


SAHfl'.mE 5. 

MaTpIDJ;a KOHBti:HhlX IIQBO :QO~ *.) 

ITpld pemeHHR KBaHTOBo-uexaH11qecKKX aa;n;aq BO SHMKaeT Heo6xo­

.zrnMocTn rrpOitlS.BO'JJ.MTI> rrepeXOfj; o•r O.l(HOM eJtiCTeMH KOOp,ZJ;:r.rnaT K 'll.PY­

ron CMCTeMe, IIOBepttyToli OTHOC TenEHO rrepBO~~ KnaccitiqecKliM rrpirI­

MeplDM Tairnro po;n;a sa,Zl;a q111 RBnReTCR aHamrn OIIh!Ta llITepHa-repnaxa 

(TaKo~ aHanaa oqeff& Har 1rn;n;Ho 111 o6c Toin~enI>HO rrpo;n;enaH B ~ei1HMa­

HDJ3CKiiIX :rreKUHHX /I/). }.{anee' IIpt1 OIUDam:rn ~yrnOBh!X pacnpe)le71e­

HHi1 Id nom1p.Liaa1uu4 rrpo;n; KTOB H;tlepHhlX peaKIJ,v1i~ , rrp:a paccMoTpemrn 

y rnoBblX Roppemn.tI4t1 MeJlt,ey paa rrqHbJMm v. cnycKaeMhlMli H;n;poM ti:acTH­

u;aMI4 ( K '( -Joppemn:nrn B Kac1m;n;Hblx l -rrepexo.ztax , p 0 -Koppe­

JUIIJ,IdR IIPM p -pacna;n;e MI T .,l{.) OKa3hlBaeTC.P.: Y'JJ.06 Hb!M B Ha qane 

B@6paTI> CI4CTeMy KOop;n;111HaT TaK , qTQO~ ee 0 D '2 OblJia HarrpaB-
........ 

neHa ITO L1MIIYJI:&Cy p TOH 11IJH1 HHOW Bbl:.il8TaID ,eti t:iaCTHUbl' a saTeM 

ocymecTBJ;ITI> noBOpOT Id rrepetiTid OT STOi1 BCII uoraTeJinHOti Ct1CT8Mhl 

KOOp;n;I-rnaT K na6opaTOPHOM. 11HOP;n;a B03HHKaeT IIOTpe6HOCTI> R B 06-

paTHOM rrepexo.J.te OT i-ICXO,ll;HOM na6opaTOPHO~ CMCT8JIH KO OP.J.tl!HaT K 

Apyrofi, 6onee Y.J.t06Hott .1.tJIH pemeH~fl. 

Bee STH aa.ztaqH peilla.IOTCH c ~crron:&3DBaH~eM MaTp~Uhl IIOBOPOTa, 

KOTOpaH OllHCblBaeT rrpeo6pa30Bamm C06CTBeHHhlX tflyHKUHil MOMeHTa 

KOJIHqecTBa .J.tBH~eH~H npli noBopoTe c~c TeMH Koop~RHaT. UeJibID ;n;aH­

HO.ti sa;n;atIH .FIBJIHeTCfi 03HaKOMJie1urn co CBOMCTBaMR MaTp11m; KOHetr.HhlX 

IIOBOpOTOB, ycTaHOBJieHL1e ll CBH3Id co c!fiep~qecKJiUUd rPYHKUru:IMH.]LnH 

yacHeHHH ponH MaTpHn KOHeqm:iJx rroBopoTOB B KBaHTOBOM MexaH~Ke H 

rrpMo6peTe lilUl npaxTHtiecKiiIX aaBBKOB BHtt~cneantt c HID4H rrpe.J.tnaraPT­

ca HeCKOJibKO ynpaJ!WeHmi. 

~) Iloco6we IIO Te.Me 2 HailHCaH 10.~.CArn.pHOBblM . 
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Mlil cotlJIH u;enecoo6paaHblM ,z;;a.T:o HeCKOJioKO rrpocTeiimJ1Ix rrpHMepon 

Ha BbJqJIICJIBHJIIe yrJIOBhlX pacrrpe~eneHH~ III KOppeJIHUHH, KOTO pble l1JI­

JIIOCTP11PYIOT npI.1MeHeHI1e MaTp~r.:; IT.OBOpoTa B TeOpHTti STillC HBJiem1ti H 

BCKp1rnaroT MexaHH3M rroHBJieH:m:i: neviaoTporrHhlx pacnpe;gene m1ii1. OCme­

MY paccMOTpeH11IO STL1X BOrrpocc II 1I!OCBHll(6Hbl 3aHHT:r.1H TeMbl 3. 

§ I. Ilpeoopaaa:rnaHHe coQ.91:BeH~x dJYHKg11t1 MOMeHTa Komrirnc1•na 

;gBil!Jlt8HJi'l.H rrpI-1 ~.9.!:~'lIHblX IlOBOpOTaX • . ~ - (flyHKIJ;I1U1. 

ITycT:o 11MeeTCH rrpaBaH Cl1CTeMa Koop;gHHaT. HaaoBeM rronomllTen:o­

HhlM Bpall(eHHe BOKpyr HeKOTOpoti OCM , ¥'1CilhlTblBaeMoe rrpa.BblM B.l.1HTOM 

npM ero ~BMEBHil!JII B IlOJIO~~TenEHOM HarrpaBJI8HJIIH B;gon:o ST OA OC JII. 

JI106o:i1 IlOBOpOT CJIICTeMhl HOC p.1(1rnaT B TpeXMepHOM rrpoc TpaHCTBe 

BOKpyr Haqana KOOp~MHa'.l' MOJIH!C npe.I(C TaBHT:O .B B~e rrpOV13B8,ZJ;emrn 

Tpex rroBopoTOB~ CHaqana npomrno,n;11TCH rroBopoT BoKpyr OC: li1 Di Ha 

yron <:X ( 0 ~ ol. ~ 21t) , saTeM rroBopoT Ha yron p ( 0 ~ p ~ J[) 

BOKpyr HOB Oro IlOJIOJK8HHR 0 J l 0Cli1 0 !I Id, HaKOHeI(,IlOBOPOT Ha yrOJI 

l ( 0 ~ '( ~ 21f) BOKpyr HOBCH'O llOJIOJK8HIIIH 0 l 11 OCH Q ~ 

(I) 

Yr:rrhl cX. , J3 , J Ha3hl1m10~rcH ~yrnaMR 311:nepa. 

IToBopoT noKpyr HeKoTopoi1 ocM 0 u Ha yron T , MOJB:HO Bhlpa-

3MTI> qepe3 IIOBOpOT Ha TO T lite yroJI BOKpyr ;gpyroti 001'1 0 v cne;zr,yIO­

IUitiM oopa30M 

~u (f}:: 9 (V~U ) ~·".(~ ) 8-i.(V-+U) (2) 

r;zr,e 9 ( v--+ U ) noBopoT, n:oTop~tt rrepeBo;n;l'ttT oc I:i Ov B oc:o 0 u 

IlOCKOJII>KY 9 ( '2 '~ r ") ::: ~,Y' (f3 ) ' a 8 ( y--y') = 92 {Ol ) 

TO IIOBOpOT 9 ( o( _f d ) MO:iKHO npe;gcTaBMT:O B Btii;n;e Tpex IlOBOpO­

TOB BOKpyr Herro;gB~~HhlX ocea 

(3) 
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TiycTn y Hae VIMeeTCR HeKOTO poe Teno, c KOTOpblM CBR3aHa H8RO~ 

TOpaH trYHKUVIR \fJ (X ,y
1
'l.) (Olia xapaKTepwsyeT, Hanp mi1ep, pac n­

pe,Z(8JI8HH8 ITJIOTHOCTVI Be me cTBa B TeJie H T. rr.) . OcymecTBMIM HeROT O­

pblVI IIOBOpOT 9 ( fX pd) 3TOrO Tena BOKpyr HaqaJia KO Op,IJ; I1naT Ha 

yrJibl 8i1nepa o(. ' ~ ' d . Tenep:o MOJKHO BB8CT:V1 ,Z(Be CVICTeMbl RO Op­

,IJ;HHaT: Hcxo,n;ttyro L VI rroBepfiYT YID L
1 

, CBH3aHHY ID c TenoM. HeKo­

TopaH TOtIRa Tena P , IllM8BIIIa.fl ,Z(O rroB opoTa Ko op,:n;vrnaTbl ( X
01 

y0,~0 ) 
-+ . 

6y,n;e T HM8Tn Te JKe KOOp;n:.rirnaThl "t I ( x '= Xo '':J!_':fc,i= 2) B IIOB8PHYT OM 

CVICTeMe , HO no OTHOme Hruo K H8Il0,Z(BH~HOM CVICT8M8 OHa 3aHM8T HOE08 -~OJIOE8HH8 ~ • ,ZinH To ro 't!T06H Hai1TH 3TVI HOBbl e KOOp,n;HHaThl 

TOtraH p ' paCCMO TpHM rrpeo6pa3oBaHHe KOO p,Zl;VIHaT rrpll ITOEOPOTaX 

:aoxpyr oceti Z VI ~ 

'j._ = X o C. O·:') c(. - Y 0 .H n 0( • 

~ = .Xo 'l t\O( + Yo ~O( ; 

.X =. .X 0 W1 p + 1: 0 ·)I n f 
':f -=. ~ 0 

(4 ) 

2--::. ~c~ ~ = -.X
0 

1ttl_f -+ 1-
0 
U~j 

0 Tcro,n;a c rroMom:oro ( 3) rronyqaeM, qTo c IX, 
e~.x - ~l ni:i 0 '°f' ~J-~i n0 o .f..o 

~ =2("n1(~, = ~ l nd W 1<( 0 0 i 0 ~·inJ t.a~o 0 jo (5) 

2 20 0 0 -i - 1inf 0 ~p 0 0 i ~ ll 

8.ZJ;ec :o Mbl BBeJrn: MaTpHqHbJe o603HaqeHHff . Ma TPVIUa rrpeo6pasoBaH~H 

KOOp,IJ;H HaT rrpH ITO BOpoTe VIMeeT BH~ 

t~~ W1f C01J - 1in<i J11JO ,· -~ C/)j! ~ i111- ;ina CM'( i W1r1 ~ i trf 

3~pj) = ~ind. l~J U>lJ' + CJ,>jfi di110 ). - jifl« (,#jf .Jin(+ c.01r;. tOjji iJit1~dit1f (r}) 

--Jl n_p c,~;110; di11 f -d in0 j CMf 
--P -Uf 3 (5) cne,IJ;yeT, tIT O KOOp,Zl;:krnaTbl 't MI "t' 0,Z(HO tl VI TOi1 E:€ 

TO't!KJ'd: p B C11CT8MaX L H L ' CBR3aHH paBeHCTBaMH 

-'t (6) 
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-i 
ITocKon:oRy MaTpr-m;a a -opToroHaJLoHa' TO MaTp:mi;a 9 ITOJiytiaeTCR 

-.i "" 
t13 (5) TpaHCilOHlilpOEairneM . ~ = 9 ' T . e. 3aMeHO:ti CT pOK Ha CTOJI6-

IJ;bl. 

Ec n:vr sa;naH ·KaROi1:-TO IIOBOpOT Tena tlJ HaM Heo6xo;n:vrMO orrpe;;:i;eJIVfT:O 

yrJibl 8 MJiepa , xapaRTep:vrsyro~:vre ~TOT ilOBOpOT, TO Hy~HO paC CMOTp8 T:O 

BHatJaJie' Ka:K I13M8HHIOTCH rrp :vr ;naHHOM ITOBOpOTe KOO p,n;:vrnaTbl KairnX-T O 

;!J,BYX ToqeK Tena , Harrp:vrMep, roqeK, pacrroJI0*8HHbJX Ha OCHX ROOp,n;:vr­

Ha T, a 3aTeM :vrs COOTHOlli8HH~ (4),(5) orrpe,n;eJIMT:O , KaK:vre 3Haqe HlilH 

y r JIOB 8Hnepa , 3aKJIJOqeHHbl8 B M:uepBaJiaX 0 < fi..~ 2 gr- , 0~ f& ~9t 

0 ~ x ~ 2 Yr ' CO OTBBTCT BYIO T Ta.R OMY l13M8Hemno KOOp,Z!;ilHaT. Pem e­

;1::' COOTB 8TCT BY ~'.Ji~ li1X ypaBHeH:if:: 6y;!J,G T e,n;H:-ICTBeHHblM BO BCBX c:rrytiaHX 

'•(Olvle ~ =:: 0 11! jf ' KOr,IJ;a JilOOblC 3HaqeHl1H ()(+ '{f-= Ccn.rt"JiJ.JI 'J!J. 

ol.. - x= C Onst coOT38 TCTBBHHO OITVICbl BaIOT O,ZJ;:VIH li1 TO'r JK8 ITOEOpOT. Ilpll 

3 TOM CJI8.4Y? T 38M8Tli1Tb, qTo, CCJilil Mbl ocymecTBJIH8M ITOBOpOT Ha yro~ 

~rnH)Yf ,_)C~: 1.-4. • H3.ITp:rn,n;emL; I-WT0:10~~ 35.,I\aeTCH yrnaMM 9 f , 
TO, J0 0d~= POBOpH , TPO~K2 ~r~OE f ' 9 ' l He COBITa,IJ;aeT c yr-

( 3 ) !1 ') ., ... ._ " · 'r" ,) :- ,."'\ 0 C TI~ 71 u n • n~l,,..' ""::;:: 1 .l_'.1 J.S ,...,Jtl.I: 

' OT Je qB.JO[J_\I'lfvrn TaKOMY ITOBOpoTy (CM . 11-JIY 

3 3 ~e~, KaR M3MBHH8TCR DpMBHT8ll.VlH ocel 

~ ' ~ ' :2 ' i1PI'i ITOBOpO TB Ha y ron j'( BOI-Cpy r OC H , rrpoxo;zi;Hmeti He­

pe3 ea qano KO Op,Il;HHaT M TQ qKy (IOI] ' ner KO y6e,IJ;M T:OCR , ijTQ TaRO~ 

i10 EOpOT 38.,IJ;aeTCH yrnaM'JIJ. 811Jiepa ol. :::0, ~ = ~ ' 't =!It' B TO 

BPBMH KBR \f =O' 6 = ~ ' T = !it 
B o 6 meM cnyqae c noMom:om (2) M~ MOEeM aarrwcaT~ , qTo 

9 u ( T) = 9 ( 0, e, "-+ t ) ~ ( 1T + f, e, r J (7) 

EcJrn rroc ne,n;oBaTen:ottp BblIIOJI HRIOTCH ,n;Ba rroBopoTa: cttaqaJia g (ol2 p2 
fz 

a 3aTeM 3 {i, p, /) ' TO rrapaMe Tpbl pesyJI:OT.VIPYiOIUBro ITOBOpOTa 

9 (d. p ~) = a (ti , f I 01 )!J(of2 J32- fz.) (B) 

ROTOp~li H83blBa8TCH rrpOH3Be,n;eHHBM 8THX ,n;ByX IlOBOpOTOB, sa,n;amTCff 

CJie~yIOrum.rn tIJOpMyJiaMn (CM. [2 ] ) : 
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c~p-= G01f 1 c01~2 -j1n_p1 jinp2.c01((,+o<2 ) 

1./~ tr.( ) -.i..(t +« J 
t(d.~¥J i(a(,+32) e2 j 2c~~c~It- e 2. 1 2jinfto1n{;- (9) e =e . .. 

eH~.-t«2)c01.f!. co~&. - ef (~,+«2-'~1n fl. ~i"' ~2 
2 2. 2. T 

i(«-") i{d.-t,_) et(J,ra~)ur.> r~. ~ 1 ;,/! + e-k(¥,'"~1~in p, -CM~ 
e o=e •o• T Z 2 

etfo,+«2Jco~~~ttt ~2 + €t(~,+«z)~in ~ 1in if 
8aMeT11M' qTo o( ' J3 ' 0 HYJR:HO liICRaT:n B CJie,n;yIOlI.\HX HHTepBanax 

0 ~O( ~ 2 ~ , 0 ~ ~ ~~' 0 ~ ~ ~ 4$ , ITpliI 3TOM ITOBOpOTbl 

Ha yrmil ~ I1 0 1= 3+ 2 $r CJie,ZJ;yeT CtII1TaTI:> tlJV'I3Ill1WCKliI 8KBI1BaJI8HT-

• HHMH. c ITOMOmEID COOTHOill8HliIH (7,9) MO~HO HailTVi 3HaqeHHff yrnoB 811:­

nepa ,Zl;Jiff JII06oro ITOBOpOTa BOKpyr rrpOH3BOJinHOM OCI1, rrpOXO,Zl;HlI.\eH qe­

pe3 Haqano KOOp,Zl;HHaT. 

Terrep:o onpe,ZJ;en:vIM rrpeo6pa30BaH:Vie cDYHKU1UI 'f ( x ' .!} ' e ) rrp.vr 

ITOBOpOTe. Ey,n;eM CtIHTaT:n, qTQ OIIItICblBaeMoe ero pacrrpe,Zl;BJIBHWe Bpama­

eTCff BM8CTe c T8JIOM, H TBM caMb!M cIJyHKum:r B ITOBepHyTblX IWOp,Zl)rnaTax 

coxpamrnT cBoli attain1T1111ecKitii1: :an,n; 't' ( .x', y~ "2 1
). O,zi:ttaKo rro OTHO­

rneHHIO K liICXO,IJ;HOtl CHCTeMe OHa rrpe,ZJ;CTBBJIH8T co6oro H8KOTOpyID HOByIO 

c1Jymc1rr1110 ':f/ ( Y., !J, ~). 113 cooTHOllleHI1.ti ( 6) BH;n;Ho, tITo BTa qiyHKU!IIH 
~ -+1 -i-+ 

IIOJiy"tiaeTCH 3aMeHOM a pry MeHTa 1Z. Ha "t = 9 i. Il03TOMY MMeeM 

'f ,~ J = f'c;;"' = R <O(. P. a' 'f ,;z: J= n~-izJ croi 
8;n;ec:& R ( d.1f,1) - onepaTop KOHffqHoro rroBopoTa, 3a;n;aJOll\Mifi rrpeoopa­

soBamm tlJYHRIJ.IiiH ~ ( ~ ) rrpvi ITOBOpOTe 9 ( (){ J3 0 ) . OH HBJiffeTOH 

rrpo~rnBe;n;emrnM Tpex orrepaTopoB noBo.poTa Ha or.zi:en:nHb1e yrnhl 8tinepa 

(II) 

~CilOJI:b3Yfl orrepaTop~ MOMeHTa KOJIMqecTBa ;n;BH~eHMfl, KOTOpble rrpo­

nopIJ,VIOHaJIDHbl orrapaTopaM 6eCKOHeqHQ MaH~X ITOBOpOTOB, MOXHO rrepen~­

caT:& B BH;l(e 

R. ( ol. 13 K } == e - i. o< 3e e -i. P '~ e-i.1 :i..,, cr2J 
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(8KCITOHeHTy, B ITOKasaTeJie KOTOpOH CT011T orrepaTop, cne;n;yeT paccMaT 

pt1BaT:O KaR COKpa~eHHYIO sarr11Cb COOTB8TCTBYIDmero CTerreHHOrO pH;n;a ' 

COCTaBJieHHOro 113 8T11X orrepaTopoB). 0Tcro;n;a HCHO, qTo, ecn11 Mbl B03b 

MBM B KaqecTBB cpyHKI.Utti "t' ( ~ t 'd I~) co6cTBBHHble (flyHKU11Ir1 orrepaTopa 

yrnoBoro MOMBHTa ~'1'\(X, y 1 .) , M = - :J , • • • !J , TO KaJK;n;aH t13 

3Tir1X ~YHKU11~ rrp11 ITOBOpOTaX rrpeBpamaeTCH B Jit1HBMHYIO KOMOir1HaUHIO TeX 

JKe caMblX rliY HKU11t1: 

\f (x 1!J'c 1
} = R (oe. av )W (x 11 ~J == ,K , , ra I:JK •:JJ 'I.5) \ , 

a,:) = f I ~Ml R (Di nll~K) 'i',Mlx,y, i!J = ~ 3)~K'°' N) '¥,"'' 
3;n;ec:o ( !1 M I R (o< F Kl I 'K) - MaTp11qttb1i1. aneMeHT orrepaTopa ROHBtIHO-

ro ITOBOpOTa. ]lJIH Hero BBB;n;BHO crreu11aJI:OHOB 0003Hal!eH11e 

(I4) 

113 COOTHOli!BHI1H- (12) CJie;n;yeT' qTO 

XJ~I<. (ot Jll) = eiMot. d'),..K Ip) e-il<J (IS) 

d 'J -~p!l 
MK(f)= (!1MlQ ~J~K) (I6 

~ 
3JieMeHTbl ~Mk' (c;<p~)o6pa3yIOT yHV!TapeyIO Irna;n;paTHYlO MaTp11uy 

pam.repHOCTV! ( 2 l+ ! )>C(2 :J + i ) ' IWTOpaR Ha3bJBaeTC~ MaTp:m.i:eti KOHeq­

HOro ITOBOpOTa. lf) Ee 3JieM8HTbl traCTO Ha3blBaIOTCR !J -'1JyHKU11HMir1 
/3/ 

BMrHepa. ~x MOJKHO Ha~T11, 11CITOJI:03YH ~OPMYJIY (IS) 11 B~paJKeHHB 

d 'J , ~ ) = L ( _ 1 }~ [ c J + '"' H , J-M )! , j -t- K H o -k u r11 
I( 

MK ) x ~ ! (~ -M - )C) !( J - I< - .x H ( x ... M - K) ! 

(
. a ) 2 ::J 1- K- M - 2 Jl ( , B ) 2JC + M - K 

"co~t ~1l'lt 

(I7 

CyWA~poBaHRe a;necD rrpo~3BO'At1TCH no BCeM ueJihlM ){.~ O, ;zoIH ROTo­

pHx apryMeHT~ ~aKTOpllaJIOB HeOTP~UaTenbHH. 

lf) COBOKYITHOCTb TaKMX MaTp~u ;n;JIH B~ex ITOBOpOTOB g (()(j3j') o6pa3 

eT HeIIpt1BO;n11M08 rrpe;ncTaBJI8Hl18 !J rpymm TpeXMepHblX Bpa~eHitltt 
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ITon:oayHc:o yHHTapHocT:om MaTp111uH ITOHOJTOTa, nerKo HarrlllcaTI> rrpe­

o6pasoBaHHe, o6paTHoe rrpeo6paaoBaHlllID (I3) 

fla tt;opMyn (I4), (I6) cne;n;yeT, trTO aHaqeHllIH aneMeHTOB Marpr1m1 

rroBopoTa He aaBI-ICHT OT KoIIBpeTHoti rrplipO.IJ.hl WYHKIU1li! f ~M, KOTopaH 

rro,ZJ;BepraeTCH rrpeo6paaoBaHHIO. TaK Ee, KaK MaTpHqHHe aneMeHTH orre­

paTopoB ~.x. > '~ J ~ 2- OHli uemmoM orrpe,ZJ;eJIHIOTCH 3HatreHMHMli IrnaH­

TOBhlX q:vicen J , M , K 111, ecTeCTBBHHO, Benwurnoti yrna rroBo­

poTa. 1I03TOMY q)opMyJia (I3) II03BOJIHeT Bhlpa3liT:b c rtOMOIUI:iIO 1)-(T:y m.:­

UlllM co6cTBeHHble ~YHKUHH ~jK nro6oro yrJIOBOro MOMeHTa op6111TaJII:i­

HOro, CI1l1HOBOro, IT01IHOro MOM8HTa ClllCTeMbl H T. rr. B IIOEBPHYTOti C\llC-

TeMe 1-rnop,IJ.i-rnaT L' (s;n;ec:o I< - npoeKU:tJIH MOMeHTa ~ Ha ocI> 2' ) 

qepe3 COOCTBBHHhle lflyHKUHlll c TBM JKe MOMeHTOM '!'~"') B HCX0,14HOH 

C\IICTeMe KOOp,Z\lllHaT L. (B STOM cnyqae M npoeKI.J,l'lH j Ha OC:b ~ ) ' 

T.e. OHl'l ,IJ.aIOT pasno~eHKe COOCTBBHHhlX ~YHKUH~ MOMBHTa,KBaHTOBaH­

HOro no 0,1.(HOti OCH ( '"i.1 
) ' qepes co6CTBeHHb18 tDYHKI.J,Hit1 3Toro MOMeH­

Ta, ITOJIYl:JeHHblB Itplll ;n;pyroM BbJOOpe OCIII KBaHTOBaH:tJIH. 0Tcro;n;a CJie,IJ.yeT' 

trTO, eCJil'l qacTiiIUa (MJIH C~CTeMa traCTiiIU) Ii1Mena MOMBHT KOJIMtreCTBa 

~BH~6HHH ~ H ero npoeKUllH Ha OCI> ~I HeKOTopo~ CHCTeMhl KOOp,ZJ;M-

L ' K HaT paBHHJIBCI> , TO BepOHTHOCT:O Toro, qTQ ero npoeKUMH 

Ha ocI> ~ Toti c:wcTeMEI Koop~~rnaT L , KOTopaH nepe~O.ZJ;HT_ B 

rrpiiI :J rroBopoTe 9 ( <J. p K ) , paBHa M , orrpe,zi;emrnTcH BeJI:tJitivrno:t1 

I ~MK (o< p0)/,;. fils Q)opMy Jihl (IS) BH.z4HO, 1uo Ta se BenRtrHHa orrpe­

,zi;enHeT BepOHTHOCTI> Toro, qTo rrpoeKUHff MOMBHTa Ha oc:o -z' paBHa 

K , ec1rn: rrpoeKUHH Ha oc:o r: pa.BHa M . B ST.OM aaKJIIO'llaeTCH 

Herrocpe,zi;cTBeH~hlfi qmsMqec1rnli CMhlCJI 1J . - <llYHKilitiif. Mix BaJICHaH pon:o 

B KBaHTOBO~ MexaHmce saKJIIOqaeTCH B TOM, qTQ OHH IT03BOJIH10T xerxo 

rrpeo6paso.BblBaTI> crrliIHOBhle, cqiepHqecKHe WYHKUH:vt H JI.BJ6hle ,zi;pyrHe 

co6cTBemrae lf?vHKUHH yrno.Boro MoMeHTa H3 o,zi;Ho~ CHCTeM!Jj Koop,ZJ;:r,rnaT 
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B 'APYrym, noBepay~ym. 

Cne'AyeT OTMeTVITD, qTo 1:> - WYHKU11M flBJiffIDTC.fi TaKme co6cTBeH­

HblMitl WYHKIUrHIMll KBaHTOBO-MexaHM'!"crecKoro raMMJIDTOHidaHa, om1cb!Barome­

ro BpameH11e ·i'Bep'Aoro Tena, aaKpenneattoro B o~Hoti Totme ~ VI~.1eroll.le-

ro 'ABa o~irnaKOBhlX MOMeHTa ~me puma B rnaBm1x oc.Rx 1 ( cmwe!p1111&t! , 

BQJiqoK) (cM.HanpMMep / 4, 51). IlOSTOMy B JIIdTepaType 111aor'Aa IJ-~YHR­
UMll HaaeBaIOTCfl WYHKUHfiMitl CHMMeTp11qHoro nonqRa. 

§ 2. CBO~CTBa 1) - WYHKUHB, ItlX CB.fi3D co cwenV!qecRMMJtl 

dJY Hl\UVlfiMJtl. 

OTMeTHM BaJKHei'tmHe CB0:0CTBa 2) - \~Y HRUJr1t1: 

I. </) - WYHKLUm fiBJIHIOTCH aneMeHTaM!i1 y1n'ITapHot1 MaTpHD;hl 

:1" , :J {' 
L: 'JJ,,,1< 1 - <~ Po J f)MK to1. P ¥) = ° KK' M I 

2. COOTHOllieHlifi OPTOHOPMlllPOBaHHOCTH 'AJifl 'f) - ~YHRUMtt 

j da1 f~in JI dp YtJK 1J!:f°'P( J 1J~:1t.' (r1. n J "" 
o o o Bm-2. r " <' 

:: Z~+i O ~ :3 1 °KK' OM M' 

3. TeopeMa cnomeHVIfl ~nn XJ -~YHKUVI~ 

2)~ Kf ol P 1 J J>~~"'n'= f1V'1V'1':1M"1,K,'zKt''K' JJ;i" n 1 
11rn11 06paT110 

ti' (tip/}::: h (:J,M,,:l.,al~M)(:J,t<1l1kt llk):l)3'- ft pj)XJ '1. (ti 11 v) 
Ml( . M~~~ MiK.£ ,A12K.1. ro· 

~3 (20) ~ (2I) HaXO~fltM, ~TO 

. J 1) :S* I ) i1\ :11 ) I'/\'" I I 
MK td p ¥ J.JMi K, (ti J ¥ I.JM,_ l(.,_f ~ fd Q) ~lflf Cf(J( elJ cJ ( :::. 

= z8.Jr+'"i ( 't fr1.t.J21'1a. I :JM J(,._ Kt ~ 2 K,. I~ K) 

(I9) 

(20) 

(2I) 

(22) 

(23) 

4. Ee~~ rrocne'AOBaTenhHO npo~3BO,Zl;HTCH nBa ITOBOpOTa 9 ~a' 
xapattTepmsyeMhle coOTBeTCTBeHHO yrnaM St1nepa rJ p 'K 111 "''p' 0

1
, To 

D'R. . I MaTpMina orrepaTopa " mrn peay11:&TVIpyromero noBopoTa 8 9 paB-

Ha npo~sBe,1.1;emuo Ma_Tpflu; ,ZVIH OT,Z1;8JIL1I.b!X IIOBOPOTOE. IloaTOMY 'AJIFI f) -
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- WY HK11;111i1 11MeeM 

(24) 

7. CBH3E co c©epHqecKHMM ®yHKUL1HM11 

1)~0 (tip¥)= (J[~i ~: (d. p) (27) 

J)L(t/..8j)==-{Ey (By) 
OK r 2L +i. L -J< r 0 

(28) 

J) o~ ( d.f ¥ J = P, ( CQJ /3) 
(29) 

i3 BH.ZJ:Y COOTHOill6HL1ll (27-29) (flyrurn;1.u1 vrnor.n;a Ha3bJBaIOT o6oc5~eH­

HNMH c~epwqecKMMH ~YHKUMHMM. 

8. ~3 (2I) L1 (27) nerKO rronyq~Tb rrone3HOe COOTHOilleHMe ~nR 

rrpOM3Be;n;eHWH c ®epMqeCKHX ~YHKUM~, 3aBMCHmMX OT 0,ZJ;HHaKOBHX ap-

ryMBHTOB 

Y . { B, \/) ) Y ( (j, f) = / ( 2 f, +I)( 2 f2 + J. ) x 
f1m1. 1 fz.m'l.. ~ '11r(2.l-+i) 

(30) 

" (f, m, f 2 mz. IL M )( f, 0 f z 0 IL 0) YLM { fi, f) 

OTCIO;n;a Haxo;n;~, qTo 

JY,:te,f) Ye1mL(e,f) Yt 2m219,f} dSL = 

. {r";/,~);J~ +l) -; f, O 11 0 If O Jf f, m, I, m2 /f m) 

(3I) 

mc nonD3YH oprottopM11poBaHHOCTD KOSWWMUMBHTOB BeKTopttoro cno~e-

HHR, MOEHO M3 (30) rronyqMTE cne;n;yro~ee COOTHOill8Hil8 
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9. B qacTHOM cnyqae K =O wopMyna (I3) rrp11H11MaeT BI1.Zl; 

(33) 

(34) 

-3,ILeC:O fjti fJ. - yrJibl, xapaKTepIII3YIOll.\l!Ie HarrpaBJieH118 BeKTOpa T.i 1 -92., f z. - ITOJUipHhle yrJihl B8KTOpa Z 2 , W12. - yron MeJK,IJ;y BeKTOpa-- -MM c I I1 lz. ' ,Zl;JIH Hero I1M88M 

CooTHOilieHHe (34) 11sBeCTHO rro,IJ; ttasBaHMeM reopeMhl cnOJKeHiiIH ,11;JIH 

c c~ epwqecKJtIX rapMOHIJIK. 

B CBH3I1 c 3T11M paccMOTpMM BOrrpoc 0 rrpeo6pasoBaHI1I1 H8CKOJI:O-

l\.vlX COOCTBemmx l~1yHinJ,HW yrJIO:i30rO MOM8HTa rrpllI IIOBOpOTaX. 

11ycTii nMeeTCH tta6op rrorrapHhJX rrpovrnBe,ZJ;eHJIIM co6cTBeHHhlX TYHK-

UIIIM ~nH ~Byx MOM8HTOB 1 
I 

/Iii = - l - 1-f +l - '.J . 
I I 1 .J f • . - • / i • tj, Ml ( x,) t>j2M2 ( Xz) 

!"1 ~ -= - ':f u - j:. + i . . ·, J .l. ~ 
(36) 

8To MoryT 6hlTii co6cTBBHHhle ©YHKUI'1I1 ,IJ;Byx pasHhlX qacTHU MJIM rro.Zl;-

CitlCTBM, MJI11 op611TaJIIiHhle 11 cmmOBbl8 COOCTB8HHble (PyHK1lJH1 O,ll;HOfii 

qacTMUhl (c:vicTeMbl), r11Jrn rrapa co6cTBeHHhlX cpyHRr.urtt O.ZJ;HOH 11 TOM JKe 

qacTIJIIJ,bl, OTHOCHlil,11XCff R COOCTBeHHblM 3HaqemtHM MOM8HTa :J M 'j2. 
I 

B rrocne~BeM cnyqae Mbl MMeeM ,l.1;8JIO c .Zl;BYMH ~YHKU11HM11 O.ZJ;I1HaKOB@X 

rrepeMeHHhlX X, = X2 • ,Z(ei1cTBMe orrepaTopa rroBopoTa R ( d.f 'I J Ha 

~YHI'i:UVUO (36) CBO,ZJ;I1TCH K 3a.M8H6 KaJK,ZJ;oro 113 apryMeHTOB :J. (_ Ha _, 8 :.Xi' T.e. He3aBVIC:vIMO OT Toro, O~MHa:KOBhl :J._i M )(2 VIJIVI HeT,Mbl 

IIOJIY'IHM 
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= [R(olfO J'f'JtM1(xi)][R(dfJ')t:i21"12(X2J)= (37) 

-= L 1)~~"1 («py) !JM'M (riJ3J') t'f ~ 1 (x1J 'f ,(x;) 
MI 1\1' J. L 0 2 2. ..JJ. ,~,i ~2fil2 

1. 2. 

TerrepD rro~eilCTByeM orrepaTOPOM ITOBOpOTa Ha JIHHeMHYID KOM6WHau11ro 

WYHKUH~ (36), nonyqeHHYID rryTeM BeKTOpHoro cno~eH~R ~1 11 j 2 

MOMeHTOB 

ReBaH qacT~ paBeHCTBa (38) rrpeo6pa3yeTCff rrp~ .rroBopore B cooT­

BeTCTBRH C ~OpMyJIO~ (I3) 

- 'J 
R ( o( ~ ¥) 4>,. ., "'M{~,/t.i.) = 2-1J,...~ri-J3f) ~ l :J.M. ( x, ,X2) (39) 

"i J2J M' 1. 2 

nnff rrpaBO~ qaCTH, COrnaCHO (37) t1.MeeM 

L_C:J1.M1 ~M2/JM)('Jl'4·~ J2~; IJM') TJ'ji ,{fLllY)'J/
1
" fi.f,i)<P._ ( 40) 

M'M' M1M..t 'o· 1-tl"i 0 ~i~JM 
! 2 

CpaBReH11e Kos~wmuReHTOB rrp11 o~HHaKOB~x ~YHKUHHX ct>1t~2 JJY\ _ 
(39) M (40) y6e]K,ZtaeT Hae B cnpaBe~JIHBOCTH COOTHOmeHli~ (22) H 

(2I). 
I ~ T E P A T Y P A 

I. 11~eliHMaHOBCK11e Jie1ururn no g)Mts~me", T.8, 9 WP (:967). 

2. H.Jr.&meHmrn. Cne1u1aJI&Hble q1yHirnHH H Teop11m rrpe~cTaBneHlriH 

rpyrm. (!965). 

3. E.BHI'Hep "TeopHR rpynn 11 WI (I96I). 

4. E.~.EeQ!.amH "JieKI~Hil rro rrpHMeHemm Teop11rn rpynrr B 11.ztepHo~ 

cneKTPOCKOITIIIIII 11 (!96!). 

A.S~OH,7J;C "YrJIOBNe MOl48HTbl .B KBaHTO.BOI u:exaHIIIKe" B c6op­

Hlnte 1'.1IeQiopMamt1R aTmuwx ff.Zlep" WI (!958). 

~. A.C.lta:a11.zrc? .-::.JaHTO.Ba~ Mexamma" (I963). 

B 
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Y II P A i H E H la H 

I. Vlcxo;zi;H M3 COOTHOrnemrn (I6) III JIICIIOJI&3yfl HBH.bliit BJ4,7J; MaT-

cl. 
~ 

p:WUJ, 1Iaym11, rronytrnTT:> QJOPMYJIY (I?) .:ztJIH ;;,m (f3) 

2. B"naoopaTOpHOM CHCTeMe qaCTIIIUa c op6IIITaJII>Hh1M MOMeHTOM 

e = 2 IIIMeeT npoeK~IdID MOMeHTa 'Ha OCI> l In = I. PaccqHTaT:& 

BepOHTHOCTI> w ( m ') Toro' tlTO npoe1m;III.H SToro MOM6HTa Ha rrpa-

MYID, HanpaBJI6HHYIO II0,71;' yrJI.OM e = 6QO K OCM '2. , paBHa m 1 

( rn' = -2, -I, o, I, 2). Hap.1t1coBaTI> rpawHK saBIIICMMOCTM 

w ( m ') . ITpo;zi;enaT:O TO Ite caMoe ;z(1IR CJiytraH m = 2 kl e =90°. 

06cy;z(MT:b COOTBeTCTB.lt1e rronyqeHHhJX pesyn:oTaTOB c KJiaCC.lt1t.IeCKOM 

Mexammoti. 

3. Pac cMoTpeT:o pesynI>TaTbl MNcneHHOro aKcrrepIIIMeHTa c ;n;By­

MfI 11 ycoBeprneHC!L'BOBaHHblMIII rrpVI6opaMJA llITepHa-repnaxa", aanpaB­

neHHblMVI ITO;z( yrnoM 90° ;zi;pyr K ;zi;pyry, ,7J;'Jl.H traCTIIIU co CITIIIHOM 

I = 3/2, rrp11treM KaJK,ZJ;blM ns rrpIIIoopoB CBo6o;zi;Ho rrporrycKaeT qac­

T1m o: c rrpoe1rn,11et1 . M > 0 cmrna I Ha oc:n rrpLi6opa i;r sa;zi;ep-

;:nrnaeT qacTJIIU.bl c M < 0. B rrepBblli rrpHoop rrorran;aeT HerroJIH-

plll30BaHHhlH rrytroK qacTMU (CM. "~ei1HMaHOBCitllle nem:i:.vrn rro rpT11sM­

Re T.8 rn.4). 

4. IlpOTOH HaX0,7.{MTCH B COCTOHH1U1 C e = 2 I j = 3/2 TtI 

rrpoeK~He~ rnj = 3/2 OTHOCMT6JI:OHO H6KOTOporo BH~eJieHHOro 

HarrpaBneHVIR. ITonyqfliTb ~ymc~mo yrnoBoro pacnpe~eneHMfl rrnoTHoc­

Tlll sapa;zi;a. IloKasaT:&, qTo cyMMa TaRRX pacrrpe,1teJieHH~, OTBeqaro­

mHx BCeM B03MO~H~M 3HaqeHTliffM rnj , HBJIHeTCH Tli30TPOilHblM pacrr­

pe;zi;enem1eM. 

5. H;zi;po B B036y~~eHHOM COCTORHHH c MOM6HTOM J ~ era 

npoeK~He~ l'1 Ha HeKOTopoe B~~eneHHoe HarrpaBneHille pacrra~a­

eTca, McnycKaR ot. -qacTHny. Op6HTan:oH.bltt MOMeHT "-"mcu1-
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I 

j • Hat11.'11 yrJioBble 

pacnpe;zi;eJieB'.MR IiIOilYnteHlfWC o{. -qaCTm.l, rrpocyMM-MPOBaHm.Je IIO 

BCeM .B03MO~IW¥ op11e11TanIDIM MOMSH~a OCTaTO~Horo fl~pa, B cne-

.l(j'~KX cnytmmc: a) ~ :: 2, M = 0, e = 2, j' = o; 

6) 1 = 2, "' = a, e = 2, ~' = 2. 

6. fl;zi;po co cnMHOM Ii = 0 zcnycKaeT ti. -qacTHizy, rrepe-

xo;zi;a .B npoMeeyTottHoe a;zi;po cu cmrnou I,_~ J , KoTopoe, I3 

C.BOIO oqepe;n;:L' t!CIIYCKa-e.T .BTOpyro °" -traCTl!iJlY Ir! rrepexo;zi;HT B 

KOHe~Hoe n~po co crnuIOM 13 = 0. PacetUITaT:i;, cpymrn;mo yrno-

Bot1 d ti -l(oppenaruui rrp11 ~ =3. Hap1mo:saT:i:i ee rpai;Prut. YKa-

saHJAe: BHOpaTb QC]) K.BaHTOBaHIDi IIO HarrpaBneHIDO B~neTa rrepBOH 

ti. -tracTru.i;~; a~wexTaMJd oT;zi;aqM rrpeae6peq:i:i. 

7. CBeCTJA IC p~HaJIJ:iHOM.Y HB:Terpa11y MaTp¥1l!HhlM SJieMeHT 

('f'i IV /'t
2 
J OT S -o6pasHoro BsamMo;zi;eticTBr1H ~Byx qacTHU 

v = d (t;,-z;J rro BOJIHOBblM clJYHKUJMIM 

'ti::: R~Jrzd R 2 ('l.2. J Yei mj. ( e1 I fi.) Ye2 m2 { e2,f2)} -

t = R~ (i,J R,Ji,.J \,,,3 {g,,~J Ye~m~ to., 'f:J . 
·3 

8. :8BqJAcJIH?J:i HHTerpan J ( Y2 m ( 9, f}] d Jt . 

v 9. PaCC!IOTpeT:&, KaK npe-06paayeT'CH KOl46mianHa y32. { 8,f )-
- y.J_JB,~J IIPM IIOBOpO!rax: Ha r20°· :eoxpyr oceii, rrpOX0,7.Ullll,ll 

qepea HatU!JIO ROOp)J;IIIHaT H TOtnrn ( :! i ! i !. i] (;zi;onyCKa.IO!rCH 

:see KOtroJiIHaIJJalt 3HaKOB~ !r.e. 3TH TO'l;!KH pacrrono}Iefil: B BepmM­

Hax ICY6a i1 peqr, H'AeT 0 ITO.BO po Tax BOKpyr ,ll;Ha.rOHaJie:ti Ky6a' CO.B-
~ 

Meil.\aIOil.\HX xy6 cau c co6o~). KaK aamnueT"CH a~a ItoM6m11a~HH B 

cmcTeM:.e itoop,ll;irnaf, r~e oc:& 'Z. npoxo;zi;MT qepea neHTp M Bep-

m14Icy Ky6a [III] ' a OC:& )( -qepes TOllltM [ 000] Id [ II-2] ? 
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IO. IlyCTb aneKTPOH Haxo~HTCH B aToMe Ha op6HTe c MOMeHTOM 

l . Ha Hero ~e~CTByeT H8KOTOP~M B03MYmaIDll(Hiii ITOTeHUHaJI \/(-:C) 
y~OBJieTBOpmom11i1 ycJIOBitllO f VC~J d.rr :: o. Ilmtaaa~b, trTO nueHTP 

TffJK8CTZ 11 pacmenJieHHOro TepMa c rrpOH3BOJI&HhlM MOMeHTOM (T. e. 

cpe~HffR aHeprHH pacmenneHHblX ypoBHe~) aOBilaAaeT c HeB03MymeH­

Hoiii 8Heprnei1 8Toro TepMa. (YKasamrn: pa3JIOJKHT:O V(i) no cwe­

pHqeCKHM rapMOHHKaM), 

II. He pemaH ceKynapHoro ypaBHeHHH, orrpeAeJIHT:O, Ha CKOJI:o­

KO KOMITOH8HT pacmenliTCff TepM aTOMa BO~OpO~a C n = 3 B O~HO­

pO~HOM 3JI8KTpwqeCKOM none (JiliH8WHI:i1H awweKT illTapRa).(YKa3aRHe: 

COCTaBHT:O MaTp11ny ceKy m1pHoro ypaBHeHVIH B 6a3Tt1Ce 't' n l m , pas­

OliT:O ee Ha HeCKOJibKO MaTpnn, KOTOp~e MO~HO ~naroHaJIH3lipOBaT:O 

OT~8JlbHO; Aanee, HCITO~n3YH CBOWCTBa CHMMeTpMW rronyqeHRblX MaT­

pwqH~X aneMeHTbB, orrpeAeJIHT:O qvrcno pa3JIHQH~X KOpHe~ CeKynHp­

HOro ypaBHeHHH li liiX KpaTHOCT:O. 06o6mHT:O peayn:oTaTN Ha cxyqaH 

JDOH3BOH:&HOrO e 
12. ITycTb BOnHoBaR WYHKuaa 'f:' qacTliUbl co crrHHOM I/2 3a­

~aHa B B~~e rrpOli3BOil:OHO~ IlliHe~HO W ROM6~HaUMH ~.BYX ROMilOHeHT 

V. ,, 'I ~ ../, ; , OTBetiaIOII4L1X rrpoeK:UHffM cmrna Ha oc:o :C , paB-f 11 2 f Yz - Y-2 

HhlM I/2 ll -I/2 COOTBeTCT.BeHHO: '±' = o( j 'lz ~2. + f3 j 'h-!/2. , 
J I IloKa3aT:o, 4TO cymeCTByeT TaRaa CHCTeMa KOOp~~HaT ,_ ' B RO-

TOPOM ~aHHaH qacT:m..i;a RMeeT orrpe~eneHHyro rrpoeKu~ro crr~aa (cKa­

' ~eM, +I/2) Ha OCb Z . PaccMoTpeT:& B08MOXHOCT:o perneHHH aHa-

norMqHo~ aa~aqH ~nff qacTH[(hl c 6onee B~CORl-IM cn~aoM. 
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3AHH'.mE 6. 

Anreopa TeH30pH.hlx orrepaTopoB. 

§ I. HerrpHBO,ZJ;lilMHe TeH30pH~e onepaTop~. 

BHnOnHeH.lde KOHKpeTHb!X. pac~eTOB B TeOplillil H,ZJ;pa M aTOMa 

cymecTEeHHO o6ner~aeTCH HCUOil:&30BaH~eM anre6p~ TeH30pHhlX 

orrepaTopoB, pa3pa6oTaHHO~ PaKa H ,ZJ;p. II/. OcHOBHble sneMeH-

TH STOW TeOplilIII III3naraIOTCfl Hlil~e. 

IlycT:o HeKOTOpHii onepaTop G (Z} , 3aBlilcamIIIi1 OT Koop­

,ZJ;RHaT 2 , ,ZJ;eiicTByeT Ha ({lyHKu;mo 'fl (7) . KoM6J.·1HaUJ/IH 

G (~) r (ij rrpeo6pa3yeTCH Ilplil no:BopoTe 9(" P¥) cne,ZJ;yromlilM 

o6pa30M 

R (ti fa) C(l) t (~) = G'(z) \}1 1

(~) = 

- R. (<X Po) G C2J R-
1

( ci f3 J J 'f~ (2) 
(I) 

T.e. 

OimpaHC:& Ha aToT o6nvrn aaKOH rrpeo6pasoBaHiIB orrepaTopoB rrplf 

ITOBOpOTax, MOmHO ,ZJ;aT:& orrpe,ZJ;eneaIIIe H8ITPJ/IBO,ZJ;ID40ro TeH30pHoro 

onepaTopa. 

Henpr.rno,ZJ;H.MhlM TeH30pHblM orrepaTopoM paHra k Ha3h!BaeTc.a: 

COBOKYIIHOCTI> 2/<.+1 orrepaTopoB T:( q,= k,k-.l,., -~-k. ), 
KOTOpge npeo6pasyIDTCfl rrplil IIOBOpOTe 9ft111J CIIIC:eM@ KOOp­

;ztHliaT no aaKOfi3 

Tt rrLZJ = R ra11rri/riJR.-L(li13J)= (3) 

- Dk r Tk -= 7 'f,.''J.. 1<iPJ) ( (Z) 
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T.e. Ta.I< ze, KaK co6cTBeHHlile WYHKUHM orrepaTopa MOMeHTa KOHH­

qecTBa ,'ZJ;BJ41teHHH c MOMeHTOM k • 
EcHR aan1r1:caTI> STY wopuyny ~na cnyqaa decKoaeqHo uaJWX 

?OBOPOTOB, TO MOXHO rronyqHTI> SKBHBaneHTHOe onpe~exeHHe HennH­

BO~ru&oro TeH30pttoro orrepaTopa p IlOMOllU>ID rrpaBHH KOAWyTaUHM 

orrepaTOpOB -rt c KOMilOHeHTaMH orrepaTopa MOUeHTa KonmqecT­

Ba ;nBUeHliUI j : 

[11 )T; ]= i T;, 
k ~ k (4) 

[J>c :!: ;y, Ti] = [r kttJ,)(k +Dy +ifi Ti±i. 

KBaHTOBO-MexaH11qecK11e orrepaTopbl ~HaHqecRHX BeJIHqHH HJIH 

caMH no cede ffBJiffIDTCH KOMITOH8HTaMH HerrpHBO~HMhlX TeH30pHblX 

orrepaTOpOB RJrn 2Ke MOry_T 6b1TI> pa3JIOllteHbl Ha HerrpHBO~HM.ble TeH-

30p~. B qacTHOCTH, nro6.ble BeKTopnhle orrepaTOPhl MOJKHO pa~cMaT­

p111BaTE KaK Teaaophl rrepBoro paHra. HarrpRMep, orrepaTopbl Koop--~H~aT t ffBnffIDTCff HerrpllIBO~llIMhlM TeH30pHblM onepaTopoM rrepBO-

ro paHra. O~HaKo ~nH Toro, qTo6hl rrpH BblqMcneHHH MaTpHqHhlx 

3JI8M8HTOB STOrO OIIepaTepa MOJKHO 6blJIO IIpllIM8HHTI> 06blqHble \POp­

MYJibl anre6phl TeHaopHblX orrepaTopoB, cne;n;yeT HcnoJr:oao.BaT:o He 

TPH ero ~eKapTOBhl KOMilOHeHTfil " ' ~ ' r ' a Tpld ctiiep11qec­

Kl1e KOMIIOHeHThl 'Zf = -~ (.X+ t_y J , ( 0 = ~ . , Z _J. =& (.X-r i_y)' 

KOTOphle rrpeoopasyIDTCH npld IlOBOpoTax C~CTeM.hl KOOp~HHaT TaK 

JKe, KaK ctflep1,rqec1nrn rapMOHllitld y ii ( fJ, f) t Y,0 { eJ 'f)) ~ -1·· 8, 
· crrpaBe~nRBOCTI> nocne~Hero yTBep~eHRH c~e~yeT RS Toro, qTo 

l'7 - -~'ZY, 
'-J.m -Y:f 1rn • TO'IHO Ta.I< xe Tpi'I KOMUOHeHTli orrepa!I'opa 

f 1 = J# ( ~ + LL}. 00 =-i fi L 
1
f-1=-1i(L-iL} (5) 

r2 vY. aJ I I c J?: (21 Jx aJ . 

Id onepaTopa yrnoBoro MOMeHTa 
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(6) 

B qacTHOCTIII,CllHHOBOro MOMeHTa 

npe'ACTaBJlffIOT co6oM KOMITOHeHTli T8H30pHblX orrepaTOpOB rrepBoro 

paHra. 

IlpIDlepoM TeHsopHhlX orrepaTopoB 6onee B~COKoro paHra MoryT 

cnyEHTD onepaTop~ MYlIDTHITOJinHblX MOMeHTOB. OnepaTop aneKTpH­

qecKoro MynbTIIIITOJlbHOro MOMeHTa qacTMI.Uil MMeeT Bltl'A! 

(7) 

'A = I cooTBeTCTByeT 

.D;IIIIIOJI:&HOMY aneKTpHqecKOMY MOMeHTY, A = 2 - KBa.n;pynonnHOMY, 

A = 3 - OKTyrronbHOMY Ill T • .n;. MaTpwqHHe aneMeHTN OT sTruc orre­

paTopoB BXO'AflT B B~pa~eHI/16 'AJIR BepOHTHOCTIII aneKTpOMarHMTHhlX 

nepexo.n;o:s aneKTpmqecKo\ ' TitIIIa B H~pax :e:m1 aTo.uax (rrepexo,2Ui1 -­

EI, E2, E3 m T • .n;.; cu. aalliITIIIH TeMhl 4). 
). 

~3 BNpaxeHIIIH 'AJIH onepaTopa Q Herrocpe~CTB6HHO BIII'AHO, 

qTo OH rrpe~CTa.BllHeT co6oro O'AHY I/13 KOUilOHeHT HerrpHBO'ARMOro 

Teasopaoro onepaTopa paHra A • IloaTo_yy rrpIII pacqeTe uaTpillq­

HSX aneuea!oB, nanpmLep, orrepaTopa KBB..Z{pyrronbHOro MoueaTa 

qacTmni» 

- Q2 
- e {321. - z.Z)-= I¥ e 7-

2 
Y20 ( G,'f) (8) 

2 
MOXHO ' paccuaTpRBaff Q KaK TeHaop BTOporo paHra, MCilOJII>-

30Ba~E o6mze WOPMYJibl anre6p~ TeasopHNx onepaTopoB, KOTOpNe 
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6y;n:.yT rrp~rne.zi;elibl . mrni:e. OrrepaTOphl ,n;Jrn SJieRTPOMarHMTHblX nepexo,140B 

MarHMTHOro Tvma (MI, ro,12 11 T • .zi;.) MyJIJ:iTVIIIOJII>HOCTH A TOJite npe.zi;-

CTaBJIHlOT co6oti ROMnoHeHTbl TeH30pa paHra A , T. e. rrpeoopaay­

IOTCR ITPJII ITOBOpOTax CMCT8Mbl KOOP,ll;ItlHaT Ta:K JKe' KaK ccpepi'l.1:!8CKI('I8 

. clJYHKlU'rn . YAtn ( (), f) • .ffBHhlfi B~.ZC orrepaTopoB MarHMTHblX MYJIIiTM­

rron:oHblX MOM8HTOB 11 OOJiee IIOJIHOe OIIMCaHVIe rue CBOMCTB M01KHO Hai:1:­

TM B 3aHRTMffX T8Mbl 4. 8.zi;ecE Mb! rrp11Be,n;eM TOnnKO flBHblW BIU; orre­

paTopa MarHMTHOro ,ll;MITOJIEHOro MOM8HTa HyKJIOHa. MarnHTHblM MOMe~~ --HYKJIOHa f COCTOJIIT Illa ,IJ;Byx ~acTe~. 0,ztHa vm HWC o6yCJIOB3IeHa 

:aparu,e H:HeM Hy KJIOHa ITO op611Te 1.1 nporrop~MOHaJL&lia op6l't1TaJI:DHOMY MO--
MeHTY Jt e ( Jt .. r11poMarHMTHOe OTHOme1rne: J t = I ,7.1;3Ifl npo-

TOHa, Je = 0 ,7.l;JIH H8MTpOHa)' BTOpafl - CEH3aHa c HaJrntrneM y H:yK­

JIOHa BHYTP8HHero MOMeRTa KOJIHqecTBa ,ll;BM~eHMfl - crrMHa JI! rrporrop--u;rrnttaJII:iHa orrepaTopy cmrnoBoro MOM~HTa 9.s s ( 8-i' = 5, 58 ;n;ns=r - - -rrpOTOHa, j;J~ = -3,82 ,IJ;Jrn HCWTpOHa). It!TaK, )A= 91s +it f . -1'13 3TOH 3aITMC lt1 Bll,Il;HO' '!TO I' rrpe;n;cTaBJrn:eT co6oii1 T8H30pHhlti 

orrepaTop rrepBoro paHra. 

ffi3 rrpwne;n;eHHh!X B~ille rrpHMepOE ffCHO, qTo llICITO~D30BaHHe MeTO­

,I(OB aJire6pb1 TeHsopHblX orrepaTopoB Heo6xo;n;HMO ;n;mI paccMoTpemrn: 

TaKWX KOHKpGTHb!X CBOWCTB a;n;ep llIJilil aTOMOB, Kalt CTaT1t1qecK11Ie Mar­

HVITHbJe M 3JI8I<Tp:viqec1rne MOM8HTbl, BepORTHOCTllI sneRTpOMarHHTHblX 

rrepexo;n;oB, EepOHTHOCTllI ~ - rrepexo,n;oB III T.,n;. Ilepett;n;eM Terrep:& 

I< lt13JIO~eHMID OCHOEHh!X rro~o~eHlill anre6ph! T8H30PHbJX orrepaTopo~. 

1J k vi< 
Hs ;n;Byx Tettsoplil:dx onepaTopoB "Ill 

2 
paHra k .i J1I 

k2 MO~HO ITOCTpOllIT:& TaK H~3~BaeM08 T8H30pHOe rrpOllI3Be;n;eHllie. B 
peayn:&TaTe nonytU'.lTCff HOEhl~ Herrpt1BO.ZJ;IDJhlM Teasop Tk paara k 
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TeHaopHoe rrpomsBe~eH~e orrpe~enHeTca cne;IU'ID~IDA o6paaoM: 

Ilp:w k = 0 rronyqaeTCH cKanapHoe rrpoM3Be~e-

HHS 

(IO) 

Ho qame yrroTpe6naeTCff ~pyroe orrpe,Z!;eneH~e cKanapHoro npo~aBe­

;D;eRRH 

(II) 

.lIJifl k = I oTO COOTB8TCTByeT 00.bltIHOMY onpe,Z!;eJiemno CKaJrn:pHO­

ro rrpozaBe~eHMfl BeKTOpOB. 0TM8~ID4, tITO BeKTOpHoe IlpOH3Be~e-- -
EU:'Ie 'lJ.BYX Be:KTOpOB 1J ' v .MOJ!CHO TaKJKe rrpe~cTa:SRTI> KaK 

TeHaopuoe rrpo~sBe~eHRe. Harrp£W:ep 

(!2) 

§ 2. TeopeMa BHrHepa-9KKapra. 

Te.nep:& paccMoTpKM MaTpirqlf.IXit SJieMeHT TeHaopHoro orrepaTo-

pa ITO BOJIHOB.blM WYHitIJ;JM!ll 't'jm J trm• . 
(I3} 
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CorxacHo Teopeue BHrHepa-SxRapTa, sTo~ MaTpHqHbJn a~eMeHT 

MOlltlIO paa~enHT:& Ha ~Be qacTM, MS ROTOp~x O~Ha He 3aBiiICJ.1T OT , 
npoeKIJ;D m, rn 1 CJ- : 

Ilocne,ZJ;HHM MHOXRTen:& B STO~ ~OpMyne He 3aBI.1CWT OT npoeK~M~ l'Yl , 

I 
m , ci, IiI Haa1rnae TC H rrpllBe.IteHHblM uaTpN!tillblM sJieMeHTOM. r JJ;rn 

Toro, qTo6~ oTn Jilqa T:& ero OT oo.bJqHiiJx MaTpMqH~x aneMeHTOB, orre­

paTop B~.ItenHeTCH B HeM .ZJ;BYMH qepToqKru!Iil). TaRYLM o6paaoM, 3To 

paBeHCTBO O,ItHOEpeMeHHO HBJIH8TCH ~ ~OpMJ!nI.1pOBKO~ TeopeMB m 

orrpe;nenem1eM rrp:wne.ZJ;eHHoro MaTpi'llIHOro :meMeHTa. 

TeopeMa B~rHepa-SKKapTa MO~eT 6NT:& ;ztoRaaaHa cne;nyffimMM 

o6pa30M. IlpOMlSBe;zteM IIOBOpOT 3( rJ. p 0) . Ilp~1 91'0M npOii130:Vi,IteT 

saMeHa rrepeMe HH.blX Y ~ -:[' = g-J.. 2 B rro.n:vmTerpa:n::&HOM BHpall!e­

HiiII.1 (I3). Iloc1rnn:&Ky sneMeHT o6'beMa d't He .L.rnHHeTcn rrpM noBo­

poTe, TO MaTpliqHHM sneMeHT (I3) He H3M6HgT CBOeM Ben~qmH~ 

npM 9TOM rrpeo6pa30BaHMM. B CBH3H c 8TID.f, ecnR BOCil01ll>30BaTo 

CH COOTH0lli8Hliff.Mli (I), (3), MOEHO 3aITMCaT:&: 

j'~ i 
(j 'm' jT~ /j.m) = L._ Y)m'm' ftiJJ) </)~ m fd.j3/) >< 

v mom' 'L t 
I r 1 l 

x f>j~'l,f«/J){j'm,' /Ti: /j'm,) 
(IS) 

~HTerp11pyn o6e qac TH rrocne;nHero paBeHCTBa rro yrna.M S~xepa ~ 

yqMTSBaH CBOHCTBa Cf) - ~YHKU~IiI, rronyqaeM 

( j I m I J T k / j m } = .' ( j m k 1' I j 'm '} x 
i "2J'~1 (I6) 

x L (jm1 ki 1 lj''mi)K{j'm~ IT: /jrni) 
rn, q • rn '. ;.t 
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AeMCTBRTeJI:&HO He 3aB.lt1C.lt1T OT rrpoeK~Hit 

m A~Kaa~BaeT TeopeMy B.1t1rHepa-3KKap~a. 

I m , m , i ' 

Cne;zryeT saueTHTL, qTo B npaBo~ qacTH (I7) Bee qnefilil cyM-

M~ no H~eKCY t'Yl~ O~HHaKOBN. Il03TOMY MOJKHO B3ffT:& TOJI:&KO 

OAHH ~3 Hl1X c RaKHM-TO ~MKCHPOBaH~M 3HaqeHMeM tn I .lt1 sanH­

caT:&: 

TeopeMa B.1t1rHepa-3KRapTa .1t1CRJiroq.1t1Ten:&Ho BaEHa ~nR KBaHTOBO­

MexaHHqecKHX ITP*JIO~eHHH. ~eno B TOM, qTo B (I4) BCR 3aBliCM­

MOCT:& OT rrpoeKu.1t1tt MOM8HTOB cocpe~oToqeHa B O~HOM H oqeH:& rrpoc­

TOM MHOJK~Tene - Kosqiqi.1t11urnHTe Kneollla-rop.ztaHa. IIosTOMY TeopeMa 

BHrHepa-3KKapTa IT03BOJiffeT q.ft1CTO anre6pa.1t1qeCKHM rryTeM c ITOMO­

IIJ,.I>.IO COOTaomeHHH opTOHOpMMpOBaHHOCTm .I{JIR K03WWMn.1t1eHTOB BeKTOp­

Horo CJIOXeHRH rrpOBO~MTL cyMMHpOBaHHe paanmqflblX RBaHTOBO-Mexa­

HHqecKJitX BNpaEelra11 (ceqeHHM pea.Kumt, BBPOETHOCTe~ rrepeXOAOB 

m T.n.) no rrpoeKUWIM BXO~~JitX B HKX MOMeHTOB. TaKoro poAa cyu­

M.1t1p0Baa~e oqeHl) traCTO npMXO~~TCH BHilOHHRTI> Ha npaRTmte, Harrp~­

.1rnp, rrpld pacc.MoTpemn'I aTOMHiil WIJd _ fi~epHbIX CTOJIKHOBeHKflt, ROr.ita 

IIa].taIOIIU46 qacT~, a TaKJle MWIIeHI> He IlOJIHpT430BaHH H AeTeKTOp 

BeqyBCT:B.lt1TeHeH K IIOJIHpI4.3a~.k\Id BHJieTa.IDill;J4X traCTid~. Ka.K 11I3BeCTHO) 

:a TaKHX cnyt1amc Heo6xo}.J.uo ycpe,zuur~:& ceqeHHe npou,ecca no npo-

eKnmau MOHeHTOB CTaJIKH:BaIOmHXCK qac~m:i; m cyMMKpOEaTl) no rrpo-



- 22 -

eKUHHM MOMeHTOB pa3JieTaromruccH qacTIDJ;. 

TeopeMa BHrHepa-8KKapTa HBJIHeTCH OCHOBOM ,I.l;JIH rronyqeHHH 

BCeB03MO~HhlX rrpaBRJI OT6opa B KBaHTOBOM M8JffiHHKe. 

IlOHCHHM 3TO YTBep~;n;eHHe Ha rrpHMepax 3JieKTpMqecRvIX KBak'" 

pyrron:oHhlX 't - rrepexo,n;oB B H~pax ( E2 - nepexo;zu,1). BepoHT­

HOcT:o HX rrporropnHoHaJILHa KBa;n;paTy MaTpMqHoro 3JieMeHTa KBa;n;-

( I I Q2./ ) pyrron:oHoro orreparopa JM I i JM • 3.n;ec:o J, M -

MOM6HT Haqan:oHoro COCTOHHHff H.n;pa H ero rrpoeKUHH, 
I I 

) M - MO-) 

M6HT Hero rrpoeKnHH -,I.l;JIH KOHeqHoro COCTOHHHH H,n;pa. CornaCHO 

QOL TeopeMe B11rHepa-81mapTa, MaTpvFrnble sneMeHTEJ v rrporropru1-

0ttan:0Hbl IW3QJQJl11U1eHTY BeKTOpHoro CJIOY.teHVIR ( 'j /V\ 2 'Y I :f 1/V\ 1 ) • 

A 3TM K03W~HnweHTbl, KaK H3B6CTHO, OTJIHqHhJ OT HYJIH TOJI:OKO 

npH .dbJITOJittemrw rrpamrna Tpeyron:oH111rn \.1-2 I~ :J 1 ~ !1 +2 • OTcIO­

~a rronyqaeM H3B8CTHOe rrpaBHJIO OT6opa no MOMeHTY rrpH E2 - rre-

pexo;n;e: B oomeM CJiyqae A:J = Jf - J = 0, +I,+ 2, B 

:tac THOM CJiyqae rrp.w .J = 0 /),, J = 2, ;D;Jlff J = I/2 

Q
'2. 

!J J = 4> 2. ITocKoJI:oKy orrepaTop - qeTHbJt1, T.e. He Memr-

eTCH rrpM HHBepCMH, TO rrpaBmno OT6opa ITO MOMeHTaM cne.ZJ;yeT eme 

40ITOJIHMTn rrpaB~nOM OT6opa ITO qeTHOCTW: qeTHOCT:O COCTOHH~H rrp~ 

E2-rrepexo;n;e H8 MeHHeTCH, T.e. OTJIVtqiia OT HYJIH BepOHTROCTn 

E2-rrepexo,ZJ;OB TOnnKO Me~~y COCTORHMHMM c O.ZJ;~HaROBOW qeTHOC-

· T:OIO. Attanorurqm1M rryTeM rronyqaroT rrpaBI-rna oT6opa .ZJ;JIH J3 -pac­

rra,l(a, rrpaBwna oT6opa B H.n;epttHX pacITa;n;ax H peaKUliHX li T.rr. 

KpoMe Toro, Ha TeopeMe Bmrttepa-8RKapTa OCHOBaH MeTO,ZJ; SK­

BMBaneHTHblX orrepaTopoB. OH 3aKnroqaeTCH B cne~yromeM. ITycTn 

HaM He06XO,ZJ;t1MO Bbl'l!liCnMT:O MO.Tpliiqlfb!e 3JieMeHTbl H8ROTOporo He-

rrp1rn0,1(JilMOro TeHsopHoro orrepaTopa ( j 1/V\ 
1 I T ~ J :JM) , rrpHqeM 

IilJIH Ca.M orrepaTop ~k CJIO~Horo B~a MJIM CJIO~Ha CTPYRTypa 
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BOJIHOBHX ~YHKnvr.t1, ITO KOTOpHM OH B@qHCJIHeTCH. Tor;n;a MO~HO B3HTb 

Lk 
6onee rrpocToD orrepaTop TaKoro ~e paHra , MaTpwqHNe aneM~ H-

Tbl KOToporo HaM .lt13BBCTHH' Ji1 ITO TeopeMe BMrHepa-81mapTa 3aITillC aTii 

(IS) 

UlHor;n;a Hae llJHTepecyer TOJIIiKO OTHO!IIeH.ltW MaTpHqHb!X sne :,:e HT013 
r . 

(IS) c pasHb!Mtt M , M , i .~ · Tor,n;a rrepexo;n;oM R 3RmrnaneHT HO -

MY onepaTopy c ITOf.IOIU:O.fO Q.J opMyJibl (IS) 3TOT BOnpoc penraeTCH mrn­

HOCT:O.fO. Ecnli1 JKe HYJKHa a6conIOTHaff Bem1q1rna ?-.mTpBqrrnro 3Jie 1,w ttr e. 

(IS), TO HYEHO K8Kli1M-TO crroco6oM HaATll rrepeBO,ZJ;HO~ K030~IllUMBHT 

(:J' II Tk I/") 
(J'll Lk llJ) 

(I9) 

HyJKHO saMeTillT:O, qTo saMeHa OITB!JaTopa T k Z(pyr .11M orrepa­

TopoM Lk c TaK!i1MH Be Tpattc~opMaU~OHHHMtt CBO~CTBaMtt . a~~ eKTHR­
Ha TDJI:OKO B TOM cnyqae, ecnIII orrepaTop Lk · .1t1Meer HeHyneBoli 

MaTpl1.tIHhJM 3JI8MeHT MeJK;n;y T8Mli1 COCTOHH!i1HMM c MOMBHTaMM j I :vi: J 
KOTOpbJe BXO;D;HT B Ji1HTepecyIOIU1ft1 Hae MaTp!i1q.Hb]}l 3JI3MBHT. B 3TOM 

3aKmotiaeTCff orpam~tIBH HOCT:O MBTO;n;a 8kBVIBaJieHTHHX orrepaTopoB.B 

Cli1JIY OTMeqeHHOro o6CTOHTBJI:OCTBa 06HqHo OH Il03BOJIHBT TOJI:OKO 

tiaCT!i1tIHO pemIIIT:O BOrrpoc 0 BHtili1CJI8HJ/lli1 MaTp!i1tIHHX 8JIBM8HTOB orrepa­

TOpa T k • Harrp:v1Mep, BO MHOrliix sa;n;aqax y;n;o6tto ItIM.1t1TI1IpoBaT:o 

orrnpaTop T ~ TeHsopoM cooTBeTCTByIOmero pattra L ~ , cocTaB­

neHHhlM Ji!3 !WMITOH8HT orrepaTopa yrnDBDro MOMBHTa J *). O;zi;Ha-

*) 8a.MeT.lt1M, RCTaTM, qTQ ,ll;JIH IIOCTpoeHHff HeITpii!BO;D;Ji!MOro ~H30pHO-
ro orrepaTopa L "' Ii!S KOMrroHeHT yrnoBoro riroMeHTa j MOlKHO 
B3HT:O ffBHOe q, BhlpaJKemrn ;n;JIH rrpOCTpaHCTBeHHOti rapMOm1KR 

::Jt<q.. (CM. 3aHHTit1e I) H !iaQYIO KOM6J;rnanmo .x"' :Jf l "j' B 
Hett saMeHRT:O Ha ~. Ij;-Pf::J:'.)~"'J.fj ' r.n;e p - 3TO BCeB03-
MOJKHiile rrepecTaHOB~Ji! OT;n;en:OHiilX COMHO~Ji!T8JI8W ~~)J~)Jr ' rro­
CKOJI:OKY 3T.lt1 COMHO~Ji!TeJIR B OTJIMtI.lt18 OT tIIi!Cen ~,JJC' B006~e 
roBoprr, He KOMMYTii!pyIOT ;n;pyr c .n;pyroM ( oL + f-+ ~ = k) 



- 24 - -KO B B.lt'I,ZJ;Y Toro, {{TO MaTp.lt'It{Hhle 3JI8M8HThl orrepaTopa J 1'1, 

cJie,11;0BaTeJI:oHo, L t ,11;L1.1.ar0Han:0Hhl no MOMeHTY J , TaRoti -rrpitieM IT03BOJifieT paCCMOTpeTE TOJI:OKO ,ZJ;MaroHaJIEHble no J 

MaTp11l!Hhle aneMeHThl onepaTopa Tk . He;n;11aroHaJI:oHhle aneMe.Hc 

Thi rrpttXO,Zl;IIITCH BhJT{HCJIHT:O uerrocpe;n;CTB8HHO, HCITOJI:03YH TOT apce­

HaJI anre6pb1 TeHsopHhlX orrepaTopoB, KOTOphltt omwaH muKe . 8To 

o6cTOHTeJI:ocTBO ;n;enaeT n;enecooopaaHhlM :1t1cnon:oso.BaHHe anre6p.bl 

T8H30pHhlX onepaTopoB ;zta:ate B OTHOCIIIT8JI:OHO npoCTblX cnytiaffX B 

BM,ZJ;Y ee YHWBepcaJI:OHOCTH III BhlCOROtt 3cp~eKT~BHOCT.lt'I . 

c ITOMO!l\:OIO TeopeMbl B.lt'IrHepa-8RKapTa 11 Texmrn11 6 j VI 3J 
cm.rnOJIOB MOJKHO ITOJiytrtilT:O CJIB,Zl;YIOIDJ'IO CBO,Zl;Ky cpopMyJI MaTpMtIHblX 

3JieMeHTOB TBH30PHhlX orrepaTOpOB ;r ,21. 
§ 3. Anreopa TeIIaopHblX orrepaTopoB. 

CHaqana rrp~Be;n;eM ~OPMYJIY MaTp~l!HOro 3JIBM8HTa T8H30pttoro 

T k 1 r ka.. 
rrpovI3B8,Z1;8HMff orrep aTOPOB 

1
M v ' ,IJ;etkTByrom:vix Ha 0,Zl;HH .lt'I 

Te me KOOp,Zl;HHBThl. 

( 0( j ii [Tk1 x t/•]k llij') == '/2k+1 1-1)j+j'+k 

x L(dj llT"'1 ll<i 11f 1 )(ot') 11 llU 1«1 (1«'f){~'J~~J.~··J c20) 
o/j'' J 

~.·1-=='= Jd (zj+i 
(2I) 
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TerrepE rrepeM;n;eM R MaTpHqm1M sneMeHTaM rrpoftlaBe;n;eHHM orre­

paTopoB u kl ftl v k1 ' ftl3 KOTOphlX u ;n;ei1CTByeT TOJI:bKO Ha 

1rnop;n;ftlHaTbl tllYHRUflli1, CBff3aHHbJX c MOMeHTOM js. ' a v - cpyHK-. 
UftlM' cmrnaHHhlX c MOM8HTOM J2 ' 

( O JJ. jz; J II l V ki )( V ·k2 ]k II~ 'j; J~ ;j 1
) = 

- !jl )i.J} . . 
= y ( 2 j + f )( 2j I+ J. )( 2 k + J.) Lu jj J; j 1 

X 

~ Kt k2 k 

(22) 

)( L~ji 11 uk1 llo"j; Hi}.2 II vk2 ll~'j;) 
CyMMa rro ~" BKnroqeHa ;n;JIH Toro, 4T06hl yqecT:& cnyqafi,Ror­

;n;a orrepaTOphl 11 ftl \! o6a ;n;eliCTByIDT Ha KBaHTOBOe q~cno t . 
( x j .j. ; j"' 1 1 v k. v • J 1 t j; j~ ; j , In, J = s1j. s"' "'. • 

. . ' . 
• r-1JJ2+ Ji +2k -+Jf )ij~Jj. LfvJ.1 llU~ll Y"j 1J (23) 

)2' }1.' k o" /) a 01 

(J"j2 n v ~,, o'j2'J 
8aMeHHH orreparop V Ha e;n;m1 r1n:~y, rronyqaeM vis (22): 

( ~ j.j. ;j II u k 11 ~ 'j1j; ;j' J = b'j,j~ Ji 2j + i.)(2j'+1J. 

Ji.,. Jt + j '+ k • . · 1 (24) 

• t-iJ • { ~· J~t~ ci Jdl lf" II 4'j; J 

IIp~ aaMeHe lf 

l n Jd"' ;j 11 vk lit J;J: j '1 = ~.j; 1r2j+1.1r2/+11, 
' I' ' • ' (25) 

"(-i;l• •J+I: + /z { t~f, j~ If y jz II V k I/~ 'j; J 
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B@Be,n;eM, Harrp11Mep, ~OpMyny (22). ~3 COOTHOillBHVIH (IS) !II 

orrpe,n;eneHVIH (9) cne,n;ye T 

( ~ Jd1~JflL11k1 -- v -k2 J k II ~'j~jd ij ') = 

== f 2j + i ~ (j'm 1 
k q,, Jjm)(K J'1 j2 ;jm \ [ Vk1 x v1<2J~llJ11J~ijm ')=-

m ~ (26) 
- {r--2-,,--i--- . 
- . J~ . ~ljlm:J/,,,; I j'm / J( k1 ~ 1 k2 i2. lk Cf) x 

(2J1 ·d )f2Jz + 1) O''m, m2 m'i 
rn/ m). 9'1 92 

x (j i rn' k }/j r-n)(j; m~ ki ~ilj 1m1)( jz' m~ ki. }a. I j 2 1'1') 2 Hj1 WI, j2 m2 ljm) 

c ~ ji 11 uki llt'j ~J((Ji rv k2 H~ J) 

~OPMYJibl0 (23-25) eerrocpe,n;CTBBHHO CJie,n;yIOT V13 3TOM, ecm'l no;n;cTa-

Bt1TI:i COOTB·3TCTBY!Oll.\V18 3HatI8 HV!H JJ - c:m·.rnona. 

§ 4. ITpVIMBpbl rrpwMeHeHVIH anre6pb1 Tattsop HblX orreparopoB. 

06mVIti p euerrT rroJiytieHVIH rrp~BB,IJ;BHHOVO MaTpMqHoro 8JI8~8HTa 

TVIrra ( j l(Tk /I j ') 3a1rn10tmeTcH B cnell;y10meM. Bb16:vipa10TcH d]y HK-

u;r1.u1 ~jm H ~Im' c HBKOTOpbJMM np0113BOJII:iHbJMI1 3Ha•rnmrnMVI 

rrpoeKI.~Mtt m ) m I VI ,ZJ;JIH orrpe,n;eneHHOti KOMIIOHBHTbl o_rrepaTopa 'T~ 
C q, = Yn - r>1 I HBITOCpe~CTBOHHblM BbJqVJ:CJIBHIIeM HaXO,ZJ;VITCH MBTpJIIq_.. 

Hhli1 sneMeHT ( j m I T; / j 'm 1} • J{anee VI3 Ta6Jrnn Haxo,n;VIT CH KO-

st!JQ)11u:.i1eHT BBKTOpHoro cnoJKeHVIH l J. 1 Wl ' k o. I j m) 11 Hat1;n;eHHbli1 
V . •I I k ( . ) 

MaTp11q HbJH 3JieMeHT ;n;emITCH Ha Benwnrny ( J h-l er I rn • Tipli 
r2j + i 

3TOM , c ornaCHO ~OpMyJie (I4), nonyqaeTCH 3Haq eHI.1e rrpMB8'A8HHO-

ro uaTpKqeoro sneMeHTa (j llTkl(j') , ROTopoe He 6y;n;eT 3a­

B11ce T:o OT Bbl6paHHblX 3HaqeH.lt1M qJ.1CBJI m VI m I • QqeBM,Il;HO, t:fTO 

,Zl;JIH KO HKpeTHblX BhJtU1ICJieHVIW CJie,ZJ:yeT 11CITOJib30BaT:n TaKVIe 3Haqemrn 

I · -ki·i ') rrpoem~I.1 i1 m, Y)) 11 ~ , qToc5bl MaTpvrqHhli1 sneMeHT ( J m I I q, ) n'\ 

BN q J.1CnHJICH rrpOCTBWlliHM o6pa30M (11 B TO me BpeMH 6blJI OTnwqee OT 

HYJIH). Y;n;o6GTBO Vi UBHHOCTI:i TeopeMbl BHrHepa-8KKapTa COCTOMT B 
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TOM' qT'.)' Hat!;u;H Herrocpe,14CTBeHHhlM BiJJqVJ:cnemrnM 0,I(HOro V13 MaT-

( J. ""' I -I ~ I J. 1 
""' ') p:vi:tIHblX 3JieMeHTOB '" v '" rrpt1B e;n;e HHblH MaTp:VFIHhlll 

8JieMeHT, Mbl MOJlteM rronytUiT:O OCTaJI:OHble ( 2 j .+ i)( 2.j ~ + i)(2 k-+i) 

3JieMeHTOB Ta1rnro TVIITa c ITOMOil.\:OIO Taom1u; K08QtlJI1UDleHTOB B8KTOp-

Haro cJio.rremrn. 

IImtMep I: m1qHcJiemrn rrpL:Be.I\eHHoro 1.mTpHqr-roro 3JieMer-ITa 

orrepaTopa rrn:.rnHTa KOJIVrtieCTBa ,?.J;m1;;£e1-nrn 

Ha:ri16:::Prne rrpocTo paccq11Ta'.l:':Ei :,raTpiPrnI::1tl: 3JieMGHT orrepaTopa 

J~ -::..Jo: 

( j rn I J 0 I j 1 
Yl1

1
) = SJ/ J m m 1 m. 

Ko3~®MUM8HT BeKTOpHoro c10EeH~H 

0TC!O,I(a 

~ (27) 

B qacTHOM c~yqae crr~30Boro ~oueHTa WMeeM 

rrnw ,nnH -MaTp11u IIayJrn: 

ilp11Mep 2: rrpirne,n;eHHblM MaTpVltIHblH 3JI8M8HT OT cg:epVItrec-

c IIOillOil.\:OIO ¢opMyJibl (3I) 3aHHTlriH 5' lrlCITOJl:D3YH opTOHOpML'l-
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poBaHHOCTb cwepli~8CKHX WYHKI.J;HH, TIOJiyi:raeM 

( frn I ykcy I e'~') = 
= v ('l.. ~, + i ) ( 2 k -+ il ( e I m I k 0. I e WI )( e ( 0 k 0 ( e () ) 

41r(2e+i ) y 

0Tc 10;n;a Haxo;n;MM 

(€ II Y\( 11 e')-::::: {<2 e'+ 1H2 k+iJ (f'okofeo) 
't'lr 

(28) 

(29) 

Kos~J<i1liUU18HT re'oko/fo) OTJIMi:J:eH OT Hym:r, ecJIM P'+f-+I<. 

tieTHO n ~, f 1, k y.n,oBJieTBOp.HIOT ycJIOBlinD Tpeyron:omma. tl>op­

MY JibI ( 28) VI ( 29) UICTIOJIIi3YIOTC fl ,IJ;JI.H B:O.TtfMC Jl8H11.H Ma TprI't!HbJX s.ne­

MeHTO B RBa.n,pyrrOJibHOro MOMeHTa H T.rr. 

Ilpmrnp 3: cmrn-':P-eHaop!iI. 

B Teopvrvr ITOJIHpH3an:m'I qacTMn co CTIHHOM B8EHYID pOJIIi Mrpa­

!OT TaK H83hlB86Mbie CIU'IH-T8H30pHhre onepaTOPiiI VIJIM rrpoCTO cmrn­

TeH30pbI. Crnrn-TeHsopoM 9 k. Ha3IiIBaeTcff HenpnBo;n;m .. rn111: TeHsop­

Hhlfil orrepaTop paHra k , rrocTpoeHHbrH M3 orrepaTopa crrHHa i:rac-

THIJ;bI J ' T. e. TIO cyrn;ecTBY' 3TO OIU!C8HHbii1: BbIIIIe orrepaTop 

L K ' o;n;HaKo OH ;n;oJI:ateH dbIT:& orrpe;neJieHHhIM oopa30M HOpM:ti!-

poBaH: 

(30) 

TaKIDiI o6paaoM, MO:atHO 3anrrcaTii, i:rTo 

(3I) 
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rAe HOpMHpOBO~H~tt MHOJ!mT6RD tlk fj) ' KOTOp@a H8TPY.ZJ:HO 

BNq~cJI~Tb c ITOMO~DID ~OPMYRH (20)~ B~611paeTCH B COOTBeTCT­
P. 

B~rn c (>I). 
2 -

Ecn~ yqecT~ rrpHMeqaaHe, c,ZJ;enaHHoe Ha cTp.IO, To npruco­

.ZJ:HM R paB~HCTBy, KOTOpoe sa.zi;aeT HBHYID KOHCTPYKUliID Cilli'IHa-

TeHsopa, 

0 "' . /'fill<.! 0 k<y = IV k I) )(2k·fi)/ 
(32) 

r.ue Y1r.,,_Jj) orrpe,ZJ;enHeTcrr cpopMynow (44) saRHTHH I c cooT-
. ' . 

BeTCTByrome:W 3aMeHOM .x I y I '2 Ha J x ) J::t } ) ?: 

Ba*Bo OTMeTMTl), qTo nro6oR .zi;pyrol orrepaTop paHra k 
ITOCTpOeHH~~ 113 orrepaTopOB MOMeHTa, MO~HO CBeCTH K (3I),(32), 

l1CITOJil)3Yfl KOMMyTaIUWHHlile COOTHOllleHIIIfl MeJK,z:i;y KOMIIOH8HTaM11 MO­

MeHTa (CM. yrrp.II). 

MR k = 0 ~k ~ CBO.ZJ:IIITCH K e,zi;IliHMtrnoMy orrepaTopy 

~oo 
I -

v'2j+i 
( 33..) 

}1,J!H k = I 

~ti= I j (j+:}f.2j+i) 
. 1. 

Ji (34) 

,Zµ!H k = 2 

a - l~ 3 o ]Yz [ . t . .1. ]2 (35) 
<1 7 tj,- j(j+J.){2j-J.J(2j+i)(2j+3) J x; ~ 
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] rJ: T E P A T Y P A 

I. A.9;n;MoH,1J;c B c6op. ".lieIDOPManHH aTOMHhlX a;n;ep". ~] I958, 

CTp.305. 

2. A.II.IOrum, Ill.B.JleBJlIHCOH, B.B.BaHarac. nMaTeMaT~'tleCRHK 

arrrrapaT Teopitim MOMeHTa KOn~qecTBa ~B~~eHMff~ B~nEHIDC I960. 

A.IT.IOumc, A.A.BaH.n3a~T~c "Teopitiff MOMeHTa RonHqecTBa ;n;n~JKeHMH­

B RBaHTOBoti MexaHvrn:e 11
· BmrroHroc. 

3. Ill. M. renntiiaH;n;' p. A.M~rnnoc' 3.H. Illarrn:po 11IIpe;n;cTaBJI8Hli1ff 
It rpyrrrrN Bpa~eHitifi III rpyrrrrN JiopeHua, MI rrpmMeHeHliIB. ~It13MaTrIII3. 

1958. 

4. E.BmrHep "TeopitIH rpyrrrr ItI ee rrpMnozeHmH B KBaHTOBO-Me­

xam11qecRotf reopitilll: aTOMHbJX crreKTpoB" l7IJI, I96I. 

5. ].B.]aH~ay, E.M.Blll:BillitIU "KBaHToBarr MexaHmKa". 

6. ,ZIJK. 8nm10TT, A.M .Jie:iii:H B c6. "CTpoeHil!e aTOMHoro H;n;pa if. 

Y G P A ! H E H ~ H 

I. B KBaHTOBo-MexaHJtiqecKitIX pacqeTax MoryT ncTpeTitITnCH ItI 

HerrpHBO;n;ItIMNe TeHaopN rronyuenNx paaroB. PaccMoTpitIM cne;n;yromHe 
.,. 

KOM6VIttau,Itivr onepaTopoB poJKAemrn ItI yH1iqToJKemm qacTIIIU ai: ItI 

a, c <- = I,2) n HeKoTopoM cocToHttHm i G+= atai. , 
/) 1 Q ..J.... ' + + ) -f 4-= Q2 aJ.' 0 = 2 (a, a, -02 a2 • Ecmi orrepaTOpbl al J ai 

y,l(OBJI8TBOPHIDT ~epMMeOHHHM KOMMyTaUHOHHhlM COOTHOllieHMHM 

( i'l Q+] 6 TO ,l(JIH Q Q Q :k-IM6IDT .M8CTO Te Jlt6 
\..{.i_ I k T :: Lk ' + J - ) 0 

rrpaBHna KOMMyTaUHH, qTo H ~JIH orrepaTOpOB yrnoBoro MOMeHTa. 

ITosTOMY ·TaKHe onepaTOPH Ha3~BaIDTCH onepaTopaMH KBaa~crrwHa. 

Ilo:rrnaaT:O, qro OITepaTOpbl Qit , (l: (11 COOTBeTCTBeHHO Q2 

Qi ) COCTaB~HJDT HerrpHBOAHMlitt Teaaop paHra I/2 no OTHOme­

HIDO K ITOBOpOTa.M B rrpocTpaHCTBe RBa3liCITHHa. 



tf8THOe 
o-
i-

-----l-

g)Mr. I 

o+ 
2+ 

1+ 

0 ... 
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H'APO MMeeT cXeMy ypoBHe~ (~Hr. I). 

YKasaT:&' M8JK.ZJ;Y KaK1'IMJ/l COCTORHHm.rn B03rrnm­

Hbl rrepexo;n;hl EI (orrepaTopotJ rrepexo;n;a HBJIH-

eTCfl orrepaTop 8ll8KTpUtf8CKOro ~~ITOJibHOro ·-rrnr.rettTa d-= e Z rrepexo,Il;LJ MI ( orrepaTop 
~ 

rrepexo~a - orrepaTOp ft ) , rrepexo;n;bl E2 

(one pa Top rrepexo,IJ;a - KBa;n:py rroniimiVi irnr.re HT 

Q ) . 
I1poaHam1s1190BaTEi Te ;rn rrepexo;n;Ii1 B HetreT HOM n:;n;pe co cxe­

MOM ypOBH8W ( ~lllr.2). 

%+ _____ ,_ 
12 -----s:-~ 

s.. .,. 
----- .~ 

----- %-<Irnr. 2 _____ ,+ 
~ -~ 3. I1ocTpo11TEi i13 orrepaTopoB cmrnoBoro MoMeHTa ;.) Bce ITHTii 

2 
KOMITOHeHT aerrpTtIBO.ZJ;HMoro TeHsopa 2 paHra L, 

4. JJ;rn qaCTL1.IJ;bl CO CIHlaOM S , BeKTOp p "== :f S Ha3hJBaeT-

CH B8KTOpOM nonHpTtI3aIJ;L1.lll. Cpe;n;Hee OT 3Toro BeKTopa no sa~aHHOMY 

COCTORHL1.ID Ha3~BaeTCR CT8ITBH])ID rronRpTII3aUTtITtI. Orrpe;zr,eJIJAT]) CTeneHEi 

rroJrnpirnaUTtITtI qaa:TTtI!LbJ co cmrnoM I/2 IA op6wTaJIEiHbJM MOMeHTOM f 
B cocTOHHTtIHX 'RS j m= j) c J ·::= f + J . TtI f- f- · . To 

JKe ;zr,JIH j : f • -k , m = f - f · 
5. CooTORHMe 1 es j rn > pacrra;n;aeTCfi c ttcrrycKamrnM qac TH-

U.bl co CIIliHIOM S = ~ ; orrpe;n;em'IT:& crerreH:& rronHpvtsar:c~rn qacTi-rn;bl, 

BbJJI8TaIOmef1 B HarrpaBJieHitUI e, lf rrpM { = 2 j = 3/2 Yn =If 2.. 

6. XapaKTep rr0Jutpi-13au;.11u1 i:mcT11u;LJ co cnwaoM S = I sa;na--eTCH He TOJI:ORO B6KTOpOM ITOJIHPTtI3aUTtI~ p ' HO IA cpe;zr.HTIIMH 3Ha-
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~ 
qeHVIHM1i orrepaTopoB Liy (cM. yrrp.3)~ KOTopue noKa3HBaroT TeH-

sopHyIO rroJIHp~rna1rmo qacTVI~hl HJIM ee 11 BblCTpoeHHOCTI:> 11
• Hat1TPI cpe.n;-

. z I' e Hee 3HaqeHHe orrepaTopa t-o B COCTOffHVI.ffX { ~ j t'YI) c =I ,2 , 

S = I, j = 0, I, 2, m = 0, j 
J 7. BhltIMCJIMTii cne;n;yIO~Me MaTpvrqHhJe aneMeHThl 

~ - .....,. 
r;n;e Ji. = e i. + g i. • 

8. Bhlq11cn11TI:> crrHHOBYID qacTI:> MaTpHtIHoro aneMeHTa TeHSOHhlX 

cvm 

C~opMyn11poBaTii rrpaBVIJia OT6opa. 

9. CBeCT111 K pa;n;1miI&HhlM irnrerpan_aM MaTpH'!Hhlil sJieMeHT Ky­

JIOHOBCKoro Bsa11Mo;n;ei1cTBHff ;n;Byx aneKTPOHOB ( f 1 f2 : LI/ V (7, 2 11~1
1 ~':L')' 

z 

r;n;e V ( -i '2 ) = I$ --1 
7,- ?2 

Yirnsamrn: pa3JIOJKHTI:> v rro ilOJIHHOMaM Jle:lita~pa' BOCIIOJII>-

'~OBaTiiC.ff I TeOpeMOH cJioJKeHMH .ZJ;JIH c~ep~qecKvrx WYHKUVIH 11 ~opMyna­

MJ.1 anre6phl TeHsopHhlX orrepaTopoB. 

IO. IIoJiytIHT:O BblpaJKeHVIe . ;n:mI HOPM~pOBKVI NI<. (j) crnrn-TeH-

sopa rrpovraBOJII>Horo paHra 



/ 
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II. IloKa:HntTe, qTo c11eti;y10mHe rrapb1 orrepaTopoB 3KBHBaJieHTHbl 

~pyr ti;pyry: 

a) 9 t'J, = /(, fjl j: , f tq,, = Jll, (j) [j 
1 

• }1}~ 
6

) ~ 2 'I- = ~ (jJ [j, ·/l;, f,i =JI, fj) [[j1 x /l·tf; 
B) 3"f = !{,, (j) [[[ j' x //x j '/x /]'/-' 

f,,i =JU,_ (j) { {j'x )1/x Lfx /JJ; 
Hati,n;RTe J( l'I JU cornacHo ycnomuo (30). 

SAHHTVfE 7. 

BEKTOPHhlE C~EP11TiECKL1E I'APMOHMKL1. 

B ,n;aHHOM saHHT~l'I 6y;z.(yT paccMoTpeHhl CBOWCTBa BeKTOpHbix 

cqiepHqecKHX ~yHKnYili, KOTOpHe IlOTpeoyIOTCff Ha.M B ,n;aJinHeMmeM 

rrplll H3JIOM6HHH TeOpHH SJieKTpOMarHHTHblX rrepexo,n;oB B KBaHTOBO­

MexaHR~eCRHX CHCTeMaX H,B qacTHOCT~, B Hti;pax. 

§ I. Ilpeo6pa30BaHHe BOJIHOBblX mYHKgHA qacTHUbl co crr~HO~ 

ITPH ITOBOpOTax. BeKTOpHble cciiepYiqecmiie rapMOHYLKH. 

IlycTI> RMeeTCH BOJIHOBaH WYHKUMH qacTHUbl co crrHHOM S H 

op6HTaJII>HblM MOM8HTOM f j (I) 
Yem (e,f) s<r 

~ 

r;z.(e mL Id d - rrpoeKUllllll MOM8HTOB e ti $ COOTBeT-C::T-

BeHHO. Pa;z.(HanI>HaH qaCTb BOJIHOBOM ~YHRnHH ,n;nH Hae cettqac He 

cymecTBeHHa, H MH ee orrycTHM. 

QqeBH,n;Ho, qTo . rrpr.i rroBopoTe R(ttp 0) WYHKUHH (I) rrpeoopa­

syeTca cne,n;yromHM oopasoM 

. R f<X.p~) f Yt m~ (B,fJJstr} ~ 
t ( s . . 

= 1;, l) m1 mL d Po) !Jtr'e-(°' J ')Yem~ (B,f )J~.(;' 1 
(2) 

TaKl'IM o6pasoM, B oomeM cnyqae npH noBopoTe KaJK,1(aE HS wymcnHfi 

(I) BblpaJKaeTca ~epes Been aa6op ( 2l+1 ) ( 2 s + J.. ) Tamil: 

~YHKUM~. Il08TOMY y~o6HO BBeCTH BMeCTO ~yHKnHn (I). PIX HHHe~Hh!e 
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KOMOHHaU~M - BeKTOpHble cyMMH 

<Plsj llt = ~: ( f m<t. SS' )jm) Yt ... ( (}, 'f) JS<; 
I 

(3) 

ITocne~HHe npeo6pa3yIDTCH rrpH rroBoporax rro aaKOHY 

Rf~ Pt J <P, · = L t>j, ro111 Ne ·- ' 
SJni m' mm SJ"' 

(4) 

Terrep:o BLlRCHMM, KaK Be~yT ce6R rrpM IlOBOpoTaX B8KTOpH~e Ee-

nn~niH~ Yf.,., ~,r)~, Y,m ( G1f) e;, Ytwi (e,rJ f; ) 
r,n:e e >c , e J , e 

2 
- 8,ZL:VIHVJqHble B8KTOp.a, HarrpaBn8HHbl8 ITO 

OCHM y.. , ,j ' ~ COOTBe'PCTBeHHO, rn = -f;f+i'. ') ! . PaCCMOT-

pe HMe 3THX nerr~qVJH rrpe~cTaBnHeT MHTepec B CBH3~ c TBM, qTQ HID-

ooe BeKTopHoe rrone 

-A (c. 1 fJ,f) =Ax<1 1 9,f)~.+A~("l.;8,y>}~+.Ar (z,~f)~ 

MORHO pa3HO~MTb ITO 6a3MCy, COCTaBneHHOMY H3 TaKHX ~YHKUH~. 
~ - -

3l3e)Lel.! 13i.1 8CTO ,zi;eKapTOBblX 8.ZJ;M. H~1 qHbJX B8KTOpOB {!_ '>' , €~ , e e 

c(epl·FWCK11e e ,ZJ;!1H:VlqI{b]6 BC31\TOpbl 

(6) 

-*' 1~ e -= (-1) e r -r (7) 

.A
~ 

Terrep:o rrporrneon:oHhlfii BeRTop 3am1cbrnaeTCH B BVI~e 
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r,I\e Ai.= --& (Ax +i.A~) 
1

A
0

=11-r , .A_i = J (A)C - i. Aj) 

CI<aJI.RpHoe rrpo11sBet;em1e ,n;Byx BeKTopoB B Tarrnx o6osttatremrnx rrp11-

Hl1MaeT cne,zi;yIOlil,JlO cpopMy 

(A·B)=L A;BM-L_(-i)r.A B (9) 
r 1 · .r T4 r 

Ecm.1 Terrep:o rrpmrnBeCT:W ITOBOPOT 9 (of.. .13 ~) ' TO . B KOMChrnaIJJ'IY! 

Ye '(Y\ i ( e, ip) ~ ct1Jep11qec:na.R if'Y HKUI1R yf rn [ ~t) rrpeo6pssyeT-

CH o6~qH~M nopR,Il;KOM, HO O,Il;HOBp8M8HHO MBHReTCH HanpaEneaTie BeK--TOpa €}' , Vt OH rrpenpa~aeTCH B JI:WHeM HY!O KOMO:WHaUVI!O BBKTOpOB -ej' 1 3 HBITO,Il;BVlj[HOH CVlCTeMe KOOpZ!JinaT . 

HeTpy.n;Ho yoe,n;:wT:&CH, qTo 

(IO) 

]OSTOMY B JBJIOM ilO~yqaeM 

R r (}. f o J [ YeM r @, 'f) e; J = 

- ~ 'D ~,"' '(ii N )IJ) 1'~ r o{ NJ Y,'", re, 'f; e;., 
OTCIO,na B11~HO' qTo BeKTOpHI:rn BemftH1Hbl Ye~ ( e, <f) e; 

(II) 

rrpH 

ITOBOpOTe rrpe o6pasyroTCH TOqHO TaK ~e, KaK BOJIHOBble ~YHRUH~ 

Yp,,., (BJ f) /!; qacTHUhJ co crrVIHOM ~ = I. B CBR3R c 3TRM 

qac TMUY co CITMnOM I Ha3b1Ba!OT BBKTOpHOM qacT:wueM. c .n;pyroli CTO­

POHbl, TOT WaRT, qTQ KaKaR-TO qaCTHUa OITVICbIBaeTCH TpeXEOMITOHBHT­

HOM BeKTOpHOM BOJIHOBof1 WYHRUlieM, 03HaqaeT, qTo ee crr11H paBeH I. 
B qac THOCTVI, CBOOO.I\HOe aneKTpoMarHHTHoe none orr:wcaBaeTCH BeK­

TOpHblM ITOTeHuHaJIOM; CJI8,I\OBaTeJI:OHO, KBaHT SToro IlOJIR - ~OTOH -

o6na~aeT crrRHOM, paBH~M e~HHHue. BrrpoqeM, WOTOH - STO He - o6~q­

HaH BeKTOpHafl qacT*Ua, Olia .I\OITOilH~TeJI~HO ITQAqHHHeTCH ycnOBHfil 
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rrorrepeqHOCTH, H IlOSTOMY cnyqa~ 9JieKTpOMarHIIITHOro ITOHH Tpe6yeT 

crre~Itia3I:OHOro paCCMOTpeHVIff (CM. 3aHffTitie 8). 

B B~y (II) ,Zl;3IH BeRTOpHO~ ~aCTIIIU~ MO~HO BBeCTIII KOM6ItIHaUVIH , 

rrpeo6pasyromReCH npli ITOBOPOTaX c IlOMOmnro MaTp~I.Ull f)' ' T.e. - __. 
xapaKT8pIII3YIOmitieCH orrpe,n;eneHHhlM llOJIHblM MOM6HTOM J -:s T° + l 

-
BeJIVPU1HW ~P/f\ = ( j = e ± 0 I J. ) Ha3hlBaDTCH BeRTOp-

HblMH c~epitiqeCKHMH ~YHKUHHMH. ITpeo6pa30BaHHe, o6paTHOe ITO OTHO­

lliBHitl.IO K (12)' YIMeeT BVI,Zl; 

___..,. 

e;. Yp,,, ( e, r) = z;- (J. fem I JM) Y~eM (I3) 

BeKTOpttble c!!JepJtiqecm.rn WYHKIUrn HBJIHIOTCH co6cTBeHHhlMVI WYHKUH­

RM11 orrepaTOpOB j2. M J~ 

- ~ 
:J2'f:iPM == j('j+i) y'JfM (I4) 

__.., ..__... 

li! '>';PM= M ttM (I5) 

c IIOMOIIl,:OIO ( 6) .I(Jiff HIIIX MOJKHO IIOJ!Y'H1T:O cne.n;yromee COOTHOfil6Rlile 

OpTOHOPMVIpoBaHHOCTm 

(I6) 
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HYID Cl.i1CTeMy g)yHKU~TI, rrosToMy nro6oe BeKTOpttoe none .A (=i) 

MOJKeT Oh!TI:i pasnoJKCHO B pH,11; rro BeKTOpHhlM c~ep!.i1qecKil1M WYHKIU'I-

HM 

__.,. 
jl("i°)= L:. 

jfM 

~ 

t~f M,f ?..) yjf M ( (}) <f) 

' ~ -t '.f e , .. tr ) = j ( y'j r M ( e I f ) Jj ('i") r d SL 

(I?) 

(I8) 

B (I6)' (IS) Epyrnble CKOOKY1 03Haqa10T CKaJIRPHOe rrpoiti3Be;zi;eHI18 

,IJ;BYX BBKTOpOB B CMhlCJIB (9). CornacHO (12), KOMITOHBHTa BBKTOp-

HOW cciiep11it.i:ecK0Pi rapMOHI.i1KI1 c RH,ZteKOOM - f paBHa 

..... 
( Y~IMJ_f = (-i).I' Y,Yrl (9,~ )Uf fm IJM) 

ll1 .n:anee 

.Ilo3TOMY lilM88M 

--->-­

QqeBI1;IJ;HO ' qTQ BBKTOpHaH c{llepl1qecKaff g)yHRUI.i1ff ~f M li1M8BT 

e+i qeTHOCTI:i (-I), ITOCKOTII:iKY rrplil l.i1HBepCI.i1lil c~epl.i1qecKaR rap-

MOHlilKa Yp~ rrpeo6pasyeTCH o6~qHh!M o6pasoM, rrpRo6peTaH ~asy 

(-I)e ' lil,KpOMe Toro' t.rnmieTCH HarrpaBJieHI.i18 BBKTOpOB e:. . Ha-

y * :J+i+/Vt+L 
1 

KO Heu, 3aMeTli1M, qTQ 'Jf M = (-i) ~f-M . 
PaccMoTplilM HeK0Topb1e rrpocTetinrne BeKTOpHhle cCIJepli1tiecxlile rpy 1rK-

utrn. 
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I) l = o. IlpH 8TOM ~ = I 

(20) 

Bvi~ B8KTOpHoro ITOHH, KOTOpoe OITVlCHBaBTCH B8KTOpHOfi c~epaqec--Kati rapMOHV1KOI1 Y, 00 B rrnocKOCTH OzJJ , :11rno6palKeH Ha l(mr.I. 
t 

B Ka~ow TOtIBB Ha ITOBepxHOCTH c~epH rrone 

rrpe;n;craBHHBT 006010 e;n;HHVlqHhJH BBKTOp, Ha­

-t-~~--+-~~~-1--~- rrpaBJI8HHb!M ITO OCH ~ • Blll;ZJ;HO, qTo B 

T04Kax, CV1MMBTPW4HHX OTHOCHTBJIIiHO Haqana 

KOOp;ZJ;MHBT, ITOJIH O;ZJ;MHaKOBH, H none B ue-

~Mr .I JIOM HB48THO ITO OTHOillBHHIO K HHBepCHH. 

;' e .:: :.3.zi;ec:b B03M0J;{HbJ Tp11 cnytiaH j = 0, I, 2. 

;2n 
\ -1 

CJ OTBBTCTByromero BBKTOpHoro ITOJIR,l1306pameH ea ~mr.2. 
z. 

HcHo, 4TO TaKoe rrpo;n;onnttoe none oona~a­

eT c~epH4ffCKO~ CHMM8Tp11etl, IT08TOMY BBK­
-> 

TOpP.aH c~ep111IBCirnH \flyHKU!IIH Yi'1o rrpe-

o6pa3yeTCH rrpm ITOBOpOTe c ITOMOmiiro ~YHK­

°' 0. ~HJ:i ~ 

~ ' -
~Hr.2 0Tcro;n;a TaKEe cne;n;yeT, qro n106oe BBKTop-

- f1 HOB IIOJie Blll;n;a B = L (-l) 13_.r e J< ' y 

Kor oporo KOMITOHeHThl BM rrpeo6pa3y10TCH rrp11 ~OBopoTe c rroMOil.iiiIO 
i J ~ ~ 

•f'Y HKmrn BHrttepa <[) , o6na;n;aeT cqiep11qecKot1 CHMMBTpvrniit R B = B 
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AHaJIOI'11'IHblM CBOHCTBOM 06JiaJ.J;aIOT Tam1te orrepaTOpH.ble BblpaJKemuI 
...c... ~1.--- AJ. G 

010 
= ;=-(-J..JC,_

14 
~ , y ROTophlx onepaTopbJ Gr HBJIHIOTCH 

TeH3opaMvr rrepBoro paHra. K m11v1 rrprirnap;:rre:HmT, B qacTHOCT!t1, orre-- - --pa TO p bl L , p \/ = ~"Z.4R.cl • R:ctto, qTo, ecJrn 3Til1 orrepa-

TOpbl .z:i;eHcTBYIOT Ha c~epntieCI\JID rI:yHRUL'l.IfJ YLM , TO nx cne,zi;yeT 

pac ClliaTpIIIBaTE KaR CKamipHbl8 orrepaTOp!>l, T •ea pe3yJIETaTOM WX 

;n;etiCTBJl!.ff 6ylJ,eT ROM6:vrnaUMff B8RTOpHblX rapMOHViK c ~ = t.It1TaK, 

;n;om1rno ·Ohl TE 

L: CL! y: , 
L'=L±cJJ. .JLM 

I 

(22) 

Terrep:b nosEMeM cnyqa~ 1 = I: 

(23) 

BeKTOpHoe rrone, orr~CHBaeMoe 3Toli 1yHKUitI8H? Il13o6pametto Ha ~Hr.3, 

OHO rro.z:i;o6HO ITOJIIO CKOpOCTe:iii TOtieR c'.lJepbl' Bpaw,arow.etic R BOEpyr OCJ'A 

1 . 

qiwr.3 

o6pa30M MOEHO ITOCTpOIIIT:b B8KTOPHH8 c~epMqecKne 

0Y HKIJ,:Vm c ;n;py rnMitl stta trn mum.vr M , a 

raK~e c j = 2. Mhl sroro .z:i;enaT1 He 

6y.z:i;eM., OTI.feTVlM TOJI~' TITO I/13 qmI'. 2 :t1 

3 Blil,ll;I-fO,qTO ITOJITI ~iM 'J6:rra,z:i;aIOT ueHT­

paJibHOti CHMMeTpitieti ' T.e. qeTHOCTb 

TaKVIX rapMOHit1K nono;KJilT8JinHa. 
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§ 2. BeKTOPHOJtl: aHamrn .zprn BeI\Topmix c(flepviqecm1x rapMomm. 

Ilpw :vr3yqeHJ.1J.1 aneRTpOMarHJATHOro ITOTiff HaM rrp:vr,zi.eTCH B@q:vrc­

nRT:O ,Il.MBlApreHIJ)1H1 lA poTOpbl OT B8KTOpHOJX ct1Jep:v1qecKV!X ((lyHKI(MJl.i. 

IloaroMy B ,zi.aHHOM pas,zi.ene Mb! paspa6oraeM o6mMH arrrrapar ,zi.nH 

TaKoro po,zi.a B01qwcneHM~, T.e. arrrrapaT BeRTOpttoro aHanMsa. 

I. Cttaqana paCCMOTpWM Borrpoc 0 rrpeBpameHJAJA oo@qHblX c~epJA­

lJ:8CKl1X rapMOHJAK B BBKTOpHhle ctflepJAtJ:eCKJAe QJYHKUJ.1JA, T.e. BepHeM­

CR K COOTHO!ll8HJ.1!0 ( 22). .UJ:rn Toro' qTQObl MOJKHO 611no :vrcrron:oso­

BaTb ~opMyn01 anre6pbl TeHaopHOJx orreparopoB, rrpe,zi.cTaBMM CKanRp-
~ 

Hbltl onepaTop G010 B BM,zi.e TeHaopttoro rrpoMaBe,zi.emm HyJieBoro 

pe.ttra 

(24) 

= - {3 2_ U ( 1 i L /... ' 01- '){ex re i Y'; J J := 
L' I L' L. L' Lfal 

(25) 

- I - L-==-
- - L' f2L+1. 

8,zi.ec:o Mb! Mcrron:oaoBanH reopeMy BMrHepa-BRRapTa, cne,zi.yIDmHe coKpa­

meHHble o603HaqeHJ.1R ,II.RR BBKTOpHOM cyMMbl MOMeHTOB ~, . lA J2 
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ilpH STOM WOPMyny (!2) MOmHO nepeITMCaTb B BH'Ae 

[ e K y'- ]~M = x,:M (27) 

-B xaqecTBe npVIMepa paccMOTPVIM B~pa~eHVIe L 'IL/V\ . ITocKon1-

KY ( L' II L..11 L) = £LI.' I l f L.+i)f 2L + i) , To VI3 (25) VIMeeM 

~ ........ 
L YLl\I\ = - t/ L (L ~.1.J YL.~ M (27) 

2. ITepeBO'A BeKTOpH.blX c~epHqecKVlX ~YHKUHM B o6@qa~e cwe­

pVIqeCKVle rapMOHHRVI. TaRoM nepeXO'A ~MeeT uecTo, HanpHMep, B 

cne'AYID~eM B~pa~eH~li 

S~eCD M~ BOCilORbSOBanVICn COOTHOilleHVIeM OpToroHanbHOCT~ (6) H 

TeopeMo~ BHrttepa-9KRapTa. 0Tcro~a, HarrpMMep, nerKo nonyqVIM 

paneHCTBO 

(29) 

< L II V II L > == 0 (30) 

Bnpo~eM, nocne'AHee paBeHCTBo cne~yeT TaR~e ~a npaBHn oT6opa 
.A 

... 
rro qeraocT~. BeKTopttoe none , y~oDneTBopruomee ycnoBHID 

. ......... 
divA=O (3I) 
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-
Has1rnaeTCH rrorrepeqmrn. IloaToMy rapMoHvrrrn Y'j'JM - rrorrepeqHhJ. 

3. Ilpeo6pasoBamrn Be:KTOpHhlX c r~epHqemrn:x WYHKIU1ti B BeK­

Topttble rapMOHilKH. TaKaH CMTYBUMH B03HHKaer rrpH paccMOTpeHMM 

BBKTOPHb!X rrpOHSBe~eHMH 

- - 1 h i [ G OiO x YLJ.M = L (-/.) [ ef2../( e, 3 Jc _fa. Ypv.,"' 
.f'2f3 m 

'J( ( /. f3 L tn / :Ji-1) = r. ( -1 J"2r i f'3LmIJM)(1 jlz./Lrn/L'fhJ"' 
}'2f.3~ 

L'rn'J'M'jt (32) 

.. ( .1. t' 2. J. f 3 Ii f) ( f I' L Im I I J 1M ) i f2 [e )( [ G ii( '!,_]LI ]:J 'MI = 

=-iff L U(11 :JJ.;lL') <L
1
/IG 1//l>V I (-1.)L'-L-i. 

J..' V2L'+i ::JL M 

3~eCb Mb! MCITOHb30BanH COOTHOillBHMB 

(33) 

B cnpane~nHB OCTVI KOToporo HBTPY~Ho y6e~MTbCH Herrocpe~CTBeH-

B KaqecrBe rrpMMepa B031MeM Bhlpa~eHMe 

[1 )< y;LM ]= (-i)l'-L i{2 ~{§i' L.. U(l1LL;1L'). 
3 · j 

< L' I/ y J.11 L > __,.. . L 

" VZL'+i ~J..'f'A. =-tl2![Uf-till;1L+1.),. 

"{2L+J.° ( . -2&i LOio/t..+i.o) YLL+-1.M+ U(ii. LL;LL-J.)· 

(34) 

"'~2L+1 (LOiO/L-J. o) v )== 
2L-i Lt..-1.M 

--i.'l.L-.n:- Y: +-IL+l v 1 - V2i+J. L t.+J. f'1 VWJ 'L L-1 M 
0-tieB:t1,ZJ;HO, qTo sra ~opMyna sa,ZJ;aeT rronepeqHyro rapMomucy c MOMeH­

L 
TOM L H 11eTHOCTI:iIO (-I) . 
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3AHHTTAE 8. 

Pa3JI OJ:temi:e cBo6o,.zi;Horo sJieRTpOMarH~T Haro rrona rro MYJI:.OTHIIOJHm 

KaR H3B8CTHa, CB06a.zi;Hoe 3JI8KTpaMarHHTHOe IIOJie OIIHCHBaeT-

Cff B8KTOpH~M ITOT8HU11aJIOM 
~._.. 

..... ~ -+ lk t 
Ap(t) =Up e. (I) 

r.zi;e k - Harrpamrnmrn 11MIIYJI:.OCa qJaTOHa, ~ - Be.KT Op era --ITOJIHPM3aUHM, rreprreH,ll;Ii1KYJIHPHi1~ k . 8TOT rraTeHUHaJI y,n;OBJieTBO-

pHeT ypaBH8HI!1ID I'eJI:.&MrOJI:.OUa 

(2) 

rrpH .zi;orraJIHMTen:.oHOM ycnoBwtt rrorrepeqttoc Tm (ycnoEHe HopeHua,co­

neH011.zi;aJI:.ottaH Kanw6paBKa) 

dLVJf = 0 (3) 

HarrOMHMM CBH31' 3Toro B8KTOpHoro IIOT8HUHana c HaIIpRJK8HHOCTFr-

MH ( £ J-1 . ) 3JI8KTpvPieCRaro R MarHittTHaro rraneti: 

--L. I J1 ~ 
c:;_.' = LK /I 

1-f = ?.ot Jr (4) 

Pa3JIOilUIM Be:RTO}>HOe none (I) ITO BeKTOpHbTM cwepNJqecRMM rapMOHH-; 

KaM. ]lJIH 3Toro CHaqana paCCMOTpMM cny~a~, KOr~a MMITJJI:.OC 

HarrpaBJieH no oc111 "2 . Tor,1.{a 
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00 

=-Jr L_LLV2L+i {ALf(tn)+ipALP (eJ), 
L== J. 

r,z;e 

(6) 

ITpM BblBO,IJ;e 3Toro B~paEeHWH Mbl MCITOJib30BaJIM TO o6cTORTBJibCT-

~o, qTo ~JIH BBKTOpa ITOJIRP~3aUMVI crrpaBe~nV!BO 

'U:t1=(Uxk <'213)= + e_±l 

up=-Pep 

U+1. - osHaqaeT neBy10 u11pKymi:pHyro rromi:pvrnau11ro :vrnny1:.rnmrn, 

U_l - rrpaByIO. KpoMe TOro, 6blm1 ITO.Z(CTaBJIBHbl HBHblB BblpalKemrn 

,zprn K03cp(I>11UVIBHT2.t Kne6rna-rop,z;aH:...i :/. p e 0 I e'r ) . 
BeJn1111rn1:I JI J..M { rn) 11 Auv. ( e) ttas1rna:10TcH cooT-

B8TCT238HHO BCrn'.TOpHblMH IIOT8HIU1aJiaM11 MarHV!THoro l1 3JIBKTPH~rnc­

L 
KOro MYJibTV!ITOJIH nopH,IJ;Ka 2 . 8TO pemeHV!H ypaBHBH11H renEMrOJIE-

ua (I2), y ,z;oBJieTBO pmomrrn ycnomno (3) vi xapaRTepHsyIOmVIecH orrpe-

JIBHHbJM ITOJIHhlM MOM8HTOM KOJIWieCTBa ,Il;BUJKBH11H l • J/13 (7) Bil,ZJ;­

HO, qTo B cnyqae BJIBKTpV!qecKoro MYJIETHITOJIH op6HTBJibHbll MOMBHT 
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~O T OHa He HBJIH8T CH xop omMM KBaHTOB~M qHCJIOM. ilO JIH BJIBKTpMqec­

KOro M MarHMTHor o MYJIBTMrronei:f c o,n; HMM 11 TeM me MOMBHT OM L 
o~nmqaiofCH .npy r OT Apyra qeT HOCTEIO. 

~HR Toro, qTo6u ITOily qHTn paanomeHMB B8KTOpttoro ITO T8HUHa­

,n;a AJIR ctoTotta c rrpo~I3BOJI:titto .aanpaBJIBHHWM 1:H.my 11Ei co~.f, rro,n;e i:i cTBy­

eM tta o6e qacTM paa eHC TEa (5) orrepaTo po M rr oBopo Ta R (d} J) , 
KOTO phl M COBMemaeT OC b ~ c HarrpaBJIBHHe~ MMITY JIBCa ~OTOHa k ' 
T. e . d :: o. 

(8) 

llnH 6onee ,Ii;BTa JIBHOro MayqeHMH CBOMCTB rrone~ MYJIBT ~rrone~ 

peirnMe H.nyeM qHTRT emo Rtt11ry Poysa /1. / . 

Y IT P A ! H E H ~ q 

( K 3aHHTilliO 7). 

~ 

I. HatiTM B HBHOM m1,n;e rapMommy Y2 10 • Itis oopa3HTE Ha 

pttcyHKB BM,Ii; O ITMC ~BaeMoro BID ITOJIH . 

2 . c ITOMomBID ¢opMyJihl (25) HatlTM BhlpaKB HMe npO,ZJ;OJIBHOA 
~ 

rapMOH.mrn P YL M qepes BeKTOPHhle r apMOHM KH YL1-' M • 

3 . C rrourom:o10 ipopMyJihl (25 ) Bhlpa3lllT :O BeJurcrn tty g7.ad 'ft.M 
qepe3 BBKTOpHble c[;e pMtIBCKVIe cpy HK~I-rn V1 orrepaTOp.bl ' 3aBl1 CHUI.H8 

! 
~ . .__. 

4. HatiTH mrnei1Hy ro KOM6mra1uuo rapMO H~R · YJ lf-1,... vi Y) "J-J. M ~ 
OT 

y.noBrre TBOpHIDillYIO y cno B~ID rrorrepetIHOC Tll . 
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] M T E P A T Y P A 

(K 3aHR T11IQ 7 ) 

I. Poys ivf. !I IIOJIH MYJI:OTit1TIOJI8M 11 urn, I957. 

2. ,I[aBbl.ZJ; OB A. C. 11 Teop11R a'.l;or,rnoro H,ZJ;pa" , 1958. 

3. ,I[aBbJ,ZJ;OB A. C •. "RBaHT OBaR Mexamrna", I963. 

4 . Ena TT ,I[JK., Bai:icKomp B. "'reopeTil!qecKaH H,ZJ;e pHaH Q)11sJ1IKa 11
• 

Y IT P A I H E H M H 

(K saHrrTmo 8) 

I . Wcrron:osyH cBoncTEa ¢YHKUitln BeccenH, rroKasaT:o, qTo 

AL~ ( m) 11 ALM ( e) y ;n;o BJIBTB OpRIOT ypaBH8Hl1!0 I'eJioMrOJioUa 

q ycnOBitlIO rr orrepeqHOCT11. 

2. HaTIMC aTb HBHO e BblpameHitl e TMITa (7 ) ,Zl;JIH ITO TBHUitlaJia rrpo-

ITCJI :OHOr o ITOJIR 

f10KaaaT1, tJ:T:J fl rtJ 
L /VI 

OpToroHaJII:iHO 

A 

A (rn}=fl-J' ( k'l) L 'fi 
L M $"" f If L ( L + i) L M 

ALM (e)-= ik 'lot AL/\1 ( m) 

4. Ha '.~ TL'l fIBHO e Bblpa?.\8H1'le i:.repe 3 B8 KTOpHbl 8 cwe pitlqeCKHe rap­

UOH~Kill ~JIH HarrpHmeHnocTert ane KT pil!qecxoro 11 Mar HitlTHoro none~ 

IT0Kasar1, qro rronH sneKT pitlqecxoro H MarHMTHoro Myn1Titlrrone ~ 

;zxyaJI:&H.-i , T. 8 . 
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£ LM ( e) = f-1 L /ti\ ( m) 

J-1 LM { ~)::::: - £ LM (ln) 

5. Ha[TH pa,nHaJib Hble K TaHr8HUKaJI1 Hbl8 COCTBBJIRIDmMe B8KTO-

poB JI l/'ll , I-/ Lfa1 £L M .nnR sneR'."pi1qecKoro H Ma rH :·1T -

Horo Myn1TMrrone~ . 

YKasaHtte: no orroe,nene HMID 

r,ne pa,ZJ;H8Jlb HBH COCTaBJIHID~aH 

,ZJ;JIH rrro6oro BeKTopa 

- ·- -l (ff. -:r) B,, - --t.2 -

.-... - ·-B = 811 + B.1. 

6. Ouem1T1 pa,nTiaJI.:OHble u TaHremi::v: arr.:o i'rne cocTaBJIHIOmMe 

ELM < e) , H LM { e)' ELM ( m ), 1-1L1\1 ( r n J 

B C!aTmlleCltOH SO He ( T. e. IIPH k "l. << i ) . 

7. ITonylIMT b pa3JI0*8HM8 BBKTOpHoro ITOT8HUMana cno6o,nttoro • 

3JI8KTpOMarHMTHOro ITOJIH ITO MYllbTHITO JI HM B ~MITYJibCHOM rrpe ,ncTaB­

Jie H.\1111. 

A ~ T E P A T Y P A 

K samumo 8) .. 

I. Po ya M. nrroJIH MYJibTvHIOJieti'' Vf] ~I 1~957 . 

2 • .l(aBbl ,Zl;OB A.C. "TeopHH BTOMH.Oro Hl\pa", !958. 

3 • .l(aBhl.z40B A.C. "KBaHTOBaH Mexamrna 11 
., I963. 

4. Ax11esep A. VI ., EepecreoKHil B.B . "KBaHTOBaR sne.KTpo,nvrna-

MI1Ka 11
• 

5. BnaTT .l(JK., Balic.Korrqi B."TeopeT1-1qec.KaH H.ZJ;epHaH (jlll3KKa". 

6. Barcott "Teopvm 6ecceJieBwx !jly m:cnul". 
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