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 Why (precision) nuclear physics?

After the discovery of Higgs boson,

Interesting topic on its own. Some current frontiers:
— the nuclear chart and limits of stability  FAIR, GANIL, ISOLDE,…

— EoS for nuclear matter (gravitational waves from n-star mergers)  LIGO/Virgo,…

— hypernuclei (neutron stars)  JLab, JSI/FAIR, J-PARC, MAMI,…    

But also highly relevant for searches for BSM physics, e.g.:
— direct Dark Matter searches (WIMP-nucleus scattering)
— searches for 0νββ decays
— searches for nucleon/nuclear EDMs
— proton/deuteron radius puzzle (complementary experiments with light nuclei…) 

need a reliable approach to nuclear structure with quantified uncertainties:
Effective Field Theory

the strong sector remains the only poorly 
understood part of the SM!



 What is an effective theory? 
observer

charge 
distributionThe correct answer:

Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution



 What is an effective theory? 
observer

charge 
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For            , only moments of          are needed:

4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)
NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6
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Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution

with multipole moments („low-energy constants“):
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Remember: multipole expansion just follows from: 
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Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution

— measure LECs & compute          via expansion in      a
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Getting the right answer without making calculations (and even without knowing        )

— write down the most general rotationally invariant (symmetry!) expression for      
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 From QCD to nuclei: The framework in a nutshell

QCD

nuclear structure
and dynamics

lattice

effective chiral Lagrangian 

nuclear forces and currents

symmetries (especially the chiral symmetry);
lost of information (LECs)

integrate out pions (valid for                                    ):
Chiral Perturbation Theory

ab initio many-body methods:
FY, NCSM, lattice,…
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Ultimate goal: predictive and systematically improvable 
                       QCD-based approach to nuclei,  nuclear 
                       reactions and nuclear matter with quanti-
                       fied uncertainties 
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mu = md = 0
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Observations:  QCD is approximately chiral 
invariant; SU(2)L x SU(2)R is spontaneously 
broken down to SU(2)isospin ψLψRψRψR

Weinberg, Gasser, Leutwyler, Bernard, Kaiser, Meißner, …
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Chiral Perturbation Theory

Idealized world [                      ], zero-energy limit: non-interacting massless GBs 
(+ strongly interacting massive hadrons) 

mu = md = 0

1

Observations:  QCD is approximately chiral 
invariant; SU(2)L x SU(2)R is spontaneously 
broken down to SU(2)isospin ψLψRψRψR

Chiral perturbation theory: expansion of observables in 

Real world [                           ], low energy: weakly interacting light GBs (pions)
(+ strongly interacting massive hadrons) 

mu, md ⌧ �QCD

1

Q = momenta of particles or Mπ  ~ 140 MeV
breakdown scale Λb

Weinberg, Gasser, Leutwyler, Bernard, Kaiser, Meißner, …
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(3)

i [⇡]N +

X

i

eiN̄Ô
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Pion-nucleon scattering amplitude for                                                      :
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+ gA
(

72
(

64π2l̄3 + 1
)

c1 − 24c2 − 36c3
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+ q42
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2304π2ē14F
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)

]

−
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π + 2q22

) (

4M2
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B(5)(q2) = −
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(

F 2
π

(
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2
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where the loop function L(q) is defined according to

L(q) =

√

q2 + 4M2
π

q
log

√

q2 + 4M2
π + q

2Mπ
. (3.17)

Interestingly, we observe that there are no 1/m-contributions to the two-pion exchange 3NF at this order. In particular,
no N4LO contributions emerge from diagrams (18) and (19) in Fig. 2 since all leading (subleading) 1/m-corrections to
the πNN (ππNN) vertex involve at least one time derivative. When evaluating the corresponding Feynman diagrams,
these time derivatives generate insertions of the nucleon kinetic energy which are further suppressed by the factor
Q/m. In addition, diagrms (20) and (21) are found not to generate any irreducible pieces.

The expressions for the 2π-exchange 3NF up to N4LO discussed above depend on a number of low-energy constants.
Here and in what follows, we use the values2

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (3.18)

The LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering (at least) at the subleading-
loop order (i.e. Q4). The heavy-baryon analyses of pion-nucleon scattering at orders Q3 and Q4 can be found in
Refs. [32, 45, 46], see also Refs. [44, 47, 48] for the calculations within the manifestly covariant framework, Ref. [49]
for a related calculation which extends chiral EFT to higher energies by employing constraints set by causality and
unitarity and Ref. [50] for a recent review on baryon chiral perturbation theory. Unfortunately, we cannot use the
values of the LECs obtained in these studies since we use a different counting scheme for the nucleon mass in the
few-nucleon sector, namely Q/m ∼ Q2/Λ2

χ [51] rather then m ∼ Λχ as used in the single-nucleon sector, see [52] for
an extended discussion. In the next section, we re-analyze pion-nucleon scattering at order Q4 in the heavy-baryon
approach utilizing our counting scheme for the nucleon mass and determine all relevant LECs from a fit to the available
partial wave analyses.

IV. DETERMINATION OF THE LECS FROM πN SCATTERING AT ORDER Q4

In the center-of-mass system (cms), the amplitude for the reaction πa(q1) + N(p1) → πb(q2) + N(p2) with p1,2 and
q1,2 being the corresponding four-momenta and a, b referring to the pion isospin quantum numbers, takes the form:

T ba
πN =

E +m

2m

(

δba
[

g+(ω, t) + i$σ · $q2 × $q1 h
+(ω, t)

]

+ iεbacτc
[

g−(ω, t) + i$σ · $q2 × $q1 h
−(ω, t)

]

)

. (4.19)

Here, ω = q01 = q02 is the pion cms energy, E1 = E2 ≡ E = ($q 2 +m2)1/2 the nucleon energy and $q1 2 = $q2 2 ≡ $q 2 =
((s−M2

π −m2)2− 4m2M2
π)/(4s). Further, t = (q1− q2)2 is the invariant momentum transfer squared while s denotes

the total cms energy squared. The quantities g±(ω, t) (h±(ω, t)) refer to the isoscalar and isovector non-spin-flip
(spin-flip) amplitudes and can be calculated in chiral perturbation theory. In Appendix B, we show the contributions
to the amplitudes up to and including the order Q4 using the same counting scheme for the nucleon mass as in the

2 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2M

π+/3 +Mπ0/3.
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(2)

i [⇡]N +

X

i

diN̄Ô
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di N̄Ô(3)[⇤]N + . . .

L(2)
⇥N =

⇧

i

ci
�
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(2)

i [⇡]N +

X

i

diN̄Ô
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where the loop function L(q) is defined according to

L(q) =

√

q2 + 4M2
π

q
log

√

q2 + 4M2
π + q

2Mπ
. (3.17)

Interestingly, we observe that there are no 1/m-contributions to the two-pion exchange 3NF at this order. In particular,
no N4LO contributions emerge from diagrams (18) and (19) in Fig. 2 since all leading (subleading) 1/m-corrections to
the πNN (ππNN) vertex involve at least one time derivative. When evaluating the corresponding Feynman diagrams,
these time derivatives generate insertions of the nucleon kinetic energy which are further suppressed by the factor
Q/m. In addition, diagrms (20) and (21) are found not to generate any irreducible pieces.

The expressions for the 2π-exchange 3NF up to N4LO discussed above depend on a number of low-energy constants.
Here and in what follows, we use the values2

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (3.18)

The LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering (at least) at the subleading-
loop order (i.e. Q4). The heavy-baryon analyses of pion-nucleon scattering at orders Q3 and Q4 can be found in
Refs. [32, 45, 46], see also Refs. [44, 47, 48] for the calculations within the manifestly covariant framework, Ref. [49]
for a related calculation which extends chiral EFT to higher energies by employing constraints set by causality and
unitarity and Ref. [50] for a recent review on baryon chiral perturbation theory. Unfortunately, we cannot use the
values of the LECs obtained in these studies since we use a different counting scheme for the nucleon mass in the
few-nucleon sector, namely Q/m ∼ Q2/Λ2

χ [51] rather then m ∼ Λχ as used in the single-nucleon sector, see [52] for
an extended discussion. In the next section, we re-analyze pion-nucleon scattering at order Q4 in the heavy-baryon
approach utilizing our counting scheme for the nucleon mass and determine all relevant LECs from a fit to the available
partial wave analyses.

IV. DETERMINATION OF THE LECS FROM πN SCATTERING AT ORDER Q4

In the center-of-mass system (cms), the amplitude for the reaction πa(q1) + N(p1) → πb(q2) + N(p2) with p1,2 and
q1,2 being the corresponding four-momenta and a, b referring to the pion isospin quantum numbers, takes the form:

T ba
πN =

E +m

2m

(

δba
[

g+(ω, t) + i$σ · $q2 × $q1 h
+(ω, t)

]

+ iεbacτc
[

g−(ω, t) + i$σ · $q2 × $q1 h
−(ω, t)

]

)

. (4.19)

Here, ω = q01 = q02 is the pion cms energy, E1 = E2 ≡ E = ($q 2 +m2)1/2 the nucleon energy and $q1 2 = $q2 2 ≡ $q 2 =
((s−M2

π −m2)2− 4m2M2
π)/(4s). Further, t = (q1− q2)2 is the invariant momentum transfer squared while s denotes

the total cms energy squared. The quantities g±(ω, t) (h±(ω, t)) refer to the isoscalar and isovector non-spin-flip
(spin-flip) amplitudes and can be calculated in chiral perturbation theory. In Appendix B, we show the contributions
to the amplitudes up to and including the order Q4 using the same counting scheme for the nucleon mass as in the

2 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2M

π+/3 +Mπ0/3.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

� �i/�
n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].
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ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:
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Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
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constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
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amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)
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3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Why does a perturbation theory work? 

The spontaneously broken chiral symmetry only allows for derivative pion couplings! 
E.g., for the pseudoscalar (Yukawa) coupling:
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Chiral EFT for nuclear systems

— certain Feynman diagrams (ladder) are enhanced and     
     need to be resummed

— contrary to pions, the interaction between nucleons is NOT suppressed at low energy
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Chiral EFT for nuclear systems

— certain Feynman diagrams (ladder) are enhanced and     
     need to be resummed

— contrary to pions, the interaction between nucleons is NOT suppressed at low energy

A systematically improvable, unified approach for ππ, πN, NN that allows one to 
derive consistent many-body forces and currents
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The approach proposed by Weinberg:

(1) Use chiral EFT to compute nuclear forces

(2) Solve the A-body Schrödinger equation to 
      calculate nuclear observables



 Framework in a nutshell

Write down the effective chiral Lagrangian for π, N  (if needed, + Δ and external fields…) 
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— short range: nonlocal Gaussian regulator [Reinert, Krebs, EE, EPJA 54 (2018) 88]
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still consistent beyond the NN system?

EE, Krebs, Reinert, Front. in Phys. 8 (2020) 98
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Solve the Schrödinger equation and tune Ci(Λ) to data (i.e. implicit renormalization). 
Since not ∀ counter terms needed to absorb UV divergences from iterations are taken 
into account, one must keep: Λ ~ Λb. [Lepage’97; EE, Meißner ’06; EE, Gegelia ’09; EE et al. ’17]
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0] 0

U = exp

✓
i

Z
d
3
x[Rv

0
(~x) · ✏V (~x, t) + R

v

1
(~x) · ✏̇V (~x, t) + R

a

0
(~x) · ✏A(~x, t) + R

a

1
(~x) · ✏̇A(~x, t)]

◆
,

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ
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 Method of Unitary Transformation
Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, ... 

Solution [EE, PLB 639 (2006) 654]: Nuclear potentials are not uniquely defined. Starting from N3LO, 
one can construct additional UTs in Fock space beyond the (minimal) Okubo Ansatz.

They induce additional contributions in the Hamiltonian starting from N3LO

The UTs relevant for the N3LO terms          are                          , with the generators
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Solution [EE, PLB 639 (2006) 654]: Nuclear potentials are not uniquely defined. Starting from N3LO, 
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time-ordered-like diagrams from the method of UT

Choose α1, α2 such that the 1π-exchange factorizes out (i.e. the 3NF is renormalizable):
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So far, it was always possible to tune the phases of the additional UTs in such a way that 
nuclear potentials and currents remain finite (using DR). 



 An example: 
chiral expansion of the 3NF
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.

www.annualreviews.org • Few- and Many-Nucleon Systems 171

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt.

 S
ci

. 2
01

2.
62

:1
59

-1
85

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
 A

cc
es

s p
ro

vi
de

d 
by

 W
IB

60
20

 - 
R

uh
r-

U
ni

ve
rs

ita
et

 B
oc

hu
m

 o
n 

01
/1

6/
21

. F
or

 p
er

so
na

l u
se

 o
nl

y.
 

NS62CH07-Epelbaum ARI 17 September 2012 8:55

a b c d e f

Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Up to N4LO (Q5), the 3NF receives contributions from 6 topologies:
(tree-level diagrams start contributing from N2LO, one-loop graphs from N3LO)



 An example: 
chiral expansion of the 3NF
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Up to N4LO (Q5), the 3NF receives contributions from 6 topologies:
(tree-level diagrams start contributing from N2LO, one-loop graphs from N3LO)

The large-distance behavior is completely predicted in a parameter-free way by 
the chiral symmetry of QCD + exp. information on πN system
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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2
�gA � 2gA(5c2 + 18c3)

⌘ i

� g2A
768�2F 6

�

L(q2)
⇣
M2

� + 2q22
⌘ ⇣

4M2
�(6c1 � c2 � 3c3) + q22(�c2 � 6c3)

⌘
,

B(5)(q2) = � gA
2304�2F 6

�

h
M2

�

⇣
F 2
�

⇣
1152�2d̄18c4 � 1152�2gA(2ē17 + 2ē21 � ē37)
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FIG. 2: Two-pion exchange 3N diagrams at N4LO. Solid dots, filled circles, rectangles and diamonds denote vertices from L
(1)
πN

or L(2)
π , L(2)

πN
, L(3)

πN
or L(4)

π and L
(4)
πN

, respectively. Open rectangles (diamonds) refer to 1/m-vertices from L
(2)
πN

(L(3)
πN

). Diagrams
which result from the interchange of the nucleon lines and/or application of the time reversal operation are not shown. For
remaining notation see Fig. 1.

where the loop function A(q) is defined as:

A(q) =
1

2q
arctan

q

2Mπ
. (3.7)

Notice that the leading-loop contributions to the 2π-exchange topology do not contain logarithmic ultraviolet diver-

gences and, as explained in Ref. [15], turn out to be independent from the LECs di entering L(3)
πN . At both N2LO

and N3LO, all LECs in the effective Lagrangian entering the expressions for the 3NF – including gA and Fπ – can be
simply replaced by their physical values.

We further emphasize that, as already mentioned above, the expressions in Eq. (3.6) differ from the ones in Eq. (2.9)
of Ref. [15] by terms of a shorter range as compared to the two-pion exchange contributions. The advantage of using
the new notation is that the results for A and B are now α-independent. This was not the case for terms in Eq. (2.9)
of Ref. [15] where the results are given for a specific choice α = 0.

Last but not least, we emphasize that relativistic corrections to V2π have a richer structure than the one given in
Eq. (3.3). The explicit form of the 1/m-corrections to V2π at N3LO can be found in Ref. [16], see also [35] for an early
work.

B. N4LO contributions

We now turn to the sub-subleading contributions to the 2π-exchange 3NF at order Q5 (N4LO). These are depicted
in Fig. 2 and emerge from:

• one-loop diagrams (1)-(15) constructed from the leading-order vertices from L(1)
πN and a single insertion of a

subleading vertex ∝ ci,

• tree diagram (16) involving leading-order vertices from L(1)
πN and a single insertion of a vertex from L(4)

πN pro-
portional to LECs ei,

ci



 

V2⇡ =
⇥�1 · ⇥q1 ⇥�3 · ⇥q3

[q21 +M2
⇡ ] [q

2
3 +M2

⇡ ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 � ⌧ 3 · ⌧ 2 ⇥q1 � ⇥q3 · ⇥�2 B(q2)

⌘

1

The TPE 3NF has the form (modulo 1/m-terms):

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘

+ gA(144c1 � 53c2 � 90c3)) +M4
�

⇣
F 2
�

⇣
4608�2d̄18(2c1 � c3) + 4608�2gA(2ē14 + 2ē19 � ē36 � 4ē38)
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FIG. 2: Two-pion exchange 3N diagrams at N3LO. Solid dots (filled rectangles) denote vertices of dimension ∆i = 0 (∆i = 2).
Diagrams which result from the interchange of the nucleon lines and/or application of the time reversal operation are not
shown. For remaining notation see Fig. 1.

(1), (2), (4), (8), (10), (30-32), (34) and (35) just renormalize the external nucleon legs. Similarly, Feynman diagrams
(3), (9), (22-24), (26-28) lead to renormalization of the leading pion-nucleon coupling without producing any new
structures. All these contributions are taken into account by replacing the bare LECs in the leading 2π exchange 3N
scattering amplitude by renormalized ones. This suggests that there are no N3LO corrections to the 3NF from these
graphs since the 2π exchange 3N diagrams at order ν = 2 do not generate any nonvanishing 3NF. Given the fact
that nuclear potentials are, in general, not uniquely defined, the above argument based on the (on-shell) scattering
amplitude should be taken with care. We have, however, verified that this is indeed the case by explicitly calculating
the corresponding 3NF using the method of unitary transformation along the lines of Ref. [24]. From the remaining
graphs in Fig. 2, diagram (11) does not contribute at the considered order due to the 1/m-suppression caused by the
time derivative entering the Weinberg-Tomozawa vertex.3 For the same reason, diagram (25) also leads to a vanishing
result at the order considered. Here, the time derivative acts either on the pions exchanged between two nucleons
leading to a 1/m-suppression or on the pion in the tadpole giving an odd power of the loop momentum l0 to be

3 This graph does not involve reducible time-ordered topologies. Its contribution to the nuclear force is, therefore, most easily obtained
using the Feynman graph technique. The 1/m-suppression from the time derivative entering the Weinberg-Tomozawa vertex follows
then simply from the four-momentum conservation.
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F

2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘

+ gA(144c1 � 53c2 � 90c3)) +M4
�

⇣
F 2
�

⇣
4608�2d̄18(2c1 � c3) + 4608�2gA(2ē14 + 2ē19 � ē36 � 4ē38)
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2
�gA � 2gA(5c2 + 18c3)

⌘ i

� g2A
768�2F 6

�

L(q2)
⇣
M2

� + 2q22
⌘ ⇣

4M2
�(6c1 � c2 � 3c3) + q22(�c2 � 6c3)

⌘
,

B(5)(q2) = � gA
2304�2F 6

�

h
M2

�

⇣
F 2
�

⇣
1152�2d̄18c4 � 1152�2gA(2ē17 + 2ē21 � ē37)
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FIG. 2: Two-pion exchange 3N diagrams at N4LO. Solid dots, filled circles, rectangles and diamonds denote vertices from L
(1)
πN

or L(2)
π , L(2)

πN
, L(3)

πN
or L(4)

π and L
(4)
πN

, respectively. Open rectangles (diamonds) refer to 1/m-vertices from L
(2)
πN

(L(3)
πN

). Diagrams
which result from the interchange of the nucleon lines and/or application of the time reversal operation are not shown. For
remaining notation see Fig. 1.

where the loop function A(q) is defined as:

A(q) =
1

2q
arctan

q

2Mπ
. (3.7)

Notice that the leading-loop contributions to the 2π-exchange topology do not contain logarithmic ultraviolet diver-

gences and, as explained in Ref. [15], turn out to be independent from the LECs di entering L(3)
πN . At both N2LO

and N3LO, all LECs in the effective Lagrangian entering the expressions for the 3NF – including gA and Fπ – can be
simply replaced by their physical values.

We further emphasize that, as already mentioned above, the expressions in Eq. (3.6) differ from the ones in Eq. (2.9)
of Ref. [15] by terms of a shorter range as compared to the two-pion exchange contributions. The advantage of using
the new notation is that the results for A and B are now α-independent. This was not the case for terms in Eq. (2.9)
of Ref. [15] where the results are given for a specific choice α = 0.

Last but not least, we emphasize that relativistic corrections to V2π have a richer structure than the one given in
Eq. (3.3). The explicit form of the 1/m-corrections to V2π at N3LO can be found in Ref. [16], see also [35] for an early
work.

B. N4LO contributions

We now turn to the sub-subleading contributions to the 2π-exchange 3NF at order Q5 (N4LO). These are depicted
in Fig. 2 and emerge from:

• one-loop diagrams (1)-(15) constructed from the leading-order vertices from L(1)
πN and a single insertion of a

subleading vertex ∝ ci,

• tree diagram (16) involving leading-order vertices from L(1)
πN and a single insertion of a vertex from L(4)

πN pro-
portional to LECs ei,

ci
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘

+ gA(144c1 � 53c2 � 90c3)) +M4
�

⇣
F 2
�

⇣
4608�2d̄18(2c1 � c3) + 4608�2gA(2ē14 + 2ē19 � ē36 � 4ē38)
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FIG. 5: Chiral expansion of the functions A(q2) and B(q2) entering the two-pion exchange 3NF in Eq. (3.3) up to N4LO. Left
(right) panel shows the results obtained with the LECs determined from the order-Q4 fit to the pion-nucleon partial wave
analysis of Ref. [57] (Ref. [56]) and listed in Table I. Dashed, dashed-dotted and solid lines correspond to A

(3), A(3) +A
(4) and

A
(3) +A

(4) +A
(5) in the upper plots while B

(3), B(3) + B
(4) and B

(3) + B
(4) + B

(5) in the lower plots.

VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution to the three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results of our study can be summarized as follows.

• We worked out the N4LO contributions to the 2π-exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding “rotation angles”, namely α10 and α11, are fixed in terms of the remaining one α9 if one
requires that the resulting 3NF matrix elements are finite (renormalizability constraint). The parameter α9

does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-
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does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

Chiral expansion of the structure functions A(q2), B(q2)

— higher-order corrections tend to weaken the long-range 3NF 

— good convergence for the longest-range 3NF
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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FIG. 3: 2π-1π diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.

It should be understood that the obtained expressions are only valid in the region of space where the interparticle
distances are large (i.e. larger than the inverse pion mass). The behavior of the potential at shorter distances is, in
general, affected by the regularization procedure which is not considered in the present work.

To obtain the coordinate space representation for the terms in Eq. (2.9) which involve the loop function A(q2), it is
more convenient to proceed in a different way in order to avoid a complicated angular integration:

V2π(!r12, !r32 ) =
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d3q3
(2π)3

(2π)3δ3(!q1 + !q2 + !q3 ) e
i"q1·"r1 ei"q2·"r2 ei"q3·"r3 V2π(!q1, !q2, !q3)

=

∫

d3r0

∫

d3q1
(2π)3

d3q2
(2π)3

d3q3
(2π)3

ei"q1·"r10 ei"q2·"r20 ei"q3·"r30 V2π(!q1, !q2, !q3)

= −
g4AM

7
π

4096π3F 6
π

!σ1 · !∇12 !σ3 · !∇32

[

τ 1 · τ 3 (2−∇2
12 −∇2

32 − 2!∇12 · !∇32)(3 − 3∇2
12 − 3∇2

32 − 4!∇12 · !∇32)

+ τ 1 × τ 3 · τ 2
!∇12 × !∇32 · !σ2 (4−∇2

12 −∇2
32 − 2!∇12 · !∇32)

]

×
1

4π

∫

d3xU1(|!x12 + !x |) W1(x) U1(|!x32 + !x |) , (2.14)

where
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For various techniques to evaluate the integral in the last line of Eq. (2.14) the reader is referred to Ref. [15].

N3LO [Q4], Bernard, EE, Krebs, Meißner ’08
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Figure 5
(a–f ) Various topologies contributing to the three-nucleon force up to order Q5. Shaded areas represent the
corresponding amplitudes.

therefore, be expected to shed new light on the persistent deficiencies in the theoretical description
of, for instance, Nd scattering. The corrections to the 3NF at N3LO generated by the leading-loop
diagrams are performed in References 60–62. Remarkably, the N3LO terms do not involve any
unknown LECs. In addition to the static loop contributions, one also has to take into account
the 1/mN corrections in the topologies in Figure 5a and d (62; also see the earlier calculation
in Reference 63). The numerical implementation of the novel N3LO contributions in few-body
studies is nontrivial and requires a partial-wave decomposition. This work is presently in progress;
see Reference 64 for an initial step in this direction.

Clearly, one of the most interesting features of the 3NF at N3LO is its rich spin-momentum
structure, which yields many operators that have never been explored in few-body studies and
could be capable of resolving the observed discrepancies in three-nucleon scattering. This feature
especially applies to the ring topology in Figure 5c and, to a lesser extent, the two-pion/one-
pion topology in Figure 5b. However, the observed convergence pattern of the chiral expansion
of the two-pion exchange two-nucleon potential with the diagrams in Figure 2b–e yields small
contributions, and the major effect that emerges from the subleading diagram in Figure 2f (see
the previous section) brings the convergence of the 3NF at N3LO into question. Indeed, because
the (large) LECs c2,3,4 saturated by the ! isobar do not contribute to the ring and two-pion/one-
pion exchange 3NF topologies at N3LO, one may expect that the corresponding potentials from
Reference 61 have not yet converged (also see the discussion in Reference 65). Thus, one may either
need to go to at least N4LO in the !-less theory or explicitly take into account the contributions
of the ! isobar up to N3LO. Such work is in progress; see Reference 66 for the first steps in this
research.

The parameter-free results that are currently being and have been obtained in chiral EFT for
the various components of the 3NF at large distances rely solely on the spontaneously broken
chiral symmetry of QCD. These results introduce a very interesting possibility for benchmarking
with future lattice QCD calculations3 (see References 67 and 68 for the initial efforts).

Finally, the 4NF also receives its first contribution at N3LO from tree-level diagrams con-
structed from the lowest-order vertices of dimension !i = 0. The parameter-free expressions for
the 4NF at N3LO can be found in Reference 18. The contribution of the 4NF to the α-particle
binding energy (BE) was estimated (69) to be of the order of a few hundred keV. This value
provides some justification for neglect of four (and more)-nucleon forces in nuclear structure
calculations.

3Clearly, one must take care when dealing with the nonuniqueness of the nuclear potentials. The long-range part of the 3NF
at N3LO is, however, uniquely determined after fixing the corresponding long-range part of the 2NF.
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 Intermediate range: 2π-1π exchange
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pion-nucleon vertices, respectively. Graphs resulting from the interchange of the nucleon lines and/or applying time reversal
operation are not shown. For remaining notation see Fig. 1.
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It is straightforward to transform these results into coordinate space. The general structure corresponding to the
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In order to calculate the functions Fi it is convenient to employ the spectral representations of the function L(q), see
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 Intermediate range: ring diagrams
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FIG. 3: Ring diagrams at N4LO. For notation see Figs. 1, 2.

We were again able to obtain fairly compact expressions in coordinate space, which, however, involve now a single
scalar integral over the mass of the exchanged particles:
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FIG. 4: Ring diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.
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We emphasize again that the above expressions are only valid at large distances.

C. Ring diagrams

We now regard ring diagrams shown in Fig. 4 which correspond to topology (c) in Fig. 1. These are most cumbersome
to evaluate. The contributions from the first two diagrams can be obtained using the expressions for the effective
Hamilton operator given in Ref. [24]. This leads to the following structures:

V 1
ring = M1

[

4

ω3
a ωb ωc

+
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

,

V 2
ring = M2

[

−
4

ω3
a ωb ωc

−
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

, (2.24)

where M i represents the spin, isospin and momentum structure which results from the vertices entering the diagram
i and ω denotes the pion free energy, ω ≡

√

q2 +M2
π . Substituting the expressions for the vertices, the result can be

written in the form

Vring =

(

gA
2Fπ

)6 1

(2π)3

∫

d3l1 d
3l2 d

3l3 δ
3($l3 −$l2 − $q1) δ

3($l2 −$l1 − $q3)
v

[l21 +M2
π] [l

2
2 +M2

π]
2 [l23 +M2

π ]
, (2.25)

with the numerator

v = −8τ 1 · τ 2
$l1 ×$l3 · $σ2

$l1 ×$l2 · $σ3
$l2 ·$l3 − 4τ 1 · τ 3

$l1 ·$l2 $l1 ·$l3 $l2 ·$l3 + 2τ 1 × τ 2 · τ 3
$l1 ×$l3 · $σ2

$l1 ·$l2 $l2 ·$l3
+ 6$l2 ×$l3 · $σ1

$l1 ×$l2 · $σ3
$l1 ·$l3 . (2.26)

Carrying out the two trivial integrations over, say, l1 and l2 leads to the standard three-point function integrals. The
latter can be evaluated but the resulting expressions are rather involved, see appendix A. It is more convenient to
evaluate Eq. (2.25) in configuration space using again the same definition as in the the first line of Eq. (2.11). This
leads to the following compact result:

Vring($r12, $r32 ) =

(

gA
2Fπ

)6 ∫ d3l1
(2π)3

d3l2
(2π)3

d3l3
(2π)3

ei
"l1·"r23 ei

"l2·"r31 ei
"l3·"r12 v

[l21 +M2
π ] [l

2
2 +M2

π ]
2 [l23 +M2

π ]

N3LO [Q4]:
Bernard, EE, Krebs, 
Meißner ’08

N4LO [Q5]:
Krebs, Gasparyan, EE ’13

ci



 Intermediate range: ring diagrams
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(4)(1) (2) (3)

FIG. 3: Ring diagrams at N4LO. For notation see Figs. 1, 2.

We were again able to obtain fairly compact expressions in coordinate space, which, however, involve now a single
scalar integral over the mass of the exchanged particles:

V
(5),g4

A

ring = −
g4AM

8
π

1024π4F 6
π

∫ ∞

−∞
ds
[

2"∇12 · "∇23

(

"∇23 · "∇31

(

12c1"σ2 · "σ3 − 4c2s
2"σ2 · "σ3τ 2 · τ 3 + 6c2s

2

+ "∇12 · "∇31("σ1 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 2 · τ 3) + 2("σ2 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 1 · τ 3)

+ c3(2τ 1 · τ 2 + τ 1 · τ 3))) + 2"∇12 · "σ1
"∇31 · "σ2(3c3 − c4τ 1 · τ 3 − c4τ 2 · τ 3)− 4c3s

2"σ2 · "σ3τ 2 · τ 3

+ 6c3s
2 + c4"∇12 · "∇31 × "σ1τ 1 · τ 2 × τ 3

)

− 2
(

2"∇12 · "σ1
"∇31 · "σ2

(

3c1 − s2(c2 + c3)τ 1 · τ 2

)

+
(

"∇31 · "σ1
"∇31 · "σ3 −

(

s2 + 1
)

"σ1 · "σ3

)

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+ "∇12 · "∇31(4c1τ 1 · τ 2

+ "∇23 · "σ1
"∇31 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 2 · τ 3))

)

−
(

s2 + 1
)

"∇12 · "σ3
"∇23 · "σ1(3c3 − c4τ 1 · τ 2

− c4τ 2 · τ 3)) + "∇12 · "∇31

(

8
(

"∇12 · "σ2
"∇23 · "σ1

(

s2(c2 + c3)τ 1 · τ 2 − 3c1
)

+ "∇23 · "σ1
"∇31 · "σ3

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+
(

s2 + 1
)

"σ2 · "σ3

(

s2(c2 + c3)τ 2 · τ 3 − 3c1
)

)

− "∇23 · "∇31

(

4"σ1 · "σ3

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+ 8c1τ 1 · τ 3 − 6c2s
2 + 4"∇12 · "σ2

"∇23 · "σ1

× (−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)− 6c3s
2 + c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3

))

+ 4
(

(

s2 + 1
)

"∇23 · "σ1

(

"∇31 · "σ2

(

6c1 − 2s2(c2 + c3)τ 1 · τ 2 + "∇23 · "∇31(−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)
)

+ "∇12 · "σ3

(

3c1 − s2(c2 + c3)τ 1 · τ 3

)

)

+ "∇12 · "σ1
"∇12 · "σ2

"∇23 · "∇31

(

6c1 − 2s2(c2 + c3)τ 1 · τ 2

+ "∇23 · "∇31(−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)
))

− 2("∇12 · "∇23)
2
(

"∇31 · "σ1
"∇31 · "σ3 −

(

s2 + 1
)

"σ1 · "σ3

)

× (3c3 − c4τ 1 · τ 2 − c4τ 2 · τ 3) + 4
(

s2 + 1
)

("∇12 · "∇31)
2"σ2 · "σ3(3c3 − c4τ 1 · τ 2 − c4τ 1 · τ 3)

]

× Us
1 (x12)U

s
1 (x23)U

s
2 (x31), (4.29)

V
(5),g2

A

ring =
g2AM

8
π

1024π4F 6
π

∫ ∞

−∞
ds
[

8c1"∇12 · "∇23τ 2 · τ 3 + 8c1"∇23 · "∇31τ 2 · τ 3 + 4c2s
2"∇12 · "∇23τ 2 · τ 3

+ 4c2s
2"∇23 · "∇31τ 2 · τ 3 + "∇12 · "∇31

(

−4c3"∇12 · "∇23τ 2 · τ 3 − 4c3"∇23 · "∇31τ 2 · τ 3

+ c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3 + 4c4"∇23 · "σ1
"∇31 · "σ3(τ 1 · τ 2 + τ 2 · τ 3)

+ 2c4
(

s2 + 1
)

"σ2 · "σ3(τ 1 · τ 2 + τ 1 · τ 3)
)

+ 4c3s
2"∇12 · "∇23τ 2 · τ 3 + 4c3s

2"∇23 · "∇31τ 2 · τ 3

− 2c4"∇12 · "∇23
"∇31 · "σ1

"∇31 · "σ3τ 1 · τ 2 − 2c4"∇12 · "∇23
"∇31 · "σ1

"∇31 · "σ3τ 2 · τ 3

− 2c4"∇12 · "∇23
"∇23 · "∇31"σ2 · "σ3τ 1 · τ 2 − 2c4"∇12 · "∇23

"∇23 · "∇31"σ2 · "σ3τ 1 · τ 3

+ c4"∇23 · "∇31
"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3 − 2c4

(

s2 + 1
)

"∇12 · "σ3
"∇23 · "σ1(τ 1 · τ 2 + τ 2 · τ 3)

]

× Us
1 (x12)U

s
1 (x23)U

s
1 (x31), (4.30)

V
(5),g0

A

ring = −
M8

πs
2

1024π4F 6
π

∫ ∞

−∞
ds
[

4τ 2 · τ 3

(

2c1 + s2(c2 + c3)− c3"∇12 · "∇31

)

+ c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3

]

8

(1)

a

b

c

(2) (3) (4) (5) (6)

a

b c

(7) (8)

FIG. 4: Ring diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.

with

W2(x) = −∇2
xW1(x) = −

e−2x

x4
(1 + 2x(1 + x)) ,

W3(x) =
4π

M2
π

∫

d3q

(2π)3
ei"q·"x/Mπ

[

Mπ

q2
−

4M2
π

q2
A(q)

]

= 2Ei(−2x) +
e−2x

x
, (2.22)

and

Ei(x) ≡ −

∫ ∞

−x

e−t dt

t
. (2.23)

We emphasize again that the above expressions are only valid at large distances.

C. Ring diagrams

We now regard ring diagrams shown in Fig. 4 which correspond to topology (c) in Fig. 1. These are most cumbersome
to evaluate. The contributions from the first two diagrams can be obtained using the expressions for the effective
Hamilton operator given in Ref. [24]. This leads to the following structures:

V 1
ring = M1

[

4

ω3
a ωb ωc

+
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

,

V 2
ring = M2

[

−
4

ω3
a ωb ωc

−
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

, (2.24)

where M i represents the spin, isospin and momentum structure which results from the vertices entering the diagram
i and ω denotes the pion free energy, ω ≡

√

q2 +M2
π . Substituting the expressions for the vertices, the result can be

written in the form

Vring =

(

gA
2Fπ

)6 1

(2π)3

∫

d3l1 d
3l2 d

3l3 δ
3($l3 −$l2 − $q1) δ

3($l2 −$l1 − $q3)
v

[l21 +M2
π] [l

2
2 +M2

π]
2 [l23 +M2

π ]
, (2.25)

with the numerator

v = −8τ 1 · τ 2
$l1 ×$l3 · $σ2

$l1 ×$l2 · $σ3
$l2 ·$l3 − 4τ 1 · τ 3

$l1 ·$l2 $l1 ·$l3 $l2 ·$l3 + 2τ 1 × τ 2 · τ 3
$l1 ×$l3 · $σ2

$l1 ·$l2 $l2 ·$l3
+ 6$l2 ×$l3 · $σ1

$l1 ×$l2 · $σ3
$l1 ·$l3 . (2.26)

Carrying out the two trivial integrations over, say, l1 and l2 leads to the standard three-point function integrals. The
latter can be evaluated but the resulting expressions are rather involved, see appendix A. It is more convenient to
evaluate Eq. (2.25) in configuration space using again the same definition as in the the first line of Eq. (2.11). This
leads to the following compact result:

Vring($r12, $r32 ) =

(

gA
2Fπ

)6 ∫ d3l1
(2π)3

d3l2
(2π)3

d3l3
(2π)3

ei
"l1·"r23 ei

"l2·"r31 ei
"l3·"r12 v

[l21 +M2
π ] [l

2
2 +M2

π ]
2 [l23 +M2

π ]

N3LO [Q4]:
Bernard, EE, Krebs, 
Meißner ’08

N4LO [Q5]:
Krebs, Gasparyan, EE ’13

Expressions in momentum space are complicated (3-point function), e.g. at N3LO:

ci
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(4)(1) (2) (3)

FIG. 3: Ring diagrams at N4LO. For notation see Figs. 1, 2.

We were again able to obtain fairly compact expressions in coordinate space, which, however, involve now a single
scalar integral over the mass of the exchanged particles:

V
(5),g4

A

ring = −
g4AM

8
π

1024π4F 6
π

∫ ∞

−∞
ds
[

2"∇12 · "∇23

(

"∇23 · "∇31

(

12c1"σ2 · "σ3 − 4c2s
2"σ2 · "σ3τ 2 · τ 3 + 6c2s

2

+ "∇12 · "∇31("σ1 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 2 · τ 3) + 2("σ2 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 1 · τ 3)

+ c3(2τ 1 · τ 2 + τ 1 · τ 3))) + 2"∇12 · "σ1
"∇31 · "σ2(3c3 − c4τ 1 · τ 3 − c4τ 2 · τ 3)− 4c3s

2"σ2 · "σ3τ 2 · τ 3

+ 6c3s
2 + c4"∇12 · "∇31 × "σ1τ 1 · τ 2 × τ 3

)

− 2
(

2"∇12 · "σ1
"∇31 · "σ2

(

3c1 − s2(c2 + c3)τ 1 · τ 2

)

+
(

"∇31 · "σ1
"∇31 · "σ3 −

(

s2 + 1
)

"σ1 · "σ3

)

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+ "∇12 · "∇31(4c1τ 1 · τ 2

+ "∇23 · "σ1
"∇31 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 2 · τ 3))

)

−
(

s2 + 1
)

"∇12 · "σ3
"∇23 · "σ1(3c3 − c4τ 1 · τ 2

− c4τ 2 · τ 3)) + "∇12 · "∇31

(

8
(

"∇12 · "σ2
"∇23 · "σ1

(

s2(c2 + c3)τ 1 · τ 2 − 3c1
)

+ "∇23 · "σ1
"∇31 · "σ3

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+
(

s2 + 1
)

"σ2 · "σ3

(

s2(c2 + c3)τ 2 · τ 3 − 3c1
)

)

− "∇23 · "∇31

(

4"σ1 · "σ3

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+ 8c1τ 1 · τ 3 − 6c2s
2 + 4"∇12 · "σ2

"∇23 · "σ1

× (−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)− 6c3s
2 + c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3

))

+ 4
(

(

s2 + 1
)

"∇23 · "σ1

(

"∇31 · "σ2

(

6c1 − 2s2(c2 + c3)τ 1 · τ 2 + "∇23 · "∇31(−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)
)

+ "∇12 · "σ3

(

3c1 − s2(c2 + c3)τ 1 · τ 3

)

)

+ "∇12 · "σ1
"∇12 · "σ2

"∇23 · "∇31

(

6c1 − 2s2(c2 + c3)τ 1 · τ 2

+ "∇23 · "∇31(−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)
))

− 2("∇12 · "∇23)
2
(

"∇31 · "σ1
"∇31 · "σ3 −

(

s2 + 1
)

"σ1 · "σ3

)

× (3c3 − c4τ 1 · τ 2 − c4τ 2 · τ 3) + 4
(

s2 + 1
)

("∇12 · "∇31)
2"σ2 · "σ3(3c3 − c4τ 1 · τ 2 − c4τ 1 · τ 3)

]

× Us
1 (x12)U

s
1 (x23)U

s
2 (x31), (4.29)

V
(5),g2

A

ring =
g2AM

8
π

1024π4F 6
π

∫ ∞

−∞
ds
[

8c1"∇12 · "∇23τ 2 · τ 3 + 8c1"∇23 · "∇31τ 2 · τ 3 + 4c2s
2"∇12 · "∇23τ 2 · τ 3

+ 4c2s
2"∇23 · "∇31τ 2 · τ 3 + "∇12 · "∇31

(

−4c3"∇12 · "∇23τ 2 · τ 3 − 4c3"∇23 · "∇31τ 2 · τ 3

+ c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3 + 4c4"∇23 · "σ1
"∇31 · "σ3(τ 1 · τ 2 + τ 2 · τ 3)

+ 2c4
(

s2 + 1
)

"σ2 · "σ3(τ 1 · τ 2 + τ 1 · τ 3)
)

+ 4c3s
2"∇12 · "∇23τ 2 · τ 3 + 4c3s

2"∇23 · "∇31τ 2 · τ 3

− 2c4"∇12 · "∇23
"∇31 · "σ1

"∇31 · "σ3τ 1 · τ 2 − 2c4"∇12 · "∇23
"∇31 · "σ1

"∇31 · "σ3τ 2 · τ 3

− 2c4"∇12 · "∇23
"∇23 · "∇31"σ2 · "σ3τ 1 · τ 2 − 2c4"∇12 · "∇23

"∇23 · "∇31"σ2 · "σ3τ 1 · τ 3

+ c4"∇23 · "∇31
"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3 − 2c4

(

s2 + 1
)

"∇12 · "σ3
"∇23 · "σ1(τ 1 · τ 2 + τ 2 · τ 3)

]

× Us
1 (x12)U

s
1 (x23)U

s
1 (x31), (4.30)

V
(5),g0

A

ring = −
M8

πs
2

1024π4F 6
π

∫ ∞

−∞
ds
[

4τ 2 · τ 3

(

2c1 + s2(c2 + c3)− c3"∇12 · "∇31

)

+ c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3

]

8

(1)

a

b

c
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FIG. 4: Ring diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.

with

W2(x) = −∇2
xW1(x) = −

e−2x

x4
(1 + 2x(1 + x)) ,

W3(x) =
4π

M2
π

∫

d3q

(2π)3
ei"q·"x/Mπ

[

Mπ

q2
−

4M2
π

q2
A(q)

]

= 2Ei(−2x) +
e−2x

x
, (2.22)

and

Ei(x) ≡ −

∫ ∞

−x

e−t dt

t
. (2.23)

We emphasize again that the above expressions are only valid at large distances.

C. Ring diagrams

We now regard ring diagrams shown in Fig. 4 which correspond to topology (c) in Fig. 1. These are most cumbersome
to evaluate. The contributions from the first two diagrams can be obtained using the expressions for the effective
Hamilton operator given in Ref. [24]. This leads to the following structures:

V 1
ring = M1

[

4

ω3
a ωb ωc

+
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

,

V 2
ring = M2

[

−
4

ω3
a ωb ωc

−
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

, (2.24)

where M i represents the spin, isospin and momentum structure which results from the vertices entering the diagram
i and ω denotes the pion free energy, ω ≡

√

q2 +M2
π . Substituting the expressions for the vertices, the result can be

written in the form

Vring =

(

gA
2Fπ

)6 1

(2π)3

∫

d3l1 d
3l2 d

3l3 δ
3($l3 −$l2 − $q1) δ

3($l2 −$l1 − $q3)
v

[l21 +M2
π] [l

2
2 +M2

π]
2 [l23 +M2

π ]
, (2.25)

with the numerator

v = −8τ 1 · τ 2
$l1 ×$l3 · $σ2

$l1 ×$l2 · $σ3
$l2 ·$l3 − 4τ 1 · τ 3

$l1 ·$l2 $l1 ·$l3 $l2 ·$l3 + 2τ 1 × τ 2 · τ 3
$l1 ×$l3 · $σ2

$l1 ·$l2 $l2 ·$l3
+ 6$l2 ×$l3 · $σ1

$l1 ×$l2 · $σ3
$l1 ·$l3 . (2.26)

Carrying out the two trivial integrations over, say, l1 and l2 leads to the standard three-point function integrals. The
latter can be evaluated but the resulting expressions are rather involved, see appendix A. It is more convenient to
evaluate Eq. (2.25) in configuration space using again the same definition as in the the first line of Eq. (2.11). This
leads to the following compact result:

Vring($r12, $r32 ) =

(

gA
2Fπ

)6 ∫ d3l1
(2π)3

d3l2
(2π)3

d3l3
(2π)3

ei
"l1·"r23 ei

"l2·"r31 ei
"l3·"r12 v

[l21 +M2
π ] [l

2
2 +M2

π ]
2 [l23 +M2

π ]

N3LO [Q4]:
Bernard, EE, Krebs, 
Meißner ’08

N4LO [Q5]:
Krebs, Gasparyan, EE ’13

Expressions in momentum space are complicated (3-point function), e.g. at N3LO:
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Appendix A: Expressions for ring diagrams in momentum-space

In this appendix we give lengthy expressions for ring diagrams in Fig. 4 in momentum space. The contributions from
diagrams (1) and (2) can be expressed as:

Vring = !σ1 · !σ2 τ 2 · τ 3 R1 + !σ1 · !q1!σ2 · !q1 τ 2 · τ 3 R2 + !σ1 · !q1!σ2 · !q3 τ 2 · τ 3 R3 + !σ1 · !q3!σ2 · !q1 τ 2 · τ 3 R4

+ !σ1 · !q3!σ2 · !q3 τ 2 · τ 3 R5 + τ 1 · τ 3 R6 + !σ1 · !q1!σ3 · !q1 R7 + !σ1 · !q1!σ3 · !q3 R8 + !σ1 · !q3!σ3 · !q1 R9 (A.1)

+ !σ1 · !σ3 R10 + !q1 · !q3 × !σ2 τ 1 · τ 2 × τ 3 R11.

where the functions Ri ≡ Ri(q1, q3, z) with z = q̂1 · q̂3 are defined as follows:

R1 =

(

−1 + z2
)

g6AMπ

(

2M2
π + q23

) (

q22q3 + 4M2
π (zq1 + q3)

)

128F 6π (4 (−1 + z2)M2
π − q22) (4M

2
πq3 + q33)

−
A (q2) g6Aq

2
2

(

2M2
π (q1 + zq3) + zq3

(

−q21 + q23
))

128F 6π (−1 + z2) q1q23
−

A (q3) g6A
(

zq22 (zq1 − q3) q3 + 2M2
π

(

z
(

−2 + z2
)

q21 −
(

1 + z2
)

q1q3 − zq23
))

128F 6π (−1 + z2) q1q3
+

A (q1) g6A
(

2M2
πq

2
2 + q3

(

−zq31 +
(

2− 3z2
)

q21q3 − z
(

−2 + z2
)

q1q23 + q33
))

128F 6π (−1 + z2) q23
−

I(4 : 0,−q1, q3; 0)g6Aq
2
2

32F 6 (−1 + z2) (4 (−1 + z2)M2
π − q22) q3

(

8
(

−1 + z2
)

M4
π

(

2zq1 +
(

1 + z2
)

q3
)

+ q22q3
(

z2q21+

z
(

−1 + z2
)

q1q3 − q23
)

+ 2M2
π

(

z
(

−2 + z2
)

q31 −
(

1 + 2z2
)

q21q3 + 3z
(

−2 + z2
)

q1q
2
3 +

(

−3 + 2z4
)

q33
))

,

R2 =
A (q2) g6Aq

2
2

(

−2M2
π

((

1 + z2
)

q1 + 2zq3
)

+ zq3
((

1 + z2
)

q21 − 2q23
))

128F 6π (−1 + z2)2 q31q
2
3

+

A (q3) g6A
(

M2
π

(

2zq21 +
(

1 + 3z2
)

q1q3 + 2zq23
)

+ zq3
(

−zq31 − z2q21q3 + zq1q23 + q33
))

64F 6π (−1 + z2)2 q31q3
+

A (q1) g6A
128F 6π (−1 + z2)2 q21q

2
3

(

2M2
π

((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

+

q3
(

−
(

z + z3
)

q31 +
(

2− 5z2 + z4
)

q21q3 + z
(

1 + z2
)

q1q
2
3 +

(

1 + z2
)

q33
))

−

I(4 : 0,−q1, q3; 0)g6A
32F 6 (−1 + z2)2 q21 (−4 (−1 + z2)M2

π + q22) q3

(

q42q3
(

−2z2q21 +
(

1 + z2
)

q23
)

−

8(−1 + z)(1 + z)M4
π

(

z
(

2 + z2
)

q31 +
(

1 + 2z2
)2

q21q3 + z
(

2 + 7z2
)

q1q
2
3 +

(

1 + 2z2
)

q33

)

+

2M2
πq

2
2

(

2zq31 +
(

1− z2 + 6z4
)

q21q3 − 2z
(

−1− 3z2 + z4
)

q1q
2
3 +

(

3 + 3z2 − 4z4
)

q33
))

+
g6AMπ

(

2M2
π + q23

) (

q22q3 + 4M2
π (zq1 + q3)

)

128F 6πq21 (4 (−1 + z2)M2
π − q22) (4M

2
πq3 + q33)

,

R3 = −
zA (q2) g6Aq

2
2

(

−4M2
π (q1 + zq3) + q3

(

2zq21 +
(

−1 + z2
)

q1q3 − 2zq23
))

128F 6π (−1 + z2)2 q21q
3
3

−

zA (q3) g6A
128F 6π (−1 + z2)2 q21q

2
3

(

M2
π

(

−2z
(

−3 + z2
)

q21 + 4
(

1 + z2
)

q1q3 + 4zq23
)

+ q3
(

−
(

1 + z2
)

q31−

2z3q21q3 +
(

1 + z2
)

q1q
2
3 + 2zq33

))

−

zA (q1) g6A
(

2M2
π

(

2q21 + 4zq1q3 +
(

1 + z2
)

q23
)

+ q3
(

−2zq31 +
(

1− 3z2
)

q21q3 + 2zq1q23 +
(

1 + z2
)

q33
))

128F 6π (−1 + z2)2 q1q33
−

I(4 : 0,−q1, q3; 0)zg6A
32F 6 (−1 + z2)2 q1 (−4 (−1 + z2)M2

π + q22) q
2
3

(

q42q3
((

1 + z2
)

q21 + z
(

−1 + z2
)

q1q3 −
(

1 + z2
)

q23
)

+
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8(−1 + z)(1 + z)M4
π

(

3zq31 +
(

−1 + 10z2
)

q21q3 + 3z
(

1 + 2z2
)

q1q
2
3 +

(

1 + 2z2
)

q33
)

+

2M2
πq

2
2

(

z
(

−3 + z2
)

q31 +
(

3− 9z2
)

q21q3 − z
(

5 + z2
)

q1q
2
3 +

(

−3− 3z2 + 4z4
)

q33
))

+

zg6AMπ

(

2M2
π + q23

) (

q22q3 + 4M2
π (zq1 + q3)

)

128F 6πq1 (−4 (−1 + z2)M2
π + q22) q

2
3 (4M

2
π + q23)

,

R4 =
A (q2) g6Aq

2
2

(

−2z2q21q3 +
(

1 + z2
)

q33 + 2M2
π

(

2zq1 +
(

1 + z2
)

q3
))

128F 6π (−1 + z2)2 q21q
3
3

+

A (q1) g6A
(

−2M2
π

(

2zq21 +
(

1 + 3z2
)

q1q3 + 2zq23
)

+ q3
(

2z2q31 + 2z3q21q3 +
(

1− 4z2 + z4
)

q1q23 − 2zq33
))

128F 6π (−1 + z2)2 q1q33
−

A (q3) g6A
128F 6π (−1 + z2)2 q21q

2
3

(

2M2
π

(

−z2
(

−3 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

+

q3
(

−
(

z + z3
)

q31 −
(

1− z2 + 2z4
)

q21q3 + z
(

1 + z2
)

q1q
2
3 +

(

1 + z2
)

q33
))

−

I(4 : 0,−q1, q3; 0)g6A
32F 6 (−1 + z2)2 q1 (−4 (−1 + z2)M2

π + q22) q
2
3

(

q42q3
(

(

z + z3
)

q21 +
(

−1 + z2
)2

q1q3 − 2zq23

)

+

8(−1 + z)(1 + z)M4
π

(

3z2q31 + 9z3q21q3 +
(

−2 + 9z2 + 2z4
)

q1q
2
3 + z

(

2 + z2
)

q33
)

+

2M2
πq

2
2

(

z2
(

−3 + z2
)

q31 +
(

2z − 8z3
)

q21q3 +
(

4 + 5z2
(

−3 + z2
))

q1q
2
3 + 2z

(

−3 + z2 + z4
)

q33
))

+

zg6AMπ

(

2M2
π + q23

) (

q22q3 + 4M2
π (zq1 + q3)

)

128F 6πq1 (−4 (−1 + z2)M2
π + q22) q

2
3 (4M

2
π + q23)

,

R5 =
A (q2) g6Aq

2
2

(

−4M2
π (q1 + zq3) + q3

(

2zq21 +
(

−1 + z2
)

q1q3 − 2zq23
))

128F 6π (−1 + z2)2 q1q43
−

A (q3) g6A
128F 6π (−1 + z2)2 q1q33

(

2M2
π

(

z
(

−3 + z2
)

q21 − 2
(

1 + z2
)

q1q3 − 2zq23
)

+ q3
((

1 + z2
)

q31 + 2z3q21q3−

(

1 + z2
)

q1q
2
3 − 2zq33

))

+

A (q1) g6A
(

2M2
π

(

2q21 + 4zq1q3 +
(

1 + z2
)

q23
)

+ q3
(

−2zq31 +
(

1− 3z2
)

q21q3 + 2zq1q23 +
(

1 + z2
)

q33
))

128F 6π (−1 + z2)2 q43
+

I(4 : 0,−q1, q3; 0)g6A
32F 6 (−1 + z2)2 (−4 (−1 + z2)M2

π + q22) q
3
3

(

q42q3
((

1 + z2
)

q21 + z
(

−1 + z2
)

q1q3 −
(

1 + z2
)

q23
)

+

8(−1 + z)(1 + z)M4
π

(

3zq31 +
(

−1 + 10z2
)

q21q3 + 3z
(

1 + 2z2
)

q1q
2
3 +

(

1 + 2z2
)

q33
)

+

2M2
πq

2
2

(

z
(

−3 + z2
)

q31 +
(

3− 9z2
)

q21q3 − z
(

5 + z2
)

q1q
2
3 +

(

−3− 3z2 + 4z4
)

q33
))

−

g6AMπ

(

2M2
π + q23

) (

q22q3 + 4M2
π (zq1 + q3)

)

128F 6π (−4 (−1 + z2)M2
π + q22) q

3
3 (4M

2
π + q23)

,

R6 =
A (q2) g6A

(

2M2
π + q22

)

128F 6π
+

A (q1) g6A
(

2z
(

M2
π + q21

)

q3 + q1
(

8M2
π + 3q21 + q23

))

128F 6πq1
+

A (q3) g6A
(

2zq1
(

M2
π + q23

)

+ q3
(

8M2
π + q21 + 3q23

))

128F 6πq3
−

g6AMπ

128F 6πq1 (4M2
π + q21) (4 (−1 + z2)M2

π − q22) q3 (4M
2
π + q23)

((

5 + z2
)

q31q
2
2q

3
3 + 8M6

π

(

z
(

−3 + 4z2
)

q21+

2
(

19− 18z2
)

q1q3 + z
(

−3 + 4z2
)

q23
)

+ 2M4
π

(

4z
(

−1 + z2
)

q41 +
(

77− 36z2
)

q31q3 + 2z
(

33 + 8z2
)

q21q
2
3+

(

77− 36z2
)

q1q
3
3 + 4z

(

−1 + z2
)

q43
)

+ 2M2
πq1q3

((

10 + z2
)

q41 + 2z
(

9 + 2z2
)

q31q3 +
(

29− 7z2
)

q21q
2
3+

2z
(

9 + 2z2
)

q1q
3
3 +

(

10 + z2
)

q43
))

−

I(4 : 0,−q1, q3; 0)g6A
(

2M2
π + q22

)

32F 6q1 (−4 (−1 + z2)M2
π + q22) q3

(

q1q
2
2q3

(

q21 + zq1q3 + q23
)

+ 4M4
π

(

zq21 − 2
(

−2 + z2
)

q1q3 + zq23
)

+

2M2
π

(

4q1q3
(

q21 + q23
)

+ z
(

q41 + 6q21q
2
3 + q43

)))

,
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R7 =
3g6AMπ

(

2M2
π + q22

)

256F 6πq21 (−4 (−1 + z2)M2
π + q22)

−
3A (q3) g6A

(

2M2
π + q22

) ((

1 + z2
)

q1 + 2zq3
)

256F 6π (−1 + z2)2 q31
−

3A (q1) g6A
(

2M2
π + q22

) (

2zq1 +
(

1 + z2
)

q3
)

256F 6π (−1 + z2)2 q21q3
+

3A (q2) g6A
(

2M2
π + q22

) (

2zq21 +
(

1 + 3z2
)

q1q3 + 2zq23
)

256F 6π (−1 + z2)2 q31q3
+

3I(4 : 0,−q1, q3; 0)g6A
(

2M2
π + q22

)

64F 6 (−1 + z2)2 q21 (4 (−1 + z2)M2
π − q22)

(

−q22
((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

+

4
(

−1 + z2
)

M2
π

((

1 + 2z2
)

q21 + 2z
(

2 + z2
)

q1q3 +
(

1 + 2z2
)

q23
))

,

R8 = −
3zg6AMπ

(

2M2
π + q22

)

256F 6πq1 (−4 (−1 + z2)M2
π + q22) q3

+
3zA (q3) g6A

(

2M2
π + q22

) ((

1 + z2
)

q1 + 2zq3
)

256F 6π (−1 + z2)2 q21q3
+

3zA (q1) g6A
(

2M2
π + q22

) (

2zq1 +
(

1 + z2
)

q3
)

256F 6π (−1 + z2)2 q1q23
−

3zA (q2) g6A
(

2M2
π + q22

) (

2zq21 +
(

1 + 3z2
)

q1q3 + 2zq23
)

256F 6π (−1 + z2)2 q21q
2
3

−

3I(4 : 0,−q1, q3; 0)zg6A
(

2M2
π + q22

)

64F 6 (−1 + z2)2 q1 (4 (−1 + z2)M2
π − q22) q3

(

−q22
((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

+

4
(

−1 + z2
)

M2
π

((

1 + 2z2
)

q21 + 2z
(

2 + z2
)

q1q3 +
(

1 + 2z2
)

q23
))

,

R9 = −
3A (q2) g6A

(

2M2
π + q22

) ((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

256F 6π (−1 + z2)2 q21q
2
3

+

3A (q1) g6A
((

1 + z2
)

q31 + 2z
(

2 + z2
)

q21q3 − z2
(

−7 + z2
)

q1q23 + 2zq33 + 2M2
π

((

1 + z2
)

q1 + 2zq3
))

256F 6π (−1 + z2)2 q1q23
+

3A (q3) g6A
(

2zq31 − z2
(

−7 + z2
)

q21q3 + 2z
(

2 + z2
)

q1q23 +
(

1 + z2
)

q33 + 2M2
π

(

2zq1 +
(

1 + z2
)

q3
))

256F 6π (−1 + z2)2 q21q3
+

3I(4 : 0,−q1, q3; 0)zg6A
(

2M2
π + q22

)

64F 6 (−1 + z2)2 q1 (−4 (−1 + z2)M2
π + q22) q3

(

q22
(

−2q21 + z
(

−5 + z2
)

q1q3 − 2q23
)

+

4
(

−1 + z2
)

M2
π

((

2 + z2
)

q21 + 6zq1q3 +
(

2 + z2
)

q23
))

−
3zg6AMπ

(

2M2
π + q22

)

256F 6πq1 (−4 (−1 + z2)M2
π + q22) q3

,

R10 =
3
(

−1 + z2
)

g6AMπ

(

2M2
π + q22

)

256F 6π (−4 (−1 + z2)M2
π + q22)

+
3A (q2) g6A

(

2M2
π + q22

)

(zq1 + q3) (q1 + zq3)

256F 6π (−1 + z2) q1q3
−

3A (q1) g6A
(

zq31 +
(

1 + 2z2
)

q21q3 − z
(

−4 + z2
)

q1q23 + q33 + 2M2
π (zq1 + q3)

)

256F 6π (−1 + z2) q3
−

3A (q3) g6A
(

q31 − z
(

−4 + z2
)

q21q3 +
(

1 + 2z2
)

q1q23 + zq33 + 2M2
π (q1 + zq3)

)

256F 6π (−1 + z2) q1
+

3I(4 : 0,−q1, q3; 0)g6A
(

2M2
π + q22

)

64F 6 (−1 + z2) (4 (−1 + z2)M2
π − q22)

(

−q22
(

q21 − z
(

−3 + z2
)

q1q3 + q23
)

+

4
(

−1 + z2
)

M2
π

((

1 + z2
)

q21 + 4zq1q3 +
(

1 + z2
)

q23
))

,

R11 = −
A (q2) g6Aq

2
2

(

4M2
π + q21 + q23

)

256F 6π (−1 + z2) q21q
2
3

+

A (q3) g6A
(

2M2
π

((

−1 + z2
)

q21 + 2zq1q3 + 2q23
)

+ q3
(

zq31 +
(

−1 + 2z2
)

q21q3 + zq1q23 + q33
))

256F 6π (−1 + z2) q21q
2
3

+

A (q1) g6A
(

2M2
π

(

2q21 + 2zq1q3 +
(

−1 + z2
)

q23
)

+ q1
(

q31 + zq21q3 +
(

−1 + 2z2
)

q1q23 + zq33
))

256F 6π (−1 + z2) q21q
2
3

−

I(4 : 0,−q1, q3; 0)g6Aq
2
2

(64F 6 (−1 + z2) q21 (−4 (−1 + z2)M2
π + q22) q

2
3)

(

−
(

2M2
π + q21

) (

2M2
π + q23

) (

4M2
π + q21 + q23

)

+

2z3q1q3
(

−4M4
π + q21q

2
3

)

+ z2
(

4M2
π + q21 + q23

) (

4M4
π + 3q21q

2
3 + 2M2

π

(

q21 + q23
))

+

zq1q3
(

8M4
π + q41 + q43 + 4M2

π

(

q21 + q23
)))

−

13

g6AMπ

256F 6πq21 (4M
2
π + q21) (−4 (−1 + z2)M2

π + q22) q
2
3 (4M

2
π + q23)

(

−2z2
(

4M4
πq

2
1

(

4M2
π + q21

)

+

4M2
π

(

2M2
π + q21

)2
q23 +

(

2M2
π + q21

)2
q43

)

+ 2M2
π

(

4M2
π + q21 + q23

) (

q21q
2
3 + 2M2

π

(

q21 + q23
))

−

zq1q3
(

32M6
π + 12M4

π

(

q21 + q23
)

+ q21q
2
3

(

q21 + q23
)

+ 2M2
π

(

q41 + 4q21q
2
3 + q43

)))

. (A.2)

In the above expressions, q1 and q3 are always to be understood as the magnitudes of the corresponding three-momenta
(except in the arguments of the function I), q1 ≡ |"q1 |, q3 ≡ |"q3 |. Further, the function I(d : p1, p2, p3; p4) refers to
the scalar loop integral

I(d : p1, p2, p3; p4) =
1

i

∫

ddl

(2π)d
1

(l + p1)2 −M2
π + iε

1

(l + p2)2 −M2
π + iε

1

(l + p3)2 −M2
π + iε

1

v · (l + p4) + iε
. (A.3)

In a general case, this function depends on the four-momenta pi. For the case p0i = 0 which we are interested in, it
can be expressed in terms of the three-point function in Euclidean space J (d : "p1, "p2, "p3)

J (d : "p1, "p2, "p3) =

∫

ddl

(2π)d
1

("l + "p1)2 +M2
π

1

("l + "p2)2 +M2
π

1

("l + "p3)2 +M2
π

. (A.4)

In particular, the function I (4 : 0,−q1, q3; 0) which enters the expressions for Ri can be written as

I (4 : 0,−q1, q3; 0) =
1

2
J
(

3 : "0,−"q1, "q3
)

. (A.5)

For diagram (5), we obtain the following representation:

Vring = τ 1 · τ 2 S1 + "σ1 · "q1"σ3 · "q1 τ 1 · τ 2 S2 + "σ1 · "q3"σ3 · "q1 τ 1 · τ 2 S3 + "σ1 · "q1"σ3 · "q3 τ 1 · τ 2 S4

+ "σ1 · "q3"σ3 · "q3 τ 1 · τ 2 S5 + "σ1 · "σ3 τ 1 · τ 2 S6 + "q1 · "q3 × "σ1 τ 1 · τ 2 × τ 3 S7 , (A.6)

where the functions Si ≡ Si(q1, q3, z) are given by

S1 = −
A (q1) g4A

(

2M2
π + q21

)

128F 6π
−

A (q2) g4A
(

4M2
π + q21 + zq1q3 + q23

)

128F 6π
−

A (q3) g4A
(

2M2
π + q23

)

128F 6π
+

I (4 : 0,−q1, q3; 0) g4A
(

2M2
π + q21

) (

2M2
π + q23

)

32F 6
−

g4AMπ

64F 6π
,

S2 = −
A (q1) g4A

((

1 + z2
)

q1 + 2zq3
)

128F 6π (−1 + z2)2 q1
−

A (q3) g4Aq3
(

2zq1 +
(

1 + z2
)

q3
)

128F 6π (−1 + z2)2 q21
+

I (4 : 0,−q1, q3; 0) g4Aq3
(

−4z
(

−1 + z2
)

M2
π + 2zq21 +

(

1 + 3z2
)

q1q3 + 2zq23
)

32F 6 (−1 + z2)2 q1
+

A (q2) g4A
((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

128F 6π (−1 + z2)2 q21
,

S3 =
A (q3) g4A

((

1 + z2
)

q1 + 2zq3
)

128F 6π (−1 + z2)2 q1
+

A (q1) g4A
(

2zq1 +
(

1 + z2
)

q3
)

128F 6π (−1 + z2)2 q3
+

zA (q2) g4A
(

−2q21 + z
(

−5 + z2
)

q1q3 − 2q23
)

128F 6π (−1 + z2)2 q1q3
−

I (4 : 0,−q1, q3; 0) g4A
(

−4
(

−1 + z2
)

M2
π +

(

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

32F 6 (−1 + z2)2
,

S4 =
zA (q1) g4A

((

1 + z2
)

q1 + 2zq3
)

128F 6π (−1 + z2)2 q3
+

zA (q3) g4A
(

2zq1 +
(

1 + z2
)

q3
)

128F 6π (−1 + z2)2 q1
+

I (4 : 0,−q1, q3; 0) zg4A
(

4z
(

−1 + z2
)

M2
π − 2zq21 −

(

1 + 3z2
)

q1q3 − 2zq23
)

32F 6 (−1 + z2)2
−

zA (q2) g4A
((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

128F 6π (−1 + z2)2 q1q3
,
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S5 = −
A (q1) g4Aq1

((

1 + z2
)

q1 + 2zq3
)

128F 6π (−1 + z2)2 q23
−

A (q3) g4A
(

2zq1 +
(

1 + z2
)

q3
)

128F 6π (−1 + z2)2 q3
+

I (4 : 0,−q1, q3; 0) g4Aq1
(

−4z
(

−1 + z2
)

M2
π + 2zq21 +

(

1 + 3z2
)

q1q3 + 2zq23
)

32F 6 (−1 + z2)2 q3
+

A (q2) g4A
((

1 + z2
)

q21 + z
(

3 + z2
)

q1q3 +
(

1 + z2
)

q23
)

128F 6π (−1 + z2)2 q23
,

S6 = −
A (q3) g4Aq3 (zq1 + q3)

128F 6π (−1 + z2)
+

A (q2) g4A
(

q21 − z
(

−3 + z2
)

q1q3 + q23
)

128F 6π (−1 + z2)
−

A (q1) g4Aq1 (q1 + zq3)

128F 6π (−1 + z2)
+

I (4 : 0,−q1, q3; 0) g4Aq1q3 (zq1 + q3) (q1 + zq3)

32F 6 (−1 + z2)
,

S7 =
A (q1) g4A

(

2M2
π + q23

)

256F 6π (−1 + z2) q23
−

A (q2) g4A
(

zq23 (zq1 + q3) + 2M2
π (q1 + zq3)

)

256F 6π (−1 + z2) q1q23
+

zA (q3) g4A
(

2M2
π + q23

)

256F 6π (−1 + z2) q1q3
−

I (4 : 0,−q1, q3; 0) g4A (zq1 + q3)
(

2M2
π + q23

)

64F 6 (−1 + z2) q3
. (A.7)

Examining the above results one observes that the individual terms in the expressions for Ri and Si are singular
for z = ±1, q1 = 0 and/or q3 = 0. These singularities, however, cancel in such a way that the resulting terms in
Eqs. (A.1) and (A.6) are finite. In principle, it is possible to obtain a representation for functions Ri and Si which is
free of at least some of the singularities. In particular, the singularities at z = ±1 can be avoided if one expresses the
results in terms of the functions J1 and J2 defined as

J1(d, "q1, "q3) =
1

1− z2

{

J(d : "0,−"q1, "q3)−
1

2
(1 + z)

[J(d : "0, "q1)

q23 + q1q3
+

J(d : "0, "q3)

q21 + q1q3
−

J(d : "0, "q1 + "q3)

q1q3

]

−
1

2
(1− z)

[J(d : "0, "q1)

q23 − q1q3
+

J(d : "0, "q3)

q21 − q1q3
+

J(d : "0, "q1 + "q3)

q1q3

]}

, (A.8)

J2(d, "q1, "q3) =
1

(1− z2)2

{

J(d : "0,−"q1, "q3)−
1

4
(1− z)2

[J(d : "0, "q1)

q23 − q1q3
+

J(d : "0, "q3)

q21 − q1q3
+

J(d : "0, "q1 + "q3)

q1q3
(A.9)

+ (1 + z)
[

−
8M2 − 2q21 + (d− 1)(q1 − q3)(2q1 − q3)

(d− 1)q3(q1 − q3)3
J(d : "0, "q1)

+
8M2 − 2q23 + (d− 1)(q1 − q3)(q1 − 2q3)

(d− 1)q1(q1 − q3)3
J(d : "0, "q3) +

2(4M2 + (d− 2)(q1 − q3)2)

(d− 1)q1q3(q1 − q3)2
J(d : "0, "q1 + "q3)

]]

−
1

4
(1 + z)2

[J(d : "0, "q1)

q23 + q1q3
+

J(d : "0, "q3)

q21 + q1q3
−

J(d : "0, "q1 + "q3)

q1q3

+ (1− z)
[8M2 − 2q21 + (d− 1)(q1 + q3)(2q1 + q3)

(d− 1)q3(q1 + q3)3
J(d : "0, "q1)

+
8M2 − 2q23 + (d− 1)(q1 + q3)(q1 + 2q3)

(d− 1)q1(q1 + q3)3
J(d : "0, "q3)−

2(4M2 + (d− 2)(q1 + q3)2)

(d− 1)q1q3(q1 + q3)2
J(d : "0, "q1 + "q3)

]]}

,

rather than the three-point function J(d : "0,−"q1, "q3) and uses certain linear combinations of two-point functions and
tadpole integrals. In the above expressions, the two-point function is defined as

J (d : "p1, "p2) =

∫

ddl

(2π)d
1

("l + "p1)2 +M2
π

1

("l + "p2)2 +M2
π

. (A.10)
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 Intermediate range: ring diagrams
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(4)(1) (2) (3)

FIG. 3: Ring diagrams at N4LO. For notation see Figs. 1, 2.

We were again able to obtain fairly compact expressions in coordinate space, which, however, involve now a single
scalar integral over the mass of the exchanged particles:

V
(5),g4

A

ring = −
g4AM

8
π

1024π4F 6
π

∫ ∞

−∞
ds
[

2"∇12 · "∇23

(

"∇23 · "∇31

(

12c1"σ2 · "σ3 − 4c2s
2"σ2 · "σ3τ 2 · τ 3 + 6c2s

2

+ "∇12 · "∇31("σ1 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 2 · τ 3) + 2("σ2 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 1 · τ 3)

+ c3(2τ 1 · τ 2 + τ 1 · τ 3))) + 2"∇12 · "σ1
"∇31 · "σ2(3c3 − c4τ 1 · τ 3 − c4τ 2 · τ 3)− 4c3s

2"σ2 · "σ3τ 2 · τ 3

+ 6c3s
2 + c4"∇12 · "∇31 × "σ1τ 1 · τ 2 × τ 3

)

− 2
(

2"∇12 · "σ1
"∇31 · "σ2

(

3c1 − s2(c2 + c3)τ 1 · τ 2

)

+
(

"∇31 · "σ1
"∇31 · "σ3 −

(

s2 + 1
)

"σ1 · "σ3

)

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+ "∇12 · "∇31(4c1τ 1 · τ 2

+ "∇23 · "σ1
"∇31 · "σ3(−3c3 + c4τ 1 · τ 2 + c4τ 2 · τ 3))

)

−
(

s2 + 1
)

"∇12 · "σ3
"∇23 · "σ1(3c3 − c4τ 1 · τ 2

− c4τ 2 · τ 3)) + "∇12 · "∇31

(

8
(

"∇12 · "σ2
"∇23 · "σ1

(

s2(c2 + c3)τ 1 · τ 2 − 3c1
)

+ "∇23 · "σ1
"∇31 · "σ3

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+
(

s2 + 1
)

"σ2 · "σ3

(

s2(c2 + c3)τ 2 · τ 3 − 3c1
)

)

− "∇23 · "∇31

(

4"σ1 · "σ3

(

s2(c2 + c3)τ 1 · τ 3 − 3c1
)

+ 8c1τ 1 · τ 3 − 6c2s
2 + 4"∇12 · "σ2

"∇23 · "σ1

× (−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)− 6c3s
2 + c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3

))

+ 4
(

(

s2 + 1
)

"∇23 · "σ1

(

"∇31 · "σ2

(

6c1 − 2s2(c2 + c3)τ 1 · τ 2 + "∇23 · "∇31(−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)
)

+ "∇12 · "σ3

(

3c1 − s2(c2 + c3)τ 1 · τ 3

)

)

+ "∇12 · "σ1
"∇12 · "σ2

"∇23 · "∇31

(

6c1 − 2s2(c2 + c3)τ 1 · τ 2

+ "∇23 · "∇31(−3c3 + c4τ 1 · τ 3 + c4τ 2 · τ 3)
))

− 2("∇12 · "∇23)
2
(

"∇31 · "σ1
"∇31 · "σ3 −

(

s2 + 1
)

"σ1 · "σ3

)

× (3c3 − c4τ 1 · τ 2 − c4τ 2 · τ 3) + 4
(

s2 + 1
)

("∇12 · "∇31)
2"σ2 · "σ3(3c3 − c4τ 1 · τ 2 − c4τ 1 · τ 3)

]

× Us
1 (x12)U

s
1 (x23)U

s
2 (x31), (4.29)

V
(5),g2

A

ring =
g2AM

8
π

1024π4F 6
π

∫ ∞

−∞
ds
[

8c1"∇12 · "∇23τ 2 · τ 3 + 8c1"∇23 · "∇31τ 2 · τ 3 + 4c2s
2"∇12 · "∇23τ 2 · τ 3

+ 4c2s
2"∇23 · "∇31τ 2 · τ 3 + "∇12 · "∇31

(

−4c3"∇12 · "∇23τ 2 · τ 3 − 4c3"∇23 · "∇31τ 2 · τ 3

+ c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3 + 4c4"∇23 · "σ1
"∇31 · "σ3(τ 1 · τ 2 + τ 2 · τ 3)

+ 2c4
(

s2 + 1
)

"σ2 · "σ3(τ 1 · τ 2 + τ 1 · τ 3)
)

+ 4c3s
2"∇12 · "∇23τ 2 · τ 3 + 4c3s

2"∇23 · "∇31τ 2 · τ 3

− 2c4"∇12 · "∇23
"∇31 · "σ1

"∇31 · "σ3τ 1 · τ 2 − 2c4"∇12 · "∇23
"∇31 · "σ1

"∇31 · "σ3τ 2 · τ 3

− 2c4"∇12 · "∇23
"∇23 · "∇31"σ2 · "σ3τ 1 · τ 2 − 2c4"∇12 · "∇23

"∇23 · "∇31"σ2 · "σ3τ 1 · τ 3

+ c4"∇23 · "∇31
"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3 − 2c4

(

s2 + 1
)

"∇12 · "σ3
"∇23 · "σ1(τ 1 · τ 2 + τ 2 · τ 3)

]

× Us
1 (x12)U

s
1 (x23)U

s
1 (x31), (4.30)

V
(5),g0

A

ring = −
M8

πs
2

1024π4F 6
π

∫ ∞

−∞
ds
[

4τ 2 · τ 3

(

2c1 + s2(c2 + c3)− c3"∇12 · "∇31

)

+ c4"∇12 · "∇23 × "σ2τ 1 · τ 2 × τ 3

]
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FIG. 4: Ring diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.

with

W2(x) = −∇2
xW1(x) = −

e−2x

x4
(1 + 2x(1 + x)) ,

W3(x) =
4π

M2
π

∫

d3q

(2π)3
ei"q·"x/Mπ

[

Mπ

q2
−

4M2
π

q2
A(q)

]

= 2Ei(−2x) +
e−2x

x
, (2.22)

and

Ei(x) ≡ −

∫ ∞

−x

e−t dt

t
. (2.23)

We emphasize again that the above expressions are only valid at large distances.

C. Ring diagrams

We now regard ring diagrams shown in Fig. 4 which correspond to topology (c) in Fig. 1. These are most cumbersome
to evaluate. The contributions from the first two diagrams can be obtained using the expressions for the effective
Hamilton operator given in Ref. [24]. This leads to the following structures:

V 1
ring = M1

[

4

ω3
a ωb ωc

+
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

,

V 2
ring = M2

[

−
4

ω3
a ωb ωc

−
4

ωa ω3
b ωc

−
4

ωa ωb ω3
c

]

, (2.24)

where M i represents the spin, isospin and momentum structure which results from the vertices entering the diagram
i and ω denotes the pion free energy, ω ≡

√

q2 +M2
π . Substituting the expressions for the vertices, the result can be

written in the form

Vring =

(

gA
2Fπ

)6 1

(2π)3

∫

d3l1 d
3l2 d

3l3 δ
3($l3 −$l2 − $q1) δ

3($l2 −$l1 − $q3)
v

[l21 +M2
π] [l

2
2 +M2

π]
2 [l23 +M2

π ]
, (2.25)

with the numerator

v = −8τ 1 · τ 2
$l1 ×$l3 · $σ2

$l1 ×$l2 · $σ3
$l2 ·$l3 − 4τ 1 · τ 3

$l1 ·$l2 $l1 ·$l3 $l2 ·$l3 + 2τ 1 × τ 2 · τ 3
$l1 ×$l3 · $σ2

$l1 ·$l2 $l2 ·$l3
+ 6$l2 ×$l3 · $σ1

$l1 ×$l2 · $σ3
$l1 ·$l3 . (2.26)

Carrying out the two trivial integrations over, say, l1 and l2 leads to the standard three-point function integrals. The
latter can be evaluated but the resulting expressions are rather involved, see appendix A. It is more convenient to
evaluate Eq. (2.25) in configuration space using again the same definition as in the the first line of Eq. (2.11). This
leads to the following compact result:

Vring($r12, $r32 ) =

(

gA
2Fπ

)6 ∫ d3l1
(2π)3

d3l2
(2π)3

d3l3
(2π)3

ei
"l1·"r23 ei

"l2·"r31 ei
"l3·"r12 v

[l21 +M2
π ] [l

2
2 +M2

π ]
2 [l23 +M2

π ]

N3LO [Q4]:
Bernard, EE, Krebs, 
Meißner ’08

N4LO [Q5]:
Krebs, Gasparyan, EE ’13

However, pion exchanges factorize in coordinate space leading to very simple expressions:
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N4LO contribution still to be worked out (several new LEC…)
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…N4LO contribution still to be worked out…

Finally, starting from N3LO, one has to account for relativistic corrections (parameter-free). 
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
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context of chiral EFT.
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(preliminary)

— Electroweak and scalar currents worked out to N3LO Krebs, Kölling, EE, Meißner;  Baroni, Pastori, Schiavilla et al.
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the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
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all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
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— Electroweak and scalar currents worked out to N3LO Krebs, Kölling, EE, Meißner;  Baroni, Pastori, Schiavilla et al.



 
How far in the EFT expansion does one need to go to precisely describe low-energy NN data?
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Chiral EFT: The status

N4LO+ including the IB corrections (own data selection)  [Reinert, Krebs, EE, 2006.15360]

χ2 / Ndat = 1.005 for ~ 5000 data in the range Elab = 0-280 MeV
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Chiral EFT: The status

N4LO+ including the IB corrections (own data selection)  [Reinert, Krebs, EE, 2006.15360]

χ2 / Ndat = 1.005 for ~ 5000 data in the range Elab = 0-280 MeV

Granada 2017 PWA  [Navarro Perez et al., PRC95 (2017)]: χ2 / Ndat = 1.017 for Elab = 0-350 MeV
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(2) (9) (9) (22) (27)

Chiral EFT: The status

N4LO+ including the IB corrections (own data selection)  [Reinert, Krebs, EE, 2006.15360]

χ2 / Ndat = 1.005 for ~ 5000 data in the range Elab = 0-280 MeV

Granada 2017 PWA  [Navarro Perez et al., PRC95 (2017)]: χ2 / Ndat = 1.017 for Elab = 0-350 MeV

Nonlocal N4LO+  [Entem, Machleidt, Nosyk, PRC96 (2017)]: χ2 / Ndat = 1.15 for Elab = 0-290 MeV
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Some recent highlights
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Determination of the πN constants
Reinert, Krebs, EE, e-Print: 2006.15360 [nucl-th]



2017 Granada PWA: evidence for 
significant charge dependence of 
the coupling constants:
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 How large is a neutron?

While the proton radius puzzle seems settled, what do we 
know about the neutron radius?

no neutron targets exist…
information only from (old) n-scattering experiments on Pb, Bi  
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For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT

11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE

11.55± 1.25±0.8 MYERS 14 CNTR γd → γd

12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp

HTTP://PDG.LBL.GOV Page 6 Created: 6/5/2018 19:00

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n
= �0.1161± 0.0022 fm

2

r
2
str = r

2
d
� r

2
p
� r

2
n
� 3

4m2
p

r
2
d
� r

2
p
= 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

1

Filin, Möller, Baru, EE, Krebs, Reinert, PRL 124 (2020) 082501;  e-Print: 2009.08911



 How large is a neutron?

While the proton radius puzzle seems settled, what do we 
know about the neutron radius?

no neutron targets exist…
information only from (old) n-scattering experiments on Pb, Bi  

PDG recommended value: 

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

n mean-square charge radius

n MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUS

This is the rms magnetic radius,
√

〈

r2
M

〉

.

VALUE (fm) DOCUMENT ID COMMENT

0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE

0.89 ±0.03 EPSTEIN 14 Using e p, e n, ππ data

0.862+0.009
−0.008 BELUSHKIN 07 Dispersion analysis

n ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αn

Following is the electric polarizability αn defined in terms of the induced
electric dipole moment by DDDD = 4πε0αnEEEE. For a review, see SCHMIED-
MAYER 89.

For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT

11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE

11.55± 1.25±0.8 MYERS 14 CNTR γd → γd

12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp

HTTP://PDG.LBL.GOV Page 6 Created: 6/5/2018 19:00

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n
= �0.1161± 0.0022 fm

2

r
2
str = r

2
d
� r

2
p
� r

2
n
� 3

4m2
p

r
2
d
� r

2
p
= 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

1

Idea: an accurate calculation of the 2H structure radius 

along with 1H-2H isotope shifts data                                         can be used to extract     !

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n
= �0.1161± 0.0022 fm

2

r
2
str = r

2
d
� r

2
p
� r

2
n
� 3

4m2
p

r
2
d
� r

2
p
= 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

1

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n
= �0.1161± 0.0022 fm

2

r
2
str = r

2
d
� r

2
p
� r

2
n
� 3

4m2
p

r
2
d
� r

2
p
= 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

1

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n
= �0.1161± 0.0022 fm

2

r
2
str = r

2
d
� r

2
p
� r

2
n
� 3

4m2
p

r
2
d
� r

2
p
= 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

1

Filin, Möller, Baru, EE, Krebs, Reinert, PRL 124 (2020) 082501;  e-Print: 2009.08911



 How large is a neutron?
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know about the neutron radius?

no neutron targets exist…
information only from (old) n-scattering experiments on Pb, Bi  

PDG recommended value: 

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

n mean-square charge radius

n MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUS

This is the rms magnetic radius,
√

〈

r2
M

〉

.

VALUE (fm) DOCUMENT ID COMMENT

0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE

0.89 ±0.03 EPSTEIN 14 Using e p, e n, ππ data

0.862+0.009
−0.008 BELUSHKIN 07 Dispersion analysis

n ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αn

Following is the electric polarizability αn defined in terms of the induced
electric dipole moment by DDDD = 4πε0αnEEEE. For a review, see SCHMIED-
MAYER 89.

For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT
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12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)

 
3X

i=0

ai exp(�biQ
2)

!�1

, (63)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
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 How large is a neutron?

While the proton radius puzzle seems settled, what do we 
know about the neutron radius?

no neutron targets exist…
information only from (old) n-scattering experiments on Pb, Bi  
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Idea: an accurate calculation of the 2H structure radius 

along with 1H-2H isotope shifts data                                         can be used to extract     !
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg
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from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)
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The charge and quadrupole form factors of the deuteron at N4LO

Filin et al., PRL 124 (2020);
Filin et al., 2009.08911

The extracted structure radius
and quadrupole moment:

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

rstr = 1.9729
+0.0015
�0.0012 fm

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

V
(3)
1⇡�cont = �gAD

8F 2
⇡

~�3 · ~q3
q
2
3 +M2

⇡

⌧ 1 · ⌧ 3 ~�1 · ~q3

V
(3)
cont =

1

2
E ⌧ 1 · ⌧ 2

V
(5)
cont = �E1q

2
1 � E2q

2
1⌧ 1 · ⌧ 2 � E3q

2
1~�1 · ~�2 � E4q

2
1⌧ 1 · ⌧ 2~�1 · ~�2 � E5(3~q1 · ~�1~q1 · ~�2 � q

2
1)

� E6(3~q1 · ~�1~q1 · ~�2 � q
2
1)⌧ 1 · ⌧ 2 + iE7~q1 ⇥ (~k1 � ~k2) · (~�1 + ~�2)

+ iE8~q1 ⇥ (~k1 � ~k2) · (~�1 + ~�2)⌧ 2 · ⌧ 3 � E9~q1 · ~�1~q2 · ~�2 � E10~q1 · ~�1~q2 · ~�2⌧ 1 · ⌧ 2

1

H

L(q) =

q
4M2

⇡
+ q2

q
ln

q
4M2

⇡
+ q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n
= �0.1161± 0.0022 fm

2

r
2
str = r

2
d
� r

2
p
� r

2
n
� 3

4m2
p

r
2
d
� r

2
p
= 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

U = e
↵1S1+↵2S2

S1 = ⌘


H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1) � h. c.

�
⌘, S2 = ⌘


H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E2
⇡

H
(1) � h. c.

�
⌘

�V
(4)

= [(Hkin + V
(0)
), ↵1S1 + ↵2S2] = �↵1H

(1) �

E⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)
⌘H

(1) �

E3
⇡

H
(1)

+ . . .

/ 1

!
2
3

V
(2)

= ⌘


�H

(1) �

E⇡

H
(1) �

E⇡

H
(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E2
⇡

H
(1)
⌘H

(1) �

E⇡

H
(1)

+
1

2
H

(1) �

E⇡

H
(1)
⌘H

(1) �

E2
⇡

H
(1)

�
⌘ .

1

H

L(q) =

q
4M2

⇡ + q2

q
ln

q
4M2

⇡ + q2 + q

2M⇡

A(q) =
1

2q
arctan

q

2M⇡

/ g
6
A

r
2
n = �0.1161± 0.0022 fm

2

r
2
str = r

2
d � r

2
p � r

2
n �

3

4m2
p

r
2
d � r

2
p = 3.82070(31) fm

2

rstr = 1.9729
+0.0015
�0.0012 fm

Qd = 0.2854
+0.0038
�0.0017 fm

2

r2
n = �0.105+0.005

�0.006 fm
2

U = e↵1S1+↵2S2

S1 = ⌘

H(1) �

E⇡

H(1)⌘H(1) �

E3
⇡

H(1)
� h. c.

�
⌘, S2 = ⌘


H(1) �

E⇡

H(1) �

E⇡

H(1) �

E2
⇡

H(1)
� h. c.

�
⌘

�V (4)
= [(Hkin + V (0)

), ↵1S1 + ↵2S2] = �↵1H
(1) �

E⇡

H(1)⌘H(1) �

E⇡

H(1)⌘H(1) �

E3
⇡

H(1)
+ . . .

/
1

!2
3

1

our result

Filin, Möller, Baru, EE, Krebs, Reinert, PRL 124 (2020) 082501;  e-Print: 2009.08911



 Few-nucleon systems at N2LO
13

AZ(J⇡
, T ) N2LO(450) N2LO(500) Exp. (MeV)

4He(0+
, 0) �28.527(2) �28.630(2) �28.296

+0.231(2) +0.334(2)
6He(0+

, 1) �29.04(7) �29.21(6) �29.27
�0.23(7) �0.06(6)

6Li(1+
, 0) �32.04(6) �32.29(4) �31.99

+0.05(6) +0.30(4)
7Li( 3

2

�
,

1
2 ) �39.39(6) �39.73(6) �39.24

+0.15(6) +0.49(6)
8He(0+

, 1) �30.4(2) �30.9(2) �31.41
�1.0(2) �0.5(2)

8Li(2+
, 0) �41.23(16) �41.85(15) �41.28

�0.05(16) +0.57(15)
8Be(0+

, 0) �56.5(3) �57.0(3) �56.50
0.0(3) +0.5(3)

9Li( 3
2

�
,

3
2 ) �45.14(16) �46.18(16) �45.34

�0.20(16) +0.84(16)
9Be( 3

2

�
,

1
2 ) �58.82(21) �59.73(16) �58.16

+0.66(21) +1.57(16)
10Be(0+

, 1) �66.5(5) �67.5(4) �64.98
+1.5(5) +1.5(4)

10B(3+
, 0) �66.4(4) �68.4(4) �64.75

+1.7(4) +3.7(4)
11B( 3

2

�
,

1
2 ) �79.8(4) �82.3(4) �76.21

+3.6(4) +6.1(4)
12B(1+

, 1) �84.8(4) �87.5(4) �79.58
+5.2(4) +7.9(4)

12C(0+
, 0) �98.7(4) �101.8(4) �92.16

+6.5(4) +9.6(5)
13B( 3

2

�
,

3
2 ) �92.8(5) �95.4(5) �84.45

+8.4(5) +11.0(5)
13C( 1

2

�
,

1
2 ) �108.3(4) �112.2(4) �97.11

+11.2(4) +15.1(4)
14C(0+

, 1) �120.1(4) �123.9(4) �105.28
+14.8(4) +18.6(4)

14N(1+
, 0) �121.4(4) �125.6(4) �104.66

+16.7(4) +20.9(4)
15N( 1

2

�
,

1
2 ) �135.1(5) �138.9(5) �115.49

+19.6(5) +23.4(5)
16O(0+

, 0) �149.1(7) �153.2(1.0) �127.62
+21.5(7) +25.6(1.0)

TABLE V. ground state energies of p-shell nuclei, exclud-
ing mirror nuclei, at N2LO including 3NFs with SRG ↵ =
0.08 fm4, together with the deviations from the experimental
values. Quoted uncertainties are the extrapolation uncertain-
ties only. Energies and cuto↵s are in MeV. Experimental
values are from Ref. [64].

tering: the lowest two states in 7Li can be viewed as a
bound states of 3H and 4He in an L = 1 state with the
spin and orbital motion (anti)aligned, whereas the sec-
ond and third excited state are bound states of 3H and
4He in an L = 3 state with the spin and orbital motion
(anti)aligned. Without su�cient spin-orbit splitting in
the NN-potential at LO, the first two states become de-
generate, as do the second and third state. Note that the
second excited 5
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state has a di↵erent structure, and is

even higher in the spectrum at LO. Starting from NLO
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FIG. 8. (Color online) Calculated ground state ener-
gies in MeV using chiral NLO, and N2LO interactions at
⇤ = 450 MeV (blue and green symbols) in comparison with
experimental values (red levels). For each nucleus the NLO,
and N2LO results are the left and right symbols and bars, re-
spectively. The open blue symbols correspond to incomplete
calculations at N2LO using NN-only interactions. Blue error
bars indicate the NCCI extrapolation uncertainty. All results
shown are for ↵ = 0.08 fm4. The light (coral) and dark (grey)
shaded bars indicate the 95% and 68% DoB truncation errors,
respectively, estimated using the Bayesian model C̄
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however, the spectrum is in qualitative agreement with
experiment, and the di↵erences between the excitation
energies between NLO and N2LO (with or without 3NFs)
are less than an MeV; and at N2LO (with 3NFs) there is
good agreement with the experimental values.

Also for 8Li we see a qualitative di↵erence between the
spectrum at LO and at higher orders: at LO the ground
state is actually a 0+ state, whereas the experimental
ground state is a 2+ state. (Note that there is no narrow
0+ listed in Ref. [92].) Starting from NLO, the excitation
energies of the 1+, 3+, and 4+ states are in reasonable
agreement with the known experimental values, with only
small changes as one goes from NLO to N2LO without
and with 3NFs; the latter gives best agreement for the
low-lying spectrum. In addition to the known narrow 1+,
3+, and 4+ states, and the 0+ state which is the ground
state at LO, we also see evidence for additional 1+ and 2+

states between 3 and 7 MeV at N2LO with 3NFs. These
states are also found with the SCS interactions [95]; how-
ever are not very well converged and probably correspond
to broad resonances.

The two lowest excited states of 10Be are both J =
2 states, and at N2LO their excitation energies are in
good agreement with the experimental values, see Fig 10.
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FIG. 3. (Color online) Results for the di↵erential cross
section, nucleon and deuteron analyzing powers A

n
y and A

d
y as

well as deuteron tensor analyzing powers Ayy, Axz and Axx

in elastic nucleon-deuteron scattering at laboratory energy
of EN = 70 MeV at NLO (yellow bands) and N2LO (green
bands) for ⇤ = 450 MeV. Dotted lines show the N2LO results
based on the SMS NN forces from Ref. [32] accompanied with
the unsubtracted (i.e. with C(M⇡) = 0) 3NF from Ref. [38],
while dashed-dotted lines are N2LO predictions based on the
SCS (NN+3NF) interactions from Ref. [31]. The light (dark)
shaded bands indicate 95% (68%) DoB intervals using the
Bayesian model C̄

650
0.5�10. Open circles are proton-deuteron

data from Ref. [47].

We have also calculated selected breakup observables
at EN = 65 MeV, for which experimental data are avail-
able. In Fig. 4, we show the five-fold di↵erential cross sec-
tion and nucleon vector analyzing power Ay as functions
of the kinematical locus variable S for selected configu-
rations specified by the detection angles ✓1, ✓2 and �12 in
the laboratory system; see Ref. [52] for the definition of
kinematical variables, which may serve as representative
examples.

One observes a similar picture as for the considered
elastic scattering observables. In particular, the exper-
imental data are well reproduced, and our N2LO re-
sults agree well with those obtained both using the SCS
(NN+3NF) interactions and the SMS forces with unsub-
tracted 3NF. Furthermore, our N2LO results for the dif-
ferential cross sections in Fig. 3 agree well with the pre-
dictions based on the CD Bonn potential, see Fig. 6 of
Ref. [58]. This should not come as a surprise since 3NF
e↵ects appear to be fairly small for the considered cases.
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FIG. 4. (Color online) Results for the di↵erential cross
section, (a)-(d), and nucleon vector analyzing power Ay as
functions of the kinematical locus variable S for the deuteron
breakup reaction at laboratory energy of EN = 65 MeV
at NLO (yellow bands) and N2LO (green bands) for ⇤ =
450 MeV. Proton-deuteron data for (a), (c), (f) are taken
from Ref. [56] while those shown in (b), (d) and (e) are from
Ref. [57]. For remaining notation see Fig. 3.

Notice, however, that relativistic corrections turn out to
be non-negligible for the cross section in the panels (b)
and (d). In Ref. [58], they were found to decrease the
predictions for the di↵erential cross section around the
maximum by almost 10%. In chiral EFT, relativistic cor-
rections to the Nd scattering amplitude need to be taken
into account starting from N3LO. Their expected size is,
therefore, in qualitative agreement with the estimated
size of the neglected N3LO contributions as reflected by
the width of the green uncertainty bands. Last but not
least, we have also calculated breakup configurations con-
sidered in Ref. [59], which feature more pronounced 3NF
e↵ects. In all considered cases (not shown here), we found
similar results to the ones based on high-precision phe-
nomenological NN potentials in combinations with the
Urbana IX [60] and the updated Tucson-Melbourne [61]
3NF models.

IV. A=3 AND 4 NUCLEI

With the interactions specified in the previous section,
we now calculate the ground state energies and excitation
spectra up to the p-shell. In this section, we focus on
the A = 3 and A = 4 bound states, for which we solve
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Frontiers and challenges



 The 3-body force challenge
Since ~ 25 years, there exist high-precision NN potentials which describe mutually compa-
tible pp+np data below π-production threshold with χ2/dat ~ 1 (N4LO+, AV18, CD Bonn, Nijm I,II, …)

On the other hand, the 3N continuum is still not understood; no PWA available…

Discrepancies set in at EN ~ 50 MeV and 
become large at EN ~ 200 MeV.
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nological parametrization unfeasible.

4. Nuclear structure with chiral interactions: state of the art
Chiral EFT forces are extensively used in ab initio nuclear structure
calculations. For p-shell nuclei we mention here our EFT lattice simu-
lations [49–56], recent GFMC results [21, 23] and our studies within the
LENPIC collaboration (co-founded by the PI) [24, 57, 58] up to N2LO.
For heavier nuclei, softening the interactions via SRG transformations
[59] allows one to perform converged calculations using NCSM [13, 24],
CC [18], IM-SRG [39] and SGF theory [40]. Except for LENPIC, most
groups focus exclusively on the discrete spectrum, which, however,
yields a very limited information compared to Nd scattering.

We also mention a persistent tendency of optimizing the description
of data beyond the actual accuracy at a given order, often at the cost
of compromising the consistency/rigor and omission of error analysis,
the key features of any EFT. For example, a popular Hamiltonian used
e.g. in [18] combines the cuto↵ ⇤ = 500 MeV version of the N3LO 2NF
of [37], SRG softened with a cuto↵ ⇤ = 1.8 fm�1, with a N2LO 3NF
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Fig. 1: Examples of Nd scat-
tering observables calculated
using high-precision 2NFs.

regularized using ⇤ = 2.0 fm�1 without SRG evolution [38]. Similarly, Refs. [39, 40] employ incon-
sistent combinations of NN and 3N chiral potentials at di↵erent orders and with di↵erent functional
forms and numerical values of the cuto↵. While such models can be adjusted to reproduce the em-
pirical saturation point of nuclear matter, they cannot be justified from the EFT point of view. We
also mention the NNLOsat interaction of Ref. [60], which describes binding energies (BEs) and radii
of nuclei up to 40Ca and reproduces the nuclear matter saturation point. This is, however, achieved
by tuning the LECs to the BEs and radii of nuclei up to A = 16 and by limiting the NN data in the
fits to very low energies (< 35 MeV). On the other hand, our results show that (i) the BEs of p-shell
nuclei at N2LO come out correctly without any fine tuning [24] and (ii) the NN data allow for an
accurate determination of the NN LECs with no need to use data from heavier systems.3

5. Scientific objectives of the project and methodology
Building upon the recent groundbreaking developments by our group in the 2N sector outlined in
B1.a.2, I propose to perform a PWA of Nd scattering in the framework of chiral EFT and to deter-
mine the nuclear Hamiltonian complete up through fifth order in the chiral expansion. This would
resolve or at least provide a conclusive interpretation of the existing puzzles in the Nd continuum
in terms of possible deficiencies of the nuclear forces or inconsistent experimental data sets. The
project ultimately aims at solving the long-standing 3NF challenge in nuclear physics
and development of the state-of-the-art high-precision nuclear Hamiltonian determined
solely by the chiral symmetry of QCD and experimental information on the ⇡N, 2N and
3N systems. The resulting nuclear Hamiltonian will be used to perform precision tests in ab initio
nuclear structure calculations within the LENPIC Collaboration and made available to other groups.
We will also work out a discretized version of the Hamiltonian to be used in nuclear lattice simulations
and develop an e�cient interface between lattice QCD and chiral EFT via matching to discrete energy
spectra of few-N systems in a finite volume at variable quark masses. If successful, these studies
will help to establish a rigorous, fully
microscopic, quantitative and predic-
tive approach to nuclear structure and
reactions, firmly rooted in QCD.

The research project is naturally organized
in terms of three work packages interrelated
with each other as visualized in the figure.

WP1: Accurate & precise 
          nuclear Hamiltonian

WP2: Nuclear forces 
          from lattice QCD

WP3: Nucl. structure from 
          lattice simulations

Hamiltonian to be
discretized

functional depen-
dence of interactions on mq

neutron-neutron
interaction

mq dependence

WP1: Accurate and precise nuclear Hamiltonian
Nuclear forces derived in ChPT are singular at short distances and have to be regularized with a finite
UV cuto↵ ⇤ of the order of the breakdown scale [61–63] estimated to be ⇤b ⇠ 600 MeV [33, 64, 65]. In
practice, even lower values of ⇤ are required to keep many-body calculations tractable. It is, therefore,

3We find the theoretical uncertainty to be typically dominated by the truncation rather than statistical error [35].
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calculations. For p-shell nuclei we mention here our EFT lattice simu-
lations [49–56], recent GFMC results [21, 23] and our studies within the
LENPIC collaboration (co-founded by the PI) [24, 57, 58] up to N2LO.
For heavier nuclei, softening the interactions via SRG transformations
[59] allows one to perform converged calculations using NCSM [13, 24],
CC [18], IM-SRG [39] and SGF theory [40]. Except for LENPIC, most
groups focus exclusively on the discrete spectrum, which, however,
yields a very limited information compared to Nd scattering.

We also mention a persistent tendency of optimizing the description
of data beyond the actual accuracy at a given order, often at the cost
of compromising the consistency/rigor and omission of error analysis,
the key features of any EFT. For example, a popular Hamiltonian used
e.g. in [18] combines the cuto↵ ⇤ = 500 MeV version of the N3LO 2NF
of [37], SRG softened with a cuto↵ ⇤ = 1.8 fm�1, with a N2LO 3NF
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regularized using ⇤ = 2.0 fm�1 without SRG evolution [38]. Similarly, Refs. [39, 40] employ incon-
sistent combinations of NN and 3N chiral potentials at di↵erent orders and with di↵erent functional
forms and numerical values of the cuto↵. While such models can be adjusted to reproduce the em-
pirical saturation point of nuclear matter, they cannot be justified from the EFT point of view. We
also mention the NNLOsat interaction of Ref. [60], which describes binding energies (BEs) and radii
of nuclei up to 40Ca and reproduces the nuclear matter saturation point. This is, however, achieved
by tuning the LECs to the BEs and radii of nuclei up to A = 16 and by limiting the NN data in the
fits to very low energies (< 35 MeV). On the other hand, our results show that (i) the BEs of p-shell
nuclei at N2LO come out correctly without any fine tuning [24] and (ii) the NN data allow for an
accurate determination of the NN LECs with no need to use data from heavier systems.3

5. Scientific objectives of the project and methodology
Building upon the recent groundbreaking developments by our group in the 2N sector outlined in
B1.a.2, I propose to perform a PWA of Nd scattering in the framework of chiral EFT and to deter-
mine the nuclear Hamiltonian complete up through fifth order in the chiral expansion. This would
resolve or at least provide a conclusive interpretation of the existing puzzles in the Nd continuum
in terms of possible deficiencies of the nuclear forces or inconsistent experimental data sets. The
project ultimately aims at solving the long-standing 3NF challenge in nuclear physics
and development of the state-of-the-art high-precision nuclear Hamiltonian determined
solely by the chiral symmetry of QCD and experimental information on the ⇡N, 2N and
3N systems. The resulting nuclear Hamiltonian will be used to perform precision tests in ab initio
nuclear structure calculations within the LENPIC Collaboration and made available to other groups.
We will also work out a discretized version of the Hamiltonian to be used in nuclear lattice simulations
and develop an e�cient interface between lattice QCD and chiral EFT via matching to discrete energy
spectra of few-N systems in a finite volume at variable quark masses. If successful, these studies
will help to establish a rigorous, fully
microscopic, quantitative and predic-
tive approach to nuclear structure and
reactions, firmly rooted in QCD.

The research project is naturally organized
in terms of three work packages interrelated
with each other as visualized in the figure.
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WP2: Nuclear forces 
          from lattice QCD

WP3: Nucl. structure from 
          lattice simulations
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WP1: Accurate and precise nuclear Hamiltonian
Nuclear forces derived in ChPT are singular at short distances and have to be regularized with a finite
UV cuto↵ ⇤ of the order of the breakdown scale [61–63] estimated to be ⇤b ⇠ 600 MeV [33, 64, 65]. In
practice, even lower values of ⇤ are required to keep many-body calculations tractable. It is, therefore,

3We find the theoretical uncertainty to be typically dominated by the truncation rather than statistical error [35].
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[59] allows one to perform converged calculations using NCSM [13, 24],
CC [18], IM-SRG [39] and SGF theory [40]. Except for LENPIC, most
groups focus exclusively on the discrete spectrum, which, however,
yields a very limited information compared to Nd scattering.
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of data beyond the actual accuracy at a given order, often at the cost
of compromising the consistency/rigor and omission of error analysis,
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Fig. 1: Examples of Nd scat-
tering observables calculated
using high-precision 2NFs.

regularized using ⇤ = 2.0 fm�1 without SRG evolution [38]. Similarly, Refs. [39, 40] employ incon-
sistent combinations of NN and 3N chiral potentials at di↵erent orders and with di↵erent functional
forms and numerical values of the cuto↵. While such models can be adjusted to reproduce the em-
pirical saturation point of nuclear matter, they cannot be justified from the EFT point of view. We
also mention the NNLOsat interaction of Ref. [60], which describes binding energies (BEs) and radii
of nuclei up to 40Ca and reproduces the nuclear matter saturation point. This is, however, achieved
by tuning the LECs to the BEs and radii of nuclei up to A = 16 and by limiting the NN data in the
fits to very low energies (< 35 MeV). On the other hand, our results show that (i) the BEs of p-shell
nuclei at N2LO come out correctly without any fine tuning [24] and (ii) the NN data allow for an
accurate determination of the NN LECs with no need to use data from heavier systems.3

5. Scientific objectives of the project and methodology
Building upon the recent groundbreaking developments by our group in the 2N sector outlined in
B1.a.2, I propose to perform a PWA of Nd scattering in the framework of chiral EFT and to deter-
mine the nuclear Hamiltonian complete up through fifth order in the chiral expansion. This would
resolve or at least provide a conclusive interpretation of the existing puzzles in the Nd continuum
in terms of possible deficiencies of the nuclear forces or inconsistent experimental data sets. The
project ultimately aims at solving the long-standing 3NF challenge in nuclear physics
and development of the state-of-the-art high-precision nuclear Hamiltonian determined
solely by the chiral symmetry of QCD and experimental information on the ⇡N, 2N and
3N systems. The resulting nuclear Hamiltonian will be used to perform precision tests in ab initio
nuclear structure calculations within the LENPIC Collaboration and made available to other groups.
We will also work out a discretized version of the Hamiltonian to be used in nuclear lattice simulations
and develop an e�cient interface between lattice QCD and chiral EFT via matching to discrete energy
spectra of few-N systems in a finite volume at variable quark masses. If successful, these studies
will help to establish a rigorous, fully
microscopic, quantitative and predic-
tive approach to nuclear structure and
reactions, firmly rooted in QCD.

The research project is naturally organized
in terms of three work packages interrelated
with each other as visualized in the figure.

WP1: Accurate & precise 
          nuclear Hamiltonian

WP2: Nuclear forces 
          from lattice QCD

WP3: Nucl. structure from 
          lattice simulations

Hamiltonian to be
discretized

functional depen-
dence of interactions on mq

neutron-neutron
interaction

mq dependence

WP1: Accurate and precise nuclear Hamiltonian
Nuclear forces derived in ChPT are singular at short distances and have to be regularized with a finite
UV cuto↵ ⇤ of the order of the breakdown scale [61–63] estimated to be ⇤b ⇠ 600 MeV [33, 64, 65]. In
practice, even lower values of ⇤ are required to keep many-body calculations tractable. It is, therefore,

3We find the theoretical uncertainty to be typically dominated by the truncation rather than statistical error [35].

3

Epelbaum Part B1 NUCLEARTHEORY

nological parametrization unfeasible.

4. Nuclear structure with chiral interactions: state of the art
Chiral EFT forces are extensively used in ab initio nuclear structure
calculations. For p-shell nuclei we mention here our EFT lattice simu-
lations [49–56], recent GFMC results [21, 23] and our studies within the
LENPIC collaboration (co-founded by the PI) [24, 57, 58] up to N2LO.
For heavier nuclei, softening the interactions via SRG transformations
[59] allows one to perform converged calculations using NCSM [13, 24],
CC [18], IM-SRG [39] and SGF theory [40]. Except for LENPIC, most
groups focus exclusively on the discrete spectrum, which, however,
yields a very limited information compared to Nd scattering.

We also mention a persistent tendency of optimizing the description
of data beyond the actual accuracy at a given order, often at the cost
of compromising the consistency/rigor and omission of error analysis,
the key features of any EFT. For example, a popular Hamiltonian used
e.g. in [18] combines the cuto↵ ⇤ = 500 MeV version of the N3LO 2NF
of [37], SRG softened with a cuto↵ ⇤ = 1.8 fm�1, with a N2LO 3NF
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Fig. 1: Examples of Nd scat-
tering observables calculated
using high-precision 2NFs.

regularized using ⇤ = 2.0 fm�1 without SRG evolution [38]. Similarly, Refs. [39, 40] employ incon-
sistent combinations of NN and 3N chiral potentials at di↵erent orders and with di↵erent functional
forms and numerical values of the cuto↵. While such models can be adjusted to reproduce the em-
pirical saturation point of nuclear matter, they cannot be justified from the EFT point of view. We
also mention the NNLOsat interaction of Ref. [60], which describes binding energies (BEs) and radii
of nuclei up to 40Ca and reproduces the nuclear matter saturation point. This is, however, achieved
by tuning the LECs to the BEs and radii of nuclei up to A = 16 and by limiting the NN data in the
fits to very low energies (< 35 MeV). On the other hand, our results show that (i) the BEs of p-shell
nuclei at N2LO come out correctly without any fine tuning [24] and (ii) the NN data allow for an
accurate determination of the NN LECs with no need to use data from heavier systems.3

5. Scientific objectives of the project and methodology
Building upon the recent groundbreaking developments by our group in the 2N sector outlined in
B1.a.2, I propose to perform a PWA of Nd scattering in the framework of chiral EFT and to deter-
mine the nuclear Hamiltonian complete up through fifth order in the chiral expansion. This would
resolve or at least provide a conclusive interpretation of the existing puzzles in the Nd continuum
in terms of possible deficiencies of the nuclear forces or inconsistent experimental data sets. The
project ultimately aims at solving the long-standing 3NF challenge in nuclear physics
and development of the state-of-the-art high-precision nuclear Hamiltonian determined
solely by the chiral symmetry of QCD and experimental information on the ⇡N, 2N and
3N systems. The resulting nuclear Hamiltonian will be used to perform precision tests in ab initio
nuclear structure calculations within the LENPIC Collaboration and made available to other groups.
We will also work out a discretized version of the Hamiltonian to be used in nuclear lattice simulations
and develop an e�cient interface between lattice QCD and chiral EFT via matching to discrete energy
spectra of few-N systems in a finite volume at variable quark masses. If successful, these studies
will help to establish a rigorous, fully
microscopic, quantitative and predic-
tive approach to nuclear structure and
reactions, firmly rooted in QCD.

The research project is naturally organized
in terms of three work packages interrelated
with each other as visualized in the figure.

WP1: Accurate & precise 
          nuclear Hamiltonian

WP2: Nuclear forces 
          from lattice QCD

WP3: Nucl. structure from 
          lattice simulations
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WP1: Accurate and precise nuclear Hamiltonian
Nuclear forces derived in ChPT are singular at short distances and have to be regularized with a finite
UV cuto↵ ⇤ of the order of the breakdown scale [61–63] estimated to be ⇤b ⇠ 600 MeV [33, 64, 65]. In
practice, even lower values of ⇤ are required to keep many-body calculations tractable. It is, therefore,

3We find the theoretical uncertainty to be typically dominated by the truncation rather than statistical error [35].
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3N forces, in spite of a long history, remain a challenge! 

Chiral EFT at N4LO achieves a precision sufficient for solving the 3NF problem! 
Still, both computational and conceptual challenges need to be addressed…
On the computational side: determination of LECs in the 3NF (~107 more 
CPU time needed to compute the 3N amplitude as compared to the 2N one)



 The 3-body force challenge
Conceptual challenge: 3NFs have been worked out using dimensional regularization. Is 
it consistent to employ an additional cutoff regulator when solving the Faddeev equation?
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yet-to-be-derived 1⇡-contact 3NF at N4LO involves at least one unknown LEC while the contact 3NF
at this order consists of 10 independent terms [62], 9 from which contribute to isospin-1/2 channels
probed in Nd scattering.4 These contact terms contribute, in particular, to Nd P-waves, whose correct
description is important for reproducing polarization observables such as Ay [96]. Our exploratory
study [57] shows, that such 3NF terms can potentially resolve the Ay puzzle, see also [104], and the
observed discrepancies for spin observables at intermediate and high energies.

Even with the help of the systematic framework of chiral EFT, carrying out a PWA of the 3N contin-
uum will require going far beyond the state-of-the-art and developing and employing unconven-
tional methodologies, see sections b.ii. and b.iv., in order to address the two major challenges:

Challenge 1: On the theoretical/conceptual side, the
challenge is to derive regularized 3NF and cur-
rents consistent with the NN interactions – the
currently unsolved problem at N3LO and be-
yond [6]. To illustrate the problem consider the 3N
on-shell scattering amplitude from the Feynman graph
in the l.h.s. of Fig. 5. Consistency between the 2NF
and 3NF (shown by gray-shaded rectangles) means,
that the same amplitude is generated by iterating the

Feynman diagram

V2N  G0 V3N
1π 2π V3N

2π-1π

Iterations of the Faddeev equation

Figure 5: The on-shell amplitude from
the 1⇡-2⇡ Feynman graph represented in
terms of iterations of the Faddeev equation.

Faddeev equation in the r.h.s.. In [6] we demonstrate that using DR for all shown diagrams (including
the iteration of the Faddeev equation V 1⇡

2N G0 V 2⇡
3N ) yields, as expected, consistent results. In con-

trast, following the common practice [56, 105–107] by introducing a cuto↵ regularization to tame the
singularities emerging from iterations of the LS/Faddeev equations on top of DR used to derive the
3NF leads to incorrect results due to the appearance of uncontrolled short-range artifacts that vio-
late chiral symmetry (not suppressed by inverse powers of ⇤)5. While this issue is not relevant for
NN interactions (apart from their mq-dependence), it does also a↵ect current operators starting from
N3LO [108]. To solve this problem, we will merge chiral EFT with the invariant higher derivative
regularization [109] and develop a new path-integral-based method to derive regularized
3NF, 4NF and electroweak currents up through N4LO consistent with the NN forces of
[45] while maintaining the chiral and gauge symmetries, see section b.ii. for details.

Challenge 2: Conducting a PWA of Nd data requires performing a nonlinear least-squares analysis to
determine 2 LECs in the 3NF at N2LO and 10 (or more) at N4LO. The significant cost of solving
the Faddeev equations6 and the lack of information about phase shifts and inelasticities
to be used for pre-fitting the LECs as done in the NN sector [45, 47, 86] pose a major
computational challenge. It will be addressed by using a new breakthrough method based
on eigenvector continuation to drastically speed up sampling the LECs in the 3NF, see
sec. b.iv. for a successful proof of principle in the 2N sector. An alternative approach is to emulate
Nd scattering using renormalized perturbation theory, see b.v., in combination with Bayesian methods
[111, 112] to restrict the parameter space. Further details on solving the 3N problem are given in b.iii..

These studies will (i) shed light onto the long-standing puzzles in Nd scattering (theory defi-
ciency vs. inconsistent data) and (ii) develop high-precision 3NFs. The resulting state-of-the-art
Hamiltonian, complete to N4LO, would provide a high-precision description of 2N and three-nucleon
scattering data. It will be used in WP2, WP3 and made available to the community.

a.ii. WP2: Nuclear forces from matching to lattice QCD
a.ii.1. State-of-the-art

Several lattice QCD groups have studied the NN system and light nuclei at unphysically heavy pion
masses up to M⇡ ⇠ 1 GeV yielding controversial results: while the NPLQCD and PACS Collaborations
find a stronger attraction in both S-wave NN channels leading to a bound dineutron and a stronger
bound deuteron at heavier M⇡ [113–116], see Fig. 6, the opposite is claimed by the HAL QCD group [41,
117, 118], which points towards underestimated systematics, see [119, 120] for a discussion. Scattering

4
The remaining isospin-3/2 contact interaction will have to be determined from 4N scattering or nuclei with A � 4.

5
The regularization issue was independently raised by David Kaplan, who proposed to apply gradient flow [110].

6
Our codes for computing the 2N and 3N scattering amplitude at one energy require ⇠ 10

�3
s and ⇠ 10

4
s CPU time.

6

Consistency can be verified explicitly by calculating (perturbatively) the on-shell amplitude.

Using DR to compute the Feynman diagram, 3NF and the iteration of the Faddeev 
equation leads to the same results (i.e. consistency) 

Using Cutoff Reg. in the iteration of the Faddeev equation and DR in the 3NF, the 
r.h.s. requires a chiral-symmetry breaking counter term signaling the inconsistency!

[EE, Krebs, Reinert, Front. in Phys. 8 (2020) 98]



 The 3-body force challenge
Conceptual challenge: 3NFs have been worked out using dimensional regularization. Is 
it consistent to employ an additional cutoff regulator when solving the Faddeev equation?

— higher-derivative regularization to maintain the symmetries [Slavnov, NPB 31 (1971) 301]

— a new path-integral approach to derive nuclear forces and currents [Krebs, EE, in preparation]

All 3NF expressions beyond tree level (i.e. starting from N3LO) as well as exchange 
currents [Krebs, EPJA 56 (2020) 234] must be re-derived using cutoff regularization.
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at this order consists of 10 independent terms [62], 9 from which contribute to isospin-1/2 channels
probed in Nd scattering.4 These contact terms contribute, in particular, to Nd P-waves, whose correct
description is important for reproducing polarization observables such as Ay [96]. Our exploratory
study [57] shows, that such 3NF terms can potentially resolve the Ay puzzle, see also [104], and the
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Faddeev equation in the r.h.s.. In [6] we demonstrate that using DR for all shown diagrams (including
the iteration of the Faddeev equation V 1⇡

2N G0 V 2⇡
3N ) yields, as expected, consistent results. In con-

trast, following the common practice [56, 105–107] by introducing a cuto↵ regularization to tame the
singularities emerging from iterations of the LS/Faddeev equations on top of DR used to derive the
3NF leads to incorrect results due to the appearance of uncontrolled short-range artifacts that vio-
late chiral symmetry (not suppressed by inverse powers of ⇤)5. While this issue is not relevant for
NN interactions (apart from their mq-dependence), it does also a↵ect current operators starting from
N3LO [108]. To solve this problem, we will merge chiral EFT with the invariant higher derivative
regularization [109] and develop a new path-integral-based method to derive regularized
3NF, 4NF and electroweak currents up through N4LO consistent with the NN forces of
[45] while maintaining the chiral and gauge symmetries, see section b.ii. for details.

Challenge 2: Conducting a PWA of Nd data requires performing a nonlinear least-squares analysis to
determine 2 LECs in the 3NF at N2LO and 10 (or more) at N4LO. The significant cost of solving
the Faddeev equations6 and the lack of information about phase shifts and inelasticities
to be used for pre-fitting the LECs as done in the NN sector [45, 47, 86] pose a major
computational challenge. It will be addressed by using a new breakthrough method based
on eigenvector continuation to drastically speed up sampling the LECs in the 3NF, see
sec. b.iv. for a successful proof of principle in the 2N sector. An alternative approach is to emulate
Nd scattering using renormalized perturbation theory, see b.v., in combination with Bayesian methods
[111, 112] to restrict the parameter space. Further details on solving the 3N problem are given in b.iii..

These studies will (i) shed light onto the long-standing puzzles in Nd scattering (theory defi-
ciency vs. inconsistent data) and (ii) develop high-precision 3NFs. The resulting state-of-the-art
Hamiltonian, complete to N4LO, would provide a high-precision description of 2N and three-nucleon
scattering data. It will be used in WP2, WP3 and made available to the community.

a.ii. WP2: Nuclear forces from matching to lattice QCD
a.ii.1. State-of-the-art

Several lattice QCD groups have studied the NN system and light nuclei at unphysically heavy pion
masses up to M⇡ ⇠ 1 GeV yielding controversial results: while the NPLQCD and PACS Collaborations
find a stronger attraction in both S-wave NN channels leading to a bound dineutron and a stronger
bound deuteron at heavier M⇡ [113–116], see Fig. 6, the opposite is claimed by the HAL QCD group [41,
117, 118], which points towards underestimated systematics, see [119, 120] for a discussion. Scattering

4
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The regularization issue was independently raised by David Kaplan, who proposed to apply gradient flow [110].
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Consistency can be verified explicitly by calculating (perturbatively) the on-shell amplitude.

Using DR to compute the Feynman diagram, 3NF and the iteration of the Faddeev 
equation leads to the same results (i.e. consistency) 

Using Cutoff Reg. in the iteration of the Faddeev equation and DR in the 3NF, the 
r.h.s. requires a chiral-symmetry breaking counter term signaling the inconsistency!

[EE, Krebs, Reinert, Front. in Phys. 8 (2020) 98]



 Summary and outlook

Chiral EFT is becoming a precision tool for nuclear physics!

— consistent regularization of many-body forces and currents 
    (relevant at N3LO and beyond)

Some outstanding challenges and unsolved problems:

— the three-nucleon force problem

— underpredicted radii for medium-mass and heavy nuclei 
     (and the related issue of the symmetric EoS)

— pushing ab initio frontier to reactions and heavier systems

— quark mass dependence of nuclear forces

…stay tuned for new results in the near future…


