YpPaBHEHUMN, M 4YTO pe3yJbTaThl, MOJYYEHHBIE /JISi PA3HOCTHBIX YpaBHEHUI,
MOTYT YIYYIUUTh M3BECTHBIE i1 AUPQepeHIranbHbIX YPaBHEHUN C 3ama3/bIBalOIIUM
aprymeHToM. B [5] mocTpoeHs! pelieHus, «He oOpaliaroimmecs B HylIb». 3/1€Ch I0Ka3aHO, YTO
OHM MOTYT UCII0JIb30BaThCsl, KaK CHEIHaIbHBIE.

PaCCManI/IBaeTCSI CHUCTEMA PA3HOCTHBIX ypaBHeHI/Iﬁ
Xn+1= AnXp + bn Y
Vn+1= CpXpy T dy yo,n=0,1,2, ... (2)

C OrpaHUYEHUSIMU
an,eA=[a,a.]; b,eB=[b b.]; c,eC=[c ci]; d,eD=[d d.]. 3)
Tpebyercs HailTh Takue ycloBUs Ha UHTepBaibHble uncia 4, B, C, D, uro umeer mecto (1).

Teopema 1. Ecnu cymecTByeT Takoe YHCIIO W, YTO
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1)qg-:=[A+B[-ww]] _>0; 2) |C+[-w,w]D|<wq_,
TO CYIIECTBYET Takoe peuienue {X, Y}, uro
(YneN)(X,2q"; | Vi SwX,). 4

(Takue pemieHuss ¢ OJHOW 3HAKOMOCTOSIHHOM KOMIIOHEHTOM COOTBETCTBYIOT PELIEHUSIM,
Ha3bIBAEMBIM CIIELIMATbHBIMU, B TEOPUH I (EepeHIINATbHBIX YPABHEHUH € 3ama3AbIBaHUEM ).

Ob6o3nauum b:=|B|, c:=|C|, d:=|D
Buae 1) g-.=a_ —wb>0; 2) c+twd <wq_.

, Torna ycioBus Teopembl 1 mepenuchiBatroTCsl B

Teopema 2. Eciu 1) d<a_; 2) (a_ — d)’ >4bc, o BemoONHsHOTCS yenoBus 1), 2)
Teopemsl 1. MOXHO B34Th

w=(a_—d —((a_—d)*-4bc)"?)/2b).

Teopema 3. Ecu @ := |[AD-BC| ¢-7° < 1, To mis moGoro pemeHus {x, y} u
cnienuansHoTO pemenus {X, Y}, onpeneneHnoro B Teopeme 1, cymiecTByeT mpeaen

X, yr=lim oo X /X

Teopema 4. Ecnu BbINoNHSIOTCS yciioBus Teopem 2 u 3, To Juisl J000T0 pelieHus
{x, y! u cnieunaneHoro pemenus {X, Y}, onpenenennoro B Teopeme 1,

| Xn=y{x,p} Xu| < const o" (a++bw)".

Teopema 5. Ecnau BoinmosHstoTca ycioBust TeopeM 2 u 3 u ofa++bw)<I, 10 ans
000TO pelIeHus {x, y} U crenuanbHoro pemenus {X, Y}, onpenenennoro B Teopeme 1,

lim 00 (Xn —y{x, v} X, )=0.

Takum 00pa3zom, MPOCTPAHCTBO PELLIEHUI CUCTEMBI (2) aCHMIITOTUYECKU OJTHOMEPHO.
Jlureparypa

1. Mpuukuc A.Jl. Jlunelinsie nuddepeHnanbaple YpaBHEHHsI C 3ama3/blBaroIINM
aprymentoM. M.: Hayka, 1972, 352 c.

2. IlankoB II.C. Acumnrorunyeckass KOHEYHOMEPHOCTb IPOCTPAHCTBA pEIICHUN
OJIHOTO KJIacca CHCTeM ¢ 3amnasjabiBanueM // Jluddepennumansubie ypaBaeHus. 1977, . 13, Ne
4. C. 455-462.

3. ITankoB I1.C. Ilpumep inHEHHOTO OJHOPOIHOTO AU PEpEeHINANTBHOIO YPaBHEHUS C
3aras/ibIBaHueM, HE MMEIOIIEr0 KOHEYHOMEPHOTO SKCIIOHEHIIMAIHO YCTOMYUBOTO MPH ¢ — 00
npoctpaHcTBa peweHuit / MccnenoBanus mo MHTErpo-auddepeHuraibHblM ypaBHEHUSAM. -
Opynze: Unum, 1977. - C.117-125.

4. JKosnraea JK.K. AnroputMbl A AIKCHEPUMEHTAIBHOTO  HCCIEAOBAHMUS
ACUMNTOTUKM pEIIeHUH JMHEMHbIX YpaBHEHUH C 3ama3/bIBaloOlUM apryMEeHTOM M HX
ucnosib3oBaHue //  becKOHEYHOMEpHBIM  aHauu3,  CTOXAacTUKAa,  MAaTeMaTU4ecKoe
MOJENUpPOBAaHUE: HOBbIE 3agaud M Meronabl. [IpoOiembl  MaTeMaTuyeckoro H
€CTECTBEHHOHAay4yHOro o0pa3oBaHusi: cOOpHUK cTarelt MexayHapoaHoi koHpepeHuu 15-18
nexabps 2014 r. —M.: PYJIH, 2015. - C. 219-223.

5. Zheentaeva Zh. Investigation of asymptotics of solutions of difference equations
with variable coefficients // Abstracts of the Issyk-Kul International Mathematical Forum.
Bishkek: Kyrgyz Mathematical Society, 2015. P. 36.

207



Hayunoe uzoanue

TE3UCbI AOKINAOOB
MEXOYHAPOOHOIO HAYYHOIo CEMUHAPA
MO OBPATHbIM U HEKOPPEKTHO NOCTABJIEHHbIM
3AO0AYHAM

[Mommucano B mewars 05.11.2015 1. Dopmar 60x84/8.
Bbymara odcernas. Ileuats odcernas. ['apaurtypa Taitmc.
Ve med. 1. 27,5. Tupaxk 500 k3. 3akas 519.

Poccutiickmii yHUBEepCUTET IpyKOBI HAPOIOB
115419, I'CII-1, . Mockga, yi. OpIKOHUKHUA3E, 1. 3

Tunorpagus PYIH
115419, I'CII-1, . Mockaa, yn. OpxoHUKHaze, 1. 3, Ten. 952-04-41



	1
	AITBAEVA
	AITBAEVA-AKHTYAMOV
	AITKALIEVA-KUCHEROV-SHCHEGLOV
	ALEXEEV-LOBANOV-SPIVAK
	ALIEV
	ALIFANOV
	ALUNTAC
	ANTONOVA-SAVYOLOVA
	APARTSYN
	BAEV
	BARVIN
	BAYSAL
	BOTOROEVA-BULATOV
	BUDNIKOVA-BULATOV
	BUDOCHKINA-SAVCHIN
	CHEREPASHCHUK
	CIALKOWSKI_FRACKOWIAK
	DAVYDOVA-LEVASHOVA-ZAKHAROVA
	DEBBOUCHE
	DENISOV
	DOLENKO-ISAEV-OBORNEV-OBORNEV-PESIANTSEV-SHIMELEVICH
	DRYAZHENKOV-POTAPOV
	EFITOROV-DOLENKO-BURIKOV-DOLENKO
	GAJNOVA
	GLASKO
	GOLDMAN 2
	GOLDMAN 3
	GOLUBKOV
	GRAZHDANTSEVA
	HASANOGLU-BAYSAL
	HASANOV
	HOFMANN
	IKRAMOV-MUSTAFINA
	ISAEV-DOLENKO
	IVANOVA-FYODOROV
	IVANOV-POTAPOV
	KABANIKHIN-KRIVOROTKO
	KABANIKHIN-SHISHLENIN
	KADENOVA
	KAMYNIN
	KARACHIK-TOREBEK
	KAZANTSEV
	KLIBANOV
	KOKURIN MM
	KOKURIN MU
	KOROTKIY-KOVTUNOV-ISMAIL-ZADE-MELNIK-TSEPELEV
	KOSHEV
	KOSTIN
	KOZLOV-EFREMOV
	KRIZSKY-BELYAEVA-NAFIKOVA-SULTANOV
	KRYANEV-LUKIN-UDUMYAN
	KURAMSHINA-KOCHIKOV
	LEONOV
	LEONTYEV
	LESNIC
	LEVASHOVA-MELNIKOVA-SIDOROVA-SEMINA
	LUKYANENKO
	MENIKHES-KARACHIK
	MENSHIKOV
	MIKHAYLOVA-MIFTAKHOV-MUSTAFINA
	MOROZOV-NAZIMOV
	NOVIKOV
	PARSHINA
	PLEKHANOVA
	PRILEPKO
	PYATKOV
	RAEVSKY-STEPANOVA
	RAZGULIN-ROMANENKO-STAROSTIN-IROSHNIKOV-LARICHEV
	REGINSKA
	RODIONOV-SHIMELEVICH-OBORNEV-OBORNEV
	SADOVNICHY-SULTANAEV-AKHTYMOV
	SARITSKAYA
	SEBU
	SEROV
	SHARAMED-LUKYANENKO
	SHAROV
	SHIMANOVSKAYA-OKNYANSKIY-BRUEVICH
	SHIMELEVICH
	SIDOROV
	SIDOROV-TYNDA-MUFTAHOV
	SOLODUSHA
	SOLOVAROVA-BULATOV
	SPIVAK
	SULIMOV-LUKYANENKO-SHAROV-KOZMIN-GOROKH-SHARAPOVA
	SULTANAEV-AKHTYAMOV-MAMEDOV-CETINSKAYA
	TANANA
	TYRTYSHNIKOV
	USMANOV-SHAKIRYANOV
	VABISHCHEVICH-VASILEV
	VALEEV
	VALEEV-MARTYNOVA
	VASIN-SKURYDINA
	VELMISOV-ANKILOV
	VOLKOV-LUKYANENKO-NEFEDOV
	VORONINA
	VORONOV-KABANIKHIN-KRIVOROTKO
	WANG
	YAGOLA
	YAPAROVA
	YURKO
	ZALYAPIN-HARITONOVA
	ZHANG-YAO-GULLIKSSON
	ZHEENTAEVA



